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1 Introduction

In this paper we study BV functions in metric measure spaces, providing a positive answer
to a problem raised in [7], where similar questions are investigated and positively answered
in the setting of Sobolev spaces. Let (X,d, m) be a complete and separable metric measure
space, with m locally finite Borel measure. Recall that, according to the notion of BV
function given in [27], a function f € L'(X,d, m) belongs to BV,(X,d,m) if there exist
locally Lipschitz functions f,, convergent to f in L'(X) such that

limsup/ |V fr| dm < 0.
b

n—oo

Here |V f,,| are the slopes (also called local Lipschitz constants) of f,, see (2.1) below. By
localizing this construction one can define

|Df].(A) := inf {li}{n inf/ \Vfu|dm: f, € Lip,,.(A), frn — fin LI(A)} , (1.1)
— 00 A

for any open set A C X. In [27], it is proved (with a minor variant, since L. convergence
of the functions is considered) that this set function is the restriction to open sets of a finite
Borel measure, called total variation measure and, following basically the same strategy,
we will extend this result to our more general setup.

A first variant of this definition arises if one considers not only locally Lipschitz ap-
proximating functions, but general functions f,, replacing |V f,,| by upper gradients g, of
fn. This is the definition considered in [11] for Sobolev functions, with a mention of the
possibility of extending it to the construction to BV functions; denoting by BV.(X,d, m)
the corresponding space, it is clear that BV is larger than BV,; in addition, the set func-
tion | D f|$ obtained by a procedure similar to (1.1) is smaller than |D f|, since the class of
approximating functions is larger.

We will prove indeed that the two approaches lead to the same BV space and to the
same total variation measure. As a matter of fact, this equivalence is part of a more general
result, where we consider a new definition of BV function in the spirit of the theory of
weak, rather than relaxed, upper gradients [24, 28]. Without entering in this introduction
in too many technical details, we say that f € w— BV (X, d, m) if there exists a finite Borel
measure p with this property: for any probability measure 7 on Lip([0, 1]; X) the function
t — f o~y belongs to BV(0, 1) for m-a.e. curve - and

1
C(m)||Lip(7) | o ()

Here C'(7) is the least constant C' such that (e;)ymw < Cm for all t € [0, 1], where e;(7y) :==
are the evaluation maps at time ¢. See also Remark 7.2 for another definition which
involves only the oscillation of f at the endpoints of the curve. The smallest measure u
with this property will be denoted by |D f|,, and the proof that w — BV (X, d, m) includes
the previous two spaces and that |Df|, > |Df|¢ > |Dfl, is not too difficult. It is also

/WID(fov)ldWSu-
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worthwhile to mention that the BV property along curves and suitable measures in the
space of curves play a role in [14] (see also [12, 13]), for this reason we think that it
is interesting to compare the relaxation point of view with the point of view based on
measure upper gradients, so to speak.

Notice that proving equivalence of the three definitions amounts to passing from a
(quantitative) information on the behavior of the function along random curves to the con-
struction of a Lipschitz approximation. Remarkably, this result does not rely on doubling
and Poincaré assumptions on the metric measure structure. As in [7] (based essentially on
ideas come from [5], dealing with the case of W2 Sobolev spaces), the proof is not really
constructive: it is obtained with optimal transportation tools and using the theory of gra-
dient flows of convex and lower semicontinuous functionals in Hilbert spaces. Specifically,
in our case we shall use the gradient flow in L?(X, m) of the functional f — |Df|.(X), also
called total variation flow in image processing [9].

We can now state the main result of our paper (see also Corollary 7.5, kindly pointed
out to us by the reviewer of the paper).

Theorem 1.1 Let (X,d,m) be a complete and separable metric measure space, with m
nonnegative and locally finite Borel measure (i.e. for all x € X there exists r > 0 such that
m(B,(z)) < o0). Then the spaces

BV.(X,d,m), BVSX,dm), w—BV(X,dm)
and the corresponding total variation measures |Df|., |Df|, |Dfl|. coincide.

The paper is organized as follows. In Section 2 we recall some preliminary facts on
absolutely continuous curves, upper gradients and BV functions. In Section 3 we study
the properties of the Hopf-Lax semigroup

d’(z, y)
inf —
:t}gx oY) + ptr—1
in the limit case when p = oo, where it reduces simply to Q;¢(x) = inf ¢. In particular
Bt(x)
the differential inequality

d
EQtQH_ VQip| <0

will play an important role in our analysis. In Section 4 we study some elementary prop-
erties of the W, Wasserstein distance, focussing in particular on the dual formulation.
In Section 5 we present and compare the three definitions of BV we already mentioned,
proving in particular the “easy” inequalities |Df|, > |Df|¢ > |Df|,. In Section 6 we
gather a few facts on the gradient flow of |Df|,, that are used in Section 7 to prove our
main result.

