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REGULARITY IN PARABOLIC DINI CONTINUOUS SYSTEMS

PAOLO BARONI

Abstract. We consider a weak solution to the non-linear, parabolic systems
of the form

ut − div A(x, t, u,Du) = 0,

where the vector field A satisfies a Dini-type continuity condition with respect
to the variables (x, t, u), and we prove a partial regularity result for such a
solution. Moreover, we give an estimate of the size of the singular set of a
solution in terms of a generalized parabolic Hausdorff measure associated to
an appropriate modulus of continuity naturally associated to the coefficients
of the system.

1. Introduction

In this paper we consider a non-linear parabolic system of second order of the
following type:

ut − div A(x, t, u,Du) = 0 (x, t) ∈ Ω× (−T, 0) =: ΩT . (1.1)

Here Ω is a bounded open set in Rn, T > 0 and u mapping ΩT into RN . We
suppose that the continuous vector field A : ΩT × RN × RnN → RnN satisfies the
standard hypotheses of growth and ellipticity; see (A1), (A2) below.

Duzaar and Mingione in [12] proved sharp partial regularity results for weak
solutions of system as (1.1) under the hypothesis of α-Hölder continuity of the
function

(z, u) 7−→ A(z, u, p)

1 + |p|
(1.2)

with respect the parabolic metric in Rn+1 given by

dP(z, z̃) := max
{
|x− x̃|,

√
|t− t̃|

}
≈
(
|x− x̃|2 + |t− t̃|

)1/2

, (1.3)

whenever z = (x, t), z̃ = (x̃, t̃) ∈ Rn+1. The spatial gradient Du is found to be
α-Hölder continuous with respect to the parabolic metric (1.3) outside a relatively
closed negligible set. For similar results in the case of coefficients with polynomial
growth we refer to [13]; see also [2] for systems with nonstandard growth and [3]
for higher order systems.

The aim of this paper is to weaken the assumption (1.2) in the sense that the
coefficients are merely Dini continuous. Note that Dini continuity is strictly weaker
than α-Hölder continuity for any exponent α > 0, but stronger than simply continu-
ity. More precisely, a function f that maps some metric space into RN is said to be
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Dini continuous if its modulus of continuity µ fulfills the so-called Dini condition,
i.e.

M(r) :=

ˆ r

0

µ(ρ)

ρ
dρ <∞

for some r > 0. Dini is a in a certain sense the limit case of Hölder continuity, is
that it provides the worst possible modulus of continuity for which certain dyadic
decay estimates still hold true; we refer to the papers [4, 8, 9, 20, 26, 23, 29] for
recent regularity results concerning problems involving Dini continuous coefficients.

As a first result we show the partial regularity of weak solutions of (1.1) with
Dini continuous coefficients, also satisfying the standard hypotheses of growth and
ellipticity. More precisely, if we set

Reg(u) :=
{
z ∈ ΩT : Du is continuous in a neighborhood of z

}
and Sing(u) := ΩT r Reg(u), we can state our first result in the following way:
suppose u is a weak solution of system (1.1) under the hypotheses (A1), (A2), the
Dini continuity of (1.2) and with ρ−αµ(ρ) decreasing for some α ∈ (0, 1). Then

Du ∈ C0
loc(Reg(u),RnN ).

Moreover, for each β ∈ [α, 1), Du has modulus of continuity r 7→ rβ +M(r).
To show this we use an approach similar to that in [12], combined with the tech-

nical tools from [8, 9], dealing with partial regularity for elliptic systems with Dini
continuous coefficients. In particular, the most important tool we used in proving
partial regularity is the A-caloric approximation lemma. This Lemma, which was
proved in [12], is the evolutionary version of the A-harmonic approximation lemma
(see [14, 10]) which is in turn a generalization of the harmonic approximation lemma
De Giorgi used in the proof of the regularity of minimal surfaces (see [6] and also
[28]). For a complete overview about approximation lemmata, see [11]. The A-
caloric approximation lemma exhibits a sort of rigidity property of approximately
A-caloric maps, and its application allows us to take over good estimates for weak
solutions to linear parabolic system with constant coefficients, to our original weak
solution and to prove regularity via Dini-Campanato spaces.

Furthermore, following the approach taken in [12] - see also [2] for a differentiable
case - as a second result we give an estimate for the dimension of the singular set
Sing(u) in terms of a generalized parabolic Hausdorff measure associated to an ap-
propriate modulus of continuity. If θ : [0,∞)→ [0,∞) is monotone, non-decreasing
and continuous, with θ(0) = 0, the generalized parabolic Hausdorff measure associ-
ated to θ is

Pθ(E) := lim
δ↘0

(
inf

{ ∞∑
j=0

θ
(
diamP (Sj)

)
; E ⊂

∞⋃
j=0

Sj ; diamP (Sj) < δ

})
,

for each E ⊂ Rn+1; diamP (Sj) is the diameter of Sj calculated with respect
the parabolic metric. In the case of uniform α-Hölder continuity of the vectorial
field A with respect u, in [12] the authors proved that there exists a number δ =
δ(α,L/λ) > 0 such that dimP(Sing(u)) ≤ n + 2 − δ. dimP(E) is the parabolic
Hausdorff dimension of a subset E ⊂ Rn+1, and it is the supremum of the real
numbers s ≥ 0 for which Ps(E) is infinite. The s-dimensional parabolic Hausdorff
measure Ps is the generalized parabolic Hausdorff measure in the special case where
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θ(ρ) = ρs. Note that the limit parabolic Hausdorff dimension of a subset E of Rn+1

is n+ 2, differently from the elliptic case.
In our general case here we prove that there exists an exponent γ ∈ (0, 1/4) such

that if

Λ(r) :=

ˆ r

0

µγ(ρ)

ρ
dρ <∞

and ω(r) := rn+2Λ(r)ε−3, then Pω(Sing(u)) = 0 for all ε > 0. Moreover the
previous result can be improved in the case where the vector field A does not
explicitly depend on u, but only on its spatial gradient Du and on (x, t):

ut − div A(x, t,Du) = 0 (x, t) ∈ ΩT . (1.4)

In this case we prove that an analogue result holds if we replace Λ(r) with

Λ̃(r) :=

ˆ r

0

µ(ρ)
2
3γ
′

ρ
dρ

and ω(r) with ω̃(r) := rn+2Λ̃(r)ε−3γ′ , for some γ′ > 1. We observe (see also [9])
that in the general case we have to assume the Dini continuity of the function µγ
in order to obtain an estimate on the Hausdorff dimension of Sing(u). This is a
stronger assumption than the Dini continuity of the function µ, since γ (which could
explicitly be estimated from below in terms of the higher integrability exponent
δ0 appearing in Giaquinta-Struwe Lemma [16], which in turn depends on n and
L/λ) can be very small. On the other hand in the case A = A(z,Du) we have
to require the Dini continuity of µt (with t > 2/3) which could be even weaker
than the assumption we made to obtain partial regularity. We finally remark that
in the elliptic/stationary setting singular estimates via fractional differentiability
have been obtained in [24, 25] for solutions to non-linear elliptic systems, and in
[21] for minima of (non-differentiable) integral functionals.

Acknowledgements. We thank Prof. Giuseppe Mingione for several useful dis-
cussions and Dr. Verena Bögelein for reading a preliminary version of the paper.

2. Notations and statement of the results

2.1. Notations. Let Ω ⊂ Rn be a bounded domain; in the following ΩT will denote
the parabolic cylinder Ω × (−T, 0), where T > 0; if z ∈ ΩT , we denote z = (x, t)
with x ∈ Ω and t ∈ (−T, 0). | · | will be the usual (n + 1)-dimensional Lebesgue
measure, and αn will be the volume of the unit ball in Rn. We denote with Qρ(z0)
the cylinder Bρ(x0)×(t0−ρ2, t0). If v ∈ L1

loc(ΩT ,Rn), then, for each Qρ(z0) ⊂⊂ ΩT ,

(v)z0,ρ := −
ˆ
Qρ(z0)

v(z) dz =
1

αnρn+2

ˆ
Qρ(z0)

v(z) dz

will be its mean value on Qρ(z0). Points of RnN will be thought as n×N matrices;
in that way notations like Ap, with A ∈ RnN and p ∈ Rn, will be meaningful. We
will often omit the brackets of the inner product. In all the paper the symbol c
will denote a positive, finite constant that may vary from line to line; the relevant
dependencies will be specified enclosed in parentheses. We will denote differently
relevant constants that will reappear frequently.
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2.2. Assumptions on the vector field. We assume that the vector field A :
ΩT ×Rn×RnN → RnN is differentiable in p, with continuous derivatives satisfying∣∣∣∣∂A∂p (z, u, p)

∣∣∣∣ ≤ L, (A1)

〈∂A
∂p

(z, u, p) ξ, ξ
〉
≥ λ|ξ|2 (A2)

for any z ∈ ΩT , u ∈ RN , p, ξ ∈ RnN , where λ > 0 and 1 ≤ L <∞.
With regard to the regularity of A with respect the variables (z, u), we assume

that there exists a bounded modulus of continuity µ : (0,∞) → [0, 1] and a non-
decreasing function K : [0,∞)→ [1,∞) such that∣∣A(z, u, p)−A(z̃, ũ, p)|

1 + |p |
≤ K(|u|)µ

(
|x− x̃|+

√
|t− t̃|+ |u− ũ|

)
(A3)

for all z = (x, t), z̃ = (x̃, t̃) ∈ ΩT , u, ũ ∈ RN , p ∈ RnN . In order to avoid trivialities
(case when no coefficients are considered) we shall always assume that µ(r) > 0 for
r > 0. We require that the modulus of continuity µ fulfills the Dini condition

M(r) :=

ˆ r

0

µ(ρ)

ρ
dρ <∞ (µ0)

for some r > 0 and that there exists an exponent α ∈ (0, 1) such that

r 7−→ µ(r)

rα
is non-increasing. (µ1)

In order to prove our singular set estimate, we shall be forced to strengthen assump-
tion (A3) by requesting uniform Dini continuity of the vector field, i.e. demanding
the function K to be constant: therefore, from Chapter 6 on we shall assume that∣∣A(z, u, p)−A(z̃, ũ, p)|

1 + |p |
≤ Lµ

(
|x− x̃|+

√
|t− t̃|+ |u− ũ|

)
, (A4)

with µ satisfying (µ0) and (µ1). We note that in the case (1.4) of no explicit
dependence of A on u, assumptions (A3) and (A4) coincide.

