QUASISTATIC EVOLUTION MODELS FOR THIN PLATES ARISING AS
LOW ENERGY I'-LIMITS OF FINITE PLASTICITY

ELISA DAVOLI

ABSTRACT. In this paper we deduce by I'-convergence some partially and fully linearized
quasistatic evolution models for thin plates, in the framework of finite plasticity. Denoting
by e the thickness of the plate, we study the case where the scaling factor of the elasto-
plastic energy is of order €22, with a > 3. We show that solutions to the three-
dimensional quasistatic evolution problems converge, as the thickness of the plate tends
to zero, to a quasistatic evolution associated to a suitable reduced model depending on
a.

1. INTRODUCTION

The subject of this paper is the rigorous derivation of quasistatic evolution models for
nonlinearly elastic - finitely plastic plates. The problem of deriving lower dimensional models
for thin structures has been intensively studied since the early 90’s by means of a rigorous
approach based on I'-convergence [1, 18]. Starting from the seminal paper [15], this approach
has led to establish a hierarchy of limit models for plates [15, 16], rods [32, 33, 35, 36], and
shells [14, 20, 21], in the stationary framework and in the context of nonlinear elasticity.
More recently, the I'-convergence approach to dimension reduction has gained attention also
in the evolutionary framework: in nonlinear elasticity [2], crack propagation [3, 13], linearized
elastoplasticity [11, 22, 23], and delamination problems [30].

In this paper we justify via I'-convergence some linearized quasistatic evolution models for
a thin plate, whose elastic behaviour is nonlinear and whose plastic response is governed by
finite plasticity with hardening. We remark that different schools in finite plasticity are still
competing and a generally accepted model is still lacking (see e.g. [5]). We shall adopt here
a mathematical model introduced in [6, 27, 28]. We assume that the reference configuration
of the plate is the set

Qe =wx (—5,5)

2:2)
where w is a domain in R? and € > 0 represents the thickness of the plate. Following the
lines of [19] and [26], we consider deformations of the plate n € W12(Q,; R?) satisfying the

multiplicative decomposition

Vn(x) = Fe(x)Fp(z) for ae. x € (.,
where F; € L?(; M3*3) is the elastic strain, Fj; € L?(Q;SL(3)) is the plastic strain and
SL(3) :== {F € M*3 : det F = 1}. To guarantee coercivity in the plastic strain variable,

we suppose to be in a hardening regime. More precisely, the stored energy associated to a
deformation n and to its elastic and plastic strains is expressed as follows:

5( = / Wel Vn ( dx—i—/ Wha’rd(Fpl( ))d

/ Wel el dl’ + / Whard pl ))

where W is a frame-indifferent elastic energy density satisfying the standard assumptions
of nonlinear elasticity, and Whq,q describes hardening. The plastic dissipation is given in
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terms of a dissipation distance D : M**3 x M3*3 — [0, +oc0], which is defined via a positively
1-homogeneous potential Hp (see Section 2).

We consider a subset v4 of dw and for every t € [0,T] we prescribe on 4 x ( -5, %) a
boundary datum for the deformations, of the form

£ R xl a—1 uo(tax/> a—2 —[L‘gvl’UO(t,LL'/) _ / re)
P°(t,x) == ( 25 )Jrs ( 0 )Jrs ( WO(t,2) ) for every x = (', ex3) € Q,

where o > 3, u® € C*([0,T]; C'(w; R?)), v° € C1([0,T]; C*(w)) and V' denotes the gradient
with respect to z’.

As usual in dimension reduction, we perform a change of variable to state the problem
on a fixed domain independent of £. We consider the set Q := w x ( — ) and the map
e 1 Q — Q., given by

1
272

Ve (x) := (2,ex3) for every x = (2/,13) € Q.

To deal with the nonlinear structure of the energy, we follow the approach of [12]: we assume
#°(t) to be a C! diffeomorphism on R? and we write deformations n € W12(Q.; R3) as

noy® =¢(t)oz
where z € WH2(Q; R?) satisfies
z(z) = % (2) = (2/,ex3) H®-ae.onygx (—3,3).
To any plastic strain F,; € L?(Q; SL(3)) we associate a scaled plastic strain P € L*(Q; SL(3))
defined as
Pi=Fyoy*

and we rewrite the stored energy as
1
Fe(t,z,P):= / Wel(V¢E(t,z(x))V5z(x))dx—l—/ Whara(P(x)) dz = gg(n,Fpl),
Q Q

where V.z := (V'z|1052).

In this setting, according to the variational theory for rate-independent processes de-
veloped in [24], a quasistatic evolution for the boundary datum ¢° is a function t —
(2(t), P(t)) € WH2(Q;R3) x L2(Q; SL(3)) such that for every t € [0,7] the following two
conditions are satisfied:

(gsl) global stability: there holds

2(t) =v° H?-ae onyyx(—3.3)
and (z(t), P(t)) minimizes

F.(t,2,P) + al/D

among all (2, P) € WL2(QR?) x L?(Q;SL(3)) such that 7 = ¢ H? - a.e. on
Yax (= 3:3);

(gs2) energy balance:
Fe(t,2(t), P(t) + ' D(P;0,t)

sz(O,z(O),P(O))—i—EO‘_l/O | B(s): (ws's(s,z(s))(wf)—l(s,z(s))) dz ds.

In the previous formula, D(P;0,t) is the plastic dissipation in the interval [0,¢] (see Section
4), E°(t) is the stress tensor, defined as
_ _ T

et (Vo (1, 2()Vez()(P) (1)) (Vo5 (1, 2(6)) Vez (8)(P) 1 (1)
and a > 3 is the same exponent as in the expression of the boundary datum.

Our main result is the characterization of the asymptotic behaviour of quasistatic evolu-
tions as € — 0. More precisely, in Theorem 4.9 and Corollaries 5.2 and 5.3 we show that, given
a sequence of initial data (2§, PS) which is compact in a suitable sense, if t — (2°(t), P°(t))

EE(t) =
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is a quasistatic evolution for the boundary datum ¢° (according to (gsl)—(qs2)), satisfying
2¢(0) = 2§ and P¢(0) = F§, then defining the in-plane displacement

0= e [ () ) =) o

the out-of-plane displacement

1
1 3
v (t) == gl @5(t, 2°(¢)) ds
-2
and the scaled linearized plastic strain
R Pe(t) — Id
pe(t) = Tl

for every ¢ € [0, T] we have
p°(t) — p(t) strongly in L*(Q; M3*3),
where p(t) € L?(Q;M>*3) with tr p(t) = 0 a.e. in Q. If @ > 3 there hold
u®(t) — u(t) strongly in Wh2(w; R?), (1.1)
v (t) — v(t) strongly in W2 (w), (1.2)

for every t € [0,T], where u(t) € W12(w;R?) and v(t) € W??(w). If a = 3, the convergence
of the in-plane and the out-of-plane displacements holds only on a ¢-dependent subsequence.
Moreover, t — (u(t),v(t),p(t)) is a solution of the following reduced quasistatic evolution
problem: for every ¢ € [0, 7]

(qsl), reduced global stability:
u(t) = u’(t), o) =), V'u(t)=V(t) H'-ae on~y
and (u(t),v(t), p(t)) minimizes
/ Q2 (symV'a — 23(V')*0 + Le Vo @ Vo — §') dz + / B(p) dz + / Hp(p—p(t)) dz
Q Q Q
among all triples (@, 0, p) € W12 (w; R?) x W22(w) x L2(Q; M3*3), such that tr p = 0
a.e. in {2, and
a=u"t), 9=t and Vo =V(t) H'-ae. onng;
(q82), reduced energy balance:
/Q2 (eal(t dx+/B ))dx + Dp,(p;0,t) = /Q2 (eal ))d:v+/B( (0)) dz
Q
/1,0 1.0 / _ 2.0
//(CQea . V ()—l—LaVv(s)(E(Q)Vv(s) z3(V)200(s) 8)d$d8

where
ea(t) == symV'u(t) — z5(V')?0(t) + L= V'o(t) ® V'u(t) — p/(t) for every t € [0,T]

and
L= 0 if >3,
1 ifao=3.

In the above formulas, ' and p'(t) are the 2 x 2 minors of p and p(t) given by the first two
rows and columns, V' denotes the gradient with respect to 2’, Q2 and B are two symmet-
ric, positive definite quadratic forms on M2*2 and M?3*3, respectively, for which an explicit
formula is provided (see Sections 2 and 3), C is the tensor associated to Q2 and Dy, is the
plastic dissipation in the interval [0, ] for the reduced model (see (4.22)).

We remark that Theorem 4.9 is only a convergence result. In fact, the issue of the existence
of a quasistatic evolution in finite plasticity according to (gsl1)—(gs2), is quite delicate, and it
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has only recently been solved in [25] by adding to the stored-energy functional some further
regularizing terms in the plastic component. We shall not add these further terms here, we
rather show, in the last section, that our convergence result can be extended to sequences of
approximate discrete-time quasistatic evolutions, whose existence is always guaranteed (see
Theorem 6.2). The limit quasistatic evolution problem identified in (qsl),o—(qs2);q, on the
other hand, has always a solution (see Remark 4.7).

The constant L, in the limit problem encodes the main differences between the cases
a > 3 and a = 3. Indeed, for a = 3, the limit energy contains the nonlinear term %V’v@V’v,
which is related to the stretching due to the out-of-plane displacement. For a > 3 the
limit problem is completely linearized and, in the absence of hardening, coincides with that
identified in [11] starting from three-dimensional linearized plasticity. However, we point
out that the role of the hardening term in the present formulation is fundamental to deduce
compactness of the three-dimensional evolutions (see Step 1, Proof of Theorem 4.9).

The limit stored energy and the limit plastic dissipation potential have both been deduced
in the static case by I'-convergence arguments. Indeed, in the absence of plastic deforma-
tions (p = 0) the stored energy reduces to the Von Karman functional for a = 3 and to the
linear plate functional for a > 3, which have been rigorously justified via I'-convergence in
[16] as low energy limits of three-dimensional nonlinear elasticity. In the case where plastic
deformation is allowed, the energy in (qsl),, has been obtained in [10] as T'-limit of a suit-
able scaling of the three-dimensional energy in (gsl). Our particular choice of the boundary
datum and the scaling of the displacements are motivated by these results.

The setting of the problem and some arguments in the proofs are close to those of [31]. In
particular, the proof of Theorem 4.9 follows along the general lines of [29], where an abstract
criterion for convergence of quasistatic evolutions is provided.

A major difficulty in the proof of the reduced energy balance is related to the compactness
of the stress tensors E°(t). In fact, due to the physical growth assumptions on W;, weak L?
compactness of E(t) is in general not guaranteed. However, the sequence of stress tensors
satisfies the following properties: there exists a sequence of sets O(t), which converges
in measure to €2, such that on O.(t) the stresses E(t) are weakly compact in L2, while
in the complement of O.(t) their contribution is negligible in the L' norm. This mixed-
type convergence is enough to pass to the limit in the three-dimensional energy balance.
This argument of proof is similar to the one used in [34] by Mora and Scardia, to prove
convergence of critical points for thin plates under physical growth conditions for the energy
density.

A further difficulty arises because of the physical growth conditions on W;: the global
stability (gs1) does not secure that z°(t) fulfills the usual Euler-Lagrange equations. This is
crucial to identify the limit stress tensor. This issue is overcome by proving that z¢(t) satisfies
the analogue of an alternative first order condition introduced by Ball in [3, Theorem 2.4]
in the context of nonlinear elasticity, and by adapting some techniques in [34].

Finally, to obtain the reduced global stability condition, we need an approximation result
for triples (u,v,p) € W12(w;R?) x W22(w) x L2(Q; M3*3) such that

u=0, v=0 Vov=0 H!'-ae on~y (1.3)

in terms of smooth triples. Arguing as in [11, Section 3|, such a density result is proved
under additional regularity assumptions on dw and on 7y, (see Lemma 3.3).

The paper is organized as follows: in Section 2 we set the static problem and we describe
the limit functional. In Section 3 we recall the compactness results proved in [10] and we
prove an approximation result for triples (u,v,p) satisfying (1.3). Section 4 concerns the
formulation of the quasistatic evolution problems, the statement of the main results of the
paper and the construction of the mutual recovery sequence, whereas Section 5 is entirely
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devoted to the proofs of the convergence of quasistatic evolutions. Finally, in Section 6 we
discuss convergence of approximate discrete-time quasistatic evolutions.

Notation We shall write any point x € R® as a pair (2/,x3), where 2 € R? and 23 € R.
We shall use the following notation: given ¢ :  — R3, we denote by ¢’ : 2 — R? the map

r_ ‘Pl)
v (<P2

and for every n € WH2(Q2) we denote by V’'n the vector ( glz ) Analogously, given a
p

matrix M € M3*3, we use the notation M’ to represent the minor

M M
M= ( 11 12 )
Moy Moo

2. PRELIMINARIES AND SETTING OF THE PROBLEM

Let w C R? be a connected, bounded open set with C? boundary. Let ¢ > 0. We assume

that the set Q. := w X ( -3, %) is the reference configuration of a finite-strain elastoplastic

plate, and every deformation n € W12(Q.;R3) fulfills the multiplicative decomposition
Vn(x) = Fe(x)Fpi(x) for ae. x € Q,

where F,; € L?*(Q.; M3*3) represents the elastic strain, F,; € L?(Q; SL(3)) is the plastic
strain and SL(3) := {F € M3*3 : det F = 1}. The stored energy (per unit thickness)
associated to a deformation 7 and to its elastic and plastic strains can be expressed as
follows:

5 = / Wel V’O pl ( dx—i—/ Whard( pl( ))d

/Wel el ( dIE+/ Whara(Fpi(x)) dx (2.1)

where Wy, is the elastic energy density and Wj.-q describes hardening.
Properties of the elastic energy
We assume that W, : M3*3 — [0, +00] satisfies

(H1) We € CY(M3*?), Wy = +oo on M3*3\ M2*3,

(H2) We(Id) =0,

(H3) W (RF) = Wy (F) for every R € SO(3), F € M3,

(H4) Wo(F) > edist®(F; SO(3))  for every F € M3*3,

(H5) |[FTDW(F)| < co(We(F) +1)  for every F € M.
Here cy, c2 are positive constants, M5*? := {F € M**3 : det F > 0} and SO(3) := {F €
I\\/[[?’X?’ : FTF = Id}. We also assume that there exists a symmetric, positive semi-definite
tensor C: M3*3 — M3x3 such that, setting

sym
1
Q(F) := §(CF . I for every F' € M3*3,

the quadratic form @ encodes the local behaviour of W,; around the identity, namely

V6 > 0 3cei(8) > 0 such that VF € B, (5)(0) there holds [W,(Id + F) — Q(F)| < §|F|>.
(2.2)

Remark 2.1. By [9, Proposition 1.5] and by (H3) and (H5), there holds
|DWoy(F)FT| < c3(We(F) +1)  for every F € M3*%, (2.3)

where ¢3 is a positive constant. Moreover, by (H1) and (H5), there exist ¢4, ¢5, v > 0 such
that, for every G1, G» € B, (Id) and for every F' € M%*? the following estimate holds true

[Wer(G1FGa) — W (F)| < ca(Wa(F) + ¢5)(|G1 — Id| + |Gz — Id]) (2.4)
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(see [31, Lemma 4.1]).

Remark 2.2. As remarked in [31, Section 2|, the frame-indifference condition (H3) yields
Cijii = Cjira = Cyjy, for every 4,5, k,1 € {1,2,3}
and
CF =C(symF) for every F € M®*3,
Hence, the quadratic form @) satisfies:
Q(F) = Q(sym F) for every F € M3*3

and by (H4) it is positive definite on symmetric matrices. This, in turn, implies that there
exist two constants r¢c and R¢ such that

re|F|? < Q(F) < Re|F|* for every F € MY}, (2.5)
and
|CF| < 2Rc|F| for every F € M3 (2.6)

Remark 2.3. We note that (2.2) entails, in particular,
We(Id) =0, DWg(Id)=0

and
C = D*Wy(Id), Cy *ﬂ(ld) for every i, j, k,1 € {1,2,3}
— el ) ijkl — aFijaFk;l Yy 1,7, R, )&y .
By combining (2.2) with (2.6) we deduce also that there exists a constant c;, such that
|DWe(Id+ F)| < (2Rc + 1)|F| (2.7)

for every F' € M3*3 |F| < ce,.