Finally, Section 8 is devoted to the discussion of 3 potential definitions of the Sobolev
space Wh!. Since the functional

IDf|.(X) if f € BV.(X,d,m) and |Df|, < m;
(f) =

+00 otherwise



is not lower semicontinuous, one of our main tools (namely the theory of gradient flows)
breaks down and we are not able, at least at this level of generality, to prove equivalence
of the three definitions. The Appendix is devoted to the proof of the metric superposition
principle in the limiting case p = oo: its proof follows with minor variants [26].

We close this introduction mentioning that some properties of BV functions readily
extend to the more general framework considered in this paper. For instance, the coarea
formula

[e%S) 0
IDfl. = / [ Dx s>yl dt +/ [ Dxgf<tyls dt
0 —0o0
can be achieved following wverbatim the proof in [27]. On the other hand, more advanced
facts, as the decomposition alone curves in absolutely continuous and singular part of the
derivative (see [3, Section 3.11]), seem to be open at this level of generality: for instance,
Example 7.4 shows that, in contrast to what happens in Euclidean metric measure spaces
(here the supremum is understood in the lattice of measures), the measure

1
sup

P @M~ / u|D*(f o)l d, (12)

which is easily seen to be smaller than the absolutely continuous part of | D f|,,, maybe be
strictly smaller.

Acknowledgement. The first author acknowledges the support of the ERC ADG
GeMeThNES and of the PRINO8-grant from MIUR for the project Optimal transport
theory, geometric and functional inequalities, and applications. The authors thank an
anonymous referee for his/her extremely valuable remarks.

2 Notation and preliminary notions

In this section we introduce some notation and recall a few basic facts on absolutely
continuous functions, and BV functions, see also [4], [3] as general references.

2.1 Absolutely continuous curves

Let (X,d) be a metric space, J C R a closed interval and consider a curve v : J — X
(sometimes we will denote v(t) = ;). We say that v is absolutely continuous if

t
d(%,%)é/ glr)dr Vs, teJ, s<t

for some g € L'(J). Tt turns out that, if v is absolutely continuous, there is a minimal
function g with this property, called metric speed, denoted by |%;| and given for a.e. t € J
by
. . d (’YSa ’Vt)
= lim ———=.
el = tim =
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See [4, Theorem 1.1.2] for the simple proof.

We will denote by C([0,1], X) the space of continuous curves from [0,1] to (X,d)
endowed with the sup norm and by AC([0, 1], X) the subset of absolutely continuous curves.
For p > 1, the set AC?(]0,1],X) C C([0, 1], X) consists of all absolutely continuous curves
v such that |§;| € LP(0,1): it is the countable union of the sets {7 : ||3:||z» < n}, which
are easily seen to be closed. Thus the set ACP([0,1], X) is a Borel subset of C(]0, 1], X)
(this is still true for AC([0, 1], X)), see [5], but we shall not need this fact in the sequel);
in particular we will be interested in AC* ([0, 1], X'), which is easily seen to coincide with
the set of Lipschitz curves. The evaluation maps e; : C([0,1], X) — X are defined by

et(/Y) = Tty

and are clearly continuous.

2.2 Slopes, locally Lipschitz functions and upper gradients

Let (X,d) be a metric space; given f : X — R, we define the slope of f (also called local
Lipschitz constant) by

_ = fy) — fz)]
V) = T G 2.1)
and, correspondingly, the ascending slope |V* f| and the descending slope |V~ f|:
+ o (fly) = f@)*

In the sequel, we say that f is locally Lipschitz in an open set A if for every x € A, the
function is Lipschitz in a neighborhood of x. With this definition locally Lipschitz functions
in X are Lipschitz if the ambient space X is compact. For f, g : X — R locally Lipschitz
it clearly holds

IV(af + Bg)l < [l [V +[8]IVg]  Va,BeR, (2.3a)
V9l < [f1IVgl + gl V 1. (2.3b)

Given a real valued function f on X, we denote by UG(f) the set of upper gradients
of f (see also [21, 11]), namely the class of Borel functions g : X — [0, oo| such that

Fon) — Fl)l < / gl dt ¥y € AC([0, 1]; X).

With a slight abuse of notation we will write ¢ € UG(f) with f € L'(X, m), but it should
be noticed that a priori the concept of upper gradient is not invariant in the equivalence
class of an L' function, even though Borel representatives are chosen.



2.3 BV functions and total variation on Euclidean spaces

We refer to Chapter 3 of [3] for a complete review of this topic, with all the proofs; here
we will only overview the main properties needed in this paper.

