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ABSTRACT. We study the symmetry properties for solutions of elliptic systems
of the type

(=2t u = Fi(u,v),

(=A)% v = Fy(u,v),

where F € CH! (R?), si,s2 € (0,1) and the operator (—A)® is the so-

loc
called fractional Laplacian. We obtain some Poincaré-type formulas for the a-

harmonic extension in the half-space, that we use to prove a symmetry result
both for stable and for monotone solutions.

1. INTRODUCTION

In this paper we deal with the following system in R"

(—A)" u= Fi(uv),
(1.1) { (—A)2 vy = F;(u,v)7

where s1,s5 € (0,1), F € C’llo’; (IRQ), and F} and F, denote the derivatives of F
with respect to the first and the second variable respectively.

As customary, we denote by (—A)®, with s € (0,1), the fractional Laplacian.
We recall that it can be defined, up to a multiplicative constant, by the following
formula
(1.2) (—A)*u(x) = P.V./ uz) —ulw)

re |7 —y|" e
where P.V. denotes the Cauchy principal value (see [19] for the definition and for
further details).

If one looks at the quantity (—A)® from a distributional point of view, it is
well-defined on every u belonging to the space

1 + ‘x|)n+28

We observe that, in particular, the fractional Laplacian is well-defined on smooth
bounded functions.

Ty = {u e S (R"): /]Rn (|u($)|d:v < +oo} NnCE . (R™).
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Notice that the integral in (1.2) is convergent at infinity, because of the L'
assumption, and it is well-defined near the singularity, thanks to the assumption
Of CZZOC

We also recall that the fractional Laplacian has a nice probabilistic interpreta-
tion, indeed it can be seen as the infinitesimal generator of a Levy process (see, for
instance [7] and [43]).

Equations containing the fractional Laplacian or more general nonlocal operators
arise in several areas such as optimization, flame propagation and finance, see for
instance [12, 17, 22]. In [2, 33] the authors studied phase transitions driven by frac-
tional Laplacian-type boundary effects in a Gamma convergence setting. Finally,
in [16], power-like nonlinearities for boundary reactions have also been considered.

Aim of the present paper is to prove some symmetry results for the system (1.1).

-regularity *.

Similar results have been obtained in [5] for the system

Au = uv?,
(1.3) Av = vu?,
u,v > 0.

A system like this arises in phase separation for multiple states of Bose-Einstein
condensates. The authors proved the existence, symmetry and nondegeneracy of the
solution to problem (1.3) in R; in particular, they showed that entire solutions are
reflectionally symmetric, namely that there exists zg such that u(z—xz¢) = v(zo—x).
Moreover, they estabilished a result that may be considered the analogue of a
famous conjecture of De Giorgi for problem (1.3) in dimension 2, that is they proved
that monotone solutions of (1.3) in R? have one-dimensional symmetry under the
additional growth condition

(1.4) u(z) +v(z) < C(1+ |z|).

On the other hand, in [36], it has been proved that the linear growth is the lowest
possible for solutions to (1.3); in other words, if there exists o € (0,1) such that

u(@) +v(x) < O(1 +[z])?,

then u =v = 0.

In [6] the authors proved that the above mentioned one-dimensional symmetry
still holds in R? when the monotonicity condition is replaced by the stability of the
solutions (which is a weaker assumption). Moreover, they showed that there exist
solutions to (1.3) which do not satisfy the growth condition (1.4), by constructing
solutions with polynomial growth.

In the paper [44] it has been proved that, for any n > 2, a solution to (1.3) which
is a local minimizer and satisfies the growth condition (1.4) has one-dimensional
Symimetry.

In [29] the authors proved that the symmetry result discovered in [5] holds also
for a more general class of nonlinearities.

Finally, in [20], the author considered a class of quasilinear (possibly degenerate)
elliptic systems in R™ and proved that, under suitable assumptions, the solutions

1We remark that for u € C? (R™) the singular integral in (1.2) is well-defined for any s € (0, 1).
Obviously, depending on the values of s, it is possible to relaxe such assumption.
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have one-dimensional symmetry, showing that the results obtained in [5, 6, 29] hold
in a more general setting.

Symmetry results as the ones described above are also well-understood in the
case of one equation. In particular, De Giorgi conjecture on the flatness of level sets
of standard phase transition has been studied in dimension n = 2,3, see [1, 3, 4,
31, 32]. Moreover, under an additional assumption on the behaviour of the solution
at infinity, in [37] the author proved the conjecture up to dimension 8. Finally,
in dimension n > 9 Del Pino, Kowalczyk and Wei constructed a solution to the
Allen-Cahn equation which is monotone in one direction but not one-dimensional,
see [18]. Tt is also worth noticing that an analogous of the De Giorgi conjecture
has been studied for more general operators. In particular we mention [26], where
quasilinear operators of p-Laplacian and curvature type are considered, and [9],
where the authors proved a similar De Giorgi-type result for an equation involving
the fractional Laplacian in dimension n = 2 and s = 1/2, see also [8, 10, 11] for
further extensions.

In order to perform our analysis, we borrow a large number of ideas from [39],
where the authors consider the following nonlocal equation

(1.5) (=AY’ u= f(u) in R",

and study the symmetry properties of the solutions. In particular, they prove
that the analogue of the De Giorgi conjecture holds for equations of type (1.5) in
dimension n = 2.

The study of this nonlocal equation is based on the fact that problem (1.5)
can be reduced to the a-harmonic extension in the half-space. In fact, one can
consider the following boundary reaction problem for U = U(z,y), with x € R"
and y € (0, +00),

div (y*VU) =0, on R :=R" x (0, +00),

lim, o+ (—y“0,U) = f(U), on R™ x {0}.
Then in [14] the author proved that, up to a normalizing factor, the Dirichlet-to-
Neumann operator T', : U] R —y*0, U] R+ is precisely (—A) 2 . This

means that U(x,0) is a solution of
(~4) 7" U(,0) = f(U(x,0)).

Notice that the requirement 15 = s in (1.5) implies that o € (—1,1).

From a qualitative point of view, the result obtained in [14] asserts that if one
add a variable then one can localize the fractional Laplacian. This result has a
fundamental role, for instance, in the regularity theory for the quasigeostrophic
model, see [15], and in the free boundary analysis, see [13].

We notice that div (y*V) is an elliptic degenerate operator, but, thanks to the
fact that a € (—1,1), we have that the weight y* is integrable at 0. This type of
weights falls into the set of the so-called As-Muckenhoupt weights, see for exam-
ple [35]. Remarkably, an almost complete theory for these equations is available,
see [24, 25]. In particular, one can obtain Holder regularity, Poincaré-Sobolev-type
estimates, Harnack and boundary Harnack principles.
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In this paper we want to show symmetry properties for phase separations driven
by fractional Laplacian. Our proof will be rather simple, and we will require min-
imal assumptions; for instance, we will take the nonlinearities Fi, F5 to be just
locally Lipschitz. Our approach is based on a Poincaré-type formula, which in-
volves the tangential gradients and the curvatures of the level sets of the solution.
This type of inequalities are well known in the case of one equation. They were
firstly studied in [40, 41] for the classical uniformly elliptic semilinear framework
and then they were successfully applied to more general families (also degenerate)
of equations in [26]. We also recall [29, 20, 21] where Poincaré inequality has been
studied in the case of systems.

We borrow a large number of ideas from [26] and [39], where the authors give
some geometric insight on more general types of boundary reactions.

We consider F € C\! (IRQ), and we study the following elliptic system in R"

loc

(—A) u = Fy(u,v),
o R R A
where I and F5 denote the derivatives of I’ with respect to the first and the second
variable respectively, and s1, s € (0,1).
It is possible to prove, using a Poisson kernel extension (see [39]), that (1.6) can
be reduced to the following extension problem

div (y**VU) =0, on R,
(L) lim, o+ (—y*10,U) = F1(U,V), on OR’ ",

div (y*2VV) =0, on R,

lim, o+ (—y®28,V) = F»2(U, V), on OR’ ",

where oy =1 — 251 and oy = 1 — 255.
In our setting, we deal with weak solutions to (1.7), that is, we require that U,V €
Lo (R, with

(1.8) Yy |VU, y*2|VV|* € L' (Bf)
for any R > 0, and that U,V satisfy?
[mvvva=[  Rwve
R ORY T

(1.9)
/]Rn+1 yaZVV'VEQ :/ FQ(U,V)SQ,

n+1
ORYY

for any &;1,&s - BE — R bounded, locally Lipschitz in the interior of Ri“, which
vanish on R’7"!\ B and such that

(1.10) Yy V&G, y*2|VEIP € L (BY) ,
where, as usual, we denote by BE = BrnN IR’}FH, and Bp is the ball of radius R

centered at the origin in R"*1.

