CVGMT Preprint Server - http://cvgmt.sns.it/papers/amadmu01a/

Asymptotical multiplicity and some reversed variational inequalities

Antonio Marino - Dimitri Mugnai^∗

Abstract

We are concerned with multiplicity results for solutions of some reversed variational inequalities, in which the inequality is opposite with respect to the classical inequalities introduced by Lions and Stampacchia. The inequalities we study arise from a family (P_ω) of elliptic problems of the fourth order when ω tends to +∞. We use two basic tools: the ∇–theorems and a theorem about the multiplicity of “asymptotically critical” points. In the last section some open problems are listed.

Keywords: reversed variational inequalities; asymptotically critical points.

1 Introducing the problem

Some sequences of elliptic problems lead in a natural way to study some variational inequalities whose sign is opposite to the one of the usual inequalities of Lions–Stampacchia’s type (see [8]). For this reason we call them “reversed” variational inequalities and, at least for the moment, we have found several difficulties in finding their deep sense.

In short, we have many questions and few answers.

In order to present a possible genesis of the reversed variational inequalities, let us consider, for example, the bounce problem: if an open subset Ω of R^N represents the “billiard” and V is the potential energy of a conservative force field in R^N , we can think to obtain the bounce trajectories γ : [0, 1] −→ Ω between two points A and B of Ω, as limits of the sequences (γ_n)_n of solutions of the problems

(1.1) γ̈_n + ∇V (γ_n) + ∇U_n(γ_n) = 0, γ_n(0) = A, γ_n(1) = B,

∗Dipartimento di Matematica “L. Tonelli”, Via F. Buonarroti 2, I–56127 Pisa, Italy. e-mail: marino@dm.unipi.it & mugnai@mail.dm.unipi.it

where (U_n)_n is a sequence of functions on R^N such that U_n = 0 in Ω and U_n ↑ +∞ outside Ω. If the functions U_n satisfy suitable conditions, denoted by ν(x) the inward unit normal to Ω in a point x of ∂Ω, one finds that the limit trajectories between A and B satisfy the following reversed variational inequality:

(1.2)

∫_1 0 γ̇ · δ̇ dt − ∫_1 0 ∇V (γ) · δ dt ≤ 0

∀ δ : [0, 1] −→ R^N such that δ(0) = δ(1) = 0 and δ(t) · ν(γ(t)) ≥ 0 ∀ t in { t ∈ [0, 1] | | γ(t) ∈ ∂Ω}. Moreover the condition of conservation of the energy

(1.3) 1 2 |γ̇|^2 + V (γ) = constant

holds if, for example, f_n(γ_n) → f(γ), where f_n are the functionals defined on the set Γ_{AB} = { γ ∈ H^1([0, 1]; R^N ) | γ(0) = A, γ(1) = B } by (1.4) f_n(γ) = 1 2 ∫_1 0 |γ̇(t)|^2 dt − ∫_1 0 V (γ(t)) dt − ∫_1 0 U_n(γ(t)) dt and f(u) = 1 2 ∫_1 0 |γ̇(t)|^2 dt − ∫_1 0 V (γ(t)) dt if γ([0, 1]) ⊂ Ω, −∞ otherwise.

Note that (1.2) does not imply (1.3). For example, if V ≡ 0, there exist continuous families of polygonal curves which solve (1.2) and do not verify (1.3).

Maybe it is also for this reason that there are no general results (to our knowledge) for the bounce problem between two given points, except for the case in which Ω is convex (see [4]).

Anyway, in the case in which Ω is not convex, one must keep in mind the counterexample by Penrose, which shows that there might be couples of points in Ω which cannot be joined by bounce trajectories (see [11]).

A problem in several variables which is analogous to the previous one is the following one. Let Ω be an open and bounded subset of R^N , ϕ : Ω −→ R a given negative measurable function and g : Ω × R −→ R a Carathéodory’s function. Consider the family of problems

(1.5)

Δu + g(x, u) = ω((u − ϕ)^−)^p in Ω, (p > 0) u ∈ H^1_0 (Ω), where ω is a real parameter. For every ω ≠ 0, (1.5) is a deeply asymmetric problem with respect to the values u << 0 or u >> 0.

If ω → −∞ we get an usual variational inequality. If, instead, ω → +∞, the solutions of (1.5) tend to solutions of the following reversed variational inequality:

(1.6) u ∈ K_ϕ, ∫ Ω Du · D(v − u) dx − ∫ Ω g(x, u)(v − u) dx ≤ 0 ∀ v in K_ϕ, where K_ϕ = { u ∈ H^1_0 (Ω) | | | u ≥ ϕ } . Note that it is also possible to obtain a relation analogous to (1.3). We must immediately remark that also inequality (1.6) can have a continuous family of solutions which don’t seem meaningfully related to problems (1.5).

However, problem (1.6) is, to our knowledge, still open.

In this paper we study the problem

(P ) u ∈ K_ϕ, ∫ Ω ΔuΔ(v − u) dx − c ∫ Ω Du · D(v − u) dx − α ∫ Ω u(v − u) dx ≤ 0 ∀ v in K_ϕ, where Ω is a bounded smooth domain of R^N , α, c ∈ R, ϕ : Ω −→ R is a given negative measurable function and K_ϕ = { u ∈ H^1_0 (Ω) ∩ H^2(Ω) | | | u ≥ ϕ } . This problem can be considered as the limit case of the problems of the fourth order

(P_ω)

Δ^2u + cΔu − αu + ω((u − ϕ)^−)^p = 0 in Ω, (p > 0) u = Δu = 0 on ∂Ω.

as ω tends to +∞.

In the case of problems (P_ω), we can say that the part of “plate” which is below ϕ is subjected to an always intenser force which pulls it down. For this reason the equilibrium positions are always higher. In some sense, in the case of problem (P ), the “plate” u is hooked to the rigid wall ϕ.

Remark 1.1. Note that (contrary to what happens for (1.2)), if for example N = 1, c = α = 0, then (P ) has a unique solution, as it is easy to show.

In [15] it was proved that problems (P_ω) admit at least a nontrivial solution and, for some values of c and α, at least 3 nontrivial solutions. It is important to note that 2 of this points, say u_{1ω} and u_{2ω}, can possibly be at the same level of the functionals f_ω : H^1_0 (Ω) ∩ H^2(Ω) −→ R (see Section 3), whose critical points are the solutions of (P_ω). The existence of such 2 points is obtained by using one of the “∇–theorems” introduced in [12].

