METRIC CYCLES, CURVES AND SOLENOIDS

VLADIMIR GEORGIEV AND EUGENE STEPANOV

ABSTRACT. We prove that every one-dimensional real Ambrosio-Kirchheim
current with zero boundary (i.e. a cycle) in a lot of reasonable spaces (including
all finite-dimensional normed spaces) can be represented by a Lipschitz curve
parameterized over the real line through a suitable limit of Cesaro means of
this curve over a subsequence of symmetric bounded intervals (viewed as cur-
rents). It is further shown that in such spaces, if a cycle is indecomposable,
i.e. does not contain “nontrivial” subcycles, then it can be represented again
by a Lipschitz curve parameterized over the real line through a limit of Cesaro
means of this curve over every sequence of symmetric bounded intervals, that
is, in other words, such a cycle is a solenoid.

1. INTRODUCTION

The paper is aimed at studying the notion of so-called solenoids or solenoidal
vector charges, i.e. one-dimensional currents (in the classical sense of Whitney in
a Euclidean spaces or in the sense of metric currents of Ambrosio-Kirchheim in
a generic metric space) with zero boundary given by a limit of Cesaro means of
some Lipschitz curve parameterized over the real line (viewed as currents as well).
This notion is well related to the subject of optimal transportation, though in a
quite indirect way. Namely, one of the topics close to the optimal transportation
is weak KAM theory and the existence of Mather’s minimal measures. The strong
analogy between Mather’s theory of minimal measures in Lagrangian dynamics
and the optimal mass transportation theory has been shown by L.C. Evans and
further explored by many researchers. In the study of Mather’s minimal measures
recently the result on decomposition of one-dimensional cycles (currents without
boundary) into “elementary” cycles represented by Lipschitz curves has proved to
be very helpful [2, 4]. The “elementary” cycles used in such a decomposition are
exactly solenoids. For normal currents in a Euclidean space such a result has been
first proven in [14]. In [11] an analogous decomposition result has been proven
for Ambrosio-Kirchheim metric currents in arbitrary metric spaces. Namely, it has
been shown that if 7' is a metric current in a complete metric space E with, say,
a compact support (we just mention this case for simplicity), and has 0T = 0 (i.e.
is a cycle), then there is a finite positive measure 7 over the space Lip;(R; E) of
1-Lipschitz curves in E parameterized over the real line such that for n-a.e. 8 there
is a limit
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in the weak sense of metric currents, where [o] stands for the current associated
with the curve o, while

T = / Se dn(9)7
Lip, (R;E)
M(T) = / M(S5) dn(8) = n(Lipy (R; E)),
Lip, (R;E)

M(T) standing for the mass of T', so that in particular, Sy is a metric current of
unit mass for n-a.e. § € Lip, (R; E), and, further, we may assume 6(R) C supp Sy C
supp 7 for n-a.e. 8. The currents Sy associated to curves 6 are usually called, fol-
lowing [14], elementary solenoids. A closely related object is that of an asymptotic
cycle introduced by S. Schwartzman in [12] and further studied in [13]. The latter
appears quite natural as well in the study of the problem of representation of ho-
mology classes of manifolds (see [7, 9, 8, 6]). Last but not least one has to mention
the applications of a decomposition of every cycle in solenoids in the problems of
approximation of a given vector field by some vector field with better properties
(i.e. harmonic approximation), see [5] and references therein.

What has been mentioned above well justifies the interest in a more profound
study of solenoids, i.e. cycles T satisfying

1
= tlg-noo E[[GL[_L tH]

in the weak sense of currents for some curve 6 € Lip; (R; E). Even a weaker notion
seems to be interesting, namely, we say that a current T is represented by some curve
6 € Lip, (R; E), if the above limit exists just for some increasing subsequence of ¢ (it
is worth making the following comparison: if the notion of a solenoid is directly re-
lated to that of a Schwartzman asymptotic cycle, then the set of cycles represented
by the same curve corresponds in a similar way to the notion a Schwartzman bal-
anced cluster [7]). In this paper we show that in a lot of reasonable spaces including
all finite-dimensional normed ones every cycle (i.e. a real one-dimensional metric
current without boundary), up to normalization by its mass, is represented by some
curve. We further show that if a cycle T represented by a curve is indecomposable,
i.e. intuitively, does not contain subcycles different from AT, A € [0,1], then it is a
solenoid. The results we provide seem in fact to be interesting already in classical
settings (E being a Euclidean space or a smooth connected Riemannian manifold,
the cycles being intended in the sense of classical Whitney currents, i.e. elements of
some space dual to a space of smooth differential forms), but the use of the theory of
Ambrosio-Kirchheim currents gives us the possibility to obtain some generalization
to more general, and not even finite-dimensional, metric spaces. However, we are
not interested in providing the most general results here and limit ourselves mainly
to illustrating the described phenomena. Thus when possible we provide the results
for the settings where they are easier to obtain (say, in finite-dimensional normed
spaces rather than in general metric spaces) and provide only those generalizations
to metric space settings which are almost “free of charge” by the use of the theory
of Ambrosio-Kirchheim currents. Such generalizations, when they seem to be too
technical, are located in the appendix.

