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ABSTRACT. We study an evolution model for fractured elastic materials in the
2-dimen-sional case, for which the crack path is not assumed to be known a
priori. We introduce some general assumptions on the structure of the fracture
sets suitable to remove the restrictions on the regularity of the crack sets and to
allow for kinking and branching to develop. In addition we define the front of the
fracture and its velocity. By means of a time-discretization approach, we prove
the existence of a continuous-time evolution that satisfies an energy inequality
and a stability criterion. The energy balance also takes into account the energy
dissipated at the front of the fracture. The stability criterion is stated in the
framework of Griffith’s theory, in terms of the energy release rate, when the crack
grows at least at one point of its front.
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Fracture mechanics represents at present an interesting and open field of mathe-
matical investigation, although almost a century has passed since the seminal work

by Griffith [

| on quasistatic brittle fracture evolution. During this lapse of time,

many steps have been done towards a clearer understanding of the process and a
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more rigorous definition of the elements of the theory. Key steps in this improve-
ment path deal with the restrictions which are part of the Griffith’s model and with
the concepts therein introduced.

Griffith’s principle about evolution dwells on the idea that the crack growth is
determined by the competition between the elastic energy of the unfractured body
and the work needed to create a new crack or to extend an existing one. Its model
is essentially 2-dimensional and requires the crack path to be known a priori.

In order to remove these restrictions, Francfort & Marigo [21] propose a varia-
tional formulation which does not require the crack path to be preassigned and can
be generalized to any dimension. The first existence result of a continuous-time evo-
lution of such a model (without the path of the crack prescribed a priori) is given
in [17] in the contest of antiplane linear elasticity, assuming the cracks to be finitely
many compact connected sets of finite length. This result has then been extended
to plane elasticity [10], to finite elasticity [15, 10], to a larger functional space [20].

Concerning Griffith’s evolution principle, the main ingredient is represented by
the energy release rate, i.e. the amount of elastic energy dissipated due to an
infinitesimal increase of the crack. If Q@ C R? is an elastic body, I" C € is the
preassigned 1-dimensional crack path, and £(w,[) is the elastic energy related to a
driving force w acting on {2 and a connected fracture of length [ along I', then the
energy release rate is formally defined as

E(w,l) —E(w, L+ h)
h—0t+ h ’

The rigorous proof of existence of G is a non-trivial issue. The main technique
makes use of the domain differentiation method: the evolving domain is mapped to
a fixed one by means of smooth enough transformations. This approach requires the
crack set to be sufficiently regular, in order to be able to construct the mentioned

transformations. So far, the best result is obtained in [28], where existence of the
energy release rate is proved for C! crack path and a quadratic elastic energy.
In [23], the authors consider the case of nonlinear energies, with polyconvex energy
densities.

In the 2-dimensional setting, in [25, 34, 27] models which also consider a dissi-
pative term due to the rate of crack growth are presented. In [25, 34] the crack
path is a sufficiently smooth preassigned curve, while in [27] the fracture set is only

required to belong to a suitable class of compact 1-dimensional sets, containing a
finite number of C'! non-interacting curves. An interesting analysis of different
models is described in [29].

Anyway, at present it is not clear how to deal with branching and kinking in
a sufficiently general setting. Recently, Negri [30] showed the existence of G for
piecewise Cb! cracks, 4.e. in his setting the fracture is allowed to kink. His approach,
by means of I'-convergence, provides an integral representation of the energy release
rate that depends on the kinking angle in an implicit way. Despite the importance of
the result, unfortunately it is difficult to be used in order to choose among different
criterion available for the description of the kinking phenomenon: maximum energy
release rate, principle of local symmetry, ... A discussion on these topics is presented
in [11, 12].

The main feature of the model we present here is that it addresses the issue about
branching and kinking from a different perspective. We propose an evolution model
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for fractured elastic materials in the 2-dimensional antiplane case which allows those
phenomena to take place and does not require the crack path to be known a priori.
The idea is to introduce some general assumptions on the structure of the fracture
sets which allow us to extend Griffith’s theory to the case of branching and kinking
and, at the same time, to define the front of the fracture and its wvelocity. The last
two concepts are discussed in [20], where the authors introduce them by means of a
variational approach and study models of crack growth in which the crack dissipation
is a function of the front speed.

As a standard procedure, we consider first a discrete-time approximation t —
(I'7(t),ur(t)) driven by a boundary datum w,(t), where 7 is the time-incremental
step. Here ) is the reference configuration of an elastic material, I'-(t) C Q repre-
sents the crack set, while u,(t) is the elastic displacement of the unfractured part
Q\ I'-(t) of the material. At each incremental time-step, the minimum problem
that selects the proper approximation takes into account terms related to the dis-
crete velocity of the front. The discrete-time evolution of the system satisfies a first
order stability condition in the framework of Griffith’s theory, in terms of the energy
release rate, and an energy balance inequality of the form

b
2 1 9
/ﬂ\rf(b) [Vur (0) da +H (17 (b)) +/ Z vr (2, 1) dt

¢ zeF-(t)

b
< / |V, (a)? d:z—i—Hl(FT(a))—i—/ / Vur(t) - Va(t) dr dt + o(1),
O+ (a) a JO\I,(t)

(1.1)
for two instants 0 < a < b < 1, where F.(t) and v.(x,t) represent the front of
the fracture at time ¢ and its discrete velocity at x € F,(t), respectively. In the
inequality above, the term

/ab > vr(a,t)?dt

TEF,(t)

represents the energy dissipated at the crack front due to the speed of the crack
growth. It also plays a role in the statement of the Griffith’s principle.

We are able to recover a continuous-time rate-dependent evolution (I'(¢),u(t))
as limit of the (I'-(t),u,(t)) when the incremental step 7 vanishes. An important
ingredient is represented by the compactness of the family of admissible fracture
sets, for which some geometrical constraints are necessary in order to control the
germination of new branches of the crack and their reciprocal interaction during the
process. The crack growth is irreversible, i.e. I'(t") C I'(t) for any ¢’ < t. We also
describe the notion of velocity of the crack front with two different approaches. One
of them, obtained by means of an abstract setting, reminds that by Larsen, Ortiz &
Richardson in [20].

The continuous-time evolution satisfies an energy inequality analogous to (1.1).
However, the main issue is the description of a stability criterion for the evolution.
The presence of several branches of the crack requires a fine investigation of the ap-
proximation by discrete-time evolutions. We are able to recover a Griffith’s principle
as long as the front advances: if at an instant to the velocity v(p(to),to) of a point
p(to) of the front F'(tp) is not null, then for a.e. t <ty and close to ty the following
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conditions are satisfied

v(t,p(t)) 2 0
G(w(t), I'(t),p(t)) < 1+ v(t,p(t)) (1.2)
(=G (w(t), I'(t), p(t)) + 1+ v(t, p(t)] v(t, p(t)) = 0,

where p(t) belongs to the front F(t) of I'(t) and p(t) — p(to) as t / tp. In
(1.2), the function G(w, I', p) is the energy release rate relative to a time-dependent
loading w, a crack I' and a tip p of I".

When a branch of the crack does not grow, we cannot prove a stability condition
like (1.2). The main difficulty dwells on the approximation procedure by the discrete-
time evolutions, as explained at the end of the paper.

As said, in the work we study the antiplane elasticity model. The results up to
Subsection 6.1 can be treated in more general settings, like linearized and nonlinear
elasticity, appealing to the stability results in [10, 6] and [14] instead of Lemma 4.3
below. However, in Subsection 6.2 we will need an explicit formula for the energy
release rate. In the antiplane case it is proved in [28], while it is lacking in the other
regimes for our geometric setting (see [23, 24] in case of polyconvex elastic energy
densities and preassigned crack path, and [11] for the linearized case).

We conclude this introduction with a final remark. To our knowledge, this is a
first attempt to consider a model with branching and kinking, in the framework of
Griffith’s theory, and which considers the rate of growth of the crack. Neverthe-
less some work is still necessary in order to obtain a complete description of the
growth process and to remove some mathematical constraints introduced for the
well-posedness of the problem.

2. NOTATION

Let © be a bounded connected open subset of R?, with Lipschitz boundary 0.
Let OpQ C 0Q be relatively open, with H'(0pQ) > 0; we refer to IpQ) as the
Dirichlet part of the boundary. With H! we mean the 1-dimensional Hausdorff
measure.

We study an evolution problem in a fixed time interval [0,1]. On dp$) we pre-
scribe a time-dependent boundary displacement which, at each instant ¢ € [0, 1], is
given by the value of (the trace of) a function

w e HY(0,1; HY(Q))

at ¢.
The initial configuration is the couple (ug, [y) where ug € H*(Q\ I) is solution
to
AUO =0 in Q \ FO
Guo — on Iy (2.1)
up = w(0) on Ipf?
and I belongs to the class S of admissible cracks described below (see Defini-
tion 3.6). The class S is endowed with the topology induced by the Hausdorff
metric defined on sets (see [7]).
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Considered a sequence of set [} that converges to a set I' in the Hausdorff
topology as k — +o00, we will write

=M lim I, or I 5T,
k—+o0

By the notation (-,-) and || - | we understand the inner product and the norm in
the Hilbert spaces L2(Q) or L?(Q;R?).

Finally, the constant C' may vary also within the same proof and is independent
of all the parameters, unless we explicitly write the dependence.

3. THE ADMISSIBLE CRACK SETS

In this section we introduce the geometrical setting of the model. We describe
the class of admissible cracks and prove its compactness with respect to the Haus-
dorff convergence. Throughout the section, we comment on the meaning of some
mathematical and geometrical constraints necessary to obtain this result.

We consider a slight modification of the family of curves R, introduced in [28, 27].
Definition 3.1. For any n > 0, R, denotes the set of compact curves I' of class
CY!in Q such that

(i) HY(I') >0 and I' CC Q;
(ii) for every point x € I' there exist two open balls Bj, By of radius 7, such
that (B1UB2)N(I'U9N) =@ and By N By = {x}.
Proposition 3.2. The following facts hold:
(i) every curve I' € Ry, is simple.
(it) Fiz I'y € R,. Then the set
(TreR,: IycTI}

18 compact with respect to the Hausdorff convergence.

(i11) Consider I' € R, and its arc-length parametrization . Then, set Lp =
HY(T), it is v € W2((0, Lr); R?).

(iv) There exists a constant C > 0 such that

[ Y[[wr2.00(0,0)r2) < C
for any I' € R,;.

(v) Let (I'y)y C Ry be such that I}, 25 I'. Then H'(I}) — HY(I).

(vi) Let (I'y)r C R, be such that I}, T, with L = HYT) > 0. Let
Ly, = HY(I}), and g,y be the arc-length parametrizations of I}, and I,
respectively. Define i (s) := *yk(%s). Then 4, € W22°((0, L); R?) and

Ve =Y
weakly in W2>((0,L);R?). In particular, by the fundamental theorem of
calculus, it holds that

Ak — v pointwise (3.1)

A — 4 pointwise. (3.2)
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Proof. Properties 3.2.(i), 3.2.(ii), 3.2.(iii), 3.2.(iv) and 3.2.(vi) are already proved
in [28].

Concerning 3.2.(v), if H}(I") > 0, then the conclusion follows by applying 3.2.(iv)
and (3.2) in the formula for the length of a C! curve.

If H1(I") = 0, then I' = {z} since it is connected. For any r > 0, it is I}, C B,.()
for k sufficiently large. Then the bound on the curvature for I}, € R, implies
that H'(Ix) < Cr for a constant C independent of 7, so that H!(I}) — 0 as
k — +00. O

In the following, we call endpoints of I' € R, the points v(0) and (L), where
7 is the arc-length parametrization of I' and L = H(I').