The possible coincidence of the values f_ω(u_{1ω}) and f_ω(u_{2ω}) makes it hard to forecast if the limits u_1 and u_2 of u_{1ω} and u_{2ω} respectively as ω → +∞ are still distinct (if N ≤ 3 it is proved that such limits do exist). Therefore in [15] it is shown that, if N ≤ 3, then (P ) has at least 2 nontrivial solutions, for some c and α.

In this paper we prove that for the same c and α, problem (P ) has at least 3 nontrivial solutions if N ≤ 3; two of these solutions can be at the same level for the functional f whose “upper” critical points solve (P ) (see Section 4). One of these two solutions and the third one are actually limits of solutions of problems (P_ω) (see [15]), while the other solution is only limit of functions u_ω such that ∇f_ω(u_ω) → 0 and f_ω(u_ω) → f(u) if ω → +∞. We also remark that such solutions of problem (P ) satisfy only the inequality (P ) and not the corresponding equation.

In order to obtain the results above, we essentially used two tools.

I) In this approach an essential role was played by the theorem about the multiplicity of the asymptotically critical points for a sequence (h_n)_n of functionals which tend, in some sense, to a functional h (see Section 2. In Appendix we also give a nonsmooth version of this theorem).

We had already introduced this theorem in [10], inspired by some techniques adopted by [9] and [7] and then by [1] and [2] to study the multiplicity of the critical points of one functional with Galerkin type methods. In Section 2 we give a version of this theorem which is suitable for problem (P ). Roughly speaking, this theorem gives an estimate for defect of the number of critical points of the functional h, by the topological properties of the functionals h_n.

The problem that the critical points of h_n may converge, for example, to a unique critical point of h (in the case the corresponding critical values of h_n converge to the same critical value of h), is skipped, provided the forecast number of critical points of h is obtained by limits of points u_n such that ∇h_n(u_n) → 0 and not necessarily ∇h_n(u_n) = 0 ∀ n. II) The other important tool for this paper is the ∇–Theorem 2.7, by which we resume one of the ∇–theorems introduced in [12], giving a version which is suitable for the problem of the asymptotically critical points we have just recalled.

In the classical version, the basic idea of this ∇–theorems is to use some properties of the gradient of a functional h and some properties of its sublevels, in order to reduce the study of critical points of h to that of a functional G which is topologically richer than h. G is obtained, roughly speaking, by introducing a constraint for h which enriches the topological properties of the sublevels. The properties of the gradient of h let the critical points of G give rise to critical points of h.

The technique used here to introduce this sort of constraint for h (“blow up”) without making too restrictive hypotheses, is quickly recalled in Section 5.

2 “Asymptotically critical” points and multiplicity

This Section has two aims. First of all we need to recall the theory of “asymptotically critical” points exposed in [10], adapting it to the requirements of this work. The second aim is to give an “asymptotic” version of one of the ∇–Theorems of [12] that we will use in the following.

We also need to recall the notion of subdifferential and superdifferential. For the following definition see, for example, [3], [5], [6], [10].

Definition 2.1. Let H be a Hilbert space and E a subset of H. Let us consider a function h : E −→ R ∪ {−∞} (resp. h : E −→ R ∪ {+∞}). If u ∈ E, h(u) ∈ R and η ∈ H, we say that η is a superdifferential (resp. a subdifferential) of h in u if

lim sup v→u v∈E h(v) − h(u) − ⟨η, v − u⟩ ‖v − u‖ ≤ 0 ( resp. lim inf_{v→u} v∈E h(v) − h(u) − ⟨η, v − u⟩ ‖v − u‖ ≥ 0 ) .

We will also say that η ∈ ∂^+h(u) (resp. η ∈ ∂^−h(u)).

We will say that u is an upper critical point (resp. lower critical point) for h if 0 ∈ ∂^+h(u) (resp. 0 ∈ ∂^−h(u)), that is

lim sup v→u v∈E h(v) − h(u) ‖v − u‖ ≤ 0 ( resp. lim inf_{v→u} v∈E h(v) − h(u) ‖v − u‖ ≥ 0 ) . Now let M be the closure of an open regular subset of H and let g : M −→ R be a functional of class C^1. If u ∈ ∂M we will denote by ν(u) the outward unit normal to M in u.

Definition 2.2. We set

grad_M g(u) = { grad g(u) if u ∈^∘M grad g(u) + ⟨grad g(u), ν(u)⟩^−ν(u) if u ∈ ∂M. In other words, if u ∈ ∂M, grad_M g(u) is the part of grad g(u) which “points out of M”. Let us now consider a sequence of functionals (h_n)_n on M, for example of class C^1, and let h : M −→ R ∪ {−∞} be a given functional.

Definition 2.3. If u ∈ M and h(u) ∈ R, we say that u is an asymptotically critical point for the couple ( (h_n)_n, h ) if there exist a strictly increasing sequence (n_k)_k in N and (u_k)_k in M such that

grad_M h_{nk} (u_k) → 0, u_k → u and h_{nk} (u_k) → h(u).

We will also say that h(u) is an asymptotically critical value for ( (h_n)_n, h ) . We explicitly remark that here we do not need to require that u is a “critical” point for h, that is 0 ∈ ∂^+h(u), although this fact is verified in the case we are interested in (see Proposition 4.1).

The following property is very important: it expresses a sort of Palais–Smale condition for the couple ( (h_n)_n, h ) and, at the same time, it relates the functionals h_n to the functional h (in a very weak sense).

Definition 2.4 (∇–compactness). Let c be a real number. We say that the couple ( (h_n)_n, h ) is ∇–compact at level c, or that the condition ∇(h_n, h; c) holds, if for every strictly increasing sequence (n_k)_k in N and for every (u_k)_k in M such that

grad_M h_{nk} (u_k) → 0 and h_{nk} (u_k) → c,

there exists a strictly increasing sequence (k_j)_j in N and there exists u in M such that u_{kj} → u and h(u) = c.

If a and b are real numbers with a ≤ b and ∇(h_n, h; c) holds ∀ c in [a, b], we say that ∇(h_n, h; a, b) holds.

In this paper we will use the following version of Theorem 1.3 of [10], which can be proved in an analogous way, since the problem U : [0, ε] −→ M, U^′ = − grad_M g(U) U(0) = U_0 ∈ M

has a unique solution for a suitable ε > 0 and the solution depends continuously from U_0 in the usual sense (see, for example [6]).

Theorem 2.5. Let a and b be real numbers with a ≤ b and assume ∇(h_n, h; a, b) holds. Then the number of asymptotically critical points for ( (h_n)_n, h ) with asymptotically critical value in [a, b] is greater than or equal to

lim sup n→∞ cat_M (h^b_n, h^a_n).

