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ABSTRACT. In this paper we establish new quantitative stability estimates with respect to
domain perturbations for all the eigenvalues of both the Neumann and the Dirichlet Lapla-
cian. Our main results follow from an abstract lemma stating that it is actually sufficient
to provide an estimate on suitable projection operators. Whereas this lemma could be ap-
plied under different regularity assumptions on the domain, here we use it to estimate the
spectrum in Lipschitz and in so-called Reifenberg-flat domains. Our argument also relies on
suitable extension techniques and on an estimate on the decay of the eigenfunctions at the
boundary which could be interpreted as a boundary regularity result.
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1. INTRODUCTION

1.1. Main results. In this paper we deal with the eigenvalues of the Laplace operator for the
Dirichlet and the Neumann problems in rough domains. Let £ C RY be an open and bounded
set. If 0N satisfies suitable mild regularity assumptions, then we can apply the classical
results concerning the spectrum of compact operators and infer that both the Dirichlet and

the Neumann problems admit a sequence of nonnegative eigenvalues, which we denote by

0<)\1(Q)§)\2(Q)§§)\k(9)<T+OO

and
0=p1(Q) <p2(Q) <+ < k() < ... 1 o0,

respectively. Each eigenvalue is counted according to its multiplicity.

The problem of investigating the way that the eigenvalues A\; and pi depend on the do-
main {2 has been widely studied. We refer to the books by Bucur and Buttazzo [3] and by
Henrot [15] and to references therein for an extended discussion. See also the expository
work by Hale [14]. In the present paper we establish new stability estimates concerning the
dependence of the eigenvalues on domain perturbations. The most relevant features of the
paper are the following.

First, our approach applies to both the Dirichlet and the Neumann problem, while many of
the previous results were concerned with the Dirichlet problem only. The key argument in the
present paper is based on an abstract lemma (Lemma 14 in Section 3) which is sufficiently
general to apply to both Dirichlet and Neumann problems. Lemma 14 has an elementary
proof which uses ideas due to Birkhoff, de Boor, Swartz and Wendroff [2]. Although in this
paper we choose to mainly focus on domains satisfying a specific regularity condition, first
introduced by E. R. Reifenberg [25], Lemma 14 can be applied to other classes of domains.

As an example, we consider the case of Lipschitz domains, see Theorem 4.
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Second, we impose very weak regularity conditions on the domains 2, and €2;. The exact
definition of the regularity assumptions we impose is given later, here we just mention that
Reifenberg flatness is a property weaker than Lipschitz continuity and that Reifenberg-flat
domains are relevant for the study of minimal surfaces [25] and of other problems, see Toro [27]
for an overview.

Third, in the present paper we establish quantitative estimates, while much of the analysis
discussed in [3, 15] aimed at proving existence and convergence results. More precisely, we
will obtain estimates of the following type:

[Ae(a) = A ()] < Cdm (g, )

(1.1)
1k (Qa) — 11k ()] < Cmax(dpu (g, ), du (Qa, )™

In the previous expressions, Q¢ := R \ Q stands for the complement of the set  and dg for
the Hausdorff distance, namely

(1.2) dp(X,Y) :=max { sup d(z,Y),sup d(y, X)}.
zeX yey

In the following we will discuss both the admissible values for the exponent o and the rea-
sons why the quantity dg(£4,€2) only appears in the stability estimate for the Neumann
eigenvalues.

Note that quantitative stability results were established in a series of papers by Burenkov,
Lamberti, Lanza De Cristoforis and collaborators (see [4] for an overview). However, the
regularity assumptions we impose on the domains are different than those in [4] and, more-
over, our approach relies on different techniques. Indeed, the analysis in [4] is based on the
notion of transition operators, while as mentioned before our argument combines real analysis
techniques with an abstract lemma whose proof is based on elementary tools.

We also refer to a very recent work by Colbois, Girouard and Iversen [5] for other quanti-
tative stability results concerning the Dirichlet problem.

As a final remark, we point out that Lemma 19 in [23] ensures that, given two suffi-
ciently close Reifenberg-flat domains Qg, €, € RY, the Hausdorff distance is controlled by

the Lebesgue measure of the symmetric difference, more precisely
dn (26, 95) < ClUWAQIY,  di(Qa, Y) < ClUAQ| Y,

where the constant C' only depends on the dimension N and on a regularity parameter of

the domains. Hence, an immediate consequence of (1.1) is that the corresponding estimates
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holds in terms of |QaAQb|%. Before introducing our results, we specify the exact regularity

assumptions we impose on the sets 2, and €.

Definition 1. Let ,rg be two real numbers satisfying 0 < € < 1/2 and rog > 0. An (g,r9)-
Reifenberg-flat domain Q C RYN is a nonempty open set satisfying the following two conditions:
i) for every x € 0Q and for every r < ro, there is a hyperplane P(x,r) containing x which

satisfies
(1.3) %dH(BQﬂB(x,T),P(x,T) N Ba,r) < e.
i1) For every x € 02, one of the connected component of

B(wz,r0) N {z : dist(x, P(x,10)) > 2er0}
is contained in Q and the other one is contained in RN \ Q.

A direct consequence of the definition is that if €; < e9, then any (e, ro)-Reifenberg-flat
domain is also an (e2,7)-Reifenberg-flat domain. Note also that, heuristically speaking,
condition i) ensures that the boundary is well approximated by hyperplanes at every small
scale, while condition #7) is a separating requirement equivalent to those in [16, 17, 18, 24].
The notion of Reifenberg flatness is strictly weaker than Lipschtiz continuity and appears
in many areas like free boundary regularity problems and geometric measure theory (see
8,9, 10, 16, 17, 18, 19, 20, 21, 22, 24, 25, 27, 28] and the references therein).

We now state our main result concerning the Dirichlet problem. We denote by HY ! the

Hausdorff (N — 1)-dimensional measure.

Theorem 2 (Dirichlet Problem). Let By, D C RN be two given balls satisfying By C D and
denote by (Yn)nen the spectrum of the Dirichlet Laplacian in By and by R the radius of D.
For any o €]0,1] there is ¢ = e(a) such that the following holds. For any n € N, ro >0

and Lo > 0 there are constants 6o = do(Vn,n, a, 79, N, Lo, R) and C = C(a, 19, N) such that
whenever Qg and Qy, are two (e,70)-Reifenberg-flat domains in RN such that

e By C QN and Q, UQy, C Dy

o L:=max(HV"1(0Q,), HN~1(05%)) < Lo;

o di(92,0f) < do,

then

N
(1.4) NS — X0| < Cnyn (1 +~,2 ) Ldp (06, Q5),
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where {\2} and {\b} denote the sequences of eigenvalues of the Dirichlet Laplacian in Q,

and y, respectively.

In Section 1.2 we provide an outline of the proof of Theorem 2, here we make some remarks.

First, Theorem 2 is an extension of the main theorem in Lemenant Milakis [21], which
establishes a similar result valid for the first eigenvalue only. The extension to the whole
spectrum is not trivial and relies on the abstract result provided by Lemma 14.

Second, we are confident that our method could be extended to wider classes of linear
elliptic equations with no substantial changes.

Third, we only define the ball By and the sequence {v,} to simplify the statement of
Theorem 2. Indeed, we could have provided a sharper statement by letting the constant C' and
8o directly depend on A% and A2, but for sake of simplicity we decided to use the monotonicity
of eigenvalues with respect to domain inclusion, which ensures that max{\?, \b} < ~,,. Note
that in the Neumann case this monotonicity property fails and hence in the statement of
Theorem 5 the constants explicitly depend on the eigenvalues. Also, note that 7, only depends
on the inner radius of the domains €, and £2p.

Finally, we make some remarks concerning the exponent « in (1.4). If an inequality like (1.4)
holds, then o < 1. This can be seen by recalling that the Sobolev-Poincaré constant of the
ball of radius R in RY is proportional to R?. Note, however, that in (1.4) we require o < 1
and hence we do not reach the optimal exponent o = 1. Also, the regularity parameter e
depends on «, and the closer « is to 1, the smaller is . Those restrictions are due to technical
reasons connected to the fact that we are imposing fairly weak regularity assumptions on the
domains.

However, if we restrict to Lipschitz domains we obtain sharper estimates since a can attain
the optimal value o = 1. Also, in the case of Lipschitz domains no restriction is imposed on
the regularity parameter, i.e. we do not need to require that the domains are “sufficiently
flat” as in the Reifenberg-flat case.

Before stating the precise result, we have to introduce the following definition.

Definition 3. Let Q C RY be an open set, then Q satisfies a uniform (p,0)-cone condition

if for any x € OS) there is a unit vector v € RN™1, possibly depending on x, such that

B(z,3p) NQ—Cop(v) CQ  and B(x,3p) \RY +C,4(v) CQ\RY,
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where B(x,3p) denotes the ball centered at x with radius 3p and C,, ¢(v) is the cone with height
p > 0 and opening 0 €0, 7],

Coo(v) :={h € RN : h-v > |h|cosO} N B(0,p).
We now state the stability result for Lipschitz domains.

Theorem 4 (Dirichlet Problem in Lipschitz domains). Let By, D C RY be two given balls
satisfying By C D and denote by (Vn)nen the spectrum of the Dirichlet Laplacian in By and
by R the radius of D.