The admissible crack sets will be finite unions of elements in R, satisfying some
topological restrictions in order to control the phenomena of branching and kinking.
To define a proper class of cracks, for any curve in R, we introduce two kinds
of neighbourhoods, called 1-sided pencil-like neighbourhood and 2-sided pencil-like
neighbourhood, which depend on two parameters which will not change along the

paper:
g€ (0,n) and 6 € (0,7/2).

Fixed I' € R,), set L := H'(I') and 7 : [0, L] — R? the arc-length parametriza-
tion of I'. Consider the rectangle

R=(0,L) x (=6,0)
and the extended one
Re=(0,L+ ) x (=5,3).
Define the maps ® : R — R? and ®, : R, — R? as

D(s,z) == y(s) + 29(s)t if (s,2) €R
and

D, (s,2) = { D (s, 2) = y(s) + 29(s) " if (s,2z) € R
exmei (s, 2) :=y(L) + (s — L)Y(L) + 2%(L)* if (s,2) € [L, L+ B3) x (=5, ).

By the regularity of v (see Proposition 3.2), the maps ® and ®. are homeomor-
phisms from R into ®(R) and from R, into ®.(R.), respectively.
We consider the subset of R

Py:={(s,z) € R: 0<s<L,|z| <min{stan6, 3, (L — s)tan6}}
and define the 2-sided pencil-like neighbourhood of I' (see Fig. 1) as
Po(I) := O(P3).
In coordinates, it is
Pa(l') = {’y(s) + 29(s)t : 0 < s < L,|z| < min{stan®, 3, (L — s) tan@}} .
We consider the subset of R,
P :={(s,z) e R: 0<s<L,|z| < min{stanf, 5} }

U {(s,z) €R.: L<s<L+f,|z| <min{stanf,/3* — (s — L)Q}}
and define the 1-sided pencil-like neighbourhood of I' (see Fig. 2) as
Pi(I',p) := ®e(P1)
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Figure 1: The 2-sided pencil-like neighbourhood Py(I") for a curve I' € R,,.

with p = v(0). In coordinates, it is
Pi(I,p) = {’y(s) +29(s)t:0<s < L,z < min{stanH,ﬂ}}
U {y(L) b (s— DAL + 2L L<s<L+8

and |z| < min{stan, /(3% — (s — L)2}} :

n P,
5 2
S [
.- 0 F\ ¢
0 ez J R—
I S B
-n

Figure 2: The 1-sided pencil-like neighbourhood Pi(I',p) for a curve I" € R,.

Remark 3.3. With abuse of terminology, we use the name neighbourhood for the
open sets P; and P2. They are not neighbourhoods of I', but only of I'\ {po,p1}
in case of Pa(I") and of I'\ {po} in case of P1(I",py), where pg, p1 are the endpoints
of I'. In particular, the following holds: if Po(I1) NI =@ and 1 NIy # @, then
they intersect in (one of or both) their endpoints. Similarly, if Py (I, po) N I[2 = O
and I'1 N Iy # @, then they intersect in pg.

We consider finite unions of curves in R,, satisfying the following properties:
m ~
K=|JK; (3.3)
j=1

such that
(i) K is connected,;
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(ii) IN(j € R, for any j;

(iii) if IN(J- NK;, # @ for j # 1, then they intersect in (one of or both) their
endpoints;

(iv) if f(iuf(j € R, then there exists I?l, [ #i,7, such that I?lﬂl?j NK, £0.

(v) let po,p1 be the endpoints of f(j. Assume that pg € IN(J- N IN(ZO and p; €
IN(]» N IN(ll for some lg,ly # j. Then

Po(K;))NEK =@

for every [ # j; _ _ ~
(vi) let po,p1 be the endpoints of K;. Assume that py € K; N Kj, for some
lo # 7 and p; ¢ K; for any [ # j. Then

Pi(Kj,po) N K =0

for every [ # j.
Each K7 is called a branch of K.

Definition 3.4. We divide the points of a set K as in (3.3) in three groups:

e the set Tx of crack tip points: © € K belongs to Tk if there exists r > 0 such
that K N B,(x) is an element of R, with endpoint x.

e The set Sk of singular points: x € K belongs to Sk if there exist two unit
vectors vy, vs € R? tangent to K at x such that vy - ve # £1.

e The set Ry of reqular points: x € K belongs to R if there exists r > 0 such

that K N B,(x) is an element of R, and z in the relative interior of K.

Remark 3.5. Conditions (3.3).(iii) and (3.3).(iv) represent a sort of “maximality”
condition of each branch in the class R, with respect to inclusion.

Conditions (3.3).(v) and (3.3).(vi) are mathematical restrictions, which will be
necessary to prove compactness of a suitable class of crack sets. We require that
each branch is surrounded by an off-limit zone for other branches; it is represented by
the pencil-like neighbourhoods. Around one of (both) the tips, the 1-sided (2-sided)
pencil-like neighbourhoods have the shape of a curvilinear triangle with vertex at the
tip and vertex angle of 26. The triangular shape is necessary in order to permit the
branching phenomenon at the tip; the condition on the angle bounds the number of
branches that can develop from each singular point, as proved in Lemma 3.9 below.

For any K of this form we can define the sets [;(K) and I»(K) such that

Kj € I1(K) if and only if K; satisfies the assumption in (3.3).(vi)

~ : P o (3-4)
K; € I,(K) if and only if K satisfies the assumption in (3.3).(v).

It is:
e T is the set of endpoints p; of Kj, for some j € I;(K;);

e Sr is the set of endpoints pg, p1 of Kj, for some j € Io(K;);
e Rp istheset I'\ (ITrUSr).

Definition 3.6. Let §, A be positive constants, with

2 p
o> —_ 1 d \> .
- 6<tan¢9 + ) an ~ tané
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We define the class S of admissible cracks as the set of curves I' of the form
N
r=\JK; (3.6)
j=1

such that N € N and
(i) each Kj is of the form (3.3) and verifies Conditions (3.3).(i)-(3.3).(vi);
(ii) it is
Kjﬂpl(l:(l,po) =0 for every I:(l € [L(Ky,) and m # j
KiNPy(K;) =0 for every K € I2(K,,) and m # j;
(iil) HY(K;) > A for every j;
(iv) defined Sp := Ujvzl Sk, , for every xy,z9 € Sp with z1 # x5 it is

|21 — 2| > 6. (3.7)
An example of an element I' € S is showed in Fig. 3.

Q

Figure 3: A domain 0 C R? with crack set I' € S of the form I' = K, U Ky U K3.
The dotted curve Kj is a branch of Ks.

Remark 3.7. Let us comment immediately on the assumptions (3.5). Notice that,
if K €R,, v is its arc-length parametrization and H'(K) > B(1+ 1/tan6), then
for every s > f(1+1/tan#) it is

Bs(y(s)) € Pi(K,7(0)).

If H'(K) > 6, then there exists 2 € dPy(K) with dist(z, K) = 3. Indeed, this is
true for
z=7(s) + 29(s)"
with 8/tanf < s < g/tanf + (3, for which z = £4.
The constraint (3.5) on A and Condition 3.6.(iii) assure that, if a connected
component K contains only one branch, i.e. K € R,, then at each tip of K the
1-sided pencil-like neighbourhood contains a half-ball of radius 3.

The main result of the section is the following theorem. Its proof is achieved after
several lemmas, which will clarify the geometric meaning of the parameters and of
the objects introduced for the definition of the class S.
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Theorem 3.8. The class S is compact with respect to the Hausdorff convergence.

Lemma 3.9. There exists a constant M € N such that every I' € S has at most M

branches. In addition, also the number of singular points and tip points is uniformly
bounded.

Proof. By (3.7), in Q there can be at most

1
—== 19
e

singular points, where /3 §2 /4 is the area of an equilateral triangle of side 4.
By Conditions (3.3).(v) and (3.3).(vi) on the 1-sided and 2-sided pencil-like neigh-
bourhoods, from each singular point at most 27/ branches can develop.

27 V3

Therefore, % 55[Q| is the maximum number of branches for an element I' € S.
The final statement is an easy consequence of the previous part: the number of
singular points and tip points is bounded by the number of equilateral triangles of
side 6 and by the number of branches, respectively. O

Lemma 3.10. There exists a positive constant C such that HY(I') < C for every
res.

Proof. Apply Proposition 3.2.(iv) and Lemma 3.9. O

Lemma 3.11. There exists an increasing function p : (0,+00) — (0, 3] satisfying
the following property: if K € Ry and vy is its arc-length parametrization, then

Bp(s) (’7(8)) CP (K’FV(O))’
for every s € (0, H(K)].

Proof. By elementary geometrical arguments, it is not difficult to observe that the
bound on the curvature in the class R, implies that

tan 6
p(s) - 2

satisfies the above property. O

Lemma 3.12. Let (Iy)y C R, be such that Iy, 25 T' and H'(I') > 0. Then

8732(Fk) l{—> 8732(F) and PQ(Fk) l-[—> PQ(F).
If pg — p°, then

OPL (T, pY) 25 OPL(T,p°)  and  Pi(Tk, p0) 25 Pr(I, 10).

Proof. By the compactness property for R,, I" belongs to R,. We now adopt the
notation of Proposition 3.2.
We consider first the case of 9P,. In terms of the parametrization 7y, it is

L . L L
Po(I}) = {&k(s) + L—z’y;.c(s)L :0< s < L,|z] <min {;stan&ﬁ, fk(L —5) tan@}}
k

To obtain the claim, we verify the Kuratowski convergence, which in our setting
is equivalent to the Hausdorff convergence (see for example [5]).
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e First we show that, given a sequence y; € 8732(ij) with y; — y as j — +o0,
then y € 0P2(I"). By definition of P,

~ L .
Yi = Vk,; (85) + Likzj’ij(Sj)‘

J
Up to subsequences, s; — s € [0, L]. By the bound ||, |lw2.c(0,0)r2) < C, (3.1),
and (3.2), we have
Ti; (s5) = (s) and Ay, (s5) — A(s). (3.8)
In order to conclude, we should consider different scenarios:
B < min{stan6, (L — s)tanf}

stanf < < (L — s)tané

(L —s)tanf < < stan®.
We only consider the first case, for the others it is enough to argue similarly. Since

Ly, L,

Ly;,/L — 1 and s; — s, it is § < min{%sj tand, %(L— sj)tane} for j suffi-
ciently large, so that z; = 5. Then, by (3.8), we obtain that y = ~v(s) + 35(s),
which belongs to 9Py (I").
o Given y = y(s) + z%(s) € OP2(I"), we have to construct a sequence yi € OPa2(I%)
converging to y. Define

N L .
Yk = Yr(s) + kaka(S) € OP(Ik)

where, for k large we set
x if B < min{%stan& %(L - s)tanﬁ}, then z, = 3;
* 1f %stane <pg< %(L — s)tanf, then z; = min {ﬁ, %stan@};
 if %(L —s)tanf < B < %stan@, then z; = min {ﬁ, %(L - S)tane}.

Using the pointwise convergence of 4 and 7, it is easy to verify that y; — v.

For the case of P71, in terms of 7, with 3%(0) = pg, the set Pl(Fk,pg) is

L . L
P1(Ig,pr) = {»}k(s) + sz’yk(s)J‘ 0<s<L,|z| < min{fks tan&,ﬁ}}
k

U {%(L) + (s = L)k(L) + LLkz%(L)L L<s<L+ Ii;ﬂ

and |z| < min @stanﬁ B2 — L—i(s — L)?
L ’ L?