2.3. Remarks. Up to enlarging the constant L, from (A1) we may deduce that

|A(z, u, p) | ≤ L
(
1 + |p |

)
, (2.1)

and that

|A(z, u, p)−A(z, u, p̃)| ≤ L |p− p̃| (2.2)

for any z ∈ ΩT , u ∈ RN , p, p̃ ∈ RnN . Using (A2) we may also deduce that〈
A(z, u, p)−A(z, u, p̃), p− p̃

〉
≥ λ |p− p̃|2, (2.3)

for any z ∈ ΩT , u ∈ RN , p, p̃ ∈ RnN .
Note that we may always suppose a modulus of continuity to be non-decreasing,

continuous and concave. So we can assume that

µ is non-decreasing and continuous with µ(0+) = 0 (2.4)

and

µ2 is concave. (2.5)
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The hypothesis (µ1) ensures that

r 7−→ µ(r)

r
and r 7−→ µ(r)

r2
(2.6)

are non-increasing. Hence

µ(rs) ≤ rµ(s) for all r ≥ 1, s > 0. (2.7)

Changing K by a constant, but keeping K ≥ 1, we may assume that

µ(1) = 1; this implies that r ≤ µ(r) ≤ 1 for all r ∈ [0, 1]. (2.8)

Since µ2 is non-decreasing, we deduce s2µ2(r) ≤ s2µ2(s) for all 0 ≤ r ≤ s. We
also note that s2µ2(r) ≤ r2µ2(s) ≤ r2 for 0 ≤ s ≤ r and for 0 ≤ s ≤ 1, by the
non-increasing property (2.6) of r 7−→ µ(r)/r and by (2.8), µ2(s) ≤ 1. Combining
both cases we infer that

s2µ2(r) ≤ s2µ2(s) + r2 for all s ∈ [0, 1], r > 0, (2.9)

and similarly, using the non-increasing property of r 7−→ µ(r)/r2,

s2µ(r) ≤ s2µ(s) + r2 for all s ∈ [0, 1], r > 0. (2.10)

(µ1) imply, for all θ ∈ (0, 1), r > 0, k ∈ N ∪ {0},

1

α
(1− θα)µ(θkr) =

µ(θkr)

(θkr)
α

ˆ θkr

θk+1r

τα−1 dτ ≤
ˆ θkr

θk+1r

µ(τ)

τ
dτ,

so that, recalling (µ0),
∞∑
k=0

µ(θkr) ≤ α

1− θα

ˆ r

0

µ(τ)

τ
dτ =

α

1− θα
M(r). (2.11)

Hence

µ2(r) ≤ α2M(r)2 ; (2.12)

moreover r 7→ M(r)r−α is non-increasing. We remark, finally, that the continuity
of ∂A/∂p implies the existence of a function ω : [0,∞) × [0,∞) −→ [0,∞), with
ω(r, 0) = 0 for all r, such that r 7→ ω(r, s) is non-decreasing for fixed s, s 7→ ω2(r, s)
is concave and non-decreasing for fixed r and such that, for all (z, u, p), (z̃, ũ, p̃) ∈
ΩT × RN × RnN with |u|+ |p|+ |u− ũ|+ |p− p̃| ≤M , we have∣∣∣∣∂A∂p (z, u, p)− ∂A

∂p
(z̃, ũ, p̃)

∣∣∣∣ ≤ ω(M, |x− x̃|2 + |t− t̃|+ |u− ũ|2 + |p− p̃|2) .

(2.13)

2.4. Statement of the results. We recall that a weak solution to (1.1) is a func-
tion u ∈ L2(−T, 0;W 1,2(Ω,RN )) satisfyingˆ

ΩT

[
uϕt −A(z, u,Du)Dϕ

]
dz = 0 (2.14)

for all ϕ ∈ C∞0 (ΩT ,RN ). The first result we state in this paper regards partial
regularity of weak solutions of system (1.1):
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Theorem 2.1. Let u ∈ L2(−T, 0;W 1,2(Ω,RN )) be a weak solution to (1.1) under
the assumptions (A1), (A2), (A3), (µ0) and (µ1). Then Sing(u) ⊂ Σ1 ∪ Σ2 =: Σ,
where

Σ1 :=

{
z0 ∈ ΩT : lim inf

ρ↘0
−
ˆ
Qρ(z0)

∣∣Du− (Du)z0,ρ
∣∣2 dz > 0

}
∪
{
z0 ∈ ΩT : lim inf

ρ↘0
−
ˆ
Qρ(z0)

∣∣u− (u)z0,ρ
∣∣2 dz > 0

}
=: Σ1,1 ∪ Σ1,2 (2.15)

and

Σ2 :=

{
z0 ∈ ΩT : lim sup

ρ↘0

(∣∣(u)z0,ρ
∣∣+
∣∣(Du)z0,ρ

∣∣) = +∞
}
.

So Du ∈ C0
loc(Reg(u),RnN ) and |Sing(u)| = 0. Moreover, for all β ∈ [α, 1) and

z0 ∈ ΩT r Σ, the spatial gradient Du has modulus of continuity ρ 7→ ρβ +M(ρ) in
a neighborhood of z0 with respect to the standard parabolic metric (1.3).

We remark that the previous theorem provides a characterization of regular
points of Du: if

lim inf
ρ↘0

−
ˆ
Qρ(z0)

∣∣u− (u)z0,ρ
∣∣2 dz = 0, lim inf

ρ↘0
−
ˆ
Qρ(z0)

∣∣Du− (Du)z0,ρ
∣∣2 dz = 0

and both |(u)z0,ρ| and |(Du)z0,ρ| are bounded in the limit ρ ↘ 0, then z0 is a
regular point. So the estimate of the Lebesgue dimension of Sing(u) is in fact an
immediate consequence of the fact that the set of non-Lebesgue points has measure
zero. This is a typical result in partial regularity; see for instance the elliptic result
of Giaquinta and Modica [15].

With the notations introduced in the introductory chapter we can now state the
second theorem of the paper, which gives a more precise estimate on the “dimension”
of the singular set of u:

Theorem 2.2. Let u ∈ L2(−T, 0;W 1,2(Ω,RN )) be a weak solution of the parabolic
system (1.1) under the assumptions (A1) – (A2), (A4), (µ0) and (µ1). Then there
exists γ = γ(n,L/λ) ∈ (0, 1/4) such that if

Λ(r) :=

ˆ r

0

µ(ρ)
2
3γ

ρ
dρ < +∞

then, for any ε > 0, we have Pω(Sing(u)) = 0 where ω(r) := rn+2Λε−3(r).

As we already stated, when the vector field A is independent of u, we can improve
the previous theorem in the following way:

Theorem 2.3. Let u ∈ L2(−T, 0;W 1,2(Ω,RN )) be a weak solution of the parabolic
system (1.4) under the assumptions (A1) – (A2), (A4), (µ0) and (µ1) conveniently
modified. Then there exists γ′ = γ′(n,L/λ) > 1 such that if

Λ̃(r) :=

ˆ r

0

µ(ρ)
2
3γ
′

ρ
dρ < +∞

then, for any ε > 0, we have P ω̃(Sing(u)) = 0 where ω̃(r) := rn+2Λ̃ε−3γ′(r).
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2.5. Preliminary lemmata. For u ∈ L2(Qρ(z0),RN ) let’s denote with `z0,ρ the
unique affine function in space (`(z) = `(x)) minimizing ` 7−→ −́

Qρ(z0)
|u− `|2 dz

amongst all affine functions independent of t. We note that such a minimum point
exists and a straightforward computation yields that, if `z0,ρ = ξz0,ρ+νz0,ρ(x−x0),
then

ξz0,ρ = (u)z0,ρ and νz0,ρ =
n+ 2

ρ2
−
ˆ
Qρ(z0)

u⊗ (x− x0) dz.

The following estimate may be found in [22]:

Lemma 2.4. Let u ∈ L2(Qρ(z0),RN ), ϑ ∈ (0, 1) and `z0,ρ respectively `z0,ϑρ the
unique affine functions in space minimizing ` 7→ −́

Qρ(z0)
|u− ` |2 dz respectively ` 7→

−́
Qϑρ(z0)

|u− ` |2 dz. Then

∣∣νz0,ϑρ − νz0,ρ|2 ≤ n(n+ 2)

(ϑρ)
2 −
ˆ
Qϑρ(z0)

∣∣u− (u)z0,ρ − νz0,ρ(x− x0)
∣∣2 dz.

Moreover, if Du ∈ L2(Qρ(z0),RnN ), then∣∣νz0,ρ − (Du)z0,ρ|
2 ≤ n(n+ 2)

ρ2
−
ˆ
Qρ(z0)

∣∣u− (u)z0,ρ − (Du)z0,ρ(x− x0)
∣∣2 dz.

A bilinear form A on RnN is called strongly elliptic bilinear (with ellipticity
constant λ > 0 and upper bound L > 0) if

A(p̃, p̃ ) ≥ λ |p̃|2, A(p, p̃ ) ≤ L |p| |p̃| for all p, p̃ ∈ RnN .

We call a function belonging to L2(−T, 0;W 1,2(Bρ,RN )) A-caloric on Qρ(z0) if the
equalityˆ

Qρ(z0)

[
hϕt −A(Dh,Dϕ)

]
dz = 0

holds for each ϕ ∈ C∞0 (Qρ(z0),RN ). The following lemma is a standard estimate
for weak solutions to linear parabolic systems with constant coefficients and may
be found in [5]:

Lemma 2.5. Let h ∈ L2(−T, 0;W 1,2(Bρ(x0),RN )) be A-caloric on Qρ(z0), with
A being a strongly elliptic bilinear form on RnN with ellipticity constant λ and
upper bound L. Then h is smooth in Qρ(z0) and there exists a constant cPa =
cPa(n,N,L/λ) ≥ 1 such that

1

(θρ)
2 −
ˆ
Qϑρ(z0)

∣∣h− (h)z0,θρ − (Dh)z0,θρ(x− x0)
∣∣2 dz

≤ cPa θ
2 1

ρ2
−
ˆ
Qρ(z0)

∣∣h− (h)z0,ρ − (Dh)z0,ρ(x− x0)
∣∣2 dz

for all 0 < θ < 1.

The next lemma, whose proof may be found in [12], is a fundamental tool to
prove partial regularity, and it’s the parabolic version of the classical De Giorgi’s
harmonic approximation lemma.
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Lemma 2.6 (A-caloric approximation). Let ε > 0 and A a bilinear form on RnN
which is strongly elliptic with ellipticity constant λ and upper bound L. Then there
exists δ = δ(n,N, λ,Λ, ε) ∈ (0, 1] such that if u ∈ L2(t0−ρ2, t0;W 1,2(Bρ(x0),RN )),
with

1

ρ2
−
ˆ
Qρ(z0)

|u|2 dz + −
ˆ
Qρ(z0)

|Du|2 dz ≤ 1, (2.16)

is approximatively A-caloric, in the sense that∣∣∣∣ −ˆ
Qρ(z0)

[
uϕt −A(Du,Dϕ)

]
dz

∣∣∣∣ ≤ δ sup
Qρ(z0)

|Dϕ|

for all ϕ ∈ C∞0 (Qρ(z0),RN ), then there exists an A-caloric function h such that

1

ρ2
−
ˆ
Qρ(z0)

|h|2 dz + −
ˆ
Qρ(z0)

|Dh|2 dz ≤ 1 and
1

ρ2
−
ˆ
Qρ(z0)

|u− h|2 dz ≤ ε.

3. A Caccioppoli inequality

We set H(s) := K(s)(1 + s), where K is the function from (A3). We now derive
the following Caccioppoli inequality:

Lemma 3.1. Let u ∈ L2(−T, 0;W 1,2(Ω,RN )) be a weak solution to system (1.1)
under the assumptions (A1) – (A3), (µ0) and (µ1). Then for any M > 0, any
affine function `(z) = `(x) with |`(z0)| + |D`| ≤ M and for any Qρ(z0) ⊂⊂ ΩT ,
with ρ ≤ ρ1 := 1/H(M), we have

−
ˆ
Qρ/2(z0)

|D(u− `)|2 dz ≤ cCacc
[
−
ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2 dz + µ2(ρ)

]
where the constant cCacc depends only on λ, L and H(M).

Proof. We let ϕ(x, t) := η2(x)ζ2(t)(u − `), with η ∈ C1
0(Bρ(x0)) being a cut-off

function in space such that 0 ≤ η ≤ 1, η ≡ 1 in Bρ/2(x0), |Dη| ≤ 4/ρ and
ζ ∈ C1(R) a cut-off function in time with, being 0 < ε < ρ2/4 arbitrary, ζ ≡ 1 on
(t0 − ρ2/4, t0 − ε2), ζ ≡ 0 on (−∞, t0 − ρ2) ∪ (t0,+∞) and 0 ≤ ζ ≤ 1. Moreover
ζt ≤ 0 on (t0 − ρ2/4,+∞) and |ζt| ≤ 3/ρ2 on (t0 − ρ2, t0 − ρ2/4). Let’s remark
that ϕ has not the required regularity with respect time to be admissible as test
function. Therefore, if we want to proceed in a rigorous way, we should smooth it
in time for instance by the use of Steklov averages (see e.g. [7]). In the following
we proceed formally, and use ϕ as a test function in the weak formulation of (1.1),
letting to the reader the needed adjustments and the standard, technical changes.
Differentiating Dϕ and using the weak formulation (2.14) we obtain

ˆ
Qρ(z0)

A(z, u,Du)D(u− `) ζ2η2 dz

=

ˆ
Qρ(z0)

[
−2A(z, u,Du) ζ2η Dη ⊗ (u− `) + uϕt

]
dz.