Properties of the hardening functional
We assume that the hardening map Wygpq : M2*3 — [0, +00] is of the form

I/IN/hard(F) for every F € K,

400 otherwise.

Whard(F) = {
Here K is a compact set in SL(3) that contains the identity as a relative interior point, and
the map Wharq : M3*3 — [0, +00) fulfills

Wham is locally Lipschitz continuous,
Whara(Id + F) > cs|F|*  for every F € MP*3, (2.8)

where cg is a positive constant. We also assume that there exists a symmetric, positive
definite tensor B : M3*3 — M3*3 such that, setting

1
B(F) := SBF:F for every F' € M>*?,

the quadratic form B satisfies

V6 > 03cp(6) > 0 such that VF € B, (5)(0) there holds [Whara(Id + F) — B(F)| < §B(F).

(2.9)
In particular, by the hypotheses on K there exists a constant c; such that
|F|+|F~ Y <cp forevery F € K, (2.10)
|F — Id| > é for every F € SL(3)\ K. (2.11)

Combining (2.8) and (2.9) we deduce also
%G\F\Q < B(F) for every F € M3*3. (2.12)
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Dissipation functional
Denote by M%XB’ the set of symmetric trace-free matrices, namely

M3 = {F € M¥*3 : tr F = 0}.
Let Hp : M3® — [0, 400) be a convex, positively one-homogeneous function such that
ri|F| < Hp(F) < Ri|F| for every F € M%. (2.13)
We define the dissipation potential H : M3*3 — [0, +00] as
Hp(F) if F e My,
+00 otherwise.

H(F):= {
For every F € M?*3 consider the quantity
1
D(Id, F) = inf{/ H(é(t)e () dt : c € CH([0, 1, M3*3), ¢(0) = Id, c(1) = F} (2.14)
0

Note that, by the Jacobi’s formula for the derivative of the determinant of a differentiable
matrix-valued map, if D(Id, F') < +oo, then F' € SL(3).
We define the dissipation distance as the map D : M?*3 x M3*3 — [0, +00], given by

D(Id, FRFyY) if Fy € M3*3 1y € M3X3
D(F17F2) = ( . ) 1 16 ;,_X;;’ 26 3x3
+00 lfF1¢M+ ,Fy € M°x2,
We note that the map D satisfies the triangle inequality
D(Fy, Fy) < D(Fy, F3) + D(F3, Fy) (2.15)

for every F, Fy, F3 € M3%3,
Given a preexistent plastic strain F;?l € L?(Q.; SL(3)), we define the plastic dissipation
potential associated to a plastic configuration F' € L?(Q.;SL(3)) as

g1 / D(Fy; F) dx, (2.16)
Qs

where o > 3 is a given parameter.
Remark 2.4. We remark that there exists a positive constant c7 such that

D(Fy, Fy) <c¢; for every Fy,Fy € K, (2.17)
D(Id,F) < ¢7|F —Id| for every F € K. (2.18)

Indeed, by the compactness of K and the continuity of the map D on SL(3) x SL(3) (see
[28]), there exists a constant é7 such that

D(Fy, Fy) < é; for every Fi, Fy € K. (2.19)

By the previous estimate, (2.18) needs only to be proved in a neighbourhood of the identity.
More precisely, let 6 > 0 be such that log F' is well defined for F' € K and |F — Id| < §. If
F € K is such that |F — Id| > §, by (2.19) we have

D(Id, F) < %7|F — Id.
If |F — Id| < 4, taking c(t) = exp(tlog F) in (2.14), inequality (2.13) yields
D(Id,F) < Hp(log I') < Rk/|log F'| < C|F — Id|

for every F' € K. Collecting the previous estimates we deduce (2.17) and (2.18).
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2.1. Change of variable and formulation of the problem. We suppose that the bound-
ary Ow is partitioned into two disjoint open subsets v4 and =, and their common boundary
0| 9wYd = 0| 8w¥n (topological notions refer here to the relative topology of dw). We assume
that v4 is nonempty and that 0|swyas = {P1, P2}, where Pj, P, are two points in dw. We
denote by I'c the portion of the lateral surface of the plate given by I'c := 4 X ( -5, %)
On I'. we prescribe a boundary datum of the form
/ a—1, 0./ 12,0 ( !

o= (5 ) (7 ) e (™) (2:20)
for every z = (2/,ex3) € Q., where u¥ € C'(w;R?), v € C?*(W) and o > 3 is the same
parameter as in (2.16).

We consider deformations n € W12(Q.; R3) satisfying

n=¢° H?-ae onl.. (2.21)

As usual in dimension reduction, we perform a change of variable to formulate the problem
on a domain independent of . We consider the set €2 := wx (—2%, 1) and the map ¢° : Q@ — Q.
given by
Ve (x) = (2, ex3) for every z € Q. (2.22)
To every deformation n € W12(Q.;R?) satisfying (2.21) and to every plastic strain Fy; €
L?(Q.; SL(3)), we associate the scaled deformation y := 1 o0° and the scaled plastic strain
P := F,; 0 ¢°. Denoting by I'g the set 4 X ( — %, %), the scaled deformation satisfies the
boundary condition
y=¢"o9° H?-ae only. (2.23)

Denote by A.(¢) the class of pairs (y5, P?) € WL2(Q;R3) x L?(Q; SL(3)) such that
(2.23) is satisfied. Applying the change of variable (2.22) to (2.1) and (2.16), the energy
functional is now given by

1

T(0.P)i= 280 F) = | WalVau@P (@) do+ [ Wira(Pa) o, (224

where V. y(z) = (aly(:v){ﬁgy(x)gagy(x)) for a.e. x € Q. The plastic dissipation potential
is given by

g1 / D(P=° P)dx (2.25)
Q

where P=0 := FJ) 0¢° is a preexistent plastic strain. We remark here that the asymptotic
behaviour of sequences of pairs (y°, P¢) € A.(¢°) such that

T(y5, P?) 427! / D(P°, P) dx
Q

is of order €272 has been studied in [10] under suitable assumptions on the maps P°.

3. COMPACTNESS RESULTS

In this section we collect two compactness results that were obtained in [10] and we state
an approximation result which will be crucial in the proof of the reduced global stability
condition. In the first theorem, the rigidity estimate proved by Friesecke, James and Miiller
in [15, Theorem 3.1] allow us to approximate sequences of deformations whose distance of
the gradient from SO(3) is uniformly bounded, by means of rotations (see [10, Theorem
3.3)).

Theorem 3.1. Assume that o > 3. Let (y°) be a sequence of deformations in W12(Q; R3)
satisfying (2.23) and such that

[[dist(V.y®, SO(3))| L2 (amsxs) < Ce* . (3.1)



QUASISTATIC EVOLUTION MODELS FOR THIN PLATES IN FINITE PLASTICITY 9

Then, there exists a sequence (RF) C W (w; M?*3) such that for every e > 0
R*(z") € SO(3)  for every 2’ € w, (
IVey® — Rl L2 s xs) < Ce™ (
10; R || p2(wmexsy < Ce*2, i =1,2 (
|RE — 14| L2 (upaoxsy < Ce® 2. (
Let A : M?*2 — M3X3 be the operator given by

sym

sym F A(E 2%2
= Y Ao (F for every F' € M**%
A(F)  Xa(F) Xs(F

where for every F' € M?*? the triple (A1(F), A\2(F), A\3(F)) is the unique solution to the

minimum problem
A1
min Q sym [ Ao .
Ai€R AtA2 s

We remark that for every F' € M2*2 A(F) is given by the unique solution to the linear
equation

0 0 X
(CA(F) : ( 0 0 Ao ) =0 for every )\1,)\2, /\3 c R. (36)
A1 Ao A3

This implies, in particular, that A is linear.
We define the quadratic form Qo : M2*2 — [0, +00) as

Q2(F) = Q(A(F)) for every F € M?**2,

By properties of (Q, we have that Qo is positive definite on symmetric matrices. We also
define the tensor Cy : M?*2 — M3X3, given by

sym?
CyoF := CA(F) for every F' € M?*2, (3.7)

We remark that by (3.6) there holds
CoF : G = CoF - ( SyrgG 8 ) for every F € M2*2, G € M3*3 (3.8)

and

1
Q2(F) = §(C2F : ( SyI(;lF 8 ) for every F € M?*2,

Given a sequence of deformations (y°) C W12(€;R?), we consider some associated quan-
tities: the in-plane displacements

1
1 3
us(x') = g / 1 ((v°) (2, 23) — a') dwg for a.e. 2’ € w, (3.9)

2

and the out-of-plane displacements

1

1 1
v (x') == 5 /2 y5(2',x3) dxs  for ae. 1’ € w. (3.10)

ex = J_1

2
For every sequence (y°) in W12(Q;R?) satisfying both (2.23) and (3.1), we introduce also

the strains
(B () "Veys(x) — Id
ca—l1

G (z) :=

where the maps R® are the pointwise rotations provided by Theorem 3.1.
Denote by A(u’, v°) the set of triples (u,v,p) € WH2(Q;R?)x W22(Q) x L2(; M%53) such
that u = u%, v = 0%, and V'v = V'v° H! - a.e. on 74. The next theorem allows us to deduce
some compactness properties for the displacements and strains and a liminf inequality for

for a.e. x € Q, (3.11)
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the scaled stored energy and plastic dissipation potential, introduced in (2.24) and (2.25)

(see [10, Theorem 3.4]).

Theorem 3.2. Assume that a > 3. Let (y¢, P?) be a sequence of pairs in A (¢°) satisfying
T(y¢, P%) < Ce?>2 (3.12)

for every e > 0. Let u®, v¢ and G° be defined as in (3.9), (3.10), and (3.11), respectively.

Then, there exist (u,v,p) € A(u®,vY) such that, up to subsequences, there hold

/

y© = ( 96 ) strongly in WH2(Q; R?), (3.13)
ut —u  weakly in W52 (w; R?), (3.14)
v = v strongly in WH2(w), (3.15)
VY ' strongly in L2(Q; R 3.16
a2 — V'v  strongly in L*(Q;R*), (3.16)

and the following estimate holds true

yg a—3 a—2
H? — a3 — 7007y ) < CEOTE. (3.17)
Moreover, there exists G € L?(£; M3*3) such that
G — G weakly in L*(Q;M>*3), (3.18)
and the 2 x 2 submatriz G' satisfies
G' (', x3) = Go(a) — x3(V') () for a.e. x € Q, (3.19)
where
v/ v/ T v/ v/
sym Gy = V1 “); VOV o, (3.20)
sym Gy = symV'u  if o > 3. (3.21)
The sequence of plastic strains (P¢) fulfills
Pe(z) e K for a.e. x €9, (3.22)
and
||1Ps — IdHLZ(Q;MIiXS) < Cevt (3.23)
for every . Moreover, setting
P —1d
]9E = 50‘771, (3.24)
up to subsequences
p° —p  weakly in L*(;M3*3). (3.25)
Finally,
. 1
/ngg(sym G —p)dx+ /Q B(p)dz < hrgn_}(r)lf 520‘7—21@8’ pPe). (3.26)
If in addition
1
) /Q D(P=°, P¥)dx < C  for everye >0 (3.27)

and there exist a map p° € L*(Q;M3®) and a sequence (p=°) C L?*(Q;M3*3) such that
PO = Id+ 2 1p=0  with p=° — p° weakly in L*(£;M>*3), then

1
/ Hp(p—p°) dz < liminf —— / D(P=°, P%)dx. (3.28)
Q e—0 9~ Q
Proof. The proof follows easily by adapting [10, Proof of Theorem 3.4]. O

We conclude this section by providing an approximation result for triples (u,v,p) €
A(0,0) by means of smooth triples. More precisely, denoting by C°(w U ~,) the sets of
smooth maps having compact support in w U ~y,, the following lemma holds true.



QUASISTATIC EVOLUTION MODELS FOR THIN PLATES IN FINITE PLASTICITY 11

Lemma 3.3. Let (u,v,p) € A(0,0). Then there exists a sequence of triples (uk,v*, p¥) €
CP(w Un; R?) x C(wUny,) x C2(Q; M543 such that

uf = u  strongly in W2 (w;R?),

v* = v strongly in W32 (w),

" —p  strongly in L*(Q; M%),
Proof. The approximation of the plastic strain p is obtained by standard arguments. The ap-

proximation of the in-plane displacements and out-of-plane displacements follows by adapt-
ing the arguments in [11, Theorem 3.9 and Lemma 6.10]. O

4. THE QUASISTATIC EVOLUTION PROBLEM

In this section we set the quasistatic evolution problem.
For every t € [0,T] we prescribe a boundary datum ¢¢(¢t) € W (Q;R?) N C>(R3;R3),

defined as
/ 0(4 1.0 (4 ot
e . € a—1( U (t,fE ) a—2 —z3V'vy (t7x )
() '_(xg >+E ( 0 )+E ( vO(t, 2) )’
for every x € R3, where the map t — u%(t) is assumed to be C1(]0, T]; C*(R?;R?)) and the
map t — v0(¢) is C1([0, T]; C*(R?)). We consider deformations ¢ — y(¢) from [0,7] into
Wh2(Q; R?) that satisfy

Yo (t,x) = ¢°(t, (2',ex3)) H?-a.e. on Ty,

and plastic strains ¢ — P(¢) from [0, T] into L?(Q; SL(3)).
For technical reasons, it is convenient to modify the map t — ¢°(¢) outside the set Q2. We
consider a truncation function §° € W1H°(R) N C1(R) satisfying

0°(s) =s in (L., L), (4.1)
|6°(s)| < |s| for every s € R, (4.2)
1651 oo ) < 2¢e, (4.3)
0(s) =0 if |ag| > Lo+ 1, (4.4)
162 ()| e ) < 2, (4.5)
where /. is such that
e 1. =0, (4.6)
ele — 400, (4.7)
g2023 50, (4.8)
for some 0 < v < a — 2. For a > 3 we also require
e 2 0. (4.9)

Remark 4.1. A possible choice of /. is /- = 5, with 0 < A < min{25%, o — 2 — v} when

a>3and 0 <A <min{3,1—~} in the case a = 3.

With a slight abuse of notation, for every ¢ € [0,T] we still denote by ¢°(t) the map
defined as

6 (t ) = ( ::5; )+€a_1( uO(t,x’)—es(Or?a)V’UO(t,x’) )+a°“2( UO(Ox ) (4.10)

for every x € R3.

Remark 4.2. Conditions (4.1) and (4.7) guarantee that ¢°(¢) is indeed an extension of
the originally prescribed boundary datum, for ¢ small enough. Conditions (4.3) and (4.5)
provide a uniform bound with respect to ¢ on the W1>°(R3;R?) norm of ¢°(t) — id. By
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(4.3), (4.5) and (4.6), there exists €y > 0 such that, for every t € [0,T] and ¢ < €g, the map
#°(t) : R? — R3 is invertible with smooth inverse ¢¢(t). Since
¢°(t, 0% (t,2)) = for every x € R?,
by (4.10) there holds
©5(t)

<so€>’<t>—x'=—aa-lu(’a,w(t))+ea-1ea( )V () (1), (410)

P3(t) — w5 = =72t (%) (1)), (4.12)

for every t € [0,7]. Hence, by the smoothness of u® and v° and by (4.3), we deduce the
estimates

(%) (t) — 2'|| oo (r3R2) < Ce“ e, (4.13)
and
l5(t) — @3l Lo ms) < Ce®3, (4.14)
where both constants are independent of ¢. In particular, (4.11) yields
1 00 -
Vern - (o 0 0) =TV G )V )

reom1gr () (9200, (o) (1) W () 1)

£

v (B g0 (oY) o Ve, (4.15)

and (4.12) implies
Vi5(t) —es = =272 (V(0%) (1)) TV (1, (¢°)' (1)), (4.16)
for every ¢ € [0, T].