The proof follows the steps of the previous one, with the following differences.
o Let y; € 8791(F,p2j) be such that y; — y. It is y; = w,(s;) + 2; and, up to
subsequences, s; — s, where

x if 0 < s < L, then for j large

L .
T = L—kzj'yk].(sj)J‘; (3.9)

J
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x if L <s< L+ f3, then for j large

53 L x
z; = (s — L)k, (L) + ZZMJ-(L)L; (3.10)
i
« if s = L, then there exists a further subsequence such that either (3.9) or

(3.10) hold for every term of the subsequence.
e Given y € 9Py (I',p"), we write y = y(s) + x, with
x = z(s)* if0<s<L
x=(s— L)Y(L) + z¥(L)* if L<s<L+g.

Then one defines y;, € OP1 (I, p}) by considering 4 (s), A1 (s) and arguing similarly
as for Py in order to choose z; appropriately.

Similar arguments hold for the closed sets P2(I%) and Pi (I, pY). O
Lemma 3.13. Let (I'!)g, (I'?)x C Ry be two sequences such that
it 5t oand 2% r? (3.11)
and assume that H'(I'') > 0. The following properties hold:
o if for every k
Pi(Ly,pr) NI = O (3.12)
pr —p with pg € TF,g’
then p € Tra and P1(I'',p)NT?=0Q;
o if Po(IH)YNITE =0 for every k, then Po(I'')yNI? =0.

Proof. Being py € Try,itis pr =k (0) for the arc-length parametrization -y . Since
(0) — v(0) by Proposition 3.2, it is p € Tr1.

By contradiction, assume that there exists € Py (I'',p!) N I'?. Let r > 0 be
such that dist(z,dP;(I'!,p')) = 4r. By (3.11), there exists a sequence xj € I}
converging to x; in particular zj € B,(x) for k large. By Lemma 3.12, for k large
enough we have B, (z) C P1(I},p}), so that

z, € If N By(x) C IE NP1, L),

in contradiction to (3.12).
The second property can be proved in a similar manner. O

Lemma 3.14. Let I, € S be a sequence converging to I' in the Hausdorff metric.
Then HY(I},) — HY(T).

Proof. Without loss of generality, we can assume that

N
ry=\JKj (3.13)
=1
with IN(}C branches of I}, and
Ki LK (3.14)

for some N < M (M given in Lemma 3.9). Indeed, if this is not the case, for every
N < M we consider the subsequence I'y of elements having N branches and, up
to relabeling, we can assume that (3.14) holds.
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Firstly notice that, having Iy a uniformly bounded number of connected compo-
nents, by Gotab’s Theorem [5, Theorem 4.4.17] we obtain immediately

HYT) < hminf'H (I'k). (3.15)
If HY(K?) =0, then K% = {z'}. We argue as in the proof of 3.2.(v) of Proposi-
tion 3.2: the bound on the curvature for KZ € R, and (3.14) imply that HI(KZ)
0.
If for i # 1 it is H'(K?), H'(K') > 0, then Lemma 3.13 and Remark 3.3 imply
that
K'nK' c {p).pi}
with p, pt endpoints of K'. Hence HY(K'U K') = HY(K%) + HY(K'). Applying
Proposition 3.2.(v),
HYKY) = lim HYK}), (3.16)

k—+oco
for every i. Considering (3.15), we have

N
HY(I') < liminf H* () = lim nf Z HNEG) = HNE') =HNT).

k—+o0 k—+o00 —
Hl(Kl) 0 =

Since (3.16) holds, in the above relation all liminf are actually limits, so that we
obtain the thesis. d

Proof of Theorem 3.8. Let (I'y)r be a sequence in S.
We assume that for each k the set [} is connected; the general case can be
obtained with similar arguments. Hence I has the form (3.3):

Ny )
@:U@.
j=1

Being Ny < M for every k (see Lemma 3.9), without loss of generality we can
assume that Ny = N’ for all k. By Blaschke compactness Theorem (see [5, Theorem

4.4.15], up to subsequences IF T fora compact connected set I'. It remains to
prove that I" € S.

Lemma 3.14 and Condition 3.6.(iii) imply that H'(I;) — H(I'); therefore A <
HY(I') < +o0, i.e. Condition 3.6.(iii) for I'. ‘

Applying again Blaschke’s Theorem, up to relabeling the K,]c, we can assume
IN(IJC M, K for some compact set Kj, for 7 =1,...,N’; of course, I' = K'u...U
KN’ By Proposition 3.2.(v)

HYK’) = lim HY(K])
k—+o00
and we relabel the sets K7 so that H'(K7) > 0 for j =1,..., N” for some N” < N’
and H'(K7) =0 for j = N”+1,...,N’ (in this case K/ = {x;}). Proposition 3.2
implies also that
K/ eR, (3.17)



14 SIMONE RACCA

for j=1,...,N". Being I" and KJ connected,

N//
r=|\JK’. (3.18)
j=1

Thanks to (3.17) and (3.18), I' can be described as a finite union of C1'! curves
in R,. We write

N ~
I = UKi
=1

is such a way that Conditions (3.3).(1)-(3.3).(iv) in (3.3) are satisfied. We are left to
check Conditions (3.3).(v) and (3.3).(vi). Firstly we remark that, by Lemma 3.13

and Remark 3.3, if Kink! # (), then they intersect at most in their endpoints.
Hence for every i =1,..., N it is

k=R
JEIL;
for a set of indices I; C {1,...,N'}.

Assume that K satisfies the assumptions in (3.3).(v). If K! = K7 for some j,
then Lemma 3.13 implies that Po(K!) N K = Po(K7/) N K!' = @ for every | # j.
Therefore Po(K')NK" = @ for all h = 2,... N, which is exactly condition (3.3).(v).

Assume now that, up to relabel the K7, it is

K'=K'U...UK'
with K7 N K7t = {57}, and that for the remaining K7 it is

N" N
U &= U
j=l+1 1=2

Necessarily, for every k large enough the set K ,% U...UK ,lc is connected and K ,]C N
I?,ZH = {yi}, with

K},... Kl e L(I}), (3.19)
and I5([)) defined in (3.4). This claim is consequence of Lemma 3.11 and the
fact that Hl(f?,‘i) > %Hl(Kj) > 0 for k large: by contradiction, if one of the
IZ',JC belongs to I;([%), then Lemma 3.11 implies that a tip remains at a positive
distance (independent of k) from all the other branches, so that the same holds for
its Hausdorff limit; as a consequence, K cannot belong to Iy(I").

Call 4% the endpoint of K not belonging to KQ, and y' the endpoint of K!
not belonging to K1, We have 'Hl(f(j) > |yt —yf| > 6 for j =1,...,1, since
yi — y' and |yl —yP| > § for 0 < i < h < [. This remark on the lengths, the
assumption (3.5) on ¢ and the comments in Remark 3.7 imply

Po(KY) = Pr(KY, %) U(K2)sU. . (KTY3uPi(KL Y, (3.20)

where (K7)g = {z € Q: dist(z, K7) < 8}. In particular Po(KY) D Po(KYYU... U
Pa(KY).
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To prove condition (3.3).(v) we argue by contradiction. Assume that Pa(K') N
K' # @ for some i € {2,...,N}; since by Lemma 3.13 and (3.19) it is Pa(K") N
K™ =@ forall h=1,...1 and m # [, there exists

z e KinPy(KY)\ (732(1%1) U...U PQ(KZ)).

More precisely,

x € (K')g\ Pa(KY) (3.21)
for some j € {1...,1} and € K™ for some m > [, with K™ having endpoints
y™ 1, y™. Let 47 be the arc-length parametrization of K7; then

x=7(s) + 23 (s)* (3.22)
for some |z| < 8 and, because of (3.21),

cither s€[0,3/tanf) or se (HY(K?)— 3/tand, H'(K7)). (3.23)

Assume (3.23)1 and remember that y™ ' =~79(0) and y/ = 47 (H(IV)). Then
min {|z — y™ 7Y, |z — y™|} >min {|Jy™ " — 7Y,y -y 7Y} - [y - 2
=min {|y" " =y "~y 7}

= [77(0) =7 (s) + 27 (s)"

26— (lz]+5) =0 -0 -

tand
2 5 B
> —1)-8- = .
_B<tan9 ) B tanf  tand

If (3.23)2 holds, then by substituting y/~! with »’ in the above chain of inequal-
ities we get
S P

~ tan@’

Hence = = 7" (s) with s € [3/tan, H'(I"™) — 3/tan6)]; then, by choice of §
(see Remark 3.7), this condition implies that dist(z, K%) > 8 for every i # m, in
contradiction to (3.22), since |z| < .

min {[o —y™ 7Y, |z — ™|}

In order to check Condition (3.3) (vi) one argues similarly. Instead of (3.20), one
has to observe that

PUE", ") = PuE,y") U (KU .. U (KD,
This concludes the proof when the sets I, are connected. U
In conclusion, we prove some further geometrical results which will be useful in
the following sections.
Lemma 3.15. Let I}, I' € S and I} 1. Then for every p € Tr there exists a
sequence (py)i, with py € Tr, , such that py — p.
Proof. By contradiction, assume that there exists r > 0 such that
dist(p,Tr,) > r (3.24)

for every k. Without loss of generality, we can assume that r € (0,7) and r satisfies
the properties defining a crack tip. Define K := I' N B,(p) € R, and notice that
Kn aB'r(p) - {y}
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Two cases are possible: either
dist(p, Sr,) > r (3.25)

for every k (possibly by replacing the previous r with a smaller one), or there exists
a sequence xp € Sp, such that

If (3.25) holds, by Hausdorff convergence there exists x; — p with =3, € I\ (S, U
Tr,). Let K be the branch of I'j; containing xy; Kj € R,. Set Ky = KN B,(p),
then f(k € R,. Fix € € (0,1/2); by Hausdorff convergence, for k sufficiently large
Ky = K N B.(p) C (K). := {x € Q: dist(z, K) < £}, hence Condition 3.1.(ii) in
Definition 3.1 is not satisfied, in contradiction to the fact that K k€Ry.

If (3.26) is the case, then there exist at least two branches K. and K? of I
containing zy and such that K \ B,(p) # @ (because we are assuming (3.24)); let
y;, € K N0B,(p). For k sufficiently large we can assume that |z, —p| < r/2, so
that

H' (K, N OB, (p)) > |zx — yp| > r/2.
By Lemma 3.11, it must be
v — vkl = p(r/2). (3.27)
Taken ¢ < 3 min{p(r/2),7/2}, by Hausdorff convergence we have

KiNB,(p) C (K). and |y —y|<e,
which imply that |y}, — y2| < 2¢ < p(r/2), in contradiction to (3.27). O

Lemma 3.16. Let I', I}, € S and I}, M, . Assume that for a tip p € Tr there
exist p}g,pi eTr,, p/,lC #+ pz, converging to p. Then there exists y, € Sr, converging
to p.

Proof. We argue by contradiction. Assume that
dlSt(p7 SFk) Z r

for some r > 0. As in Lemma 3.15, without loss of generality, we can assume that
r € (0,n) and r satisfies the properties defining a crack tip. Define K := I'NB,.(p) €
R,.

For k sufficiently large, |p} — p| < r/2, so that the connected components K}
containing pi, for i = 1,2, satisfy the bound from below

HYKL) > r/2.