Given an open set A C RY, f € L'(A) is said to be of bounded variation in A if one of
the following three equivalent properties hold:

(a) the distributional derivative D f is a R%-valued measure with finite total variation in
A;

(b) The following quantity, called total variation of f in A, is finite:
TVi(A) :=sup {/ fdivodr : ¢ € CHA;RY), |9 < 1}'
A

(c) There exists a sequence (f,) C C*(A) converging fo f in L'(A) with
sup,, [, |V/faldz < co.

The equivalence between (a), (b) and (c) leads to relations between the corresponding
quantities involved: in particular we have

IDf|(A) = TV(A) < hminf/ |V fo] da.
n—oo A

Moreover the second definition gives us easily the crucial property that the total variation
|Df]| of the distributional derivative in open sets is lower semicontinuous with respect to
L' convergence:

liminf |[Df,|(A) > |Df|(A) VA C R% open set, f, — fin L'(A). (2.4)
n—oo

By means of standard mollifiers and partitions of unity we can get also the following
stronger result: there exists a sequence of functions f,, € C°°(A) convergent to f in L'(A)
and such that |Df,|(A) — |Df|(A). In our metric context we simply replace C*°(A) by
the space of locally Lipschitz functions on A.

3 Hopf-Lax formula and Hamilton-Jacobi equation

In this section we study some elementary properties of the Hopf-Lax formula in a metric
setting, extending to a limiting case (suitable for the study of the co-Wasserstein distances,
made in the next section) the analysis made in [5], see also [18]. Here we assume that
(X,d) is a metric space: there is no reference measure m here and we can drop even the
completeness assumption. We are dealing with a very simple convex lower semicontinuous
Lagrangian L : [0, co] — [0, o0]:

if s <1;
L(s):{o if s <1;

00 otherwise.



Let ¢ : X — R be a Lipschitz function. We set Qo¢p(x) = ¢(x) and, for ¢ > 0,

o d(z,y)
Quole) = inf {o(y) + L(=7) }. (3.1)
Due to the particular form of our Lagrangian, we get
Qio(z) = inf_ (). (3.2)

Obviously, these transformations act almost as a semigroup: in fact, the triangle inequality
gives

QQolw) = inf { inf o)} > inf 0(2) = Quuid(a)

(y,2)<s Ld(y,z)<t d(z,z)<s+t
Moreover, if (X, d) is a length space, we have equality and thus @Q; is a semigroup. In fact,
under this assumption, for every z such that d(z, z) < s+ t there exists a constant speed
curve 7 : [0,1] — X whose length is less than s + ¢ and such that 79 = z and v, = z; in
particular there will be a time 7 := s/(s + t) such that y := =, satisfies d(z,y) < s and

d(y,z) < t. It follows that Q;Q:p(z) < o ir)lf ¢(2). In order to conclude, one has to
T,z)<s+t

observe that, if ¢ is continuous, then

inf ¢(z) = inf ¢(z) Vr >0,

d(z,z)<r d(z,2)<r

and this is true because in a length space the closure of the open ball is the closed ball.
Also, it is easy to check that the length space property ensures that the Lipschitz
constant does not increase:

Lip(Q:¢) < Lip(¢). (3.3)

Now we look at the time derivative, to get information on the Hamilton-Jacobi equation
satisfied by Q:p(x):

Theorem 3.1 (Time derivative of Q;f) Let x € X. The map t — Q:p(x) is nonin-
creasing in [0,00) and satisfies:

%Qtfﬁ@) +|VQiop(z)| <0 for a.e. t > 0. (3.4)

Moreover, if (X,d) is a length space, the map t — Q¢ is Lipschitz from [0, 00) to C(X),
with Lipschitz constant Lip(¢).

Proof. 'The basic inequality, that we will use in the first part of the proof is:

Qsd(y) < Quop(y') whenever s > s’ +d(y, /). (3.5)

It holds because the inequality implies B(y’, s’) C B(y, s) and thus it is clear by the very
definition of Q);¢. Now we take x; and y; converging to x such that:

. Qup(wi) — Qup(z) - . Qup(x) — Qud(yi)
B e Ve TG )

= —|V+Qt¢\(x).



Now we consider the inequalities, given by (3.5), involving z, z;, y;:

Qt+d(zi,z)¢(x) < Qt¢(xz>a Qt¢(y1) < Qtfd(x,yi)¢(x)

and let us define, for brevity, s; = d(x;,z) and r; = d(x,y;). Then we have

Qr+nd(r) — Qud() Qiys,0(r) — Qro(7)

lim inf < liminf
h—0+ h i—00 S;
< Jim QA= - Que)
and, similarly,
i g @er0@) = Qo) _ o Qu(x) = Qr ()
h—0— h 1—00 T
< lim Qip(x) ; Qid(y:) — IV Q6 ().