A direct computation shows that

Ve (ta) = Id+ 2 Viul(t,a’) 0 ) - 07 (22)(V')?0(t, ') 8 )

0 0 0
a— 0 —0= (£3)V'0(t, :
+e 2( (VO (t, 2))T (% )0 (t, ") ) for every = € R, (4.17)
Hence by (4.3), (4.5) and (4.6) there holds
@) Loo(R3;M3%3) < Tl Leeremzxsy < O .
IV (@)l <1V )~ <C (4.18)
for every ¢ € [0,T] and for every € < 9. Therefore, (4.3), (4.5), (4.7), (4.15) and (4.16) yield
IV (%) (t) = (exle2]0) | Low (rauaaxzy < Ce* e, (4.19)
and
IV@5(t) — eall Lo mapsy < Ce*2 (4.20)

By Remark 4.2 for € small enough the function ¢°(¢) is a smooth diffeomorphism for
every ¢ € [0,T]. This implies that we are allowed to define a map ¢ — 2°(t) from [0, 7] into
Wh2(Q; R3) as the pointwise solution of

ye(t,z) = ¢°(t, 2°(t,2))
for every t € [0,T]. We note that
25(t) = (' ex3) H?-ae only (4.21)

for every t € [0,T]. According to this change of variable, the elastic energy at time ¢ associ-
ated to the deformation y°(t) can be written in terms of 2°(t) as

/ Wt (Vo (8)(PF) (1)) da = / W (Vo2 (1, 2° (£) Vo2 (£)(P*) (1)) dr.
Q Q
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For every t € [0,T] we define the three-dimensional stress as
1 — g g g e\ — T
B () i= o DWar (V6 (1 25(0) V-2 (0(PF) 7 (1)) (V% (2, 27 () V= () (P) 1 (1))

Let s1,s9 € [0,T], with s; < s9. For every function ¢ — P(t) from [0,7] into L?(Q2; SL(3)),
we define its dissipation as

N
D(P, 81,82) = sup{Z/ D(P(tlfl),P(tl))d.’E s =t <1 < <ty = 82}.
=179

Analogously, for every function ¢ + p(t) from [0,7T] into L2(€;M3?), we define its Hp-
dissipation as

N
Dup, (p; s1,82) = sup { Z/ Hp(p(t:) —p(ti-1))da:s1 =1 <t1 < <ty = 82}~
=179

(4.22)
Finally, we denote by F.(t, z, P) the quantity

Fe(t, 2z, P) ::/Wel(v¢€(t,z)V5zP_1) dx+/ Whara(P) dx
Q Q

for every t € [0,T], z € WH2(Q;R3) and P € L*(Q;SL(3)). We are now in a position to
give the definition of quasistatic evolution associated to the boundary datum ¢ +— ¢°(¢).

Definition 4.3. Let € > 0. An e-quasistatic evolution for the boundary datum ¢t — ¢°(t) is
a function t — (2°(t), P*(t)) from [0,7] into W12(Q;R3) x L2(£2; SL(3)) that satisfies the
following conditions:
(gsl) for every t € [0,T] we have 2°(t,x) = (a/,ex3) H? - a.e.on [y, P°(t,z) € K for
a.e. ¢ € ) and

Fu(t, (1), PE(1)) S}'E(t,i,P)—i—so‘_l/ D(P=(t), P) da,
Q

for every (z, P) € Wh2(Q; R3)x L2(Q; SL(3)) such that 2(x) = (2’,ex3) H? - a.e. on I'y
and P(x) € K for a.e. z € {;
(qs2) the map

s [ B4 (96 (V) (55°()) da

is integrable in [0, 7] and for every t € [0, T
Fo(t, 2°(t), PE(t)) + e*~1D(P*;0,1)

:fe(o,zf(o),PE(O))—i—a"‘_l/ot/QEE(s): (Ve (5. 25())(V69) (5. 2°(s)) ) iz ds.

Remark 4.4. We remark that if the function ¢ — (2°(¢), P*(t)) satisfies condition (qgsl),
then E°(t) € L'(Q;M**?) for every ¢ € [0,T]. Indeed, by (gsl), taking Z(x) = (a', ex3) for
every x € Q and P = P¢(t), we deduce

/Q Wt (Vo2 (1, 2° (£) Ve (0)(PF) "1 (1)) d < / W (Vo< (£, (o ex5))(PF) "1 (1)) da. (4.23)

On the other hand, P°(t) € K a.e. in Q and for ¢ small enough there exists two constants
Cy and Cy such that det(Ve¢®(t, (2',ex3))) > C1 and ||V (t, (2/,ex3))|| poo (umzx3) < Co.
Therefore, by hypothesis (H1) the quantity in (4.23) is finite and

det (Vo (t,2°(t)) Vo2 (£)(PF) "1 (t)) > 0 a.e. in Q (4.24)
for € small enough. Finally, by (2.3) we obtain

Cq

B < 25 (] Wa(9e 65 0) Ve 0P 7 (0) da 1) < +ov.
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Remark 4.5. By the frame-indifference (H3) of Wy, there holds
DWy(F)FT = F(DW.(F))" for every F € M3,

Therefore, by (4.24), for € small enough E°(t,x) € M3x? for every ¢ € [0,T] and for a.e.
x € Q.

Set

1 ifa=3.

For every a > 3 we define a reduced quasistatic evolution as follows.

L {0 if >3

Definition 4.6. For o > 3, a reduced quasistatic evolution for the boundary data t +— u°(t)
and t — 09(t) is a map t — (u(t),v(t),p(t)) from [0,T] into Wh2(w;R?) x W22(w) x
L2(%; IMIBDX3)7 that satisfies the following conditions:
(qslyq) for every t € [0,T] there holds (u(t),v(t),p(t)) € A(u(t),v°(t)), and setting

ea(t) :==symV'u(t) + Lo Vo (t) @ V'o(t) — z3(V')?v(t) — p'(t), (4.25)

we have

/ Q2(eq(t)) dx +/ B(p(t)) dz < / Q2(sym V' + LeV'o @ Vo — 23(V')?0 — p') da
Q Q Q
+ [ Bo)do+ [ Hplp - o) de

for every (4,9, p) € A(u®(t),v°(t));
(q82r4) the map

5o / Cacals) : ( VHO + LV @ Vol) = 2s(VI() 0y,

is integrable in [0, T']. Moreover for every ¢ € [0,T] there holds
/Qg (eal(t dx+/B ))dx + Dp, (p;0,t) = /Q2 ol ))dm+/B( (0)) dz
Q

) V’uo(s) + Lo V'9%(s) ® V'ou(s) — 23(V")29°(s) 0
+/ /(Czea(s). 0 3 0 )dxds.

Remark 4.7. An adaptation of [7, Theorem 4.5] guarantees that, if « > 3, for every triple
(w,v,p) € A(u®(0),v°(0)) satisfying

/ Q2 (symV'u — 23(V')’v+ LoV @ Vo —p)de + | B(p)da
Q Q

S/Qg(symvlﬂ—xg(V’)2ﬁ+%V’@@V'ﬁ—ﬁ') dx+/B(ﬁ)dx+/HD(ﬁ—ﬁ)da:,
Q Q Q

for every (i, 9, p) € A(u®(0),v°(0)), there exists a reduced quasistatic evolution t — (u(t), v(t), p(t))
(according to Definition 4.6) such that w(0) = @, v(0) = v and p(0) = p. Moreover, by adapt-

ing [7, Theorem 5.2 and Remark 5.4] one can show that the maps ¢ — u(t), t — v(¢) and

t ~ p(t) are Lipschitz continuous from [0, 7] into W2 (w; R?), W?2(w) and L?(Q;M3?),
respectively.

In the case o = 3, the existence of a reduced quasistatic evolution ¢ — (u(t), v(t), p(t))
such that (u(0),v(0),p(0)) = (@,7,p) can still be proved by adapting [7, Theorem 4.5]. We
remark that the proof of this result is more subtle than its counterpart in the case o > 3,
due to the presence of the nonlinear term %V’ v ® V'v. In fact, for « = 3 one can not prove
the analogous of [7, Theorem 3.8] and can not guarantee that the set of discontinuity points
of the function ¢ — e3(t) is at most countable. Hence, when trying to prove the analogous
of [7, Theorem 4.7], that is, to deduce the converse energy inequality by the minimality,
some further difficulties arise to study convergence of the piecewise constant interpolants of
t — e3(t). To cope with this problem, one can apply [8, Lemma 4.12], which guarantees the
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existence of partitions of [0, 7] on which the Bochner integrals of some relevant quantities
can be approximated by Riemann sums, and argue as in [3, Lemma 5.7].

Remark 4.8. By taking p = p(t) in (gsl,q), it follows that a reduced quasistatic evolution
t— (u(t),v(t),p(t)) satisfies

/ Q2(eq(t)) dx < / Q2(sym V' + L2 V' @ V'6 — 23(V')%0 — p'(t)) d
Q Q
for every (i,9) € Wh2(w; R?) x W22(w) such that
4 =u’(t), o = v°(t) and Vo = V°(t) H' - ae. on .
Hence, in particular, there holds
/ Cae(t) : V'¢dz =0
Q

for every ¢ € Wh2(w; R?) such that ¢ =0 H! - a.e. on v,.

With the previous definitions at hand we are in a position to state the main result of the
paper.

Theorem 4.9. Let o > 3. Assume that t — u%(t) belongs to C1([0,T]; WH>(R?;R?) N
CL(R?%R?)) and t — v°(t) belongs to C1([0, T); W2°(R?)NC?(R?)), respectively. For every
t €[0,T], let ¢*(t) be defined as in (4.10). Let (i, ,p) € A(u°(0),v°(0)) be such that

/ Q2(symV't — x3(V')%0 + LT“V'@ @ V't —p')dx + / B(p)dz
Q Q
< / Q2(V't— 23(V') 0+ L2 Vo @ V' — ') da’ + / B(p) dx + / H(p —p)dx,
w Q Q
(4.26)

for every (a,9,p) € A(u®(0),v°(0)). Assume there exists a sequence of pairs (y§, P§) €
A (¢°(0)) such that

ﬂﬁf@gz@ﬁmfwfépuﬁﬁm% (4.27)
for every (j, P) € A.(¢°(0)), and
ug 1= 50}71 /i ((y5) —2') dxs — 0 strongly in W?(w; R?), (4.28)
-3
Vg 1= 8(’%2 /i‘l (y5)s dxsz — v strongly in W2 (w), (4.29)
-3
Py = %)ZTifd — P strongly in L*(Q; M), (4.30)

1
lim ———7(y5, ) = /QQg(symV’ﬁ —25(V)20+ eV Vi —p)de

e—0 g2a—
+ / B(p) dz. (4.31)
Q

Finally, for every e > 0, let t — (2°(t), P%(t)) be an e-quasistatic evolution for the boundary
datum ¢=(t) such that

2°(0) = ¢°(0,y5) a.e. in 2
and
Pe(0) = P;.
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Then, there exists a reduced quasistatic evolution t — (u(t),v(t), p(t)) for the boundary data
(u®(t),v°(¢)) (according to Definition 4.6), such that u(0) = 4, v(0) = o, p(0) = p and, up
to subsequences,

Pe(t) —1
pE(t) := % — p(t)  weakly in L*(Q;M>*3) (4.32)

for every t € [0,T). Moreover, for a > 3 up to subsequences there holds

us(t) == 60%1 /_i ((6°)'(t,25(t)) — 2) das — u(t) weakly in W"?(w;R?),(4.33)
v (t) = ea% ’ o5(t, 2°(t)) dxg — v(t)  strongly in W2 (w), (4.34)

Nl=

for every t € [0,T]. For a = 3, for every t € [0,T] there exists a t-dependent subsequence
e; — 0 such that

ui(t) == L /i ((¢%)'(t,25(t)) — &) dxg — u(t) weakly in Wh2(w; R?)(4.35)

D=

Nl

1 e , )
VI (t) 1= —— 3 (t, 259 (t)) dos — v(t)  strongly in W2 (w). (4.36)
g .

[N

In the case a > 3 the convergence result is stronger than the analogous result for a = 3 as
the convergence of u®(t) and v®(t) holds on a subsequence independent of ¢. This is related
to the fact that, for a > 3, once ¢t — p(t) is identified, both ¢ — wu(t) and ¢t — v(t) are
uniquely determined. In the case a = 3 this property is not true anymore because of the
presence of the nonlinear term 1 V'v(t) @ V'v(t).

We shall prove the previous theorem in the next section. To conclude this section, we prove
a technical lemma concerning some properties of the truncation maps ¢ and we provide the
construction of the so-called “joint recovery sequence”, that will be used in the proof of
Theorem 4.9.

Lemma 4.10. Let 65 € W1>°(R) N CY(R) be such that (4.1)~(4.7) hold and let (¢°) be a
sequence in L*(Q) such that

1€ 2y < Ce. (4.37)
Then,
1= <. 4
H b (5) r2Q) ~ L. (4.38)
Moreover, if (¢ satisfies
€
1S~ 25 = e oll ey =, (4.30)
for some v € L?(w), then
& T3 if a >3 B
0% = t l L*(92). 4.40
(E)H tatv ifa=3 strongly in L(Q) ( )

Proof. Denoting by O, the set
0. = {x Q| (x)] > ges},
by (4.37) and by Chebychev inequality, there holds

L£3(0.) < %
Hence, by (4.1) and (4.5),
Hl B 98(%)’ Q) Hl B 06(%)’ £2(0.) = 2
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To prove (4.40), we note that by (4.39) there holds

if >3
;U3+v ifa=3

a.e. in €.

On the other hand, (4.2) yields IGE(CE < |§| for every e and for a.e. x € €. Therefore
(4.40) follows by the dominated convergence theorem. |

For the sake of simplicity, in the next theorem we omit the time dependence of u® and
v°. With a slight abuse of notation, we denote by ¢° the map

x’ 1 uO(z') — 05(%2)V'0(2") _ 0
£ e a—1 a—2
¢(x)'_(x3)+g ( 0 )+E (Uo(x’)>’
for a.e. z € Q, where u® € WHe(R%R?) N C1(R%R?) and v° € W2°°(R?) N C?(R?). We
are now in a position to construct the joint recovery sequence.

Theorem 4.11. Let (y°, P°) € A.(¢°) satisfy (3.12) for everye > 0. Let u,v, G, p be defined
as in Theorem 8.2 and let 4 :=u+u, 0 :=v+0, and p := p+p, where u € Coc(wU’yn,R ),
b€ CP(wUn,) and p € CX(Q;M33). Then, there exists a sequence of pairs (3¢, P¢) €
A (¢°), such that

/

7" = ( gg ) strongly in W12(Q;R?), (4.41)
1 3
0 = g / (5°) — ') dzg — @ weakly in W"?(w;R?) for a >3, (4.42)
_1
4 — 4 —vVo  weakly in W2 (w; R?) for a = 3, (4.43)
1 3
% = g / g5 dxs — 0 strongly in W% (w), (4.44)
_1
Pi(z) e K for a.e. x €, (4.45)
AE - pe—1d A i T2(0) M3%3
p° = P weakly in L*(Q; M®*?). (4.46)

Moreover, the following inequalities hold true:

1 N
lim sup —— 72( / Wihara(P?) da — / Whmd(PE)da:) < / B(p) dx — / B(p)de, (4.47)
em0 €% Q Q Q Q

1 ~
lim sup I/D(PE,PE)dIS/HD(ﬁfp)d:E, (4.48)
es0 €Y7 Jo Q
and
limsup —— 5 /Wel PE) da:—/Wel Vey® (P s)_l)da:)
e—0 Q

Qa(sym G’ —p')dz — | Qa(sym G — p')dx,
Q Q
(4.49)

where the submatriz G satisfies

G/ (2!, x3) = Go(a') — 23(V)20(z")  for a.e. x €9,
and
(V'a+ (V'a)T + V'@ V')

2

symGo =symV'd  for a > 3.

sym Go = for a =3,
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Proof. We divide the proof into four steps. In the first step we exhibit a sequence of de-
formations (§°) satisfying (4.41)-(4.44). In the second step we construct a sequence (P°)
of plastic strains and we prove the limsup inequality for the hardening and the dissipation
terms. In the third step we rewrite the elastic energy in terms of some auxiliary quantities
and in the fourth step we prove the limsup inequality for the elastic energy.