Then, by Lemma 3.11, it has to be |p; — pi| > p(r/2), in contradiction to the fact
that p}c and p% converge both to p. O

4. THE TIME-INCREMENTAL PROBLEM

This section is devoted to the study of the discrete-time approximation of the
quasistatic evolution. At each incremental step, the fracture is permitted to grow
simultaneously at many tips and to develop new branches. In order to avoid non-
physical interactions between them, we need to perform a sort of localization argu-
ment to treat each tip separately. This is obtained by keeping trace of the fracture
increments at each step in the discrete-time approach. At the end of the section, we
establish some a priori estimates and properties of the discrete-time evolutions.
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In the following, given Iy, 15 € § with Iy C I, let
C(I',1Iy)

be the set of connected components of Iy \ I'1. Notice that every element ¢ €
C(I', %) is a finite union of CY!' curves. In particular, © satisfies Conditions
(3.3).(1)-(3.3).(vi) in (3.3) and

¢ = E\ .Fl. (41)
In addition, if ¢ N¢” # @ for two distinct components ¢, ¢” € C(I'y, I';), then
N cSp,NIYy. (4.2)

We now construct the discrete-time evolution with time incremental step 7 > 0
and initial datum (ug, Ip) satisfying (2.1). Define

° ug = ug and FB = 1Ip;
. 'l Z o . .
e recursively u2 and I'! as minimizers of

1 2
2 1 1
[Vl +H (1) + — Z (H(c)) (4.3)
cec(ri=t.n
under the constraints I' € S, I'' ' c I', u € HY(Q\ I') and v = w(iT) on
opQ.

Proposition 4.1. The minimum problem (4.3) has a solution.

For its proof we need the following lower semicontinuity result and the next sta-
bility result about elliptic problems on varying domains.

Lemma 4.2. Consider I',I' € S and a sequence (I'}), C S such that
I'c Ty forany k and r, 4r. (4.4)
Then I' C I' and

1 2 .. 1 2
< .
> (@) <lminf 3 (H(0)
cec(l',r) cec(I,Iy)

Proof. The fact that I' C I' is a direct consequence of (4.4).

We claim that for every ¢ € C(I',I") there exists a sequence ¢ € C(I', I;) such
that ¢ n, c. R

By contradiction, assume that the claim does not hold for some ¢ € C(I',I"). By
(4.4), there exist ¢}, ¢ € C(I',I};) such that

H H
¢ - ¢! Gl

with H!(c!) > 0, H'(c?) > 0, ¢! Uc® C ¢ and ¢! U¢? connected. The set ¢! N¢?
contains finitely many points. Notice that, being ¢!Uc? connected and (c1 U c2)ﬁf =
@, there exists z € (¢! Ne?) \ I'. In particular, by (4.1) it is x € ¢! N ¢2.
By Hausdorff convergence, there exist xi € c,lc, x% € ci with
Ti, a8 — . (4.5)

By assumption (3.7) for the singular points of sets in S, up to subsequences we can
assume that either
xp € I \ Sr, (4.6)
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for every k and there exists C' > 0 such that
dist(z}, Sp, N¢}) > C, (4.7)
or the analogous properties hold true for mz and c%. Indeed,
e if both x},27 € S, , then (3.7) is contradicted, because z}, # z7 and |z}, —
zi| — 0.
e If both
dist(z}, Sr, N¢}), dist(z3, S, N©3) — 0,
let y;. € Sp, N with |z} — yi| = dist(z}, Sp, N tl), and the same for vz
Notice that y,i, y,% — .
If yi = y2 =: yx, then y; € t. N and, by (4.2) with I'1 = I, it is
Yk € I'. Hence z € I' , in contradiction to the choice of x.
If yi # y2, then (3.7) is contradicted by the fact that |y} — y2| — 0.
Assume (4.6) and (4.7). Let K}, be the branch in I}, containing zi and 7 its
arc-length parametrization. Then z} = vx(sg) for some si, € (0, H'(Ky)); by (4.7),
necessarily s; > C'. Hence Lemma 3.11 implies that
dist(z}, K}) > p(C)
for all branches K .. different than K .. In particular,
|y, — 23] > p(C)

for every k, in contradiction to (4.5).

To conclude, let C(f,F) = {cl,...,cm} and consider CZ € C(f,Fk) such that
c?c n, ¢', which exist for what we just proved. Then, by the fact that all compo-

nents ¢, ¢, satisfy Conditions (3.3).(i)-(3.3).(vi), we can apply Lemma 3.14 to get
H(ct) — H(c") for i =1,...,m. Finally

2 “ i . “ i 2
> (@) =3 (1) = lim > (H'(c)
cec(",I") i=1 i=1
Shminf 3. ()
ceC(I',Iy)

O

The following stability result has been proved by several authors in different set-
tings: for Dirichlet problems [33], for Neumann problems [8, 9, 7], in the mixed case
[17, Theorem 5.1] (as reported below).

Lemma 4.3. Let (I;)r C S be a sequence converging to I' in the Hausdorff metric.
Let (gr)x C HY(Q) be a sequence converging to g € H' () strongly in H'(Y). Let
ur, € HY(Q\ I'y) and @ € HY(Q\ I') be the solutions to the elliptic problems

Aup =0 in Q\ I} Au=0 nQ\T
%LV’“: on I, U\ Opf? and %: on I'U0N\ OpQ2
ur =g on Op§2 uU=g on Op§

respectively. Then Vuy — Vi strongly in L?(€2;R?).
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Proof of Proposition J.1. Fix i € {1,...,N;}. For any I' € S let ur be the mini-
mizer of

min {||Vv||*: v e H'(Q\ I') with v = w(it) on IpQ} .
Consider a minimizing sequence Iy € S for (4.3). By compactness of the class S,

there exist a subsequence, not relabelled, and an element I' € S such that T & T
Lemma 3.14 implies that

HY(Iy) — HY(T). (4.8)
Since I''~! C I, for every k and Lemma 4.2 holds, it follows that I':~! C I' and
1 2 o 1 2
<
> (@) <lminf > (H(0)" (4.9)
cec(ri—1.r cec(ri—t.ry,)

Applying Lemma 4.3 we obtain that Vur, — Vuz strongly in L2(;R?).
Collecting together (4.8), (4.9) and the last fact, we obtain

~ 1
IVupl? + HY(D) +— D (HY(0)
cec(ri—tr)

1
. 2 1 D 1
< Jim ([ Vur*+ 1 (1) + —liminf 37 (1!(0))
ceC(I'y ', Iy)

2

1
<inf ¢ [Vul? + 7D+~ Y0 (HH(0)" ¢
cec(ri~tn

f,f ) minimizes (4.3) (notice that, by definition of wx, it is
= w(iT) on OpN). O

i.e. the couple (u

Ur

We introduce the following functions:
e the piecewise-constant interpolant for the displacement u, : [0,1] — L?()
as
ur(t) :=u
for it <t < (i+1)7,i=0,...,N; — 1, and u,(t) := ul" for 7N, <t < 1;
o the piecewise-constant interpolant for the crack set I’y : [0,1] — S as
I(t) =T

for it <t < (i+1)1,i=0,...,N;, and I';(t) := '’ for TN, <t < 1;
e the piecewise-constant and piecewise-affine interpolants of the fracture length
O 0 :[0,1] = R as

t—aT

0(t) :==HYTY) and  £.(t) :=H (IP) + HY(T\ T

for it <t < (i +1)7,i = 0,...,N;, and £-(t) = {(t) = H'(I'N") for
TN, <t <1.
Notice that u,(t) solves the problem
Au(t) =0  inQ\ I-(¢)
Qur®) — 0 on I'h(t) UON\ OpQ (4.10)

N
ur(t) = w,(t) on Ipf
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with w.(t) := w(ir) for it <t < (i + 1)1, and
~ ; t—aT
G (t) o= M) + — > | H(c).
ceC(ri 1yt

Remark 4.4. To be precise, by construction u,(t) € H(Q\I'-(t)). Since L2(I,(t)) =
0, sometimes we will consider u, as a map in L?(Q). Similarly, we will write
Vu,(t) € L?(£;R?); notice that Vu,(t) is the distributional gradient of u,(t) only
on Q\ I'-(t) but, in general, it does not coincide in ©Q with the gradient of an
extension of u,(t).

Since w € H1(0,1; H(2)), for any 0 < a < b <1 it is

w(b)—w(a):/ab (#)dt and Vuw(b) /Vw

where the integrals are Bochner integrals (see [1]). It is also true that

H/ dt||</ li(t)]| de and ”/ Vit dt||</ IVt de,

which will be used below.

Proposition 4.5. There exists a bounded non-negative function w : (0,1) —
[0,+00) such that w(T) — 0 as 7 — 0 and for any 0 < i < j < N; the fol-
lowing inequality holds:

IVl |2 + H(IY) Z SN (HY()”
Tk =i ceC(rh,rith) (4.11)
. . JT
< IVl |2+ H (I + 2/ (Vur (1), Vii(t)) di + (7).

Proof. Consider the function u = u® +w((h +1)7) —w(h7). Since u € H*(Q\ I'*)
and u = w((h+1)7) on dp<, the couple (u, I'") can be used as competitor in (4.3)
at the h + 1 step. Then
1 2
h+12 1 phtly |+ 1
[V P+ H O+ - Y (H(0)
ceC(rh i+
<|Vul + Vw((h 4 1)7) — Vw(hr)|]? + HY (T
=[IVur|? + 2(Vur (1), Va((h +1)7) — Vw(hr))
+ |Vw((h 4 1)7) — Vaw(hr)||? + HX (M)
(h+1)T

<||Vul||? + HH (T +2/ (Vur(t), V(1)) dt
ht

(n+1)7 (h+1)T
4 max/ ||Vw(t)||dt/ IV (t)]| dt.
0<n<Nr Jnr ht

Iterating over h =14,...,j — 1 and defining

(n+1)T ' 1 .
w(r)i= (ymax, [ Iva ) [ va)

we obtain the thesis. O
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Lemma 4.6. There exists a constant C > 0, independent of 7 and t, such that the
following estimates hold true for every T € (0,1) and t € [0,1]:

[Vur(t)]| < C (4.12)
N.—1

Y Y wwe)Ysc (4.13)

T =0 ceC(I,rith)

HY(T,(t) < C. (4.14)

Proof. Fix t € [0,1] and let j = j(t) € 0,...,N; —1 be such that it satisfies
Jj7 <t < (j+ 1)7. By the inequality in Proposition 4.5 for ¢ = 0, we obtain

Jj—1 JT
IVul il + % > (M) <Vl + / (Vur (€), Vi (€)) dE + (7).
i=0 cec(ri,rith) 0
(4.15)
Hélder’s inequality and (4.15) imply

1YY ey <o+ ([ 1vurt |2ds>1/2(/ Vi(e) ||2ds>1/2

=0 ccc(ri,ritt)
(4.16)

and

1/2 1/2
||w<>||2<0+</ IV (& ||2ds) (/ V(e W&) ,

where C' > 0 is independent of 7 and t¢.
By a refined version of the Gronwall lemma (see [/, Lemma 4.1.8]), we deduce
that for every ¢ € [0, 1]

t 1/2
( /0 IVur ()] d&) < ()2 1 2V 20,1205

The last two inequalities imply that Vu,(t) is bounded in L?(£2; R?) uniformly with
respect to 7,t, i.e. (4.12). Then, considering (4.16) and (4.12), the estimate (4.13)
follows.

Finally, Lemma 3.10 implies (4.14). O

Lemma 4.7. It is {, € H'(0,1) and
”ngHl(og) <C
for every T, with C' independent of 7.
Proof. By Lemma 3.10, H(I') < C for any I' € S. Then
0 < 0.(t) <HNTY +HY T <20

for any ¢ and 7.
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Observe that Lemma 3.9 implies that at each step the set C(I', I''™!) contains
at most M elements. Then

)2 &g H ()2
/|z VP dt = Z/ | H(o)|? dt

T c€C F;,F“fl)
No—1

<oM Z S (M) <2Me

= cecw;,rl“)

where the last inequality is consequence of (4.13). O

5. THE CONTINUOUS-TIME EVOLUTION

In this section we select a continuous-time evolution t — (u(t),I'(t)) as limit
of discrete-time ones, esploiting the a priori estimates of the previous section and
compactness results. Among all evolutions ¢t — (u(t),I'(t)) € L*(Q) x S with
t — I'(t) monotone and %(t) € H'(Q\I'(t)) in static equilibrium with respect to the
boundary datum w(t), the above selection provides the evolution ¢ — (u(t), I'(t))
with additional properties, as explained in Section 6.