2We notice that (1.9) makes sense, thanks to condition (1.8). In Lemma 3.1 we will see that
if U and V' are bounded, then it is always satisfied.
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In order to state our main result, we give the definition of monotone and stable
solution.

Definition 1.1. We say that a solution (U,V) of (1.7) satisfies a monotonicity
condition if

: n+1
(1.11) Up, >0>V, inR".

Definition 1.2. When F € C?_(R?), we say that a solution (U, V) of (1.7) is
stable if

L+ ya1‘vgl‘2 +/B+ ya2|v52|2
(1.12) n n

_/a (Fii(U, V)& + Fau(U,V) & + 2F12(U, V) &1 &) > 0,
B+

R

for any &1, &> as above.

In our general framework, since F; and F> may not be everywhere differentiable,
the integral in (1.12) may not be well defined. Therefore it is convenient to introduce
the sets

2 :={(t,s) € R? : Fi1(t,s), Fia(t,s), Fao(t,s) exist},

and
N =R\ 2.
It is known that
(1.13) the set .4 is Borel and with zero Lebesgue measure

(see pages 81-82 in [23]). Moreover, we consider the sets
N = {z € R" : (u(z),v(x)) € A},
and
Doy = R\ N,
Therefore, in our setting, we say that (U, V) is a stable solution to (1.7), if
(1.14)

/ya1|V€1|2+/ Y| V& |?
BF BF

R R

—/ (Fu(U, V)& + Faa(U, V) 5 + 2F12(U, V) &1 &2) > 0,
OB}ENDuy

Of course, (1.14) reduces to (1.12) when F is in C?

loc

(R?).

Remark 1.3. The stability condition (1.12) is usually related to minimization prob-
lems. In particular, it states that the energy functional associated to the system
has positive (formal) second variation (we refer to [1, 3, 26] for more details). Tt is
worth noticing that, under an additional assumption on the sign of Fi2, the notion
of monotonocity implies the one of stability (see Proposition 6.1).
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According to [26, 40, 41], we introduce the following notation. For any fixed y > 0
and ¢ € R, we define the level sets

Su = Suye={zeR":U(z,y) =c},

Sy = Svyec={reR": V(z,y)=c}.
We also define
Ly = LUyCZ:{.’IJESU'V U( )750},
Ly = Lv7y7 = {.13 €Sy :V, V( ) 75 O}

Moreover, we recall that the tangential gradient Vi, and V,,, along L;; and Ly
respectively is defined for every point x1 € Ly and every point x5 € Ly, and for
any G : R — R smooth in the vicinity of x; and x5 respectively as

Vi,G(z1) = V,G(x1)— <VIG($1) |V Ugi ;|) |V UEi §|7
Vi, Gze) = ViG(a2) - (VxG(“) V., Vg ;) Vo ng: ;l'

Since Ly and Ly are smooth manifolds, we can define the total curvature as

n—1
Ky = (k;UJ(a:,y))Z, for any = € Ly,

=1

n—1
Ky = (kVJ(x,y))Z, for any x € Ly,

j=1

where

kua(z,y), ... kun—1(z,y), for any = € Ly,

kva(z,y),. .., kvin_1(z,y), for any x € Ly

are the principal curvatures of Ly and Ly respectively.
Finally, we set

R = {(z,y) € R™ x (0, +00) s.t. V,U(x,y) # 0},

(1.15) )
%”Jr = {(z,y) € R" x (0,4+00) s.t. V.V (z,y) # 0}.

Now, we state a geometric formula both for monotone and for stable solutions
o (1.7):

Theorem 1.4. Let (U,V) be a monotone weak solution of (1.7) such that given
R > 0 there exists C' > 0, depending on R, such that

(1.16) IV2U|l Lo mr x0,R)) + I V2V Lo mn x (0,r)) < C-
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Then,
2
/ Y <%§|va|2 + ViV, )@2
zy
2
O Il € AR A R
A

< / (™ VLU + 42|V, V]2) [Vl?
R

+
v, U, ’
+/ Fiy(U V) || =22V, U + | =2V, V
Rt an _an
+

for any R > 0, and any Lipschitz function ¢ : R"*! — R which vanishes on R’} ™\
Bp.

Theorem 1.5. Let (U, V) be a stable weak solution of (1.7) such that given R > 0
there exists C > 0, depending on R, such that
(1.17) VUl Lo mn x(0,R)) + IV2V Lo (mn x (0,r)) < C-

Then,
2 2 2 2
/ Yo (%U|VIU| + |V 1y 9.0 )w
&yt

2
+/ Y2 (%V“‘Wm? + ]vmvm‘ )<p2
3!

< TP 4y YR VP
R
72/ X Fio(U, V) (VLU - |V V| = VU -V, V) 2,
Rt

for any R > 0, and any Lipschitz function ¢ : R" T — R which vanishes on ]Ri“\
Bg.

An immediate consequence of Theorems 1.4 and 1.5 is the following:

Corollary 1.6. Let (U, V) be a weak solution of (1.7) such that given R > 0 there
ezists C' > 0, depending on R, such that

(1.18) IV2Ull oo (rn x (0,R)) + V2V || Loo (rn x (0,R)) < C-

Suppose that either
the monotonicity condition (1.11) holds, and F1o(U,V) < 0,
or

(U, V) is stable, and F15(U,V) > 0.
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Then,

2
/ v (HBIVLUP + [V, VLU || ) 2
i
2
(1.19) +/ N Y2 (%§|VIV|2+‘VLVVIV|’ )@2
Fan

<[ VU 4 TP [P,
Ry
for any R > 0, and any Lipschitz function ¢ : R*"*1 — R which vanishes on IRT'I \
Bg.

Notice that we can consider the geometric formula (1.19) as a weighted Poincaré
inequality, because the weighted L?-norm of any test function is bounded by a
weighted L%-norm of its gradient.

The second result that we state is a symmetry result in dimension n = 2 for the
system (1.7):

Theorem 1.7. Let (U, V) be a bounded weak solution of (1.7) and let n = 2.
Suppose that either

the monotonicity condition (1.11) holds, and Fy2(U, V) <0,
or
(U, V) is stable, and F12(U,V) > 0.
Then, there exist wy,wy € S*, and Uy, Vo : R x [0, +00) — R such that
Uz,y) = Uolwu - 2,y),  V(z,y) =Volwy - z,y)
for any (z,y) € R3.
Theorem 1.7 says that, for any fixed y > 0, the functions * € R? — U(x,y)
and x € R? — V(z,y) depend only on one variable.
We finally state the symmetry result for the system (1.6). For this, we denote
by 3(u,v) the image on the map (u,v) : R* — R?, i.e.
S(u,v) := {(u(x),v(z)), x € R"}.
Of course, the behavior of F' is relevant for our problem only at points of &(u,v).

Then the following symmetry result holds:

Theorem 1.8. Let u,v € C},
and F € C11(R2).

loc

Suppose that either

(R™) be a bounded solution of (1.6), with n = 2

Ugy > 0> vy, and Fia(u,v) <0 in S(u,v),
or
condition (1.14) holds and Fia(u,v) >0 in S(u,v).
Then, there exist wy,w, € ST and ugp,vo : R = R such that
u(x) = up(wy - ), v(z) = vo(w, - ),

for any x € R2.
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Moreover, if we assume in addition that either
Uz, > 0> vy, and there exists a non-empty open set Q C R?

(1.20)
such that Fia(u(x),v(x)) <0 for any x € Q,
or

(1.21)
condition (1.14) holds and

there exist two open intervals I,,, I, C R such that (I, x I,) N S(u,v) # &
and Fi2(u,0) > 0 for any (u,v) € I, X I,

then u and v have one-dimensional symmetry, and w, = w,".

Recently, the preprint [42] considered the particular case of the square root of the
Laplacian for the specific potential F(u,v) = —u?v?, showing, among other things,
that solutions with some growth at infinity (in particular, bounded solutions) are
necessarily constant.

Our results apply to a more general setting, in which, in general, it is not true
that bounded solutions are constant, even if they depend only on one variable. For
instance, our results comprise, as a particular case, the uncoupled system of frac-
tional phase transition problems of Allen-Cahn type (see [11, 39]), which possesses
heteroclinic solutions.

On the other hand, these methods may be used, in some circumstances, under
some energy growth assumptions or some control of the geometric features of the
ambient space, to prove that a special class of solutions reduces to the constants,
see [27, 28, 30].

