AN INTRINSIC MEASURE FOR SUBMANIFOLDS IN STRATIFIED GROUPS

VALENTINO MAGNANI AND DAVIDE VITTONE

Abstract. For each submanifold of a stratified group, we find a number and a measure only depending on its tangent bundle, the grading and the fixed Riemannian metric. In two step stratified groups, we show that such number and measure coincide with the Hausdorff dimension and with the spherical Hausdorff measure of the submanifold with respect to the Carnot-Carathéodory distance, respectively. Our main technical tool is an intrinsic blow-up at points of maximum degree. We also show that the intrinsic tangent cone to the submanifold at these points is always a subgroup. Finally, by direct computations in the Engel group, we show how our results can be extended to higher step stratified groups, provided the submanifold is sufficiently regular.

Contents

1. Introduction 2 2. Preliminaries 4 2.1. Graded coordinates 6 3. Blow-up at points of maximum degree. 8 4. Some applications in the Engel group 22 References 25

1

1. Introduction

In this paper we study how a submanifold inherits its sub-Riemannian geometry from a stratified group equipped with its Carnot-Carathéodory distance. Our aim is finding the sub- Riemannian measure “naturally” associated with a submanifold.

This measure for hypersurfaces is exactly the G-perimeter, which is widely acknowledged as the appropriate measure in connection with intrinsic regular hypersurfaces, trace theorems, isoperimetric inequalities, the Dirichlet problem for sub-Laplacians, minimal surfaces, and more. Here we address the reader to some relevant papers [1], [2], [5], [4], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [21], [25], [26], [27], [28], [22], [23], [29], [30], [32], [33], [35], [36], [38], [42], [43], [44], [45] and the reference therein.

Our question is: what does replace the G-perimeter in arbitrary submanifolds? Clearly, once the Hausdorff dimension of the submanifold is known, the corresponding spherical Hausdorff measure should be the natural candidate. However this measure is not manageable, since it cannot be used in minimization problems, due to the lack of lower semincontinuity with respect to the Hausdorff convergence of sets. It is then convenient to find an equivalent measure, that can be represented as the supremum among a suitable family of linear functionals, in analogy with the classical theory of currents.

In the recent works [24], [34], higher codimensional submanifolds in the Heisenberg group have been considered along with their associated measure. For regular submanifolds, in [35] this study is developped for the class of non-horizontal submanifolds, as we will explain below. Here we emphasize examples of Hölder submanifolds where the Hausdorff measure with respect to the Carnot-Carathéodory distance is finite, but the Riemannian measure is not, [28]. Nevertheless, in [24] the authors consider intrinsic currents in the Heisenberg groups that include the previously mentioned “singular” submanifolds.

Our intrinsic measure has been found in [35] for the class of non-horizontal submanifolds, characterized by having positive (Q−k)-dimensional spherical Hausdorff measure S^{Q−k}. Here Q denotes the homogeneous dimension of the group and k is the codimension of the submanifold. Results of [35] rely on the following facts. The Riemannian surface measure admits an intrinsic blow-up at non-horizontal points and the other points form an S^{Q−k}-negligible subset, according to [33]. As a continuation of [35], we wish to find the intrinsic measure associated with the remaining manifolds, namely, horizontal submanifolds. To do this, we have to find out the privileged subset of points of a horizontal submanifold where the blow-up holds.

Recall that at a horizontal point x of a C^1 smooth submanifold Σ contained in a stratified group G, the horizontal subspace H_xG and the tangent space T_xΣ do not span all of T_xG. We say that a submanifold is horizontal if it is formed by horizontal points and non-horizontal otherwise. Recall that horizontal points of hypersurfaces coincide with the well known characteristic points, that play an important role in the study of hypersurfaces in stratified groups, [5], [9], [14], [15], [18], [20], [22], [23], [33], [37], [39].

Any smooth hypersurface is clearly non-horizontal, due to the non-integrability of the horizontal distribution. This is clearly not true in higher codimension, where different situations can occur. For instance, in the Heisenberg group H^n it is easy to check that horizontal submanifolds exactly coincide with the special class of Legendrian submanifolds and it is easy to construct non-horizontal submanifolds of any dimension. On the other hand, there exist stratified groups where all submanifolds of fixed topological dimension are horizontal, see Example 3.15.

We first notice that horizontal points may induce different behaviors of the submanifold when it is dilated around these points. We will show that this behavior depends on the degree d_Σ(x) of the point x in the submanifold Σ, see (2.4) for precise definition. This notion allows us to distinguish the different natures of horizontal points. Roughly speaking, it represents a sort of “pointwise Hausdorff dimension”. Notice that our notion of degree for hypersurfaces satisfies the formula d_Σ(x) = Q − type(x), where the type of a point in a hypersurface has been introduced in [9].

The notion of degree permits us to characterize a horizontal point x ∈ Σ, requiring that d_Σ(x) < Q−k. At these points the blow-up of the submanifold, if it exists, it is not necessarily a subgroup of G, see Remark 4.5. However, defining

d(Σ) = max_{x∈Σ} d_Σ(x)

as the degree of Σ, we will show that the blow-up always exists at points with maximum degree d_Σ(x) = d(Σ) and it is a subgroup of G. We have the following

Theorem 1.1. Let Σ be a C^{1,1} smooth submanifold of G and let x ∈ Σ be a point of maximum degree. Then for every R > 0 we have

(1.1) δ_{1/r}(x^{−1}Σ) ∩ D_R → Π_Σ(x) ∩ D_R as r → 0^+

with respect to the Hausdorff distance and Π_Σ(x) is a subgroup of G.

Recall that δ_r are the intrinsic dilations of the group and that D_R is the closed ball of center the identity of the group and radius R with respect to the fixed homogeneous distance, see Section 2 for details. The limit set Π_Σ(x) corresponds to the one introduced in Definition 2.4. In particular, Theorem 1.1 shows that the intrinsic tangent cone to Σ at x exists, according to Definition 3.4 of [24], and that it is exactly equal to Π_Σ(x).

The geometrical interpretation of our approach consists in foliating a neighbourhood of the point x in Σ with a family of curves which are homogeneous with respect to dilations, up to infinitesimal terms of higher order. In mathematical terms, we are able to represent Σ in a neighbourhood of x as the union of curves t → γ(t, λ) in Σ satisfying the Cauchy problem (3.10). These curves have the property

γ(t, λ) = δ_t (G(λ) + O(t)) ,

(1.2)

where λ varies in a fixed compact set of R^p and the diffeomorphism G defined in (3.26) parametrizes Π_Σ(x) by R^p with respect to the graded coordinates, see Remark 3.12. Our key tool is Lemma 3.10 that shows the crucial representation (1.2) of the curves parametrizing the submanifold. The proof of this lemma is in turn due to the technical Lemma 2.5, which is available since Π_Σ(x) is a subgroup of G. From (1.1) we obtain the following

Theorem 1.2. Let Σ be a C^{1,1} smooth p-dimensional submanifold of degree d = d(Σ) and let x ∈ Σ be of the same degree. Then we have

(1.3) lim_{r↓0} vol_{g̃}(Σ ∩ B_{x,r}) r^d = θ(τ^d_Σ(x)) |τ^d_Σ(x)| . Recall that θ(τ^d_Σ(x)) is the metric factor defined in (2.17), which also depends on the homogeneous distance we are using to construct S^d. The simple p-vector τ^d_Σ(x) is the part of unit tangent vector τ_Σ(x) having degree d, see (2.5). It generalizes the vertical tangent vector introduced in [34] and [35]. By (1.3) and standard theorems on differentiation of measures, [19], we immediately deduce the following

(1.4) ∫ Σ θ(τ^d_Σ(x)) dS^d_ρ (x) = ∫ Σ |τ^d_Σ(x)| dvol_{g̃}(x).

whenever

S^d(Σ \ Σ_d) = 0 ,

(1.5) where Σ_d is the open subset of points of maximum degree d. In fact, it is not difficult to check that τ^d_Σ vanishes on Σ\Σ_d. Formula (1.4) shows that S^d is positive and finite on open bounded sets of the submanifold and yields the “natural” sub-Riemannian measure on Σ:

μ = |τ^d_Σ(x)| vol_{g̃} Σ .

(1.6)

We stress that the measure defined in (1.6) does not depend on the metric g̃. In fact, parametrizing a piece of Σ by a mapping Φ : U −→ G, we have μ ( Φ(U) ) = ∫ U |( ∂_{x1} Φ ∧ ∂_{x2} Φ ∧ · · · ∧ ∂_{xp} Φ ) d | dx where the projection (·)_d is defined in (2.3) and | · | is the norm induced by the fixed left invariant metric g. This integral formula can be seen as an area-type formula where the jacobian is projected on vectors of a fixed degree. In the case d(Σ) = Q − k, the limit (1.3) and formula (1.4) fit with (17) and (39) of [35] where C^1 smoothness of Σ suffices, as we explain in Remark 3.14.

The validity of d-negligibility (1.5) has been proved in [33], when d(Σ) = Q−k. One can check that in two step stratified groups the formula 2p − dim(T_xΣ ∩ H_xG) = d_Σ(x) holds, then estimates (3) of [35] immediately show that d-negligibility holds in two step groups for submanifolds of arbitrary degree. As a consequence, d(Σ) is the Hausdorff dimension of Σ. However d-negligibility remains an interesting open question in stratified groups of step higher than two, when d(Σ) < Q−k.

In the last part of this work we study some examples of 2-dimensional submanifolds of different degrees in the Engel group. Despite d-negligibility is an open question in groups of step higher than two, our formula (1.4) shows the validity of (1.5) for these examples. This fact suggests that d-negligibility should hold in any stratified group for submanifolds of arbitrary degree, possibly requiring higher regularity.

2. Preliminaries

A stratified group G with topological dimension q is a simply connected nilpotent Lie group with Lie algebra G having the grading

(2.1) G = V_1 ⊕ · · · ⊕ V_ι ,

that satisfies the conditions V_{i+1} = [V_1, V_i] for every i ≥ 1 and V_{ι+1} = {0}, where ι is the step of G. For every r > 0, a natural group automorphism δ_r : G → G can be defined as the unique algebra homomorphism such that

δ_r(X) := rX for every X ∈ V_1.

This one parameter group of mappings forms the family of the so-called dilations of G. Notice that simply connected nilpotent Lie groups are diffeomorphic to their Lie algebra through the exponential mapping exp : G → G, hence dilations are automatically defined as group isomorphisms of G and will be denoted by the the same symbol δ_r.

We will say that ρ is a homogeneous distance on G if it is a continuous distance of G satisfying the following conditions

(2.2) ρ(zx, zy) = ρ(x, y) and ρ(δ_r(x), δ_r(y)) = rρ(x, y) for all x, y, z ∈ G, r > 0.

Important examples of homogeneous distances are the well known Carnot-Carathéodory distance and the homogeneous distance constructed in [23].