Using that |V f| = max{|V™" f|, |V~ f|}, the combination of these inequalities gives
lim inf Quind(x) — Qip(x)

h—0 h

< |VQid|(x) VreX Vi>o0.

Since Q¢¢(x) is obviously non increasing w.r.t. ¢, we get that is differentiable almost
everywhere and so we get the thesis.

If we suppose that (X, d) is also a length space, using the semigroup property and (3.3)
we get that

stb(l’) - Qt(b(x) = Qs(b(x) - Qtfs(Qs(b) (LU) < (t - S) Llp(Qs(b) < (t - 5) Llp(¢) Vs € [07 t]?
and so the thesis. O

Note that, in case (X,d) is not a length space, it might happen that balls are not
connected and, as a consequence, that ¢ — @Q;¢(x) is discontinuous; as an example we can
take X the curve in Figure 1, with the distance induced as subset of R2.

It is clear that some balls, such as the shaded one centered in x, are disconnected;
furthermore if we take a Lipschitz function ¢ equal to 0 in the upper part of the curve
and equal to 1 in the lower one, doing an interpolation between two values only in the
rightmost and leftmost parts, it is easy to see that Q,;¢(p) is discontinuous both in time
and space.

4 The oco-Wasserstein distance

Let (X,d) be a complete and separable metric space and let M*(X) denote the set of
positive and finite Borel measures on X. Given a lower semicontinuous cost ¢ : X x X —
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Figure 1: Ezample of a compact metric space (X,d) that is not a length space, having a
time discontinuous Hopf-Lax semigroup (Qy

[0, 0], we can consider the classical Kantorovich transport problem on X between measures
with same mass, defining

@e(p,v) = min { / cla,y)dy | mlyy = p, 7y = V},
XxX

where 7! and 72 are respectively the projections on the first and second factors. We shall
denote by I'(u,v) the collection of admissible plans 7 in the Kantorovich minimization
problem. In the case of ¢, = d?, 1 < p < 0o, we get the classical Wasserstein distances
W, = (‘ch)l/ P they can equivalently be written as

Wy (p, v) = min{[d|[ o) |7 € T(p, v)}

and so it is somewhat natural to look at the limiting case p = oo:

Woo(pt, v) := min { [[d|[ o) |7 € T(p,v) } -

It is known (see for instance [10]) that W, is the monotone limit of W), as p goes to infinity,
at least when we are dealing with probability measures; we want to consider also this limit
case as a transport problem, in order to have a dual formulation that will be used later on.
The key point is to consider the limit costs: in fact we consider ¢(z,y) = L(d(z,y)), where
L is the function we defined in the previous section. This is indeed the limit cost because
d? converges as p — 0o, in the sense of De Giorgi’s theory of I'-convergence [15], to L od,
namely
Pn— 00, d, —d = liminfd:" > L(d)

n—00

and
for all d > 0 there exist d, — d such that limsup d) < L(d).

P—00



Notice however that the pointwise limit of d? is strictly larger than L(d) when the distance
equals 1.
We then introduce the “test” distances

W (p,v) = min{/XXxL<d(xs’y)>dv BRI V)},

called this way because WL (u,v) = 0 if and only if W (u,v) < s. These “test” distances
are given by transport problems with lower semicontinuous costs ¢(z,y) = L(d(z,y)/s), so
they have a dual formulation [4, Theorem 6.1.1]:

WO(uv) = sup /wdm/wdu

€Lipy (X

where 1¢ denotes the so called c-transform of f, defined as:
v(a) = inf {ele.y) —v(y)}

(namely the largest function g(z) satisfying g(x) + ¥(y) < c(x,y) for all (x,y)). By the
definition of Q3¢ given in the previous section we get:

o) = int {1 (22 v} = @0

yeX
Now, setting ©» = —¢ in the dual formulation, and using this characterization of the c-
transform, we get
W (u,v) = sup / Qspdp — / odv. (4.1)
¢€Lipy (X X

5 Three notions of BV function

Let (X,d) be a complete and separable metric space and let m be a nonnegative Borel
measure in X. In this section we introduce three notions of BV function and, correspond-
ingly, three notions of total variation. We recall that the aim of this paper is to show that
these notions are equivalent.

5.1 BV functions in the relaxed sense

A function f in L'(X, m) is said to be BV in the relaxed sense if there exist locally Lipschitz
functions f, converging to f in L'(X,m) and with equibounded energies, i.e. such that
sup,, [y |Vfa]dm < co. We shall denote this space by BV, (X, d, m).

We already noticed that this definition coincides with the classical one in Euclidean spaces.