2. REGULARITY THEORY FOR THE SYSTEMS (1.6) AND (1.7)

In this section we prove some regularity results that we will need in the sequel.
We borrow some ideas from [10].

Lemma 2.1. Let (u,v) be a bounded weak solution of (1.6) and assume that F €
CYNR2). Then u € CYP1(R") and v € CYP2(R™), for some 0 < 1,0 < 1

loc
depending on n, 1,82 (possibly equal).

Proof. Suppose that s; < so. Since u and v are bounded and Fy, Fy are CZOO’C1 (R2?),
Fi(u,v) and Fy(u,v) are also bounded. Therefore, we can apply Proposition 2.9
in [38] to obtain that

1) if 2s; > 1, then u € CH*(R") for any o < 2s7 — 1,

2) if 2s; < 1, then u € CO%(R™) for any o < 2sy,

and

1) if 2s9 > 1, then v € C1*(R™) for any o < 259 — 1,
2)" if 2s5 < 1, then v € C%%(R") for any a < 2s5.

3Notice that if Fi2 is continuous in R™, then both in (1.20) and in (1.21) it is sufficient to
require that there exists a point £ € R™ such that Fi2(u(Z),v(Z)) < 0 and Fi2(u(Z),v(z)) > 0
respectively.



10 S. DIPIERRO AND A. PINAMONTI

Hence, if 1) and 1)" hold, we have the thesis.

If 2) and 1) (respectively 2)’) hold, then, for any o < min{2s;,2s9 — 1} (re-
spectively a < 2s1), u € C%*(R") and v € CH*(R"™) (respectively v € C%(R"™)).

Therefore, also F(u,v) and Fy(u,v) are in C%(R").
Now, we can apply Proposition 2.8 in [38] to obtain that
i) if o+ 251 > 1, then u € ChaF2s1=1(R"),
ii) if o +2s; < 1, then u € CYFT251(R"),
and
i) if a + 289 > 1, then v € ChaF2s2=1(R"),
ii)” if a + 2s9 < 1, then v € CO+2s2(R™),
Hence, if 7) and )’ hold, we have the thesis.

Whereas, if 4i) and i)’ (respectively ii)’) hold, then v € C%**251(R") and v €
Cchot2se=l(Rr) c C%et252-1(R") (respectively v € C%*T252(R")), which im-
plies that u,v € C®#(R"), with 8 = min {a + 25, + 255 — 1} (respectively § =
a + 2s1). Indeed, suppose for instance that min {o + 2s1, o + 259 — 1} = a + 257,
then v € CZO o’g+281 (R™) from the classical embedding of Holder spaces, which actu-
ally means that v € C%+251(R") since v is bounded; in the same way one proves

also the other cases.

Therefore, F (u,v) and Fy(u,v) are C%#(R™), and we can apply again Proposi-

tion 2.8 in [38].

Hence, in a finite number of steps, we will end up with o 4+ 2ks; > 1 or a +
k(2so — 1) > 1 or a + k(281 + 289 — 1) > 1 for some integer k. This gives the

thesis.
Now, we recall the following result from [14]:

Lemma 2.2. The function

11—
Yy n
(2.1) Po(z,y) = Cna W’ (z,y) € R" x (0, +00)
s a solution of
(2.2) —div (y*VP,) =0 on R™ x (0, +00),
’ P, = dy on R™ x {0},

where o € (—1,1) and Cy, o is a normalizing constant such that
/ P, (z,y)dr = 1.
Now, if u, v are bounded solutions to (1.6), we consider the functions

23)  Ulew)= [ Pule-sueds= [ PuCou-0d,

n

@) V)= [ Pul-appeds= [ PuCoe-od.

n

O

where a; =1 —2s7 and as = 1 — 2s5. We observe that U, V' are bounded in ]RT'l,

because u, v are bounded in R" and P,, (z,-) € L*(R"™) for i = 1,2.
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Lemma 2.3. Let (u,v) be a bounded weak solution of (1.6) and assume that F €
ch 1(]R2) Let U,V be the functions defined in (2.3) and (2.4) respectively, then

loc
HUHCo,ﬁl (W) + ||V$U||Co,ﬁl (]Ri_H) < Cl

and

< (Cy

||V||CO’E2(W) + ||VIV||CO,32 (W) =

for some positive constants

C1 = C1(n, 51, 82, | F1| 0o (r2), [|ull oo (mn))
and

Ca = Ca(n, s1, 52, [|[F2 | cor ey, [|v][ oo (rr))-

Proof. We first notice that we can rewrite the Poisson kernel in (2.1) as
yl—(x
Po(z,y) = Cnoa—————5=—=
(2> +92) 2

where

Qa(z) = —H;_a

Hence, we can write U as

U(Z, y) = / Pa1 Cv C) dC

- nm/Rn;n ()u<x—<>dc
I

by the change of variable % =
Hence,

|U(z1, 1) — Ulz2,y2)|
< Cou / fu(zr — 12) — (@2 — 422)| Qus (2) d2

< CHUHLOO(]R")/ |z —y12 — 22 —yzz\ﬁlQm(Z) dz
IRn

< Cllull=qm (xl—xﬂﬂyl—wl / z|ﬁ1c2a1<z>dz).
]R"IL

Applying this fact also to U, for any j = 1,...,n we get the conclusion for U.
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In the same way we obtain the estimates for V' and this concludes the proof. [

The following result concerns a bound for solutions of problem (1.7).

Proposition 2.4. Let (u,v) be a bounded weak solution of (1.6) and assume that
F e CUYR2). Let U,V be the functions defined in (2.3) and (2.4).

loc

Then, given R > 0, there exists C' > 0, depending on R, such that
(2.5) IVaUllLe ®nx(0,r)) + V2V Lo e x(0,7)) < C-

Proof. We notice that, thanks to Lemma 2.3, V,U and V,V are bounded, for
instance, in R;"'N{0 < y < 1}. Whereas, in R7*'N{y > 1}, the equations in (1.7)
are nondegenerate and therefore standard elliptic arguments imply the gradient
bounds. O

3. SOME USEFUL LEMMAS

In this section we prove some lemmas that will be useful in the sequel.
First of all, we obtain energy estimates needed for the proof of Theorem 1.7.

Lemma 3.1. Let (U, V) be a weak solution of (1.7).
Then, for any R > 0 there exists C, possibly depending on R, such that

(3.1) Iy IVUPl gy <C, ly*2IVVE Ly < C

Moreover, if n = 2, then there exists Cy > 0 such that for every R > 1

(3.2) / Yy |VU]? < CyR?, / y2|VV|? < CoR%.
B By
Proof. We choose a cutoff function ¢ € C§°(Bjy), with ¢ > 0, ¢ = 1 in B}
and V| < %, with R > 1, and we test the weak formulation in (1.9) with & = Up?
and & = V2. We notice that, thanks to (1.8) and the properties of o, the
condition (1.10) is satisfied, and then these test functions are admissible.
Then, from the first equation in (1.9), one gets

/ X Yo (|VU|2<p2+2<pVU-w)=/ FL (U, VU
R

n

Therefore, using the Cauchy-Schwarz inequality, we have

[ omvuRe = w2 [ vt Ves [ R@vos
R:+ Ri+1 R™

1
f/ y‘“IVU|2902+2/ Y1 Vel
2 R R

+ / R(U.V)| U]
R7L
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This and the properties of the cutoff function ¢ imply that

o C (03
[ ovmivvr < 5 vz [ (. V)V]
By, Bip\B}; {l2|<2RIN{y=0}

R
C 2R
< = / / y*“dxdy + CR"
R2 Jo  J{zl<2Rin{y=0}

< CRv % 4 OR",

which gives (3.1), and in particular, if n =2 and R > 1, (3.2).
In the same way we obtain the same estimates for V. O

IN

Next we obtain a bound for further derivatives in x:

Lemma 3.2. Let (U, V) be a weak solution of (1.7). Suppose that (2.5) holds.
Then, for any r > 0, we have that
Y VUL, 2, |V Va2 € LV(B)).
Proof. Given |n| < 1, n # 0, we consider the incremental quotient of U and V'
Ulxy,...,xj+n,..20,y) = Uz, .o, 25,0, 20, Y)

U,(z,y) = ,
n(z,y) )
Vi (2,y) = V(wl,...,xj—l—n,...,xn,yz—V(xl,...,xj,...,xn,y).
Since F} is locally Lipschitz and (2.5) holds, we have
1
(F(U, V)], = 5(Fl(U(xl,...,xj+n,...,:cn,o),V(:cl,...,:cj+77,...,:1:n,o))
fFl(U(acl,...,xj,...,xn,O),V(xl,...,xj,...,xn,O)))
C
< Z(|U(a:1,...,xj+77,...,:En,0)fU(:cl,...,xj,...,:cn,())\
+|V(x1,...,xj+77,...,xn,0)—V(xl,...,xj,.‘.,xn,O)\)
< C(|Uy(z,0)| +[Vy(z,0)])
< C(IV.U(2,0)] + [V, V(2,0)])
(3.3) < C.