In the sequel, we will denote by H^d and S^d, the d-dimensional Hausdorff and spherical Hausdorff measures induced by a fixed homogeneous distance ρ, respectively. Open balls of radius r > 0 and centered at x with respect to ρ will be denoted by B_{x,r} and the corresponding closed balls will be denoted by D_{x,r}. The number Q denotes the Hausdorff dimension of G with respect to ρ.

According to (2.1), we say that an ordered set of vectors

(X_1, X_2, . . . , X_q) = (X^1_1 , . . . X^1_{m1} , X^2_1 , . . . , X^2_{m2} , . . . , X^ι_1, . . . , X^ι_{mι} )

is an adapted basis of G iff m_k =dim v_k and

X^k_1 , . . . , X^k_{mk}

is a basis of the layer V_k for every k = 1, . . . , ι.

Definition 2.1. Let (X_1, X_2, . . . , X_q) be an adapted basis of G. The degree d(j) of X_j is the unique integer k such that X_j ∈ V_k. Let

X_J := X_{j1} ∧ · · · ∧ X_{jp}

be a simple p-vector of Λ_pG, where J = (j_1, j_2, . . . , j_p) and 1 ≤ j_1 < j_2 < · · · < j_p ≤ q. The degree of X_J is the integer d(J) defined by the sum d(j_1) + · · · + d(j_p).

Notice that the degree of a p-vector is independent from the adapted basis we have chosen. In the sequel, we will fix a graded metric g on G, namely, a left invariant Riemannian metric on G such that the subspaces V_k’s are orthogonal. It is easy to observe that all left invariant Riemannian metrics such that (X_1, . . . , X_q) is an orthonormal basis are graded metrics and the family of X_J ’s forms an orthonormal basis of Λ_p(G) with respect to the induced metric. The norm induced by g on Λ_p(G) will be simply denoted by | · |.

Definition 2.2. When an adapted basis (X_1, . . . , X_q) is also orthonormal with respect to the fixed graded metric g is called graded basis.

Definition 2.3 (Degree of p-vectors). Let τ ∈ Λ_p(G) be a simple p-vector and let 1 ≤ r ≤ Q be a natural number. Let τ = ∑ J τ_J X_J be represented with respect to the fixed adapted basis (X_1, . . . , X_q). The projection of τ with degree r is defined as

(2.3) (τ)_r = ∑ d(J)=r

τ_J X_J .

The degree of τ is defined as the integer

d(τ) = max {k ∈ N | such that τ_k ≠ 0} .

In the sequel, also an arbitrary auxiliary Riemannian metric g̃ will be understood. We define τ_Σ(x) as the unit tangent p-vector to a C^1 submanifold Σ at x ∈ Σ with respect to the metric g̃, i.e. |τ_Σ(x)|_{g̃} = 1. The degree of x is defined as

d_Σ(x) = d(τ_Σ(x))

(2.4)

and the degree of Σ is d(Σ) = max_{x∈Σ} d_Σ(x). We will say that x ∈ Σ has maximum degree if d_Σ(x) = d(Σ). It is not difficult to check that these definitions are independent from the fixed adapted basis X_1, . . . , X_q, then they only depend on the tangent subbundle T Σ and of the grading of G, namely they depend on the “geometric” position of the points with respect to the grading (2.1). According to (2.3), we define τ^d_Σ(x) as the part of τ_Σ(x) with maximum degree d = d(Σ), namely,

(2.5) τ^d_Σ(x) = ( τ_Σ(x) ) d. If g is a fixed graded metric we will simply write

(2.6) |τ^d_Σ(x)| = |τ^d_Σ(x)|_g.

Definition 2.4. Let x ∈ Σ be a point of maximum degree. Then we define Π_Σ(x) = {y ∈ G : y = exp(v) with v ∈ G and v ∧ τ^d_Σ(x) = 0} .

As a consequence of Corollary 3.6, we will see that Π_Σ(x) is a subgroup of G.

2.1. Graded coordinates. In the sequel the adapted basis (X_1, . . . , X_q) will be fixed. The exponential mapping exp : G −→ G induces a group law C(X, Y ) on G for every X, Y ∈ G. We have exp(X) · exp(Y ) = exp(C(X, Y )).

(2.7) Recall that C(X, Y ) can be computed explicitly thanks to the Baker-Campbell-Hausdorff formula: for each multi-index of nonnegative integers a = (a_1, . . . , a_l) we define |a| := a_1 + · · · + a_l a! := a_1! · · · a_l!

and we will say that l is the length of a. If b = (b_1, . . . , b_l) is another multi-index of length l such that a_l + b_l ≥ 1, and if X, Y ∈ G we set

C_{ab}(X, Y ) := { (ad X)^{a1} (ad Y )^{b1} . . . (ad X)^{al} (ad Y )^{bl−1} Y if b_l > 0 (ad X)^{a1} (ad Y )^{b1} . . . (ad X)^{al −1}X if b_l = 0.

We used the notation (ad X)(Y ) := [X, Y ], agreeing that (ad X)^0 is the identity. According to [46]), the Baker-Campbell-Hausdorff formula is stated as follows

(2.8) C(X, Y ) := ι∑ l=1 (−1)^{l+1} l ∑ a=(a_1 ,...,a_l) b=(b_1,...,b_l) a_i+b_i≥1 ∀i

1 a!b!|a + b|

C_{ab}(X, Y ).

For every adapted basis (X_1, . . . , X_q), we can introduce a system of graded coordinates on G given by

F : R^q −→ G, F (x) = exp

(^q∑ j=1 x_j X_j ) , (2.9)

where exp : G −→ G is the exponential mapping. Then the group law F (x) · F (y) = F ( P (x, y) ) (2.10) is translated with respect to coordinates of R^q as (2.11) x · y = P (x, y) = x + y + Q(x, y) , where the Baker-Campbell-Hausdorff formula (2.8) implies that P = (P_1, . . . , P_q) and Q = (Q_1, . . . , Q_q) are polynomial vector fields.

It is also easy to check that dilations read in these coordinates as δ_r(x) = (rx_1, . . . , r^{d(j)}x_j , . . . , r^ιx_q) for every r > 0.

From definition of dilations and the Baker-Campbell-Hausdorff formula, it follows that Q_i(x, y) are homogeneous polynomials with respect to dilations, i.e.

P_i(δ_r(x), δ_r(y)) = r^{d(i)} P_i(x, y) and Q_i(δ_r(x), δ_r(y)) = r^{d(i)} Q_i(x, y) .

(2.12) As a result, we get { Q_1 = · · · = Q_{m1} = 0 Q_i(x, y) = Q_i (∑ d(j)<i xj ej, ∑ d(j)<i yj ej ) , (2.13) where (e_1, . . . , e_q) denotes the canonical basis of R^q and d(i) > 1.

Given a system of graded coordinates F : R^q → G, we say that a function p : G → R is a polynomial on G if the composition p ∘ F^{−1} is a polynomial on R^q; we say that p is an homogeneous polynomial of degree l if it is a polynomial and p(δ_r(x)) = r^lp(x) for any x ∈ G and r > 0. It is not difficult to prove that p is a homogeneous polynomial of degree l if and only if p ∘ F^{−1} is a sum of monomials

x^{l1}_1 x^{l2}_2 · · · x^{lq}_q with q∑ i=1 d(j)l_j = l.

Moreover, the notions of polynomial, homogeneous polynomial (and its degree) do not depend on the choice of graded coordinates F . Observe also that homogeneous polynomials of degree 0 are constants.

Any left invariant vector field X_j of our fixed adapted basis has a canonical representation as left invariant vector field (F^{−1})_∗(X_j ) of R^q, where F is defined (2.9). We will use the same notation to indicate whis vector field in R^q. The left invariance of X_j in R^q implies that

X_j f(x) = ∂_{yj} (f ∘ l_x)(0) = df(x) ( ∂P ∂y_j

(x, 0) ) , where l_x(y) = x · y ∈ R^q and f ∈ C^∞(R^q). As a consequence, we have

(2.14) X_j (x) = q∑ i=1 X_{ij} (x) ∂_i = q∑ i=1 ∂P_i ∂y_j

(x, 0) ∂_i = ∂_j + ∑ d(i)>d(j)

∂Q_i ∂y_j

(x, 0) ∂_i .

By differentiating (2.12) we get

X_{ij} (δ_r(x)) =

∂P_i ∂y_j

(δ_r(x), 0) = r^{d(i)−d(j)}

∂P_i ∂y_j

(x, 0) = r^{d(i)−d(j)} X_{ij} (x) ,

(2.15)

i.e. X_{ij} are homogeneous polynomials of degree d(i) − d(j).

Next we present a key result in the proof of Lemma 3.10.

Lemma 2.5. Let J ⊂ {1, 2, . . . , q} be such that F = span{X_j : j ∈ J} is a subalgebra of G, where (X_1, . . . , X_q) be an adapted basis of G. Then for every index i /∈ J, the polynomial Q_i(x, y) lies in the ideal generated by {x_l, y_l : l /∈ J}, namely, we have

(2.16) Q_i(x, y) = ∑ l /∈J, d(l)<d(i)

(x_lR_{il}(x, y) + y_lS_{il}(x, y)) ,

where R_{il}, S_{il} are homogeneous polynomials of degree d(i) − d(l).

Proof. Let us fix x, y ∈ R^q and consider

X := q∑ j=1 x_j X_j, Y := q∑ j=1 y_jX_j .

By (2.7), (2.10) and the Baker-Campbell-Hausdorff formula (2.8), we have

C(X, Y ) = q∑ j=1 P_j (x, y) X_j ,

Therefore, defining π_i : G → R as the function which associates to every vector its X_i’s coefficient, we clearly have P_i(x, y) = π_i ( C(X, Y ) ) . Thus, formulae (2.8) and (2.11) yield

Q_i(x, y) = ι∑ l=1 (−1)^{l+1} l ∑ a=(a_1 ,...,a_l) b=(b_1 ,...,b_l) a_i+b_i≥1 ∀i

1 a!b!|a + b| π_i(C_{ab}(X, Y )) − x_i − y_i.

Observe that C_{ab}(X, Y ) is a commutator of X and Y , whose length is equal to |a + b|; as the sum of commutator with length 1 gives X + Y we get

Q_i(x, y) = ι∑ l=1 (−1)^{l+1} l ∑ a=(a_1 ,...,a_l) b=(b_1,...,b_l) a_i+b_i≥1 ∀i |a+b|≥2

1 a!b!|a + b| π_i(C_{ab}(X, Y )).

When the commutator C_{ab}(X, Y ) has length h ≥ 2, we can decompose it into the sum of commutators of the vector fields {x_lX_l, y_lX_l : 1 ≤ l ≤ q}. Let us focus our attention on an individual addend of this sum and consider its projection π_i. Clearly, this addend is a commutator of length h. If this term is a commutator containing an element of the family {x_lX_l, y_lX_l : l /∈ J}, then its projection π_i will be a multiple of x_l or y_l for some l /∈ J, i.e. the projection π_i of this term is a polynomial of the ideal

{x_l, y_l : l /∈ J}.