For any p > 0, 0 €]0, 7] there are constants C = C(p,0,n, N, v, R) and 5y = do(p, 0,1, N, vy, R)
such that the following holds. Let Q4 and 2 be two open sets satisfying a (p, §)-cone condition
and the following properties:

e B C QN and Q, Uy, C Dy
o 0:=dg(Q5,Q) < do.
Then
IAe -\ < C.

The proof of Theorem 4 combines the above-mentioned abstract result (Lemma 14) with
stability estimates for solutions of elliptic equations due to Savaré and Schimperna [26].

We now state the stability result concerning the Neumann problem.

Theorem 5 (Neumann Problem). For any o €]0, 1] there is ¢ = e() such that the following
holds. Let Q0 and  be two bounded, connected, (e,1¢)-Reifenberg-flat domains in RY such
that

o L :=max(HN1(09,), HN=1(0%)) < Lo;
e both Q4 and Qp are contained in the ball D, which has radius R.

Let u® and pb be the corresponding sequences of Neumann Laplacian eigenvalues and denote
by it := max{ul, ub}. For any n € N, there are constants 5o = do(p5, o, 79,m, N, R, Lo) and
C = C(N,ro,a, R) such that if

max {dH(Qg, Qg), dH(Qa, Qb)} < 50,
then
(15) g — | < Cn(1+ )L (ma(dgr (95, 95), dir (20, 0))°,

N 2
h - — - . .
where y(N) max{ 5N 1}
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Five remarks are here in order:

(1)

In the statement of Theorem 5 we again impose that ¢ is sufficiently small. Note,
however, that in the case of the Neumann problem there are counterexamples showing
that, if the boundary is not flat enough, then the stability result may fail, see the book
by Courant and Hilbert [6, p.420]. Also, as in the Dirichlet case we do not reach the
optimal exponent o = 1 but we are arbitrary close to it, up to a small enough «.

In the statement of Theorem 5 we imposed that the domains €, and {2, are both
connected. We did so to simplify the exposition. However, by relying on the analysis
in [23, Section4], one can remove the connectedness assumption: the price one has to
pay is that the threshold ¢ for the stability estimate to hold not only depends on «,
but also on the dimension N.

We point out that the Neumann problem poses much more severe challenges than
the Dirichlet problem. For instance, given an open set Q@ C RY, we can always
extend a function in H} () to obtain a Sobolev function defined on the whole RY
by setting u = 0 outside 2. This leads to the classical monotonicity property of the
eigenvalues with respect to domain inclusions. Conversely, extending a function in
H1(Q) outside 2 is not trivial and one needs some regularity assumption on 2. This
issue is investigated in the companion paper [23], see Corollary 6 in there for the precise
statement concerning the extension of Sobolev functions defined in Reifenberg-flat
domains. Moreover, the monotonicity with respect to domain inclusion is in general
false in the case of the Neumann problem. This is the reason why in the statement of
Theorem 5 we have introduced the quantity g .

A consequence of the fact that the Neumann problem is more difficult to handle than
the Dirichlet problem is the following. The stability estimate in Theorems 2 and 4
(Dirichlet problem) only involves dg(€25,€2f). Conversely, the stability estimate in
Theorem 5 (Neumann problem) involves both dg(€q, %) and dy(25,€5). From the
heuristic viewpoint, the reason of this discrepancy is the following.

In the case of the Dirichlet problem, a key point in the proof is constructing a
function @ € HE(€,) which is “sufficiently close” to a given a function u € H}(€2).
To achieve this, what we do is loosely speaking we modify u in such a way that it
takes the value 0 in the region € \ Q.. It turns out that, to control the difference
between the function » and the function % constructed in this way, we only need to

control dg (€25, Q7). This a consequence of the fact that we do not need to control the
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behavior of 4 on Q, \ € because by construction @ takes the value zero there. The
details of this construction are provided in the proof of Proposition 18.

On the other hand, in the case of the Neumann problem one has to construct a
function @ € H*(Q,) which is “sufficiently close” to a given function u € H'(£),). It
turns out that in this case, to control the difference @ — u, one has to control both
dr(Qa, ) and dg (25, Qf). This a consequence of the fact that one has to control the
behavior of the functions on both Q,\ Q, and Q4 \ ©,. The details of this construction
are provided in the proof of Proposition 20.

Finally, we underline that one could determine how the constants in the statements
of Theorems 2, 4 and 5 explicitly depend on the various parameters by examining the

proofs.

1.2. Outline. The proofs of Theorems 2 and 5 both rely on the following steps.

(i)

(i)

(iii)

First, we establish an abstract lemma (Lemma 14 in Section 3.2) which reduces the
problem of estimating the difference between the eigenvalues to the problem of es-
timating the difference between the eigenfunctions and their projections on suitable
subspaces. For instance, in the case of the Dirichlet problem it is enough to establish
appropriate estimates on the norm of the orthogonal projection from H&(Qb) onto
HY ().

Next, we estimate the difference between the eigenfunctions and their projections.
For both the Dirichlet and the Neumann cases we employ the same strategy (which
was already used in the previous work [21] by the first two authors). Namely, we
employ a covering argument which reduces the problem of estimating the eigenfunction
projection to the problem of controlling the energy of the eigenfunction close to the
boundary. For instance, in the Dirichlet case we show that, given the eigenfunction

u € H (), there is @ € Hi () satisfying
[Vt = Vil e, < OVl 2.

where W is a tiny strip close the boundary of 2.

Finally, we provide an estimate on the energy of the eigenfunctions in proximity of
the boundary. In the Dirichlet case, we obtain a decay result by relying on the
monotonicity argument by Alt, Caffarelli and Friedman [1] (see Lemma 15). For the

Neumann case, we rely on a compactness argument coming from [19].
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The paper is organized as follows. In Section 2 we go over some properties of Reifenberg-
flat domains that we need in the following. Section 3 is devoted to the statement and proof
of the above-mentioned abstract result (Lemma 14). In Section 4 we conclude the proof of
Theorem 2 (Dirichlet problem in Reifenberg-flat domains) and Theorem 4 (Dirichlet problem
in Lipschitz domains). Finally in Section 5 we establish the proof of Theorem 5 (Neumann

problem in Reifenberg-flat domains).

1.3. Notation. We denote by C(ai,...,ap) a constant only depending on the variables
ai,...,ap. Its precise value can vary from line to line. Also, we use the following nota-
tions:

A : the Laplace operator.

HY . the Hausdorff measure of dimension N.

|A| : the Lebesgue measure of the Borel set A.

C(92) : C*° functions with compact support in the open set (.

H!() : the Sobolev space of the L?(f2) functions whose distributional gradient is in L?(),

endowed with the norm

lullimn@) = \/lulZaq) + [Vull3zq):

H} () : the closure of C°(Q) in H!(£2), endowed with the norm ull g1 ) = [Vull2(0)-
[z,y]: the segment joining the points z,y € RY.
x - y: the Euclidian scalar product between the vectors z,y € RV,
|z|: the Euclidian norm of the vector z € RV,
d(x,y): the distance from the point x to the point y, d(z,y) = |z — yl.
d(x, A): the distance from the point = to the set A.
dr (A, B) : the Hausdorff distance from the set A to the set B.
Diam(A): the diameter of the bounded set A,
Diam(A) := sup d(z,y)

z,ycA
14 : the characteristic function of the set A.
B(x,r): the open ball of radius r centered at .

When no misunderstanding can arise, we write ||-||2 and ||-||cc instead of [|-|[z2(q) and ||+ || Lo (c2)-

2. PRELIMINARY RESULTS

We start by quoting a covering lemma that we need in the following.
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Lemma 6. [21, Lemma 11] Let Q C RY be an (e, ro)-Reifenberg-flat domain such that 0 <
HN=HOQ) < +oo. Given r < 19/2, consider the family of balls {B(z,7)}reo0. We can
extract a subfamily {B(x;,7)}icr satisfying the following properties:

(i) {B(x4,7)}ier is a covering of U Bz, 1

*T),’
€0 5

(ii) we have the following bound: 41 < C(N)HN=1(0Q)/rVN—1;

(iii) the covering is bounded, namely
(2.1) B(z;,r/10) N B(zj,r/10) =0 ifi # j.

Remark 7. Note that all the balls B(x1,7) ..., B(xy,7) are contained in a sufficiently large
ball of radius 2Diam({2). By combining this observation with property (2.1) we get the
estimate {7 < Diam(Q)" /7. The reason why property (ii) is not trivial is because we provide
a bound in terms of 1/7V~! instead of 1/r": we need this sharper estimate to achieve for
instance (4.30).

Note also that, by applying a similar argument, we get the estimate

(2.2) for any z € UB(wi,r), t{i:x € B(z;,2r)} < C(N).
el
In the following we need cut-off functions 6y, ..., 0;; satisfying suitable conditions. The

construction of these functions is standard, but for completeness we provide it.