Here cat_M (h^b_n, h^a_n) denotes the relative category in M of the set h^b_n = { u ∈ M | | | hn(u) ≤ b } with respect to the set h^a_n = { u ∈ M | | h_n(u) ≤ a}. For the notion of relative category,

for the properties and remarks related to Theorem 2.5, see [10]. A more general version of this Theorem is given in Appendix A.

We will use Theorem 2.5 in order to prove the following Theorem 2.7, which is fundamental for the results of Section 4. In the proof we will use some technical Lemmas which we postpone in Section 5.

We premise the following Definition.

Definition 2.6. Let X be a closed subspace of H and c ∈ R.

(a) We will say that ∇(h_n, h; X; c) holds if for every strictly increasing sequence (n_k)_k in N and for every (u_k)_k in M such that

d(u_k, X) → 0, h_{nk} (u_k) → c, P_{X+uk} grad_M h_{nk} (u_k) → 0,

there exist a subsequence (u_{kj} )_j and u in X such that u_{kj} → u and h(u) = c, where P_{X+z} denotes the orthogonal projection on X + Span (z);

(b) we will say that ∇_0(h_n, h; X; c) holds if in (a) we can state that 0 ∈ ∂^+h_{|X} (u).

Let us now assume that there exists three closed subspaces of H, X_1, X_2 and X_3 such that H = X_1 ⊕ X_2 ⊕ X_3.

Theorem 2.7. Suppose that

(a) there exist a, b, ρ and R in R such that 0 < ρ < R,

sup h_n(T ) < a < inf h_n(S) ∀ n and sup h_n(Δ) ≤ b ∀ n,

where T = { u ∈ X_1 ⊕ X_2 | | | ‖u‖ = R } ∪ { u ∈ X_1 | | | ‖u‖ ≤ R } , S = { u ∈ X_2 ⊕ X_3 | | ‖u‖ = ρ} and Δ = {u ∈ X_1 ⊕ X_2 | | ‖u‖ ≤ R}; (b) ∇(h_n, h; c) and ∇_0(h_n, h; X_1 ⊕ X_3; c) hold ∀ c in [a, b];

(c) h_{|X1⊕X3} hasn’t upper critical points with value in [a, b];

(d) dim (X_1 ⊕ X_2) < +∞, dim X_2 ≥ 1.

Then ( (h_n)_n, h ) has at least 2 asymptotically critical points with asymptotically critical value in [a, b].

Proof.

I. Let Φ : H \ (X_1 ⊕ X_3) −→ H be defined as follows:

Φ(z) = z + P (z) − z ‖P (z) − z‖ , where P is the orthogonal projection on X_1 ⊕ X_3 and set C = { z ∈ H | | | ‖P (z) − z‖ ≥ 1 } . We also set G_n = h_n ∘ Φ_{|C} and G = h ∘ Φ_{|C} , defined on the manifold with boundary C.

We will first prove the theorem for ( (G_n)_n, G ) and then we will deduce it for ( (h_n)_n, h ) . We will use the fact that the sublevels of G_n are topologically richer than the ones of h_n. II. Set T̃ = { z ∈ C | | Φ(z) ∈ T }, S̃ = {z ∈ C | | Φ(z) ∈ S} and Δ̃ = {z ∈ C | | Φ(z) ∈ Δ}. It is clear that sup G_n(T̃ ) < a < inf G_n(S̃) ∀ n and sup G_n(Δ̃) ≤ b ∀ n.

Then, by Theorem 2.2 of [13], cat_C (G^b_n, G^a_n) ≥ 2

(T̃ is a strong deformation retract of G^a_n in C and then cat_C (G^b_n, T̃ ) ≤ cat_C (G^b_n, G^a_n)). III. By (b) and by Theorem 5.2, ∇(G_n, G; a, b) holds. Then, by Theorem 2.5, ( (G_n)_n, G ) has at least 2 distinct asymptotically critical points z_1 and z_2 such that G(z_i) ∈ [a, b], i = 1, 2.

We note that z_i ∈^∘C. Otherwise, by Proposition 5.3, Φ(z_i) would be an upper critical point for h_{|X1⊕X3} with h(z_i) in [a, b], but these fact contradicts (c).

Then it is easy to see that Φ(z_i) are asymptotically critical points for ( (h_n)_n, h ) . 3 The approximating functionals

Let Ω be an open, bounded, connected and smooth subset of R^N , N ≥ 1, and let ϕ : Ω −→ R be a measurable function with ϕ ≤ 0.

Set H = H^1_0 (Ω) ∩ H^2(Ω) and consider f_ω : Ω −→ R defined as

f_ω(u) = 1 2 ∫ Ω |Δu|^2 dx − c 2 ∫ Ω |Du|^2 dx − α 2 ∫ Ω u^2 dx − ω k ∫ Ω ((u − ϕ)^−)^k dx, where ω, c, α and k are real numbers such that ω ≥ ω_0 > 0, k > 2 and, if N ≥ 5, k < 2N N − 4 .

We recall that the critical points of f_ω solve (P_ω) (see Section 1). In this section we will show some lemmas which describe the topological properties of the family of functionals f_ω. By this lemmas in Section 4 we will prove the main results of this paper using the technical results of Section 5 and those of [10].

Notations 3.1. We now introduce some notations which will be used throughout this paper.

(a) If u ∈ H we set Q(u) = 1 2 ∫ Ω |Δu|^2 dx − c 2 ∫ Ω |Du|^2 dx − α 2 ∫ Ω u^2 dx. (b) We respectively denote by (Λ_k)_{k∈N}∗ (Λ_1 ≤ Λ_2 ≤ . . .) and by (E_k)_{k∈N}∗ the corresponding eigenvalues and the eigenfunctions of the problem

(3.1) { Δ^2u + cΔu = Λu in Ω, u = Δu = 0 on ∂Ω,

and with (λ_n)_{n∈N}∗ (λ_1 < λ_2 ≤ . . .) the eigenvalues of the problem

(3.2) { Δu + λu = 0 in Ω, u = 0 on ∂Ω.

The eigenfunction e_1 corresponding to λ_1 can be chosen strictly positive in Ω.

(c) We denote by H_l the subspace spanned by the eigenfunctions corresponding to the eigenvalues Λ_1, . . . , Λ_l and by H^⊥_l its orthogonal space in H.