Now, we take & satisfying the conditions required in (1.9). Then, the first
equation in (1.9) implies that

/ YUV, - Ve — / F(U V)], &
]RiJrl n

(3.4) = — \/]Rn+1 YU -V (&) -y + /n Fi (U, V) (&) -y

=0.
We consider a smooth cutoff function ¢ € C§°(Br+1) such that ¢ > 0, ¢ =1
in Bg and |V| < 2. Then, taking & := U,¢? in (3.4), one obtains

65 [ v VUL 200,90,-99) = [ ROV U,
+

n
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We notice that, thanks to (1.8), (2.5) and the properties of the function ¢, the
conditions in (1.10) are satisfied, and therefore the above choice of & is admissible.
Now, using the Cauchy-Schwarz inequality, we have that, for any € > 0,

/ Yy U, VU, -V > —5/ y 1¢2|VUn\2—§/ y U | Vel
R:L_Jrl ]R1+1 € ]R1+1

Hence, for e sufficiently small, (3.5) gives

/ ya1¢2|VUn|2 <C (/ yalUﬁ +/ [FL(U, V)], U,7> .
R Bf; {lz|<R+1} x{y=0}

R+1

Thus, from (2.5) and (3.3), we have that

/ Y VU2 < ©
B+

R

uniformly in 7. Now, we send 7 — 0 and we use Fatou lemma. Then we get the
thesis.
Reasoning in the same way we obtain the same claim for V. O

Next, we state some regularity results that we will need for some subsequent
computations (see [39] for the proof).

Lemma 3.3. Let (U, V) be a weak solution of (1.7) satisfying (2.5).
Then,

for almost any y > 0, the maps x € R" — VU (z,y)

3.6
(3:6) and x € R" — VV(x,y) are in VVlloc1 (R™, R™*1),
and
n
the maps (z,y) € R} s y™ (VU |* + Uy, I?)
j=1
(3.7) e
and (z,y) € R s yo2 (IVVa, 2+ Vi, )
j=1
are in L*(B;Y), for any r > 0.
Moreover,
2
the maps (z,y) € R s y™ <’V|VmU|’ + |VIU|2>
(3.8)

2
and (z,y) € R} sy (‘vaw’ + |V1’V|2)

are in LY(B}), for any r > 0.

4. A DENSITY RESULT

In this section we prove a density result that will be useful in the sequel.
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We use (3.6) to say that
(4.1)

/ yalVij = / Yo < Vij (bdx) dy = _/ y“vu - ¢$]"
Ri+1 0 R™ ]RiJrl

/ Y2V, -w=/ v ( s 'ﬂ}d”:) dy = _/ YV sy,
R 0 R" Ry

for any j = 1,...,n and any ¢, € C=(RT R).
Now, using the first equality in (4.1) and the first equation in (1.9), we obtain
that, for any j =1,...,n and any ¢ € C"X’(RT'I) supported in Bp,

/ yoq VUwJ . v¢ — _/ yal VU - V(wa
R

n+41
R+

:_/ FI(U7V)¢mJ
ORI
- [ w9
Zm
:/@ (FH(U,V)U%. —|—F12(U,V)V$j)¢).

In the same way, using the second equality in (4.1) and the second equation in (1.9),
we have that, for any j = 1,...,n and any ¥ € COC(IRTFI) supported in Bg,

/ YV, Vi = / YOIV -V,
Ri+1 Ri+1
__ / Fo(U, V) th,
anﬂ“
- [ wwvy,
Duw

= /@ (Flg(U, V)ij —I—FQQ(U, V)ij)’lﬂ

In the next sections we will need to use (4.2) and (4.3) for less regular test
functions. To do this, we prove the following:

Lemma 4.1. Let (U, V) be a weak solution of (1.7) satisfying (2.5).
Then, we have that (4.2) and (4.3) hold for any j = 1,...,n, any ¢,v € WOM(B)
and any ball B C RT‘l.

Proof. Let us prove (4.2). In the same way one can obtain also (4.3).

Given ¢ € Wy?(B), we consider a sequence of functions ¢ € C§°(B) which
converge to ¢ in VVO1 2(B). Therefore, since (4.2) holds for any function ¢, €
C’°°(]R’_f_+1) supported in B, we have that

(4.4) / N yQIVij Vo = / (Fll(Ua V)Uarj + F12(U, V)ng‘) G-
R Duw
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Also,
/ Yy VU, -V (¢ — ¢)|
Ry
+ / (Fll(va)Uzj + F12(Ua V)VZE]) (¢k‘ - ¢)'
1/2 1/2 1/2
ay 2 _ 2 ay
< (/By |VU%> (/vak ¢>|) </By )

1/2 1/2
+ </ |F11(U7 V)Umj + F12(U7 V)V:E7 2> </ ‘Qbk - ¢|2> ’
BN Dy B

which tends to zero as k — 400, thanks to (3.7), the local integrability of y** and
the assumptions on U. The latter consideration and (4.4) give (4.2). O

5. MONOTONE SOLUTIONS AND PROOF OF THEOREM 1.4

Recalling the definition of monotone solution given in (1.11), in this section we
obtain some geometric inequalities and we prove Theorem 1.4.

Proposition 5.1. Let (U, V) is a weak solution of (1.7) satisfying (2.5). Suppose
that the monotonicity condition (1.11) holds.
Then,

V,
/ Yy |vE |2 > / (FH(U, V) + Fio(U, V)2 > ¢2
]Ri,+1 @ ULE

n

uv

(5.1)

Uy,
and / y*2|VEy|? > / (Flg(U, V) + Fgg(U,V)> €2,
R 2 Ve

uwv n

for any &1,&s : B;g — R bounded, locally Lipschitz in the interior of Ri“, which
vanish on R\ Br and such that

Y Ve, Y2 | VE|P € LY(BE).
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2
U§1 . Notice that Lemma 4.1 implies that we can

Proof. We exploit (4.2) with ¢ :=
use it as test function in (4.2). Therefore, we have

Va
/ (FH(U,V)+F12(U,V) ">§§
Duv

U,
2
foretee ()
R+ Ug,
/ yalvUrn . <2€1v£1Urn - S%VUL?)
R

Uz
. 2
/ yal (251 v€1 Van _ %|VU$n‘ )
Ry

Us. Uz
_ aq
fowe?
.

/]Rn+1 y™ |V§1|2,

+

2

VU,
&1 U, = — V&

n

+/ Y|V
R% T

IN

which proves the first inequality in (5.1). In the same way one can prove also the
second inequality and this concludes the proof. (I

Theorem 5.2. Let U,V as in the hypotheses of Theorem 1.4.
Then, we have that

2
/@n+1 yal (‘%/UQV:IUZJ|2 + ‘VLU‘V:EUW ) ¢2
Zy

(5.2)
< /R MILUPIVeP + / Fi(U.V) (VEU Vv |va|2> ¢,
+ Tn
and
« 2 2 2 2
[ (v s [wuva[) v
5.3) O ’
< [ VVEVeR+ [ Ra@y) (va-vzv— “’"WIVP) #,
R R Ve,

for any R > 0, and any Lipschitz functions ¢, : R" T — R which vanish on RT‘l\
Bg.

Proof. We prove first (5.2). By using the first inequality in (5.1) with & := |V, U|¢,
we have
(5.4)

0 S /nJrl yal
R+

2
= /]Rn+1 Y™ UV(IVZU)‘ 02 + |V, URVS|? + 2| VoU|pVeh - V(|VwU|)]

V(|VIU|¢)‘2—/@ <F11(U»V)+F12(U»V)l‘j?n

Tn

>¢2|VIU|2

Ve
—/ (Fu(U, V)|V U + Fio(U, V)22
D U

Tn

|sz|2> &,
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Now, thanks to Lemma 4.1, we can use (4.2) with Uy, ¢? as test function:

/ (FH(U, V)UZ + Fis(U, V) Uy, ij) #?
Duv

/ yQIVUﬂfj Y (ij ¢2)
R

/ y‘“ (|VU ’ |2 f2 2Uzj V¢ . VI:sz) .
R™T! :
We sum over ] = l, oy,

/ (Fn (U, V)|VLUP + Fia(U, V)V,U -V, V) ¢°
Duw

(5.5) .
= /}Rn+1 Y™ Z VU, 262 + ¢V - V (|VIU\2)

Jj=1

n

Putting together (5.4) and (5.5) we get
> VU, [*¢% + ¢V -V (VLU )

o
‘/]Rn-pl Y :
+ j=1

2
< / Y™ Uv (IV.UD | 6% + V.U Vo[ + 696 - ¥ (|sz|2)}
R

Ve
+/ Fio(U, V) (VIU Y,V -
” U

wv Tn

VIU|2> 2.