Lemma 8. Under the same hypothesis as in Lemma 6, there are Lipschitz continuous cut-off

function 0; : RN — R, i =0,...,4I, that satisfy the following conditions:
C(N)

0<6i(x)<1, VzeRY, VO, (x)| < a.e.x € RY, i=0,...,41

Oo(x) =0 if:cGUB(xi,r), Oo(x) =1 ifxeRN\UB(xi,Z'r)

(2'3) iel iel

41
0;(x) =0 if z € RN\ B(w,2r), i=1,...,4I, Zﬁz(:n) =1, Vz e RV,
=0

Proof. Let ¢, h : [0, +00) — [0, 1] be the Lipschitz continuous functions defined as follows:

0 ifo<t<1 1 if0<t<3/2
(t):=< 2(t—1) if1<t<3/2 h(t) =< —2(t—2) if3/2<t<2
1 ift > 3/2 0 ift > 2.
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First, we point out that |[¢'|, |h| < 2. Next, we set

41
do(e) = [ e(dle,2:)/r)  i(z) = h(d(w,z:)/r), i=1,... 4I.
i=1
The goal is now showing that

(2.4) 1<) () <C(N), Vo eRY.
=0

To establish the bound from below, we make the following observations: first, all the functions

¥i, 1 =0,...,4I take by construction only nonnegative values. Second,
g7
Yo(r) =1 VaeRV\ U B(x;,3r/2)
i=1
¢l
and hence the lower bound holds on that set. If x € U B(x;,3r/2), then at least one of the
i=1

i, 1 =1,...,4I, takes the value 1. This establishes bound from below in (2.4).
To establish the bound from above, we point out that, for any ¢« = 1,... 81, ¢;(z) = 0 if
x € RV \ B(x;,2r). By recalling (2.2) and that ¢;(z) < 1 for every x € RY and i =0,...,41,

we deduce that

41
> i(x) SCN)+1<C(N),  VzeRY
=0

and this concludes the proof of (2.4).

Due to the lower bound in (2.4), we can introduce the following definitions:

0;(x) ::M, i=0,...,4I, z € RV,

0
> i)
=0

We now show these functions satisfy (2.3): the only nontrivial point is establishing the bound

on the gradient. To this end, we first point out that

2
Vii(z)| <=, Yz eRY i=0,... ¢l

,
Next, we recall that ¢;(z) = 0 for every x € RN \ B(x;,2r) and every i = 1,...,4I. By

combining these observations with inequalities (2.2) and (2.4) we get

41
vi(z)) Vii(x)
V6;(2)] = Vii(z) i=0 <

#1 41 B
S (Do)
1=0 1=0

() _ W)

N )
Q

+ VeeRN, i=0,... I
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This concludes the proof of the lemma. O

We now state a result ensuring that the classical Rellich-Kondrachov Theorem applies to
Reifenberg-flat domains. The proof is provided in [23]. For simplicity, here we only give the
statement in the case when the summability index is p = 2, but the result hold in the general

case, see [23].

Proposition 9. Let Q@ C RY be a bounded, connected, (e,rq)-Reifenberg-flat domain and
assume that € < 1/600. Then the following properties hold:

(i) if N > 2, HY(Q) is continuously embedded in L?> (Q), 2* := 2N/(N — 2), and it is
compactly embedded in L4(QY) for any q € [1,2*[. Also, the norm of the embedding
operator only depends on N, ro, q and on the diameter Diam(€2).

(ii) if N = 2, HY(Q) is compactly embedded in LI(Q) for every q € [1,+oc[. Also, the

norm of the embedding operator only depends on ro, q¢ and Diam(f).

A consequence of Proposition 9 is that Neumann eigenfunctions defined in Reifenberg-flat

domains are bounded (see again [23] for the proof).

Proposition 10. Let Q@ C RN be a bounded, connected, (g,r0)-Reifenberg-flat domain and
let u be a Neumann eigenfunction associated with the eigenvalue p. If ¢ < 1/600, then u is

bounded and

(2.5) oo ey < CL+ V) ™[] L2y

N 2
where y(N) = max {2, Nl} and C' = C(N,ro, Diam(£2)).
The following result ensures that Dirichlet eigenfunctions satisfy an inequality similar to

(2.5). Note that in this case no regularity requirement is imposed on the domain.

Proposition 11. [11, Lemma 3.1] Let Q C RY be a bounded domain and let v be an eigen-
function for the Dirichlet Laplacian in Q0 and let X be the associated eigenvalue. Then v is

bounded and
N
4

Ae
(2.6 ol < (o) Il

To conclude this section we quote a result from [19] concerning harmonic functions satisfy-

ing mixed Neumann-Dirichlet conditions. More precisely, let 2 be an (g, ro)-Reifenberg-flat
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domain and let v € H'(2). Given x € 9Q and r < rg, consider the problem
Av=0 inQnNB(z,7r)
(2.7) v=1u on 0B(z,r)NQ

ov
— = QNB .
5 0 ondQN B(z,r)

The existence of a weak solution of (2.7) can be obtained by considering the variational

formulation
(2.8) min{/ |Vw|?dz : w e HY(B(z,7) N Q), w = uon dB(zx,r) N Q}
B(z,r)NQ

and by then applying the argument in [7, Proposition 3.3]. We now state the result that we

need in the following.

Theorem 12. [19, Theorem 1.2] For every f > 0 and a € ]0,1/2] there is a positive e = (8, a)
such that the following holds. Let € be an (e,79)-Reifenberg-flat domain, v € H*(Q), z € 9Q

and r < rg. Then the solution of the minimum problem (2.8) satisfies

(2.9) / |Vo|2dx < aN_ﬁ/ |Vo|2dz.
B(z,ar)NQ B(z,r)NQ

Remark 13. Note that the decay estimate in Theorem 12 does not depend on the trace of
u on the spherical part 9B (z,r) N Q.

3. REDUCTION TO PROJECTION ESTIMATES

In this section we study the abstract eigenvalue problem and we establish Lemma 14,
which roughly speaking says that controlling the behavior of suitable projections is sufficient
to control the difference between eigenvalues. The abstract framework is sufficiently general
to apply to both the Dirichlet and the Neumann problem: these applications are discussed in

Sections 4 and 5 respectively.

3.1. Abstract framework. Our abstract framework is composed of the following objects:

(i) H is a real, separable Hilbert space with respect to the scalar product H(-,-), which
induces the norm || - ||5.

(ii) h: H x H — R is a function satisfying:

(3.1) h(au + pv, z) = ah(u, z) + Bh(v, 2), h(u,v) = h(v,u), h(u,u) > 0,
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for all u, v, z € H and «a, f§ € R. Note that we are not assuming that h is a scalar
product, namely h(u,u) = 0 does not necessarily imply v = 0. We also assume that

there is a constant C'y > 0 satisfying
(3.2) h(u,u) < CgH(u,u) Vue H.

(iii) V is a closed subspace of the Hilbert space H such that the restriction of the bilinear

form A(-,-) to V x V is actually a scalar product on V', namely
(3.3) for every v € V, h(v,v) = 0 implies v = 0.

We denote by V the closure of V' with respect to the norm || - ||, induced by h on V/

and we also assume that the inclusion
i (Vo D) = (720 )
(3.4)
U~ U

is compact.

We now introduce an abstract eigenvalue problem associated with the function h defined

above: we are interested in eigencouples (u, \) € V'\ {0} x R satisfying
(3.5) H(u,v) = Ah(u,v)

for every v € V.
We first check that (3.5) admits a solution. In view of (3.1) and (3.2) we obtain that, for
any fixed f € V, the map

v h(f,v)

is a linear, continuous operator defined on the Hilbert space (V)| - ||3%). As a consequence,

Riesz’s Theorem ensures that there is a unique element uy € V' such that
(3.6) H(ug,v) = h(f,v) VveV.
Consider the map
T (V- I) = (Voll- )
fruy

which is linear and continuous since by setting v = uy in (3.6) and by using (3.2) one gets

llurllze < V/Crl| flln- Let i be the same map as in (3.4), then the composition T'oi is compact.
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Also, in view of (3.6) we infer that it is self-adjoint. By relying on classical results on compact,

self-adjoint operators we infer that there is a sequence of eigencouples (v, u,) such that

Unp 0, Tup = Vply, nEI-Poo Up =0, H(up,upy) =0if m # n.

As usual, each eigenvalue is counted according to its multiplicity. Note that v, > 0 for every
n by (3.3) and (3.6), and that (u,, A, = 1/1,) is a sequence of eigencouples for the eigenvalue
problem (3.5).

As a final remark, we recall that the value of A\, is provided by the so-called Reyleigh
min-max principle, namely

. H(u,u) H(u,u)  H(un, un)
(3.7) An = sesn ugé%?{(o} h(u,u) ue%lna\)go} h(u,u) — h(un,un) vn &N,

In the previous expression, S,, denotes the set of subspaces of V' having dimension equal to n

and S,, denotes the subspace generated by the first n eigenfunctions.

3.2. An abstract lemma concerning eigenvalue stability. We now consider two closed
subspaces V,, V3, C H satisfying assumptions (3.3) and (3.4) above and we denote by (u%, \%)
and (u®, A%) the sequences solving the corresponding eigenvalue problem (3.5) in V = V, and

ny»’'n

V =V}, respectively. We fix n € N and as before we denote by S% the subspace

(3.8) Sb = span(ub, ... ul).

’r'n
We denote by P : H — V, the projection of H onto V,, namely
(3.9) Vue H, H(u— Pu,v)=0 Yvel,.

By relying on an argument due to Birkhoff, De Boor, Swartz and Wendroff [2] we get the

main result of the present section.