2. NOTATION AND PRELIMINARIES

The metric spaces are always in the sequel assumed to be complete. A metric
space will be called connected by rectifiable arcs, if every couple of points in this
space can be connected by a Lipschitz curve of finite length. The parametric length
of a Lipschitz curve 6: [a,b] — F will be denoted by £(0). If d is the distance of the
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metric space E, we let
dy(z,y) = inf{l(0) : 6: [a,b] — FE Lipschitz curve,d(a) = z,6(b) = y}.

For a compact set K C E, we let diam ,K to stand for the diameter of K with
respect to the distance d,.. It is worth recalling that d, > d. The metric space is
called quasiconvez, it d.(x,y) < Cd(z,y) for some C' > 0 and for all {z,y} C E.

For a set D C FE of a metric space E with distance d we employ the usual
notation D¢ := E\ D, dist (x, D) := inf{d(x,y) : y € D} whenever z € E, and
(D) :={x € E : dist (z,D) < &}.

The notation Lip(X,Y) (resp. Lip,(X,Y) and Lip,(X,Y)) for metric spaces X
and Y stands for the set of all Lipschitz maps (resp. all Lipschitz maps with Lipschitz
constant &, the set of bounded Lipschitz maps) f: X — Y. We omit the reference
to Y in case Y = R and write just Lip(X), Lip,(X), Lip,(X) respectively.

For metric currents we use the same notation as in [10] (i.e. almost identical
to that of [1], with the only exception of the notation for the mass measure). In
particular, D*(E) = Lip,(E) x (Lip(E))* stands for the space of metric k-forms, its
elements (i.e. k-forms) being denoted by f dm, where f € Lip,(E), = € (Lip(E))¥,
My (E) stands for the space of k-dimensional metric currents, M(T") stands for the
mass of a current 7', and pp stands for the mass measure associated to this current.
The one-dimensional current associated to a Lipschitz curve 6: [a,b] — F will be
denoted by [0], namely,

b
[6](f dr) = / F(6(1) dr(8(1))

for every fdr € DY(E). Recall that M([0]) < £(). The weak topology in My (E)
is defined by the family of seminorms {T' — |T(w)| : w € D¥(E)}. We write S < T
for currents {S,T} C My(E), when M(S) + M(T — S) = M(T). T € Mp(E) is
called a cycle, if 9T = 0, and if T' and S are cycles and T' < S, we say that T is a
subcycle of S.

The current T € My (T') will be called tight if so is the measure pr, and, similarly,
the sequence {T;} C My (T") will be called tight if so is the sequence of measures
{pr; }. All the measures considered in the sequel, unless explicitly stated otherwise,
are assumed to be finite positive Borel measures over a metric space E where they
are defined. Recall that it is consistent with Zermelo-Fraenkel set theory to assume
that all such measures are tight (and hence, in particular, all the metric currents
are tight); and it is always true when E is a Polish (i.e. complete separable metric)
space. The narrow topology on measures is defined by duality with the space Cy(FE)
of continuous bounded functions.

3. CYCLES AND CURVES
Before introducing the concept of a solenoid we study the following weaker notion.

Definition 3.1. We say that a cycle T € My (F) is represented by a curve 6 €
Lip, (R; E), if there is a sequence s, /* 400 with
1
T= lim —[0[- .
Jm 28k[[ L[=sk, sk]]

in the weak sense of currents.
Note that this definition makes sense since

1 1
T = lim —J[0[— = lim —(—d_s, +ds,)=0.
Or = lim o 0l0u[=sk.sil] = lm o(=0—s, +05) =0
We also remark that the same curve 6 € Lip; (R; E') may represent different cycles
(corresponding to different diverging sequences {s;}). Finally, it is clear that for a
cycle T € My (E) represented by some curve one has M(T") < 1. We will show that in
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a lot of reasonable metric spaces (including, of course, all finite-dimensional normed
spaces) every cycle with bounded support, normalized by its mass, is represented
by some curve. In fact, the main idea, as well as the main difficulty, is in the proof
of this result for finite-dimensional normed spaces which we provide in this section.
Since this section is mainly propaedeutic, we are not interested in obtaining the
most general representation result, and will be satisfied with the finite-dimensional
one. Some easy generalizations to infinite-dimensional spaces are given in section A.

Theorem 3.2. For every cycle T € My(E) with bounded support in a finite-
dimensional normed space E one has that T/M(T) is represented by some curve.

Proof. Combine Corollary 3.8, Lemma 3.9 and Lemma 3.6 below. |

The rest of the section contains the technical assertions used in the proof of
Theorem 3.2. The complete metric space E here and in the sequel is supposed to
be generic (i.e. not necessarily finite-dimensional normed) unless otherwise explicitly
stated. We will first make the following useful observations.

Remark 3.3. It T e My (E), M(T) = 1, is represented by some curve, then since
1 1
M(T) < liminf —M([0.[—sk, sk]]) < limsup —M([0u][—sk, sx]]) <1 =M(T),
k—+oo 25} k——too 25k

we have that

. 1
Hr = kgrfoo E,UIIIGL[—SQ,S)C]]]

in the narrow sense of measures, so that in particular the sequence of measures
{ﬁﬂﬂﬂ[f%,su]}} is uniformly tight.

Remark 3.4. T € My (E), M(T) = 1, is represented by some curve, and B C E is
a Borel set, then denoting T := %j[[&[—sj, s;]], one has for each subsequence of j
such that {u7,(B)} is convergent, the relationship

(3.1) lim ur, (B) = lim 2;51(9—1(3) N ]=s;,55]).