On the other hand, if in the fixed commutator only elements of {x_lX_l, y_lX_l : l ∈ J} appear, then it belongs to F. In view of our hypothesis, we have F ∩ span{X_i} = {0}, hence its projection through π_i vanishes. This fact along with (2.13) proves that Q_i(x, y) has the form (2.16). □

The next definition introduces the metric factor associated with a simple p-vector. Notice that this definition generalized the notion of metric factor first introduced in [32].

Definition 2.6 (Metric factor). Let G be a stratified Lie algebra equipped with a graded metric g and a homogeneous distance ρ. Let τ be a simple of p-vector of Λ_p(G). We define L(τ) as the unique subspace associated with τ. The metric factor is defined by

θ(τ) = H^p_{|·|} ( F^{−1} ( exp ( L(τ) ) ∩ B_1 )) , (2.17)

where F : R^q −→ G is a system of graded coordinates with respect to an adapted orthonormal basis (X_1, . . . , X_q). The p-dimensional Hausdorff measure with respect to the Euclidean norm of R^q has been denoted by H^p_{|·|} and B_1 is the open unit ball centered at e, with radius r with respect to the fixed homogeneous distance ρ.

3. Blow-up at points of maximum degree.

Lemma 3.1. Let Σ be a p-dimensional submanifold of class C^1 and let x ∈ Σ be a point of maximum degree. Then we can find

• a graded basis X_1, . . . , X_q of G; • a neighbourhood U of x;

• a basis v_1(y), . . . , v_p(y) of T_yΣ for all y ∈ U such that writing v_j(y) =

∑_q

i=1 C_{ij} (y)X_i(y), we have

(3.1) C(y) := (C_{ij} )_{i=1,...,qj=1,...,p} =

Id_{α1} 0 · · · 0 O_1(y) ∗ · · · ∗ 0 Id_{α2} · · · 0 0 O_2(y) · · · ∗ . . . . ... . . 0 0 · · · Id_{αι} 0 0 · · · O_ι(y) where α_k are integers satisfying 0 ≤ α_k ≤ m_k and α_1 +· · ·+α_ι = p. The (m_k −α_k)×α_k-matrix valued continuous functions O_k vanish at x and ∗ denotes a continuous bounded matrix valued function.

Proof. Observing that the degree of a point in Σ is invariant under left translations, it is not restrictive assuming that x coincides with the unit element e of G.

STEP 1. Here we wish to find the graded basis (X_1, . . . , X_q) of G and the basis v_1, . . . , v_p of T_eΣ required in the statement of the lemma and that satisfy (3.1) when y = e. Let us fix a basis (t_1, . . . , t_p) of T_eΣ and use the same notation to denote the corresponding basis of left invariant vector fields of G. We denote by π_k the canonical projection of G onto V_k. Let 0 ≤ α_ι ≤ m_ι be the dimension of the subspace spanned by π_ι(t_1), . . . , π_ι(t_q).

Taking linear combinations of t_j we can suppose that the first α_ι vectors {π_ι(t_j )}_{1≤j≤αι} form an orthonormal set of V_ι, with respect to the fixed graded metric g. Then we set X^ι_j := π_ι(t_j ) ∈ V_ι and v^ι_j := t_j ∈ T_eΣ , whenever 1 ≤ j ≤ α_ι. Adding proper linear combinations of these t_j to the remaining vectors of the basis, we can assume that {t^{ι−1}_j := t_{j+αι} }_{1≤j≤p−αι} are linearly independent and that

π_ι(t^{ι−1}_j ) = 0 whenever j = 1, . . . , p − α_ι.

Now consider the p − α_ι vectors π_{ι−1}(t^{ι−1}_1 ), . . . , π_{ι−1}(t^{ι−1}_{p−αι} ) and let 0 ≤ α_{ι−1} ≤ m_{ι−1} be the rank of the subspace of V_{ι−1} generated by these vectors. Taking linear combinations of t^{ι−1}_j , we can suppose that π_{ι−1}(t^{ι−1}_j ) with j = 1, . . . , α_{ι−1} form an orthonormal set of V_{ι−1} and that defining {t^{ι−2}_j := t^{ι−1}_{j+αι−1} }_{1≤j≤p−αι−αι−1} we have

π_{ι−1}(t^{ι−2}_j ) = 0 whenever j = 1, . . . , p − α_ι − α_{ι−1}.

Then we set X^{ι−1}_j := π_{ι−1}(t^{ι−1}_j ) ∈ V_{ι−1} and v^{ι−1}_j := t^{ι−1}_j ∈ T_eΣ .

for every j = 1, . . . , α_{ι−1}. Repeating this argument in analogous way, we obtain integers α_k with 0 ≤ α_k ≤ m_k for every k = 1, . . . , ι and vectors X^k_j ∈ V_k , v^k_j ∈ T_eΣ, where k = 1, . . . , ι and j = 1, . . . , α_k.

Notice that α_1 + · · · + α_ι = p and that (v^1 , . . . , v^1_{α1} , . . . , v^ι_1, . . . , v^ι_{αι} )

(3.2)

is a basis of T_eΣ. We complete the X^k_j ’s to a graded basis

(X^1_1 , . . . X^1_{m1} , X^2_1 , . . . , X^2_{m2} , . . . , X^ι_1, . . . , X^ι_{mι} ) of G, that will be also denoted by (X_1, . . . , X_q). It is convenient to relabel the basis (3.2) as (v_1, . . . , v_p), hence we write v_j =

∑_q

i=1 C_{ij}X_i obtaining

C := (C_{ij} ) =

Id_{α1} ∗ · · · ∗ 0 ∗ · · · ∗ 0 Id_{α2} · · · ∗ 0 0 · · · ∗ . . . . ... . . 0 0 · · · Id_{αι} 0 0 · · · 0

.

Performing suitable linear combinations of v_j ’s, we can assume that

(3.3) C =

Id_{α1} 0 · · · 0

0 ∗ · · · ∗ 0 Id_{α2} · · · 0 0 0 · · · ∗ . . . . . .. . . 0 0 · · · Id_{αι} 0 0 · · · 0

.

STEP 2. The basis (v_1, . . . , v_p) of T_eΣ can be extended to a frame of continuous vector fields (v_1(y), . . . , v_p(y)) on Σ defined in neighborhood U of e. Thanks to the previous step, defining v_j(y) =

∑_q i=1 C_{ij}(y)X_i(y) we have

C(y) := (C_{ij} (y)) =

Id_{α1} + o(1) o(1) · · · o(1) o(1) ∗ · · · ∗ o(1) Id_{α2} + o(1) · · · o(1) o(1) o(1) · · · ∗ . . . . .. . . . o(1) o(1) · · · Id_{αι} + o(1) o(1) o(1) · · · o(1)

where o(1) denotes a matrix-valued continuous function vanishing at e. Observing that Id_{αk} + o(1) are still invertible for every y in a smaller neighbourhood U^′ ⊂ U of e, we can replace the v_j’s with linear combinations to get

C(y) =

Id_{α1} + o(1) 0 · · · 0 o(1) ∗ · · · ∗ 0 Id_{α2} + o(1) · · · 0 o(1) o(1) · · · ∗ . . . . . .. . . 0 0 · · · Id_{αι} + o(1) o(1) o(1) · · · o(1)

.

The same argument leads us to define a new frame with matrix

(3.4) C(y) =

Id_{α1} 0 · · · 0 O_1(y) ∗ · · · ∗

0 Id_{α2} · · · 0 o(1) O_2(y) · · · ∗ . . . . .. . . . 0 0 · · · Id_{αι} o(1) o(1) · · · O_ι(y)

,

where O_j are defined in the statement of the present lemma. To finish the proof, it remains to show that all o(1)’s of (3.4) are actually null matrix functions. Here we utilize the fact that the submanifold has maximum degree at e. Notice that the simple p-vector

v_1(y) ∧ · · · ∧ v_p(y) = ∑ J a_J (y)X_J (y) ,

is proportional to the tangent vector τ_Σ(y). In addition, if J = (j_1, . . . , j_p), then a_J (y) is the determinant of the p × p submatrix obtained taking the j_1-th, j_2-th, . . . , j_{p−1}-th and j_pth row of C(y). From (3.3) we immediately conclude that d_Σ(e) = α_1 + 2α_2 + · · · + ια_ι. Finally, where one entry of some o(1) does not vanish, it is possible to find some J_0 such that d(J_0) > α_1 + 2α_2 + · · · + ια_ι and a_J (y) ≠ 0. This would imply d_Σ(y) > d_Σ(e), contradicting the assumption that d_Σ(e) = max_{y∈U} ′ d_Σ(y). □

Remark 3.2. It is easy to interpret the statement and the proof of Lemma 3.1 in the case some α_k vanishes. Clearly, the α_k columns in (3.1) intersecting I_{αk} and then the corresponding vectors v^k_j disappear.

Remark 3.3. Clearly, when Σ is of class C^r the v_j ’s of the previous lemma are of class C^{r−1}. In fact, the linear transformations performed in the proof of Lemma 3.1 are of class C^{r−1}.

The previous lemma allows us to state the following definitions.

Definition 3.4. Let Σ be a C^1 smooth submanifold and let x ∈ Σ be a point of maximum degree. Then we can define the degree σ : {1, . . . , p} −→ N induced by Σ at x as follows

σ(j) = i if i−1∑ s=1 α_s < j ≤ i∑ s=1 α_s,

where α_i are defined in Lemma 3.1.

Definition 3.5. Let Σ be a C^1 smooth submanifold and let x ∈ Σ be a point of maximum degree. Then we will denote by (X^1_1 , . . . , X^1_{m1} , . . . , X^ι_1, . . . , X^ι_{mι} ) and (v^1 , . . . , v^1_{α1} , . . . , v^ι_1, . . . , v^ι_{αι} ) the frames on G and on a neighborhood U of z in Σ, respectively, which satisfy the conditions of Lemma 3.1. We will also indicate these frames by (X_1, . . . , X_q) and (v_1, . . . , v_p).

Corollary 3.6. Let Σ be a C^1 smooth submanifold with x ∈ Σ satisfying d_Σ(x) = d(Σ). Then τ^d_Σ(x) is a simple p-vector which is proportional to

X^1_1 ∧ · · · ∧ X^1_{α1} ∧ · · · ∧ X^ι_1 ∧ · · · ∧ X^ι_{αι} , then we also have Π_Σ(x) = exp ( span{X^1_1 , . . . , X^1_{α1} , . . . , X^ι_1, . . . , X^ι_{αι} } )

Proof. By expression (3.1), τ_Σ is clearly proportional to (3.5) X^1_1 ∧ · · · ∧ X^1_{α1} ∧ · · · ∧ X^ι_1 ∧ · · · ∧ X^ι_{αι} + R , where R is a linear combination of simple p-vectors with degree less than d(X^1_1 ∧ · · · ∧ X^ι_{αι} ). Then d = d(X^1_1 ∧ · · · ∧ X^ι_{αι} ) and τ^d_Σ(x) is proportional to X^1_1 ∧ · · · ∧ X^ι_{αι} . □ Definition 3.7. We will denote by (X^1_1 , . . . , X^1_{α1} , . . . , X^ι_1, . . . , X^ι_{αι} )

(3.6) the frame of Corollary 3.6, arising from Lemma 3.1, and by π_Σ(x) : G −→ Π_Σ(x)

(3.7) the corresponding canonical projection.