Using 0 =
´
Qρ(z0)

A(z0, `(z0), D`)Dϕdz and the fact that `t = 0 we obtain
ˆ
Qρ(z0)

[
A(z, u,Du)−A(z, u,D`)

]
D(u− `) ζ2η2 dz
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=− 2

ˆ
Qρ(z0)

[
A(z, u,Du)−A(z, u,D`)

]
ζ2η Dη ⊗ (u− `) dz

−
ˆ
Qρ(z0)

[
A(z, u,D`)−A(z, `(z), D`)

]
Dϕdz

−
ˆ
Qρ(z0)

[
A(z, `(z), D`)−A(z0, `(z0), D`)

]
Dϕdz

+

ˆ
Qρ(z0)

(u− `)ϕt dz =: I + II + III + IV. (3.1)

In the following we shall in turn estimate separately these integrals. In order to
estimate I we use the Lipschitz bound for A (2.2) and Young’s inequality, yielding
for γ ∈ (0, 1] that

|I| ≤ 2L

ˆ
Qρ(z0)

|Du−D`| ζ2η |Dη | |u− `| dz

≤ γ
ˆ
Qρ(z0)

|Du−D`|2 ζ2η2 dz +
64L2

γ

ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2 dz. (3.2)

For IV we proceed formally exactly as in [12], obtaining

|IV | ≤ 3

ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz. (3.3)

We remark that here the smoothing procedure mentioned above becomes necessary
in order to obtain the estimate. To evaluate the second addendum, using (A3),

|II| ≤
ˆ
Qρ(z0)

K
(
`(z)

)
µ
(
|u− `|

)(
1 + |D`|

)
|Dϕ| dz.

By our assumptions |D`| ≤ M , and moreover |`(z)| ≤ |`(z0)| + |D`| |x− x0| ≤ M ,
since ` does not depend on time and ρ ≤ 1. We have

|II| ≤ H(M)

ˆ
Qρ(z0)

µ(|u− `|) ζ2η2|D(u− `)| dz

+ 2H(M)

ˆ
Qρ(z0)

µ(|u− `|) ζ2η |Dη||u− `| dz =: II1 + II2.

To evaluate both the integrals the following estimate will be useful: using (2.9)
(keeping in mind that ρ ≤ ρ1 ≤ 1/H(M)) and (2.7):

H(M)2αnρ
n+2µ2

(
−
ˆ
Qρ(z0)

|u− `| dz
)

≤ αnρn
[
H(M)2ρ2µ2

(
H(M)ρ

)
+
(
−
ˆ
Qρ(z0)

|u− `| dz
)2]

≤ αnρn+2H(M)4µ2(ρ) + αn

ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2 dz. (3.4)

Estimate for II1: using Young’s inequality, γ ∈ (0, 1], the concavity of µ2 (2.5),
Jensen’s inequality and (3.4) we get

|II1| ≤ γ
ˆ
Qρ(z0)

ζ2η2|D(u− `)|2 dz +
H(M)2αnρ

n+2

γ
−
ˆ
Qρ(z0)

µ2(|u− `|) dz
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≤ γ
ˆ
Qρ(z0)

ζ2η2|D(u− `)|2 dz +
H(M)2αnρ

n+2

γ
µ2

(
−
ˆ
Qρ(z0)

|u− `| dz
)

≤ γ
ˆ
Qρ(z0)

ζ2η2|D(u− `)|2 dz +
αn
γ

ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz

+
αnρ

n+2H(M)4

γ
µ2(ρ). (3.5)

Estimate for II2: analogously, using again (3.4) and Young’s inequality with γ ∈
(0, 1]

|II2| = 2H(M)

ˆ
Qρ(z0)

µ(|u− `|) ζ2η |Dη||u− `| dz

≤ 64

ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz +H(M)2αnρ

n+2 −
ˆ
Qρ(z0)

µ2(|u− `|) dz

≤ 64

ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz +H(M)2αnρ

n+2µ2

(
−
ˆ
Qρ(z0)

|u− `| dz
)

≤ c(n)

ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz + αnρ

n+2H(M)4µ2(ρ). (3.6)

In a very similar way we estimate

|III| ≤
ˆ
Qρ(z0)

∣∣A(z, `(z), D`)−A(z0, `(z0), D`)
∣∣|Dϕ| dz

≤H(M)

ˆ
Qρ(z0)

µ
(
|x− x0|+

√
|t− t0|+ |`(z)− `(z0)|

)
|Dϕ| dz.

Since |x− x0|+
√
|t− t0|+|`(z)− `(z0)| ≤ 2ρ (M+1) and using Young’s inequality,

(2.7) and our assumption |Dη| ≤ 4/ρ we obtain

|III| ≤ 2H(M)2µ(ρ)

ˆ
Qρ(z0)

[
2ζ2η |Dη| |u− `|+ ζ2η2 |D(u− `)|

]
dz

≤ 162

ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz +H(M)4µ2(ρ)αnρ

n+2

+ γ

ˆ
Qρ(z0)

ζ2η2|D(u− `)|2 dz +
4H(M)4µ2(ρ)

γ
αnρ

n+2. (3.7)

Finally, combining (3.1) with (3.2), (3.5), (3.6), (3.7) and (3.3) and using assump-
tion (2.3) to estimate the left-hand side of that inequality from below we get

(λ− 3γ)

ˆ
Qρ(z0)

|D(u− `)| ζ2η2 dz

≤ c (L,H(M))

γ

(ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz + αnρ

n+2µ2(ρ)

)
.

Now we choose γ = min{1, λ/6}; recalling that ζ ≡ 1 on [t0 − ρ2/4, t0 − ε2] and
η ≡ 1 in Bρ/2(x0), we deduce
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ˆ
Bρ/2(x0)

ˆ t0−ε2

t0−ρ2/4
|D(u− `)| dz

≤ c (λ, L,H(M))

(ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz + αnρ

n+2µ2(ρ)

)
.

We get the desired Caccioppoli inequality dividing by |Qρ| and letting ε↘ 0. �

4. Linearization

Now we want to deduce an inequality which will allow us to apply the A-caloric
approximation lemma. We write

Φ(z0, ρ, ν) := −
ˆ
Qρ(z0)

|Du− ν|2 dz and Ψ(z0, ρ, ξ) := −
ˆ
Qρ(z0)

∣∣∣∣u− ξρ
∣∣∣∣2 dz.

Lemma 4.1. Let u ∈ L2(−T, 0;W 1,2(Ω,RN )) be a weak solution of (1.1) under
the assumptions (A1), (A2), (A3). Then, for all M > 0∣∣∣∣ −ˆ

Qρ(z0)

[
(u− `)ϕt −

∂A

∂p

(
z0, `(z0), D`

)
(Du−D`)Dϕ

]
dz

∣∣∣∣
≤ clin

[
ω(M + 1, Φ)

√
Φ+ Φ+ Ψ + µ(ρ)

]
sup
Qρ(z0)

|Dϕ| (4.1)

holds for all Qρ(z0) ⊂⊂ ΩT , with ρ ≤ ρ1(M) := 1/H(M), ϕ ∈ C∞0 (Qρ(z0),RN )
and for any affine function `(z) = `(x) which does not depend on t and satisfies
|`(z0)| + |D`| ≤ M . The constant clin ≥ 1 appearing in (4.1) only depends on L
and H(M). Here we wrote Φ := Φ(z0, ρ,D`) and Ψ := Ψ(z0, ρ, `).

Proof. Without loss of generality we can suppose supQρ(z0) |Dϕ| ≤ 1. The general
case will follow by a scaling argument. Since

−
ˆ
Qρ(z0)

uϕt dz = −
ˆ
Qρ(z0)

A(z, u,Du)Dϕdz and −
ˆ
Qρ(z0)

` ϕt dz = 0,

we can write

−
ˆ
Qρ(z0)

[
(u− `)ϕt −

∂A

∂p

(
z0, `(z0), D`

)
(Du−D`)Dϕ

]
dz

= −
ˆ
Qρ(z0)

[
A(z0, `(z0), Du)− ∂A

∂p

(
z0, `(z0), D`

)
(Du−D`)

]
Dϕdz

+ −
ˆ
Qρ(z0)

[
A(z, u,Du)−A(z, `,Du)

]
Dϕdz

+ −
ˆ
Qρ(z0)

[
A(z, `,Du)− A(z0, `(z0), Du)

]
Dϕdz =: I + II + III.

The estimate of the first integral goes on exactly as in [12], so that

|I| ≤ ω
(
M + 1, −

ˆ
Qρ(z0)

|Du−D`|2 dz
)(

−
ˆ
Qρ(z0)

|Du−D`|2 dz
)1/2

+ 4L(M + 1) −
ˆ
Qρ(z0)

|Du−D`|2 dz. (4.2)
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In order to estimate the remaining integrals, the following auxiliary calculation will
be useful: from (2.9) and (2.7), using that 1 ≤ K(M) ≤ H(M), ρ ≤ 1/H(M) and
µ2(ρ) ≤ µ(ρ),

1

ρ2

[
K(M)2ρ2 µ2(|u− `|)

]
≤ 1

ρ2

[
K(M)2ρ2µ2

(
K(M)ρ

)
+ |u− `|2

]
≤ H(M)4µ(ρ) +

∣∣∣∣u− `ρ
∣∣∣∣2.

Integrating over Qρ(z0) and dividing by |Qρ| yields

K(M)2 −
ˆ
Qρ(z0)

µ2(|u− `|) dz ≤ H(M)4µ(ρ) + −
ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2 dz.

Analogously, from (2.10), we get

H(M) −
ˆ
Qρ(z0)

µ(|u− `|) dz ≤ H(M)2µ(ρ) + −
ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2 dz.

From (A3), using the previous estimates, we deduce

|II| ≤ K(M) −
ˆ
Qρ(z0)

µ(|u− `|)
[
1 + |D`|+ |Du−D`|

]
dz

≤ H(M) −
ˆ
Qρ(z0)

µ(|u− `|) dz +K(M) −
ˆ
Qρ(z0)

µ(|u− `|) |Du−D`| dz

≤ H(M) −
ˆ
Qρ(z0)

µ(|u− `|) dz +K(M)2 −
ˆ
Qρ(z0)

µ2(|u− `|) dz

+ −
ˆ
Qρ(z0)

|Du−D`|2 dz

≤ 2H(M)4µ(ρ) + 2 −
ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz + −

ˆ
Qρ(z0)

|Du−D`|2 dz. (4.3)

Finally, in order to to evaluate the third addendum, since |x − x0| +
√
|t− t0| +

|D`| |x− x0| ≤ (M + 2)ρ, from (A3) and (2.7) we infer

|III| ≤ K(M)µ
(
(M + 2)ρ

)
−
ˆ
Qρ(z0)

[
1 + |D`|+ |Du−D`|

]
dz

≤ 2H(M)µ
(
ρ
)[

(1 +M) + −
ˆ
Qρ(z0)

|Du−D`| dz
]

≤ 2H(M)2µ(ρ) + −
ˆ
Qρ(z0)

|Du−D`|2 dz + 4H(M)2µ2(ρ)

≤ −
ˆ
Qρ(z0)

|Du−D`|2 dz + 6H(M)2µ(ρ). (4.4)

Combining (4.2), (4.3) and (4.4) we finally arrive at∣∣∣∣ −ˆ
Qρ(z0)

[
(u− `)ϕt −

∂A

∂p

(
z0, `(z0), D`

)
(Du−D`)Dϕ

]
dz

∣∣∣∣
≤ ω

(
M + 1, −

ˆ
Qρ(z0)

|Du−D`|2 dz
)(
−
ˆ
Qρ(z0)

|Du−D`|2 dz
)1/2
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+ c(L,H(M))
[
−
ˆ
Qρ(z0)

|Du−D`|2 dz + −
ˆ
Qρ(z0)

∣∣∣∣u− `ρ
∣∣∣∣2dz + µ(ρ)

]
.