In fact,
i, (BS) = MI(T}) — g, (B) < —— L1071 (B) 1[5, 5,))

which means

S £ OB A [y, s5])| < 1 - M(T3),

HTy (B) -
and minding that lim; M(T}) = 1 we get (3.1).
Remark 3.5. If

1
T= lim —

k—+o0 25k HaL[_Sk7 Sk]]]

in the weak sense of currents for some 6 € Lip, (R; E') and some sequence s, +00,
then

. 1
T= tim o0t ]
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again in the weak sense of currents, whenever ¢ /s, — 1. In fact, assuming without
loss of generality that tj > si, we get

1 1 1
M (2tk[[9L[_tk7tk]]] - MHQL[_Sk,Sk]H) <M <2tk[[9\_[—tk, —sp] U [Sk’tkﬂ])

1 1

I M(]6]—

5= = 5| M=t )

2|t |+ ! 25, = 0
_2t k — Sk 95r Sk

as k — 400, which shows the claim.
The following statement holds true.

Lemma 3.6. Let E be a quasiconvex metric space, and {T;} C My(E) be a tight
sequence of cycles represented by some curves, lim; T; = T in the weak sense of
currents. Then T is represented by some curve.

Proof. Since

T; = li — [0
kirfoo 28 [[ sk,sk]]]

for some 0;: R — E with Lip6; < 1, we define the curve §: R — E inductively as
follows.

Let K C E be such a compact set that pr, (K¢) < 1/4. Note that for every ¢ > 0
and for each j € N the set t‘)j_l((K)s) C R is unbounded both from above and from
below. In fact, suppose the contrary, i.e. that the latter set is bounded, say, from
above, i.e. 0;(t) € (K). for all ¢ > #. Then

1
pr; (K) < pry ((K)e) < lklgfgg 10,01—s7 5117 (F)e)

< liminf —L {tel- Sk,Sk} 2 0;(t) € (K)e})

k——4o00 25}{:
< — il . 0.
%Eliﬁ.lf?s LH({t € [~sh, 2] = ;1) € (K):})
7 J
< lim M:L
~ k—+oo zgfc 2

which contradicts the choice of K (the latter provides pur, (K) > 3/4).
Let KJ C E be such a compact set that

1 . 1 .

= o Jyey 4 = o e

257 Po;ot-sf,sin (BD)) + i o, —si,s1 (B2)) <1/v,
k k

and K, C E be such a compact set that uz, (K;) < 1/v, and define

X = UKg UUKV.
J,v v

Let d,, stand for the distance over {7} provided by lemma A.1 from [11], and
denote by || - ||o the Kantorovich-Rubinstein norm metrizing the narrow topology
on positive finite Borel measures over X (see [3][theorem 8.3.2]).

Set £ := 1. Let r; := s} and 6 coincide with 6; over [~ry,r]. For each j € N we
choose

a; > diam . ((K)e U{0;(-7;)})
such that 0;(—r; — ;) € (K). and an

a;’ > diam . ((K): U {6,(r;)})
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such that 6;(r; + a;") € (K) (note that in the case (ii) we may simply take o, =

ozj+ > diam . K). Let now Tjy1 =S5 ]+ with k such that
j+1 ri+a; +at 1 1 1
Si"‘ > 92ritaytof 404 dy <Tj+17 . J+1 [[9 L[ J+ si—‘r H]) < 3
1 - 1
KT — 25T Flo; [—sitt it - Pk
and let 0
(a) coincide with 011 over [—rj41,—7; —a; U [r; + a;r,rjﬂ] while
(b) Ou[-rj —aj;,—r;] be an arbltrary curve with Lipschitz constant bounded
by 1 connecting 6;1(—r; — a; ) with 0;(—r;) (such a curve exists since
de(0+1(=rj —aj),0;(—r;)) < aj by the choice of o),

(c) and, analogously, 0.[r;,7; + o 1 be an arbitrary curve with Lipschitz con-
stant bounded by 1 connectlng 0j(r;) with 0;11(r; + o .
Clearly, with this construction
T= lim T,= 1li 0, T
(32) J—gr-loo J ]—EPOO 2?” [[ [ TJ’TJ]]]
in distance d,,. But the sequence {ur,} is precompact in the narrow topology of
measures, hence in the norm || - ||o, hence so is the sequence {%M[{gjl_[_rwrj]]]}, and
J

therefore, the latter is uniformly tight by the Prokhorov theorem for nonnegative

measures (theorem 8.6.4 from [3]). Thus, by lemma A.1 from [11], the convergence
in (3.2) is also in the weak topology of currents. But

M (i (1L~ il 0yl ryrsil))
= 2rj+1 M (( HQL —aj,ry+of ] = [0]-r; — a5+ af]]))

<2Lt ([-r ozj ,r] +a ) /2r]+1
(27'J—|—a + o] )/’I“]_H =0

as j — 400, and hence

T = jginoo %[[HL[ T, TjHL

in the weak sense of currents, which shows the thesis. ]

The following auxiliary statements have been used in the proof of the above
Theorem 3.2.

Lemma 3.7. Let T € My(E), where E is a metric space connected by rectifiable

arcs, be of the form
T = Z Q; [[91]]
i=1

where M(T) = > ail(0;) = 1, a; > 0, i = 1,...,m, and each 0; is a simple
closed curve, so that, in particular, 9T = 0. Then T is represented by some curve.