Corollary 3.8. Let e ∈ Σ be such that d_Σ(e) = d(Σ). Let us embed Σ into R^q by the system of graded coordinates F induced by {X^k_j }_{k=1,...,ι, j=1,...,mk} . Then there exists a function φ : A ⊂ R^p −→ R^{q−p} x = (x^1, . . . , x^1_{α1} , . . . , x^ι_{αι} ) −→ (φ^1_{α1 +1}, . . . , φ^1_{m1} , . . . , φ^ι_{αι+1}, . . . , φ^ι_{mι} )(x), defined on an open neighbourhood A ⊂ R^p of zero, such that φ(0) = 0 and Σ ⊃ Φ(A), where Φ is the mapping defined by

Φ : A → R^q x −→ ( x^1, . . . , x^1_{α1} , φ^1_{α1 +1}(x), . . . , φ^1_{m1} (x), . . . , x^ι_1, . . . , x^ι_{αι} , φ^ι_{αι+1}(x), . . . , φ^ι_{mι} (x) ) . (3.8) and satisfying ∇Φ(0) = C(0), with C given by Lemma 3.1. Proof. Representing π_Σ(x) with respect to our graded coordinates, we obtain π̃_Σ(x) : R^q → R^p x −→ (x^1, . . . , x^1_{α1} , . . . , x^ι_1, . . . , x^ι_{αι} ) .

Taking its restriction π : Σ → R^p

x −→ (x^1, . . . , x^1_{α1} , . . . , x^ι_1, . . . , x^ι_{αι} ) , we wish to prove that π is invertible near 0, i.e. that dπ(0) : T_0Σ → R^p is onto. According to (3.1) and the fact that π is the restriction of a linear mapping, it follows that dπ(v^k_j (0)) = ∂_xk_j for every k = 1, . . . , ι and j = 1, . . . , α_k. This implies the existence of Φ = π^{−1}_{|U} having the representation (3.8), hence one can easily check that dπ(∂_xk_jΦ (0)) = ∂_xk_j also holds for every k = 1, . . . , ι and j = 1, . . . , α_k. As a consequence, invertibility of dπ(0) : T_0Σ → R^p gives v^k_j (0) = ∂_xk_jΦ (0). It follows that each column of ∇Φ(0) equals the corresponding one of C(0). □ From now on, we will assume that Σ is a C^{1,1} submanifold of G.

Lemma 3.9. Let x ∈ Σ be such that d_Σ(x) = d(Σ). Then Π_Σ(x) is a subgroup. Proof. Posing d = d(Σ), due to Corollary 3.6, τ^d_Σ(x) is proportional to the simple p-vector X^1_1 ∧ · · · ∧ X^1_{α1} ∧ · · · ∧ X^ι_1 ∧ · · · ∧ X^ι_{αι} .

We define F as the space of linear combinations of vectors {X^k_j }^{k=1,...,ι}_{j=1,...,αk} . It suffices to prove that each bracket [X^k_j , X^l_i ] lies in F for every 1 ≤ k, l ≤ ι, 1 ≤ j ≤ α_k and 1 ≤ i ≤ α_l. Taking into account Remark 3.3, we can find Lipschitz functions ϕ_r, ψ_s, which vanish at x whenever d(r) = k or d(s) = l, such that

v^k_j = X^k_j + ∑ d(r)≤k

ϕ_r X_r and v^l_i = X^l_i + ∑ d(s)≤l

ψ_s X_s.

For a.e. y belonging to a neighbourhood U of x, we have

[v^k_j , v^l_i] = [ X^k_j + ∑ d(r)≤k

ϕ_r X_r, X^l_i + ∑ d(s)≤l

ψ_s X_s ]

= [X^k_j , X^l_i ] + ∑ d(r)≤k

ϕ_r [X_r, X^l_i ] + ∑ d(s)≤l

ψ_s [X^k_j , X_s] + ∑ d(r)≤k,d(s)≤l

ϕ_r ψ_s [X_r, X_s] + ∑ d(s)≤l

(X^k_j ψ_s)X_s − ∑ d(r)≤k

(X^l_i ϕ_r)X_r

(3.9) + ∑ d(r)≤k,d(s)≤l ( ϕ_r (X_rψ_s) X_s − ψ_s (X_sψ_r) X_r )

By Frobenius theorem we know that this vector is tangent to Σ, i.e. it is a linear combination of v^1 , . . . , v^ι_{αι} and lies in V_1 ⊕ · · · ⊕ V_{k+l}, hence Lemma 3.1 implies that it must be of the form

[v^k_j , v^l_i] = ∑ σ(r)≤k+l

a_rv_r.

Projecting both sides of the previous identity onto V_{k+l}, we get

[X^k_j , X^l_i ] + ∑ d(r)=k

ϕ_r [X_r, X^l_i ] + ∑ d(s)=l

ψ_s [X^k_j , X_s]+ + ∑ d(r)=k,d(s)=l

ϕ_r ψ_s [X_r, X_s] = ∑ σ(r)=k+l

a_r π_{k+l}(v_r).

From (3.1) the projections π_{k+l} ( v_r(y) ) converge to a linear combination of vectors X^{k+l}_i as y goes to x, where 1 ≤ i ≤ α_{k+l}. We can find a sequence of points (y_ν ) contained in U, where [v^k_j , v^l_i] is defined and y_ν → x as ν → ∞. Then the coefficients a_r are defined on y_ν and up to extracting subsequences it is not restrictive assuming that a_r(y_ν ), which is bounded since Σ is C^{1,1}, converges for every r such that σ(r) ≤ k + l. Thus, restricting the previous equality on the set {y_ν } and taking the limit as ν → ∞, it follows that [X^k_j , X^l_i ] is a linear combination of {X^{k+l}_i }_{1≤i≤αk+l} . This ends the proof. □

Let us consider the parameters λ = (λ^1, . . . , λ^1_{α1} , . . . , λ^ι_1, . . . , λ^ι_{αι} ) ∈ R^p and a point e ∈ Σ with d_Σ(e) = d(Σ). We aim to study properties of solution γ(t, λ) of the Cauchy problem

(3.10)

∂_tγ(t, λ) = ∑ k=1,...,ι j=1,...,α_k

λ^k_j v^k_j ( γ(t, λ) ) t^{k−1}

γ(0, λ) = 0 ,

where the vector fields v^k_j are defined in Lemma 3.1 with x = e.

For every compact set L ⊂ R^p, there exists a positive number t_0 = t_0(L) such that γ(·, λ) is defined on [0, t_0] for every λ ∈ L.

The next lemma gives crucial estimates on the coordinates of γ(·, λ). Notice that graded coordinates arising from the corresponding graded basis (X_1, . . . , X_q) will be understood.

Lemma 3.10. Let γ(·, λ) be the solution of (3.10). Then for every k = 1, . . . , ι and every j = 1, . . . , m_k there exist homogeneous polynomials g^k_j of degree k, that vanish when k = 1, have the form g^k_j (λ^1, . . . , λ^1_{α1} , . . . , λ^{k−1}_1 , . . . , λ^{k−1}_{αk−1} ) when k > 1, satisfy g^k_j (0) = 0 and the estimates

(3.11) γ^k_j (t, λ) = { ( λ^k_j /k + g^k_j (λ^1, . . . , λ^{k−1}_{αk−1} ) ) t^k + O(t^{k+1}) if 1 ≤ j ≤ α_k O(t^{k+1}) if α_k + 1 ≤ j ≤ m_k hold for every λ ∈ L and every t ∈ [0, t_0]. Proof. From (2.14) and (2.15), we have X_s =

∑_q

i=1 X_{is} e_i where

X_{is}(x) = { δ_{is} if d(i) ≤ d(s) u_{is}(x^1, . . . , x^1_{m1} , . . . , x^{d(i)−1}_1 , . . . , x^{d(i)−1}_{md(i)−1}) if d(i) > d(s)

(3.12)

and u_{is} is a homogeneous polynomial satisfying u_{is}(δ_r(x)) = r^{d(i)−d(s)}u_{is}(x). Setting λ̃ = λ̃(t) = (λ1, . . . , λ1_{α1} , λ2_1t, . . . , λ2_{α2} t, . . . , λι_1tι−1, . . . , λι_{αι} tι−1) ∈ Rp and taking into account the expression of v_j given in Lemma 3.1, we can write the Cauchy problem (3.10) as

(3.13) ∂_tγ(t, λ) = p∑ r=1 v_r ( γ(t, λ) )~ λ_r(t) = p∑ r=1 q∑ s=1 C_{sr} ( γ(t, λ) ) X_s ( γ(t, λ) )~ λ_r(t) ,

where C(·) is given by Lemma 3.1. Now we fix λ ∈ L and write for simplicity γ in place of γ(·, λ). The coordinates of γ will be also denoted as follows (γ^1 , . . . , γ^1_{m1} , . . . , γ^ι_1, . . . , γ^ι_{mι} ).

STEP 1. We start proving (3.11) for the coordinates of γ belonging to the first layer, i.e.

(3.14) { γ^1_j (t) = λ^1_j t if 1 ≤ j ≤ α_1 γ^1_j (t) = O(t^2) if α_1 + 1 ≤ j ≤ m_1 . In view of (3.13), we get

γ̇^1_j = p∑ r=1 q∑ s=1 C_{sr}(γ) X_{js}(γ) λ̃_r.

For 1 ≤ j ≤ α_1 we have 1 = d(j) ≤ d(s), then (3.12) imply that X_{js} = δ_{js}, whence

γ̇^1_j = p∑ r=1 C_{jr}(γ)λ̃_r = λ̃_j = λ^1_j ,

where the second equality follows from (3.1), which implies C_{jr}(x) = δ_{jr}. This shows the first equality of (3.14). Now we consider the case α_1 + 1 ≤ j ≤ m_1. Due to (3.12) and 1 = d(j) ≤ d(s), we have

γ̇^1_j = p∑ r=1 C_{jr}(γ)λ̃_r = ∑ σ(r)=1

C_{jr}(γ)λ̃_r + ∑ σ(r)≥2

C_{jr}(γ)λ̃_r .

(3.15)

From (3.1), we have C_{jr}(y) = o(1) whenever σ(r) = 1, hence C_{jr}(γ(t)) = o(t). From the same formula, we deduce that C_{jr}(x) is bounded whenever σ(r) ≥ 2, and for the same indices r we also have λ̃_r = O(t), hence the second adddend of (3.15) is equal to O(t). We have shown that γ̇^1_j = O(t) for every α_1 + 1 ≤ j ≤ m, therefore the second equality of (3.14) is proved.