This implies that

oy
/]Rn+1 y
+

g/ X y”‘1|VmU|2|V¢|2+/ Fio(U,V) (vava
R 1

n 2

> IVUL P = [V (V.U | ] ¢
(5.6) i=1
an
an

VLR ) .
Now, we take 71,72 > 0 and P € R such that By, 4., (P) C R}, From (3.7)
and (3.8) we have that |V,U| and U,, are in W"?(B,(P)), and therefore in
Wige (By(P)).
Then, by Stampacchia theorem (see, for instance, Theorem 6.19 in [34]), we
obtain that

V(IV:U[) =0

for almost any (z,y) € By, (P) such that |V, U| = 0, and VU,, = 0 for almost
any (z,y) € By, (P) such that U,, = 0.

Now, since we can take P,r; and ry arbitrarily, we obtain that V (|V,U|) =0 =
VU, for almost any (z,y) such that V,U(z,y) = 0.
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Therefore, we can write (5.6) as

/ S 0,0,)" — (0,[V.U)? | ¢
%z“ =

2
o (S e o

< /+ ya1|sz|2|V¢|2+/ Fio(U,V) (va-ngV—
R? !

V.
i |va|2) &,

where Zp"! is as in (1.15). By using a standard differential geometry formula (see,
for instance formula (2.10) in [26]), we have

n

/@"+1 y™ Z (8yUIj)2 - (8y|va|)2 ¢2

j=1
2
a2y
g/ . y”‘1|VmU|2|V¢|2+/ Fio(U, V) (VIU~V1V Ve, |VIU|2> ®?
]Rj_ i @uv Ty

Now, we observe that, on %,

ST (0,0.,)° — 0,V U = V. (8,0) P — (9,|V,U])?
j=1

(5.8) V.U -V (9,U) 2
— 2 _ | VMaU - VGY)
= IV @) P - |~

>0,

which implies, together with (5.7), that

2
/@M Y (%UQMUP + V17,0 >¢2

Vi
< / Yy |V,U 2|V +/ Fia(U, V) (sz VYV — |V1U|2> $*

]Ri+l Dunw Tn

Notice also that (1.13) and Theorem 6.19 in [34] give that
V.U =0=V.,V, almost everywhere on .4,
and therefore
Ve
/ Fio(U,V) (VIU SV, V — i VIU|2) ®?
- / Fio(U,V) (V U-v,V— Vo, |VIU|2> P2
ORI Us,

This complete the proof of (5.2). In the same way one can prove (5.3). O
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In order to prove Theorem 1.4, we take ¢ = ¢ = ¢ in (5.2) and (5.3) respectively
(where ¢ is as in Theorem 1.4) and we sum up the two inequalities to get

/@nﬁ y* (JKUZ\VJ-UP N ’VLU\VJ-UHQ) 2

+/ yo (VL + Vi [V.V][F) ¢
aytt

g/ (y* |V U +y*2 |V V]?) [Vl
R’;“
an 2 an 2 2
+ [ FuU,V) QVEU-VIV—U |V, U] - V.V @

/ (ya1|;xc|2 ya2|;ri|2)|;90|2
R
l_im V.U /Lx V.V
n z n =
La:n LG

6. STABLE SOLUTIONS AND PROOF OF THEOREM 1.5

2

©?,

+ / Fi5(U,V)
Rn

which is the desired result.

In this section we prove the Poincaré-type inequality in Theorem 1.5.
We show first that, under suitable assumptions, a monotone solution of (1.7) is
also stable.

Proposition 6.1. Let (U, V) be a monotone solution of (1.7). Suppose that
Fi2(U, V) <0. Then (U, V) is a stable solution.

Proof. By summing up the inequalities in (5.1), we have

0 < / (y* V& + 52 |VE]?)
R

+

Va U,
*/ (Fll(Ua V)& + Fo(U V)& + Fia(U,V) (U S v f%))
Duw Tn T

= [ el e veP)

+

[ (rwvig s rwvg - rawy) (6 + L6 ))

IN

/Rn+1 (y* V& |* +y*2|VE|?)

+

- / (Fu(U, V)€ + Fpo(U, V) & + 2F15(U, V) €1 65)

uv

where we have used the monotonicity condition, the fact that Fio(U,V) < 0 to-
gether with

2
- an U:c n - Va:n UI n
0< <\/ 0. 51*\/—% @) =T & + e &+26 6.

n
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This concludes the proof. ([l

Now, thanks to Lemma 4.1, we have that (4.2) and (4.3) hold for ¢ = U,, >
and ¢ = ijgﬁ respectively, where ¢ is as in the statement of Theorem 1.5. There-
fore, we have

/83+ , (P (U V)| VLU + Fia(U, V)V,U -V, V) ?
2NDuy
S AT

=17 B%

(6.1) n
:Z/ Y™ (VU ?¢* + Uy, VU, - V(p?))
=17 B%

n
_ g 2 2 . 2
—/B;y ;IVUacjl ©* + V- V(V.U?)

In the same way, we have

/ (Fio(U, V)V,U - V.V + Fpo (U, V)|V, V?) ©°
OB}ENDuy

(6.2) .
:/+ v [ DIV, P + Ve - V(IVLV]?)
BY =

By summing up (6.1) and (6.2), we obtain
(6.3)
/ Y™ Z |VUgcj|2<p2 + V- V(IV.U[?)
B, =
—i—/+ y*? Z IVVa, P0* + @V - V(IV. V)
Br =1

:/ [F11(U, V)|VUP? 4 Foa (U, V)|V, V|? + 2F15(U, V)V, U - V. V] 2.
OB N D

Now, we take &; := |V, Ul|p and & := |V, V]p in (1.14). We observe that (1.10)
is satisfied, thanks to (1.17) and (3.8), and therefore we can use here such test
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functions. Then, we obtain

0 < [ VTR [ g vOvyiePR

R BR

7/ [Fu(U,V)IVLUP + B (U, V)T,V
OBEND s
+2F(U,V)|V,U - [V, V]| ¢

= [ " [VOTUDPE + [VUPIVel + 990 V(.01

Br

+ [ v IVOVVDRG + IV.VEIVeR + oV V(9. VE)
R

—/ Fi1 (U, V)|V U + Fuo(U, V)|V, V|?
OBtND,.,

+2F2(U, V)|V, U| - |VwV|}‘P2

The last inequality and (6.3) imply

/}R L (Z@Um? = @IV U + D IVala, | |vx|vxv\2) o

+ j=1 Jj=1

n

/+ S (O,Va,)? — (0,9, V)2 +Z|vv%|2 v. |VV|‘ o
Rnl

Jj=1

n
2
@ 2
/];n#»l y ' Z|VUIJ| N ‘V‘VIUW
+ Jj=1
n 2
2 —
+/}Rn+1 LA ]vmw‘
+ j=1

< [ GOIVUP TP Vel
R
oo - FiolU,V) (VU [,V | = V.U - 9,7) ¢
ORT T NDy,
Arguing exactly as in Theorem 5.2 (see the comments after formula (5.6)) we have

that V|V,U| = 0 = VU,, for almost any (z,y) such that V,U(x,y) = 0 and
that V|V,V| =0 = VV,, for almost any (z,y) such that V.V (z,y) = 0.
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Hence, we can write (6.4) as

n

Lo [ S - ov.0)2 |

U j=1

n 2
+/ | IV UL - ‘wvmwl 2
%;*’1 j=1 .

n

g A DAY A P
\%4

Jj=1

n 2
+/ DA A AT S
2y j=1

< / (4 (VLU + 22 [V, V) [Vgl?
Rn+1

+

_/ Fio(U, V) ((VaU| - [VaV| = VU - Vo V) 2.
17

uv

By using again a standard differential geometry formula (see, for example, for-
mula (2.10) in [26]), we have

n

y™ 0yUs,)? — (0,|VLU|)? | ¢
Lo | S0 - w012 | ¢

Jj=1

2
+/ L (J{gvxmh‘v@vxm‘ )<p2
z!