Proof. Let each 6;, i = 1,...,m, be parameterized by arclength over [0, ¢(0)].
Choose an g € F and let o; stand for the Lipschitz curves parameterized by
arclength and connecting zo to 6;(0), and &; stand for the same curves covered in
the opposite direction (i.e. 6;(t) := 0;(¢(0;) —t), t € [0, £(0;)], and, finally, set

d:= Z 20(oy).
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Define now inductively
to :=0, tpt1 = (2k + 1)tk +d.

Obviously t;, — +oo (since ¢, > kd) and tj41/tr, = d/tp + (28 +1) = o0 as k — oo.
Let 6% stand for a Lipschitz curve defined as the composition of the curves o; with
0; covered n¥ times and then with &;, where n¥ := |a;2%t;|. Clearly,

00F) = 20(0;) +nke(6;),

while [0%] = n¥[0;]. We then define § over each interval [t;, ;1] as the composition
of the curves 9’“ i =1,...,m, and parameterized with velocity not greater than

7

one, which is possible because

Otk tra]) = D L(0F) =D (20(0;) + nfe(6;))
=1 1=1
:d+z <d+2ktk2a£

i=1
=d+2 e = th+1 — Tk

Now, bearing in mind that

[0 [tr, teya]] = Z”ﬂ[@zﬂ,
i—1

0 [tx, m n¥
M (T _ ol ten]] [’;’“kf:“m) =M <; (ai - 2’%) [[91‘]])
2’% <; (a2t — ;2% J)[[GA])

1 m

i=1

we have

as k — oo. But then
g (Ll tendd]  [Ocltn, tea]lY _ teen = 2%k 0 ([0 bk, tisa]]
le+1 2k, li+1 2k,
_ et dy ([0cfte, ]
L+ 2k,
g td
trt1

M ([[0L[07tk])> < th Lo,

Te+1 te+1

M(T—M)—)O

ry1
as k — oo. Extending the definition of 6 to the whole R defining 6(¢) for t < 0 in a
symmetric way, we will have

M (7 et Bl
2811 '

(M(T) +o(1)) = 0

as k — oo. Finally,

so that we have

which shows the statement. O

Corollary 3.8. For every polyhedral current T € My (FE) in a finite-dimensional
normed space E having OT = 0 one has that T/M(T) is represented by some curve.
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Proof. Represent T/M(T) as in the statement of the Lemma 3.7 and apply the
latter. (]

Lemma 3.9. Let E be a finite-dimensional normed space. Then for every cycle
T € My(E) with bounded support there is a sequence of polyhedral currents T, €
My (E) with 0T, = 0, uniformly bounded supports and such T, — T weakly in the
sense of currents, while M(T,)) — M(T) as v — oo.

Proof. We denote by F(T') the flat norm of T defined by
F(T) :=inf{M(A) + M(B) : A e My(E), Be My41(E), A+90B=T1}.

By lemma C.1 from [10] there are polyhedral currents 7, € M;(E) with uniformly
bounded supports and such that F(T), — T)) — 0, while M(T},) — M(T') as v — .
In particular,

T=T,+A,+0B,
with A, € My(F), B, € Ma(F) and M(A,) — 0, M(B,) — 0 as v — oo. Since
0A, = —0T,,
is polyhedral, by Lemma 3.10 below we may choose A, € M;(F) polyhedral with
0A,, = 0A, and M(A)) < M(A,). Define now
T, =T, + Al
One has that T, are polyhedral and
T, = 0T, + 0A!, = 0T, + 0A, = 9T = 0.
We have also
T=T,+A,—A,+0B,,

and since M(A, — A]) < 2M(A4,) — 0, we conclude F(T,, — T) — 0. It remains to
observe that

IM(T) — M(T,,)| < [M(T) — M(T})| + [M(T},) — M(T,)]
< IM(T) — M(T})| + M(A]) < |M(T) — M(T},)| + M(A,) = 0
as v — oQ. O

Lemma 3.10. Let E be a finite-dimensional normed space, and let A € My (E).
Then there exists an A" € My (E) such that 0A" = A and M(A") < M(A). More-
over, if OA is a finite sum of signed Dirac masses, then one may choose A’ polyhe-
dral.

Proof. We refer to theorem A.1 from [10] for the existence of an A’ € M;(E)
which provides the minimum of the mass functional T' — M(T') among all T €
My (FE) satisfying 0T = 0A, so that, in other words, M((A’) be the classical Monge-
Kantorovich cost of optimal transportation the measure (0A)* to (9A)~ (where
@* stand for the positive and negative parts of a finite signed Borel measure ¢
respectively). The same theorem applied in the case when JA is a finite sum of
signed Dirac masses, shows that one can choose A’ so that pas be concentrated
over geodesics (i.e. segments) connecting these masses, that is, in this case one may
choose A’ polyhedral. O

4. INDECOMPOSABLE CYCLES

In this section we will be interested in the following notion.

Definition 4.1. We say that a cycle T € My (FE) is indecomposable, if S < T with
0S5 = 0 implies S = AT for some X € [0, 1].
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We will study now the representation of indecomposable cycles by curves. The
following observation makes sometimes calculations (or just writing them) a bit
easier.