(d) If e ∈ H^⊥_s and s ∈ N^∗ , we set

Σ_R(H_s, e) = { v ∈ H_s | | | ‖v‖ ≤ R } ⋃ ⋃ { v − σe | | | v ∈ Hs, σ ≥ 0, ‖v − σe‖ = R } , Δ_R(H_s, e) = { v − σe | | v ∈ H_s, σ ≥ 0, ‖z‖ ≤ R}, T_{l,s}(R) = { u ∈ H_l | | ‖u‖ ≤ R} ⋃ ⋃ { v + z | | v ∈ H_l, z ∈ Span (E_l, . . . , E_s), ‖v + z‖ = R}, Δ_{l,s}(R) = { v + z | | v ∈ H_l, z ∈ Span (E_l, . . . , E_s), ‖v + z‖ ≤ R}, S^+_s (ρ) = { v ∈ H^⊥_s | | ‖v‖ = ρ}.

Remark 3.2. (i) It is clear that { Λ_k | | | k ∈ N^∗ } = { λ^2_n − cλ_n | | | n ∈ N^∗ } . (ii) The eigenfunction corresponding to λ^2_1 − cλ_1 is e_1, the first eigenfunction of problem 3.2.

Now we recall some inequalities and some properties of f_ω which can be found in [15].

Remark 3.3. ∫ Ω ((u − ϕ)^−)^k dx = O(‖u‖^k), as it is clear.

In the following two Lemmas we will assume that there exists l in N^∗ such that Λ_l ≤ α < Λ_{l+1} < λ^2_1 − cλ_1.

Lemma 3.4. Suppose that for given l and s in N^∗ Λ_l < Λ_{l+1} ≤ . . . ≤ Λ_s < Λ_{s+1} ≤ λ^2_1 −cλ_1 and Λ_l ≤ α < Λ_{l+1}. Then

(a) there exist ρ^′ and R^′ with 0 < ρ^′ < R^′ and such that

(3.3) sup f_ω(T_{l,s}(R^′)) < inf f_ω(S^+_l (ρ^′)).

R^′ doesn’t depend on ω and can be taken as big as desired. Moreover

sup_ω sup f_ω(Δ_{l,s}(R)) < +∞;

(b) if, moreover, sup ϕ < 0 and N ≤ 3, then ρ^′ and inf f_ω(S^+_l (ρ^′)) do not depend on ω.

In the proof of this Lemma, Remark 3.3 and the following facts play a role:

(3.4) lim_{u∈Hs,} ‖u‖→∞ f_ω(u) = −∞, since, if u ∈ H_s, then u^− ≠ 0; (3.5)

under the assumptions of case (b), ∃ ρ > 0 such that, if ‖u‖ ≤ ρ, then f_ω(u) = Q(u).

Lemma 3.5. Suppose that for a given s in N^∗ Λ_s < Λ_{s+1} ≤ λ^2_1 − cλ_1. Let e be in H^⊥_s be such that, set X = { v + te | | | v ∈ Hs, t ≥ 0 } , one has u ∈ X, u ≠ 0 =⇒ u^− ≠ 0 (for example e = −e_1). Then

(a) there exists τ > 0 such that, if Λ_s − τ < α < Λ_{s+1}, then there exist ρ^{′′} and R^{′′} with 0 < ρ^{′′} < R^{′′} such that

(3.6) sup f_ω(Σ_R′′ (H_s, e)) < inf f_ω(S^+_s (ρ^{′′})).

R^{′′} doesn’t depend on ω and can be taken as big as desired;

(b) if, moreover, sup ϕ < 0 and N ≤ 3, then τ, ρ^{′′} and inf f_ω(S^+_s (ρ^{′′})) do not depend on ω. In the proof of this Lemma a fundamental role is played by the following fact:

(3.7) lim_{α→Λs} sup f_ω(H_s) = 0 uniformly w.r.t. ω.

In the following two Lemmas we will assume that there exists l in N^∗ such that λ^2_1 − cλ_1 ≤ Λ_l ≤ α < Λ_{l+1} and α ≠ λ^2_1 − cλ_1.

We need the following definition.

Definition 3.6. Suppose that λ^2_1 − cλ_1 ≤ Λ_s for a given s in N^∗ . We set

Λ^∗_s = inf { α ∈ R | | Q(u) ≤ 0 ∀ u in H_s such that u ≥ 0},

that is

Λ^∗_s = sup { ∫ Ω |Δu|^2 dx − c ∫ Ω |Du|^2 dx | | | u ∈ Hs, u ≥ 0, ∫ Ω u^2 dx = 1 } . It is clear that Λ^∗_s ≤ Λ_s and Λ^∗_s < Λ_s if λ^2_1 − cλ_1 < Λ_s.

Lemma 3.7. Suppose l and s in N^∗ are such that λ^2_1 −cλ_1 ≤ Λ_l < Λ_{l+1} ≤ . . . ≤ Λ_s < Λ_{s+1} and Λ^∗_s < α < Λ_{l+1}. Then the thesis of Lemma 3.4 holds.

Lemma 3.8. Suppose N ≤ 3 and let s in N^∗ be such that λ^2_1 − cλ_1 < Λ_s < Λ_{s+1}. Let e in H^⊥_s be such that, set X = { v + te | | v ∈ H_s, t ≥ 0}, if u ∈ X \ H_s, then u_− ≠ 0. Then

the thesis of Lemma 3.5 holds.

We note that if N ≥ 4, it will be enough to take e in H such that inf_Ω e = −∞, since functions in H_s are bounded. On the other hand, if N = 2 or N = 3, one can take, for example, a function e in H such that sup_{∂Ω} ∂e ∂ν = +∞, where ν is the unit normal outward to ∂Ω.

4 Multiplicity of solutions

In this section we want to exhibit and prove the main results we got concerning the number of solutions of problem (P ) introduced in Section 1. We will use the notations of Section 3.

Let us consider the functional f : H −→ R ∪ {−∞} defined as

f(u) = 1 2 ∫ Ω |Δu|^2 dx − c 2 ∫ Ω |Du|^2 dx − α 2 ∫ Ω u^2 dx if u ≥ ϕ,

−∞ otherwise, and set K_ϕ = { u ∈ H | | | u ≥ ϕ } . It is clear that, if u ∈ K_ϕ, 0 ∈ ∂^+f(u) (see Definition 2.1) if and only if u solves problem (P ).

The following Proposition states that the asymptotically critical points for (f_ω, f) (see Section 2), are solutions of (P ). Nevertheless we don’t know if the vice versa is true. Indeed, in general, we would need the following property, at least in a neighborhood U of the point u such that 0 ∈ ∂^+f(u): if u_ω ∈ U and inf f_ω(u_ω) > −∞, then (u_ω) admits a converging subsequence (see [5]).

In this section we will study the multiplicity of the asymptotically critical points for (f_ω, f). Proposition 4.1. Let (ω_n)_n be a strictly increasing sequence in R such that ω_n → +∞ and let u be in K_ϕ. If u is an asymptotically critical point for ((f_{ωn} )_n, f), then 0 ∈ ∂^+f(u).