Keeping in mind the definitions of Φ and Ψ this shows the statement of the Lemma.
�

5. Regular points and partial regularity

In this section we will prove Theorem 2.1, using the inequalities proved in last
sections, together with the A-caloric approximation lemma and Lemma 2.5. We
now fix z0 ∈ ΩT . Throughout the whole Chapter u ∈ L2(−T, 0;W 1,2(Ω,RN ))
denotes a weak solution of the non-linear parabolic system (1.1) on Qρ(z0) ⊂⊂ ΩT ,
satisfying the hypotheses of Section 2.2. Moreover, we let M > 0 and ρ1(M) :=

1/H(M). In the following we shall denote by Ψ̃(z, ρ, `) the quantity Ψ(z, ρ, `) +
µ2(ρ). With this notation we can state the following

Lemma 5.1. For each β ∈ [α, 1) there exists ϑ ∈ (0, 1/2) and δ ∈ (0, 1], depending
on n, N , λ, L, α, β and H(M), such that if the smallness condition

ω2
(
M + 1, Ψ̃(z0, ρ, `z0,ρ)

)
+ Ψ̃(z0, ρ, `z0,ρ) ≤

1

2
δ2 (5.1)

is satisfied on Qρ(z0) ⊂⊂ ΩT and such if |`z0,ρ|+ |D`z0,ρ| ≤M then

Ψ̃(z0, ϑρ, `z0,ϑρ) ≤ ϑ2βΨ̃(z0, ρ, `z0,ρ) + c1 µ
2(ρ)

where c1 := 1 + δ−2.

Proof. We only sketch the proof, since it is very similar to the one of the analogue
Lemma 7.1 in [12]. For given ε > 0, let δ be the constant appearing in Lemma 2.6.
If we write

w :=
u− `
γ

with γ := 4c̃

√
Ψ(z0, ρ, `) +

µ2(ρ)

δ2
,

where ` is an affine function in space satisfying |`(z0)|+|D`| ≤M and c̃ is a constant
(depending on cCacc, clin) chosen large enough, we can deduce from Lemma 4.1
applied on Qρ/2(z0) and Lemma 3.1 that∣∣∣∣ −ˆ

Qρ/2(z0)

[
wϕt −

∂A

∂p

(
z0, `(z0), D`

)
DwDϕ

]
dz

∣∣∣∣
≤
[
ω2
(
(M + 1, Ψ̃(z0, ρ, `)

)
+ Ψ̃(z0, ρ, `) +

1

2
δ2
]1/2

sup
Qρ(z0)

|Dϕ |

holds for all ϕ ∈ C∞0 (Qρ/2(z0),RN ). Moreover, with the help of the Caccioppoli
inequality Lemma 3.1 we can show that ω satisfies the hypothesis (2.16) of Lemma
2.6. We further set

A(p, p̃ ) :=
〈 ∂A
∂p

(z0, `(z0), D`) p, p̃
〉

for p, p̃ ∈ RnN .

We remark that, if A satisfies (A1) and (A2), then A is a strongly elliptic and
bounded bilinear form on RnN . So, if the smallness condition (5.1) is satisfied, we
can apply Lemma 2.6 to infer that there exists an A-caloric function h ∈ L2(t0 −
ρ2/4, t0;W 1,2(Bρ/2(x0),RN )) on the cylinder Qρ/2(z0) which is ε-close to w (in the
sense of Lemma 2.6). Using Lemma 2.5 and the ε-closeness of w and h, recalling



14 PAOLO BARONI

the definition of w and the minimizing property of `z0,θρ/2, we can show that for
each θ ∈ (0, 1) there holds(

θρ

2

)−2

−
ˆ
Qϑρ/2(z0)

∣∣u− `z0,θρ/2∣∣2 dz ≤ c (θ−n−4ε+θ2)

(
Ψ(z0, ρ, `)+

µ2(ρ)

δ2

)
.

With an appropriate choice of ε and θ, writing ϑ := θ/2, we get our assertion. �

Now we want to iterate the previous Lemma: for given M > 0 and β ∈ (α, 1),
we determine δ = δ(2M), ϑ = ϑ(2M) and c1 = c1(2M) accordingly to Lemma 5.1.
Then, we can find Ψ̃0(M) > 0 sufficiently small, such that

ω2
(
2M + 1, 2Ψ̃0(M)

)
+ 2 Ψ̃0(M) ≤ 1

2
δ2 (5.2)

and

Ψ̃0(M) ≤ 1

4 (n+ 2)
2 M

2ϑn+4(1− ϑβ)
2
. (5.3)

Given this we can also find ρ0(M) ∈ (0, ρ1(2M)] so small that writing

c2(M) :=
c3(2M)

ϑ2α − ϑ2β
,

we have, by (2.4),

c2(M)µ2
(
ρ0(M)

)
≤ min

{
δ2, Ψ̃0(M),M2 ϑn+4

4(n+ 2)
2 (1− ϑα)

2

}
(5.4)

and, by (µ0),

c2(M)M(ρ0(M))
2 ≤M2 ϑn+4

4α(n+ 2)
2 (1− ϑα)

2
. (5.5)

Now, suppose that the conditions
(i) |`z0,ρ(z0)|+ |D`z0,ρ| ≤M ,

(ii) ρ ≤ ρ0(M) ,
(iii) Ψ̃(z0, ρ, `z0,ρ) ≤ Ψ̃0(M)

are satisfied on Qρ(z0). Then, for j = 1, 2, . . . we shall inductively derive the
following assertions:

(Ij) Ψ̃(z0, ϑ
jρ, `z0,ϑjρ) ≤ ϑ2βjΨ̃(z0, ρ, `z0,ρ) + c2(M)µ2(ϑjρ) ,

(IIj) |`z0,ϑjρ(z0)|+ |D`z0,ϑjρ| ≤ 2M .
For the sake of brevity, in the following we shall omit in any notation the point z0,
unless when essential. We first note that (Ij), combined with (ii), (iii) and (5.4)
yields

(I ′j) Ψ̃(ϑjρ, `ϑjρ) ≤ 2 Ψ̃0(M) .
Now we prove by induction (Ij) and (IIj). We first consider the case j = 1. We
deduce, from the monotonicity of ω, (iii) and (5.2)

ω2
(
M + 1, Ψ̃(ρ, `ρ)

)
+ Ψ̃(ρ, `ρ) ≤ ω2

(
2M + 1, Ψ̃0(M)

)
+ 2Ψ̃0(M) ≤ 1

2
δ2.

Taking into account that ρ ≤ ρ0(M) ≤ ρ1(M) and |`ρ(z0)| + |D`ρ| ≤ M , we can
apply Lemma 5.1 in order to conclude that (I1) holds, using also (µ1):

Ψ̃(ϑρ, `ϑρ) ≤ ϑ2βΨ̃(ρ, `ρ) + c1(2M)µ2(ρ)
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≤ ϑ2βΨ̃(ρ, `ρ) +
c1(2M)

ϑα
µ2(ϑρ)

≤ ϑ2βΨ̃(ρ, `ρ) + c2(M)µ2(ϑρ).

Furthermore, using Lemma 2.4, (iii) and (5.3) we infer

|`ϑρ(z0)|+ |D`ϑρ| ≤ |`ρ(z0)|+ |D`ρ|+ |`ϑρ(z0)− `ρ(z0)|+ |D`ϑρ −D`ρ|

≤M +

∣∣∣∣−ˆ
Qϑρ(z0)

[
u− (u)z0,ρ

]
dz

∣∣∣∣+

[
n(n+ 2)

ϑ2ρ2
−
ˆ
Qϑρ(z0)

|u− `ρ|2 dz
]1/2

≤M +

[
−
ˆ
Qϑρ(z0)

|u− `ρ|2 dz
]1/2

+

[
n(n+ 2)

ϑ2ρ2
−
ˆ
Qϑρ(z0)

|u− `ρ|2 dz
]1/2

≤M +

[
ϑ2ρ2

ϑn+4
Ψ̃(ρ, `ρ)

]1/2

+

[
n(n+ 2)

ϑn+4
Ψ̃(ρ, `ρ)

]1/2

≤M +
1 +

√
n(n+ 2)√
ϑn+4

√
Ψ̃0(M) ≤M +

n+ 2√
ϑn+4

√
Ψ̃0(M) ≤ 2M.

i.e. II1 holds. We next want to show (Ij): we assume (Im) and (IIm) (and therefore
(I ′m)) hold for m = 1, . . . , j − 1. Then (I ′m), (IIm) and (5.2) imply that we can
apply Lemma 5.1 for m = 1, . . . , j − 1. Recalling the definition of c2(M) and (µ1)
we obtain

Ψ̃(ϑjρ, `ϑjρ) ≤ ϑ2βjΨ̃(ρ, `ρ) + c1(2M)

j−1∑
m=0

ϑ2βmµ2(ϑj−m−1ρ)

≤ ϑ2βjΨ̃(ρ, `ρ) + c1(2M)µ2(ϑjρ)ϑ−2α

j−1∑
m=0

ϑ2(β−α)m

≤ ϑ2βjΨ̃(ρ, `ρ) +
c1(2M)

ϑ2α − ϑ2β
µ2(ϑjρ),

showing (Ij). In order to show (IIj) we use Lemma 2.4, (Im) for m = 1, . . . , j − 1,
(2.11), (5.3) and (5.5) to infer

|`ϑjρ(z0)|+ |D`ϑjρ| ≤ |`ρ(z0)|+ |D`ρ|

+

j∑
m=1

|`ϑmρ(z0)− `ϑm−1ρ(z0)|+
j∑

m=1

|D`ϑmρ −D`ϑm−1ρ|

≤M +

j∑
m=1

[
−
ˆ
Qϑmρ/2(z0)

|u− `ϑm−1ρ|
2
dz

]1/2

+

j∑
m=1

[
n(n+ 2)

(ϑmρ)
2 −
ˆ
Qϑmρ/2(z0)

|u− `ϑm−1ρ|
2
dz

]1/2

≤M +
1 +
√
n(n+ 2)√
ϑn+4

j∑
m=1

√
Ψ̃(ϑm−1ρ, `ϑm−1ρ)

≤M +
n+ 2√
ϑn+4

j−1∑
m=0

√
ϑ2mβΨ̃(ρ, `ρ) + c2(M)µ2(ϑmρ)
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≤M +
n+ 2√
ϑn+4

(√
Ψ̃(ρ, `ρ)

1− ϑβ
+
α
√
c2(M)

1− ϑα
M(ρ)

)
≤M +

M

2
+

n+ 2√
ϑn+4

α
√
c2(M)

1− ϑα
M(ρ0(M)) ≤ 2M.

Since at this point the case β = α is trivial, the above reasoning proves the first
assertion of the following:

Lemma 5.2. For M > 0 and Qρ(z0) ⊂⊂ ΩT , suppose that the conditions
(i) |`z0,ρ(z0)|+ |D`z0,ρ| ≤M ,

(ii) ρ ≤ ρ0(M),
(iii) Ψ̃(z0, ρ, `z0,ρ) ≤ Ψ̃0(M)

are satisfied. Then, for all j ∈ N, we have

Ψ̃(z0, ϑ
jρ, `z0,ϑjρ) ≤ ϑ

2βjΨ̃(z0, ρ, `z0,ρ) + c2(M)µ2(ϑjρ) (5.6)

and |`z0,ϑjρ(z0)|+ |D`z0,ϑjρ| ≤ 2M. Moreover, Du is continuous in a neighborhood
of z0 and its modulus of continuity, with respect the parabolic metric, is r 7−→
rβ +M(r) for each β ∈ [α, 1).

Proof. It remains to prove the existence of a neighborhood of z0 where Du is contin-
uous. Since the functions z 7→ `z,ρ, z 7→ D`z,ρ and z 7→ Ψ̃(z, ρ, `z,ρ) are continuous,
there exists a neighborhood J of z0 such that for all z ∈ J , Qρ(z) ⊂⊂ ΩT and both
(i) and (iii) hold, with M replaced by M + 1 and Ψ̃0(M) by Ψ̃0(M) + 1.