" /@(;ﬂ v Z(ayvijy - (ay|szD2 ¢°

j=1

(6.5)
2
+ / Yo (%&vmw? + |Viy IV V| )wg
i
\%4
< / (4™ (VLU 2 + 52 |V, V[2) [V
R
_/ Fia(U, V) (|VaU| - [VaV| = Vol - Va V) 2.
Duw
Recalling (5.8), we have that, on %Z}H,

(9,Us,)? — (8,|V.U)? = 0.
1

n
=
In the same way, one can see that, on %3“'1,

n

> 0y Va,)? = (9,|VV])? > 0,

Jj=1
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The last two inequalities and (6.5) imply that
2 2 2\ o
/ Y (%UWQEU + |1l V.| )(p
i
2
+/ L (%&vmu ]vmvm‘ )@2
&y

< [ GPITUR 4y 9LV T

+

- / Fio(U, V) (VU] - VoV = VU - Vo V) 2.
@uu

Notice also that (1.13) and Theorem 6.19 in [34] give that
V.U =0=V.,V, almost everywhere on .4,

and therefore

/ Fio(U, V) (VU] - [VoV] = VU - V. V)
-@'U/@
- / Fio(U, V) (IV4U] - VoV = VU - V, V) 0.
ORIy
This and (6.6) complete the proof of Theorem 1.5.

7. PROOF OF THEOREM 1.7

In order to prove Theorem 1.7 we will test the geometric formula in (1.19) against
a suitable test function in such a way that the left-hand side vanishes. Hence, this
will imply that the tangential gradient and the curvature of the level sets of the
functions U and V/, for fixed y > 0, vanish. The conclusion will be that these level
sets are flat, as we desire.

In the sequel we will denote by X := (z,y) the points in IRTIH.

For any p; < p3, we define

‘%)lez = {X S ]R:L_-i_l : |X| S [pl,pg}}.
We have the following lemma (see Lemma 10 in [39] for a simple proof):

Lemma 7.1. Let R >0 and h : BE — R be a nonnegative measurable function.
For any p € (0, R), let

n(p) == [ h

B}

Then,

h(X) ot (R
[y [0 00D

We will deduce Theorem 1.7 from the following symmetry result, which holds in
any dimension n.
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Theorem 7.2. Let the assumptions of Corollary 1.6 hold. Suppose that U,V are
bounded. Moreover, assume that there exists Cy > 1 such that

(7.1) / Yy |VU|? < CyR?, / y*2|VV|* < Oy R?
By By
for any R > Cy.
Then, there exist wy,wy € S, and Uy, Vp : R x (0,+00) — R such that
(7.2) Uz,y) = Uolwu - 2,y),  V(z,y)=Volwy - z,y)
for any (z,y) € R
Proof. We apply Lemma 7.1 with h(X) = y“|VU(X)[? + y*2|VV(X)|? and we
use (7.1) to obtain that
/ Yy [VUX)P +y*2 | VV(X)?
% | X[?

(7‘3) <CilogR
VR,R
for a suitable C7, and for R large enough.

Now, we chose conveniently ¢ in (1.19). For any R > 1, we define the function ¢ r

as
1 if | X| < VR,
(7.4) pr(X) = q2leleslXl i VR < |X| <R,
0 if | X| > R.

Notice that

X”@\/ER
v X)| <Oy —————.
Vior(X)| < Cs ety

Now, if we plug ¢g in the geometric inequality (1.19) and we use (7.3), we have
that, for large R,

2
/ Y (%UQ|VIU|2 + |1l V.| )
#5 T NBY

2
+/ Yo <J£/V2|VIV2 + |Viy VY| )
2y Bl

(7.5)
- Cs / Yy |V U|? 4+ y*2 |V, V|2
“Ws kY Ja,, XP?
< G
“log R

Letting R — 400 in (7.5), we obtain that
HEIVLU)? + ‘VLU|V1U|‘2 —0  onant,
HEVLV ’VLV|VxV|‘2 =0 onZt,
which implies that
Hy =0 = ‘VLU|VZU|’ on 2,

=0 = ‘VLVWM‘ on ZH1.
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Then, from Lemma 2.11 in [26] or Lemma 5 in [20], it follows that there ex-
ist wyr, wy @ (0, +00) — S"~1 and Up, Vo : R x (0, +0c) — R such that

U(.’I,‘,y) = UO(wU(y) ' '/L'7y)7

(7.6) V(z,y) = Volwyv(y) - z,y),

for any (x,y) € ]R:L_H.

Now, we use the fact that S"~! is compact, to say that we can take a se-
quence y; — 0" and wy,wy € S™ ! in such a way that wfj = wU(yj) — Wy
and w{, = wy (y;) = wy. Hence, by (7.6) and Lemma 2.3, we have

U(CE) = U(.’L‘70) = ]ETOO U(.’L’, yj) = jETOO Uo(w-[j] : m7y]) = uO(WU : LL’),

v(x) =V(x,0) = jEEloo V(z,y;) = jlgr_loo Vo(wi, - z,y;) = vo(wy - x).
As in [14] and [39], we consider the Poisson kernel defined in (2.1). Then, we
also define

U*(,’E7y> = /n Pal (va)u(x - C) d< = Pozl (va)uO(wU T — Wy - <) d(a

]R’n.
V*(SL‘, y) = /n Paz (Ca y)U(LU - C) dC = - Paz (C7y)U0(wV T — Wy C) dc

Now, from the above definitions of U* and V*, we have that there exist functions
U§, Vi such that U*(z,y) = U (wy - x,y) and V*(x,y) = Vi (wy - z,9).
Now, we define the functions U := U — U* and V := V — V*. We observe that

div(y**VU) = 0 = div(y*2VV)

in R, thanks to [14] (recall Lemma 2.2). Moreover, since U and V' are bounded,
we have that U and V are also bounded. Finally, we have also that U(z,0) =0 =
V(z,0).

Therefore, by a Liouville-type result (see, for instance, the footnote 3 in [39] or
p. 431 in [13]), we obtain that U and V vanish identically.

Hence,
Ulz,y) =Us(wu - 2,y),  Viz,y) =Vi(wv-z,y),
which gives (7.2). O

In order to complete the proof of Theorem 1.7, we notice that, since the condi-
tion (3.2) is satisfied under the assumptions of Theorem 1.7, the estimates in (7.1)
hold true. Therefore, the hypotheses of Theorem 1.7 imply the ones of Theorem 7.2,
and then we get the desired conclusion.

8. PROOF OF THEOREM 1.8

We will deduce Theorem 1.8 from Theorem 1.7.

First, we would like to notice that, given a function u, the extension is not, in
general, unique. In fact, for example, one can consider the functions v := 0 and u :=
y1~%; then, they both satisfy div(y*Vu) =0 in ]Ri+1 with v = 0 on alRiH.

To prove Theorem 1.8, given functions w,v satisfying (1.6), we choose exten-
sions U,V satisfying (1.7) by the Poisson kernel in (2.1).
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Hence, if u,v are bounded solutions to (1.6), we consider the functions defined
in (2.3) and (2.4). We recall that U,V are bounded in R’ if u,v are bounded
in R™ (see Section 2, the comments after Lemma 2.2).

Next we prove a regularity result.

Lemma 8.1. Let u,v be bounded and C?
and (2.4).
Then, for any R > 0 there exists Cr > 0 such that

(R™), and let U,V be given by (2.3)

ly™ o, U || Cr,  y™9,V| <Cr

L= (5) = L(B})

Proof. We prove the estimate for U, in the same way one obtains also the estimate
for V.
Since

/ Pa1(xay)dy: 1,

(see Lemma 2.2), we can write

Vi) =u@) = [ Poslo= Gl =0 —ula)]de
— O [ PO - utely

1—ay

(¢ +42) =

Therefore,

Y19y U(x,y) =y 0, (U(x,y) — u(x))

:C%m/°[ﬂ—aﬂKP—nf]%f;O—UWHM
" ([¢PF+y?) 2
(1) Gy, [ [medl om0 cute)
I (I +92) 7
(1 = )¢ — ny?] [u(z — ¢) — u(a)]
+Cpa - dc.
*491 (ICP+y?) =

We estimate the first integral in the right-hand side of (8.1). Since the functions

(1 - )¢ ny*¢
(¢ +y2) 7 (¢ +y2) 7

are odd with respect to ¢, we have that

/ (L)l CEVul) 'CdC:0=/ V() ¢ g
[¢|<1 I<l<1 (

ni3—a; ni3—o

(I +y2) P +y?)
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Therefore, we can write

R d¢
(K +y?) 2
_ / [(1—a1)[¢” — ny?] [u(z — ¢) — u(@)]
I¢I<1

/ (1 = 1) [¢* —ny?] [u(e — €) — u()]
jcI<1

o] g
(12 + 47"
-/ (1= a)[¢? = ny?] Vu(a) - ¢
[¢I<1

5 ey dg.
(K +y?)