We first remark that by (3.12) and the boundary condition

Y (z) = ¢ (2’ ex3) H? - ae. on Ty, (4.50)

the sequence (y°, P?) fulfills the hypotheses of Theorems 3.1 and 3.2. Hence, there exists
a sequence (R) C W (w; M3*3) such that (3.2)-(3.5) hold true, and (y°) satisfies (3.13).
Moreover, defining u®,v®, and G¢ according to (3.9), (3.10) and (3.11), properties (3.14)—
(3.21) hold true. The sequence of plastic strains (P¢) satisfies

Pe(z) e K for a.e. x € 0, (4.51)
and defining p® as in (3.24), there holds
p° —p weakly in L*(Q; M3*3). (4.52)

Finally, by Theorem 3.2, (u,v,p) € A(u’,v°) and, by (3.15) and (3.17), the sequence (y§)
fulfills the hypothesis of Lemma 4.10, hence

y5 T3 fa>3 . 9
0° (= st 1 L7(Q 4.53
<E)_>{m3+v fo—3 strongly 1n ( )7 ( )
and by (4.7) and (4.38)
L 1. ry3 T2
— — e =2 3
5 59 < - ) — 0 strongly in L*(£2). (4.54)

Step 1: Construction of the deformations
Let d € C°(R3;R3) with suppd C 2. Consider the map
@3

n°(z) = / ’ d(«',s)ds for every x € R3.

1

2

Since d has compact support in §2, there holds

= }
In(z)] < / |d(z',s)|ds < / |d(z',s)|ds for every x € R3
and analogously
[V/0° || oo (2 uzx2y < || V'] oo (r2 M3 x2)- (4.55)
A straightforward computation yields
1
O3n°(z) = fd<m’, E) for every = € R3. (4.56)
€ €
Hence,
C
17 w200 (ma;R2) < P (4.57)
In particular, the map 7n° o y© satisfies
7 0 ¥°||Loe (rs) < C, (4.58)

C
IV (1 0 y9)llz @as 2y < CIVI(Y7) ll2(@ey + IV Y5llL2 @) (4:59)

We extend @ and v to zero outside their support, we consider the functions

F@) =+ ( e a(a) ) B ( g2 167 (L) V'5(a") ) e ()

g2 2p(2’) 0

for every x € R3, and we set
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It is easy to see that §° € W12(Q2;R?), we now check that

9° = ¢°(z',ex3) H?-ae only. (4.60)
To prove it, we first remark that by (4.50)
§° = f°(¢°(v',ex3)) H? - ae only. (4.61)

Hence, it remains only to show that
(o5 (2, ex3)) = ¢° (2, ex3) H? - a.e. on Ty (4.62)

Let A C R? be an open set such that 73 C (AN dw) and @, 7, V'd = 0 in A. Since d has
compact support in 2, without loss of generality we may assume that n°(x) = 0 for all

x € A x R and every . Therefore, we have f(z) =z in A X ( - 5, 5) Let now O C R? be
an open set such that 77 C (O Ndw) and O C A, and let 0 < §p < dist(0,dA). By (4.2),

there holds

1 0
|(¢6)/(I,,€I3) — IE/| S Eail‘luOHLoc(R%RZ) + *€a72||v/UOHLoc(R2;M2><2) < 50

1,1), for & small enough. Hence, ¢(z/,ex3) € A for every z €

for every z € O x (— 3,4

O x (— % %) and fe(¢°(a',ex3)) = ¢°(2’,ex3) for every z € O x (— 55 2) This implies
(4.62) and (4.60).

To prove (4.41), we remark that by the smoothness of & and 0, estimates (4.3), (4.5),
(4.7) and (4.57) imply

[ £ — id|ly1.00 (rare) < Ce* e (4.63)
IE/
B ( 0 )HWLZ(Q;W)

x/
( 0 )HW1>2(Q;R3)7
so that (4.41) follows by (3.13), (4.6) and (4.63).
We now prove convergence of the out-of-plane displacements associated to (§°). To show
(4.44) we note that

On the other hand, we have

!
(%)l <15
(7 sy < |
<c|f

N=

1
~E 1 2 £ £ £
VT a2 f3(y°)ds = v +[

_1
2

3((yF)) dis + € / * 5 (v°) ds.

L :
By (3.13), up to subsequences, we can assume

(yv°) =2’ and V'(y°) — Id a.e. in Q. (4.64)
Hence, by the dominated convergence theorem and the smoothness of v we obtain

((y°)) = o strongly in L*(Q)

and

V'o((y%)) — V'o  strongly in L?(Q;R?).
By (3.13), (3.15), (4.58) and (4.59) we conclude

o° > v+0=10 strongly in WhH?(w).

To prove (4.42) and (4.43) we note that

i =+ [ (Y dos - / '

1 1
2 2

te / C Y () das. (4.65)

1
2

0 () V'a((y)) diny
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By (4.53), (4.64) and the dominated convergence theorem,
a((y®)) — @ strongly in L*(;R?),

1 15
/2 6° (ﬁ)V'T)((yE)’) dzs — 0 strongly in L*(w;R?) for a > 3,
_ 5
Hence, by (4.58), we have

4 — 4 strongly in L?(w;R?) for a > 3,

Nl

ol=

0° (y—;)vlﬂ((ys)’) drs — vV  strongly in L?(w;R?) for o = 3.

Nl

and
¢ — 4 —vVe  strongly in L?(w;R?)  for a = 3.

To complete the proof of (4.42) and (4.43), it remains to show that
1

Ea—l

V4 is bounded in L?(2; M?*?). (4.66)
By (4.65) there holds

1
3
V' = V'u® + V'a((y?) YWV (y°) dxs

ga—l 1
2

()@ - (2 V) e Ve
+e i V' (n° o y°) dws.
By adding and :ubtracting the matrix (R®)’ we obtain
| () o)V ) doa = [ 67 (B)(7Paw)) (V) - (Y day

_ & €
2 2

+/é 96<yj>(V’)Zﬁ((yg)’)(RE)’dzg.

3

[N

Combining (3.3) and (4.3), we deduce
o () (2ot ) (v ) — (7Y

€
On the other hand, by (3.2) and (4.53), the maps 6° (%)VQﬁ((yE)’)(RE)’ are bounded in L?(; M?*2).

The L2-boundedness of the quantity in (4.66) follows now by combining (3.13), (3.14), (3.16),
(4.5) and (4.59).

< Ce* ..
L2(;M2%2)

Step 2: Construction of the plastic strains
Arguing as in [31, Proof of Lemma 3.6], we introduce the sets

S, :={x € Q:exp(e® 'p(z))P*(x) € K},

we define

== (expe*tp)Pe —Id) in S,
g P in Q\ S,

and
P = Id+ 1",
so that, by (4.51), the sequence (P¢) satisfies (4.45). Since tr § = 0,

a—1~

det(exp(e*1p)) = exp(e® Mtr p) = 1,
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therefore
exp(e®'p(z))Pe(x) € SL(3) for a.e. x € Q. (4.67)
By (4.67) we can estimate £3(Q \ S.). Indeed by (2.11) and (4.52) there holds

40\ <t [ [(explet pw)P () ~ 1df ds
Q
oy /Q [(exp(e® () + e exp(e® () (2) — Id? do

< Ceg?lo=) / (1+ [p°(2)]?) dax < Ce2le=1), (4.68)
Q
Now,

4.69
0 in Q\ S.. (4.69)

By (4.51), (4.52) and (4.68) we deduce the following convergence properties:

B —pf = {Eal_l(eXp(ea‘lﬁ) —Id)P¢ in S,

195 — Pl Lo (mx3y < C,
p° —p° — P strongly in L2(£;M3*3), (4.70)
P°+p° —p+p weakly in L2(Q;M3¥3),

hence in particular (4.46) holds true. Arguing exactly as in [31, Proof of Lemma 3.6, Step 2
and Step 4], we obtain (4.47) and (4.48).
Step 3: Convergence properties of the elastic energy
To complete the proof of the theorem it remains to prove (4.49). To this purpose, let w® be
the map defined as
e\ —1 a—1,¢
we = (P ) [d+€ p :gafl(Pe)fl(pa)Z. (471)

Ea—l

By (2.10) and (4.51), there exists a constant C' such that
e Hp°|| oo (amzxay < C
and
e H|w®| oo (uuazxsy < C (4.72)
for every e. Furthermore, by (4.52),
lwS || L1 (s x3) < Ce*™1 for every ¢.

By the two previous estimates it follows that (w®) is uniformly bounded in L?(Q;M3*?) and

w® — 0  weakly in L?(Q; M>*?). (4.73)
Now, by (3.11) and the frame-indifference property (H3) of W; there holds
Wa(Veys (P = Wa((Id+e*'G%)(Id+ e H(w® —p)))
= Wy(Id+e* 1 F?), (4.74)
for a.e. x € Q, where
Fe =G +w® —p° +e*71Ge (wf — p°). (4.75)

We note that
1G*(w® = p)| L1 (@mesxs) < C
by (3.18), (4.52) and (4.73). Moreover, by (3.18), (4.51) and (4.72),
e MG (w® = Pl L2 masxsy < €T HIG L2 <o) | (W — pF) || Lo (s xay < C
for every €. Hence
e 1GE(w® —p°) = 0 weakly in L?(Q;M3*3),
which in turn, by (3.18), (4.52) and (4.73), yields
F® —~ G —p weakly in L?(Q; M3*3). (4.76)
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Analogously, we define

~E (pg)il — Id—’_eailﬁa a—1/pe\—1(1e
we = g =2 (PE)TL(p7)2. (4.77)

Then,
(PF)~h =TId+ 71 (@° - p),
by (2.10) and (4.45) we deduce
€a71|‘w€||Loo(Q;M3><3) <,

and by (4.46),
W° — 0 weakly in L?(Q; M3*3).

We define R
G = G+ — P + 1 G (w° — pf). (4.78)
Arguing as before, we can prove that
GF —~ G —p weakly in L2(; M>*3). (4.79)

We shall prove that there exists a sequence (F¢) C L2(Q; M?*3) satisfying
Wa(Veg® (P) ) = Wa(Id + 7 F¥)
and such that

Fe—G° > N, strongly in L?(Q; M3*3), (4.80)
where . .
N, = sym( Vi — %‘?’(V )70 ’d) for a > 3, (4.81)
and

Vi — (23 + ) (V)20 + LIV d'(z',x3 + )

N3 = Sym( 0 ) dg(x/, T3+ ”U) + %|V/’l~)‘2

) (4.82)

a.e. in Q. To this purpose, we first observe that by (3.11), (4.78) and the frame-indifference
hypothesis (H3) there holds

W (Vi (P)™Y) = W (V5 (y°)Vey* (PF) 1)

= W (B (D 12(09)) TV 2 (9 RE (T + 271 6)). (4:83)
We set .
M*(z) = %.
By (4.63) there holds )
| M= (y°)[| oo (azx3y < C (4.84)

for every e.
We claim that, to prove (4.80) it is enough to show that

1. N2z

sym(vu $03(V)’U ‘d) if >3

C(R%)Tsym (M= (y°))R® — . -

Sym( VU_(va)(V) v ’d(x’,x3+v)> fa—s

(4.85)
strongly in L?(Q; M3*3), and
e e(, € €/, €\ PE V'o @ V' 0 .

SRR M) MR = (T g ) ifa=3 (4:86)

strongly in L?(Q; M?*3). Indeed, a Taylor expansion around the identity yields
FTF ~ (sym F)?
2 2

JUd+F)T(Id+ F) = Id + sym F + +O(FP)
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for every F' € M3*3. Hence,

2a-2p2
€ 0z
2

O Go)TTFo () = Td+ e sym M) + o2 (017 () M (o)

204—2[2

c = (sym M(y°))? + O(3*343).

Substituting the previous expression into (4.83) we obtain
Weo(Veiff (P5)™Y) = We(Id + e 1 E*) (4.87)
where

80471 2

Fs _ GE+€5(RS)TSymM‘E(yE)RE+ 5 E(RS)T(ME(yE))TME(yE)RE

5a71 2

14 A
— 5 € (RE)T(sym Ms(ys))2Rs + €a71£5(R6)TSymME(y5)REGE + O(€2a72£i€3)
+O(e2*202)G*
Now, if @ > 3, by (3.2) and (4.84) there holds
|F5 — GF — £ (RE)Tsym(ME (y°)) R || 2 uaxay < Ce® 12 + Ce® ML || G| L2 (qquzxsy
+ CEZa*sz + 05204726?”@6HL2(Q;M3X3).
Hence, by combining (4.6), (4.9), (4.79) and (4.85) we deduce (4.80).
In the case a = 3, by (4.84) and (4.85) there holds
St [ ym(ME ) do < e [ Jsym(ME () do < CE2
Q Q

Therefore, by (3.2) and (4.84) we have

e20? T T
—TE(RE) (M(y%))" M= (y°) B[ L2 (e x3)

< Ce?l. + O, || G¥| 2 (qusxsy + Cete2
+C€4£§HGEHL2(Q;M3X3)-

Therefore, once (4.85) and (4.86) are proved, (4.80) follows by (4.6), (4.8) and (4.79).
We now prove (4.85) and (4.86). By straightforward computations we have

fosy (M) = sy HO) = ()T Pa) 0

1F2 — G — Le(R7) Tsym(M* (y°)) R?

+§Sym( 8 (1 — H'E(yf)o)vlqj((ya)/) ) +gsym(V'ng(ya)lazsﬁs(ya))-

Now, eV’ (y) — 0 strongly in L?(Q; M3*2) by (4.55). Moreover, (4.56) yields

edsn® (y*(x)) = d((ys)’(x), ygix)) for a.e. & € Q.

Hence, by (3.17) and (4.64), there holds

(0|d) if a >3

Old(z' 3 +v)) ifa=3 (4.88)

e (V' (y°)|0sn° (7)) — {

strongly in L?(Q;M?3*3). On the other hand, by (4.53), (4.64), and the dominated conver-
gence theorem

V'a((y7)') - Hf(y—g)(v')%((ys)’) - {

3

V' — 23(V")20 ifa>3
V'ia— (x3+v) (V)% ifa=3
strongly in L?(Q; M?2*2). Claim (4.85) follows now by combining (3.2), (3.5), (4.54), (4.88)
and (4.89).