We now fix z ∈ J . We shall again omit in any notation the point z, unless when
necessary. Since |D`ϑjρ| ≤ 2(M + 1), we are in a position to apply Lemma 3.1
which, together with the minimizing property of (Du)ϑjρ/2 and (5.6), yields

Φ
(
ϑjρ/2, (Du)ϑjρ/2

)
≤ Φ

(
ϑjρ/2, D`ϑjρ/2

)
≤ cCaccΨ̃(ϑjρ, `ϑjρ)

≤ c(λ, L,M)
(
ϑ2βjΨ̃(ρ, `ρ) + µ2(ϑjρ)

)
. (5.7)

Now we prove that {(Du)ϑjρ/2}j is a Cauchy sequence: using (5.7) and arguing
as in the proof of the inductive step in (IIj) we deduce, for k > j,

∣∣(Du)ϑjρ/2 − (Du)ϑkρ/2
∣∣ ≤ k∑

m=j+1

∣∣(Du)ϑmρ/2 − (Du)ϑm−1ρ/2

∣∣
≤
√
ϑ−n−2

k−1∑
m=j

[
−
ˆ
Qϑmρ/2(z0)

∣∣Du− (Du)ϑmρ/2
∣∣2 dz]1/2

=
√
ϑ−n−2

k−1∑
m=j

√
Φ
(
ϑmρ/2, (Du)ϑmρ/2

)
≤
√
c(λ, L,M)ϑ−n−2

[√
Ψ̃(ρ, `ρ)

1− ϑβ
ϑβj +

α

1− ϑα
M(ϑjρ)

]
. (5.8)

Hence {(Du)z,ϑjρ/2} is a Cauchy sequence in RnN and it converges to some D̃u(z) ∈
RnN . Taking the limit k →∞ in (5.8) we infer that∣∣(Du)ϑjρ/2 − D̃u(z)

∣∣ ≤ c [ϑβj +M(ϑjρ)
]

(5.9)
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with c = c(n,N, λ, L, α, β,H(M)) (note that Ψ̃(ρ) ≤ Ψ̃0(M) + 1 by our choice
of J ). Since z 7→ (Du)z,ϑjρ/2 is continuous in J for all j and estimate (5.9) is

uniform in z, the limit function D̃u(z) is continuous, being the uniform limit of
continuous functions. Let z1 = (x1, t1), z2 = (x2, t2) ∈ J , with t1 ≤ t2. We could,
if necessary, shrink J in order to have diamP(J ) ≤ ρ/4. We set δ := dP(z1, z2),
and let j ∈ N ∪ {0} such that ϑj+1ρ/4 < δ ≤ ϑjρ/4. We have

|D̃u(z1)− D̃u(z2)| ≤ |D̃u(z1)− (Du)z1,ϑjρ/2|+ |D̃u(z2)− (Du)z2,ϑjρ/2|
+ |(Du)z1,ϑjρ/2 − (Du)z2,ϑjρ/2|. (5.10)

In order to estimate the third term we write, for any w ∈ Qϑjρ/4(z2),∣∣(Du)z1,ϑjρ/2 − (Du)z2,ϑjρ/2
∣∣

≤
∣∣(Du)z1,ϑjρ/2 −Du(w)

∣∣+
∣∣(Du)z2,ϑjρ/2 −Du(w)

∣∣;
now we observe that Qδ(z2) ⊂ Q2δ(z1) ∩Q2δ(z2), and hence

Qϑjρ/4(z2) ⊂ Qϑjρ/2(z1) ∩Qϑjρ/2(z2). (5.11)

Integrating over Qϑjρ/4(z2) and dividing by |Qϑjρ/4| we get, using (5.11), (5.7) and
(2.12) ∣∣(Du)z1,ϑjρ/2−(Du)z2,ϑjρ/2

∣∣ ≤ c(n)
[
−
ˆ
Qϑjρ/2(z1)

∣∣Du− (Du)z1,ϑjρ/2
∣∣2 dw

+ −
ˆ
Qϑjρ/2(z2)

∣∣Du− (Du)z2,ϑjρ/2
∣∣2 dw]1/2

≤ c
(
ϑβj
√
Ψ̃(ρ) + µ(ϑjρ)

)
≤ c

(
ϑβj
√
Ψ̃(ρ) +M(ϑjρ)

)
,

with c = c (n,N, λ, L,M,α, β). Next, we estimate the first two terms in (5.10)
using (5.9) and the third one using the previous inequality, obtaining

|D̃u(z1)− D̃u(z2)| ≤ c
(
ϑβj
√
Ψ̃(ρ) +M(ϑjρ)

)
≤ c

[(
2δ

ρ

)β√
Ψ̃(ρ) +M(δ)

(
ϑ

2

)α]
≤ c

[
dP(z1, z2)

β
+M(dP(z1, z2))

]
,

and this shows that the modulus of continuity of ũ is r 7→ rβ +M(r) for each
β ∈ [α, 1). Since by Lebesgue differentiation theorem Du and D̃u coincide almost
everywhere, we now have proved also the second part of the statement. �

Up to now, in Lemma 5.2 and recalling also Lemma 2.4 and the definition of
`z0,ρ, we have proved that if u is a weak solution of the parabolic system (1.1) under
the assumption (A1), (A2), (A3), (µ0) and (µ1), then Sing(u) ⊂ Σ0 ∪ Σ2 with Σ0

being the subset of the points z0ΩT such that

lim inf
ρ↘0

1

ρ2
−
ˆ
Qρ(z0)

|u− (u)z0,ρ − (Du)z0,ρ(x− x0)|2 dz > 0 (5.12)

and Σ2 as in the statement of Theorem 2.1. Moreover, for each z0 ∈ ΩT r Σ and
for each β ∈ [α, 1), Du has the modulus of continuity ρ 7→ ρβ +M(ρ) with respect
the standard parabolic metric (1.3) in a neighborhood of z0.
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This property of singular points does not still allow us to deduce that the singular
set is Lebesgue-negligible. We can however easily deduce the property stated in
Theorem 2.1 arguing as in Section 8 of [12], substituting the Hölder modulus of
continuity with a generic Dini one.

6. Fractional estimates

The aim of this Chapter is to derive L2-estimates for the finite differences of
the spatial gradient Du, both in space and in time, in terms of our modulus of
continuity µ. The classical parabolic higher integrability lemma (see [16]) tells us
that a weak solution v ∈ L2(−T, 0;W 1,2(Ω,RN )) to our parabolic system (1.1) is
higher integrable and satisfies a Reverse-Hölder inequality: more precisely, there
exists δ0 = δ0(n,L/λ) > 0 such that for all open sets O ⊂⊂ ΩT(

−
ˆ
O
|Dv|2(1+δ0)

dz

)1/(1+δ0)

≤ cRH −
ˆ

ΩT

(
1 + |Dv|

)2
dz, (6.1)

where cRH = cRH(n,L/λ, dist(∂Ω,O)). Let us remark that for such an estimate
the only properties of the vector field we request are the linear growth (A1) and
the ellipticity (A2). For more recent results on gradient estimates in the parabolic
setting we refer to [19, 1]. We define, for e unit vector in Rn and both (x, t), (x +
h e, t) ∈ ΩT , the finite difference τh,e ≡ τh,e(x, t) := u(x + h e, t) − u(x, t). Since
u(t, ·) ∈W 1,2(Ω,RN ) for a.e. t ∈ [−T, 0], we immediately haveˆ 0

−T

ˆ
Ω̃

|u(x+ he, t)− u(x, t)|2 dx dt ≤ |h|2
ˆ

ΩT

|Du|2 dz, (6.2)

with Ω̃ ⊂⊂ Ω and |h| ≤ min{dist(∂Ω, Ω̃), 1}/2 and also the L1-version:ˆ 0

−T

ˆ
Ω̃

|u(x+ he, t)− u(x, t)| dx dt ≤ |h|
ˆ

ΩT

|Du| dz. (6.3)

Let us fix −T < t̃ < t1 < 0, arbitrarily, and let t0 := (−T + t̃)/2 < t̃. In the
following we shall always take |h| ≤ min

{
dist(∂Ω, Ω̃), 1

}
/2 and t ∈ (t0, t1). We

choose ζ(t) ∈ C∞((−T, 0)) such that ζ ≡ 0 on (−T, t0), ζ ≡ 1 on (t̃, 0), 0 ≤ ζ ′ ≤
4/(T + t0) and η ∈ C∞0 (Ω) a cut-off function in space, 0 ≤ η ≤ 1 and η ≡ 1 on Ω̃.
Using the formulation of (2.14) in terms of Steklov averages, one can prove (see,
e.g., [12]) that for a.e. t1 as before

1

2

ˆ
Ω̃

ζ2(t1) η2|τh,eu(·, t1)|2 dx−
ˆ t1

−T

ˆ
Ω̃

ζζ ′η2|τh,eu|2 dx dt

+

ˆ t1

t0

ˆ
Ω̃

ζ2τh,e
[
A(x, t, u,Du)

][
2ηDη ⊗ (τh,eu) + η2D(τh,eu)

]
dx dt = 0.

To obtain an estimate of τh,eDu we shall ignore the contribution of the first integral
and decompose τh,e[A] as follows:

τh,e

[
A
(
·, ··, u(·, ··), Du(·, ··)

)]
(x, t)

= A
(
x+ he, t, u(x+ he, t), Du(x+ he, t)

)
−A
(
x+ he, t, u(x+ he, t), Du(x, t)

)
+A

(
x+ he, t, u(x+ he, t), Du(x, t)

)
−A
(
x+ he, t, u(x, t), Du(x, t)

)
+A

(
x+ he, t, u(x, t), Du(x, t)

)
−A
(
x, t, u(x, t), Du(x, t)

)
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=: A (h) + B(h) + C (h). (6.4)

We estimate separately the integrals: we write A (h)(x, t) = Ã (h) [τh,eDu](x, t),
with

Ã (h) :=

ˆ 1

0

∂A

∂p

(
x+ he, t, u(x+ he, t), Du(x, t) + sτh,eDu(x, t)

)
ds, (6.5)

and we infer from the ellipticity (A2) of Aˆ t1

t0

ˆ
Ω̃

ζ2η2A (h)D(τh,eu) dx dt ≥ λ
ˆ t1

t0

ˆ
Ω̃

ζ2η2|τh,eDu|2 dx dt.

In order to evaluate the remaining integral involving A (h) we use (2.2), Young’s
inequality with ε ∈ (0, 1) to be chosen, (6.2) and the fact that s ≤ µ(s) for s ≤ 1:ˆ t1

t0

ˆ
Ω̃

ζ2η |Dη| |A (h)| |τh,eu| dx dt

≤ ε
ˆ t1

t0

ˆ
Ω̃

ζ2η2|τh,eDu|2 dx dt+
L2

ε
||Dη||2L∞

ˆ t1

t0

ˆ
Ω̃

|τh,eu|2 dx dt

≤ ε
ˆ t1

t0

ˆ
Ω̃

ζ2η2|τh,eDu|2 dx dt+
L2

ε
||Dη||2L∞ µ

2(|h|)
ˆ

ΩT

|Du|2 dz.

Similarly, using ζ ′ ≤ 4/(T + t0), (6.2) and s ≤ µ(s) for s ≤ 1, we obtainˆ t1

−T

ˆ
Ω̃

η2ζζ ′|τh,eu|2 dx dt ≤ c (t0)µ2(|h|)
ˆ

ΩT

|Du|2 dz.

Next we estimate the integrals involving C (h): using the uniform Dini continuity
(A4), Hölder’s inequality, (6.2) and the fact that |h| ≤ µ(|h|): we getˆ t1

t0

ˆ
Ω̃

ζ2η |Dη| |C (h)| |τh,eu| dx dt

≤ Lµ(|h|)
ˆ t1

t0

ˆ
Ω̃

ζ2η |Dη|
(
1 + |Du|

)
|τh,eu| dx dt

≤ L ||Dη||L∞µ(|h|)
(ˆ

ΩT

(
1 + |Du|2

)
dz

)1/2(ˆ t1

t0

ˆ
Ω̃

|τh,eu|2 dx dt
)1/2

≤ c
(
L, |ΩT | , ||Dη||L∞ , ||Du ||L2

)
µ2(|h|).