Lemma 14. Fiz n € N and assume there are constants A and B, possibly depending on n,

such that A > 0, 0 < B < 1 and, for every u € 5’2,

(3.10) |Pu— ull3, < Allul
and
(3.11) |Pu— ullf, < Bllullj.
Then

A
(3.12) A< Ab 4
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Proof. We proceed in several steps.

o STEP 1. From (3.11) we get that for every u € S’ one has
(3.13) [Pully = [Pu—w+ ully > ulln — 1Pu— ullp > [luln(1 - VB).

In particular the restriction of the projection P to S is injective because S? C Vj; and hence
|lul|, = 0 implies w = 0. Hence, from the min-max principle (3.7) we get

H(Pu, Pu)

14 —_—.
(3:14) A ue%lga\)io} h(Pu, Pu)

n <
o STEP 2. To provide an estimate on the right hand side of (3.14), we introduce the auxiliary
function p,, : H — S% defined as follows: for every z € H, p,z € S’ is the unique solution of
the minimum problem

(3.15) h(z — pnz,z — ppz) = inf {h(z —v,z— v)}

veSH

Loosely speaking, p, is the orthogonal projection of H onto S° with respect to the bilinear
form h. The argument to show that the minimum problem (3.15) admits a solution which is
also unique is standard, but for completeness we provide it.

We introduce a minimizing sequence {v;} C S2, then we have that the sequence h(z — vy, z — v
is bounded. From (3.1) we infer that the bilinear form h satisfies the Cauchy-Schwarz inequal-

ity and hence that

\/h(z — Vg, 2 — Vg) > \/h(vk,vk) — \/h(z,z),

which implies that the sequence h(vy,v;) is also bounded. Since S? C Vj, then by (3.3)
we have that the bilinear form h is actually a scalar product on S%. Since S% has finite
dimension, from the bounded sequence {v;} we can extract a converging subsequence {vkj},

namely h(vg; — v, vk; —vo) — 0 as j — +o0, for some vy € SP. Hence,

h(z — vk, 2 — vg;) = h(z — v, 2 — vo)

as j — 4oo. This implies that vy is a solution of (3.15) and we set vg = p,z. To estab-

lish uniqueness, we first observe that, given z € H, any p,z solution of the minimization

problem (3.15) satisfies the Euler-Lagrange equation
(3.16) h(z = pnz,v) =0 Yove Sl

Assume by contradiction that (3.15) admits two distinct solutions p} 2 and p2 z, then from (3.16)

we deduce that h(plz — p2z,v) = 0 for every v € S°. By taking v = plz — p2z and in view
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of (3.3) we obtain plz = p2z.
o STEP 3. Next we show that

H(Pu — py, o Pu, Pu— p, o Pu)
3.17 A\ < AP ,
(3.17) S S h(Pu, Pu)

where p, o P denotes the composition of p,, and P. To obtain (3.17) we observe that for every

u € S8 we have

‘H(Pu, Pu) = H(Pu — py o Pu + pp o Pu, Pu— py, o Pu + p, o Pu)
(318) = H(Pu — p, o Pu, Pu — p, o Pu) + H(p, o Pu, p, o Pu),
where we have used that
(3.19) H(Pu — py, o Pu,py, o Pu) = 0.
Note also that

(3.20) h(Pu, Pu) > h(p, o Pu, py, o Pu)

for every u € S?. We assume for the moment that (3.19) and (3.20) are true as their proof
will be provided in Step 5 and Step 6.
Combining (3.18) and (3.20) we obtain that for every u € St \ {0} such that p, o Pu # 0

we have
H(Pu,Pu)  H(Pu—p,o Pu, Pu—p,oPu) H(p,o Pu,p,o Pu)
h(Pu, Pu) h(Pu, Pu) h(Pu, Pu)
(3.21) H(Pu — py, o Pu, Pu— p, o Pu) n H(pn o Pu,py, o Pu)
' - h(Pu, Pu) h(pn © Pu, py o Pu)
< H(Pu — py, o Pu, Pu— py o Pu) +/\?T
h(Pu, Pu)

In the previous chain of inequalities we have used that p,, o P attains values in SZ and that

)\Z = max L(w,w).
wesy\{0} h(w,w)

If p, o Pu = 0, we have

H(Pu, Pu) < H(Pu — py, o Pu, Pu— p, o Pu) Y
h(Pu, Pu) — h(Pu, Pu) "

(3.22)

since A\’ > 0. By combining (3.21) and (3.22) with (3.14) we eventually get (3.17).
o STEP 4. We now conclude the argument by establishing (3.12). First, observe that, for

every u € S%, one has
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H(Pu — py, o Pu, Pu — py, o Pu)

< H(Pu — pp o Pu, Pu— py o Pu) + H(pn o Pu— u,p, o Pu— u)
= H(Pu— p,o Pu+p,oPu—u, Pu—p,oPu+p,oPu—u)

= H(Pu—u, Pu—u).
In the previous formula we have used the equality
(3.23) H(Pu — pn, 0 Pu,p, 0o Pu—u) =0,

which is proved in Step 5. Combining (3.22), (3.23) along with (3.10) and (3.13) we finally
obtain
A h(u,u)
(1 - VB)h(u,u)’
which concludes the proof of Lemma 14 provided that (3.19), (3.20) and (3.23) are true.
o STEP 5. We establish the proof of (3.19) and (3.23). Observe that, if z € V}, then the

Pu—u, Pu—
(3.24) X< A 4 max AP Puzu)

<\
uest\{0} h(Pu, Pu) -

following implication holds true:
(3.25) h(z,v) =0 Yo e S® = H(z,v)=0 Yve S

Indeed, v is a linear combination of the eigenfunctions ulf, ...,ub and hence

n

H(z,v) = ZviH(z,u?) = Z Awih(z,ul) = 0.
i=1

i=1
To establish (3.19), we observe that p, o Pu € S%. Also, by the property (3.16) of the
projection p,, we have h(Pu — p, o Pu,v) = 0 for every v € S%. Hence by applying (3.25)
we obtain (3.19). To prove (3.23) we can repeat the same argument. Indeed, if u € S%, then
[u — pn o Pu] € S° and (3.23) follows from (3.25).
o STEP 6. Finally we establish (3.20). Note that (3.16) implies

h(pn © Pu, Pu — p, o Pu) =0

for every u € S%. Hence

h(pn © Pu,py, o Pu) < h(py o Pu,p, o Pu) + h(Pu — p, o Pu, Pu — py, o Pu)
= h(Pu, Pu)

for every u € SP. O
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4. STABILITY ESTIMATES FOR DIRICHLET EIGENVALUES

4.1. The Dirichlet eigenvalue problem in Reifenberg-flat domains. Given an open
and bounded set 2, (u,\) € (H}(2) \ {0}) x R is an eigencouple for the Dirichlet Laplacian
in Q if

(4.1) /QVu(a:) -Vou(x)dx = )\/Qu(a:) v(x)dx Vo e Hi(Q).

In this section, we apply the abstract framework introduced in Section 3 to study how the
eigenvalues \ satisfying (4.1) depend on Q. Let Q, and €, two Reifenberg-flat domains and
denote by D a ball containing both €, and ;. We set

H:= Hj(D), H(u,v) ::/DVu(x)-Vv(x)dx, h(u,v) ::/Du(x)v(x)d:c.

Note that (3.2) is satisfied because of Poincaré-Sobolev inequality. We also set
Vo= Hg(Q) Vi = Hg()

and observe that they can be viewed as two subspaces of H&(D) by extending the functions
of H}(Q,) and H}(€) by 0 outside Q, and €, respectively. The compactness of the in-
clusion (3.4) is guaranteed by Rellich-Kondrachov Theorem. Also, the projection P = Pga
defined by (3.9) satisfies in this case

4.2 V(u— PY = mi V(u— .
(4.2) |V (u Qau)HLZ(D) veglél(réla){” (u U)HLZ(D)}

By using the above notation, the Dirichlet problem (4.1) reduces to (3.5) and hence it is solved
by a sequence of eigencouples (A, u,) with A, > 0 for every n and lim,,_, o A, = +00. We
employ the same notation as in Section 3.2 and we denote by {\¢} and {\%} the eigenvalues
of the Dirichlet problem in 2, and €, respectively. By applying Lemma 14, we infer that to
control the difference |A? — AP | it is sufficient to provide an estimate on suitable projections.

This is the content of the following subsection.
4.2. Estimates on the projection of Dirichlet eigenfunctions.

4.2.1. Boundary estimate on the gradient of Dirichlet eigenfunctions. We now establish a
decay result for the gradient of Dirichlet eigenfunctions. The statement is already in [21,
Proposition 14], but the proof contains a gap. This is why we hereafter give a different and
complete proof, which is based on techniques from Alt, Caffarelli and Friedman [1]. We begin

with a monotonicity Lemma.
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Lemma 15. Let Q C RY be a bounded domain and let zo € 0. Given a radius r > 0,
we denote by QF = B(xg,r) NQ, by St := 0B(xg,7) N Q and by o(r) the first Dirichlet
eigenvalue of the Laplace operator on the spherical domain S;7. If there are constants ro > 0

and o* €]0, N — 1] such that

inf 2 > g*
od, (o) 2 77,

then the following holds. If (u, \) is an eigencouple for the Dirichlet Laplacian in Q, then the

function

1 [Vl 25

is non decreasing on |0,ro[. In the previous expression, the exponent [3 €]0,2[ is defined by

the formula

B:=+/(N —2)2+40* — (N —2)

and Cy is a suitable constant satisfying

(4.4) Co = ff_“gx||uu?,o.
We also have the bound
(45) . O e < 0o A+ ATl
where
C(N,ro,8) = C(N)2%r;” TS_N; +ryl 2_%2—/%3 :

Proof. We assume without loss of generality that zop = 0 and to simplify notation we denote
by B, the ball B(0,7). Also, in the following we identify u € H}(Q) with the function
u € H'(RY) obtained by setting u(x) = 0 if 2 € Q.