By construction, the set functions I'; : [0,1] — S are monotone increasing (with
respect to the inclusion ordering). Considering the version of the Helly’s theorem
proved in [17, Theorem 6.3], there exists a subsequence (not relabelled) I'; and a
function I': [0,1] — 2% such that

r-t) % r@ (5.1)
for every t € [0,1]. By the compactness result in Theorem 3.8, it is I': [0,1] — S.
Concerning the displacements w,, the following convergence result holds. Let
u(t) € HY(Q\ I'(t)) be the solution to
Au(t)=0 inQ\I'(t)
) — 0 on I'(t)UdN\ IpQ (5.2)
u(t) =w(t) on dpf.

Since I';(t) R I(t), wr(t) — w(t) strongly in H'(Q), and (4.10) and (5.2) hold,
by applying Lemma 4.3 we conclude that

Vu,(t) — Vu(t) (5.3)
strongly in L?(Q;R?) for every t. Furthermore the bound (4.12) implies
Vu@®)] <, (5.4)

with C independent of ¢.

Now we analize the approximation process, in order to obtain the growth prop-
erties of the evolution ¢ — (u(t), I'(t)) announced at the beginning of the section.
Applying the classical Helly’s theorem, there exists a subsequence (not relabelled)
¢, and a function ¢ : [0,1] — R such that
(1) — £(t) (5.5)

for every t € [0,1]. By Lemma 3.14 and (5.1), it is £(t) = H(['(¢)).
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Proposition 5.1. The function ¢ obtained in (5.5) belongs to H'Y(0,1). In partic-
ular, L, (t) — £(t) for t €[0,1] and £, — ¢ weakly in H(0,1).

Proof. By the uniform bound proved in Lemma 4.7, up to subsequences it is
;=10 (5.6)
weakly in H'(0,1) for some £ € H*(0,1), and
1211111 0,1 < lim inf 12\l 1 0,0) < C.

By definition of /, and £, we have

P20 (rit 1y < 14 (1)
-

(i+1)r . (i+1)r . 1/2
- / 0,(6) de < 71 / L©PRd) <2

i i

0 <0 (t) —r(t) =

where the last inequality is due to Lemma 4.7 and i is such that it <t < (i +1)7.
Then, considering (5.5), as 7 — 0 we obtain that ¢;(t) — £(¢) for ¢ € [0,1]. Finally,
by uniqueness of the limit, it is £ = ¢ a.e. in [0, 1], so that by (5.6) we conclude. [

Corollary 5.2. The set function
r:o,1]—3s
s continuous with respect to the Hausdorff convergence.

Proof. For any t € (0,1) define the left- and right-limit of I'(-) at t as
r(t):=Jrw) and It@t):=()I{).
<t t'>t
By compactness of S, both limits belong to S and it is easy to check that '~ (t) C
I't(t). Let t), <t < t!! be sequences converging to ¢; then, by monotonicity of
I'(), we have
0<HN I\ (1) < H (L (ty) \ I'(t) = £(ty) — £(t;,) — 0,
where the last limit is due to the continuity of £, as consequence of Proposition 5.1.
If, by contradiction, it is '~ (t) # 't (t), the above discussion implies that
I't(t) =TI (t)UA(t)

with A(t) totally disconneted (since H(A(t)) = 0; see [19, Proposition 2.5]). This
contradicts the fact that each connected component of I'"(¢) has length at least A
(as requested by Definition 3.6.(iii)). O

We look at the approximation process in correspondence of the tips of the crack
I'(t); the presence of several branches makes the scenario richer.
For simplicity of notation, set

T(t) := T[‘(t) and S(t) := S[‘(t)

and
Tr(t) :==Tr. ) and Sr(t) = Sr (-
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For every t € (0,1] we define
MT() = T\ | 1)
<t
by Corollary 5.2 and the geometric properties of the class §, it is not difficult to
prove that

MT(t) =T\ |J T,

<t
motivating the notation MT which stands for “moving tips”. We call
Ao :={t e (0,1]: MT(t) # O} (5.7)

the set of instants when the fracture has really grown, at least at one tip.

We cannot exclude a priori that a tip of the continuous-time evolution is the
limit point of (finitely) many tips of the approximating discrete-time evolutions. If
this happens, we have some difficulties in characterizing the exact behaviour of the
continuous-time process (see the end of Subsection 6.2). Hence below we introduce
and describe the properties of a subset A of Ap, containing the instants ¢ such
that every moving tip at ¢t € A is approximated exactly by one tip of each discrete-
time evolution. The set A will play an important role later, in the description of a
stability criterion for the continuous-time evolution.

Lemma 5.3. Let A be the set of instants t € Ay such that for every p € MT(t)
there exist a neighbourhood U of p and a value v(t,p) > 0 such that for every
T < w(t,p) the following two conditions hold:

e T.(t)NU contains one and only one element, denoted p,(t);
e S, (tH)NU =0.
Then Ao\ A is finite.

Proof. By definition of the class § and Lemma 3.9, the cardinality of S-(1) is
uniformly bounded with respect to 7. Up to considering a subsequence, we can
assume that
S.(1) = {«l,..., 2M}

and 72 — 27 as 7 — 0, for j = 1,..., M. Notice that |27 — al| > 6 if j # 1, since
the same holds for z7 and z! (see Condition 3.6.(iv)).

By Proposition 3.15 and since T'(t) contains finitely many points (see again
Lemma 3.9), for every t € [0,1] and r > 0 there exists o(t,r) > 0 such that

B,(p) N Ti(t) # O

for every p € T'(t) and 7 < »(t,r).

Let t € Ap \ A. Then there exists p € MT(t) such that for every r > 0 and
every v € (0,0(¢t,7)) there exists 7, < v such that T, (t) N B,(p) has at least two
elements or S, (t) N By(p) # 0.

In the first case, by Lemma 3.16 there exists y,, € S; (¢) such that y, — p
as v — 0 (so 7, — 0). Being S, (t) C S, (1), then y,, = z7 for some j, €
{1,...,M}; it follows that p = 27 for some j.

Similarly, if Sy, (t) N B,.(p) # @ then p = 2/ for some j.

Since p(= /) ¢ MT(t') for every t' € Ap\ {t} (being MT(t') # MT(t") for
any distinct ¥, € Ag) and the points 27 are a finite number, then also Ag \ A is
finite. |



A MODEL FOR CRACK GROWTH WITH BRANCHING AND KINKING 25

By definition of crack tip, for any fixed ¢ € (0,1] there exists r1() € (0,7) such
that

B’rl(t)( p) N I'(#)

is a curve in R,, for every p € T'(t). In addition, r1(#) can be chosen so that

).
0B, (p) N I'(t) = {z(t,p)}
H' (B, i) N () < A (5.8)
B, @) NS(0) = 0.
It results that the points p and z(#,p) belong to the same branch of I'(f) and
x(t,p) ¢ S(f). Since the function I" : [0,1] — S is monotone and continuous with
respect to the Hausdorff convergence (see Corollary 5.2), and (5.8) holds, for instants
t in a left neighbourhood of ¢ and for each p € T'(#) the set B, () NT(t) has
exactly one element, labelled p(t), i.e.

B, #()NT(t) ={p(t)}, (5.9)
and
={pt): peT()}. (5.10)

We are able to estimate the size of the left neighbourhood of # in which the above
conditions hold. Indeed, define

a1(t,p) := inf {t € [0,t): x(t,p) € F(t)} ,
where z(#,p) has been introduced in (5.8). Then we have

nb) <H BT < [ o

1 (fvp)

; 1/2
< (i—an(t,p)"? (/ i) 1£(t))? dt)

<C(f-ailt,p)"?,
so that
t—ai(t,p) > Cri(f)?

with C independent of ¢ and p.
Since T'(t) contains finitely many points, if we set

a1 (f) := max{a; (i, p) cpeTd)}, (5.11)
then (5.9) and (5.10) hold for every t € (a1 (%),1].

Remark 5.4. Notice that we cannot infer anything about the local behaviour of I'(-)
at the instants after ¢, since new branches might spring out at some tip p € T'(¢).

Lemma 5.5. For every t € (0,1]\ Ao there exists a(f) € [ (%),1) such that ri) =
I'(t) for every t € (a(t),t]. In particular T(t) = T(t) for every t € (a(f),f].

O

Proof. 1t is a straightforward consequence of the definition of MT'.
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By definition of A, at instants ¢ € A each crack tip is locally approximated by
exactly one tip, while singular points of the approximating sequence remain “distant”
(see Fig. 4). The following lemma shows that these properties are preserved locally
in a left neighbourhood of every instant in A. The importance of this result lies in
the fact that this left neighbourhood is not necessarily entirely contained in .A.

I'r(tg)

Figure 4: The crack set I'(tp) and, dotted, a discrete-time approximating crack set
I+ (to) at an instant tg € A, in correspondence of two tips p*(to), p*(to) € MT(to).

Lemma 5.6. Let t € A. Then there exist o(t) € [ai(t),t), v(t) > 0 and r(t) €
(0,m) such that the following facts hold for every t € (a(t),t 1

(i) if p € T()\ MT(E), then p € T(8);
(i) if p € MT(t), then for every T < v(t) the set B (0 (P) NT7(t) has exactly
one element, that we label p(t).

Proof. If p € T(t)\ MT(t), then argue as in Lemma 5.5 and call 3;() what therein
is a(t).

Consider now p € MT(t). By definition of A, there exist r(#) > 0 and v;(f) > 0
such that

T,(0) N B,y (p) = {p- (D)} and  S.(6) 1B, (p) = O (5.12)

for every p € MT(f). In particular, we can choose () € (0,71(f)], where r1(f) was
introduced in (5.8), and such that

sup {'HI(K) : KeR,, K C m} <A (5.13)
The above conditions on 7(f) imply that
r.(t)n B, B _(p) € Ry
and every connected component of I';(f) is not completely contained in W,

because of (5.13) and of the constraint given by Condition 3.6.(iii).
For simplicity of notation, in the remaining of the proof we write

r=r(t) and v =uv(f).

Fix p € MT(). Let v = v(f) € (0,11) be such that p.(f) € B, 5(p) for every
7 < v (such v exists since, by Proposition 3.15, it is p () — p as 7 — 0); if
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necessary, later we will replace v with a smaller one. By (5.12) and (5.13), it follows
that

H(Ix(E) N Br(p)) = (5.14)

N3

for every 7 < v.
Define

=inf{t €[0,1): I;(t') N B,(p) # D for every t' € (t,1)}.

If t;, =0 for any 7 < v, set Bo(t) := ay(t), where ay(f) was defined in (5.11). If
t: > 0 for some 7 < v, we argue in the following way: for any 7 let ir,j, € N be
such that

ir <tr < (i + )7 and j, <t<(j, +1)r.
By (5.14), Lemma 4.7 and Hélder inequality, we have

~ (Gr+)7 .
<H(Ty(F) \ T (t Z 3 HI(C):/ Gt (5.15)

h=ir cec(rh,ri+h) wr

Br A - VI
g/ ot dt < (F — ty + 20)1/2 </ 7P dt> < O —t, + 20)1/2
t 0

=T

with C' > 0 independent of 7 and t. Define
~ A . 72
Bald) = maX{oq(t), P+ (i) - 402}

and choose v(#) such that, in addition to being smaller than vy, it satifies

. 1 72
t
v(t) < 44C?°
Then (2(#) < £ and, taking into account (5.15), for every 7 < /(%) it is
2 -2
tr <t+7— 5 <t u(l) — =5 < Ba(D).