(A4) and Young’s inequality allow us to estimateˆ t1

t0

ˆ
Ω̃

ζ2η2|C (h)| |τh,eDu| dx dt

≤ µ(|h|)
ˆ t1

t0

ˆ
Ω̃

ζ2η2L
(
1 + |Du|

)
|τh,eDu| dx dt

≤ ε
ˆ t1

t0

ˆ
Ω̃

ζ2η2|τh,eDu|2 dx dt+
2L2µ2(|h|)

ε

ˆ
ΩT

(
1 + |Du|2

)
dz.

In order to evaluate terms containing B(h) we need an auxiliary estimate: using
Hölder inequality, the fact that µ ≤ 1, Jensen’s inequality, (6.1) and (6.3), we get(ˆ t1

t0

ˆ
Ω̃

(
1 + |Du|

)2
µ2
(
|τh,eu|

)
dx dt

)1+δ0
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≤
(ˆ t1

t0

ˆ
Ω̃

(
1 + |Du|

)2(1+δ0)
dx dt

)(ˆ t1

t0

ˆ
Ω̃

µ2(1+δ0)/δ0
(
|τh,eu|

)
dx dt

)δ0
≤ c

(
−
ˆ

(t0,t1)×Ω̃

(
1 + |Du|

)2(1+δ0)
dx dt

)(
−
ˆ

(t0,t1)×Ω̃

µ
(
|τh,eu|

)
dx dt

)δ0
≤ c

(
−
ˆ

ΩT

(
1 + |Du|

)2
dx dt

)1+δ0

µ

(
−
ˆ

(t0,t1)×Ω̃

|τh,eu| dx dt
)δ0

≤ c µ
(
−
ˆ

(t0,t1)×Ω̃

|τh,eu| dx dt
)δ0
≤ c µ

(
|h|
ˆ

ΩT

|Du| dz
)δ0

≤ c µ(|h|)δ0 , (6.6)

so that ˆ t1

t0

ˆ
Ω̃

(
1 + |Du|

)2
µ2
(
|τh,eu|

)
dx dt ≤ c µ(|h|)δ0/(1+δ0)

, (6.7)

with c = c (n,L/λ, |ΩT |, ‖Du‖L2 , dist(∂Ω, Ω̃)). In the last line in (6.6) we used
(2.7), if

´
ΩT
|Du| dz ≥ 1, or the non-decreasing property of µ, otherwise. Using

(6.7) we have
ˆ t1

t0

ˆ
Ω̃

ζ2η |Dη| |B(h)| |τh,eu| dx dt

≤ ||Dη||L∞
ˆ t1

t0

ˆ
Ω̃

(
1 + |Du|

)
µ
(
|τh,eu|

)
|τh,eu| dx dt

≤ c
(ˆ t1

t0

ˆ
Ω̃

(
1 + |Du|2

)
µ2
(
|τh,eu|

)
dx dt

)1/2

(ˆ t1

t0

ˆ
Ω̃

|τh,eu|2 dx dt
)1/2

≤ c µ(|h|)δ0/(2+2δ0) |h|
ˆ

ΩT

|Du|2 dz

≤ c µ(|h|)δ0/(2+2δ0)+1
,

where c = c (n,L/λ, |ΩT |, ‖Dη‖L∞ , ‖Du‖L2 , dist(∂Ω, Ω̃)). Similarly we get, using
also Young’s inequality:

ˆ t1

t0

ˆ
Ω̃

ζ2η2|B(h)| |τh,eDu| dx dt

≤ ε

ˆ t1

t0

ˆ
Ω̃

ζ2η2|τh,eDu|2 dx dt +
c

ε
µ(|h|)δ0/(1+δ0)

.

Combining the previous estimates we obtain

(λ− 3ε)

ˆ t1

t0

ˆ
Ω̃

ζ2η2|τh,eDu|2 dx dt

≤ c
[
µ2(|h|) + µ(|h|)δ0/(2+δ0)+1

+ µ(|h|)δ0/(1+δ0)
]
≤ C µ(|h|)δ0/(2+2δ0)

,
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with C = C(n, λ, L, |ΩT |, ||Dη||L∞ , ||Du||L2 , dist(∂Ω, Ω̃), t0, ε). Now if we choose
ε := λ/6 and we write γ := δ0/4(1 + δ0), we get the following:

Lemma 6.1. Let u ∈ L2(−T, 0;W 1,2(Ω,RN )) be a weak solution to the parabolic
system (1.1) under the assumptions (A1), (A2), (A4), (µ0) and (µ1). For any Ω̃ ⊂
⊂ Ω, −T < t0 < t1 < 0, |h| ≤ min{dist(∂Ω, Ω̃), 1}/2 and e unit vector in Rn, there
exists γ = γ(n,L/λ) ∈ (0, 1/4) and C = C(n,L, λ, |ΩT |, t0, dist(∂Ω, Ω̃), ||Du||L2)
such thatˆ t1

t0

ˆ
Ω̃

|Du(x+ he, t)−Du(x, t)|2 dx dt ≤ C µ2γ(|h|). (6.8)

Proceeding in a similar way we can prove the temporal analogue of Lemma 6.1.
Thereby we have to keep in mind that a weak solution to (2.14) is not a priori
weakly differentiable with respect the temporal variable, the analogue of (6.2) is
not immediate. However, using the Steklov averages formulation, it can be easily
proved (see for instance [12]) that a weak solution to (1.1) with the only assumption
(2.1) satisfiesˆ t1

t0

intΩ̃|u(x, t+ h)− u(x, t)|2 dx dt ≤ c |h|
ˆ

ΩT

(
1 + |Du|2

)
dz, (6.9)

whenever Ω̃ ⊂⊂ Ω and −T < t0 < t1 < 0, for all 0 < |h| < min{|t1|, T − |t0|, 1}/2,
with c = c (L, dist(Ω̃, ∂Ω)). Using this estimate we can deduce with similar argu-
ments as before the following

Lemma 6.2. Let u ∈ L2(−T, 0;W 1,2(Ω,RN )) be a weak solution to the parabolic
system (1.1) under the assumptions (A1), (A2), (A4), (µ0) and (µ1). For any
Ω̃ ⊂⊂ Ω, −T < t0 < t1 < 0, |h| ≤ min{|t1|, T − |t0|, 1}/2, there exists γ ∈ (0, 1/4)
and C, having both the same dependencies as the constants appearing in (6.8), such
that ˆ t1

t0

ˆ
Ω̃

|Du(x, t+ h)−Du(x, t)|2 dx dt ≤ Cµ2γ(|h|1/2).

We remark that the constant γ appearing in this lemma is exactly the same as
in Lemma 6.1. Moreover this constant, which depends directly on the constant
of higher integrability of Giaquinta-Struwe Lemma, has a critical dependence on
the ellipticity ratio L/λ in the sense that limL/λ↗∞ γ = 0 this arises from the
analogous behavior of δ0.

7. Generalized Sobolev spaces

In the following, by a modulus of continuity we understand a continuous, in-
creasing function ω̃ : [0,∞) → [0,∞) with ω̃(0) = 0. Let ω̃1, ω̃2 be two moduli of
continuity. For q ∈ [1,∞) we say that a function u ∈ Lq(ΩT ,RN ) belongs to the
Sobolev space W ω̃1,ω̃2;q(ΩT ,RN ) if its seminorm [u]ω̃1,ω̃2;q is finite:

[u]
q
ω̃1,ω̃2;q :=

ˆ 0

−T

ˆ
Ω

ˆ
Ω

|u(x, t)− u(y, t)|q

|x− y|nω̃1(|x− y|)q
dx dy dt

+

ˆ
Ω

ˆ 0

−T

ˆ 0

−T

|u(x, t)− u(x, s)|q

|t− s| ω̃2(|t− s|)q
dt ds dx < ∞.



22 PAOLO BARONI

The local variant W ω̃1,ω̃2;q
loc (ΩT ,RN ) can be defined in the usual way. We re-

mark that the choice of ω̃1(ρ) := ρα e ω̃2(ρ) := ρβ , α, β ∈ (0, 1), as moduli
of continuity leads to the parabolic fractional Sobolev spaces Wα,β;q. For fixed
u ∈W ω̃1,ω̃2;q(ΩT ,RN ) we define the following function:

λω̃1,ω̃2;q(u, ·) : I ×O 7−→
ˆ
I

ˆ
O

ˆ
O

|u(x, t)− u(y, t)|q

|x− y|nω̃1(|x− y|)q
dx dy dt

+

ˆ
O

ˆ
I

ˆ
I

|u(x, t)− u(x, s)|q

|t− s| ω̃2(|t− s|)q
dt ds dx (7.1)

with I ⊂ (−T, 0) and O ⊂ Ω Borel sets. Observe that λω̃1,ω̃2;q(u,ΩT ) = [u]
q
ω̃1,ω̃2;q.

Actually we shall need no function space theoretic property of such space, and
we could have even avoided introducing them, but we did so in order to have a bit of
notation at our disposal. The following is a Poincaré type inequality for functions
belonging to W ω̃1,ω̃2;q(ΩT ,RN ):

Proposition 7.1. Let u ∈ W ω̃1,ω̃2; q
loc (ΩT ,RN ), with ω̃1(2ρ) ≤ A ω̃1(ρ) for some

A > 0 and Qρ(z0) ⊂⊂ ΩT . Then
ˆ
Qρ(z0)

∣∣u(z)− (u)z0,ρ
∣∣q dz ≤ c(n, q,A)

[
ω̃q1(ρ) + ω̃q2(ρ2)

]
λω̃1,ω̃2;q(u,Qρ(z0)).

(7.2)

Proof. Let z = (x, t) ∈ Qρ(z0) = Bρ(x0) × (t0 − ρ2, t0). Using Jensen’s inequality
we get ∣∣u(z)− (u)z0,ρ

∣∣q ≤ −ˆ
Qρ(z0)

|u(x, t)− u(y, s)|q dy ds

≤ c(q) −
ˆ
Qρ(z0)

|u(x, t)− u(y, t)|qK1,ε(|x− y|) dy ds

+ c(q) −
ˆ
Qρ(z0)

|u(y, t)− u(y, s)|qK2,ε(|t− s|) dy ds,

where, for ε ∈ (0, 1), we set K1,ε(θ) := min{1/ε, (2ρ/θ)n
(
ω̃1(2ρ)/ω̃1(θ)

)q} and
K2,ε(θ) := min{1/ε, (ρ2/θ)

(
ω̃2(ρ2)/ω̃2(θ)

)q}. Observe that K1,ε(θ) ≥ 1 whenever
θ ≤ 2ρ and that K2,ε(θ) ≥ 1 whenever θ ≤ ρ2. Integrating with respect to z over
Qρ(z0) and using Fubini’s theorem, we getˆ

Qρ(z0)

∣∣u(z)− (u)z0,ρ
∣∣q dz

≤ c(q)
ˆ
Qρ(z0)

−
ˆ
Qρ(z0)

|u(x, t)− u(y, t)|qK1,ε(|x− y|) dy ds dx dt

+ c(q)

ˆ
Qρ(z0)

−
ˆ
Qρ(z0)

|u(y, t)− u(y, s)|qK2,ε(|t− s|) dy ds dx dt

=
c(n, q)

ρn

ˆ
Qρ(z0)

ˆ
Bρ(x0)

|u(x, t)− u(y, t)|qK1,ε(|x− y|) dy dx dt

+
c(n, q)

ρ2

ˆ t0

t0−ρ2

ˆ
Qρ(z0)

|u(y, t)− u(y, s)|qK2,ε(|t− s|) dy ds dt.
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Letting ε↘ 0 we getˆ
Qρ(z0)

∣∣u(z)− (u)z0,ρ
∣∣q dz

≤ c

ρn
ρnω̃q1(ρ)

ˆ t0

t0−ρ2

ˆ
Bρ(x0)

ˆ
Bρ(x0)

|u(x, t)− u(x, s)|q

|x− y|n ω̃q1(|x− y|)
dy dx dt

+
c

ρ2
ρ2ω̃q2(ρ2)

ˆ
Bρ(x0)

ˆ t0

t0−ρ2

ˆ t0

t0−ρ2

|u(x, s)− u(y, s)|q

|t− s| ω̃q2(|t− s|)
ds dt dy

≤ c(n, q,A)
[
ω̃q1(ρ) + ω̃q2(ρ2)

]
λω̃1,ω̃2;q(u,Qρ(z0)).