STEP 2. We will prove (3.11) by induction on k = 1, . . . , ι. The previous step yields these estimates for k = 1. Let us fix k ≥ 2 and suppose that (3.11) holds for all integers less than or equal to k − 1. Next, we wish to prove (3.11) for components of γ with degree k and for any fixed 1 ≤ j ≤ m_k. We denote by i the unique integer between 1 and q such that X_i = X^k_j and accordingly we have γ_i = γ^k_j , where d(i) = k. Taking into account (3.12) and that C_{sr} vanishes when d(s) > σ(r), it follows that

γ̇_i = p∑ r=1 q∑ s=1 X_{is}(γ)C_{sr}(γ)λ̃_r = ∑ 1≤r≤p d(s)≤d(i) d(s)≤σ(r)

X_{is}(γ)C_{sr}(γ)λ̃_r .

(3.16)

We split this sum into three addends

(3.17) γ̇^k_j = γ̇_i = ∑ 1≤r≤p d(i)≤σ(r)

C_{ir}(γ)λ̃_r + ∑ 1≤r≤p d(s)<d(i) d(s)=σ(r)

X_{is}(γ)C_{sr}(γ)λ̃_r + ∑ 1≤r≤p d(s)<d(i) d(s)<σ(r)

X_{is}(γ)C_{sr}(γ)λ̃_r .

We first consider the case 1 ≤ j ≤ α_k. Then (3.1) implies that C_{ir}(x) = δ_{ir}, therefore the first term of (3.17) coincides with λ̃_i(t) = λ^k_j t^{k−1}. Now we deal with the remaining terms. Our inductive hypothesis yields

γ^l_s(t, λ) = { ( λ^l_s/l + g^l_s(λ^1, . . . , λ^{l−1}_{αl−1} ) + O(t) ) t^l if 1 ≤ s ≤ α_l

O(t) t^l if α_l + 1 ≤ s ≤ m_l , (3.18)

whenever l ≤ k − 1, where g^l_s is a homogeneous polynomial of degree l. Due to (3.12), X_{is} are homogeneous polynomials of degree d(i) − d(s) = k − d(s) > 0, then applying (3.18), we achieve

X_{is}(γ^1 , . . . , γ^{k−1}_{mk−1} ) = ( N_{is}(λ^1, . . . , λ^{k−1}_{αk−1} ) + O(t) ) t^{k−d(s)}

(3.19)

whenever d(s) ≤ d(i) = k and υ_{is} = δ_{is} if d(s) = k. Notice that N_{is} are homogeneous polynomial of degree k − d(s) since it is a composition of the homogeneous polynomial X_{is} and of the homogeneous polynomials λ^l_s/l + g^l_s(λ^1, . . . , λ^{l−1}_{αl−1} ) with degree l.

Let us focus our attention on the second addend of (3.17). By definition of λ̃, we have λ̃_r = λ^{σ(r)}_{l(r)} tσ(r)−1, for some 1 ≤ l(r) ≤ α_{σ(r)}, hence this second term equals ∑ 1≤r≤p d(s)<d(i) d(s)=σ(r)

[ C_{sr}(0) + O(t) ][ N_{is}(λ^1, . . . λ^{k−1}_{αk−1} )t^{k−d(s)} + O(t^{k−d(s)+1}) ] λ^{σ(r)}_{l(r)} t^{σ(r)−1}

= ∑ 1≤r≤p d(s)<d(i) d(s)=σ(r)

C_{sr}(0) N_{is}(λ^1, . . . λ^{k−1}_{αk−1} ) λ^{d(s)}_{l(r)} t^{k−1} + O(t^k)

= Ñ_i(λ^1, . . . , λ^{k−1}_{αk−1} ) t^{k−1} + O(t^k), where Ñ_i is a homogeneous polynomial of degree k = d(i). From (3.19) and taking into account the definition of λ̃_r, the last term of (3.17) can be written as follows ∑ 1≤r≤p d(s)<d(i) d(s)<σ(r)

C_{sr}(γ(t)) [ N_{is}(λ^1, . . . , λ^{k−1}_{αk−1} )t^{k−d(s)} + O(t^{k−d(s)+1}) ] O(t^{σ(r)−1})

= ∑ 1≤r≤p d(s)<d(i) d(s)<σ(r)

O(t^{k−d(s)+σ(r)−1}) = O(t^k) .

Summing up the results obtained for the three addends of (3.17), we have shown that

γ̇^k_j (t) = (λ^k_j + Ñ_i(λ^1, . . . , λ^{k−1}_{αk−1} ))t^{k−1} + O(t^k)

whence the first part of (3.11) follows.

Next, we consider the case α_k + 1 ≤ j ≤ m_k. In this case we decompose (3.16) into the following two addends

γ̇_i = ∑ 1≤r≤p k≤σ(r)

C_{ir}(γ) λ̃_r + ∑ 1≤r≤p d(s)<k d(s)≤σ(r)

X_{is}(γ)C_{sr}(γ)λ̃_r .

(3.20)

The first term of (3.20) can be written as ∑ 1≤r≤p k≤σ(r)

C_{ir}(γ)λ̃_r = ∑ 1≤r≤p k=σ(r)

C_{ir}(γ)λ̃_r + ∑ 1≤r≤p k<σ(r)

C_{ir}(γ)λ̃_r.

From (3.1), the Lipschitz function C_{ir}(x) vanishes at zero when α_k + 1 ≤ j ≤ m_k and d(i) = σ(r), then C_{ir}(γ(t)) = O(t) and ∑ 1≤r≤p k≤σ(r)

C_{ir}(γ)λ̃_r = ∑ 1≤r≤p k=σ(r)

O(t) t^{k−1} + ∑ 1≤r≤p k<σ(r)

O(1) t^{σ(r)−1} = O(t^k).

(3.21)

Let us now consider the second term of (3.20). According to (3.19), we know that X_{is}(γ(t)) = O(t^{k−d(s)}). Unfortunately, this estimate is not enough for our purposes, as one can check observing that λ̃_r = O(t^{σ(r)−1}) and C_{sr} = O(1) for some of s, r. To improve the estimate on X_{is} we will use Lemma 3.9, according to which the subspace spanned by ( X^1_1 , . . . , X^1_{α1} , . . . , X^ι_1, . . . , X^ι_{αι} ) is a subalgebra. Then we define

F = span{X^k_s | 1 ≤ k ≤ ι , 1 ≤ s ≤ α_k}

along with the set J, that is given by the condition

F = span{X_j : j ∈ J}.

We first notice that i /∈ J, due to our assumption α_k + 1 ≤ j ≤ m_k. This will allow us to apply Lemma 2.5, according to which we have

P_i(x, y) = x_i + y_i + Q_i(x, y) = x_i + y_i + ∑ l /∈J, d(l)<k

(x_lR_{il}(x, y) + y_lS_{il}(x, y)) .

As a result, assuming that s ∈ J, we obtain the key formula

X_{is}(x) =

∂P_i ∂y_s

(x, 0) = ∑ l /∈J, d(l)<k

x_l

∂R_{il} ∂y_s

(x, 0) ,

where ∂_{ys} R_{il}(x, 0) is a homogeneous polynomial of degree k − d(s) − d(l). By both inductive hypothesis and definition of J, we get

γ_l(t) = O(t^{d(l)+1}) ,

for every l /∈ J such that d(l) < k. By these estimates, we achieve

X_{is}(γ(t)) = ∑ l /∈J, d(l)<k

γ_l(t)

∂R_{il} ∂y_s

(γ(t), 0) = ∑ l /∈J, d(l)<k

O(t^{d(l)+1})O(t^{k−d(s)−d(l)}) = O(t^{k+1−d(s)}) .

Then it is convenient to split the second term of (3.20) as follows

(3.22) ∑ r=1,...,p d(s)<k d(s)≤σ(r)

X_{is}(γ) C_{sr}(γ)λ̃_r = ∑ r=1,...,p d(s)<k d(s)≤σ(r) s∈J

X_{is}(γ) C_{sr}(γ) λ̃_r + ∑ r=1,...,p d(s)<k d(s)≤σ(r) s /∈J

X_{is}(γ) C_{sr}(γ) λ̃_r ,

where the first addend of the previous decomposition can be estimated as ∑ 1≤r≤p d(s)<k d(s)≤σ(r) s∈J

X_{is}(γ) C_{sr}(γ) λ̃_r = ∑ 1≤r≤p d(s)<k d(s)≤σ(r) s∈J

O(t^{k+1−d(s)}) O(1) O(t^{σ(r)−1} ) = O(t^k) .

(3.23)

Finally, we consider the second addend of (3.22), writing it as the following sum

(3.24) ∑ 1≤r≤p d(s)<k d(s)≤σ(r) s /∈J

X_{is}(γ) C_{sr}(γ) λ̃_r = ∑ 1≤r≤p d(s)<k d(s)=σ(r) s /∈J

X_{is}(γ) C_{sr}(γ) λ̃_r + ∑ 1≤r≤p d(s)<k d(s)<σ(r) s /∈J

X_{is}(γ) C_{sr}(γ) λ̃_r .

The first term of (3.24) can be written as ∑ 1≤r≤p d(s)<k d(s)=σ(r)

s /∈J

O(t^{k−d(s)}) O(t) O(t^{σ(r)−1}) = O(t^k) ,

where we have used the fact that C_{sr}(x) = O(|x|) when d(s) = σ(r) and s /∈ J, according to (3.1). The second term of (3.24) corresponds to the sum ∑ 1≤r≤p d(s)<k d(s)<σ(r) s /∈J

O(t^{k−d(s)}) O(1) O(t^{σ(r)−1}) = O(t^k) .

As a result, the second term of (3.22) is also equal to some O(t^k), hence taking into account (3.23) we get that the second term of (3.20) is O(t^k). Thus, taking into account (3.20) and (3.21) we achieve γ̇(t) = O(t^k), which proves the second part of (3.11) and ends the proof. □

Remark 3.11. Analyzing the previous proof, it is easy to realize that the functions O(t^k) appearing in the statement of Lemma 3.10 can be estimated by t^k, uniformly with respect to λ varying in a compact set: there exists a constant M > 0 such that

(3.25) | |γ^k_j (t, λ) − [ λ^k_j /k + g^k_j (λ^1, . . . , λ^{k−1}_{αk−1} ) ] t^k | | ≤ Mt^{k+1} if 1 ≤ j ≤ αk

|γ^k_j (t, λ)| ≤ Mt^{k+1} if α_k + 1 ≤ j ≤ m_k. for all λ belonging to a compact set L and every t < t_0: here and in the following, we have set γ_λ := γ(·, λ).

Our next step will be to prove that our curves γ(·, λ) cover a neighbourhood of a point with maximum degree. To do this, we fix graded coordinates with respect to the basis (X^k_j ) and consider the diffeomorphism G : R^p −→ R^p arising from Lemma 3.10 and that can be associated with any point of maximum degree in a C^{1,1} smooth submanifold. We set G_i(λ) = λ_i/σ(i) + g_i(λ_1, . . . , λPσ(i)−1_{s=1 αs} ) ,

(3.26)

where (g_1, . . . , g_p) = (g^1 , . . . , g^1_{α1} , . . . , g^ι_1, . . . , g^ι_{αι} ) and g^k_j are given by Lemma 3.10. Then G(0) = 0 and by explicit computation of the inverse function, the definition (3.26) implies global invertibility of G.