4C? 402 =
Summarizing, we have shown that for every 7 < v(#) and t € (32(1), 1]

I ()N B, (p) # O and  I':(t) N B, ;(p) € Ry

Then we can conclude that T+ () N B, (p) has only one element, denoted by p-(t)
Since MT(t) contains finitely many points, we can choose (), B2() and v(f)
such that the above property holds for every p € MT().

Finally, define a(#) := max{B;(f), B2(f)}, so that both (i) and (ii) are valid for
.. O

5.1. Velocity of the crack tips. In this subsection we introduce the notion of
velocity of the front T'(t) of the fracture. It will play a role in the dissipative term
of the energy and for a Griffith-like stability criterion for the crack growth. We
provide two equivalent descriptions, both interesting for different reasons. Firstly
we introduce the velocity by means of a distributional approach, based on the theory
of absolutely continuous maps with values in the space of bounded measures. This
point of view gives a picture of the situation in the whole of €2, and it somehow
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reminds the approach suggested by [26]. Instead, the second description is local and
is based on the parametrization of the branches of the crack.

At the very beginning, we summarize what we know so far about the crack growth
t — I'(t). As observed in Corollary 5.2, the set function I'(-) : [0,1] — S is
continuous with respect to the Hausdorff convergence. By construction of the class
S, it is card(S(1)) < M for some M € N. Since the map ¢t — S(¢) is monotone
increasing with respect to inclusion, there exists a partition of the interval [0, 1]

O=agy<a1<...<ap=1 (5.16)

such that

o S(t) = S(t') for every t,t' € (a;,ai+1];

e card(S(t)) < card(S(t')) for any ¢t < a; < t'.
In the time intervals (a;,a;+1] new branches of the fracture can appear; being S(-)
constant, they necessarily originate at some point in S(t), for ¢ € (a;,a;+1]. To-
gether with any new branch, also a new tip appears; by monotonicity of I'(-), for
any t,t' € (a;,a;+1] with ¢ <, it has to be card(T'(¥')) < card(T(t)).

We can again establish a sort of stability from the left: as seen in the discussion
in Section 5, for every t € (a;,ai+1] there exists a;(t) < t (defined in (5.11)) such
that (5.10) holds, i.e.

card(T'(t)) = card(T(t')) (5.17)
for every t' € (ai(t),t]; by (5.10), notice that «1(t) > a;. Hence we can further
subdivide each interval (a;,a;+1] with a partition a; = b) < bl1 <L <D =ai
such that

o card(T(t)) = card(T(t')) if ¢, € (bF, b} ];
e card(T(t)) < card(T(t")) if a; <t < bF <t' < ajy1.
Actually, above we have proved the following fact.

Lemma 5.7. There exists a partition
0=t0<t1<...<tN+1=1
of the interval [0,1] such that one of the following alternatives holds:
(1) if t,t' € (ti,tiz1], then S(t) = S(t') and card(T(t)) = card(T'(t"));
(it) if t < t; < ', then either S(t) = S(t') and card(T'(t)) < card(T'(t')), or
S(t) £ S(t').
Lemma 5.8. Consider a sequence (I'y)r C S such that I} T Then for every
P € Cp(Q)
Y dH — /A Y dHL. (5.18)
It T
In other words, the sequence of measures py, := H' I} converges to i := HIWLT
weakly™ in Mp(Q2).

Proof. It is enough to use the regularity of the curves in R,, in particular the
parametrization provided by Proposition 3.2.(vi). O

Let p:[0,1] — Mp(€2) be the map defined as
p(t) == HWLI(¢). (5.19)
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Proposition 5.9. The map p : [0, 1] — My(2) belongs to the space AC([0, 1]; M(£2)).
Proof. By definition of u, it results that

u()1(Q) = KNI (2)) = (),

where ¢ was introduced in (5.5) and £ € H'(0,1) by Proposition 5.1.
Let ¢ € Cp(£2). Then for every 0 <a <b<1itis

ummw—mww{éwamw—mwﬁ=ﬂmwuwwﬁ
<[lloo LI (B) \ T(@)) = [0 (H(I(B)) — H'(I(a))
b .
ﬂM@/d@%

Taking the supremum over all ¢ € Cp(2) with ||¢|lcc < 1, we obtain

b
|MW#MW®</€@%

Since ¢ € H'(0,1), by the absolute continuity of the integral with respect to the
integration domain, we obtain the thesis. O

In accordance with the results in [13, Appendix], for a.e. t € [0,1] there exists

A(t) = w* — lim p(s) = p(t)

H N ¢

and f(t) € Mp(2). We mean that for a.e. ¢t € [0, 1] there exists a Radon measure
[(t) € Mp(2) such that

p(s) — u(t)>

s—t

(0, (1)) = lim (v,

for every ¥ € Cy(Q).
We describe the “structure” of these measures, in order to introduce a distribu-
tional notion of velocity.

Proposition 5.10. For a.e. t € [0,1]
supp fu(t) C T'(¢).

Proof. Consider # € [0,1]\ {t1,...,tx} for which f(f) exists, where t1,...,ty are
given in Lemma 5.7. Fix ¢ € Cy(Q) such that suppt C Q\ T(f). Taken () and
a1(t) as in (5.8) and (5.11) respectively, for every t € (ay(t),] it is

ri\ U B,p® =TH\ J B.o®)-
peT(d) peT(t)

Let r € (0,71(f)) be such that

supp C 2\ | B.(p).

peT(t)
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By continuity of the set function I'(-) with respect to the Hausdorff converge, if we
repeat for r the discussion done for ri(#) and a;(f), we obtain that there exists

t, < t such that
ri\ | B.p=r@\ J B
peT (1) peT (i)

for every t € (t,,%]. Therefore

t) — u(t 1
MO,

t—t t=tJr@nre
for every t € (t,,t). Taking the limit as ¢t — ¢—, since j(f) exists we get (1, u(f)) =
0.

We have shown that, for every ¢ € (0,1) for which pi(t) exists, if ¢ € Cp(2) with
supp ¢ C Q\ T'(t) then (¢, (t)) = 0. Therefore supp p(t) C T(t). O

(¥,

As a consequence of Proposition 5.10, for a.e. t € (0,1)
1(t) < HOLT(t).

Definition 5.11. We call (distributional) velocity of the crack tip p € T'(t) the
value v(t,p), where

pt)= > v(t,p) by (5.20)
peT(t)

and J, is the Dirac measure concentrated at = € R2.

Now we pass to the second approach for the description of the front velocity,
which will lead to an equivalent definition.

Consider £ € (t;,t;11), with ¢; introduced in Lemma 5.7, and r1(f), a;(f) as in
(5.8) and (5.11). Fixed p € T(#), we can describe the curve

r(#) N B, /) € R,

by means of an arc-length parametrization ’y [O Lt’p] — R? (here Ltr .= HY (T (E)N
B, o )( ))) and an increasing function o : t),t] — [0, Lt’p such that for every
te ﬂ it is

o(t) = HA(D() N By (@) and (o (1)) = p(t),
where p(t) is the unique element in T'(t) N B, (;(p). Since the curves in R, belong

to W2 and £(-) = HY(I'(-)) is in H'(0,1), it results that v € W% and o €
H'(a1(t),1), hence

Y(o() € H((ar(f),1); R?).
Then, for a.e. t € (ay(f),1), we define the velocity of the crack tip p(t) as
v(t,p(t)) = (t) ¥(o(t))

and

ot p(t) == [v(t, p(t)

)
It is not difficult to see that the two notions (

v(t, p(t)) = o(t, p(t)) (5.22)

| =0o(t). (5.21)

5.20) and (5.21) coincide, i.e.
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for a.e. t € [0,1]. Indeed, assume that ;i(t) and &(t) exist for some t € [0,1]\
{t1,...,tn}, with ¢; as in Lemma 5.7. For s € (aq(t),t) it is I'(t) \ I'(s) =
v(o((s,t])). Fixed p(t) € T(t), for ¢ € Cp(Q) with supp ¢y C B, ) (p(t)) and
Blp() =1 it is

! oo e
3 Lo P = [ 0@ g ot

[ vtteton ot de

As s /' t, the left-hand side converges to

(W, (1)) = (¥, Y v(t,p)8,) = ¥(p(t)) v(t,p(t)) = v(t,p(t)), (5.23)
pET(t)
while the right-hand side to
(v(a(t))) o(t) = P (p(t) 0(t, p(t)) = 0(t, p(t))-
Hence (5.22) is proved.

Similarly to the map p : [0,1] — My(Q2) defined in (5.19), we introduce g, :
[0,1] — My(Q) as
pr(t) == H ().
Lemma 5.8 and (5.1) imply that

e (t) = u(t) (5.24)
weakly* in My(R2), for every t € [0,1]. Observe that if r» € (0,7), then for every
x €

u(t) (0B, (x)) = 0. (5.25)
Indeed, being r < 7, the constraint on the curvature of the curves K € R,, implies
that the set K N 9JB,(x) contains finitely many points, and consequently the same
holds for the set I'NOB,(z) for every I' € §. Then, by (5.24) and (5.25), we obtain
that
pr (8)(Br(2)) — p(t)(Br(z))
for every r € (0,7) and z € Q.

Lemma 5.12. Let t € A, r(t) given by Lemma 5.6 and p € MT(t). For every
t € (a(t),t) and T such that t + 7 € (a(t),t], the set

(L2 (t+7)\ T2 (£)) 1 Bygy (p) (5.26)

s either empty or connected.

Proof. Assume that the set is not empty. By choice of £, it is I’y (£) N B, (p) € Ry

and T, (t) N B, (p) = {p,(£)}. If for some t and 7 the set in (5.26) has two or
more connected components, then they must be separated by points or arcs of curve
contained in I'-(t): there exists ¢ connected component of I;(¢) with ¢ strictly
contained in B, (p) and ¢ € Ry (because ¢ C I.(t)n B, #(p) € Ry). By the
fact that (5.13) is verified for our choice of r(#), it is H!'(c) < A. However this is

impossible, since I';(t) € S and all its connected components must have length at
least A. O
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Hence, by the previous lemma we conclude that, for 7 sufficiently small and
t € (a(t),t], it is
(L2 (t+7)\ To()) N B, (p) = &7

for the connected component ) ¢ C(I-(t), I-(t + 7)) with p(t) € ),
We introduce the following notion of discrete velocity. For any p € T 4r)\Tr, ()
set

0r(tp) = HN() (5.27)

where, as above, ¢ is the connected component in C(I'x(t), I'-(t+ 7)) containing p.
If p € Tr, (4147) N T, 1), simply set v-(t,p) := 0.

Remark 5.13. Let us underline once more that the connected components ¢7 above
might not be C™! arcs of curve, but they might kink or contain several branches.

In conclusion of the section, we establish a result which relates v, and v in small
time intervals.

Proposition 5.14. For every t € [0,1]\ (Ao \ A) let a(t) be as in Lemmas 5.5
or 5.6. Then for every interval (a,b) C (a(t),t) it holds

b b
/ v(t,p(t))* dt < lim iglf v (t, pr(1))? dt,

a

where, if t € A, then p(t) and p-(t) are as in Lemma 5.0.