(4.89)
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To prove (4.86), we observe that by (4.54), (4.88) and (4.89), if @ = 3 there exists a
constant C' such that

Lwaemyr 0]

for every €. Hence, by (3.2) there holds

<C
L2 (S;M3%3)

CME(y°) —

|22y (e () M () R
(e Y (o T )

w)N" 0 oy )N* 0 L2(Q;M3%3)
0 —V'5((y7)")
< 2 “(y°® oo (():MB3x3 ~
< O W) @aee + O groernr 00 M upees
(4.90)
which converges to zero due to (4.6) and (4.84). On the other hand,
( 0 —V'o((y)") >T< 0 —V'o((y*)") )
(V'o((y")")" 0 (Vo) N* 0
_ ( V'o((y°)") @ Vo((y)') 0 )
0 IV'o((y*))? )
Moreover, by (4.64) and by the dominated convergence theorem there holds
V'o((y=)') @ Vo((y7)) 0 VoeVve 0
( 0 V5 ()2 )= (70 N ) (4.91)

strongly in L?(Q; M3*3). Combining (4.90) and (4.91), we deduce (4.86) and therefore (4.80).
Step 4: Limsup inequality for the elastic energy
We are now in a position to prove (4.49). We argue as in [31, Lemma 3.6]. We fix § > 0 and
we introduce the sets

Us :={z € Q: e Y(|F*| + |[F?|) < cal0)},

where ¢¢;(0) is the constant in (2.2). By (4.79) and (4.80) it follows that

F* ~F,:=Ny+G—p weakly in L?(Q;M>*3), for a > 3. (4.92)
By (4.76) and by Chebychev inequality we deduce
L3Q\U.) < g2, (4.93)

Since
VEQE(PE)_I _ Vfa(ya)(ngE(PE)_l)PE(PE)_l,
property (2.4) yields
|Wel(v6:‘7€(Pa)_1) - Wel(vsyE(PE)_l)‘
< O(L+ Wa(Vey*(P7) ")) (IVF2(y7) — Id| + |PE(P) ™" — Id]) (4.94)
a.e. in . By (2.10) and (4.45) there holds
| P(P%) ™! — Id|| poo (usxsy < ek || PE — P| poo (o)
< CkH(Id — eXp(Eailﬁ))Ps||Loc(Q;M3><3) < CEail,
hence, by combining (4.63), (4.93) and (4.94) we deduce

1 ~e(DEY— E(PEY—
o] [ WV B = [ WV (P
€ Q\U. Q\Ue

1
< 01+ £2) (1 o / W (Ve (PF)7Y) dm)7 (4.95)
Q

which tends to zero owing to (3.12) and (4.6).
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On the other hand, on the sets U, we can use the estimate (2.2). Hence, by (4.74), (4.87)
and the quadratic structure of () we obtain

1 ~eDEY— 1 e/ pe—
s [ WalVf (P D de iy [ WV () ) da
g U. e Ue

€12 e |2 ey e T
gé/Qum +|E<] )dfv+/Q(Q(F) Q(F?))d

N 1 N A
= 5/ (|F2|? + |F?|?) da + 5/ C(F® — F®): (F° 4 F®)dx. (4.96)
Q Q
Now, by (4.76) and (4.92) there holds
Fe 4+ F° ~F,4+G—p weakly in L?(Q;M3*?). (4.97)
Moreover,
Fe—F° 5 F,—G+p strongly in L?(Q;M>*3). (4.98)

Indeed, by (4.80) and (4.92) it is enough to show that
Ge—F° > p—p strongly in L?(Q; M>*3).
By (4.75) and (4.78) we have
GF — F° = (Id+£*7'G°) (0 — p° — w® + p°).
Now, by (4.69), (4.71) and (4.77), w® — w® = 0 in Q \ S¢, whereas in the sets S¢ we have
@F — w® = (P TL(p%)2 — e 1 (PF) L (pf)?

e P T (exp(—e*T1H) (57 — (0°)?)
e P) T exp(—e®Tp) — 1d)(p°)* + e H(P) TH(D)* — (%))
Therefore, by (4.45), (4.46), (4.51) and (4.52), we deduce

[0° — w® || L2 x3) < C(e* ! +||p° — %2 omsxsy) < C,
|l — wEHLl(Q;MSXZS) < C&‘a_l,
|l — 'LUEHLOC(Q;MQ’»XS) <C+|p° —p€||Loo(Q;M3x3)).

Combining these estimates with (3.18) and (4.70) we obtain (4.98).
Consider now the case a > 3. By (4.95)—(4.98) we have

: 1 ~e(DEY— 1 e(pEY—
thUP{m/QWel(Vey (P°) 1)dx—m/§2Wel(V€y (P°) 1)dx}

e—0
1 A .
S§/C(FQ—G+p):(Fa—i-G—p)dx—i—Cé.
Q

Since § is arbitrary, we deduce

: 1 ~E(DEY— 1 e(pPEY—
timsup { gimg | WalVei? (P) ) do = g [ Wa(Veaf (P) ) o}

e—0

g%/C(Fa—G—kp):(Fa—kG—p)dx
Q

= / Q(F,) dx — / Q(G —p)dr < / Q(F,) dx — / Q2(G" —p)dz.  (4.99)
Q Q Q Q
By (4.81) and (4.92), up to an approximation argument, we may assume that d is such that
Q(F,) = Qao(sym V'is — z3(V')%0 — p').
This, together with (4.99), implies (4.49).

In the case a = 3 a preliminary approximation argument is needed. Let (@*) be a sequence
in C2°(w U v,;R?), such that

" — a4+ vV'o  strongly in W2 (w; R?)
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(such a sequence exists by Lemma 3.3 because @ € C2°(w U 7,;R?) and © € C°(w U vy,)).
Let also v* € C°(w) be such that
v® — v strongly in L?(w)
and set
d*(x) := d(a’, x5 — v"(2)) for a.e. z € Q.
Since d € C2°(£2;R3), there exists an open set O C R? such that O C w and d* (', z3) = 0
for every z € (w\ O) x R. Moreover, d*(z',23) = 0 for every x € R? such that |z3| >
2 + [|[v* || o< (r2). Hence, d* € C>°(R% R?) and
suppd® C O x (= 5 — 0¥l Lo ®2)s 5 + [0° [l Lo m2)) -
It is easy to see that (4.82), (4.92) and (4.95)—(4.98) can still be deduced, and for every k

we can construct a sequence (<, Pf) that satisfies (4.41)—(4.46) with @ replaced by u + @*,
and

. 1 ~e(DEY— 1 e/ pe\—
hmsup{m/gwel(vsyk(Pk) l)dxfggai_Q/QWel(vsy (P9) 1)dx}

e—0
1 . .
si/C@*7G+m:G*+G*mmv
Q
where
fh V'iF — (23 +v) (V)20 + L2EVD d' (2, x5 +v —vF) .
F* = SyHl( 0 dg(x/’x3+v_vk)+%|v/5|2 ) +G p.

On the other hand,

1~ N2 5 / 1~ 4 V'9QV'D / .
V'a 1:g(V)U—|—V()11®VU—|— S d )—l—G—ﬁ::F

al
B sy ds + L|V'5)?

strongly in L?(Q; M3*3), as k — +oo. A diagonal argument leads then to the estimate

. 1 ~E(DEY— E(PE—
timsup iz ([ Wa(Veg*(P) ) do = [ WV (P) ) da)

)
g%éc@—e+m:@+c—mw. (4.100)
Up to a further approximation, we may assume that d is such that
Q) = Qs (sym V'~ (V') + V' © V' — i),
hence (4.49) follows by (4.100). O

5. CONVERGENCE OF QUASISTATIC EVOLUTIONS

The first part of this section is devoted to the proof of Theorem 4.9. We first prove the
theorem for a > 3 and then we show how the proof must be modified for o = 3.

Proof of Theorem 4.9 in the case o > 3. The proof is divided into five steps.
Step 0: A priori estimates on the elasto-plastic energy
Set y=(t) := ¢°(t, 2°(t)) for every t € [0,T]. Arguing as in the proof of (4.21), it is immediate
to see that

ye(t, ) = ¢°(t, (2, ex3)) H? - a.e. on [y (5.1)
In this step we shall show that there exists a constant C' such that for every ¢ € [0,T] and
every ¢ there holds

dist(V-5 (0)(P) " (¢), SOB e+ (1)1 gy + 12 02 (1) gy < C.

(5.2)

To this purpose, we first remark that since ¢t — (2°(¢), P¢(t)) is an e-quasistatic evolution,
then

Ea—l

Pe(t,z) € K for ae. z €, for every ¢ and t, (5.3)
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hence e*~!p(t) € K — Id for every ¢ and ¢ and by (2.10) there exists a constant C' such
that

||ga—1p5(t)|\Lm(Q;Msx3) < C for every € and t. (5.4)

By the minimality condition (qs1), taking Z(z) = (2, ex3) and P(z) = Id for every z € Q,
and observing that Wherq(Id) = 0 a.e. in Q by (2.9), we deduce

D(P(t), 1d) dz(5.5)

1 1
mfg(t, zs(t), Ps(t)) < 520[772 /S; Wear (V¢5(t, (gj/’ 8],‘3))) dr + o

Eafl
for every t € [0,T] and for all . By (2.18) and (5.3), there holds

D(PE(t), 1) = D(Id, ()1 (1)) < ex(P*) 1 (t) — Id] < erexc|Td — P(1),
where the last inequality follows by (2.10). Hence, Holder inequality yields

1 C
Eozfl /S;D(Pe(t),ld) dx S €a71 ||Id - Ps(t)HLQ(gZ;MSXS). (56)

On the other hand, by frame indifference (H3) of W,; we obtain

Wei (Vd)a(t, (xlv 6%3))) =Wa (\/(vd)e)T(ta (2’ ex3)) Ve (2, (2, 5x3)>
for every x € Q and for all t € [0,T]. By (4.1), (4.7) and (4.17) there holds

Vo< (L, (¢', ex3)) = Id + a‘kl( Viul(t,af) — s (V)P0 (ta") 0 )

0 0

a2 0 —V'O0(t, x")
e (V'o0(t, /)T 0 ).

for every x € 2. Since o > 3, we deduce

(Vo) (¢, (2", e23)) Vo (¢, (2, ex3))

4,9  _ 12,,0 ’
:Id+25aflsym< Vul(t,x") — x3(V')%(t,2") 0 )+0(€a71)’
0 0
and
V(T8 (& (0,3 Ve (1, (o' ) = T+ £* M (t) + o), (5.7)
where
/0,0 AN N2,,0 /
M(t,z) = Sym< V'l (t, ') — x3(V')*0°(t,2") 0 ) for every € Q.
0 0
Therefore,

1 1
mWel (V¢E(t7 (', 6353))) = 6204772W6l (Id + e M (¢, x)+ 0(50‘_1))

for every x € Q. Now, by the smoothness of u? and v°, there exists a constant C' such that

sup ||M(t)||Lo¢(Q;M3X3) S C (58)
t€(0,T]

and there exist Z such that, if ¢ < g, for every t € [0,T]
e M (t) + o(e*Y)| < ca(1),
where ¢, is the constant in (2.2). Therefore, by (2.2), (2.5), and (5.8) we have

EQ(I%Z/QWd(ws(t, (&, exs))) do < C(/Q|M(t)|2dx+1> <c (5.9)

for every e and for all ¢t € [0, 7.
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By combining (5.5), (5.6) and (5.9) we obtain

62@% /Q Wi (Vey® (1) (PF) (1) dx+€2a% /Q Whara(P2(t)) dx

1
< 0(1 + o lrd - PE(t)||L2(Q;M3X3)).
(5.10)
Now, by (2.8) there holds
Ce 1
o /Q |Id — P(t)|* dx < C’(l + o IId — Ps(t)||L2(Q;M3X3)),
which in turn, by Cauchy inequality implies
1
Hps(t)HL?(Q;MSXS) = Eafl ||Id — Ps(t)||L2(Q;M3><3) < C (5.11)
for every € and for all ¢ € [0, T]. On the other hand, by (5.10) and (5.11), we deduce
1 _
s [ Wl P o) e < . 5.1)

for every e and for all ¢ € [0, T]. Estimate (5.2) follows now by (5.4), (5.11), (5.12) and the
growth condition (H4).
Step 1: A priori estimate on the dissipation functional.
In this step we shall show that there exists a constant C, such that
1

ca—1
By (gs2), (4.31) and (5.10)—(5.12) it is enough to show that there exists a constant C' such
that

D(P%;0,t) < C for every ¢ and for all t € [0,T]. (5.13)

1 .
[ B0 Vé (e # (0)(V) (2 0) d| < © (5.14)
Q
for every ¢ and ¢t € [0,T]. To prove (5.14), we first deduce some properties of the map
t— E°(t).
Let R € SO(3). By (2.10) and (5.3) there holds
IVeys(t) — R|> = |Vey (t) — RP*(t) + e ' Rp°(t)|?
< 2|Vey  (6)(PF)7H(E) = RIPIP(1)]” + 2> |p° (1)
< 26k |Vey® (0)(PF)7H(E) — RIP + 2672 |p° (1) .
Hence, the growth condition (H4) implies

Idist(V.y? (1), SOB)32aagersy < C /Q Wy (8)(P) ™ (1)) da+e2 2 1o (8) |32 qpansy )
which in turn yields
|dist(Vey© (1), SO(3)) |2y < C**72 (5.15)

by (5.2) and (5.12). By (5.1) and (5.15), the sequence y°(¢) fulfills the hypotheses of Theorem
3.1. Hence, for every t € [0,T] there exists a sequence of maps (R(t)) C W1 (w; M3*3)
such that

Re(t,x") € SO(3) for every 2’ € w, (5.16)
IV=y®(t) = RE (1)l 22 (asxsy < O, (5.17)
10: R (t)|| L2 (wipasxay < Ce*™2, i=1,2, (5.18)
IR®(t) = Id|| 12 wpazxsy < Ce*72, (5.19)

where the constant C' is independent of € and ¢.
We consider the auxiliary maps

Id+ e 1pr(t) ' — Id + > 1pe(t
() i b @ 0}




QUASISTATIC EVOLUTION MODELS FOR THIN PLATES IN FINITE PLASTICITY 29

the elastic strains
(RE(t))TVey(t) — 1d
60471

Ge(t) = .
and the matrices
Fe(t) := G5 (t) + we(t) — p°(t) + €27 1Ge (1) (w (t) — p* (1)), (5.20)
for all t € [0,T]. Clearly we have
(PE)"Nt) = Id+ e H(w(t) —p°(t)) and V.y°(t) = RE(t)(Id +e*7'G*(t)). (5.21)

Since

w(t) = e (Id + e Ipt (1) T (67 (1) (5.22)
for every t € [0,T1], by (5.2) and (5.3) there holds
[ w® ()| oo (umsxsy < C for every t € [0, 7], (5.23)
|w® ()| 1 (umzxsy < Ce*™ " for every t € [0,T], (5.24)
and
|[w® ()] 2 (smzx3y < C for every t € [0,T]. (5.25)
Combining (5.24) and (5.25) we deduce
w(t) =0 weakly in L?(Q; M?*3) for every t € [0, T]. (5.26)
On the other hand, (5.16) and (5.17) yield
1G* ()2 (@mexsy < C (5.27)

for every e and for all ¢t € [0,T]. Collecting (5.2), (5.23), (5.25) and (5.27), we obtain
[F° ()| 2pzxay < [[G2() || L2@mexa)y + [[wE ()| L2@pazxa) + [ID° (8] L2 (mzx2)
HIG= Ol 2@nx0) 177 (w (£) = ()| e (@p358) < C (5.28)

for every ¢ and for all ¢ € [0, 7.
Now, by (5.20), (5.21) and the frame-indifference (H3) of W,; we deduce the decomposition

B2 () = RE(0)E= (1) (RE ()" (5.20)
for every t € [0,T], where
1

60‘_1

E5(t) = DWW (Id + e* Y Fe(t))(Id + e Fe(t))T.

We argue as in [34, Proof of Theorem 3.1, Steps 2-3] and we first show that there exist two

positive constants k1, ks, independent of €, such that

W (Id+ e~ 1Fe(t))
50471

B=()] <k ( + kel F (1)) (5.30)

for every ¢ € [0,T] and for a.e. x € Q.
Indeed, let ¢, be the constant in (2.7). Suppose that e~ F€(t)| > c.;,. We remark that
(H1), (5.3) and (5.12) imply in particular that

det(V.y®(t)) >0 a.e. in Q.
Therefore, by (2.3) there holds

WaId " Fe(1) | 1

e c a— e
|B=(¢)] < Ea—il(Wel(Id—i—e FE()+1) < s —

|F5(t)|). (5.31)

Cely
Consider now the case where e*~1|F¢(t)| < c,,. Then, by (2.7) there holds
DW(Id+e* ' Fe(t)) < e* 1 (2Re + 1)|F* (1)),
which in turn implies
[E=()] < CIF(0)|(|1d] + | FE(1)]) < CIF(8)]. (5.32)
Collecting (5.31) and (5.32), we obtain (5.30).
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By (5.12), (5.28) and (5.30), for every measurable A C €, the following estimate holds
true:

[e We (Id—I_ga_lFs(t)) € 1 a-1
/A|E (t)\dxgkl/A( it e FhIF@]) < CIAR +e*),  (5.33)

for every e and for all ¢t € [0,T]. By (5.16) there holds also
[ 1B @) ds < oAl + o), (5.34)
A

for every e and for all ¢t € [0, 7.
Let now «y € (0, @ —2) be the positive constant in the definition of the maps 6. Let O, (t)
be the set given by
O-(t) :=={x € Q: * N F(t,2)| < cap, },
and let x.(t) : 2 — {0,1} be the map
1 ifx € O (1),
xelt,o) = {0 otherwise.