Proof. Let (n_k)_k in N be a strictly increasing sequence and let (u_k)_k in H be such that u_k → u, ∇f_{ωnk} (u_k) → 0. Then ∀ v in H ∫ Ω Δu_kΔ(v − u_k) dx − c ∫ Ω Du_k · D(v − u_k) dx − α ∫ Ω u_k(v − u_k) dx

+ω_{nk} ∫ Ω ((u_k − ϕ)^−)^{k−1}(v − u_k) dx −→ 0. If v ∈ K_ϕ, then ∫ Ω ((u_k − ϕ)^−)^{k−1}(v − u_k) dx = ∫ Ω ((u_k − ϕ)^−)^{k−1}(v − ϕ) dx + ∫ Ω ((u_k − ϕ)^−)^k dx,

so that ∫ Ω ΔuΔ(v − u) dx − c ∫ Ω Du · D(v − u) dx − α ∫ Ω u(v − u) dx ≤ 0 for every v in K_ϕ.

For the results of this section we need some other properties concerning f_ω and f.

Proposition 4.2. Suppose N ≤ 3, sup ϕ < 0, α ≠ λ^2_1 − cλ_1. If (ω_n)_n is a strictly increasing sequence in R which diverges to +∞, then ∀ c in R and ∀ (u_n)_n in H such that f_{ωn} (u_n) → c, ∇f_{ωn} (u_n) → 0, there exist a subsequence (u_{nk} )_k and u in H such that u_{nk} converges to u, u ≥ ϕ, f(u) = c and 0 ∈ ∂^+f(u). In particular, ∇(f_{ωn} , f; c) holds for every c in R (see Definition 2.4).

Proof.

I. Let us show that (u_n)_n is bounded.

Suppose by contradiction that, up to a subsequence, ‖u_n‖ → +∞ as n → +∞. Up to a subsequence, we can suppose that there exists u in H such that u_n/‖u_n‖ ⇀ u weakly in H.

Since

f^′_{ωn} (u_n)(u_n) ‖u_n‖ = 2f_{ωn} (u_n) ‖u_n‖ + ( 2 k − 1 ) ω_n ∫ Ω ((u_n − ϕ)^−)^k dx ‖u_n‖ + ω_n ∫ Ω ((u_n − ϕ)^−)^{k−1}ϕ dx ‖u_n‖ ,

and since f^′_{ωn} (u_n)(u_n) ‖u_n‖ → 0, we get ω_n ∫ Ω ((u_n − ϕ)^−)^k dx ‖u_n‖ −→ 0 and ω_n ∫ Ω ((u_n − ϕ)^−)^{k−1}ϕ dx ‖u_n‖ −→ 0, for k > 2 and ϕ ≤ 0.

Therefore

(4.1) ω_n ∫ Ω ((u_n − ϕ)^−)^{k−1} dx ‖u_n‖ −→ 0, since sup ϕ < 0.

Moreover (•) f^′_{ωn} (u_n)(u_n) ‖u_n‖^2 = 1 − c ∫ Ω |Du_n|^2 dx ‖u_n‖^2 − α ∫ Ω u^2_n dx ‖u_n‖^2 + ω_n ∫ Ω ((u_n − ϕ)^−)^{k−1}u_n dx ‖u_n‖^2 ,

(••) f^{ωn} (u^n) ω_n‖u_n‖^k = Q(u^n) ‖u_n‖^k − ∫ Ω ((u_n − ϕ)^−)^k dx ‖u_n‖^k and

(• • •) f^′_{ωn} (u_n)(e_1)

‖u_n‖ = (λ^{21} − cλ^1 − α) ∫ Ω u_ne_1 dx ‖u_n‖ + ω_n ∫ Ω ((u_n − ϕ)^−)^{k−1}e_1 dx ‖u_n‖ tend to 0.

By (•) we get 1 = c ∫ Ω |Du|^2 dx + α ∫ Ω u^2 dx, since ∫ Ω ((u_n − ϕ)^−)^{k−1}u_n dx = − ∫ Ω ((u_n − ϕ)^−)^k dx + ∫ Ω ((u_n − ϕ)^−)^{k−1}ϕ dx.

By (••) we get ∫ Ω (u^−)^k dx = 0, that is u ≥ 0.

Therefore u ≥ 0 and u ≢ 0. But by (• • •) and (4.1) we get (λ^2_1 − cλ_1 − α) ∫ Ω ue_1 dx = 0, which is impossible, since α ≠ λ^2_1 − cλ_1.

II. Now we can suppose that u_n converges weakly and pointwise to a function u of H. Then u ≥ ϕ, since ω_n ∫ Ω ((u_n − ϕ)^−)^k dx is bounded. Moreover (4.2) ω_n ∫ Ω ((u_n − ϕ)^−)^{k−1} dx is bounded.

In fact f^′_{ωn} (u_n)(u_n) = 2f_{ωn} (u_n) + ( 2 k − 1 ) ω_n ∫ Ω ((u_n − ϕ)^−)^k dx +ω_n ∫ Ω ((u_n − ϕ)^−)^{k−1}ϕ dx −→ 0, which implies that ω_n ∫ Ω ((u_n −ϕ)^−)^{k−1}ϕ dx is bounded; the thesis follows by the fact that sup ϕ < 0.

III. If v ∈ H, f^′_{ωn} (u_n)(v − u_n) → 0, that is ∫ Ω Δu_nΔ(v − u_n) dx − c ∫ Ω Du_n · D(v − u_n) dx

−α ∫ Ω u_n(v − u_n) dx + ω_n ∫ Ω ((u_n − ϕ)^−)^{k−1}(v − u_n) dx −→ 0. (4.3)

But N ≤ 3, so u_n → u uniformly and then ω_n ∫ Ω ((u_ω − ϕ)^−)^{k−1}(u − u_n) dx −→ 0. Putting v = u in (4.3), we get ∫ Ω Δu_nΔ(u − u_n) dx → 0, and then u_n → u strongly in H.

IV. By (4.2) and by the fact that (u_n − ϕ)^− → 0 in L^∞(Ω), we get ω_n ∫ Ω ((u_n − ϕ)^−)^k dx −→ 0.

Then f_{ωn} (u_n) → Q(u) = f(u).

By Proposition 4.1 we finally get that 0 ∈ ∂^+f(u).

The following Proposition expresses the second property we need to prove the theorems of multiplicity.