Remark 4.2. If T € M;(F) is an indecomposable cycle represented by a curve and
M(T') = 1, then
1

r= SJE)IEOO 2s; [0c[=53. 5511,
implies
. 1 ) 1
T = sjl_lfﬁoo ;j[@L[O, sjl] = sjl—lg}oo ;j[[eL[—Sj,O]]].
In fact, denoting
1
T, := lim —[6L[0,s,]],

S —+0o0 8]
) 1
Ty = Sjlgfrloo ;jﬂeL[_sj, ofl,
we have T' = (T} + Tz)/2, while by construction M(7;) < 1, ¢ = 1,2, which implies
M(T1) = M(Tz) = 1, because M(T) = 1. Thus T1/2 < T which means T1/2 = AT
since T is indecomposable, and hence
1
5 = M(T1/2) = XM(T),
so that A =1/2, i.e. Ty = T, and analogously we get 7o = T.
The following auxiliary result will be used in our construction.
Proposition 4.3. Let T € M;(E) be an indecomposable cycle represented by a
curve 6 € Lip; (R; E), M(T') = 1, and

. 1
T = stHEOO g [610, 5411,

for some {s;} C R and 6 € Lip,(R; E). Let {r;} C R be such that r; < s;41 and

rj = asj1 +0(sjy1) as j = +oo for some a > 0. Then

T— lim —[0[0,r,]].

T —>+00 Tj

Proof. In view of Lemma 4.4 we may suppose that for a subsequence of r; (not
relabeled)

. 1
lim —
rj—+0o0 T‘j

[0C[0,7;]] :=T".

We have then

(4.1) Jim o] = im0 )] = o

so that

(4.2) lim < L 16.0,5,7] — [[GL[O,er])TaT’.
JoFoe \Sj+1 Sj+1

On the other hand,

0 (100, spall = B80T ) = (100, 350]] ~ 01D
j+1 Sj+1 Sj+1
= Moy 5yl
< Siar 7T - 11—«

Sj+1
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as j — +o0o. Thus M(T — oT”) < 1 — «, which gives
M(aT") + M(T — oT') < a + (1 — a) = 1 = M(T),
that is, «T” < T. This implies aT” = AT for some A € [0,1], since T is indecom-

posable.
We show now M(T”) = 1. In fact, one has M(7") < 1. But

M7 )+ M [0kl sy D) € - (0. 15]) + £ Bulry 1)
= (000, 551).
Sj+1

and hence keeping in mind

1
1 =liminf M ( [o.[o, 5j+1]]]) < lim inf (6010, s41]) <1,

J Sj+1 J Sj+1
we get
1
@3 (1l0l) 42 (Sl <14 o)
Sj+1 Sj+1
as j — oo. We have then
1
(4.4) lim M ( [6c[0, rj]]]) = M(aT").
J Sj+1

In fact, recalling (4.1) and supposing that for some sequence of j (not relabeled)
one has

1

lim M ( [[HL[O,rj]]]) < M(aT"),

J Sj+1

we get passing to the limit in (4.3) while taking into account (4.1) and (4.2), that
1=M(T) <M(aT")+M(T — aT") < 1,

which is a contradiction showing (4.4). But from (4.4) we get
1
lim —M ([6.[0,7;]]) = M(T").
J Ty

as r; — +o00. Thus
M ([010, sj41]]) < M([6:[0, 75]]) + (541 — 75)

=M(T")rj + (sj+1 —15) +o(r;)

M(T")rj + (sj+1 — 75) + 0(sj+41),
which gives
T syl ) =1 () - 1)
and passing to a limit as j — +oo, we get M(T") — 1 > 0, i.e. M(T") = 1.

It suffices now to notice that

aM(T’) = a = AM(T) = A,

and therefore 7" = T as claimed. |

"y

1:Wﬂ<M( +o(1),

The following lemma has been used in the above proof.

Lemma 4.4. Under the conditions of Proposition 4.3 the sequence of measures
{ur,} corresponding to currents

1
Rj = —[0.[0,7]],
Tj
is uniformly tight (so that the sequence {R;} is compact in the weak topology of
currents).
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Proof. Note that for T := [6L[0, s;11]]/s;+1 one has lim; T; — T in the weak sense
of currents and lim; y7, = pr in the narrow sense of measures (by Remark 3.3
with [0, s;41] instead of [—s;, 5;]), and hence the sequence {p7,} is uniformly tight.
Therefore, for every € > 0 there is a K C E compact such that %9 (K®) < e. Note
also that

lim 7, (K©) = lim
J 7 Sj41
whenever the first limit exists (by Remark 3.4 with [0, s;41] instead of [—s;, s;]).
We have then

LHOTHE) N[0, 5514])

i, (K€) < :jzl(e;l(f@) n[0,75])

Sit1 1 _ ~c
< S P ETHED N0, s,
J J

hence for some k£ € N one has

pr, (K¢) < 224 0 (K<) < Ce

Ty

for all j > k and for some C' > 0 independent of j and . Letting K to be such a
compact set that

MR_;’(IA{C)chv j:]-v"'vk_]-v

then for K := K UK one has pr; (K¢) < Ce so that the sequence {R;} is compact
in the weak topology of currents by compactness theorem 5.2 from [1]. ]

5. SOLENOIDS
Let us introduce now another definition.

Definition 5.1. A cycle T € My(E) is called solenoid, if there exists a curve
0 € Lip, (R; E) such that

1
T= lim —
s—+o00 28

the limit being taken over all s € R. The set of all solenoids T € My (E) will be
denoted by Sol(E).

[0c[—s, s]],

Clearly, being a solenoid is stronger than just being representable by a curve.
The following result holds true.