By Chebychev inequality and (5.28) we deduce

L3\ O (t)) < Ce¥la1=7), (5.35)
for every € and for all ¢t € [0,T]. By combining (5.33) and (5.35) we conclude that
(1 — Xe(t))ENf(t)”Ll(Q;MSXS) < Ce® 17 for every t € [0,T). (5.36)
By (5.34) the previous estimate implies also
(1= xe () E° ()| 1 (qumsxsy < Ce* 177 for every t € [0,T7. (5.37)

On the other hand (2.7) yields the following estimate on the sets O (t):
[Xe (1) E=(t)] < (2R + )| FE(t)[[1d + e L FE(t)] < O(L+ ca,€”) | F(8)),
which in turn, by (5.28), implies
Ixe(WE= () |2 (@aox0) < C (5:38)
for every € and for all ¢ € [0, T].

By (4.6), (5.16), (5.37) and (5.38), and since E*(t) is symmetric by Remark 4.5, to prove
(5.14) it is enough to show that there exists a constant C such that

1

| Eaflw's(t,zs(t))(ws)—l(t,zs(t»Hme;Wm) <ct. (5.39)
and .
| gaflsym(quﬁf(t,za(t))(V¢E)_1(t,z8(t)))‘ prcamoesy = € (5.40)
for every € and for all ¢t € [0,T]. By (4.17), there holds
L Gt — (VO Y (0) — 05 (D) (V200 (1, () (1)) 0
a1 VO (2 (0) = ( (0 ) 0 )
1 0 —0= (2D T0(t, (=) (1))
+( (V0 (25) (1) =) 0 ) (5:41)

Estimate (5.39) follows directly by (4.3), (4.5), (4.7), and (4.18). To prove (5.40), we first
provide an estimate for the L2 norm of the maps %zg (t). To this purpose, let v*(t) be defined
as in (4.34). It is easy to see that

1
ve(t) = ) /_é

for every € and for all ¢t € [0,T]. By (5.1), arguing as in the proof of Theorem 3.1,
v (t) =0(t) H' - ae. on g

M

1 1
yi(t)das and Vi) = / 21 V' (t) das
-2
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By (5.17) and (5.19), we have
90 (02 ) < €
for every € and t € [0, T]. Hence, by Poincaré inequality we deduce
[05(8) = ()| 12y < CIVV (1) = T 0|2 n) < C,
which in turn, by the smoothness of v°, yields
lv°(t) || L2(wy < C  for every € and for all ¢ € [0, 7.
By (5.17), (5.19) and Poincaré-Wirtinger inequality, we deduce

5(1 O35 (t
’ y?’—() — 23 — 5“‘3va(t)’ < C’HM — 1‘ < Ce*2 (5.42)
15 L2(Q) € L2(Q)
for every t € [0, T], which implies
S(t
‘ y37()‘ < C forevery € and ¢ € [0,T]. (5.43)
e 2@
On the other hand,
2°(t) = ¢°(t,y°(t)) a.e. in Q, (5.44)
hence by (4.12),
25(t ys5(t o
i) _ O sy, (@ (17 0)) (5.45)
Therefore (4.2) and (5.43) yield
s(t s(t
‘ 05(23—())’ < ’ 23—()’ < C forevery e and t € [0,T]. (5.46)
€ L2() e @)
By Lemma 4.10, we deduce
- 25(1) 2
Hl —0 <?>‘ L2 < R for every € and t € [0, T. (5.47)

Collecting (4.7), (5.41), (5.46) and (5.47), we deduce that there exists a constant C' such

that )
‘ w—_lsyngéE (t,25(¢)) ’

for every ¢ and for all ¢t € [0,7]. Therefore, to prove (5.40), it remains only to study the
quantity

<C
L2 (£;M3%3)

1 : _
sy (V= (8, 27(0) (V69) 7 (1,27 (1) = 1d) ).
By (4.18),
(Vo= () ™" — Id| 1 (mexsy < C for every € and t € [0,T).
By (5.46), the first term in the right hand side of (5.41) is uniformly bounded in L?(2; M*3).
Therefore, it remains to show that

1 0 —f= @ V’?}O(t7 (25)(1)) . _
-( (0t () () (%5%) . J((Vo) (=5 0) — 1) (5.48)

is uniformly bounded in L?(; M3*3).
By (4.5) and by the smoothness of v°, there holds

0 —0= (D)W 0(t, (=) (1)) ¢

1
il < .
Hg( (V'00(t, (25)' ()T 0 )HLN(Q;M3X3) T € (5.49)
for every t € [0, T]. On the other hand,
(Vo) "t 25(t) = Vo (t,y°(t))  a.e. in Q. (5.50)

Property (4.20) yields the estimate
V@5 (8,57 () — esl Lo (qrey < Ce®2 (5.51)
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for every t € [0, T], whereas by (4.5), (4.15) and (4.18)

- 3(ty°(1)) -
€ £ —eillreroms < a—1||pge 303( Y a—2
965 5°(1)) = el oy < O o (B2 )| 0o,
hence by (5.44) and (5.46) we obtain
VS (8,57 (1) — eill L2(are) < Ce®2 (5.52)
By combining (5.49)—(5.52), we deduce
1 0 —6° ()0 (8, () (1)) 1
- c 5 € € -1
= ( (V0L () (1)))T 0 ) (V)0 (1) - 1d)| L2 @msx9)
< Ce 3 (5.53)

for every e and t € [0, T], therefore the quantity in (5.48) is uniformly bounded in L?(; M3*3),
and the proof of (5.40) is complete. By (5.36)—(5.40), since all estimates are uniform both
in € and ¢, we deduce (5.14), which in turn yields (5.13).

Step 2: Reduced Stability

Owing to the a priori bounds (5.2) and (5.13), we can apply the generalized version of Helly’s
Selection Principle in [29, Theorem A.1]. To show it, take Z := L?(£2; M*3) endowed with
the weak topology of L?, and set

1

De(z1,29) = e

/ D(Id + &% 12y, Id 4 e 25) da
Q

and
Doo(21, 22) ::/H(z2 —z1)dx
Q

for every z1, zo € L?(£; M3*3). Hypotheses (A.1) and (A.2) of [29, Theorem A.1] are satisfied
by (2.13)—(3.28). Hypothesis (A.3) follows by adapting [31, Lemmas 3.4 and 3.5], whereas
condition (A.4) follows directly by (5.2) and (5.13). Hence, by [29, Theorem A.1], there holds

p°(t) — p(t) weakly in L2(Q;M3*3) for every t € [0,7],
(5.54)

Du, (p;0,t) < limitr)lf D(P%;0,t) for every t € [0,T].
E—r

8&—1

Moreover, by (4.30), p(0) = p.
Let now ¢ € [0, 7] be fixed. By (5.1), (5.17), (5.19) and Poincaré inequality, up to subse-

quences there holds
!/

ye(t) — ( :f) ) strongly in W12 (Q; R?). (5.55)

Arguing as in the proof of Theorem 3.2 and owing to (5.2), we deduce the existence of a pair
(u*(t),v*(t)) € WH2(w;R?) x W22(w) such that (u*(t),v*(t),p(t)) € A(C(t),v"(t)) and a
sequence €; — 0 such that
ui (t) = u*(t)  weakly in Wh?(w;R?), (5.56)
v (t) — v*(t) strongly in W2 (w). (5.57)
In particular, by (4.28) and (4.29) we have u*(0) = @ and v*(0) = 0. By (5.27) up to
extracting a further subsequence, there exists a map G*(t) € L?({; M3*?) such that

G (t) = G*(t) weakly in L*(Q; M3*3) (5.58)
and the 2 x 2 submatrix (G*)'(t) satisfies
(G*Y (t,2) = Gi(t,2') — 23(V')?v*(t,2’) for ae. z € Q, (5.59)

where

sym G (t) = sym V'u*(t). (5.60)
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We shall show that the triple (u*(t),v*(t),p(t)) satisfies the reduced stability condi-
tion (gsl,o). By Lemma 3.3, it is enough to prove the inequality for triples (a,0,p) €
A(u®(t),v°(t)) such that

@i= - ' (1) € O (wUyai RY),
V=0 —v"(t) € C(wUpn),
pr=p-—p(t) € CE’O(Q M%)

By Theorem 4.11 there exists a sequence (§, P7) € A, (¢ (t)) satisfying

/Qz(symé'—ﬁ’) dm—i—/ B(p) da

Q Q

- [ @ulsm (@Y () =y ®) o [ Blo(e)de+ / Hp(p - p(t)) da
Q

Zlimsup{s 5o 72/Wel Ejy (PEJ) dx—i— /thd PEJ dx
J

6j—>0

s [ WalVe P ((P) 7 0) o~ iy / Waora( P (1) da

+ /QD(PEJ‘ (t), P*) dx}

a—1
€j

where

G2, 23) == Go(z') — 23(V')%0(x') a.e. in Q,
and
sym Gy = sym V'i.

Inequality (qsl,q) follows now by the e-stability (qsl) of (y°(t), P<(t)).

By strict convexity of the quadratic form @2, an adaptation of [7, Theorem 3.8] yields
that, once p(t) is identified, there exist unique u(t) € Wh2(w;R?) and v(t) € W?2(w)
such that (gsl,) holds at time ¢t. This implies that u*(¢t) = w(¢), v*(t) = v(t) for every
t € [0,T) and both (5.56) and (5.57) hold for the whole sequences u¢(t) and v*(t) and for
every t € [0,T]. Moreover, by (5.58)—(5.60) we have

sym (G*)'(t) = sym V'u(t) — z3(V')?0(t)
and
sym (G€)'(t) — sym V'u(t) — x3(V')?0(t) weakly in L*(Q;M**3)  for every t € [0, T].

Step 3: Convergence of the scaled stress
In this step we shall show that for every ¢ € [0,7] there exists a subsequence ¢;, possibly
depending on t, such that

X, (H)E (t) = E*(t) weakly in L*(Q; M>*?), (5.61)
where
E*(t) = C(G"(t) = p(1)- (5.62)
To this purpose, for ¢t € [0,T] fixed, let £; — 0 be such that (5.58) holds and let F*i(t)
be the map defined in (5.20). By (5.2), (5.23) and (5.58) we deduce

171G (£) (w (t) — p™ () || L2 (umzxsy < C for every e;.
On the other hand, by (5.2), (5.25), and (5.58), there holds
e 1GE (1)(wi (t) — p%i (t)) — 0 strongly in L*(Q; M3*3). (5.63)

Hence, we conclude that
e 1GE (1) (wi (t) — p¥i (t)) — 0 weakly in L?(Q;M3*3), (5.64)
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Collecting (5.20), (5.26), (5.54), (5.58) and (5.64) we obtain
Fei(t) — G*(t) — p(t) weakly in L?(Q;M3*3). (5.65)
By (5.35) we deduce that x.,(t) — 1 boundedly in measure, therefore by (5.65) there holds
X, () F (t) = G*(t) — p(t) weakly in L?(Q; M>*?).

Now, estimate (5.33) implies that the sequence (E%i (t)) is uniformly bounded in L*(€2; M*3)
and is equiintegrable, hence by Dunford-Pettis Theorem, up to extracting a further subse-
quence, there exists E*(t) € L'(Q;M2X3) such that

sym
ESi(t) — E*(t) weakly in L*(€; M®*3).

Using a Taylor expansion argument in O,(t), and arguing as in [34, Proof of Theorem 3.1,
Step 3] we deduce

Xe, (DE% (t) = C(G*(t) — p(t)) weakly in L2(Q; M2X2).

sym

By (5.16) and (5.19), the sequence (R°(t)) converges boundedly in measure to the identity,
hence the previous convergence implies in particular (5.61) and (5.62).

Step 4: Characterization of the limit stress

In this step we shall show that

E*(t) = Co(sym V'u(t) — x3(V')?v(t) — p/(t)) := E(t) for every t € [0,T). (5.66)

This, in turn, will imply that all convergence properties established in the previous step hold
for the entire sequences and for every ¢ € [0,T].
We first remark that, choosing P = P¢(¢) in (qsl) there holds

/ Wt (Ve (H)(PF) 1 (1)) da < / W (V5(P) 1 (1)) da, (5.67)
Q Q

for every § € WH2(Q; R3) such that § = ¢°(¢, (2/,e23)) H? - a.e. on T'y.

Let n € WH(R3;R3)NC>(R?; R?) be such that no¢®(t, (z/,ex3)) =0 H? - a.e. on Ty.
Then, in particular, we can consider in (5.67) inner variations of the form y®+ Anoy*, where
A € R. By the growth hypothesis (2.3) and by the minimality condition (5.67), an adaptation
of [4, Theorem 2.4] shows that y°(¢) satisfies the following Euler-Lagrange equation:

/QDWez(VEyE(t)(PS)*I(t))(VsyE(t)(Ps)*l(t))T :Vn(y* () de = 0 (5.68)

for every t € [0, T] and for every n € W1°(R3; R*)NC>(R?; R?) such that no¢® (¢, (z/,ex3)) =
0 H2- a.e. onI'y. Hence,

/Q BE(t) : V(1) da = 0 (5.69)

for every t € [0, T] and for every € W1 (R3; R3)NC>°(R3; R3) such that no¢® (¢, (2, ex3)) =
0 H2?-ae only.

Now, fix t € [0,T] and let ¢; be the sequence selected in the previous step. Let n €
W (R3;R3) N C*°(R?;R?) be such that n = 0 H? - a.e. on I';. We consider the maps
n%i(t) € WHe(R3,R3) N C°(R3; R3) defined as

ngj (t) = 5;‘77(@? (t)7 90;'7 (t)’ 6%90? (t)>

It is clear that n%i () o ¢%i (¢, (2/,€;x3)) =0 H? - a.e. on I'y, hence we can use 7% (t) as a
test function in (5.69) and we obtain

/Q ES5(t) : Vs (57 (£)) dr = O (5.70)

for every j.
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Now, set £ (z) = (¢}’ (t,2), 95’ (t,2), E%gagj (t,z)) for every x € R®. We can rewrite (5.70)
as

S s [ ES@e Y (€ (57 ()0 (v (1) de

i=1,2,3 Q k=1,2
vey 3 [ B 0o unlet 0 ()05 (4 (1) d
vy [ B0 - 0n(e (™ ()05 (4 (1) d = 0. (571)

Since n € W1>°(R3, R3) and E%i (¢) is uniformly bounded in L*(Q; M3*3) by (5.34), estimate
(4.18) yields that the term in the first row of (5.71) converges to zero. By (4.20), the term
in the second row of (5.71) can be bounded as follows:

5 3 [ B9 e 0un(en (47 (00565 (7 (1) do| < e[ (el o
i=1,279
and hence converges to zero due to (5.34). By (4.20), there holds

’8]’/ E%i (t)es - 3n(£% (Y (1)) 0557 (™ (t))dff—/ E% (t)es - 03n(£7 (y™ (t))) dx
Q Q
< Ce;* 2B (t)es|| Lr ome)-

which converges to zero, owing to (5.34). Therefore, (5.71) yields

lim [ E%(t)es- 05n(£¥ (y*(t))) dx = 0. (5.72)
SjA)O Q
By (4.6), (4.13) and (5.55) we deduce

&7 (y9 () — xx  strongly in L*(Q) for k= 1,2.

Since a > 3, by (4.14) and (5.42) we have &7 (y (t)) — x5 strongly in L?(£2). Hence, by the
regularity of 7,

03n (&5 (y (t))) — Osn(t,x) ae. in Qase; — 0.

By the dominated convergence theorem and by combining (4.6), (5.37), (5.61) and (5.72),
we conclude that

/ E*(t)es - Osn(t) de =0,
o
for every n € W1>°(R3; R3) N C°(R3;R3) such that n =0 #H? - a.e. on I'y. Hence,
E*(t)eg =0 a.e.in Q. (5.73)
By combining (3.6), (5.62) and (5.73) we deduce (5.66). Moreover, by (3.6)
sym G*(t) — p(t) = A(sym V'u(t) — x3(V")?v(t) — p/(t)), for every t € [0,T). (5.74)

Step 5: Reduced energy balance
To complete the proof of the theorem it remains to show that the triple (u(t),v(t),p(t))
satisfies

/ Q2 (symV'u(t) — z5(V')?v(t) — p'(t)) da + / B(p(t)) dx + D(p;0,1t)
Q Q

=, Q2 (symV'u(0) — z3(V")*v(0) — p'(0)) d + QB(p(O))dﬂﬁ

' ) ) ooy Vi(s) — z3(V)200(s) 0
+/0 /Q(Cg(symv u(s) — 23(V') v (s) — p'(s)) : ( 5’ 0 ) dx ds.