Remark 3.12. The diffeomorphism G also permits us to state Lemma 3.10 as follows γ(t, λ) = δ_t (G(λ) + O(t)) ∈ R^q ,

(3.27) where G(λ) belongs to R^p × {0}, precisely, it lies in the p-dimensional subspace Π_Σ(x) with respect to the associated graded coordinates.

We will denote by c(t, λ) the projection of γ(t, λ) on Π_Σ(x), namely c(t, λ) = π̃_Σ(x) ( γ(t, λ) ) , (3.28) where π̃_Σ(x) represents π_Σ(x) of (3.7) with respect to graded coordinates arising from (3.6). In the sequel, the estimates

c_i(t, λ) = G_i(λ)t^{σ(i)} + O(t^{σ(i)+1})

(3.29) will be used. They follow from Lemma 3.10 and the definitions of c and G.

Lemma 3.13. There exists t_0 > 0 such that for every t_1 ∈]0, t_0[, there exists a neighbourhood V of 0 such that V ∩ Σ ⊂ { γ(t, λ) : λ ∈ G^{−1}(S^{p−1}) and 0 ≤ t < t_1 } . Proof. We fix t_0 > 0 as in Lemma 3.10, where we have chosen L = G^{−1}(S^{p−1}). Let t_1 ∈ ]0, t_0[ be arbitrarily fixed. Taking into account Corollary 3.8, it suffices to prove that the set {c(t, λ) : λ ∈ L, 0 ≤ t < t_1} covers a neighbourhood of 0 in R^p. For each t ∈]0, t_1[, we define the “projected dilations” Δ_t = π̃_Σ(x) ∘ δ_t corresponding to the following diffeomorphisms of R^p

Δ_t(y_1, . . . , y_p) = ( t^{σ(1)}y_1, . . . , t^{σ(i)}y_i, . . . , t^{σ(p)}y_p ) . Now we can rewrite (3.29) as c(t, λ) = Δ_t ( G(λ) + O(t) ) , (3.30)

where O(t) is uniform with respect to λ varying in G^{−1}(S^{p−1}), according to Remark 3.11. Then we define the mapping L_t : S^{p−1} → R^p

u −→ Δ_{1/t} ( c ( t, G^{−1}(u) )) and (3.30) implies L_t(u) = u + O(t).

As a consequence, L_t → Id_Sp−1 as t → 0, uniformly with respect to u varying in S^{p−1}. Then, for any sufficiently small 0 < τ < t_1, we have L_τ (S^{p−1}) ∩ B_{1/2} = ∅ and L_τ is homotopic to Id_Sp−1 in R^p \ {A} for all A ∈ B_{1/2}. In particular, since Id_Sp−1 is not homotopic to a constant, L_τ is not homotopic to a constant in R^p \ {A} for all A ∈ B_{1/2}. Now, we are in the position to prove that { c(t, λ) : λ ∈ G^{−1}(S^{p−1}) and 0 ≤ t < τ } covers the open neighbourhood of 0 in R^p given by Δ_τ (F^{−1}(B_{1/2}) ∩ Π_Σ(e)) that leads us to the conclusion. By contradiction, if this were not true, then we could find a point A ∈ B_{1/2} such that A ≠ Δ_{1/τ} (c_λ(t)) for all λ ∈ G^{−1}(S^{p−1}) and 0 ≤ t < τ, but then

H : [0, τ] × S^{p−1} → R^p \ {A} (s, u) −→ Δ_{1/τ} ( c ( s, G^{−1}(u) )) would provide a homotopy in R^p \ {A} between the constant 0 and L_τ , which cannot exist. □

As important consequence of Lemma 3.10, we are in the position to give the

Proof of Theorem 1.1. We first notice that Π_Σ(x) is a subgroup of G, due to Lemma 3.9. Setting Σ_{x,r} := δ_{1/r}(x^{−1}Σ), it is sufficient to prove (see [3], Proposition 4.5.5) that Σ_{x,r} ∩ D_R converges to Π ∩ D_R in the Kuratowski sense, i.e. that

(i) if y = lim_{n→∞} y_n for some sequence {y_n} such that y_n ∈ Σ_{x,rn} ∩ D_R and r_n → 0, then y ∈ Π_Σ(x) ∩ D_R;

(ii) if y ∈ Π_Σ(x) ∩ D_R, then there are y_r ∈ Σ_{x,r} ∩ D_R such that y_r → y. It is not restrictive assuming that x = e. To prove (i), we set z_n = δ_{rn} (y_n) ∈ Σ ∩ D_{rnR}. From (3.27), we can find t_1 > 0 arbitrarily small such that

(3.31) inf_{u∈Sp−1} |u + O(t_1)| > 0,

where | · | is the Euclidean norm and O(t) is defined in (3.27). Then for n sufficiently large and taking t_1 < t_0 Lemma 3.13 yields a sequence {τ_n} ⊂]0, t_1[ and λ_n ∈ G^{−1}(S^{p−1}) such that γ(τ_n, λ_n) = δ_{rn} y_n. Due to (3.27), we achieve

δ_{τn/rn} (G(λ_n) + O(τ_n)) = y_n ,

hence (3.31) implies that τ_n/r_n is bounded. Up to subsequences, we can assume that G(λ_n) → ζ and τ_n/r_n → s, then y_n → δ_sζ = y. From Remark 3.12, we know that G(λ) ∈ Π_Σ(x) with respect to our graded coordinates, hence y ∈ Π_Σ(x). To prove (ii), we choose y ∈ Π_Σ(x) ∩ D_R and set λ = G^{−1}(y). By Lemma 3.10 there exists r_0 > 0 depending on the compact set G^{−1}(D_R ∩ Π_Σ(x)) such that the solution r → γ(r, λ^′) of (3.10) is defined on [0, r_0] for every λ^′ ∈ G^{−1}(D_R ∩ Π_Σ(x)). Clearly, γ(r, λ^′) ∈ Σ, then (3.27) implies that

δ_{1/r} ( Σ ) ∋ y_r = δ_{1/r} ( γ(r, λ) ) −→ G(λ) = y .

This ends the proof. □

Next we prove Theorem 1.2. We will denote by vol^p_{g̃} the Riemannian p-dimensional volume with respect to an arbitrary metric g̃.

Proof od Theorem 1.2. Without loss of generality we assume that x is the identity element e and consider graded coordinates F : R^q −→ G centered at 0 with respect to X^k_j . Notice that balls F^{−1}(B_{x,r}) in R^q through graded coordinates will be simply denoted by B_{x,r}. According to Corollary 3.8, we parametrize Σ by the C^{1,1} function φ : A ⊂ Π_Σ(e) → R^{q−p}, such that Σ is the image of

Φ : A ⊂ Π_Σ(e) −→ R^q y → (y^1, . . . , y^1_{α1} , φ^1_{α1 +1}(y), . . . , φ^1_{m1} (y), . . . , y^ι_1, . . . , y^ι_{αι} , φ^ι_{αι +1}(y), . . . , φ^ι_{mι} (y)).

For any sufficiently small r > 0, we have

lim_{r↓0} vol^p_{g̃}(Σ ∩ B_r) r^d = 1 r^d ∫ Φ^{−1}(B_r )

J_{g̃}Φ(y) dy = ∫ Δ_{1/r} (Φ^{−1}(B_r ))

J_{g̃}Φ(Δ_r(y))dy ,

(3.32)

where Δ_r = δ_{r|ΠΣ(e)} and its jacobian is exactly equal to d. Notice that Δ_{1/r}(Φ^{−1}(B_r)) = (δ_{1/r} ∘ Φ ∘ Δ_r)^{−1}(B_1) is the set of elements y ∈ Π_Σ(e) such that ( y^1, . . . , y^1_{α1} , φ^1_{α1 +1}(Δ_ry) r , . . . , φ^1_{m1} (Δ_ry) r , . . . , y^ι_1, . . . , y^ι_{αι} , φ^ι_{αι+1}(Δ_ry) r^ι

, . . . , φ^ι_{mι} (Δ_ry) r^ι )

belongs to B_1 and that Δ_{1/r}(Φ^{−1}(B_r)) = π̃_Σ(e)(Σ_{0,r} ∩ B_1), where π̃_Σ(e) is the projection π_Σ(e) with respect to graded coordinates, i.e. the mapping R^q ∋ (z^1 , . . . , z^1_{m1} , . . . , z^ι_1, . . . , z^ι_{mι} ) −→ (z^1 , . . . , z^1_{α1} , . . . , z^ι_1, . . . , z^ι_{αι} ) ∈ Π_Σ(e).

We will denote the projection π̃_Σ(e) by π. By continuity of π, for every ϵ > 0 we can find a neighbourhood N ⊂ R^q of Π_Σ(e) ∩ D_1 such that π(N ) ⊂ Π_Σ(e) ∩ B_{1+ϵ}; by Theorem 1.1 and the definition of Hausdorff convergence, for sufficiently small r we have Σ_{0,r} ∩ D_1 ⊂ N and so (3.33) Δ_{1/r}(B_r) ⊂ π(Σ_{0,r} ∩ D_1) ⊂ Π_Σ(e) ∩ B_{1+ϵ}. If we also prove that (3.34) Π_Σ(e) ∩ B_{1−ϵ} ⊂ Δ_{1/r}(Φ^{−1}(B_r)) for small r, we will have χ_{δ1/r (Φ}−1_{(Br ))} → χ_{ΠΣ(e)∩B1} in L^1(Π_Σ(e)). This fact and (3.32) imply that lim_{r↓0} vol^p_{g̃}(Σ ∩ B_r)

r^d

= J_{g̃}Φ(0) L^p(Π_Σ(e) ∩ B_1) = J_{g̃}Φ(0) θ(τ^d_Σ(0)).