Theorem 5.2. Let E be a quasiconvex metric space, and T € M1 (E) be an indecom-
posable cycle represented by a curve @ € Lipy (R; E), M(T) = 1. Then T € Sol(E).

Proof. Let
1
5j

T= li]r_n S, where S} := —[6.[0, 5],

the limit being, as usual, in the weak sense of currents, for some sequence s; A to0.
We will assume lim; s/ /s’ ; = 0 since otherwise there is nothing to prove. In fact,
if lim; s /s’ ; = a > 0 for some subsequence of {s’}, then for every increasing
sequence {7;}, up to passing to a further subsequence of {s}} (not relabeled) we
may consider any subsequence of {r;} (again not relabeled) such that r; € [s%, s ],
and hence liminf; r;/s”,; > a > 0, which by Proposition 4.3 means that

1
T= lim —
Jj——4o00 ]

[6-[0, 7511

for every subsequence of {r;}, and hence, for the whole sequence {r;}.
The proof will be achieved in two steps.
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Step 1. Consider a compact set K such that ur(K°) < 1/8. Fix an arbitrary
£ > 0. We have then that for every j € N there is a point s; € [3s], /4,5, ] such
that 6(s;) € (K).. In fact, otherwise

1
(K)e) = 7—nqo 10,5, ((K)e)
81

Hs’

j+1

1
< —LH{te[0,s5,4] : 0(t) € (K).})
Sj+1
1
= —L'({t€[0,3s],,/4] : 6(t) € (K).}) <
Sj+1
thus, passing to a limit as j — oo, we have

pr(K) < pr((K).) < minf g, ((K).) <

which, recalling that M(T") = 1, contradicts the assumption pr(K°) < 1/8.
Choosing a subsequence of {s;} (not relabeled) such that s;/s’,; converge as
7 — oo to some « > 0, we have by Proposition 4.3 that

T— lim —[6[0,s,]]-

sj—+o0 S;
and 6(s;) € (K). for all j € N. Without loss of generality we also will assume
8(0) € (K).. Note that by construction one still has lim; s;/s;41 = 0.
Step 2. Fix a d > diam ,(K).. Define a new curve o: [0,+00) — E as follows.
Let o coincide with ¢ over [0,s1]. For every j € N we let o} € Lip,([0,d}]; E)
to be an arcwise parameterized curve connecting o(s;) with o(0) = 6(0), with

d; := d.(0(s;),0(0)), set

)

NIt

)

]

dj == d.(o(s;),0(sj41))

I et
7 S]-i-d;

(5;-’ = Sj+1 — nj(sj + d;),
and o7/ € Lip;([0,07]; E) to be a curve connecting o(s;) with 6(s;41) with velocity
bounded by one (which is possible since ¢7 > d). Observe that clearly d; < d and
d/ < d, while
0f <sj+dj+df <s;+2d.

Define now o over [s;, s;+1] as a composition of o with 6[0, s;] repeated n; times
and then connected by o/ to o(s;t1) := 0(sj+1). This inductively defines o over
[0, +00). Extending o to (—o0,0) symmetrically o over the whole R.

Consider now an arbitrary increasing sequence {r;}, lim; r; = +oo. For every
i € N we find a j = j(i) such that r; € [sj41)—1,5j+1)] and calculate

1
lim  —[ou[0,r]].

;=400 T;
Clearly j(i) — 400 when ¢ — +oo. For the sake of brevity of notation we write
j:=j(i+1)— 1. We consider several cases.
CAsE 1. lim; ;/s; = +oo. Then, if r; € [sj41 — 5}', s;j41] for a subsequence of i,
one has

lim [ou0,5,51]] = lim —[0[0,s,]] =T

Sj4+1—+00 Sj"rl §j—>+00 3]
because

~oclovrl) = 260,511 + A

T
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where
1
A, = — ([oc]0, 5511 + n;[of] + [o5L]0,7 — 5541 + 5;’]]]) ,
so that ; .
. d . .
MA) <2 MG G s md 4,
reoomom T T T

as j — oo, while lim; s;n;/s;11 = 1.

Otherwise, setting
P— T‘Z
el ol K

~oclonl) = 160,511 + B

T T

we get

with , :
M(R) < % Pl St 25 pid s td
- .

i T T o T Ti

—0

as 1 — 00, and keeping in mind that lim; s;p;/r; = 1, we get that the above limit is
T.

CASE 2. lim;r;/s; =: a > 1. Consider first for simplicity the case r; = ns; for
some n € N. Then

1 (n—1) 1
o0l = 00,0+ o051+ R
where :
nd’ d
M(R) < —2 <™ ¢
T; T

as i — oo. Thus, keeping in mind that

i S [oc0,s;]] = lim 60, 8] = T,

S —+0o0 S; §j—+00 Sj

we have

1 1 1
lim —[o[0,7;]] = <1 - ) lm[6L[0, s;]] + — lim[oL[0, s,]] = T.
i Ty n J n o

The case of a generic a > 1 follows by applying Proposition 4.3 (with o instead of
6 and ns; instead of s;). O

Theorem 5.2 implies that if F is the space where every tight cycle with bounded
support is represented by a curve (a fairly general collection of such spaces including
of course, all finite-dimensional vector spaces, are provided by Theorem 3.2, Propo-
sition A.1 and Corollary A.2), then every indecomposable tight cycle in M (E) with
bounded support is, up to normalization by its mass, a solenoid.