The proof is based on the by now standard monotonicity Lemma of Alt, Caffarelli and
Friedman [1, Lemma 5.1] and is divided in the following steps.
o STEP 1. We prove the following inequality: for a.e. r > 0,

2/ |Vaul|?|z|> Ndz < TQ_N/ 2u8ud5'—|—(N—2)rl_N/ u*dS
Qf S S;

+ Ov
r

™

(4.6) —1-2)\/ w? x> Ndx.
Qt

T
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We recall that the eigenfunction u € C*°(Q2) (see the book by Gilbarg and Trudinger [12,
page 214]). Although (4.6) can be formally obtained through an integration by parts, the

rigorous proof is slightly technical. Given € > 0, we set

7| == \/m%+x§+~--+x§v+s,

so that |z|c is a C*° function. A direct computation shows that

_ g
€

in other words |z|2~"V is superharmonic.
Let u, € C(Q) be a sequence of functions converging in H*(RY) to u. By using the

equality
(4.7) A(u2) = 2|Vun|? + 2unAuy,

we deduce that

(4.8) 2 / V22N = / A(u2)|e2N — 2 / (1t ity 2N
QF QF QF

Since A(|z|>~") <0, the Gauss-Green Formula yields

(4.9) /)A prm_/'@Mm§Mm+QAmghmm

’V'

where

- ou r
L.(r)=(r*+¢ 22N/ —dS + (N -2 / u?ds.
R T T

In other words, (4.8) reads
(4.10) 2/ |V |?|z)2Nde < I, (1) — 2/ (tun Ay |z >N da.
ot f

We now want to pass to the limit, first as n — +o0o, and then as ¢ — 07. To tackle some

technical problems, we first integrate over r € [r,r + d] and divide by J, thus obtaining

2 r+0
(4.11) / / (Ve |*z)>Ndz | dp < A, — Ry,
0 r Q;,"

where
1 r+4
An = 5/ In,s(p)dp

1 r44
n:2*
o (5/T </Q+

p

and

(unAun)|a:|§_Ndx> dp.
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First, we investigate the limit of A, as n — +o00: by applying the coarea formula, we rewrite

A, as
A":6<2/ (|x\2+6)2_2NunVun-xd:v+(N—2)/ Muidw)
of s\ 1 o\t (ol +¢)2
Since u,, converges to u in H'(RY) when n — 400, then by using again the coarea formula

we get that
1
A, — 5/ I.(p)dp n — 400,
(s

where

2-N ou
L(p)=(p*+e) 2 / 2L ds + (N 2)pN/ u?ds.
oof OV (p?2+¢)z Jooy
Next, we investigate the limit of R,, as n — 400. By using Fubini’s Theorem, we can rewrite

R, as
R, = nAuy,) f(x)dr,

where
f@) = a2y / e
Since
5 1 if v € Qf
1 _
5/ 19;(:c)dp= T—l_%’x‘ 1f3v€(2+5\(fr )
0 if 2 ¢ QF

then f is Lipschitz continuous and hence by recalling u,, € C°(Q2) we get

/Q (unAun - uAu) fdz| < /Q (un - u) Aufdx

= /Q (Vun — Vu) <uan + Vunf) dx| + . Vu((Vun — V) f + (up — u)Vf) dx

A (Aun — Au) Up fdx| +

< ||[Vuy, — V|2 (HUnHm(Q)HVfHLoo(Q) + HVUnHL2(Q)HfHLoo(Q)>

+ IVl 2 (q) (HVun — Vullpz) 1 fll o) + [Jun — UHLQ(Q)HVJCHL“’(Q))

and hence the expression at the first line converges to 0 as n — +oo.
By combining the previous observations and by recalling that u is an eigenfunction we infer

that by passing to the limit n — oo in (4.11) we get

Q/T 6 /S | |2’ |2_N < 1/T 5 ( ) 2 [ A 2| ‘2 N
V dz | dr d dz | dp.
5 ) ; u|”|x|Z €T 5 ) 0 — 5 : ; uw”|x|Z z | dp
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Finally, by passing to the limit § — 0" and then ¢ — 07 we obtain (4.6).

o STEP 2. We provide an estimate on the right hand side of (4.6). First, we observe that
(412 | el e <l [l do<e V) fullr®
of o;F

and we recall that C'(IN) denotes a constant only depending on N, whose exact value can
change from line to line.

Next, we point out that the definition of ¢* implies that
1
(4.13) / u?dS < *7“2/ V., uldS r €10,7o],
Chs o S

where V, denotes the tangential gradient on the sphere. Also, let @ > 0 be a parameter that

will be fixed later, then by combining Cauchy-Schwarz inequality, (4.13) and the inequality

a o, 1.
< = _
ab < 2a +2ab , we get
1
2 2
/uaudS < /u2dS /ya“|2ds
s ov St St ov
1 1
< /yv wPds ) / o6
T Vo \UJsr T sp Ov
r [« 9 1 ou o
. < = ; = — .
(4.14) < \/g>*<2/3;+|vu|ds+2a/gj|61/ dS)
Hence,
(4.15)
ou 2r o 1 ou
2-N 2y 2 N _9 1—N/ 21q < 2-N_4T / 2 / ou 9
r /Si uade+( )r SjudS_r Nk Sr|Vu\dS+2a S:r|3V|dS

1
+ (N — 2)T1N*T2/ V., ul?dS
g S;r

_ Q@ N -2 1 ou
ST3 N|:<\/0_—*+ " )/+|VTU|2dS+a\/E +’81/|2d5:|
Sy Sy
Next, we choose a > 0 in such a way that
« n N-2 1
Vo* o*  avo*

namely
2\}07 [V(N —2)2+40* — (N - 2)].

Hence, by combining (4.6), (4.13) and (4.15) we finally get

o =

@) [ |VuPlePNde < Va(V.0") [ [Vuas + Al
Q s

T
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where
—1

~(N,o*) = [\/(N 22 1 40" — (N —2)

o STEP 3. We establish the monotonicity property. We set

1) = [ IVulaP Vs

T

and we observe that
f'(r)= ’I”QN/ |Vu]2 a.e.r €]0,r],
S+

T

hence (4.16) implies that
(4.17) flr) <orf'(r) + Kr?,
with v = v(N,0*) and K = C(N)A|lu||%. This implies that

f(r) KB 5 5\
— >0
(r5+(2—ﬁ)r ) 20,
with 8 =1/v = /(N — 2)2 + 40* — (N —2) €]0, 2[. This establishes the monotonicity result.

o STEP 4. We establish (4.5).

First, we observe that by combining the coarea formula with Chebychev inequality we get

that for any a > 0

#({t € ro/2.m0]: / Vu?ds > a)) < 1/ Vul? da.
st aJo

0\
. . . . 4 2 .
By applying this inequality with a = — |Vul® dx we get that there is at least a

o Jaf\ael
radius r; € [ro,79/2] such that

4 4
/ |Vul|?dS < / |Vu|? de < fHVuH%Q(Q).
st To Q:‘r() To

1

By combining (4.16) with the fact that r9/2 < r; < rp we infer
[ [9uPlaP e < CV)rE N Fulaqq) + CONNullrd
Tl
and by monotonicity we have that

ul?
(TO/Q)—ﬁ/Q L dx

N2
* g |z — 20

IN

2

B/ |Vl 2-3

T ——— dz + Cyry
' of |z — 2| N2

< 220Ny V[Vl g + 28 CN)AJul2rd” + Corg ™.

BC(N)
2-5) :
11), that HVUH%Q(Q) = /\HUH%Q(Q), and that max{\, \1*V/2} < X\(1 4+ A2) we get (4.5). O

Finally, by using that Cy = Mul%, that [Ju]e < C(N))\%HuHLz(Q) (see Proposition
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We now provide an estimate on the energy of a Dirichlet eigenfunction near the boundary.

Proposition 16. For every n €]0,1[ there is a positive constant € := €(n) such that the
following holds. Given ro €]0,1], let @ C RN be an (e,r)-Reifenberg-flat domain, xo € 0

and let w be a Dirichlet eigenfunction in 0 associated with the eigenvalue . Then

(4.18) / IVl de < CAQ+ AT Y ul2 ¥ r €]0,r0/2]
B(zo,r)NQ

for a suitable positive constant C = C(N,ro,n).