�

We remark that if u ∈ W ω̃1,ω̃2; p(ΩT ,RN ) then the Poincaré inequality (7.2)
holds for all Qρ(z0) ⊂ ΩT . The proof of the following Proposition is similar to the
one of its elliptic analogue in [9, Proposition 3.3].

Proposition 7.2. Let v ∈ Lq(ΩT ,Rk) and assume that there exists M ≥ 0, A ≥ 1
and a modulus of continuity ω̃ satisfyingˆ 1

0

ω̃(ρ)
q

ρ
dρ <∞

such that for Ω̃ ⊂⊂ Ω and d ∈ (0, T/8)ˆ
Sn−1

ˆ d

−T+d

ˆ
Ω̃

|v(x+ he, t)− v(x, t)|q dx dt dHn−1(e) ≤M ω̃q(|h|),

for all |h| < min{dist(∂Ω, Ω̃), A}. Then for every O ⊂⊂ Ω̃ and for any modulus of
continuity θ satisfying the relative Dini conditionˆ 1

0

ω̃q(ρ)

ρ θq(ρ)
dρ <∞

there exists a constant c3 > 0 depending on n, A, M , ||v||Lq , ω̃(·), θ(·), diam(Ω),
dist(∂Ω, Ω̃), dist(∂Ω̃,O) such thatˆ −d

−T+d

ˆ
O

ˆ
O

|v(x, t)− v(y, t)|q

|x− y|nθ(|x− y|)q
dx dy dt ≤ c3.

Similarly the following proposition can be proved

Proposition 7.3. Let v ∈ L2(ΩT ,Rk) and suppose there exists M ′ ≥ 0, A′ ≥ 1
and a modulus of continuity ω̃′ satisfyingˆ 1

0

ω̃′q(ρ)

ρ
dρ <∞

such that for Ω̃ ⊂⊂ Ω and d ∈ (0, T/8)ˆ d

−T+d

ˆ
Ω̃

|v(x, t+ h)− v(x, t)|q dx dt ≤M ′ ω̃′q(h),

for all |h| < min{d,A′}, with d ∈ (0, T/8).
Then for every modulus of continuity θ satisfying the relative Dini conditionˆ 1

0

ω̃′q(ρ)

ρ θq(ρ)
dρ <∞
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there exists a constant c4 = c4
(
n,A′,M ′, ω̃(·), θ(·), d, diam (Ω), ||v||Lq

)
> 0 such

that ˆ
Ω̃

ˆ −d
−T+d

ˆ −d
−T+d

|v(x, t)− v(x, s)|q

|t− s| θ(|t− s|)q
dt ds dx ≤ c4.

8. Generalized Hausdorff measures

We recall the definition of the generalized Hausdorff measure (see [18, Definition
2]). Let θ : [0,∞)→ [0,∞) a continuous and increasing function such that θ(0) = 0
and let E ⊂ Rn. The generalized Hausdorff measure on Rn associated to θ is

Hθ(E) := lim
δ↘0

(
inf

{ ∞∑
j=0

θ(diamSj); E ⊂
∞⋃
j=0

Sj ; diamSj < δ

})
.

Since we are dealing with the parabolic case, we will be interested in the general-
ized parabolic Hausdorff measure, hence the generalized Hausdorff measure on Rn+1

coupled with the parabolic metric, and since we are interested only in negligible
sets, we shall confine ourselves to coverings made of cylinders. So, if θ is as before,
for E ⊂ Rn+1 we define

Pθ(E) := lim
δ↘0

(
inf

{ ∞∑
j=0

θ(ρj); E ⊂
∞⋃
j=0

Qρj (zj); ρj < δ

})
.

The following parabolic generalization of Giusti Lemma [17] will be a funda-
mental tool in proving Theorem 2.2. Its proof is very similar to that of its elliptic
version [9, Lemma 5.1], and therefore we shall omit it.

Lemma 8.1. Let ω : [0,∞)→ [0,∞) be non-decreasing and continuous with ω(0) =
0 and Pω the generalized parabolic Haudorff measure associated to ω. Let Bn and
B1 respectively be the families of Borel subsets of Ω and (−T, 0) and λ : Bn×B1 →
[0,+∞) a finite, non negative, increasing set function, which is countably super-
additive in the sense that

∞∑
i=1

λ
(
Qri(zi)

)
≤ λ

( ∞⋃
i=1

Qρi(zi)

)
whenever {Qri(zi)} is a family of pairwise disjoint parabolic cylinders in ΩT . We
assume also that λ satisfies lim|O|→0 λ

(
O
)

= 0, with O ⊂ ΩT open set, that

ρ 7−→ ρn+2

ω(ρ)
is non-decreasing and lim

ρ↘0

ρn+2

ω(ρ)
= 0. (8.1)

Then

Pω(A) = 0, where A :=

{
z0 ∈ ΩT : lim inf

ρ↘0

λ
(
Qρ(z0)

)
ω(ρ)

> 0

}
.

For a proof of the following comparison theorem we refer to Rogers [27, Theorem
40].

Proposition 8.2. Let f, g : [0,∞) → [0,∞) be increasing continuous functions
with f(0) = g(0) = 0 and such that

lim
r↘0

f(r)

g(r)
= 0.

Then for any E ⊂ Rn, if Pg(E) = 0 then Pf (E) = 0.
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9. Proof of the singular set estimate

Let u ∈ L2(−T, 0;W 1,2(Ω,RN )) be a weak solution to the parabolic system (1.1)
under the assumptions (A1), (A2), (A4), (µ0) and (µ1). We start from the property
of singular points stated in Theorem 2.1:

Σ ⊂ Σ1,1 ∪ Σ1,2 ∪ Σ2,1 ∪ Σ2,2,

where the first two terms are the ones defined in (2.15) and the last two are

Σ2,1 :=

{
z0 ∈ ΩT : lim sup

ρ↘0

∣∣(Du)z0,ρ
∣∣ = +∞

}
and

Σ2,2 :=

{
z0 ∈ ΩT : lim sup

ρ↘0

∣∣(u)z0,ρ
∣∣ = +∞

}
.

9.1. Estimate for Σ1,1. In the following γ = γ(n,L/λ) ∈ (0, 1/4) will denote the
constant appearing in Lemmata 6.1 and 6.2. Combining Lemma 6.1 and Proposition
7.2, with q = 2 and ω̃(·) = µγ(·), and also Lemma 6.2 and Proposition 7.3, with
q = 2 but ω̃′(·) = µγ(| · |1/2), we infer that the spatial gradient Du belongs to
W θ,θ′;2
loc (Ω,RnN ) whenever θ and θ′ are two moduli of continuity satisfying the

relative Dini conditionsˆ 1

0

µ2γ(ρ)

ρ θ2(ρ)
dρ <∞ and

ˆ 1

0

µ2γ(ρ1/2)

ρ θ′2(ρ)
dρ <∞. (9.1)

Now we observe that the function λθ,θ′;2(Du, ·) defined in (7.1) satisfies the hy-
potheses of Lemma 8.1. In order to apply Proposition 7.1 we have additionally to
require that

θ(2ρ) ≤ Aθ(ρ) (9.2)

for some A > 0. Under this assumption Proposition 7.1 ensures that

−
ˆ
Qρ(z0)

∣∣Du(z)− (Du)ρ,z0

∣∣2 dz ≤ c(n,A)
θ2(ρ) + θ′2(ρ2)

ρn+2
λθ,θ′;2(Du,Qρ(z0))

(9.3)

for all Qρ(z0) ⊂⊂ ΩT . Therefore z0 ∈ Σ1,1 implies that

lim inf
ρ↘0

θ 2(ρ) + θ′2(ρ2)

ρn+2
λθ,θ′;2(Du,Qρ(z0)) > 0.

The function

(0,∞) 3 ρ 7−→ ρn+2

θ 2(ρ) + θ′2(ρ2)
=: ν(ρ) (9.4)

satisfies the hypothesis (8.1). Hence, letting

S1,1 :=

{
z0 ∈ ΩT : lim inf

ρ↘0

λθ,θ′;2(Du,Qρ(z0))

ν(ρ)
> 0

}
,

we have Σ1,1 ⊂ S1,1 and we are in a position to apply Lemma 8.1 to deduce that
Pν(S1,1) = 0. So we obtain that Pν(Σ1,1) = 0. Observe that the moduli θ e θ′ are
still to be chosen.
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9.2. Estimate for Σ1,2. Estimate (6.9), the fact that u(·, t) ∈ W 1,2(Ω,RN ) and
Propositions 7.2 and 7.3 assure us that

u ∈W θ,θ′;2
loc (Ω,RN ) if (9.1) holds. (9.5)

Arguing as in the estimate of the dimension of Σ1,1 we get that Pν(Σ1,2) = 0, being
ν the function defined in (9.4).

9.3. Estimate for Σ2,2. We consider

S2 :=

{
z ∈ ΩT : lim inf

ρ↘0

λθ,θ′;2(Du,Qρ(z0))

ω(ρ)
> 0

}
,

with a modulus of continuity ω satisfying the assumptions of Lemma 8.1, i.e (8.1).
For z0 ∈ ΩT r S2 the sequence

{
ω(ρk)−1λθ,θ′;2(Du,Qρ(z0))

}
, with ρk := 2−kρ, is

bounded. Using (9.3) we obtain

|(Du)z0,ρk+1
− (Du)z0,ρk |

2 ≤ 2n+2 −
ˆ
Qρk (z0)

∣∣Du− (Du)z0,ρk

∣∣2 dz
≤ c(n,A)

θ2(ρk) + θ′2(ρ2
k)

ρn+2
k

λθ,θ′;2(Du,Qρk(z0))

= c(n,A)
λθ,θ′;2(Du,Qρk(z0))

ω(ρk)
σ2(ρk),

where we introduced

ω(ρ) :=
ρn+2

θ2(ρ) + θ′2(ρ2)
σ2(ρ) (9.6)

with σ : [0,∞) → [0,∞), σ(0) = 0, to be chosen. In order to apply Lemma 8.1, ω
must satisfy the hypotheses (8.1). This can be achieved if we assume that

ρ→ θ2(ρ) + θ′2(ρ2)

σ2(ρ)
is non-decreasing with lim

ρ↘0

θ2(ρ) + θ′2(ρ2)

σ2(ρ)
= 0. (9.7)

Hence |(Du)z0,ρk+1
− (Du)z0,ρk | ≤ c σ(ρk). In particular, if we impose the Dini

conditionˆ 1

0

σ(r)

r
dr <∞ (9.8)

we see that

|(Du)z0,ρk | ≤ c
∞∑
k=0

σ(ρk) ≤ c

log 2

ˆ ρ

0

σ(r)

r
dr <∞.

Having estimated |(Du)z0,ρk |, we can also estimate |(Du)z0,r| for all r ∈ (0, ρ):
given such r, there is a unique k ∈ N ∪ {0} with ρk+1 < r ≤ ρk; for this k we have

1

2

∣∣(Du)z0,r
∣∣ 2 ≤ ∣∣(Du)z0,ρk

∣∣2 +
∣∣(Du)z0,r − (Du)z0,ρk

∣∣2
≤ c+ −

ˆ
Qr(z0)

∣∣Du− (Du)z0,ρk

∣∣2 dz
≤ c+ c(n) −

ˆ
Qρk (z0)

∣∣Du− (Du)z0,ρk

∣∣2 dz,
the latter integral being bounded by the argument above. Hence z0 ∈ ΩT r S2

implies z0 ∈ ΩT r Σ2,2, i.e. Σ2,2 ⊂ S2. Lemma 8.1 then yields Pω(Σ2,2) = 0.
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9.4. Estimate for Σ2,1. In a similar way, since also u satisfies the estimate (9.3)
with u in place of Du (u ∈ W θ,θ′;2

loc (Ω,RN ), see (9.5)), we have Σ2,1 ⊂ S2, showing
that Pω(Σ2,1) = 0.