(
Proof. Fixed t € [0,1]\(Ap\.A), consider p € T'(£)\ MT(t) (if this set is not empty).
Let a(f) be as Lemma 5.5 or Lemma 5.6:

I't)NB, ¢ p) = rtn B, #(p)
for all ¢ € (a(t),t]. Using the definition (5.21) of ¥ and the notation introduced
therein, it results that o(¢, p(t)) = 9(t,p) = 0. Since (5.22) holds true, it is
v(t, p(t)) = o(t,p(t)) =0
for a.e. t € (a(t),%]. Therefore for any (a,b) C (a(t),t) it is

0= /bv(t,p(t))2 dt < /b v (t, pr(t)? dt. (5.28)

Ift e Aand pe MT(t), let a(t), v(t), r(t), p(t), p-(t) be as in Lemma 5.6. For
t € (a(t),t), by Lemma 5.6 and Lemma 5.12 it results that it is either v, (t,p,(t)) = 0

or v (t,pr(t)) = %HI(CQT@)) , where ¢2"") is the connected component in C(I-(t), - (t+
7)) containing p,(t). Set

t—aT

O (t) = H(IH(8) N B,y (p)) + H (L2 (t+7)\ (1) N B, 3 ()
e () = H (D (1) N B,y (p) = nlt) (B (0) -
Arguing as in Proposition 5.1, it results that 7® € H1(0,1) and
prd ey () (5.29)
weakly in H'(0,1).
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For 7 small enough & B, 4 (p), so that
rO(r) = 23 (@0 1 B, (p) = —HH (@) = v (1,1 (1)
By definition of 7@ for ae. t € (a(t),t) we have

() = () (B, #p) = Z v(t,q) 04 (B, (0) = v(t,p(t)),
q€T(t)
where the last equality is due to the fact that T'(t)N B, 4 (p) = {p(t)} for ¢ € (a(t),?)
(see Lemma 5.6). By (5.29), in particular it is

UT('apT(')) - U('ap(')) (530)
weakly in L?(a(t),%). Hence, by (5.29) for every (a,b) C (a(f),?) it is

b b b .
/v(t,p(t))2 dt:/ |£”’T(t)|2dt§hmig)1f/ |27 (£) |2 dt

b
:limigf/ v (t, pr (1)) dt .

T—

6. PROPERTIES OF THE CONTINUOUS-TIME EVOLUTION

In this section we give a characterization of the evolution ¢ — (u(t), I'(t)) selected
in Section 5. Indeed, the approximation by means of the discrete-time evolutions
obtained in Section 4 provides (u(t), I'(t)) with further interesting properties.

In the following, I'(t) is the family of sets obtained in (5.1), and w(t) is the
solution to the problem (5.2).

6.1. Energy inequality. We want to obtain an energy inequality for the continuous-
time evolution (see Proposition 6.4). The presence of several branches of the fracture
requires a careful control of the approximation process by the discrete-time evolu-
tions, in order to obtain the proper dissipation energy due to the crack increase
rate.

Rewritten with the notations introduced in Section 5, the inequality (4.11) has
the form

kT

|V, (b)]|* + H (I (b)) +/ > vrlt,p)dt

T T, (¢
e (t) (6.1)

< [Vur (@))% + HM (T2 () + 2/ (Vs (1), V(1)) dt + w(7),

1T
where a < b, 0 < it < a < (i + 1)1 and k7 < b < (k+ 1)7 < T for some
i ke{0,...,N:}, i <k.

Lemma 6.1. For every t € [0,1) it is I'x(t + T) X, I'(t) as™—0.
Proof. Fix t € [0,1) and let ¢ € {0,...,N;} be such that it <t < (i + 1)7. Set
(t):=H - liH(l) I(t+71), (6.2)
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which exists (up to subsequences) and belongs to the family S by compactness of
this class (see Theorem 3.8).

By contradiction, assume I'(¢t) \ I'(t) # @. Being I';(t) C I'-(t + 7), the limit
sets verify the same inclusion, i.e. I'(t) C I'(t). By continuity (with respect to the
Hausdorff convergence) of the measure H! restricted to sets in S (see Lemma 3.14),
we have

0<HNI()\ () =H(D(t) — H (I'(t))
= lim M (I (t+ 7)) — lim K (D (1)) = lim HE (I (t+7) \ Ir(2)

—0
gl (il i - 1 : G+
=lm M (OPAT) =lim >, M =lm [ G()d
ceC(TE,IyH)

(i+D)7 . 1/2
ghm#ﬂ</ y&@de gcm%#ﬂzm

7—0 i

where the last inequality is due to Lemma 4.7.

Hence the set I’ (t) \ I'(t) is composed by isolated points, which contradicts the
fact that I'(t) € S (Condition 3.6.(iii) is not satisfied). Therefore I'(t) = I'(t),
which, taking into account (6.2), concludes the proof. O

Lemma 6.2. For any t € [0,1) the functions Vu,(t) and Vu,(t 4+ 7) converge to
Vu(t) strongly in L?(;R?) as 7 — 0.

Proof. Fix t € [0,1) and for every 7 let i € {0,...,N;} be such that it < ¢ <
(i +1)7. We already proved in (5.3) that Vu,(t) — Vu(t) strongly in L?(2;R?).

Concerning the other claim, we argue as for (5.3): u(t + 7) is solution to the
problem

Av =0 in Q\ It
v=w((i+1)7) on dp
=0 on I“F1,

Then, in order to consider again Lemma 4.3, we notice that w((i + 1)7) — w(t)
strongly in H'(Q) and, by Lemma 6.1, I'**! = I (t + 7) N r). O

The only remaining term to analyze is the dissipation energy due to the crack
growth rate. Then we will have all the tiles to recompose the mosaic. In the
following we apply the results at the end of Subsection 5.1.

Let ¢; be defined as in Lemma 5.16. The set

F:={ty,--- ,tn}U (Ao \ A)

is finite (see Lemma 5.3). We write F' = {t,...,t)y,} with t; < t{,; and for
t € (tj,t;,,) we define
I(t) = (at), ] N (L, ti)

where «(t) is given by Lemma 5.5 if ¢t ¢ Ay and by Lemma 5.6 if t € A. The
following fact holds:
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Lemma 6.3. For cvery t € (t),t],,) there exists a countable set A(t) C (t;,¢},,)
such that

and I(t) N I(t') =@ for every t,t' € A(t), t # 1.

Proof. Fix t € (],t;,,) and define

v :==1inf {t € [t],?] : (¢,7] can be covered by countably many disjoint I(-)}. (6.3)

Of course ¢; < t since it is enough to consider I(f) to obtain that t; < inf I(#).
By contradiction, assume that ¢; > ;. Then the set I(t;) U (¢7,¢] is an interval of

the form (a,t], is covered by (at most) countably many disjoint intervals I(t) and
inf (1(e7) U (¢, 1]) = inf I(2;) < ¢,

in contradiction to the definition (6.3). Therefore ¢; = . O

We want to establish the following lower semicontinuity result about the dissipa-
tion at the crack front: for (a,b) C (0,1)

b

b
2 dt < limi 2dt. .
/ Z v(t,p)* dt < hITILlélf Z vr(t,p)* dt (6.4)

@ peT(t) @ peT,(t)

We first prove it in a time interval (a,b) C I(f) for any ¢ € (0,1)\ F', then we extend
it to the case (a,b) C (t;,t;,,) and finally to (a,b) C (0,1).

If £ € (0,1)\ Ap, then Proposition 5.14, and in particular (5.28), provides the
inequality in I(f) N (a,b):

o= [ Y wtras [ > st dt
IN(a.b) ey 16N pér 1)
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If t € A, then applying again Proposition 5.14 we obtain:

olt,p)? dt = / olt,p)? dt
/I(g) (a,b) 2 1(B)N(ab) 2

@) per () @) pe M (t)

+/ v(t,p)? dt
1(#)N(a,b) 2

M@:8) per )\ MT(t)

= v(t, p(t))? dt
/I@ LD )

e, peEMT(t)

+/ v(t, p(t)? dt
1(hN(ab) | Z (t:p(1))

€T(H\MT(#)
= > / v(t, p(t)2 dt +0
pEMT (1) N(a.b)
< Y lmint / b)) dt
pEMT(i) T I(t)N(a,b)
<Timi 2
_ln;n_}élf Z /1 -(t,pr(t))” dt
pEMT (L)
<lim3i 2 '
_111711_}(1)1f Z vr(t,p)* dt

I(t)N(a,b) peTh ()

Assume now that (a,b) C (t,t,.,) and consider a sequence tj, /' b. Using the
two inequalities above, the countable additivity of the integral and Lemma 6.3, we
have

/a > o(tp)’ Z/ (t,p)Zdt

pET(t) feA(dy) Y TBN@d) e

< liminf/ v-(t,p)? dt
Z ™0 J1(H)n(a,b) Z (t.7)

e A(iy) M) per, (1)

<11171L151f( > / STty p)? dt)

feA(ty) ” TON@D) per 1)

th
—hmlnf/ Z vr(t p

a pET
<hm1nf/ Z vr(t p
@ peTH(t

As k — 400, we get (6.4) when (a,b) C (té,t;H).
Finally, if (a,b) C (0,1), then it is enough to argue as above in (a,b) N (;,t;, ;)
and then sum over 7, in order to obtain that (6.4) holds.
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Proposition 6.4. For all 0 < a < b < 1, the couple (u,I') defined by (5.1) and
(5.2) satisfies the following energy inequality:

b
IVl + 1)+ [ e d

@ peT(t)
b
< IVu@I? + 1 @) +2 [ (Vutt), Vo) i

Proof. We choose i and k as in (6.1). In the following series of inequalities, we
apply in sequence: Lemma 6.2 and Lemma 6.1, together with Lemma 3.14 and the
inequality (6.4); the inequality (6.1) (or, equivalently, (4.11) with j = k + 1); again
Lemma 6.2 and Lemma 3.14.

|V u(®)|2 + H (T / S o(t,p)?

peT(t)

<Tlimsi 2
_hrTILl(I)lf [V, (b+7)|? +HY (T (b+ 7)) /a Z v (t, p)?
peT-(
(k+1)7
<liminf ||Vu7(b~|—r)||2+H1(F7(b+7-))+/ ST ot p)? dt
i pET,(¢)

(k+1)T
< liminf (\VUT(Q)HZ + HY Iy (a)) + 2/ (Vu,(t), Vi (t)) dt + w(7)>

b
z\IVu(a)\|2+H1(F(a))+2/ (Vu(t), Vo (t)) dt.
O

6.2. Energy release rate and Griffith’s principle. In order to complete the
characterization of the evolution process (u(t), I'(t)), we aim at obtaining a descrip-
tion in terms of Griffith’s theory. In our framework we are able to achieve this goal
as long as the crack set does not change direction abruptly, does not bifurcate and
does not stay still (see Theorem 6.8). In those situations it is not even clear what
would be the proper choice for predicting the direction in which the fracture is more
likely to grow (see [11, 12]).

The key functional is the energy release rate, introduced here below. For any
I' € S and any function g € H'(Q), we consider the elastic energy related to the
body Q\ I and the boundary displacement g, given by

E(g,I) ==inf {|Vu|®*: ue H'(Q\ I'),u=g on dpQ}. (6.5)
For a tip p € Tr, we say that I is an extension of I' at p if I' C f, f\F

is connected and there exists » > 0 as in the definition of crack tip such that
I'\I' cC By(p) and I'N B,(p) € Ry.

Remark 6.5. Notice that any estension I" belongs to S, at least when ’Hl(l~1 \TI)
is small.
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_ In order to compute the energy release rate at a fixed p € T, fix an extension
I'P of I' at p and consider the family (I'})s of extensions of I" at p such that
I’ cI? and H'(IP\I)=s.

According to the results in [28], we define the energy release rate at p as

E(g, TP~ E(g, T
G(g,I',p) := — lim (g, I¥) (9, ).

s—0+ S

(6.6)
As proved in [28], this limit exists and is independent of the chosen extension I?.