Note that Theorem 5.2 gives only sufficient conditions for a cycle to be a solenoid.
In fact, solenoids are not necessarily indecomposable as the following example shows.

Ezample 5.3. Let {21, 22,23} C FE := R? be vertices of an equilateral triangle with
side 3, and let T; € M1 (R?) be a cycle represented by the oriented unit circumference
S; with center z;, having density 1/67, ¢ = 1,...,3 (for definiteness, assume that
the orientation of all the three cycles are, say, clockwise). In this way, defined
T :=T)+To+T5 we get M(T') = 1. We show now that T is a solenoid (although,
clearly it is not indecomposable: in fact, T; < T and T; # AT for all A € [0,1]). We
further abuse slightly the notation and let S; stand both for the cycle (as a metric
current), i.e. the oriented circumference (so that T; = S;/67), and its support, i.e.
the circumference itself, the exact meaning being always clear from the context.
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We have to define a curve 6 € Lip, (R; E) such that the limit
. 1
(5.1) smlgﬂl-oo % [0 [—5m, sml]]l =T,
for all sequences s,, ,* +oo. For this purpose denote by b;b; the segment of length
1 on the side z;z; of the triangle Az;2223 such that its endpoints b; and b; are the

intersections of S; and S; with the segment z;2z; respectively.
For the intervals Ay, := [k2, (k + 1)?] consider the partition

Ap =Kk + 1 Uep Urp2 Uepp Ut Uegs U [(k+1)2 — 1, (k + 1),
where €1, €x2, €x3 are three open intervals of equal lengths
lex1| = leka| = |exs]
and g1, Vg2 are closed intervals of length 1. Then we have

E+1)2 — k2 2k
(5.2) gl = EHE 2o

as k — 4oo0.
Then we consider the curve 6 € Lip, ([0, +00); E) such that
(1) frey; covers the circumference S; in the clockwise direction starting from
b; with the unit velocity for the time 2mng;, where ng; = ||eg;|/27], and
then staying in the point b; for the rest of the time |ex;| — 27n;,
(ii) GL’YéQ covers by by starting from b; and ending at by with unit velocity,
(iii) @23 covers bobg starting from by and ending at by with unit velocity,
(iv) OL[k? k% + 1] and OL[(k + 1)% — 1, (k + 1)?] cover bb; starting from b3 and
ending at b; with constant velocity 1/2.
Of course this can be done only for k> 1, i.e. for k > kg for some kg € N, and we
define 6L Ay, for all k < k¢ in an arbitrary way so as to have 6 € Lip, ([0, +00); E).
Finally, let 8.(—o00,0] be defined symmetrically. This gives a 6 € Lip, (R; E).
To verify (5.1) we first show it for the case s, := m? € N. One has

3 m

10010, m?]] = [0u(0, k311 + > > [0eni] + Rom,

j=1k=ko

where M(R,,,) < 5(m — ko), and therefore,

1
hm W [6C[0, m? th — Z [Oer;]

k=ko
3 m 3 1 m
S OIS DINCED oL (TFLS il
j=1 k=ko j=1 k=ko
3 1 &N 2% 1 1<
>si(m 3 ) g s
j=1 k=kg j=1

where the limits of currents are intended in the weak sense. Since 0. (—o0,0] is
defined symmetrically, then one has

1 o o _qi L 2
hgln ﬁ[[&[ m”,m-]] = hgln EHQL[O,W’L =T,

which is exactly (5.1) for the particular case being verified.
Take now an arbitrary sequence s, ' +oo and let k,, be such that s,, €
[k2,, (km + 1)?). Then
1 1
lim 2—[[9475,,“ S]] = lim 2—[[04 k2 k2],

m 2Sm m 4LSm
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because M([OL][—8m, k2]]) = M([0C[k2,, sm]]) < (km + 1) — k2, = o(k2,) = o(sm)
as m — oco. But

m Sm m’'m m Qk% m’''m

1 1
lim 2—[[9L[—k2 k2] = lim —— [0 [-k2,, k2] = T,
which concludes the proof of (5.1).

APPENDIX A. SOME EASY GENERALIZATIONS TO INFINITE-DIMENSIONAL SPACES

We provide here a couple of easy, though quite technically looking results gener-
alizing Theorem 3.2 to not necessarily finite-dimensional spaces. We are not really
interested in obtaining the most general results, since the main idea is well illus-
trated by Theorem 3.2, and thus we limit ourselves here to provide some fairly
general results that are almost “free of charge” by using the theory of metric cur-
rents.

Proposition A.1. Let E be a Banach space with metric approximation property.
For every tight cycle T € My(E) with bounded support one has that T/M(T) is
represented by some curve.

Proof. When FE is a finite-dimensional normed space, the result is given by Theo-
rem 3.2. Suppose that E is a Banach space with metric approximation property.
Let {T,} be a sequence of currents over finite-dimensional subspaces E,, of E be
provided by lemma A.6 from [11] (minding the remark A.7 from the same paper),
namely, T, = T in the weak sense of currents, M(T},) — M(T) as n — oo, and
0T, = 0. Thus each T}, (as a cycle over a finite-dimensional normed space) is rep-
resented by some curve in Lip,(R; E,), hence in Lip,(R; E), and again applying
Lemma 3.6 we get the result. O

Of course the above Proposition A.1 provides a rather wide class of spaces where
every cycle is (up to a normalization by its mass) represented by some curve, which
includes all finite-dimensional normed spaces, Hilbert spaces and a lot of reasonable
Banach spaces (for instance, Lebesgue spaces). However, if we are interested in
generic metric spaces without any linear structure, the following corollary might be
helpful. To formulate it, we recall that a closed subset X C Y of a metric space Y
is called a 1-Lipschitz neighborhood retract, if there is an open U C Y satisfying
X C U and a map p € Lip; (U, X) such that p(z) = = for all z € X.