If X is a closed subspace of H and u ∈ H, we denote by P_{X+(u)} the orthogonal projection on the space X + { tu | | t ∈ R } . Proposition 4.3. Suppose N ≤ 3, α ≠ λ^2_1 −cλ_1, sup ϕ < 0. Let X be a closed subspace of H with finite codimension such that e_1 ∈ X and let (ω_n)_n be a strictly increasing sequence in R with ω_n → +∞. Then ∀ (u_n)_n in H and ∀ c in R such that f_{ωn} (u_n) → c, d(u_n, X) → 0, P_{X+(un)} ( ∇f_{ωn} (u_n) ) → 0, there exists a subsequence (u_{nk} )_k which converges to a point u of X such that u ≥ ϕ, f(u) = c and 0 ∈ ∂^+f(u). In other words, ∇_0(f_ω, f; X; c) holds for every c in R (see Definition 2.6).

The proof is equal to the proof of the previous Proposition.

Finally we need the following result. We write f_α in place of f to emphasize the dependence of f on α.

Proposition 4.4. Suppose N ≤ 3, sup ϕ < 0 and for some l and s in N^∗ Λ_l < Λ_{s+1} and set X^s_l = H_l ⊕ H^⊥_s . Then for every δ > 0 inf { f_α(u) | |u ∈ K_ϕ ∩ X_{sl} , f_α(u) > 0, 0 ∈ ∂_+f_{α|Xs} l (u), Λ_l + δ ≤ α ≤ Λ_{s+1} − δ } > 0. Proof.

I. There exists ρ > 0 such that, if u ∈ K_ϕ ∩ X^s_l , ‖u‖ < ρ, u ≠ 0 and Λ_l < α < Λ_{s+1}, then u is not an upper critical point for f_α on X^s_l .

In fact if ρ is small enough, then B(0, ρ) ⊂ K_ϕ (since H → C^0_0 (Ω) and sup ϕ < 0). On the other hand the unique upper critical point for Q on X^s_l is 0, since Λ_l < α < Λ_{s+1}.

II. Fix δ > 0. Suppose by contradiction that there exist α_n in [Λ_l + δ, Λ_{s+1} − δ] and (u_n)_n in K_ϕ ∩ X^s_l is such that f_{αn} (u_n) > 0, f_{αn} (u_n) → 0 and 0 ∈ ∂^+(f_{αn} )_{|X}s_l .

III. We can suppose that α_n → α in [Λ_l + δ, Λ_s − δ]. First of all we prove that (u_n)_n is bounded. Suppose by contradiction that ‖u_n‖ → ∞ and u^n‖u_n‖ ⇀ u in K_ϕ ∩ X^s_l . By the following inequality

(4.4) f^′_{αn} (u_n)(v) = ∫ Ω Δu_nΔ(v−u_n) dx−c ∫ Ω Du_n ·D(v−u_n) dx−α_n ∫ Ω u_n(v−u_n) dx ≤ 0 ∀ v in K_ϕ ∩X^s_l , we get that f^′_α(u)(v) ≤ 0 ∀ v in K_ϕ ∩X^s_l . But B(0, ρ) ⊂ K_ϕ, so f^′_α(u)(v) = 0 ∀ v in X^s_l . Then u ≡ 0, since u ∈ X^s_l and Λ_l + δ ≤ α ≤ Λ_{s+1} − δ.

On the other hand f^{αn}_{‖un‖2} tends to 0, but also to 1 2 − c 2 ∫ Ω |Du|^2 dx − α 2 ∫ Ω u^2 dx;

In this way u ≢ 0 and a contradiction arises.

IV. We can now suppose that u_n ⇀ u in H and u ∈ K_ϕ ∩ X^s_l .

By (4.4) we get again f^′_α(u)(v) ≤ 0 ∀ v in K_ϕ ∩ X^s_l , since f_{αn} (u_n) → 0. Then u ≡ 0. Since f_{αn} (u_n) → 0, that is 1 2 ‖u_n‖^2 − c 2 ∫ Ω |Du_n|^2 dx − α 2 ∫ Ω u^2_n dx → 0, we get that ‖u_n‖ → 0. By step II we get u_n = 0, which contradicts the hypothesis f_{αn} (u_n) > 0.

We can now state and prove the main theorems of this paper.

Theorem 4.5. Suppose N ≤ 3 and sup ϕ < 0. Suppose that for a certain s in N^∗ one has Λ_s < Λ_{s+1} ≤ λ^2_1 − cλ_1. Then ∃ τ > 0 such that, if Λ_s − τ < α < Λ_s, problem (P ) has at least 3 nontrivial solutions, since the couple ( (f_ω)_ω, f ) has at least 3 nontrivial asymptotically critical points (see 3.1) at levels different from 0. Proof.

I. Let Λ_l be the eigenvalue of (3.1) such that Λ_l < Λ_{l+1} = . . . = Λ_s and set X_1 = H_l, X_2 = H^⊥_l ∩ H_s and X_3 = H^⊥_s .

If Λ_l < α < Λ_s, by Lemma 3.4, by Propositions 4.2 and 4.3, then (a) and (b) of Theorem 2.7 hold, for example with b = sup f_{ω0} (H_s) and a = inf Q(S^+_l (ρ^′)). By (3.7) and by Proposition 4.4 also (c) of Theorem 2.7 holds.

Then there exist 2 asymptotically critical points u_1 and u_2 for the couple ( (f_ω)_ω, f ) such that 0 < a ≤ f(u_i) ≤ b.

II. By Lemma 3.5 and by Theorem 2.5 it easily follows that there exists an upper critical point u_3 for f such that f(u_3) > b, provided τ is small enough.

With an analogous proof, by Lemmas 3.7 and 3.8, one gets the following Theorem. Theorem 4.6. Suppose N = 2 or N = 3 and sup ϕ < 0. Suppose that for a certain s in N^∗ one has λ^2_1 − cλ_1 < Λ_s < Λ_{s+1}. Then the thesis of Theorem 4.5 holds.

We note that the existence of the point u_3 was already proved in [15], showing that, by Lemma 3.5, every f_ω has a critical point v_ω such that inf_{ω≥ω0} f_ω(v_ω) > b ((P S) holds for every f_ω) and thus a subsequence of (v_ω) converges to u_3. Moreover in [15] it was proved, in an analogous way, that there exists a solution u_1 which is limit of solutions of problems (P_ω) with f(u_1) ≤ b.

We can therefore conclude with the following Remark.