(5.75)

Once (5.75) is proved, the opposite inequality in (qs2,4) follows by adapting of [7, Theorem
4.7).
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We claim that, to prove (5.75) it is enough to show that

sy (V61,2 (1) (V) 1, 27(0)) — sym( V0O 7m0 s 7

strongly in L2(Q; M?>*3), for all t € [0,T]. Indeed, if (5.76) holds, by (4.6), (5.37), (5.39),
(5.61) and (5.66), one has

1 () . Tdele o cy-1 V’do(s)—x(V’)%O(s) 0
1 [ B9 V65, () (V) 50 da [ B(s)ssym( ’ 0 )a,

ga—1 0

for every s € [0,t]. Hence, by (5.14) and the dominated convergence theorem we deduce

go— 1/ /E t Ve (s,25(5))(Vo©) ! (s,2°(s)) dw ds

%/ / sym vu0<5>_0x3v2i)0(8) g)dxds. (5.77)

On the other hand, by Theorem 3.2 there holds

| Qaoym¥u(t) ~ aa(920(0) = (1) da + [ Blp(e)) de
Q

Q

1 154 154
< l1£1;151f oy o5 Fe(t, 25(t), PE(t)).

Therefore, once (5.76) is proved, by (5.54) and (5.77), passing to the liminf in the € energy
balance (qs2), inequality (5.75) follows by (4.31).

To prove (5.76), we first study some properties of the maps 2z°(¢). By (4.11) and (5.44)
there holds

() = v () — e 00, (o) () + 2207 (LY, 00, ey (1,71

€
for every ¢ € [0,T], i = 1,2. Hence, by (4.3), (4.6) and (5.55) we deduce
25(t) — x; strongly in L*(Q) for every t € [0,T], i = 1,2. (5.78)

Moreover, by (5.45) we have

€

z5(t) a-3 a=3,0 y5(t) a=3,¢
‘?—333—5 v(t) +e* v (t)‘LQ(Q)_‘?—SL‘g—E U<t)‘L2(Q)
7o) — v(®)l L2 () + 00 () — 0O (L (¢°) (ty (O L2 (@)
Hence, by (4.13), (4.34), (5.42) and (5.55),
25(t) a-3 a-3,0 ‘
e — t t 0 5.79
|27 —as = w0, (5.79)
for every t € [0,T]. In particular, by Lemma 4.10,
s(t
6° (ZgT()) — x3  strongly in L*(Q). (5.80)

Arguing as in the proof of (5.40), we perform the decomposition
—rsvm (Ve (25 (0)(V6°) 7 (1 25(8) ) = —psym (Ve (1, 24(1)))

. sym(w's(t, (1)) ((wse)*l(t, (1)) — Id)). (5.81)
y (4.7), (5.41), (5.47), (5.78) and (5.80), we obtain

(V1,2 (0) - sym( VO VO (552

1
+=
EOt
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strongly in L2(€;M?*3). To study the second term in the right-hand side of (5.81), we
remark that by (5.41) and (5.53), there holds

| mrsvm(Ter == @0)ver) 06 0) - 1) | Lo
<o(1+ e (22)] | ) (V6 ()7 0)) = Tl sy + O,

On the other hand, (4.7), (4.19), (4.20) and (5.50) yield
1V ()71 (2°(t)) = Id]| oo (aexsy < O e
Hence, by (4.6) and (5.80) we have

1 : _
v (VeE(t 25 (0) (Vo) T (1 25(8) = 1d)) = 0 (5.83)
strongly in L2(Q; M3*3). By combining (5.82) and (5.83) we obtain (5.76). This completes
the proof of the theorem. O

We give only a sketch of the proof of Theorem 4.9 in the case o = 3, as it follows closely
that of Theorem 4.9 for a > 3.

Proof of Theorem 4.9 in the case o = 3.

Steps 0-3

Steps 0-3 follow as a straightforward adaptation of the corresponding steps in the case a > 3,
where now (5.7) holds with

/,,0 AN N2,,0 /
M(tz) = sym( Vul(t,a") aé)g(V) (¢, ) 8 )
n 1( VOt 2") @ VO (t, ") 0 )
2 0 |V/00(t, 2)|?

for every x € Q and for all ¢ € [0, T]. The only relevant difference is that we can not conclude
that u(t) and v(¢) are uniquely determined once p(t) is identified. Hence, now all convergence
properties hold on t-dependent subsequences.

Step 4: Characterization of the limit stress

Arguing exactly as in Step 4 of the proof of Theorem 4.9 for o > 3, we obtain

E(t,x)es - O3n(t, (z/, 23 +v(t,2") —v°(t,2")))dz =0 (5.84)
Q
for every n € WH(R3; R3) N C°°(R3; R3) such that n = 0 H? - a.e. on I'y. We consider
a sequence (wg) C C°(w) that converges to v(t) — v°(t) strongly in L?*(w). We take as
test functions in (5.84) the maps ng(x) = n(z’, 23 — wi(z')), where n € WH*°(R3 R3) N
C>®(R3R3) and n=0 H?2- a.e. on ;. We have

/ E(t,x)es - Osn(t, (', x5 +v(t,z") —0°(t,2") — wy(2))))dz = 0 for every k.
Q
Passing to the limit as k — +oc in the previous equation, by the dominated convergence

theorem we deduce

E(t)es - 0sndx =0
Q

for every n € WH>°(R3 R3) N C°°(R3;R3) such that n =0 H? - a.e. on I'y, which implies
E(t)es = 0 a.e. in . Hence, (3.6) yields
E(t) = Ca(e(t)),

and

sym G(t) — p(t) = A(symV'u(t) + $V'0(t) @ V'o(t) — z5(V')?v(t) — p'(t)). (5.85)
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Step 5: Reduced energy balance
Arguing as in Step 5 of the case a > 3, to prove (gs2,3) it is enough to show that

/Qg es(t dx—l—/B ))dx + Dp, (p; 0,t)
Qs(e3(0)) di + / B(p(0)) dx
Q

Q

; /Ot [ Cateatep: (VT BRI a0 g

(5.86)

where ¢ — e3(t) is the map defined in (4.25). Indeed, once (5.86) is proved, (gs2,3) follows
by adapting [7, Theorem 4.7] according to Remark 4.7. To prove (5.86), we argue as in |3,
Lemma 5.1] and we set

O (t) := EiQ /Q EE(t) : Ve (t, 25(6)) (Vo) L (¢, 2° (1)) da,

O(t) := lim sup O°(t)

e—0

for every t € [0, T)]. By (5.14) (which is still true for o = 3), ©(¢) € L'([0,7]) and by Fatou’s
lemma there holds

limsup/O 6€(s)ds§/0 O(s) ds. (5.87)

e—0

Now, by Theorem 3.2 we know that

/ Q2 (e(t)) dx +/ B(p(t)) dx < 11£n_>1(r)1f =

By (qs2), (4.31), (5.54) and (5.87) we deduce

/Qg( dx+/B )) da + Dty (p: 0, ) < /Q2 )dx+/QB(p(0))dx+/Ot@(s)ds

Hence, to prove (5.86) it is enough to show that

/E 0() + V'o(t) ® v(;@o(t) — z3(V')?0°(t) 8 )dx (5.88)

—5 Fo(t,25(t), PE(t)).

for a.e. t € [0, 7.
To this purpose, fix t € [0,T] and let ¢; — 0 be such that

O() = Jim O ().

Up to extracting a further subsequence, we may assume that €; is the same subsequence we
selected in the previous steps. We claim that

o (V6 (1,2 (6) (V) (1,25 (1))
R Vi0(t) + V'O (t) ® VIo0(t) — (x5 + v(t) — 00(£))(V)200(t) 0
sym( . 4 190 )
(5.89)

strongly in L2(£2;M3*3). To prove the claim, we perform the decomposition (5.81). Now,
arguing as in the proof of (5.82), and using (5.79) and Lemma 4.10 we obtain

%Sym(v(b'sj (t, 251 (1)) — Sym( V’ﬂo(t) —(z3 + U(tg - Uo(t))(v/)Qﬁo(ﬂ 8 ) (5.90)
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strongly in L2(€;M?*3). To study the second term in the right-hand side of (5.81), we
remark that by (4.7), (4.19), (4.20) and (5.50), one has

|(F65) (k.25 (1)) - IdHLOO(Q < CeXN.,.

;M3%3)

By (5.46), there holds

H( Vil (t, (259)' (1)) — 0% (Zg;-(t))(vl)%o(tv (2%)'(t)) 0 ) ((V(bsj)fl(t’ 29 (t)) — Id))

0 0 L2(Q;M3x3)
< Ceil,, (5.91)
which tends to zero due to (4.6).
By (5.41), it remains only to study the asymptotic behaviour of
i( 0 —éfj(%j(t))vl’[)o(t, (ZEJ)/<t)) )((qusf)_l(t, 287(t)) —Id)
€58 (V00(t, (259)'(1)" 0
By (5.50), this is the same as studying the quantity
l( 0 —HEJ(ZSTJ(”)V/UO(t, (ZEJ)/(t)) )(V(pef(t,ysﬂ(t)) —Id)
5N (VIo0(t, (259)'(1)" 0
We claim that
1 €3 Ej O v/vo (t)
- (Ve v @)~ 1) = ( _gnoyr o) (5.92)

strongly in L?(Q; M3*3). Indeed, by (4.15) and (4.18) and the smoothness of u° and v?,

|Z (v m- (5 1 o)) -0

ges (saii," (t,y™ (1))
&j

S Cé‘j
L2(;M2%3)

. (M)\

€j

L2(©)

+

)V () (85 (1) © (Vi (1,7 (1) — es)

L2(S;M2%3)

+ ésj (Qp? (ta 3{8'7 (t)))v/,UO(t7 ((pe)/(t, yej (t))) _ v/vO(t)‘

€j

ij.
L2(Q;R2)

By (4.2), (4.12), and (5.43)(which can be proved arguing exactly as in Step 1 of the case
a > 3), we deduce

95,-(%53 (t’yef(t))ﬂ o Hsﬁ?(t,ysj(t))‘

)+HUOHL°°(w;R2)) <C.

<o(|=?

gj L2 gj L2(Q) L2(Q
(5.93)
On the other hand, by (4.5) and (4.20)
5 £
je; [ P3 (t’y ](t)) 7,,0 e\/ €5 Ej £ _ ‘
i (P 9, () (1 0) © (965 (102 0) = €3) Ly v

< C|IVes (t,y7 (1) — esll L= (ars) < Ce;.
Finally, by (5.93) and Lemma 4.10

i (LY g0, () 1,7 1) ~ 97000

€j

L2(Q;R2)
. ci €
QEJ.(@S (tvy (t))) _ 1’

€5

c
< 7 IV () (57 (1) = VOO () | 2 imey

<C

oy 70 () (6 (1)) = V°0) 1z
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which converges to zero owing to (4.6), (4.13), (4.14), (5.55) (which can be proved arguing
exactly as in Step 2 of the case a > 3) and the dominated convergence theorem. By collecting
the previous remarks, we obtain

1 00
I ( =g 1 o)) OVw0)
On the other hand, by (4.16) there holds
Vs (ty (1) —es V'y? ey 100
< J _
H €; +( 0 )’ L2(Q;R3) — CHV(W )'(®) ( 01 0 )H
HIVO(t, (97) (1™ (1)) = V'O (8) 22 (sm2)
which tends to zero owing to (4.6), (4.13), (4.14), (4.19), (5.55) and the dominated conver-

gence theorem. Therefore, the proof of claim (5.92) is completed.
Now, by (5.55), (5.92) and the dominated convergence theorem we conclude that

L2(€;M3%3)

Loo (;M2%3)

i 0 —6 (@)V%O (t, (z%9)'(t)) g5 €5 _

fj( (V'00(t, (25) () "o ) (Ve (657 1) - 1)
V'O (t) @ V'O (t 0

= ( ()0 " %%) (5.94)

strongly in L?(Q;M?*3). By combining (5.90), (5.91) and (5.94) we deduce (5.89). Now,
by (3.8), (4.6), (5.37), (5.39), (5.61) (which still hold true for oo = 3), (5.85) and (5.89) we
obtain

o) - [ mty: (VO TEOOTLO) ko) =MV 0,

0
(5.95)
On the other hand,
sym(V'5°(t) @ V'o2(t) — (u(t) — v°(£))(V')*°(¢))
= —sym V' ((v(t) — v°(£))V'°(t)) + sym(V'v(t) ® V'i°(t))
and
/ C2E(t) : V' ((v(t) — 0°(t))V'0°(t)) dz = 0 (5.96)
Q
by Remark 4.8. By combining (5.95) and (5.96), the proof of (5.88) and of the theorem is
complete. O

To conclude this section we show some corollaries of Theorem 4.9. We first prove that
under the hypotheses of the theorem we can deduce convergence of the elastic energy and
of the hardening functional. More precisely, the following result holds true.

Corollary 5.1. Under the assumptions of Theorem 4.9, for o« > 3 for every t € [0,T],
setting yE( ) := ¢°(t,25(t)) there holds

tny s [ WV O 0) s = [ Qalovin Vult) = a(9)0(0) - ()
and
;1_r)r(1) oy 2/Whard (1)) dx:/QB(p(t))dm. (5.97)

The analogous result holds true for a = 3 on the t-dependent subsequence €; — 0 selected in
Theorem 4.9.

Proof. The result follows by combining the liminf inequalities in Theorem 3.2, the e-energy
balance (qs2) and the reduced energy balance (gsl;q). O

In particular, we can deduce strong convergence of the sequence of scaled plastic strains
by the convergence of the energies.
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Corollary 5.2. Under the hypotheses of Theorem 4.9, for a > 3 there holds
p°(t) — p(t) strongly in L*(Q;M>*3) (5.98)

for everyt € [0,T]. The analogous result holds true for « = 3 on the t-dependent subsequence
g; —+ 0 selected in Theorem 4.9.

Proof. Fix § > 0 and let ¢;(d) be the constant in (2.9). By (2.9) there holds
Whara(Id + F) > B(F) — CS|F|* for every F € M**3 |F| < ¢p,(6). (5.99)
Fix t € [0,T] and for every e consider the set
— - en(9)
S.(t) == {;v € Q:[pf(t o) < 22 }

Denoting by p.(t) the characteristic function of the set Sc(t), by (4.32) and Chebychev
inequality,

te(t) = 1 boundedly in measure as € — 0. (5.100)
and thus

pe()pS(t) — p(t) weakly in L?(Q;M3*3). (5.101)

We remark that in the set S.(t) we have e~ 1|p°(t)| < 2 2¢, (). Hence, by (5.99) for e
small enough there holds

Z2a=2 Whard(P7(1)) 2 - 1 a3 He () Whara(P*(t)) = pe(t) (B(p°(¢)) — Colp°(t)?).

In particular, by (4.32), (5.97) and the lower semicontinuity of B with respect to weak L?
convergence, we have

/ B(p(t))dzr = lim —— / Whara(P¢(t)) dz > limsup —— 1 / te () Whara(PE(t)) dz

e— 05204 2 cs0 €29

> limsup/ﬂus(t)B(pE(t)) de —Cé > lirgrgélf/ﬂug(t)B(pE(t)) de — C6 > / B(p(t)) de — C4.

e—0 O
Since ¢ is arbitrary, we obtain

tiy [ OB 0)do = [ Blp(e) da (5.102)
Q Q
and by (5.97)
lin i [ (1= () Wharal P4 () do = . (5.103)

By (2.8) and (5.103) we deduce

lim [ (1= pe(t)|p®(t)]? da < 2 lim /Q (1 — pe(®))Whara(P(t))dz = 0. (5.104)

e—0 Q Cg e—0 6204 2
Hence, by (2.12) there holds
/ () — p(t)Pdx = /Q ne (O (6) — p(0)]? d + /Q (1= e () (t) — p(t)? da
2

IN

pe(t) B(p(t) — p(t)) dz + 2/Q (1= pe@®))([p° (O + [p(1)[?) da.
(5.105)

Recalling the quadratic structure of B, the first term in the second row of (5.105) can be
decomposed as

2 [ B @) - pt)de = = [ pe®)BEE®) do+ — / e () B(p(t)) da

Ce JO Q Ce
4

- ;/ng VBp< (1) : p(t) da

C6 JQ
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and tends to zero due to (5.100)—(5.102). On the other hand, by (5.100) and (5.104)
| = he) W OF + b)) do - o

Q
By combining the previous results, we deduce (5.98). (]

Convergence of the energy implies also strong convergence of the in-plane displacements.
More precisely, the following result holds true.