Proof. We fix n €]0,1] and we recall that the first eigenvalue of the spherical Dirichlet
Laplacian on a half sphere is equal to N — 1. For t €] — 1, 1], let Sy be the spherical cap
St :=0B(0,1) N {xy > t}, so that ¢ = 0 corresponds to a half sphere. Let A;(S;) be the first
Dirichlet eigenvalue in S;. In particular, ¢ — A1 (S;) is monotone in t. Therefore, since n < 1

and A\1(S¢) — 0 as ¢t | —1, there is t*(n) < 0 such that
A(E)<N —1— Z(QN — ).

By relying on Lemma 5 in [23] (see also Proposition 2.2 in [16]), we infer that, if € < t*(n)/2,
then 0B (xg, )N is contained in a spherical cap homothetic to Sy« for every r < rg. Since the
eigenvalues scale of by factor 72 when the domain expands of a factor 1/r, by the monotonicity

property of the eigenvalues with respect to domains inclusion, we have

(4.19) inf r2\;(0B(z0,7) N Q) > A (Sp)>N — 1 — Z(2N — ).

r<ro
As a consequence, we can apply Lemma 15 which ensures that, if u is a Dirichlet eigenfunction

in Q and xo € 99, then (4.3) is a non decreasing function of r, provided that

(4.20) B=(N-27+4(N-1)— 2N —n)— (N-2) =21

and Cj is the same as in (4.4). In particular, by monotonicity we know that for every
r<ryg<lI,
1

1 |Vul? _
2 2-5
N—378 /Q+ |Vu|* dx (7’5 /Q+ P—— dw) + Cor

1 | ;u|2 2—8
4.21 < — — dr | +C
( ) < (Tg /jo | 0| — ) 079 )

and we conclude that for every r < ry/2,

/ \Vu|? de < KrN =248
[oha

T

IN
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1 Vul? -
- ((m/2)ﬂ /Q+ yx_’xo‘,fv_z df”) + Co(ro/2)*"

0/2
Let us now provide an estimate on K. By using equations (4.20) and (4.4) and Proposition

with

11 we get

)
AlullZ, < CON A ul32 g

(4.22) Co < 20(N)
Ul

To estimate the first term in K we use (4.5) and the fact that 5 =2 — 7 to obtain

1 |Vul? N
2

Finally, by combining (4.22) and (4.23) we obtain (4.18) and this concludes the proof. O

Remark 17. By relying on an argument similar, but easier, to the one used in the proofs of
Lemma 15 and Proposition 16, we get the following estimate. Let 1, rg, {2 and xg be as in
the statement of Proposition 16, and assume that u is an harmonic function in € satisfying

homogeneous Dirichlet conditions on the boundary 92N B(xg, 7). For every n €]0, 1] we have
(4.24) / V2 dz < CrVul2 Y7 €0, 02,
B(zo,r)NQ

for a suitable positive constant C' = C(N,rg, 7).
Note that the decay estimate (4.24) is sharp, in the sense that we cannot take n = 0, as the

following example shows. Let N = 2 and let 2 be an angular sector with opening angle w,
0= {(r@ —w/2<9<w/2}

By recalling that the Laplacian in polar coordinates is

AP 10 12
or  ror 1200’
we get that the function u(r,#) := r? cos(fm /w) satisfies the homogeneous Dirichlet condition
on 0N and is harmonic provided that d = w/w. Also, by computing the gradient in the
circular Frenet basis (7,v) and by using formulas

1 us
ou  10u _ —rﬁ_lﬁbm(Gﬂ) and @ _ Ou _ Tz lcos(Qﬁ),
w

or  rao w w o~ or w

we get

2 (=
/ IVUI2=/ %\ + / / 2A5Vs dsdf = ~125
B(0,/)NQ B0, | OT w/2 2

which leads to the following remarks:
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(i) if Q is the half-space (i.e., if w = ), then the Dirichlet integral decays like 72 = r%.

(ii) If the opening angle w < 7, then we have a good decay of the order r* for some o > 2.
(iii) The most interesting behavior occurs when the opening angle w > 7, then the Dirichlet
integral decays like 7™ with o < 2. Note, moreover, that if we want that « gets closer
and closer to 2, we have to choose w closer and closer to 7 and this amounts to require

that  is an (&, 79) —Reifenberg flat domain for a smaller and smaller value of €.

We refer to the book of Grisvard [13] for an extended discussion about elliptic problems in

polygonal domains.

4.2.2. Difference between the projection of eigenfunctions. By relying on the analyis in [21] we
get the following result. Note that we use the convention of identifying any given u € H}(Q)
with the function defined on the whole RV by setting u = 0 outside €.

Proposition 18. For any o €10, 1] there is threshold ¢(«) €10,1/2[ such that the following
holds. Let Qg and Q, be two (e, rq)-Reifenberg-flat domains in RN, both contained in the disk
D, which has radius R. If

70

8VN’

then there is a constant C = C(N,rg, ) such that, if u € H} () is a Dirichlet eigenfunction

(4.25) (0, 0) <6 <

associated with the eigenvalue A, then

Ny oo
(4.26) IVu = VPE, (w)|72(p) < CA1+A2)0L [|ul|72(q,);
where L := HN"1(0) and the projection PE is defined by (4.2) .

Proof. We proceed in two steps.
o STEP 1. We first fix u € H}() and construct @ € Hg () which is “close” to u, in the
sense specified in the following.
To begin with, we point out that (4.25) implies that {B(z,26)},csq, 18 a covering of 2\ Q.
Indeed, by contradiction assume there is y € €, \ €, such that
20 < d(y, 0%) = d(y, %) < sup d(y, ).

yeyg
This would contradict (4.25) and hence the implication holds true.

By applying Lemma 6 with r = 56/2 we can find a finite set I, such that 41 < C(N)L/6V~!
and {B(z;,50/2}ics is a covering of Q \ Q.
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Next, we use the function 6y given by Lemma 8 (with r = 5§/2) and we set @(z) =

Oo(x)u(z). We observe that, since

Q8 COFU(\ Q) C QU B (21,56/2),
el

then @ € HJ (). Also, Vi = uV6y + 0yVu and hence
(4.27) Vi — Vul r2py < [[(1 = 60)Vullr2(py + [uVbol| L2 (D)
Next, by recalling that 6y = 1 outside the union of the balls { B(x;,50)}icr, we get

(428)  [I(1—60)Vul2sp) = / (1— 09)2|Vul2dz < 2/ Vul2da.
UieIB($i755) icl B(z;,50)

Also, by recalling that |V6|(x) < C(N)/d, we obtain

C(N) 9
uVéy||? :/ Voo|?udr < / u“dx
[V 8ol 76| ) N

U, B(w:,56)

N
< o) 2(55)2/ Vul?dz.
4 B(z:,5v/N6)

(4.29)

i
To get the last inequality we have used [21, Proposition 12] and the fact that one can take
b(N) =+/N in there.
o STEP 2. We now restrict to the case when u is an eigenfunction for the Dirichlet Laplacian,

and A is the associated eigenvalue. By using Proposition 16 and Lemma 6 we get
4.30 / Vul2dz < S CNL + AN w2 < CA(1 + A2 )L |ul|2,
(4.30) 22: o) [Vl Zl: ( )67 ully ( ) [[ully

with C' = C(N,rp,n) and provided that § < ro/8v/N.
By choosing 1 := (1 — «), inserting (4.30) into (4.28) and(4.29) and recalling (4.27) we
finally get

_ N\rca
IVu = VPE (w)[|72(p) < IVu = Villp2(py < C(N, 7o, @)A1 + A2 ) L5 [ul3.

4.3. Conclusion of the proof of Theorem 2.

Proof of Theorem 2. First, we recall that max{\%,\2} < 7,. Next, we fix n € N and we

denote by u},...,u’ the first n eigenfunctions of the Dirichlet Laplacian in H{(€). Given
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u=3"}_, cpuf, by applying Proposition 18 we get

(4.31)

n 2

n
2
< an% HVuf — VPQDau’lf’

HVU_VP(ZUH%Q(D) = L2(D
L2(D) k=1 D)

Ck (Vulg - VP&U?)
k=1

~ 5 5 k|2 3 2
<n Y GO+ 72 )L |uf 172(p) = nCyn (1 + % ) L6 ||ull72(py-
k=1

To get the last equality we have used the fact that the eigenfunctions associated with different
eigenvalues are orthogonal with respect to the standard scalar product in L2.

We use (4.31) and the Sobolev-Poincaré inequality in the ball D, which has radius R, and
we conclude that the assumptions of Lemma 14 are verified provided that:
(i) A = nCryn(1+ 72 )L6%, B = C(N, R)A and
(ii) B < 1.
Hence, we fix a threshold do(N, n, yn, 70, a, R, L) satisfying nCy, (1 + %?)Lég‘ < 1/4, and we
get that for any § < dp one has 1/(1 —v/B) < 2. By applying Lemma 14 we then get

A N
A\ < <24 < 2nCyu(1 + 2 ) L%
(1-+vB)
The theorem follows by exchanging the roles of €, and €. O

4.4. The Lipschitz case. We end this section with the proof of Theorem 4.

Proof of Theorem 4. Let €}, and € be as in the statement of Theorem 4. We fix n € N and
k < n and we denote by u¥ € H}(Q,) and uf € H}(SY) the eigenfunctions associated with
)\lg and )\f, respectively. In particular, u’g solves —Au = )\]Ifu’g in Qp. Let up € H&(Qa) be the
distributional solution of
—Au = )\’gub in Qg
{ u=20 on 0€,.