By Corollary 3.8 we know that ∇Φ(0) = C(0), where C is given by Lemma 3.1; therefore J_{g̃}Φ(0) must coincide with the Jacobian of the matrix C(0), i.e. with |v_1(0) ∧ · · · ∧ v_p(0)|_{g̃}. By virtue of Corollary 3.6, we have

|τ^d_Σ(e)| = | | |X^{11} ∧ · · · ∧ X^{ια1} ∧ · · · ∧ X^{ι1} ∧ · · · ∧ X^{ιαι}

|v_1(0) ∧ · · · ∧ v_p(0)|_{g̃} | | | g = 1 |v_1(0) ∧ · · · ∧ v_p(0)|_{g̃} . Finally, it remains to prove (3.34). We fix y = (y_1, . . . , y_p) = (y^1 , . . . , y^1_{α1} , . . . , y^ι_{αι} ) ∈ Π_Σ(e) ∩ B_{1−ϵ} and set z := δ_r(y) ∈ B_{(1−ϵ)r}. Let t_0 > 0 be as in Lemma 3.13 and consider t_1 ∈]0, t_0[ to be chosen later. By the same lemma, for every r > 0 sufficiently small there exist λ ∈ G^{−1}(S^{p−1}) and t ∈ [0, t_1[ such that Φ(z) = γ(t, λ). Since |G(λ)| = 1, we can find 1 ≤ i ≤ p such that |G_i(λ)| ≥ 1/ √ p. Notice that π_Σ(e)(Φ(z)) = z = π_Σ(e)(γ(t, λ)) = c(t, λ),

(3.35) then (3.29) implies Mt^{σ(i)+1} ≥ |G_i(λ)|t^{σ(i)} − |z_i| ≥ t^{σ(i)}/ √ p − |y_i|r^{σ(i)}, where M > 0 is given in Remark 3.11 with L = G^{−1}(S^{p−1}). It follows that (1/ √ p − Mt_1)t^{σ(i)} ≤ (1/ √ p − Mt)t^{σ(i)} ≤ |y_i| r^{σ(i)} .

Now, we can choose t_1 > 0 such that 1/ √ p−Mt_1 ≥ ϵ > 0, getting a constant N > 0 depending only on p, |y| and M such that t ≤ N r .

(3.36) Taking into account (3.35) and the explicit estimates of (3.25), we get some 1 ≤ k ≤ ι and α_j + 1 ≤ j ≤ m_j such that |c_i(t, λ)| = |γ^k_j (t, z)| = |φ^k_j (z)| ≤ Mt^{k+1} , where we notice that k = σ(i). By (3.36), the previous estimate yield |φ^k_j (δ_ry)| = |φ^k_j (z)| ≤ M̃r^{k+1} ,

(3.37) where M̃ = MN^{k+1}. Estimate (3.37) has been obtained with M̃ independent from r > 0 sufficiently small. Therefore ( y^1, . . . , y^1_{α1} , φ^1_{α1 +1}(δ_ry) r , . . . , φ^1_{m1} (δ_ry) r , . . . , y^ι_1, . . . , y^ι_{αι} , φ^ι_{αι+1}(δ_ry) r^ι

, . . . , φ^ι_{mι} (δ_ry) r^ι )

belongs to B_1 definitely as r goes to zero, namely, y ∈ Δ_{1/r}Φ^{−1}(B_r) for r > 0 small enough. We observe that N linearly depends on |y| and is independent from r > 0, then the constant M̃ in (3.37) can be fixed independently from y varying in the bounded set Π_Σ(e)∩B_{1−ϵ}, whence (3.34) follows. □ Remark 3.14. In the case x is a non-horizontal point of a p-dimensional submanifold Σ, namely d_Σ(x) = Q−k, the limit (1.3) coincides with the limit stated in Theorem 3.5 of [35], according to which

(3.38) vol_{g̃}(Σ ∩ B_{p,r})

r^{Q−k}

−→ c(g̃, g) θ ( ñ_{g,H} (p) ) |ñ_{g,H} (p)| . Here we have defined c(g̃, g) = μ_{g̃}(B_1) μ_g(B_1) = det ( g̃_{ij} ) det ( g_{ij} ) where μ_{g̃} and μ_g are the Riemannian volume measures on G with respect to g̃ and g. In addition, we have assumed that μ_{g̃} is also an Haar measure of G.

To show this fact, we fix a basis {X_α}_{α∈I} of Λ_k(V_1), where X_α = X_{α1} ∧ · · · ∧ X_{αk} and I = {(α_1, . . . , α_k) | 1 ≤ α_1 < · · · < α_k ≤ m} and m = dim V_1. Notice that existence of a non-horizontal point implies the condition m ≥ k. We choose an orthonormal frame (B_1, . . . , B_q) with respect to g̃ and define B = B_1 ∧ · · · B_q. By definition of Hodge operator with respect to g̃ and orientation B, we have X_α ∧ τ_Σ(x) = (−1)^{kp} ⟨ X_α, ~∗ ( τ_Σ(x) )⟩ g̃ B = (−1)^{kp} ⟨X_α, ñ(x)⟩_{g̃} B .

(3.39) Taking into account the decomposition τ_Σ(x) = ∑ α∈I c_{∗α} ∗ ( X_α ) + ∑ d(β)<Q−k

c_βX_β , where α ∪ ∗α = {1, . . . , q}, we have τ^d_Σ(x) = ∑ α∈I c_{∗α} ∗ X_α

where d = Q − k. In addition, we have B = c(g, g̃) X_1 ∧ · · · ∧ X_q. Then (3.39) implies c_{∗α} X_α ∧ X_{∗α} = c(g, g̃) (−1)^{kp} ⟨X_α, ñ(x)⟩_{g̃} X_1 ∧ · · · ∧ X_q .

According to Definition 2.6 of [35], we have ⟨X_α, ñ(x)⟩_{g̃} = ⟨X_α, ñ_g(x)⟩ and

ñ_{g,H} (x) = ∑ α∈I ⟨X_α, ñ_g(x)⟩ X_α ,

(3.40)

therefore |τ^d_Σ(x)|^2 = ∑ α∈I (c_{∗α})^2 = c(g, g̃)^2 |ñ_{g,H} (x)|^2,

concluding our proof.

As it has been mentioned in the introduction, it is easy to find groups where non-horizontal submanifolds of a given topological dimension cannot exist.

Example 3.15. Let us consider the 5-dimensional stratified group E^5 with a basis X_1, . . . , X_5 subject to the only nontrivial relations [X_1, X_2] = X_3, [X_1, X_3] = X_4, [X_1, X_4] = X_5 and the grading

V_1 = span{X_1, X_2}, V_2 = span{X_3}, V_3 = span{X_4}, V_4 = span{X_5} . Then m = 2 and a 2-dimensional submanifold has codimension k = 3. As a result, m − k < 0 hence any 2-dimensional submanifold Σ satisfies d(Σ) < Q − k = 11 − 3 = 8. In other words, all 2-dimensional submanifolds of E^5 are horizontal.

4. Some applications in the Engel group In this section we wish to present examples of 2-dimensional submanifolds of all possible degrees in the Engel group E^4.

We represent E^4 as R^4 equipped with the vector fields X_i =

∑_4 j=1 A^j_i (x)e_j , where

A(x) =

1 0 0 0 0 1 0 0 0 x_1 1 0 0 x^2_1/2 x_1 1 , (e_1, e_2, e_3, e_4) is the canonical basis of R^4 and x = (x_1, x_2, x_3, x_4).

Let Φ : U −→ R^4 be the parametrization of a 2-dimensional submanifold Σ, where U is an open subset of R^2. We set u = (u_1, u_2) = (x, y) ∈ U and consider Φ_{ui} =

∑_4 j=1 Φ^j_{ui} e_j . Taking into account that

A(x)^{−1} =

1 0 0 0 0 1 0 0 0 −x_1 1 0 0 x^2_1/2 −x_1 1 and that

e_i = 4∑ j=1 (A(x)^{−1})^j_i X_j ,

(4.1) we obtain

Φ_{ui} = Φ^1_{ui} X_1 + Φ^2_{ui} X_2 + ( Φ^3_{ui} − Φ^1 Φ^2_{ui} ) X_3 + ( Φ^4_{ui} − Φ^1 Φ^3_{ui} +

(Φ^1)^2 2 Φ^2_{ui} ) X_4 .

It follows that

Φ_x ∧ Φ_y = Φ^{12}_u X_1 ∧ X_2 + ( Φ^{13}_u − Φ^1Φ^{12}_u ) X_1 ∧ X_3 + ( Φ^{14}_u − Φ^1 Φ^{13}_u +

(Φ^1)^2 2 Φ^{12}_u ) X_1 ∧ X_4

(4.2)

+Φ^{23}_u X_2 ∧ X_3 + ( Φ^{24}_u − Φ^1 Φ^{23}_u ) X_2 ∧ X_4 + ( Φ^{34}_u +

(Φ^1)^2 2 Φ^{23}_u − Φ^1Φ^{24}_u ) X_3 ∧ X_4 ,

where we have set Φ^{ij}_u = det ( Φ^i_x Φ^i_y Φ^j_x Φ^j_y ) . In the sequel, we will use (4.2) to obtain nontrivial examples of 2-dimensional submanifolds with different degrees in E^4.

Remark 4.1. Recall that 2-dimensional submanifolds of degree 2 in E^4 cannot exist, due to non-integrability of the horizontal distribution span{X_1, X_2}.

The next example wants to give a rather general method to obtain nontrivial examples of 2-dimensional submanifolds of degree 3. Clearly, the submanifold {(0, x_2, x_3, 0} is the simplest example, as one can check using (4.2).

Example 4.2. Having degree three means that the first order fully non-linear conditions Φ^{34}_u +^{(Φ1)2}_2 Φ^{23}_u − Φ^1Φ^{24}_u = 0 Φ^{24}_u − Φ^1 Φ^{23}_u = 0 Φ^{14}_u − Φ^1 Φ^{13}_u +^{(Φ1)2}_2 Φ^{12}_u = 0

(4.3)

must hold. By elementary properties of determinants, one can realize that the previous system is equivalent to requiring that

∇Φ^3 is parallel to ∇Φ^4 +

(Φ^1)^2 2 ∇Φ^2 ,

(4.4)

∇Φ^2 is parallel to ∇Φ^4 − Φ^1 ∇Φ^3 ,

(4.5)

∇Φ^1 is parallel to ∇Φ^4 − Φ^1 ∇Φ^3 +

(Φ^1)^2 2 ∇Φ^2 .

(4.6)

We restrict our search to submanifolds with Φ^1(x, y) = x and Φ^{23}_u ≠ 0 on U. Then (4.4) and (4.5) yield functions λ, μ : U −→ R such that

∇Φ^4 + x^2 2 ∇Φ^2 = λ ∇Φ^3

∇Φ^4 − x ∇Φ^3 = μ ∇Φ^2 .

Due to the previous equations and the condition Φ^{23}_u ≠ 0, we impose the assumptions

λ(u) = x and μ(u) = − x^2 2 . It follows that

∇Φ^4 = − x^2 2 ∇Φ^2 + x ∇Φ^3 ,

(4.7)

then all conditions (4.4), (4.5) and (4.6) are satisfied, namely, the system (4.3) holds whenever we are able to find Φ^4 satisfying (4.7). Notice that condition (4.7) characterizes all

2-dimensional submanifolds of degree three under the condition Φ^{23}_u ≠ 0. Clearly, we have an ample choice of families of functions Φ^2, Φ^3, Φ^4 satisfying (4.7). We choose the injective embedding of R^2 into R^4 defined by

Φ(x, y) = x x + e^y xe^y +^{x2}_2

x^3

6 +^{x2}_2 e^y .