Hence, we get

dg

/ (1= 0n)icl? —ny?] [u(e —¢) — u(x)]

1< (I¢2 +92) 7

) / [(1 = a)[¢? = ny?] Ju(e — ¢) — ulz) — Vu(z) - (|
[¢I<1

e d¢
(¢ +v>)
(8.2) S/ [(1—al)|C|2—ny2j+Ll_7ju(x)|\§|2 i
= (5P +y) 7
|D2u(w)|n|f1|11 dc
=t (¢ +y2)

cof 1Dl
|

¢l<1 ¢ imen

<C

which is summable.
Now, we estimate the second integral in the right-hand side of (8.1):

/ (0= 00)I¢ —m?] e —Q) —u(a)
121 (¢ +92)
) cof le=0-u@)
T e (g )T
2||u||Loo(]Rn)
C ————2d(,
= =1 gt ‘

which is again summable.
Putting together (8.1), (8.2) and (8.3) we obtain the bound

||Z/O”3yUHLOO(B*§) < C (|[ull oo (rmy + 1D*ull L (B4 1))

as desired. O

Now we give the proof of Theorem 1.8. We take U, V' as defined in (2.3) and (2.4)
and we notice that (1.8) is satisfied. Indeed, thanks to the local integrability
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of y®t y*2 y~ y~*2 Lemma 8.1 and Proposition 2.4, we have

/ yUVUP = / Y9, + / Y VLU
Bt Bt Bt

R R R

/ y2a1|ayU|2y7a1 +CR/ yal
Bt Bt

R R

OR/ y +CR/ Yy
BF BF

R R
< CRa

IN

IN

and the same for y*2|VV |2

Also, we know that either (U,V) is monotone and Fi2(U,V) < 0 or (U,V) is
stable, thanks to (1.14), and F12(U,V) > 0.

Then, from Theorem 1.7 we have that there exist functions Uy and Vj, and
directions wyr, wy such that

U(.’E,y) = UO(wU : x,y), V(z,y) = VO(WV : I’,y)

for any x € R? and any y > 0.
Now, from Lemma 2.3, we deduce that U,V are continuous up to {y = 0}, and
then
U(z,0) = Up(wy - x,0), V(z,0) = Vo(wy - z,0).
Since, by (2.2), (2.3) and (2.4),
U‘BRTI = u, V|61R1+1 =,
the proof of the first part of Theorem 1.8 is complete.

We prove next the second part. Suppose first that (1.20) holds. From Theo-
rem 1.7 we know that (U, V) has one-dimensional symmetry. Therefore, by using
the inequality in Theorem 1.4, we have that

2
Vi U,
n (L'U n J;V
\/ UznV —H/*anv

< / (™ VLU 2 + 52|V, V]2) [Vf2.
Rn+1

(PQ

_ / Fia(U, V)
R’!L

Choosing ¢gr as in (7.4) and reasoning as in the proof of Theorem 7.2, we obtain

,/ V.U + _Vuvv

since F12(U, V) <O0.
By (1.20) we have that there exists Z € R™ such that F15(U(Z,0),V(z,0)) < 0.
Therefore,

Fi5(U, V)

for a.e. x € R",

which gives that
(8.4) V.U(Z,0) = h(z)V.V(Z,0),
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for some function h. Since we know that (U, V) has a one-dimensional symmetry,
we have that V,U(Z,0) is proportional to wy and V,V(Z,0) is proportional to wy .
Therefore, (8.4) implies that

(85) Wy = :th.

Now, if wy = —wy, u(z) = uo(wy - ) and v(x) = vo(wy - ), then we can de-
fine 0g(t) := vo(—t) and obtain v(x) = vg(wy - x) (i-e., from (8.5) we obtain that we
can choose wy = wy up to renaming the one-dimensional function that describes v).
Hence, we have that wy = wy .

Finally, we assume that (1.21) holds and we show that wy = wy. For this, we
observe that if u is constant, we can choose wy as we like (and in particular we can
choose wyy = wy ). Since the same argument holds for v, we may assume that

(8.6) both u and v are non-constant,

otherwise we are done. As in the case of monotone solutions, it is sufficient to
prove (8.5) (see comments after (8.5)). Hence, we argue by contradiction and we
assume that (8.5) is not true, i.e.

(87) Wy 75 :|:(JJV.

Then we claim that

there exists zy € R? such that u(zy) € I, v(zy) € L,

(8:8) Vu(zy) # 0 and Vo(zy) # 0.

To prove this, we notice that, since (I, x I,,) N 3(u,v) # @, there exists x; € R?
such that u(z1) € I, (and also v(z1) € I,). By (8.6), there exists 75 € R? such
that u(z2) # wu(z1), say u(ze) > u(z1). Hence, by continuity, there exists 3
on the open segment that joins x; and xe such that u(zs) € I, and u(zz) >
u(x1). Therefore, by the Fundamental Theorem of Calculus, there exists 24 on
the open segment that joins 27 and x3 such that Vu(zs) # 0. Now we denote m,
the hyperplane normal to wy passing through x4. Since u has one-dimensional
symmetry, we know that w is constant on 7, with value in I,,, and Vu is a constant
non-zero vector on 7, that is parallel to wy.

By performing a similar argument on v, we obtain that there exists a hyper-
plane 7, normal to wy such that v is constant on 7, with value in I,,, and Vv is a
constant non-zero vector on m, that is parallel to wy .

As a consequence of (8.7), m, and 7, must intersect. Let xy € m, N m,. Then,
since x4 € m,, we have that u(xy) € I, and Vu(zy) # 0, while the fact that =y € 7,
implies that v(xy) € I, and Vo(zy) # 0, thus proving (8.8).

By continuity, from (8.8) we deduce that

there exists a non-empty open set 2 C R? such that

(8.9) u(z) € I, v(x) € I, Vu(x) # 0 and Vu(z) # 0 for all x € Q.
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Now, since we know that (U, V') has one-dimensional symmetry, from the inequality
in Theorem 1.5 we have that

2/ X Fi(U V) (VLU - |V V| = V.U -V, V) p?
ORI

= /]R+ (Y™ IV UP +y2 Vo V) [Vl
+

Choosing ¢ as in (7.4) and reasoning as in the proof of Theorem 7.2, we obtain
Fix(UV) (VU] - |V, V]| =V, U -V, V)=0, for a.e. z € R",

since F12(U, V) > 0.
By (8.9) we have that there exists x, €  such that Fi2(U(zy,0),V (z4,0)) > 0.
Therefore,

[VoU(2k, 0)] - |V V(24,0)| = Vo U(24,0) - ViV (24, 0)
=V, U(z4,0)] - ViV (24, 0)]
V.U(24,0)  V.V(24,0)
VoU(25,0)| VoV (s, 0)]
Since V,U(24,0) = Vu(zy) # 0 and V,V(z,,0) = Vo(z,) # 0 by (8.9), we
conclude that

— |VoU(24,0)| - ViV (24, 0)] =0.

V.U(24,0)  V.V(24,0)

VoU(e,0)] [V, V (s, 0))
Since we know that (U, V') has a one dimensional symmetry, we have that V,U (., 0)
is proportional to wy and V.,V (z,,0) is proportional to wy. We obtain that

=1

Wy Wy = +1.

This and the Cauchy Inequality imply that wy = fwy. This concludes the proof
of Theorem 1.8.

ACKNOWLEDGMENTS

The authors want to thank Enrico Valdinoci for very helpful discussions and
comments and the anonymous Referee for his or her deep observations.

REFERENCES

[1] G. ALBERTI, L. AMBROsIO, X. CABRE: On a long-standing conjecture of E. De Giorgi: sym-
metry in 3D for general nonlinearities and a local minimality property. Acta Appl. Math. 65,
no. 1-3 (2001), 9-33.

[2] G. ALBERTI, G. BOUCHITTE, P. SEPPECHER: Phase transition with the line-tension effect.
Arch. Ration. Mech. Anal. 144, no. 1 (1998), 1-46.

[3] L. AMBROSIO, X. CABRE: Entire solutions of semilinear elliptic equations in R3 and a con-
jecture of de Giorgi. J. Amer. Math. Soc. 13 (2000), 725-739.

[4] H. BERESTYCKI, L. CAFFARELLI, L. NIRENBERG: Further qualitative properties for elliptic
equations in unbounded domains. Ann. Sc. Norm. Super. Pisa Cl. Sci.(4) 25, no. 1-2 (1998),
69-94, 1997 dedicated to Ennio De Giorgi.