We can now apply Theorem 1 in the paper by Savaré and Schimperna [26]. Then formula
(3.4) in [26] yields

V= P 22 ) < V=Vl < Clo, N, RN o 61y e
where the projection nga is the same as in (4.2). Then, by using the definition of eigenfunc-

tion, we get

WA -1 my < OOV, RN [l ()
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We recall that A’If < v, and that S is the eigenspace of H{({2) generated by the first n
eigenfunctions and by arguing as (4.31), we get that, for any u € S},

HVU — VP&UH%Q(D) < C’(Q,p,%b, N, R, n)dH(927 QE)HUH%Q(D)

Hence, by proceeding as in the proof of Theorem 2 we can conclude. O

5. STABILITY ESTIMATES FOR NEUMANN EIGENVALUES

5.1. The Neumann eigenvalue problem in Reifenberg-flat domains. Given an open
and bounded set Q, (u, ) € H'(Q) \ {0} x R is an eigencouple for the Neumann Laplacian
in Q if

(5.1) /QVU(J:) -Vou(x)dr = u/gu(x) v(x)dx Vo e HY(Q).

In this section, we apply the abstract framework introduced in Section 3 to study how the

eigenvalues p satisfying (5.1) depend on the domain 2. We set
H = L*RY R) x L>(RN RY)
and we equip it with the scalar product

(5.2) H((Ul,?}l),(UQ,UQ)) = /RN up(x) ug(x)dx + /RN vi(z) - vo(x)dz.

Also, we set

(5.3) h<(u1,v1), (UQ,'UQ)) = /RN uy(x) ug(z)de.

Note that h is a symmetric, positive bilinear form (i.e., it satisfies properties (3.1)), although
it is not a scalar product on H. Inequality (3.2) is trivially satisfied.

As before, ., and £, are two Reifenberg-flat domains contained in RY and we denote the
Sobolev spaces by H'(€,) and H'(£2;). The spaces V, and V, are defined by considering the
map

ja : HY(Q) — LARY) x L*(RY,RY)
u — (ulq, Vulg),
where 1¢ denotes the characteristic function of Q. Note that the ranges V, = jo, (H(Q4))
and V, = jo, (H' (%)) are closed and that (3.3) is satisfied. Note also that the inclusion (3.4)
is compact because, in virtue of Proposition 9, we can apply Rellich’s Theorem.

The Neumann problem (5.1) reduces to (3.5) provided that A = 1+ 1 and hence it is solved

by a sequence of eigencouples (pi,, uy) with limy, oo i, = 400 . By relying on Lemma 14,



SPECTRAL STABILITY ESTIMATES IN ROUGH DOMAINS 31

we deduce that to control the difference |ug — pp}| it is sufficient to provide an estimate on the
projection operator defined by (3.9), which can be identified by a map Psz\i : H — HY Q)
satisfying the following property: ¥ u € H'(€)),

lie, (w) — P& jo, )13, = |1a,u— 1o, Pyu

|i2(RN) + Hlvau - 1Qav[P§]2\£uH|i2(RN)

(5.4) = min {ngbu —1q,v
UEHl(Qa)

‘i%RN) + 10, Vu - 1Qavv“iQ(RN)}'

5.2. Estimates on the projection of Neumann eigenfunctions. To provide an estimate
on (5.4) we first establish a preliminary result concerning the decay of the gradient of a

Neumann eigenfunction.

Proposition 19. For every n > 0 there is a positive constant € := £(n) such that, for every
connected, (g,79)-Reifenberg-flat domain Q C RV, the following holds. Let u be a Neumann
eigenfunction in Q0 associated with the eigenvalue w, let x € OQ and let r < min{rg, 1}. Then
there is a constant C = C(N,rg,n, Diam(Q2)) such that

N-—n
. 2 g < 29(N) 4,112 .
53 [ 9 s < O il ()

where y(N) = max {%, %} as in the statement of Proposition 10.

Proof. For a given n > 0 we choose § in such a way that 0 < § < n and that
(5.6) o= 87 < L.
2

Also, we choose € smaller or equal to the constant given by Theorem 12 with this choice of a
and . Note that € only depends on 7.

We now consider a Neumann eigencouple (u, 1), while the point x € 9 is fixed. We may
assume without losing generality that ro < 1, up to redefine r¢y by min{1,7o}.

We first use the induction principle in order to show that, for a suitable constant Cy =

C4(N, 79, Diam(Q2)) that will be chosen later, and for any k € N,
o J, [VuPde < Cap(1+ VT VaE ™ ulfa g,
B(z,akr0)NQ

If k = 0 the inequality (5.7) is satisfied provided that Cy > 1 because [ |[Vul*dz = pllul)3.
Next, we consider the inductive step and we assume that (5.7) holds for a given k > 0. We
term v the solution of Problem (2.7) in Q := B(x,a*rg) N Q. Then Theorem 12 gives

(5.8) / Vol2de < aVP / Vol2de.
Qg1 Qx
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1

Note that since a < 1, then Q41 C Q. We now compare Vu and Vo in B(z,a"*ry) by

using the inequality ||a + b[|* < 2||al|? + 2||b]|? :

/ |Vu|?dz < 2/ \VUZdJU—l—2/ |V (u —v)|*dz
Qp41 Qp41 Qp41
< 2aN_B/ |Vv]2dx+2/ IV (u — v)|2dz
o Q
(5.9) < 2aN—B/ |Vu|2d:c+2/ IV (u — v)2dz.
o Q

Since v is harmonic and u is a competitor, then V(u — v) is orthogonal to Vv in L?(£);) and

hence

(5.10) / V(1 — v)[2da :/ |Vu|2d:v—/ Vo|2da.

Moreover, « minimizes the functional w — |Vw|?dz — 2 / wu dx with its own Dirichlet
o Q

conditions on dB(z,a*rg) N Q, and hence by taking v as a competitor we obtain
/ |Vu|?dx — / |Vol2de < 2u/ [u® — vu]dz
Qp Qp Qp
(5.11) < dpwna¥F|u)?,.
To get the above inequality we have used that rg < 1 and the estimate
(5.12) [Vl Lo @) < lullzec (o),

which can be established arguing by contradiction. Indeed, set M := |ul|f(q). If (5.12)
is violated, the truncated function w := min{M, max{v, —M }} would be a competitor of v
satisfying ||Vw\|%2(ﬂ) < ||Vv||%2(ﬂ), which contradicts the definition of v.

By plugging (5.10) and (5.11) in (5.9) and using the inductive hypothesis (5.7), we get the

estimate
/Q Vul* < 26V P Cap(1 + /)* NN 3 + 8wy aF | ul|F oo o,
k+1

where wy is the measure of the unit ball in RY. By using (2.5), the above expression reduces

to
(5.13) /Q V> < (1 + \/ﬁ)%(N)a(kJrl)(N—n)Hu”%[204an—6 4 Cank+)-N |
k+1

for some constant Cs = C5(N, rp, Diam(2)). We claim that by choosing in (5.7)

(5.14) C4 = 8C5an_N
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then the right hand side of (5.13) is less than Cypu(1 + \/ﬁ)QV(N)a(kH)(N_"), which proves
(5.7). Indeed, our choice of a implies a"# = % and hence (5.14) implies
akn 1

(515) 204017]75 + C5a(k+1)n7N = C'4§ (8050,77 N) S < C4§ (805(17]7]\/)@ — 2047

which concludes the proof of (5.7).
To conclude the proof of the Proposition we observe that, given r < rg, we can select an

integer k > 0 such that r < a¥rq < ra™!, which yields

/ Vuf? dz g/ Vuf? dz < Capu(1+ V@)™ =) )2,
B(z,r)NQ B(z,akre)NQ

N—n
r
< Cap(1 4+ /i) M[ull72 g (am)
and this implies (5.5) provided that C := Cy/a™N7". O

By combining a covering argument from [22] with the previous proposition we establish the

projection estimate provided by the following result.

Proposition 20. For any « €]0,1] there is a constant € = e(a) < 1/600 such that the fol-
lowing holds. Let Qg and Q be two connected (8, 70)-Reifenberg-flat domains of RY satisfying

(516) max{dH(Qa, Qb); dp (98 Qc>} <9,

where 0 < § < min{rg/5,1}. Then there is a constant C = C(N,rg, Diam(€), ) such
that, if u € H*(Q) is a Neumann eigenvector associated with the eigenvalue i, then there is

@ € HY(Q,) satisfying

I, @ — Lo,ulf2@y) + 110, Va — Lo, VullZagy) < C(L+ )" L ullZ2 g,

N

. N-1
where L :=HY " (0Q) and y(N) = max{ 2 N1

} as in the statement of Proposition 10.

Proof. The goal of the first part of the proof is to construct a function @ which only differs
from w in a narrow strip close to the boundary: this is done by relying on a covering argument
similar to those in [22] (see Lemma 9 in there). The proof is then concluded by relying on
Theorem 10 and Proposition 19. The details are organized in the following steps.

o STEP 1. We construct a partition of unity. First, we observe that (5.16) implies that

{B(x,20)}zcan, is a covering of Q,AQy, and by relying on Lemma 6 we can find a finite set
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I, such that (i) $1 < C(N)L/6N =1, (ii) {B(z:,56/2)}ies is a covering of Q,AQy,. To simplify
the exposition, in the following we use the notations
8l
B;:= B(x;,56/2)  2B;:=B(;,56)  6B;:= B(x;,150) W =|J2Bu.
i=1
Note that property (2.1) in the statement of Lemma 6 implies that, for every xz € RV,
#{i : © € 2B;} < C(N) and hence, in particular, that, for every integrable function v,

$I
(5.17) Z/ [v(z)|dz < C(N)/ lv(z)|dz.