10



Associated to this definition is the relaxed total variation |D f|,, already introduced in [27],
defined on open sets A C X as:

|Df|«(A) := inf {lign inf/ \Vfu|dm: f, € Lip,,.(A), fn — fin LI(A)} ) (5.1)
—00  J 4

Here “locally Lipschitz in an open set A” means that for all z € A there exists r > 0 such
that B,(z) C A and the restriction of f to B,(z) is Lipschitz. In [27] it is proved that for
all relaxed BV functions f the set function A — |Df|.(A) is the restriction to open sets
of a finite Borel measure, for which we keep the same notation. Since the result in [27] is
stated and proved in locally compact spaces, we adapt his arguments to our more general
framework.

Remark 5.1 If we apply the definition of relaxed total variation to a locally Lipschitz
function f, taking f, = f, we get

IDfL.(A) < / Vfldm  forall AC X open.
A

Thus, |Df|. < m and so f belongs to the Sobolev space W'(X,d,m) consisting of
functions f € BV,(X,d, m) such that |Df|, < m. See Section 8 for more on the Sobolev
space Wht,

5.2 BYV functions in Cheeger’s relaxed sense

We can imagine a slightly weaker notion than the previous one, not requiring f,, to be locally
Lipschitz and replacing |V f,,| with an element of UG( f,,), the set of upper gradients of f,,
see [21, 11]. So the definition becomes: a function f € L'(X, m) belongs to BVS(X,d, m) if
there exist a sequence (f,,) € L*(X, m) that converges to f in L'(X, m) and upper gradients
gn Of fn, such that sup, [, g,dm < oco.

For f € BVf(X,d, m) the Cheeger total variation |Df|¢ is defined on open sets A as

|IDf|S(A) := inf {h}{r_l)inf/ gndm: fr, € L'(A), f, — fin L*(A), gn € UG(fh)} . (5.2)
< Ja
Of course we have that BV, C BV and |Df|. > |Df]|S, because the slope is an upper
gradient for locally Lipschitz functions (see for instance [11]).
We investigate more closely the properties of the set functions |Df]|, in the following
lemma. We will write A € B whenever A, B are open sets and d(A, X \ B) > 0 (in partic-
ular, A € B implies A C B). We say that A; and A, are well separated if dist(A;, A3) > 0.

Lemma 5.2 Let A(X) be the class of open subsets of X, f € L'(X, m) and let 8 : A(X) —
[0, 00] be defined as in (5.1), with the convention 5(0) = 0. Then, B satisfies the following
properties:

(i) B(A1) < B(Ay) whenever Ay C Asy;

11



(i1) B(A; U Ay) < B(A1) + B(As), with equality if Ay and Ay are well separated;

(iii) If A, are open and A,, C A, it holds

Tim B(4,) = ([ 4n). (5.3)

In particular the formula
B(B) :=inf {B(A) : AC X open, BC A}

provides a o-subadditive extension of 5 whose additive sets, in the sense of Carathéodory,
contain B(X). If follows that § : B(X) — [0,00] is a o-additive Borel measure.

Proof.  The verifications of monotonicity and the additivity on well separated sets are
standard.

Since we will use (iii) in the proof of the first statement of (ii), we prove (iii) first,
denoting A := U, A,. It is sufficient to prove that sup |Du|.(A,) > |Du|.(A) because the
converse inequality is trivial by monotonicity, so we can assume that sup,, | Du|.(4,) < co.

First, we reduce ourselves to the case when A,, satisfy the additional condition

dist(A,, X \ A4,s1) >0  VneN. (5.4)

In order to realize that the restriction to this case is possible, suffices to consider the sets
A = : di A L
=R r e X o odist(z, X\ ”>Zﬁ

which satisfy (5.4), are contained in A,, and whose union is still equal to A.
In particular, if we call

Cy = Ay
Cro=Ax\ Apn ifk>2,

it is clear that the families {Csx.1}, {Cario}, {Cspis} are well separated, hence
> |1 Duli(Cs54:) < oo for all i € {1,2,3}. It follows that for any ¢ > 0 we can find

an integer k such that
o0

> " [Dul(C,) <e. (5.5)

n=k

Now, to prove (5.3) we build a sequence (u,,) C Lip,.(A) such that u,, — w in L'(A,m)
and

m—ro0

|Dul.(Az) + 2¢ > liminf/ |V, | dm.
A

12



In order to do so, we fix m and set Dy, = C, 1, B, = Ay if h > 1, Dy = By = A;.
Then we choose 9y, € Lipy,.(Dp,) in such a way that

(5.6)

dm < |Dul.(D —_—
/Dh|v¢k,h| m < | Dul( h)—l-ka

We are going to use Lemma 5.4 below with M = By, N = Dy, so we denote by ¢, and
Hy, €@ By N Dyyq the constants and the domains given by the lemma. It is then easy to
find sufficiently large integers k(h) > h satisfying