[5] H. BERESTYCKI, T.-C. LIN, J. WEL, C. ZHAO: On phase-separation model: Asymptotics and
qualitative properties. Preprint (2012).

[6] H. BERESTYCKI, S. TERRACINI, K. WANG, J. WEL Existence and stability of entire solutions
of an elliptic system modeling phase separation. Preprint (2012).



32
7
(8]
(9]

(10]

(11]

(12]

(13]

14]
(15]

[16]

[17]
18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]

(28]

29]

S. DIPIERRO AND A. PINAMONTI

J. BERTOIN: Lévy Processes, Cambridge Tracts in Math., vol 121, Cambridge Univ. Press,
Cambridge (1996).

X. CaBRE, E. CINTI: Sharp energy estimates for nonlinear fractional diffusion equations.
Preprint (2012), available at http://arxiv.org/abs/1207.6194

X. CABRE, J. SOLA-MORALES: Layer solutions in a half-space for boundary reactions. Comm.
Pure Appl. Math. 58, no. 12 (2005), 1678-1732.

X. CABRE, Y. SIRE: Nonlinear equations for fractional Laplacians I: regular-
ity, maximum principles, and Hamiltonian estimates. Preprint (2010), available at
http://arxiv.org/abs/1012.0867

X. CABRE, Y. SIRE: Nonlinear equations for fractional Laplacians II: existence,
uniqueness, and qualitative properties of solutions. Preprint (2011), available at
http://arxiv.org/abs/1111.0796

L. CAFFARELLI, J.-M. ROQUEJOFFRE, Y. SIRE: Variational problems for free boundaries for
the fractional Laplacian. J. Eur. Math. Soc. 12, no. 5 (2010), 1151-1179.

L. CAFFARELLI, S. SALSA, L. SILVESTRE: Regularity estimates for the solution and the free
boundary of the obstacle problem for the fractional Laplacian. Invent. Math. 171, no. 2
(2008), 425-461.

L. CAFFARELLI, L. SILVESTRE: An extension problem related to the fractional Laplacian.
Comm. Partial Differential Fquations 32, no. 7-9 (2007), 1245-1260.

L. CAFFARELLI, A. VASSEUR: Drift diffusion equations with fractional diffusion and the quasi-
geostrophic equation.Ann. of Math. 171, no. 3 (2010), 1903-1930.

M. Curpot, M. CHLEBIK, M. FILA, 1. SHAFRIR: Existence of positive solutions of a semilinear
elliptic equation in R’} with a nonlinear boundary condition. J. Math. Anal. Appl. 223, no.
2 (1998), 420-471.

R. Cont, P. TANKOV: Financial Modelling with Jump Processes, Chapman and Hall/CRC
Financ. Math. Ser. Chapman and Hall/CRC, Boca Raton, FL (2004).

M. DEL PiNvo, M. KowALCzYK, J. WEL: On De Giorgi’s conjecture in dimension N > 9. Ann.
of Math. (2) 174, no. 3, (2011), 1485-1569.

E. D1 Nezza, G. Pavarucct, E. VALDINOCI: Hitchhiker’s guide to the fractional Sobolev
spaces. Bull. Sci. math. 136, no. 5 (2012), 521-573.

S. DIPIERRO: Geometric inequalities and symmetry results for elliptic systems. To appear on
Discrete Contin. Dyn. Syst., available at http://arxiv.org/pdf/1207.4435.pdf

S. DIPIERRO, A. PINAMONTI: Symmetry results and 1—dimensionality for solutions of fibered
systems. In preparation.

G. Duvaut, J.-L. LIoNs: Inequalities in Mechanics and Physics, Springer-Verlag, Berlin
(1976), translated from the French by C.W. John, in Grundlehren Math. Wiss. 219.

L.C. Evans, R.F. GARIEPY: Measure theory and fine properties of functions, Studies in
Advanced Mathematics, CRC Press, Boca Raton, FL (1992).

E. FaBes, D. JErisoN, C. KENIG: The Wiener test for degenerate elliptic equations. Ann.
Inst. Fourier (Grenoble) 32, no. 3 (1982), 151-182, vi.

E. FaBes, C. KENIG, R. SERAPIONI: The local regularity of solutions of degenerate elliptic
equations. Comm. Partial Differential Equations 7, no. 1 (1982), 77—116.

A. FARINA, B. Scrunzi, E. VALDINOCIL: Bernstein and De Giorgi type problems: new results
via a geometric approach. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 7, no. 4 (2008), 741-791.
A. FARINA, Y. SIRE, E. VALDINOCI: Stable solutions of elliptic equations on Riemannian
manifolds. To appear on J. Geom. Anal., available at http://arxiv.org/abs/0809.3025

A. FARINA, L. MARI, E. VALDINOCI: Splitting theorems, symmetry results and overdetermined
problems for Riemannian manifolds. To appear on Comm. Partial Differential Equations,
available at http://arxiv.org/pdf/1210.5720.pdf

M. Fazry, N. GHOUSsOUB: De Giorgi type results for elliptic systems. To appear on Calc.
Var. and PDE, available at http://arxiv.org/abs/1203.6114



A GEOMETRIC INEQUALITY AND A SYMMETRY RESULT. 33

[30] F. FERRARI, E. VALDINOCI: A geometric inequality in the Heisenberg group and its applica-

tions to stable solutions of semilinear problems. Math. Ann. 343, no. 2 (2009), 351-370.

[31] N. GuoussouB, C. Gul: On a conjecture of De Giorgi and some related problems. Math.

Ann. 311, no. 3 (1998), 481-491.

[32] N. GHoussouB, C. Gur: On De Giorgi’s conjecture in dimensions 4 and 5. Ann. of Math. (2)

157, no. 1 (2003), 313-334.

[33] M.D.M. GONzZALEZ: Gamma convergence of an energy functional related to the fractional

Laplacian. Calc. Var. and PDE 36, no. 2 (2009), 173-210.

[34] E.H. LieB, M. Loss: Analysis, volume 14 of Graduate Studies in Mathematics, American

Mathematical Society, Providence, RI (1997).

[35] B. MUCKENHOUPT: Weighted norm inequalities for the Hardy maximal function. Trans. Amer.

Math. Soc. 165 (1972), 207-226.

[36] B. Noris, H. TAVARES, S. TERRACINI, G. VERZINI: Uniform Holder bounds for nonlinear

Schrodinger systems with strong competition. Comm. Pure Appl. Math. 63 (2012), 267-302.

[37] O. Savin: Regularity of flat level sets in phase transitions. Ann. of Math. (2) 169, no. 1

(2009), 41-78.

[38] L. SILVESTRE: Regularity of the obstacle problem for a fractional power of the Laplace oper-

ator. Comm. Pure Appl. Math. 60, no. 1 (2007), 67-112.

[39] Y. SIRE, E. VALDINOCIL: Fractional Laplacian phase transitions and boundary reactions: A

geometric inequality and a symmetry result. J. Funct. Anal. 256 (2009), 1842-1864.

[40] P. STERNBERG, K. ZUMBRUN: Connectivity of phase boundaries in strictly convex domains.

Arch. Rational Mech. Anal. 141 (1998), no. 4, 375-400.

[41] P. STERNBERG, K. ZUMBRUN: A Poincaré inequality with applications to volume-constrained

area-minimizing surfaces. J. Reine Angew. Math. 503 (1998), 63-85.

[42] S. TERRACINI, G. VERzINI, A. ZiLio: Uniform Holder bounds for strongly compet-

[43]

[44]

ing systems involving the square root of the Laplacian. Preprint (2012), available at
http://arxiv.org/pdf/1211.6087v1.pdf

E. VALDINOCI: From the long jump random walk to the fractional Laplacian. Bol. Soc. Esp.
Mat. Apl. SEMA 49 (2009), 33-44.

K. WANG: On the De Giorgi type conjecture for an elliptic system modeling phase separation.
Preprint (2012), available at http://arxiv.org/abs/1207.5285

(Serena Dipierro) SISSA, SECTOR OF MATHEMATICAL ANALYSIS, VIA BONOMEA, 265, 34136

TRIESTE, ITALY

E-mail address: serydipierro@yahoo.it

(Andrea Pinamonti) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI PADOVA, VIA TRIESTE 63
E-mail address: pinamonti@science.unitn.it


mailto:serydipierro@yahoo.it
mailto:pinamonti@science.unitn.it

	1. Introduction
	2. Regularity theory for the systems (??) and (??)
	3. Some useful Lemmas
	4. A density result
	5. Monotone solutions and proof of Theorem ??
	6. Stable solutions and proof of Theorem ??
	7. Proof of Theorem ??
	8. Proof of Theorem ??
	Acknowledgments
	References