Remark 4.7. In the previous Theorems we can state that there exist 3 nontrivial solutions u_1, u_2, u_3 of (P ) such that u_1 and u_3 are limits of solutions of problems (P_ω), while u_2 is, to our knowledge, only an asymptotically critical point for ( (f_ω)_ω, f ) . Moreover the functions u_i satisfy only the inequality (P ) and not the corresponding equation, due to the fact that α is not an eigenvalue of the quadratic form 1 2 ∫ Ω |Δu|^2 dx − c 2 ∫ Ω |Du|^2 dx. 5 Blow up

Here we want to examine and prove some technical results which we used in Section 2.

Let H be a Hilbert space. Let us consider a functional F : H −→ R ∪ {−∞} and a closed subspace X of H. We will denote by D(F ) the set { u ∈ H | | | F (u) ∈ R } . Following the idea of [13], we now want X to be a “barrier” for F . For this purpose we introduce a functional G in the following way.

If P : H −→ X is the orthogonal projection of H onto X and Q = I − P , we set C = { z ∈ H | | ‖Q(z)‖ ≥ 1} . Let us consider the map Φ : H \ X −→ H defined as

Φ(z) = z − Q(z) ‖Q(z)‖ ∀ z in H \ X. It is clear that Φ induces a diffeomorphism between^∘C and H \ X.

Finally we set G = F ∘ Φ_{|C} : C −→ R ∪ {−∞}.

Remark 5.1. (a)

dΦ(z) = P_{X+z} + ( 1 − 1 ‖Q(z)‖ ) P_{Xz} ∀ z in H \ X, where P_{X+z} is the orthogonal projection on X + Span (z) and P_{Xz} = I − P_{X+z};

(b) if z ∈ C, Φ(z) ∈^∘D(F ) and F is differentiable in Φ(z), then

• if z ∈^∘C, then G is differentiable in z and grad G(z) = dΦ(z) ( grad F (Φ(z)) ) ; • if z ∈ ∂C, then ∂^+G(z) = { dΦ(z) ( grad F (Φ(z)) ) + λ Q(z) | | | λ ≥ 0 } ; (c) • if z ∈ C, then ∂^+G(z) ⊃ dΦ(z)(∂^+F (Φ(z)));

• if z ∈^∘C, then ∂^+G(z) = dΦ(z)(∂^+F (Φ(z)));

(d) if z ∈ ∂C, the following implications hold:

0 ∈ ∂^+G(z) =⇒ 0 ∈ ∂^+G_{|∂C}(z) ⇐⇒ 0 ∈ ∂^+F_{|X} (Φ(z)).

Proof. For (a), (b) and (c) see [13]. Concerning (d), we observe that the equivalence holds since, if w ∈ X, then z + w ∈ ∂C and therefore Φ(z + w) = Φ(z) + w. Thus

F (Φ(z) + w) − F (Φ(z)) ‖w‖ = G(z + w) − G(z) ‖w‖ . The rest is obvious.

Now let us consider a sequence of regular functionals (h_n)_n defined on H and a functional h : H −→ R ∪ {−∞}. We want to give a condition on (h_n)_n and h which ensures that, setting G_n = h_n ∘ Φ_{|C} and G = h ∘ Φ_{|C} , the condition ∇(G_n, G; c) holds (c in R).

Theorem 5.2. Let X be a closed subspace of finite codimension and c be a real number. If ∇(h_n, h; c) and ∇(h_n, h; X; c) hold, then ∇(G_n, G; c) holds.

Proof.

I. Let (z_n)_n be a sequence in C such that G_n(z_n) → c and grad_C G_n(z_n) → 0. II. Suppose that inf_n ‖Q(z_n)‖ > 1; then z_n ∈^∘C and by (b) of Remark 5.1, grad_C G_n(z_n) = dΦ(z_n) ( grad h_n(Φ(z_n)) ) . By (a) of Remark 5.1 P_{X+zn} ( grad h_n(Φ(z_n)) ) → 0 and also P_{Xzn} (grad h_n(Φ(z_n))) → 0.

Then grad h_n(Φ(z_n)) → 0 and h_n(Φ(z_n)) → c. By ∇(h_n, h; c) there exist a strictly increasing sequence (n_k)_k in N and u in H such that Φ(z_{nk} ) → u and h(u) = c. Moreover u ∉ X. Then z_{nk} → z = Φ^{−1}(u) in^∘C and h(u) = c.

III. Now let us assume that ‖Q(z_n)‖ > 1 ∀ n and lim_n ‖Q(z_n)‖ = 1. Then z_n ∈^∘C and P_{X+zn} grad h_n(Φ(z_n)) → 0, by (a) and (b) of Remark 5.1. Moreover P_{X+zn} = P_{X+Φ(zn)}, since z_n ∈^∘C, and then P_{X+Φ(zn)}grad h_n(Φ(z_n)) → 0.

By ∇(h_n, h; X; c) there exist a strictly increasing sequence (n_K )_k in N and u in X such that Φ(z_{nk} ) → u and h(u) = c. Since X has finite codimension, we can assume that z_{nk} → z, z ∈ ∂ C. Then Φ(z) = u and G(z) = c.

IV. In the case z_n ∈ ∂ C ∀ n, in particular, by (a) and (b) of Remark 5.1, we get that P grad h_n(Φ(z_n)) → 0 (P P_{X+zn} = P ) and Φ(z_n) ∈ X.

By ∇(h_n, h; X; c) there exist a strictly increasing sequence (n_K )_k in N and u in X such that Φ(z_{nk} ) → u and h(u) = c. Since X has finite codimension, we can assume that z_{nk} → z, z ∈ ∂ C and Φ(z) = u. Then G(z) = c.

By steps I–IV the thesis follows, as it is clear.

We will also need the following statement.

Proposition 5.3. Suppose that ( (h_n)_n, h ) satisfies the following condition:

if (n_k)_k is a strictly increasing sequence in N, if u_{nk} → u, u ∈ X, P_{X+unk} grad h_{nk} (u_{nk} ) → 0 and h_{nk} (u_{nk} ) → c in R, then 0 ∈ ∂^+h_{|X} (u) (for example if ∇_0(h_n, h; X; c) holds).

(P_{X+unk} is the orthogonal projection on X + Span (u_{nk} ).)

Then, if a point z on ∂ C is asymptotically critical for ( (G_n)_n, G ) , then Φ(z) ∈ X and 0 ∈ ∂^+h_{|X} (Φ(z)).

Proof. The proof can be easily obtained by (a) and (b) of Remark 5.1.

6 Some open problems

(6.1) Are solutions of (P ) regular?

(6.2) What can be said about the set { x ∈ Ω ‖ u(x) = ϕ(x) } , if u is a solution of (P )?