Cp, / |¢k N ’U,‘ dm < and Cp, / |wk(h+1),h+1 — ’LL| dm S (57)
Hh Hh

£ 5
2. 20 2. 20

This is possible because H}, is contained in B, N Dy, 11 which, in turn, is contained in Dy,
In addition, possibly increasing k(h), we can also have:

1
/D [Vny,n — u| dm < Toh” (5.8)
h

Now we define by induction on h functions w,,; € Lip,.(By) for h > 0 : we set
Um0 = Yi(0),0 and, given u,, j, we build , 541 in such a way that:

U ht1 = Um b on Bj_; B (5.9)
U ht1 = Vk(ht1)h41 O By \ By,
1 1
et = wllprmy < — (1 — §> (5.10)
/ \Vum7h+1| dm < / ]Vumﬁ\ dm + / ‘Vwk h+1) h+1’ dm+ — P (5.11)
Bh+1 Bh Dh+1 2

Once we have this we are done because we can construct w,, () = ty,n(z) if € Bj_1, then
it is clear that w,, is well defined thanks to the first equation in (5.9) and locally Lipschitz
in A. In addition [jup, — u||z14) < 1/m thanks to (5.10) and the monotone convergence
theorem and, iterating (5.11) and using (5.6) and k(h) > h, we get

/ V| dm = lim / Vipsr|dm < Tim [ [V per| dm
A h—00 h—o0 Bhi1
2
<Z|Du| )+ — +5<|Du| (Az) + 26 + —.

In order to prove the induction step in the construction of u,, , we use Lemma 5.4 with
M = By, N = Dpy1, = Upp and v = Y1) p+1- S0, applying (5.12) of the lemma we
find a function w = w, s+1 such that

/ |VUm,h+1|dm§/ |V¢k(h+1),h+1|dm+/ |Vum,h|dm+0h/ |Vk(ht1) 1 — U | AW,
Bh1 Dhy1 By Hp,
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U ht1 = Um on By, \ Dpy1 2 By
U it1 = Ukt 1)he1 00 Dy \ By D By \ By,

By the induction assumption, t,, , = ¥xn),, on By \Eh,l which contains Hj, and so we
can use (5.7) to get (5.11). Then (5.13) of Lemma 5.4 with o = u tells us exactly that

/ |um7h+1 — u| dm S / |7wbk(h+1),h+1 — u| dm + / \um,h — u| dm
Bh+1 Dh+1

By,

and so by (5.7) and the induction assumption we get also (5.10):

d < L L, IN_1(, 1
g Tl S ot e ) = )

Now we prove (ii). Having already proved (iii), suffices to show that
B(AT U A)) < B(A)) + B(Ay) whenever A| € Ay, A}, € As.

This inequality can be obtained by applying Lemma 5.4 to join optimal sequences for A;
and Ay, with M = (A]UAY) N A; and N = (4] U A) N As. O

Remark 5.3 We note that the measure |Df|S too has the monotonicity property, thanks
to the localizing property of upper gradients. Also, |Df|¢ is additive on disjoint open
sets. In fact, if A; and A, are disjoint open sets we clearly have that |Df[S(A; U Ag) >
|IDf|$(A1) + |Df|S(A2), by the superadditivity of the liminf. On the other hand, if we
consider pairs (f;, g;), i = 1, 2, with f; € L'(A;) and ¢; € UG(J;), then

o) = {gl(x) ifve Ay fi(z) ifxe Ay

fo(z) ifx € Ay,

is an upper gradient for r) =
go(z) ifx e Ay bpPer s /(@) {

since every absolutely continuous curve 7 : [0,1] — A; U Ay lies either entirely in A; or
entirely in Ay, thanks to the connectedness of ([0, 1]); this joining property gives the
converse inequality |Df|¢(A; U Ay) < |Df|S(Ay) + |Df|S(Asg).

We won’t need the o-additivity property of |Df|¢ in the sequel; however, in the proof
of Theorem 1.1 we gain the equality |Df|. = |Df|S on open sets, and so we recover that
|Df|¢ is the restriction to the open sets of a measure, too.