Corollary 5.3. Under the assumptions of Theorem 4.9, for o > 3, for every t € [0,T] there
holds

uf (t) — u(t) strongly in Wh?(w; R?). (5.106)
The same result holds true for a = 3, on the t-dependent subsequence €; — 0 selected in
Theorem 4.9.

Proof. We prove the corollary for o > 3. The case where a = 3 follows by simple adaptations.
Fix t € [0,T] and let F=(¢) be the map defined in (5.20). Fix ¢ > 0 and consider the set

U(t) = {x € Q:|F(t,2)| < ‘”T“)}

where c.;(0) is the constant in (2.2). In particular, in the set U.(¢) there holds e*~1|F¢(¢)| <
£%72¢¢(8). Hence, denoting by p.(t) the characteristic function of U.(t), by (H3), (2.2) and
(5.21), we have

1

8204—2

By Chebychev inequality and (5.28),

Wer(Vey® (6)(P9) 71 (1) = Wa(ld+ e FE(t)) 2 pe(Q(F(1)) — ne(t)CS|F= (1)

8204—2

te(t) = 1 boundedly in measure, (5.107)
whereas by (5.65) and (5.74),
pe (t)sym FE(t) — A(sym V'u(t) — x3(V')?0(t) — p/(t)) weakly in L*(Q; M>*3). (5.108)
Arguing as in the proof of (5.102) we obtain

lim/ pe()Q(FE(t)) do = / Q2 (sym V'u(t) — 23(V)2u(t) — p'(t)) dz (5.109)
Q Q

e—0

and

e—0 g2a—2

lim L/ (1= pe(t)Wa(Id + e~ FE(t)) da = 0.
Q
By (H4), this implies that
1
lim —— [ (1 — pe(t))dist?(Id + * "1 F(t), SO(3)) dz — 0. (5.110)

e—0 g20=2 [

On the other hand, (2.5) and (3.8) yield
[ ne(@sym FE(6) = A(Vu(t) = aa(VPo(t) - /(1)) da
Q
1

< e ) Q(pe(t)sym F&(t) — A(V'u(t) — x3(V)2u(t) — p(t))dx

=L [ QueF@)de+ = [ Qu'u(t) — 25(¥)20(t) - p'(#)) da
rc Q rc Q
= [ reOCF (@) (T'ult) = o (T)Pu(t) ' (1) do

Hence, by (5.108) and (5.109)
pe(t)sym Fe(t) — A(V'u(t) — x3(V')?0(t) — p/(t)) strongly in L*(Q;M3*3).  (5.111)
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Moreover,

8% 1o ()dist(Id + 2>V F= (£), SO(3))

= pe(B)sym F= ()] + pe () O(e* T [F= () — |A(V'u(t) — 23(V')*0(t) —p/(1))]
(5.112)
strongly in L?(Q). By combining (5.110) and (5.112) we deduce
1

6&71

dist(Id + e F*(t),SO(3)) — |A(V'u(t) — z3(V')?v(t) — p'(t))]

strongly in L?(Q). In particular, the sequence 82(1#_2dist2(ld + 2 LFe(t), SO(3)) is equi-
integrable.
Now, recalling that by (5.20) there holds

Id+e* 'Fe(t) = (Id + e PG (1)) (Id + e 1p°(t)) 1,
by (2.10) and (5.3) for every R € SO(3) we deduce

1 1

mud +e*71Ge(t) = R|? = 6272|(1d + e FE(t))(Id + €2 p°(t)) — R)?
2

< ks ld+ T () — B + ),

which in turn implies

2
Ck
620472

1
mdisﬁ(ld +e*71G(t), SO(3)) < dist®(Id + e*1F=(t), SO(3)) + [p°(t)|%.

Hence, by (5.98) Em%gdis‘f(ld + e*71G4(t), SO(3)) is equi-integrable. Arguing as in [16,
Section 7.2, Proof of Theorem 2] we obtain the equi-integrability of |G¢(t)|?.
We claim that also |F¢(t)|? is equi-integrable. Indeed, by (5.20), there holds

[FE) < CUG O + [w (1)1 + [p* (1) + £ 7|G= (w (H)* + > 72|G=()p* (D).
Now, by (5.2), (5.3) and (5.22), we have
[w()]* < ke (1) < Clf(t)]*.
Hence, by (5.98) the maps |w®(t)|? are equi-integrable. Moreover, by (5.2) there holds
2 72GE (" (1)]* < C|GE (1))

and by (5.23)
e 2GE(w (1)]* < CIGE(1) .

Therefore, the equi-integrability of |F¢(t)|? follows from the equi-integrability of |G¢(t)|?.
By (5.111), this implies that

sym FE(t) > A(Y'u(t) — 25(Y)?0(t) — /(1))
strongly in L?(£; M3*3). On the other hand, by (5.24) and (5.63),
W (t) — e G (1) (1) — wh (1) — 0
strongly in L!(Q; M3*3). Therefore, by (5.20) and (5.98) we obtain
sym G (t) — A(V'u(t) — z3(V')?v(t) — p'(t)) + p(t) strongly in L*(Q;M3*3),
By the equi-integrability of |G¢(t)|?, it follows that
sym G (t) — A(V'u(t) — z3(V')?v(t) — p'(t)) + p(t) strongly in L?(Q;M3*3),

The conclusion follows then arguing as in [16, Section 7.2, Proof of Theorem 2]. |
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6. CONVERGENCE OF APPROXIMATE MINIMIZERS

Theorems 4.9 is actually only a convergence result. Indeed, under our assumptions the ex-
istence of an e-quasistatic evolution according to Definition 4.3 is not guaranteed. Howewer,
following the same approach as in [31, Theorem 2.3], we can extend our convergence result
to sequences of approximate discrete-time e-quasistatic evolutions. More precisely, setting

Ao = {(z,P) e WH(Q;R?) x L*(; SL(3)) :
z=(2',ex3) H?-ae.only; and P(xr)€ K ae. inQ},

we give the following definition.

Definition 6.1. Given a sequence of time-partitions
(0= <t <.t =1},

with time-steps

Te = _7r1na)§\[5(té —t) =0 ase—0, (6.1)

and a sequence of positive parameters 6. — 0, we call {(z¢, P!)} a sequence of approzimate
minimizers if, for every e > 0, (22, P?) € A., and (2%, P!) € A. satisfies

Ptz P+ [ DR P da
Q

geza*zds(ti—tfl)+ inf {fs(té,Z,P)+€a71/D(Psiilvp)dl‘} (6.2)

(z,P)eA. 0
€

for every i =1,--- , N°®.

Our final result is to show that every sequence of approximate minimizers converges, as
e — 0, to a reduced quasistatic evolution.

Theorem 6.2. Let o > 3. Assume that t — u°(t) belongs to C*([0,T]; WH>°(R?;R?) N
C1(R%;,R?)) and t — v°(t) belongs to C1([0,T); W2 (R?)NC?(R?)), respectively. For every
t € [0,T), let ¢°(t) be defined as in (4.10) and let (0, v,p) € A(u®(0),v°(0)) be such that

/ Q2 (symV'i — z3(V')%0 + %V’ﬁ @ Vo —p)de + / B(p) dx
Q Q

< [ QuVi—as(¥0+ V08 Vo - il + [

B(p)de + / Hp(p— ) da,
Q Q

(6.3)
for every (0, 9,p) € A(u®(0),v°(0)). Given a sequence of time-partitions
(0=t <t <.tV =1},
with time-steps

7.:= max (t!—t"1) =0 ase—0,
i=1,---N¢

and a sequence of positive parameters . — 0, assume there exists a sequence of pairs
(y5, F§) € A-(¢°(0)) such that

I(y5, PE) < T(§, P) + e / D(PE, P) da + 6,762, (6.4)
Q
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for every (g, P) € A (¢°(0)), and

1
2

ug 1= 60‘1_1 /_; ((y5) —2') dxs — 0 strongly in W?(w; R?), (6.5)

vf = 50‘%2 /i (y5)z dxs — v strongly in W2 (w), (6.6)
-3

Py = P?jaiﬁ — P strongly in L*(Q; M35?), (6.7)

lim 62%I(yg, Ps) = /QQQ(symV/ﬁ —23(V)20+ LV Vi — ) do

+ /Q B(p) da. (6.8)

Let (21, P%) be a sequence of approzimate minimizers and let (Z°(t), P (t)) be the corre-
sponding right-continuous, piecewise constant interpolants on the time partitions. Let as(t)
be the associated interpolant of t — ¢°(t). Then, for every t € [0,T]

€
pe(t) = w —p(t)  weakly in L*(Q;M3*3).

Moreover, for o> 3, for every t € [0,T] the following convergence properties hold true:

u(t) := 50}71 /_5 (@) (t,7°(t)) — 2') dag — u(t) weakly in W2 (w; R?),

Nl

S

ve(t) == 50}—2 a(t,7°(t)) des — v(t)  strongly in WH2(w),

=

where t — (u(t),v(t),p(t)) is a reduced quasistatic evolution.
For a = 3, up to extracting a t-dependent subsequence €; — 0, there holds

T (1) = 6% / (@Y (1,7 () — o) dus — u(t)  weakly in W (w; R?),
=y

N

=

1 e,
v (t) = oz 5 (£, 259 (t)) doz — v(t)  strongly in WH2(w),

N

[
J
where t — (u(t),v(t),p(t)) is a reduced quasistatic evolution.

Remark 6.3. The set of admissible data (u, v, p) for Theorem 6.2 is nonempty.
Indeed, for every € > 0 let (y§, ) € Ac(¢°(0)) be such that

T(ys, PS)+e~t / D(Id,P§)dr < inf {I(gj,P)+aa_1 / D(Id, P) dx}+557552a—2.
Q (3,P)€A-(¢(0)) Q

Since by (2.15)
D(Id, P) < D(Id, F5) + D(F5, P),

we deduce that (y5, Pg) fulfills (6.4). By the regularity of dw, the set 74 coincides H! -
a.e. with its closure in the relative topology of dw, which in turn is a closed (nontrivial)
interval in dw. Hence, by [10, Theorem 5.1], choosing p*° = p° = 0 for every ¢ > 0, and
s. = 6.7.62%72 we infer the existence of a triple (4, 9,p) € A(u"(0),v°(0)) such that (6.3)
is satisfied and (6.5)—(6.8) hold true.

Proof of Theorem 6.2. The proof follows along the general lines of the proof of Theorems
4.9. We sketch the main steps in the case o > 3. The case a = 3 follows by straightforward
adaptations.
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Quasi-stability condition
By (2.15) the piecewise constant interpolants fullfill

F-(t,Z°(t), P (t)) < Fo(t, 2, P) + 271 / D(P"(t), P) dx + 6.7.2*2 (6.9)
Q

for every (2, P) € A.. The previous inequality will play the role of the e-stability condition
(gs1).

Discrete energy inequality

To adapt the proof of Theorem 4.9 we shall need an analogous of condition (gs2). To this
purpose, we notice that, by (6.2) the following discrete energy inequality holds true

fs(fiaZQP!He“*l/ D(PIY Py de < 2726 (t, — t71) + Fe(te, 27 P
Q

g1 %e

i
e

=225 (1 — ) Fo (L 2 P 4 | g Fe(s, 2 P ds
tit
= ® TR0t — ) + Fe(tT 2 P
rent [ D (900, O (B ) £ W9 () s
= 21— ) + F (2 P
+6°‘1/;_;1/QE2l(s):VgﬁE(s,zél)(ngE)l(s,zil)dxds,
where

BI7(s) = DWey (Vo (s, 227 ) Vel (P 71 (Vo (5, 227 ) Vezi Y (P )T

6a71

for every s € [ti1,tL].
By iterating the discrete energy inequality, recalling that P (t) is locally constant, we
obtain

F-(t,Z°(t), P (1)) + > 'D(P";0,t)
< 20257 4 F(0, 28, PE) 4 ! /O /QEE(S) VG (5,7 () (V) (s, 5 (s)) da ds,
(6.10)

where z§ := ¢°(0,y§) and

E(s) = Eal_lDWel (Vo< (5,2°(5)) V=2 ()(P) 71 (9)) (Vo (5,2°(5)) V27 () (P) "1 (9))

for every s € [0, t].

Proof of the reduced stability condition and energy balance

The reduced stability condition can be deduced as in Step 2 of the proof of Theorem 4.9.
Moreover, arguing as in the proof of Theorem 4.9 one can show that E° () converges in the
sense of (5.37) and (5.61) to a limit stress E(¢) such that

E(t) = C(G(t) — p(1).
The crucial step to deduce the reduced energy balance is to show that E(t)es = 0 a.e. in 2,
that is,
B(t) = Co(G'(H) = p' (1)). (6.11)
The main difference with respect to Theorem 4.9 is that in this case we can not deduce this

condition starting from the three-dimensional Euler-Lagrange equations because (6.10) does
not imply (5.68).
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To cope with this problem, set 7°(t) = ¢ (¢, z°(t)) for every t € [0, T]. Let n € W1 (R3; R3)N
C*(R?;R?) be such that n =0 H? - a.e. on I'y. We consider variations of the form
§=7°(t) + 7" o1,

where 7)° is the test function considered in Step 4 of the proof of Theorem 4.9. By (6.9),
taking P = P (t), we deduce

L Wer (1 + 7o'V (7 () ) Ve () (P) 7' (1)) = Waa (V7 () (P) ™" (1))
Q

- <
O < oo P dx
L a Wa((1d+ sme Vi @) V0P )
= 71// — dsdx
el Jo Jo ds T.ea—1

_ / < (1) : Vi (7 (1)) dr.

1
#(0) = oy [ DWa((1d+ sme 90 7 (0)) Vo (0(P) 7 (0) (V.70 (P) () s

Since P (t) € L2(Q4; SL(3)), det P*(t) = 1 a.e. in Q. Moreover, by (H1) and (6.9) we
deduce that det V.7°(t) > 0 a.e. in . On the other hand, since ||[V7®||pe q@usxs) < C for
every € (see Step 4 of the proof of Theorem 4.9 and (4.18)), by (6.1),

det (Id + s7.c*~ 'V (7°(t))) > 0 for every s € [0, 1],

for € small enough. Hence, by combining (2.3) and (2.4) we deduce that ®¢(¢) is well defined
for € small enough.
Now, there holds

liminf{ / (1) - V?f@s(t))dx} > 0. (6.12)
e—0 Q
We claim that
lim [ ®°(¢) : Vi (7" (t)) dx = / E(t)es : dsndx. (6.13)
e—=0 Jo Q

We note that, once (6.13) is proved, from (6.12) it follows that
/ E(t)es : 9sndx >0
Q

for every n € W1>°(R3; R3)NC°°(R3;R3) such that n =0 H? - a.e. on I'y, hence the proof
of (6.11) is complete.
To prove (6.13), it is enough to consider the sets
O.(t) :={a : e“ | F (1) < 1},

where the maps Fg(t) are the piecewise constant interpolants of the maps F*¢(t) defined in
(5.20). Arguing as in the proof of (5.36) and (5.61), one can show that, denoting by x.(t)
the characteristic function of the set O.(t), there holds

(1 = x= (1)@ (Bl L1 (msxsy < Ce?
and
Xe(H)®E(t) = E(t) weakly in L*(Q;M>*3).
Claim (6.13) follows now arguing as in Step 4 of the proof of Theorem 4.9. O
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