Corollary A.2. Let X be a quasiconvexr metric space isometrically embedded in
Banach space Y with metric approximation property as a 1-Lipschitz neighborhood
retract of the latter. Then for every tight cycle T € M;(X) with bounded support
one has that T/M(T) is represented by some curve.

Proof. Assume without loss of generality M(7) = 1. Let j: X — Y be an isometric
embedding. Then juT is represented by some curve in Y by Proposition A.1, and
thus j 4T is represented by a curve in j(X) by Lemma A.3 (applied with V := j(X)).
In other words,

1
juT = lim —[6'[—
I =lim o [0 [=sk, 54]]
for some 0’ € Lip; (R;j(X)) and some sequence s * +00. Therefore,

. 1
T = hin s; [0-[—sk, sk]]s

where 0(t) := j=1(6(t)), which concludes the proof. O

The following lemma has been used in the proof of Corollary A.2.
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Lemma A.3. Let Y be a metric space and V. C Y be a closed set, while V is
quasiconver, and there is an open U C Y,V C U and a 1-Lipschitz map p: U — V
satisfying p(v) = v for all v € V. If T is represented by some curve in Y with
M(T) =1 and pr concentrated over V, then T is represented by some curve in V.
Moreover, if

. 1 /
T = hin E[{G L[—8k, sk]]s
for some 0" € Lip; (R;Y") and some sequence sy ,/ +00, then

. 1
T = h]?l EHGL[_S]“ Sk]]] =T

for some 6 € Lip;(R; V) and the same sequence {sy}.

Proof. Let

A= (00)7HU9)) = Uiles, i),
where 0'(c;) € U and 0'(3;) € U. We denote then '(t) := p(#'(t)) whenever
0'(t) € A and define o € Lip(R; V) by setting o(s) := 6(s)) whenever s ¢ A, while
over each interval (a;, 3;) we let o be a curve 6; in V connecting 6(c;)) with 6(3;)
parameterized over [a;, 3;] and having length

0(0;) < Cdy (8(cv),0(8:)) < C|Bi — ail,
where dy stands for the distance in Y. Let now

oy = { O = 1) o€ (00

1 otherwise.

t(s) :== /03 flr)dr, 0(t) := o(s(t)).

It is immediate to calculate then

. o 12 s € (o, Bi),
191(¢) '_{ 10](s(t)), otherwise,

so that 6 € Lip, (R; V).

Denoting
1, 1
— [0 [~ ATy = —[0' [~ A
Sk 25k[[9L[ sk sk) \ Al Tk Ztk[[9L[ sky sk] \ Al
1

Tlé = [[H'L[—sk,sk]]],

so that Ty, € M1(U) and Sy, € M;(U) we have

Ll([—sk, Sk] N A)
2Sk

28k

as k — 0o, because by Remark 3.4 one has

LY([-
lim sup ([=sk, 5] N A)
k 25k

= 1imksup Mﬁ[{@m[—sk,sk]]](ﬁc)
< 1imksup Haifor (=51 (U°)
< pr(U) = 0.

Further, letting ¢y, := t(sx) and minding that

(1.1) sp < tp < sp + CLY([—sk, 5] N A),

and thus limy ¢, /s, = 1, which gives

M(Sy — T) = (1 —lim t’“) M(Sy) = 0
k Sk
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(because M(S) < 1). Thus limy Sk = limy T}, = limy, T}, = T in the weak sense of
currents.
We estimate now

M (p#Sk - 2; [[O—L[—sk,sk]]]) < ﬁM([[UL[—Sk,Sk] N A])
< 02#@1([—% si]NA) =0,
Sk
but then
. M <2;ﬂ9L[t(—3k)vtk]ﬂ —P#Tk) =M <21k[[ﬂ[—8k7 skl] — P#Tk]]>

Sk 1
= EM <28k[[0'|_[—$k7 Sk]]] — p#Sk]]> —0

as k — oo. Since also
—sp — CLY([=sk, s1] NA) < t(—s) < —sp,
combining this estimate with (1.1), we get
[t(—sk) + tn] < CLY([—sk,5%] NA),
and thus, denoting by I the interval with endpoints t(—sg) and —tx, we get

M (;kﬂm—tk,mm - %ueqa—sw,tkm) = M ([0 1)

s 1 sk [t(=sk) + til
< ———L () K -
T tr 28k ( k) A 25y,
< SiCLl([—Sk,Sk] N A) -0

tr 2sy,
as k — oco. Combined with (1.2), this gives

1
M (2 [[HL[ftk,tk]]] p#Tk) —0
tx

as k — oo. Now, since in the weak sense of currents we have limgpyTy =
py limy, T, = pxT =T (because p is identity over V'), then

1
lim E[[QL[—% tl]] =T

in the weak sense of currents. Finally, since limy t;/s; = 1, then from Remark 3.5
one has

.1
hin E[[a\_[—sk, Sk]]] =T

in the weak sense of currents, which completes the proof. O
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