(6.3) In the hypotheses of Theorem 4.5 and Theorem 4.6, are there 3 nontrivial solutions such that anyone is limit of solutions of problems (P_ω)? Or do solutions of (P ) which are limit of solutions of (P_ω) have particular properties (such as, for example, in the case of problem (1.2))?

(6.4) Is it possible for problem (P ) to have continuous families of solutions, as the second order problem (1.6), in some cases, has?

(6.5) Is it possible for problem (P ) to have several nontrivial solutions for the values of α not considered in Theorem 4.5 and Theorem 4.6?

(6.6) What happens if N ≥ 4? What happens in Theorem 4.6 if N = 1?

A A nonsmooth version of the multiplicity Theorem

Here we want to give a more general version of Theorem 2.5 which covers the method (of Galerkin type) introduced in [7] (for a unique functional), which inspired us in formulating, for example, Theorem 2.5, as we already said.

Let H be a Hilbert space. Given g : H −→ R ∪ {±∞}, we set D(g) = { u ∈ H | g(u) ∈ R } . Now let us consider a sequence (g_n)_n of functions such that g_n : H −→ R ∪ {+∞}.

Definition A.1. We say that u in D(g) is asymptotically critical for ( (g_n)_,g ) at level g(u) if there exists a strictly increasing sequence (n_k)_k in N, there exists u_k in D(g_{nk} ) and there exists η_k in ∂^−g_{nk} (u_k) such that u_k → u, g_{nk} (u_k) → g(u) and η_k → 0. Definition A.2. Let c be a real number. We say that ∇(g_n, g; c) holds if ∀ (n_k)_k strictly increasing in N, ∀ (u_k)_k in H, ∀ (η_k)_k in H, if u_k ∈ D(g_{nk} ), η_k ∈ ∂^−g_{nk} (u_k), η_k → 0, g_{nk} (u_k) → c, there exist a subsequence (u_{kn} )_n and u in H such that u_{kn} → u and g(u) = c.

We now want to introduce a class of functions which has the two following properties: (a) for every function in this class there exists a regular flow of curves of steepest descent; (b) the class contains the functions of the form ℓ_0 +ℓ_1 +I_M , where ℓ_0 is a convex function, ℓ_1 is a C^{1,1} function, M is a closed submanifold of class C^{1,1} and I_M : H −→ {0, +∞} is the indicatrix function of M, that is I_M (u) = 0 if u ∈ M and I_M (u) = +∞ if u ∉ M. (See [3], [6], [14]).

Now let us consider a function ℓ : H −→ R ∪ {+∞}.

Definition A.3. Let φ : D(ℓ)^2 × R^3 −→ R^+ be a continuous function. We say that ℓ is φ–convex if ℓ(v) ≥ ℓ(u) + ⟨η, v − u⟩ − φ(u, v, ℓ(u), ℓ(v), ‖η‖)‖v − u‖^2 ∀ u, v in D(ℓ) and ∀ η in ∂^−ℓ(u).

Note that anything is required (at least explicitly) if ∂^−ℓ(u) = ∅. We say that such an ℓ is φ–convex of order r (r ≥ 1) if φ(u, v, ℓ(u), ℓ(v), ‖η‖) = φ_0(u, v, ℓ(u), ℓ(v))(1 + ‖η‖^r), where φ_0 : D(ℓ)^2 × R^2 −→ R is a continuous function.

According to the results about φ–convex functions obtained in the papers above, one can easily prove the following version of Theorem 2.5. Theorem A.4. Let a ad b be real numbers with a ≤ b. Assume that

• every function g_n is φ_n–convex of order 2 for some φ_n; • ∇(g_n, g; c) holds ∀ c in [a, b].

Then ( (g_n)_,g ) has at least lim sup n→∞ cat_H (g^b_n, g^a_n)

asymptotically critical points with levels in [a, b].

Also Theorem 2.6 of [10] can be evidently extended to this class of functions.

References

[1] T. Bartsch - M. Clapp, Critical point theory for indefinite functionals with symmetries, J. Funct. Anal. 138 (1996), no. 1, 107–136.

[2] J. N. Corvellec, On critical point theory with the (P S)^∗ condition, Calculus of variations and differential equations (Haifa, 1998), 65–81, Chapman & Hall/CRC Res. Notes Math., 410.

[3] E. De Giorgi - A. Marino - M. Tosques, Problems of evolution in metric spaces and maximal decreasing curve, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 68 (1980), no. 3, 180–187.

[4] M. Degiovanni, Multiplicity of solutions for the bounce problem, Journ. Diff. Eq.

54 (1984), 414–428.

[5] M. Degiovanni - A. Marino - M. Tosques, Evolution equations associated with (p, q)–convex functions and (p, q)–monotone operators, Ricerche di Matematica Vol. XXXIII (1984), fasc. 1^∘, 81–112.

[6] M. Degiovanni - A. Marino - M. Tosques, Evolution Equations with Lack of Convexity, Nonlinear Analysis T.M.A. 9 (1985), No. 12, 1401–1443.

[7] G. Fournier - D. Lupo - M. Ramos - M. Willem, Limit relative category and critical point theory, Jones, Christopher K. R. T. (ed.) et al., Dynamics reported, Expositions in dynamical systems, New series, Vol. 3. Springer-Verlag Berlin (1994), 1-24.

[8] J. L. Lions - G. Stampacchia, Variational inequalities, Comm. Pure Appl. Math.

20 (1967), 493-519.

[9] J. Q. Liu, A generalized saddle point theorem, Journ. Diff. Eq. 82 (1989), no. 2, 372–385.

[10] A. Marino - D. Mugnai, Asymptotically critical points and their multiplicity, to appear on Topological Methods in Nonlinear Analysis.

[11] A. Marino - C. Saccon, La pendenza e il calcolo sottodifferenziale, Lettera Matematica Pristem, 27-28 marzo-giugno 1998, XXXVIII-XLIV.

[12] A. Marino - C. Saccon, Some Variational Theorems of Mixed Type and Elliptic Problems with jumping nonlinearities, Ann. Scuola Norm. Sup. Pisa Cl. Sc. (4), Vol. XXV (1997),Fasc. 3-4 661-665.

[13] A. Marino - C. Saccon, Nabla Theorems and multiple solutions for some noncooperative elliptic systems, to appear on Topological Methods in Nonlinear Analysis.

[14] A. Marino - M. Tosques, Some Variational Problems with Lack of Convexity and Some Partial Differential Inequalities, Methods of nonconvex analysis (Varenna, 1989), 58–83, Lecture Notes in Math., 1446, Springer, Berlin (1990).

[15] D. Mugnai, On a “reversed” variational inequality, Topological Methods in Nonlinear Analysis 17 (2001), no. 2.