Lemma 5.4 (Joint lemma) Let M, N be open sets such that d(N \ M,M \ N) > 0.
There exist an open set H € M NN and a constant ¢ depending only on M and N such
that for every u € Lipy,. (M), v € Lip,,.(N) we can find w € Lip,,.(M U N) such that

/ ]Vw\dmg/ yvuydm+/ ]Vv|dm+c(M,N)/ u— ] dm: (5.12)
MUN M N H
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w = u on neighborhood of M \ N, w = v on neighborhood of N\ M.
Furthermore, for every o € L'(M U N) we have

/ |w—a|dm§/ |u—a|dm+/ v — | dm. (5.13)
MUN M N

Proof.  The assumption on M and N guarantees the existence of a Lipschitz function
¢ : X — [0,1] such that

o(z) 1 on a neighborhood of M \ N
€Tr) =
0 on a neighborhood of N \ M,

so that H := {0 < ¢ < 1} N (M U N) will be an open set contained in M N N and well
separated from both M \ N and N \ M. Setting n :=d(N \ M, M \ N), it is clear that we
can have Lip(¢) < 3/n; for example we can take

o(x) = %min{(d(x,N\M) - g)+g}

Now we consider the function w = ¢u + (1 — ¢)v and, using the convexity inequality for
the slope |Vw| < ¢|Vu| + (1 — ¢)|Vo| + |Vé||lu — v| (see [5] for its simple proof) and the
fact that ¢ < 1)y and 1 — ¢ < 1y on M U N, splitting the integration on the interior of
{¢ = 1}, the interior of {¢ = 0} and H we end up with:

/ |Vw\dm§/ \Vu|dm+/ ]Vv\dm+§/ |u —v|dm.
MUN M N nJe

To prove (5.13) we simply note that |w —o| < ¢lu — |+ (1 = p)lv —c|lon MUN. O

5.3 Weak-BV functions

Before introducing the third definition we introduce some additional notation and termi-
nology.

Definition 5.5 A measure w € Z(C([0,1]; X)) is said to be an oco-test plan if the follow-
ing two properties are satisfied:

(a) 7 is concentrated on AC*([0,1]; X) and Lip(y) belongs to L>(C([0,1]; X),);
(b) there ezists C'= C(m) > 0 such that (e;)ym < Cm for each t € [0, 1].

A Borel subset T' of C([0,1]; X) is said to be 1-negligible if w(T') = 0 for every oo-plan .
A property of continuous curves is said to be true 1-almost everywhere if the set for which
it 1s false is contained in a 1-negligible set.
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This definition is the limit case of the one that occurs in [7], and also the definition of
weak-BV is suggested in there. Given a function f in L'(X, m), we say that f is a weak-BV
function, and write f € w — BV(X,d, m), if the following two conditions are fulfilled:

(i) for 1-almost every curve we have that f o~ € BV(0,1); we require also a mild
regularity at the boundary, namely

[f(v) = f()l < [D(fey)(0,1)  for 1-ae. v, (5.14)
where |D(fov)| € M~((0,1)) is the total variation measure of the map fo~ : [0,1] —
R;

(ii) there exists € M*(X) such that
/ wID(f 0 |(B) dm(+) < C(x) - |Lip()l|swimp(B) VB € B(X).  (5.15)

Associated to this notion, there is also the concept of weak total variation | D f|,,, defined
as the least measure pu satisfying (5.15) for every oo-test plan . Equivalently, | D f|,, is the
least upper bound, in the complete and separable lattice M (X), of the family of measures

1
C'(70)||Lip(7) | oo ()

as 7 runs in the class of co-test plans.

If we fix t € (0,1) and we consider the rescaling map R; from C(]0, 1], X') to C(]0, 1], X)
mapping 7, to s, we see that the push-forward 7, = (R;)y7 is still a co-test plan, with
C(m;) < C(7r). In addition

/ 2w D(f 0 )| dn(7) (5.16)

TP ()] oo () < HILAD(Y)]] oo () -

By (5.14) we get

[f(ve) = fOo)l S ID(fe)I(0,8)  for w-a.e. v, (5.17)

while (5.15) with A = X gives

/|D(fo7)|(0,t) dm(7) :/ID(fOV)I(O,l)dm(W) < tC(m) [Lip ()] oo () | D f | (X)-

(5.18)

Now we prove that the class BV is contained in the class w — BV and that |Df|, <

|Df|S on open sets. The proof of this fact is not difficult, and reminiscent of the closure

property of weak gradients in a Sobolev context, see [11, 28]. First of all, we state without
proof the following elementary lemma:
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Lemma 5.6 Assume that g is an upper gradient of f, that vy : [0,1] — X is Lipschitz and
that fﬂ/g < o00. Then foye Wh(0,1) and |(f o) ()] < g(y)|| for a.e. t € (0,1). In
particular

D 0)I(B) < Lin(y) [ gl)de for any Borelset B € (0,1).
B

Given an open set A C X, we take a sequence of pairs (f,,g,) with g, € UG(f,)
such that f, — f in L'(A,m) and [, g,dm — |Df[¢(A) (whose existence is granted by
the definition of Cheeger total variation), and use the lemma to estimate the weak total
variation of f, as follows:

Dol dn) = [ DG ol (4) dm(r)

< / Lip(7y) / In ()X a(ye) dt dm ()
0 (5.19)

1

< [Lip ()| s / / g (e dt
0 A

< ILip(7) | g (m C'r) / gn dm.