Fix i € {1,...,N;} and p € T . Consider a family of extensions IP of Tt at p,
as above. By the minimality property of I'! and u’, we obtain
. 4 1

2 1 1
IV | + 1) + Z_l (H'(0))
CeC(Iy~ It
2 1/Tp 1 | ) 1 (6.7)
<VugP+H(ID+ - > (),

ceC(Ii 1, IF)

2

where ugp is the minimizer of the problem (6.5) with g = w(ir) and I' = I'?. Set
2= TP\ I
If p € Tps N Tpir, then TP\ It = U (IF\ I71) and
Yoo () = (1@ S (HN0)?.
ceC(r'i=1,1?) ceC(rit,ri)
Since H!(ch) = s, by the above relation and (6.7) we obtain

Vusp||? — || Vull? 1
Vg | = [[Vuz il
-

s
Therefore, recalling the definition (6.6) of G, as s — 07 we get

G(w(it), %, p) < 1.
Assume now that
p €T\ Tri-t. (6.8)
Then p € ¢? for (only) one ¢® € C(I':"1, I'Y). It results that ¢ Uch is connected,
Fo\ L = (@) U (I (151 U e))

and

S @)= eva)?’s Y ()

ceC(ri~',rk) cec(ri*;,ri)
c c

It follows that
B IVugs | — (VU]

S

(HY(U&)? = (HY())?

52 4 2sH (cP)

1
-
1
=14+ =

-
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% 2 2
IVapglP [Vl _ 1 (@ ud)’ - (@) | 18 2@
T 5 T s

Y

s
and, as s — 0T, we get

Glu(ir), I.p) < 1+ 2HN(&).

If (6.8) is the case, then also the following sets can be considered in the mini-
mization problem (4.3): I'Y € S such that I''"! C I'Y C I'l, the set I\ I} is
connected, p € I't \ I'Y and H(I':\ I'Y) = s. In this case we have that

P T = (@0 (T2 DY) U (D (1 ue))
and
N : 2
> @) = (W (end@nm)) Y ()
ceC(Ii1,17) cec(ri=l riy
c#cP
Inequality (6.7) holds even in this case, with I'? instead of I, and we obtain
~ (IFuggl? = 1V ?) <HNTE) = HA (D)
1 10p ~ (Fp\ picly )2 17.pV)2
+- (MA@ @) = (1))

-
—— s+ % (32 — 25H (P N (TP \ r;’*l))) :
Dividing by —s and letting s — 0T, since
H(P N (TP L) = HY ()
we obtain the reverse inequality
Glu(ir), It p) > 1+ 2 H(@).

Using the definition of discrete velocity introduced in (5.27), we can restate the
above discussion in terms of a discrete Griffith’s principle: for every ¢ € (0,1) and

br (t) Se (t)

vr(t, pr(t)) 2 0 (6.9)
G(wr(t), I7 (), pr(t)) < 1+ vr(t, pr(t)) (6.10)
[=G(wr (1), I=(t), p- (1)) + 1+ vre(t, pr(t)] v (¢, p-(t)) = 0. (6.11)

We now look for a similar stability criterion for the continuous-time evolution.
We will see that, in the case of moving tips, this is achievable. On the other hand,
when dealing with static tips a number of problematic issues might appear.

In [28, Remark 2.5], the following integral formula for the energy release rate is
proved. Let K € R, and v be its arc-length parametrization. Consider p € Tk,
p=~y(H(K)). Then

we)? — w2

+D1UKDQUK(D2V1 + D1V2)] dx

(D1V! — DyV?) (6.12)
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where ug minimizes E(g,K), Vug = (Diug,Doug), and V = (V1,V3) is any
vector field of class C%! with compact support in € such that V(y(s)) = 4(s) for
s in a neighbourhood of H!(K) (recall that p = v(H!(K))). This explicit formula
will be useful in the sequel.

For the sake of clarity, in the following lemma we report the proof of [28, Theo-
rem 2.12] with slight modifications. We remind that the set A was introduced in
Lemma 5.3.

Lemma 6.6. Fiz t € A and let a(t), v(t ), r(t) and p;(t) be as in Lemma 5.0,
and p(t) as in (5.10). Then, for every p € MT(t),

G(wr(t), I+ (1), pr(t)) = G(w(t), I'(t), p(t)) (6.13)
for every t € (a(t),1].

Proof. The strategy is to apply the continuity result about the energy release rate
proved in [28]. We set

K2(1) = ()N By () and  K?(t) = I'(t) N B, ()

for any t € (a(f),]. As seen in Lemma 5.6, KZ(t) € R,, and K7(t) I KP().

Consider v, and v arc-length parametrizations of K?(f) and KP(#), respectively,
with v7(0),7(0) € 0B, (p). Set L := HY(KP(t)), it is p = y(L). Using the nota-
tion of Proposition 3.2, 7, converges to v in the weak* topology of W?2°°([0, L]; R?).
We extend each KZ() adding a segment along the tangent direction to the tip
pr(t) = 4-(L) and the same for KP(f) at p = y(L). Using the Implicit Function
Theorem, the bound on the curvature in Definition 3.1.(ii) and the choice of r (),
these extended curves are graphs of some CU! scalar functions ¢,, ¢. We fix
two coordinate axes such that the extension of KZ(f) is described by (21, ¢, (1))
and the extension of KP(#) is described by (z1,¢(z1)). Fix a cut-off function ¢
supported in B, (p). Given a point x = (z1,%2) € B, (p), define the vector
fields V:(x) := ((x) (1, dilgoT(:cl)); similarly we define a vector field V' related to
¢. By the weak* convergence of 4, to v in W2°([0, L]; R?), we obtain that VV;
converges to VV weakly* in L>(;R?).

Observe that, according to the formula (6.12), the vector fields introduced above
are suitable for the integral representation of the energy release rate for the curves
K2(t) and KP(t) for every t € (a(t),?] (and not only for ¢ = ¢). That is, we have
the following equality:

Gw, (£), T (1), pr(t)) = /

O\ (¢)
+ Dy (£) Doy (£) (Do VE + Dlvf)} dz (6.14)
and similarly for G(w(t), I'(t), p(t)).
Since VV, converges to VV weakly* in L°°(Q;R%) and, as proved in (5.3),
(

Vu,(t) — Vu(t) strongly in L?(;R?) for all ¢t € (a(f),#], we obtain the claimed
pointwise convergence. O

(D]-VTl - DQVTz)

[(Dluf(t))z — (Dayur (1))
2

Lemma 6.7. Assume the same hypotheses as in Lemma 6.6. Then, for every 1 <

q < oo,
G(w(-), I'(),p(-)) € L*(a(D), ?)
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and
G(wr(-), I+(-), pr () = G(w(-), I'(), p())
in LI(a(t),t).
Proof. By means of the Dunford-Pettis Theorem (see [3]) and (5.30), we obtain that
the functions v, (-,p,(-)) are equiintegrable in (a(f),). Being

0 < G(wr(t), Tr(t),pr (1)) < 14w (t,pr (1)),

the sequence G(w.(+), I'-(+), pr(+)) is equiintegrable too. Then, considering Lemma 6.6,
by Vitali’s Theorem (see [32, Chapter 6, Exercise 9]) we have that G(w(-), I'(-), p(+)) €
L'(a(t),t) and
t t
| Gt ®. Iee)poe) dt = [ (i), D)0
a(t) a(t)
Since G is non-negative, the last limit means that

1G(wr (), I (-)s pr (Dl p1 i),y = NG W) TG PO L1 o) i)
Then, applying [3, Proposition 1.33] and the pointwise convergence (6.13), we obtain

that
G(wr (), I7(),p-(-)) = G(w(-), I'(-),p())
in L'(a(f),1).
Finally, observe that, by the integral formula (6.14) for the energy release rate, it
results

G(wr(-), I7 (), pr (), G(w(-), I'(-),p()) € L>(a(t), 1),
Indeed, the maps VV; and VV are uniformly bounded in L> by the W2 norms
of v; and 7 introduced in Lemma 6.6; for Vu,(¢) and Vu(t) we use (4.12) and
(5.4) to have a uniform bound.
The L® bound uniform in 7 and the L' convergence proved above are sufficient
to conclude. O

The concluding main result of this section is proved in the following theorem.

Theorem 6.8. Fiz t € A and let a(t), v(t), v(t) be as in Lemma 5.6, and p(t)
as in (5.10). Then, for every p € MT(t), the following conditions hold for a.e.
t € (a(t),t):
v(t,p(t)) = 0 (6.15)
G(w(t), I'(t),p(t)) < 1+ v(t,p(t)) (6.16)
[=G(w(t), I'(t), p(t)) + 1+ v(t, p(t)] v(t, p(t)) = 0. (6.17)
Proof. Fix t such that fi(t) exists. Consider 1 € Cy(€2) with suppy C B, ) (p(t)),
1 >0 and ¢(p(t)) = 1. Then, by (5.23), it is

1
v(t, p(t)) = (¥, 4(t)) = lim / YdH' >0,
(ople) = i) <ty f
hence (6.15) holds.

Let (a,b) C (a(t),). By the weak convergence (5.30), Lemma 6.7 and (6.10), we
obtain

b b
/g(w(t),l”(t)jp(t))dtgf (14 v(t, p(t))] dt.
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If ¢ € (a(t),?) is a Lebesgue point of the function —G(w(-), I'(-), p(:)) +1+v(-,p(-)),
by the inequality above we obtain

0< lim - / [=Glw(t), T(£), p(t)) + 1 + v(t, p(t))] dt

e—=0+ ¢ Jy_.
=—G(w(t), I'{t"),pt")) + 14 v(t', p(t")).

Therefore (6.16) holds true a.e. in (a(t),?).
The inequalities (6.15) and (6.16) trivially imply

[=G(w (), (1), p(t)) + 1+ v(t, p(t)] v(t, p(t)) = 0. (6.18)

Then, considering (6.11), the weak convergence (5.30) and Lemma 6.7, we have the
following chain of inequalities

0 [ -G, T, p0) + 1+ olt,p0)] el p(0)

t

<liminf / o [FG0e0. 120, pe(0) + 10 )] e e () =0

i.e.

t
| 800 70, p0) + 1t ota )] 00 dt = 0.
Together with (6.18), this equality implies (6.17) for a.e. t € (a(f),1). O

In conclusion, we would like to explain some of the difficulties that arise in the
characterization of the behaviour of points in T'(f) \ MT(#). In general, our method
does not provide information about unilateral minimality properties for the contin-
uous time evolution, therefore any property concerning it needs to be derived by the
limit behaviour of the discrete-time evolutions.

In case of static tips, we are not able to prove a result as Lemma 5.6, which plays
a key role in the proof of the subsequent results. For example, a static tip might
be approximated by a discrete-time sequence of cracks that kink near the tip. The
approximation procedure suggests that, in this situation, many direction of growth
for the crack tip (of the continuous-time evolution) are possible: which would be
the preferred one? How to deal with the energy release rate G, which, as proved by
Negri [30], depends on the kinking angle?

Unfortunately, in the mathematical setting we proposed it is not possible to avoid
this kind of situations and the complete description of the growth process remains
an open problem. Anyway, it is not a simple task to introduce further restrictions
on the geometrical properties of the crack sets in the class S, without finding some
geometrical setting already discussed in the literature (see for example [27, 25]). On
the other hand, our geometrical constraints are necessary in order to avoid some
mathematical “pathologies” that would arise if branching is admissible and those
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constraints were absent. To our knowledge, this is a first attempt to consider kinking
and branching in the framework of Griffith’s theory, and much work needs to be done.
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