One can check that d_Σ(Φ(x, y)) = 3 for every (x, y) ∈ R^2, where Σ = Φ(R^2). Here the part of τ_Σ with maximum degree is

τ^3_Σ ( Φ(x, y) ) = − e^{2y} √ e^{4y} + x^2e^{4y} +^{x4}_4 e^{4y}

X_2 ∧ X_3

and due to (1.4), the spherical Hausdorff measure of bounded portions of Σ is positive and finite.

It is clear that submanifolds of higher degree are easier to be contructed. Example 4.3. Let us consider

Φ(x, y) = ( x, y, y^2 2 , y^2 2 ) . Then we have Φ^{12}_u = 1, Φ^{13}_u = y, Φ^{14}_u = y Φ^{23}_u = 0, Φ^{24}_u = 0, Φ^{34}_u = 0.

By (4.2) we have

Φ_x ∧ Φ_y = X_1 ∧ X_2 + (y − x) X_1 ∧ X_3 + ( y − xy + x^2 2 ) X_1 ∧ X_4.

(4.8)

Recall that Σ_r is the subset of points in Σ with degree equal to r. With this notation we have

Σ_4 = { Φ(x, y) | | y ∈]0, 2[ } ⋃ { Φ(x, y) | | y ∈ R \ [0, 2] and |y − x|^2 ≠ y^2 − 2y }

Σ_3 = { Φ(y + σ √ y^2 − 2y, y) | | σ ∈ {1, −1} and y ∈ R \ [0, 2] } Σ_2 = {Φ(0, 0), Φ(2, 2)} .

We will check that the curve R \ [0, 2] ∋ y −→ γ(y) = Φ(y + σ √ y^2 − 2y, y) with σ ∈ {1, −1} have degree constantly equal to 2. Due to (4.1), we achieve

γ̇ = γ̇^1X_1 + γ̇^2X_2 + ( γ̇^3 − γ^1 γ̇^2 ) X_3 + ( γ̇^4 − γ^1 γ̇^3 +

(γ^1)^2 2 γ̇^2 ) X_4 ,

where one can check that ( γ̇^4 − γ^1 γ̇^3 +

(γ^1)^2 2 γ̇^2 ) = 0 and ( γ̇^3 − γ^1 γ̇^2 ) = −σ √ y^2 − 2y ≠ 0 .

(4.9)

It follows that Σ_3 is the union of two curves with degree constantly equal to 2. Applying (1.4) we get that S^2 Σ_3 is positive and finite on bounded open pieces of Σ_3, hence S^4(Σ_3) = 0. In particular, we have proved that S^4(Σ \ Σ_4) = 0, then the Hausdorff dimension of Σ is 4 and furthermore S^4 Σ is positive and finite on open bounded pieces of Σ. Clearly, (1.4) holds.

Example 4.4. Using (4.2) one can check that 2-dimensional submanifolds given by

Φ(x, y) = 0 Φ^2(x, y) Φ^3(x, y) Φ^4(x, y)

where Φ^{34}_u ≠ 0 have degree 5= Q − k. Notice that these submanifolds are then non-horizontal.

Remark 4.5. Let us consider Σ as in Example 4.3. It is easy to check that

δ_{1/r}Σ ∩ D_R −→ S ∩ D_R

where S = {(x_1, 0, 0, x_4) | x_4 ≥ 0} .

Clearly, S cannot be a subgroup of E^4, since all p-dimensional subgroups of stratified groups are homeomorphic to R^p, see [46]. This fact, may occur since the origin in Σ has not maximum degree, as one can check in Example 4.3.

Acknowledgements. We are grateful to Giuseppe Della Sala for fruitful discussions.

References

[1] L.Ambrosio, Some fine properties of sets of finite perimeter in Ahlfors regular metric measure spaces, Adv.

Math., 159, 51-67, (2001).

[2] L.Ambrosio. F.Serra Cassano, D.Vittone, Intrinsic regular hypersurfaces in Heisenberg groups, to appear on J. Geom. Analysis [3] L.Ambrosio & P.Tilli, Selected Topics on Analysis in Metric Spaces, Oxford University Press, (2003). [4] V.Barone Adesi, F.Serra Cassano, D.Vittone, The Bernstein problem for intrinsic graphs in Heisenberg groups and calibrations, (2006) [5] Z.M.Balogh, Size of characteristic sets and functions with prescribed gradients, J. Reine Angew. Math., 564, 63-83, (2003) [6] A.Bellaïche, J.J.Risler eds, Sub-Riemannian geometry, Progress in Mathematics, 144, Birkhäuser Verlag, Basel, (1996).

[7] M.Bonk and L.Capogna, Mean Curvature Flow in the Heisenberg group and applications, in preparation, (2005) [8] L.Capogna, D.Danielli, N.Garofalo, The geometric Sobolev embedding for vector fields and the isoperimetric inequality, Comm. Anal. Geom. 2, n.2, 203-215, (1994) [9] L.Capogna, N.Garofalo, Ahlfors type estimates for perimeter measures in Carnot-Carathéodory spaces, to appear in the Journal of Geometric Analysis [10] J.H.Cheng, J.F.Hwang, Properly embedded and immersed minimal surfaces in the Heisenberg group, Bull.

Austral. Math. Soc. 70, n.3, 507-520.(2004) [11] J.H.Cheng, J.F.Hwang, A.Malchiodi, P.Yang, Minimal surfaces in pseudohermitian geometry, Ann.

Sc. Norm. Super. Pisa Cl. Sci. (5) 4, n.1, 129-177 (2005) [12] G.Citti, M.Manfredini, Blow-Up in Non-Homogeneous Lie Groups and Rectifiability, to appear on Houston Journal of Mathematics.

[13] G.Citti, A.Sarti, Subjective surfaces and Riemannian mean curvature flow of graphs, Acta Math. Univ.

Comenian. 70, n.1, 85-103. (2001) [14] D.Danielli, N.Garofalo, D.M. Nhieu, Traces Inequalities for Carnot-Carathéodory Spaces and Applications, Ann. Scuola. Norm. Sup., 27, 195-252, (1998) [15] D.Danielli, N.Garofalo, D.M. Nhieu, Non-doubling Ahlfors measures, Perimeter measures, and the characterization of the trace spaces of Sobolev functions in Carnot-Carathéodory spaces, to appear on Mem. Amer. Math. Soc.

[16] D.Danielli, N.Garofalo, D.M. Nhieu, A notable family of entire intrinsic minimal graphs in the Heisenberg group which are not perimeter minimizing, preprint (2005)

[17] D.Danielli, N.Garofalo, D.M. Nhieu, A partial solution of the isoperimetric problem in the Heisenberg group, preprint (2003) [18] M.Derridj, Sur un théorém de traces, Ann. Inst. Fourier, Grenoble, 22, n.2, 73-83, (1972). [19] H.Federer, Geometric Measure Theory, Springer, (1969).

[20] B.Franchi, R.L.Wheeden, Compensation couples and isoperimetric estimates for vector fields, Colloq.

Math. 74, 9-27, (1997).

[21] B.Franchi, S.Gallot, R.L.Wheeden, Sobolev and isoperimetric inequalities for degenerate metrics, Math. Ann. 300, 557-571 (1994) [22] B.Franchi, R.Serapioni, F.Serra Cassano, Regular hypersurfaces, intrinsic perimeter and implicit function theorem in Carnot groups, Comm. Anal. Geom., 11, n.5, 909-944, (2003).

[23] B.Franchi, R.Serapioni & F.Serra Cassano, On the structure of finite perimeter sets in step 2 Carnot groups, J. Geom. An. 13, 421-466, (2003) [24] B.Franchi, R.Serapioni & F.Serra Cassano, Regular submanifolds, graphs and area formula in Heisenberg groups, preprint (2005).

[25] N.Garofalo, D.M.Nhieu, Isoperimetric and Sobolev Inequalities for Carnot-Carathéodory Spaces and the Existence of Minimal Surfaces, Comm. Pure Appl. Math. 49, 1081-1144 (1996) [26] N.Garofalo, S.D.Pauls , The Bernstein problem in the Heisenberg group, preprint (2003) [27] R.Hladky, S.D.Pauls, Constant mean curvature surfaces in sub-Riemannain spaces, preprint (2005) [28] B.Kirchheim, F.Serra Cassano, Rectifiability and parametrization of intrinsic regular surfaces in the Heisenberg group, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 3, n.4, 871-896, (2004) [29] G.Leonardi and S.Masnou, On the isoperimetric problem in the Heisenberg group H^n. Ann. Mat. Pura Appl. (4) 184, n.4, 533-553 (2005) [30] G.P.Leonardi, S.Rigot, Isoperimetric sets on Carnot groups, Houston J. Math. 29, n.3, 609-637 (2003) [31] V.Magnani, Elements of Geometric Measure Theory on Sub-Riemannian groups, published in the series PhD theses of Scuola Normale Superiore, (2002) [32] V.Magnani, A blow-up theorem for regular hypersurfaces on nilpotent groups, Manuscripta Math., 110, n.1, 55-76, (2003).

[33] V.Magnani. Characteristic points, rectifiability and perimeter measure on stratified groups, to appear on J. Eur. Math. Soc.

[34] V.Magnani, Blow-up of regular submanifolds in Heisenberg groups and applications, Cent. Eur. J. Math., 4 (1), (2006) [35] V.Magnani, Measure of non-horizontal submanifolds, preprint (2005).

[36] P.Mattila, Measures with unique tangent measures in metric groups, Math. Scand. 97, n.2, 298-308 (2005) [37] R.Monti, D.Morbidelli, Some trace theorems for vector fields, Math. Z. 239, n.4, 747-776, (2002) [38] R.Monti and D.Morbidelli, The isoperimetric inequality in the Grushin plane, J.Geom. Anal. 14, n.2, 355-368, (2004) [39] R.Monti, D.Morbidelli, Regular domains in homogeneous groups, Trans. Amer. Math. Soc. 357, n.8, 2975-3011, (2005) [40] R.Monti, F.Serra Cassano, Surface measures in some CC spaces, Calc. Var. Partial Differential Equations 13, n.3, 339-376, (2001).

[41] R.Montgomery, A Tour of Subriemannian Geometries, Their Geodesics and Applications, American Mathematical Society, (2002) [42] P.Pansu, Une inégalité isoperimetrique sur le groupe de Heisenberg, C.R. Acad. Sc. Paris, 295, Série I, 127-130, (1982) [43] S.D.Pauls, Minimal surfaces in the Heisenberg group, Geom. Dedicata, 104, 201-231, (2004). [44] M.Ritorè, C.Rosales, Area-stationary surfaces in the Heisenberg group H^1, preprint (2005) [45] M.Ritorè, C.Rosales, Rotationally invariant hypersurfaces with constant mean curvature in the Heisenberg group H^n., preprint (2005) [46] V.S.Varadarajan, Lie groups, Lie algebras and their representation, Springer-Verlag, New York, (1984).

Valentino Magnani: Dipartimento di Matematica, Largo Bruno Pontecorvo 5, 56127 Pisa - Italy

E-mail address: magnani@dm.unipi.it

Davide Vittone: Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa - Italy E-mail address: d.vittone@sns.it