We remark that we still have to make some choices: we have to fix θ and θ′ satisfying
(9.1) and (9.2). Moreover we have to select σ satisfying (9.7) and (9.8).

9.5. Effective choice of θ, θ′ and σ. From the definition of ω in (9.6) and that
of ν in (9.4) we see that

lim
ρ↘0

ω(ρ)

ν(ρ)
= 0.

Therefore proposition 8.2 implies also that Pω(Σ1) = 0. Hence, up to now we have
proved that Pω(Sing u) = 0. The following elementary lemma [9, Lemma 5.2] will
be useful:

Lemma 9.1. Whenever a modulus of continuity κ fulfills the Dini condition

K(r) :=

ˆ r

0

κ(ρ)

ρ
dρ <∞

for some r > 0, then also κK−s satisfies the Dini condition for every s ∈ (−∞, 1).

We choose, for any ε ∈ (0, 1),

Λ(r) :=

ˆ r

0

µα(ρ)

ρ
dρ, θ(r) := µα(r) Λ(r)

1/2−ε/4
,

θ′(r) := θ(r1/2) = µα(r1/2) Λ(r1/2)
1/2−ε/4

, σ(r) :=
√

2µα(r) Λ(r)
ε/4−1

with a parameter α > 0 to be chosen. We want to check that, with an opportune
choice of such a parameter, these functions satisfy all the imposed conditions.

σ fulfills the Dini condition if (9.8) if
ˆ 1

0

µα(r)Λ(r)
−(1−ε/4)

r
dr <∞,

and this happens, because of Lemma 9.1 with s = 1 − ε/4, if µα fulfills a Dini
condition:ˆ 1

0

µα(r)

r
dr <∞. (9.9)

θ fulfills the first condition in (9.1) if
ˆ 1

0

µ2γ(r)

r µ2α(r)Λ(r)
1−ε/2 dr =

ˆ 1

0

µ2(γ−α)(r)Λ(r)
−(1−ε/2)

r
dr <∞;

in order to apply Lemma 9.1 with s = 1 − ε/2 we need 2(γ − α) = γ, that is
α = 2γ/3.

Analogously θ′ satisfies the second one if
ˆ 1

0

µ2(γ−α)(r1/2)Λ(r1/2)
−(1−ε/2)

r
dr <∞;
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which, using a simple change of variable, is equivalent to condition imposed on θ.

Let’s test the condition (9.7):

θ2(r) + θ′2(r2)

σ2(r)
=

2θ2(r)

σ2(r)
=

Λ(r)
1−ε/2

Λ(r)
ε/2−2

= Λ(r)
3−ε

;

we see that the imposed bind is satisfied if and only if (9.9) is satisfied.

Finally, using the concavity of µ, (9.2) is satisfied with A := 2α(3/2−ε/4). With
these choices ω assumes the form

ω(r) = rn+2

(ˆ r

0

µ(ρ)
2
3γ

ρ
dρ

)ε−3

,

and we have Pω(Sing(u)) = 0; this proves the Theorem in the case ε ∈ (0, 1). The
case ε ≥ 1 is a simple application of Proposition 8.2.

10. The case with no dependence on u

In the case where direct dependence of the vector field A on u does not occur,
Theorem 2.2 can be improved in the following way: we consider the system

ut − div A(z,Du) = 0 in ΩT (10.1)

where A : Ωt × RnN → RnN is as in Theorem 2.3. First of all, we will show a
stronger result of partial regularity for such a system. Stronger means that the
singular set of u is “smaller”. We will show that Sing(u) ⊂ Σ̃1 ∪ Σ̃2, where

Σ̃1 :=

{
z0 ∈ ΩT : lim inf

ρ↘0
−
ˆ
Qρ(z0)

∣∣Du− (Du)z0,ρ
∣∣2 dz > 0

}
and

Σ̃2 :=

{
z0 ∈ ΩT : lim sup

ρ↘0

∣∣(Du)z0,ρ
∣∣ = +∞

}
.

We shall give only an outline about the way to prove all these results, since the
proofs are in many points very similar to those we already gave. The techniques of
Chapters 3 and 4 need only slight modifications: a careful inspection of the proofs
reveals that we can weaken the condition we have to take on the affine function
` = `(x) appearing in Lemmata 3.1 and 4.1. It is in fact enough to assume that
|D`| ≤M . This will lead us to weaken assumption (i) in Lemma 5.2 to |D`ρ| ≤M .
So we will not need to suppose (u)z0,ρ to be bounded in order to have continuity
in z0. We refer again to [12], Theorem 8.2, for the proof that the set Σ0, defined
in (5.12), is contained in Σ̃1. When estimating the fractional space (and time)
derivative (decomposing τh,e

[
A(z,Du)

]
as in (6.4)), we see that the term B(h)

does not appear anymore. So we can state Lemmata 6.1 and 6.2 with γ ≡ 1: with
the same assumption as in these Lemmata, we obtainˆ t1

t0

ˆ
Ω̃

|Du(x+ he, t)−Du(x, t)|2 dx dt ≤ C µ2(|h|) (10.2)

and the temporal versionˆ t1

t0

ˆ
Ω̃

|Du(x, t+ h)−Du(x, t)|2 dx dt ≤ C µ2(|h|1/2).
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Now we consider the weak formulation of problem (10.1) and we choose as test
function τ−h,eϕ, with ϕ ∈ C∞0 (Ω̃T̃ ,R

N ), Ω̃ ⊂⊂ Ω, d ∈ (0, T/4), Ω̃T̃ := Ω̃ × (−T +

d,−d), |h| ∈ (0,min{dist(Ω̃, ∂Ω)/2, 1}). Using “integration by parts” we obtainˆ
ΩT

[
τh,eu∂tϕ− τh,e

[
A(x, t,Du)

]
Dϕ
]
dz = 0.

Now if we use the decomposition of τh,e
[
A(z,Du)

]
described before and we

write A (h)(x, t) =: Ã (h)
[
τh,eDu

]
(x, t), with Ã (h) similar to the quantity defined

in (6.5), then we can rewriteˆ
Ω̃T̃

[
τh,eu ∂tϕ− Ã (h)τh,e

[
Du
]
Dϕ
]
dz = −

ˆ
Ω̃T̃

C (h)Dϕdz (10.3)

for all ϕ ∈ C∞0 (Ω̃T̃ ,R
N ). Hence, dividing (10.3) by µ(|h|) and writing vh :=

τh,eu/µ(|h|) and C̃ (h) := −C (h)/µ(|h|), we have that vh solves a parabolic lin-
ear problem with measurable and bounded coefficients. We highlight that A (h),
thanks to our assumptions (A1) and (A2), represents a strongly elliptic and bounded
bilinear form on RnN independent of h. Moreover, since we have

|C (h)| ≤ Lµ(|h|)
(
1 + |Du|

)
(10.4)

and since Du ∈ L2(1+δ)
loc (ΩT ) for some δ = δ(n,L/λ) > 0, then C (h)/µ(|h|) belongs

to L2(1+δ)
loc (ΩT ). So we are in position to apply Giaquinta-Struwe Lemma [16] to

deduce that there exists 0 < δ0 < δ regardless of h such that (here we used (10.4))(
−
ˆ
Qρ/2

|Dvh|2(1+δ0)
dz

)1/(1+δ0)

≤ c −
ˆ
Qρ

|Dvh|2 dz + c

(
−
ˆ
Qρ

(
1 + |Du|

)2(1+δ)
dz

)1/(1+δ)

for all Q2ρ ⊂⊂ Ω̃. Using (10.2) and (6.1) we obtain(
−
ˆ
Qρ/2

|Dvh| 2(1+δ0)
dz

)1/(1+δ0)

≤ c

ρn+2

[
1 +

ˆ
Qρ

(
1 + |Du|

)2
dz
]
,

c = c(dist(Qρ, ∂ΩT )). So, recalling the definition of vh, we getˆ
Qρ

|τh,eDu|2(1+δ0)
dz ≤ c µ2(1+δ0)(|h|),

where c exhibits the same dependencies as the constant in (6.8) and depends also
on ρ and dist(Q2ρ, ∂ΩT ). By a standard covering argument we can infer that for all
O ⊂⊂ Ω̃T̃ there exists a constant c essentially depending on L/λ and dist(O, Ω̃T̃ )
such thatˆ

O
|τh,eDu|2(1+δ0)

dz ≤ c µ2(1+δ0)(|h|),

with e unit vector in Rn. In a similar way we can improve the estimate appearing
in Lemma 6.2 up toˆ

O
|τhDu|2(1+δ0)

dz ≤ c µ2(1+δ0)(|h|1/2).
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We use now Proposition 7.2 with q = 2(1 + δ0), ω(·) = µ(·) and ω′(·) = µ
(
(·)1/2

)
and we deduce that Du ∈W θ,θ′;2(1+δ0)

loc (Ω,RnN ) for θ, θ′ moduli of continuity such
that ˆ 1

0

µ2(1+δ0)(ρ)

ρ θ2(1+δ0)(ρ)
dρ <∞ and

ˆ 1

0

µ2(1+δ0)(ρ1/2)

ρ θ′2(1+δ0)(ρ)
dρ <∞.

Now, considering the function λθ,θ′;2(1+δ0)(Du, ·) as in (7.1) and following the proof
of the general case, we have that P θ̃(Sing(u)) = 0, with

θ̃(ρ) :=
ρn+2

θ2(1+δ0)(ρ) + θ′2(1+δ0)(ρ2)
σ2(1+δ0)(ρ)

provided that ρ 7−→ (θ(ρ)+θ′(ρ2))/σ(ρ) is non-decreasing and infinitesimal in zero,
θ(2ρ) ≤ Aθ(ρ) for some A > 0 and σ fulfills a Dini condition. We choose for any
ε ∈ (0, 1)

Λ(r) :=

ˆ r

0

µα(ρ)

ρ
dρ, θ(r) := µα(r) Λ(r)

1/(2+2δ0)−ε/(4+4δ0)
,

θ′(r) := θ(r1/2), σ(r) := 21/(2+2δ0) µα(r) Λ(r)
ε/(4+4δ0)−1

with α > 0 to be chosen. All the requests will be satisfied if µα satisfies a Dini
condition, with

α =
2 + 2δ0
3 + 2δ0

=
2

3
γ1, for some γ1 > 1.

These choices lead to

θ̃(ρ) := ρn+2

(ˆ r

0

µα(ρ)

ρ
dr

)ε−3−2δ0

= ρn+2Λ(ρ)
ε−3γ2

with γ2 := 1 +
2

3
δ0. Now we choose γ′ := min{γ1, γ2} > 1 and write

ω̃(r) := rn+2

(ˆ r

0

µ
2
3γ
′
(ρ)

ρ
dρ

)ε−3γ′

=: rn+2Λ̃(r)
ε−3γ′

.

In the case γ′ = γ2 < γ1 one can verify that

lim
r↘0

ω̃(r)

θ̃(r)
= 0,

provided
ˆ 1

0

µ
2
3γ2(ρ)

ρ
dρ <∞;

whereas in the case γ′ = γ1 < γ2 the same conclusion holds, provided
ˆ 1

0

µ
2
3γ1(ρ)

ρ
dρ <∞.

In the remaining case, we have ω̃ = θ̃. Hence, by Proposition 8.2, we conclude the
assertion of Theorem in the case ε ∈ (0, 1). The case ε ≥ 1 trivially follows, again,
by an application of Proposition 8.2.
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