=1 /2B; U, 2B;
Next, we apply Lemma 8 with r := 5§/2 and we obtain Lipschtz continuous functions

00,01, ...,0:r : RN — [0,1] satisfying

N
VO (x)| < 0(5 ) aexeRYN, i=0,... 4
bo(x) =0 if z € | | B;, Oo(z) =1 if 2 e RV \ | J2B;
(5.18) i€l iel
41
0,(x) =0 if s e RV \2B;, i=1,...,4I, Z@Z(x) =1 for every z € RV,
i=0

o STEP 2. We define the function @. For i € I we term Y; the point in 2, N 2B; such that
d(Y;, x;) = 30 and the vector Y; — z; is orthogonal to P(x;,5d). Note that such a point exists
provided 50 < r and £ < 3/10 due to Lemma 5 in [23] (see also Proposition 2.2 in [16]). Then
we define the domain D; := B(Y;,d) C Q, N 2B; and we set

oy
m; = —— w(x)dr i=1,..., 1l
D11 Jp, "

Note that (1q,u(x))f0(z) is well defined for z € RY and belongs to H(R") because fy(z) = 0
in a neighborhood of 9€2,. This allows us to define

#1
i(x) = (Lo,u(x))bo(x) + > mibi(x) VaeRY,
=1

so that @ € H(£2,).
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o STEP 3. We provide an estimate on ||alq, — u19b||%2(RN). First, we point out that
0, AQp C W and that ulg, = ulg, in RN \ W, so by recalling the definition of & we have

\a—uP(x)da:Jr/ u2(a:)dx+/ % (z)da

||ﬂ1Qa — UlQbH%Q(RN) :/
Q Q17\90‘

«NQpNW

§2/me u?(z dx—i—Q/ <me>

By using the convexity of the square function, Jensen inequality and estimate (5.17) we have

/W (imi91($)> dx</ Zm% d;v</ Z‘D’ </ )dy>9( )dz

g1

= ; le(sN </Ih UQ(?JWZ/) /QBi 0;(x)dx

1

1 2 NN / 2
< S d 56 < C(N dy.
- ZUJN(SN </23irmbu (@) y> N = O U: 2Bmﬂbu W)y

In the previous expression, wy denotes as usual the Lebesgue measure of the unit ball in

RY. By combining the previous two estimates we conclude that

(5.19) fite, =ty [Faan, < COV) | vy

o STEP 4. We introduce some notations we need in STEP 5. Given iy € I we denote by
Ji, be the finite set of indices j € I such that 2B; N 2B;, # (. Note that §.J;, < C(N) by
property (2.1) in the statement of Lemma 6 and, also, that any ball 2B; is contained in 6B;,
it j € Jjp-

Let Py be the hyperplane in 6B;, provided by the definition of Reifenberg flatness and let
vy denote its unit normal vector, oriented in such a way that x;, + 15d1y € . Also, let Y;

and D; be as in STEP 2, and let P; denote the hyperplane P(z;,56). For any j € J;, we have
dH(F)j N QB]', PyN QBJ) < dH(PJ N 2Bj, o N QBJ) + dH(GQb N QB]‘, Pyn QBJ) < 5de + 156¢.

Hence,
d(Y;, Py) > d(Y;, Pj) —du(P; N 2B, PyN2Bj) > 30 — 206 > 26,

provided that ¢ < 1/20. This shows that

U D; C lA?io := By, 150) N{x; (x — x4,) - vp > 0} C Qp,
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where the last inclusion holds by Lemma 5 in [23] (see also Proposition 2.2 in [16]) since
30e0 < 4.
The key point in this construction is that ]3Z is a Lipschitz domain and satisfies the

Poincaré-Sobolev inequality with constant C'(N)d. Hence, by setting

mio = /
| Dio

and by using Jensen inequality we get that, for every j € J;,, we have

2
~ 1 _
|mj - mi0|2 = <|D | / mzo dw) < m /D ‘U(JJ) - mi0|2dx
J fi
N C(N)s?
(5.20) < D /A lu(x) — My, |2de < D)) /A |Vu(z)|*dx

]
C(N)/ 2
< Vu(z)|*dz.
5 g, V)

On the other hand, by definition of lA)iO, we have that, for any y € 6B;, N \ lA)Z»O,

d(y, 0%) < d(y, Po) + du(Py N 6B;,, 0% N6B;,) < + 6ed < 20,
which implies that y € ,csq, B(z,20). In particular,
2B;, N\ Di, € | B(z.20) C|JBi
zed, icl
and this implies that supp(fy) N2B;, C lA?iO.

o STEP 5. We provide an estimate on [1g,Vi — 1q,Vullp2gy). First, we recall that
Q,AQy € W and we observe that

(5.21)

10,9 10,90l = |
QaNQNW

< 2/ |Vul|?(x)dx + 2/ |Va|*(x)dx +/ \Va|*(x)dx
Wney, QaNQpNW Qa\Qp

The first term in the last line of the above expression satisfies

(5.22) 2/me V)| (z)dx < Z/ \Vu|?(z)dx < Z/ |Vu|?(x

i€l i€l Binty,

yva—vuy2(x)dx+/ V|2 (2 da:—i—/ |Vul|?(z)da
Qa\Qp Qp\Qa

BNy

To establish an estimate on the second term in (5.21), we start by observing that, if x € 2,

then
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Next, we fix i¢ in such a way that x € B;, and we observe that, since Vfy + Zje[ Vo, =0,

we have
Vi(z) = fo(x)Vu(x)+ Voo(z)u(x) + > m;Vb;(x)
Jj€diy
= Oo(x)Vu(x) + (u(x) — Mi,)Voo(z) + Y (m; — Miy)V0;(z).
f1 J€Jig
f2
Next, we point out that, for any ¢ = 1,..., 4] we have
(5.23) / |00 (x) Vu(z)|2da g/ \Vu(z)|*dz.
2B;N2y 2B;Ny

Also, we recall that supp(6y) N2B;, C lA)Z-O and that |V6,,| < C(N)/§. We then recall that the
Poicaré-Sobolev constant of lA)io is bounded by C(N)d and by combining these observations
we get
C(N .
[ inwr <2 [ e -l <ow) [ (v
ZBiOme D; D

iQ 20

< C(N) / Vul?.
GBiOﬂQb

Finally, by recalling (5.20) we have

1 .
(5.25) / | fo|?dz < C(N)/ Z ﬁ(mJ — My, )? < C(N)/ |Vu|*dz
2B;, N 2B;,N%Y,

Ty, 6B, MY

(5.24)

and by combining (5.23), (5.24) and (5.25) we infer

(5.26) Vi (z)de < C(N) ) |Vu|?da.
QaNQNW 6

iel Y 6BiN
To provide a bound on the third term in (5.21), we observe that, if x € Q,\ Q;, C U B;, then
el
i(x) = mibi(z)  fo(x) =0.
i€l
Hence, if we choose ig in such a way that x € B;,, we get
Vi) = Y2 myVoi(e) = 3 (mj — i) V6 (x).

jeJio jeJiO

By arguing as in (5.25) we get

/ Vs < C(N)/ Vuldz,
Big\ 6By N2,
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which implies

(5.27) / |Va|*(z)dz < Z/ |Va|*(z)dx < C(N Z/ |Vul|?dz.
Qa\2p iel iel Y 6BiNGy

Finally, by combining (5.21), (5.23), (5.26) and (5.27) we conclude that

(5.28) 11,V — 1o, Vull72@yy < C(N Z/ \Vu|?dz.
icl Y 6BiNty

o STEP 6. We conclude the proof of the Proposition by relying on Propositions 10 and 19.
First, by combining Proposition 10 and (5.19) we get
lala, — ulg,|j2@y) < C(N Z/ 2)de < C(N) Y 6M[ullfq,)

icl /2B me iel

5.29 .
(5.29) < C(N, ro, Diam($%,))6V (1 + /i) Mfu|2 o, £

< C(N,rg, Diam(£))L(1 + \/17)27(]\])5”““%2(9,,)‘
Next, we combine Proposition 19 with (5.28) and we obtain

(5.30)

116, Vit — 1o, Vul2ny < Call + VAP ul2zpt] < CLu(L + /i) 6 ul22 g,
provided that & = 1 — 7. In the previous expression, C' = C(N, rg, a, Diam(£2)). By combin-
ing (5.29) and (5.30) we conclude the proof. O

5.3. Conclusion of the proof of Theorem 5. We finally conclude the proof of Theorem
5.

Proof of Theorem 5. By comparing (5.4) with Proposition 20 and by arguing as in (4.31) we
get that the hypotheses of Lemma 14 are satisfied provided that A = B = nC(1 + /L)27(N)+2L5a,

and hence by repeating the same argument as in the Dirichlet case we conclude. O
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