We now introduce a lemma that permits us, up to a subsequence, to localize the L!
convergence, so that we can estimate the left hand side.

Lemma 5.7 Let B C X be a Borel set and let (f,) be a sequence converging to f in
LY(B,m). Then, a subsequence of (f,) converges to f in L*(y~1(B),£") along 1-almost
every curve.

Proof.  We can assume without loss of generality that B = X. Possibly extracting a
subsequence, we can suppose that

> = Fllzrxm < oo

We now fix a oo-test plan 7 and we show that || f, oy — f o ¥|110,1) — 0 for mw-almost
every curve «. Our choice of the subsequence ensures that the function g := > |f, — f]
belongs to L'(0,1). Now, the inequality

Jlgoalluanint) = [[ (go)(t)dt d < O(m) / 1 [ gdm <o

guarantees that g o v belongs to L'(0,1) for m-a.e. curve v and thus we can say that
fnoy— fovin L'(0,1) for w-a.e. 7. By the arbitrariness of , we conclude. U
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We can now complete the proof of |Df|, < |Df|S on open sets, starting from (5.19).
Notice that until now we still don’t know whether |Df|$ is a measure or not, however we
can use the additivity properties ensured by Remark 5.3.

Let A C X be an open set, let (f,) be a sequence convergent to f in L'(A) and
gn € UG(f,) such that

n—oo

lim [ g, dm = |Df[:(A).
A

Thanks to Lemma 5.7 we can find a subsequence n(s) such that f, oy — fo~in
L'(y71(A)) along 1-almost every curve 7. By (2.4) in the open set v~ *(A) we get

Y| D(f o 7)|(A) < liminf v D( fo(s) © 7)|(A) for m-a.e. curve 7.
5—00

Passing to the limit as s — oo in the inequality (5.19) with n = n(s), Fatou’s lemma gives
pm(A) < |Df|S(A) for all co-test plan 7, where pi, is the finite Borel measure in (5.16). If
7, ..., is a finite collection of co-test plans, the formula

k k
\/ pr; (A) = sup {Z pa(A) 0 Ay C A, ... Ax C A open, pairwise disjoint}
i=1 i=1

and the additivity of |Df|¢ yield |Df|¢(A) > Vi, (A) for any open set A. Since this
collection is arbitrary, the inequality |Df|,(A) < |Df|5(A) is proved.

We’re not done yet, because we have to prove also the boundary regularity (5.14) that
is part of our axiomatization of w — BV functions. The inequality would clearly follow if
we show that fo~;, ¢ =0, 1, is the approximate limit of f oy as ¢ — ¢, namely

1

lim 1 / Fw) = Foolds =0, lm> [ £ = fow)lds =0,

tl0 t to t )iy

This is indeed the context of the next lemma, that we state and prove for ¢ = 0 only:

Lemma 5.8 (Boundary regularity) We are given a sequence of pairs (fn, gn) where g, €
UG(fy), fu — f in L'(X,m) and sup,, [ godm < co. Thent =0 is a Lebesgue point for
the map f o~ :[0,1] = R for 1-almost every curve .

Proof.  Let us fix an co-plan 7, set Cy := sup, [y gndm, Cy := C(7) and consider the
quantities

Hy(v) = %/0 | f(7s) = f(0)]ds.

By definition, we know that 0 is a Lebesgue point for fo~ if H;(y) — 0 ast — 0. Applying
Fatou’s lemma we get:

/liminf Hi(y)dm < liminf/Ht(v) dr. (5.20)
t—0 t—0
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We can estimate

[ < [aean+ 3 ([ (1660 - 601+ o) - o)) dsdn

where H'(y) = 1 fo |fu(vs) — fu(70)|ds. We now treat separately the two terms on the
right: ﬁrst let s note that

[ M—/‘m% — fulro)lds drr < ///%%me
;//O /O gn(%)drdsdﬂz//o gn(yr)dr dr

t
0 JX

| /\

IN

For the second term:

[ (00 = 5001+ 15200) = 7600 s
/|n%—-%mmWﬁﬂh% F ()] dre

S¥Z;Amf¢WGme+[Qn—fw@mn

< 202 ' an - fHLl(X,m)-

summing up we get that, choosing n so large that || f,, — f||z: <,
/Ht(”y)dﬂ' <tCy(Ch +2).

Now by (5.20) we conclude that [ (liminf, ,o H;) dw = 0 and so, thanks to the arbitrariness
of v, we can say that 0 is a Lebesgue point for 1-almost every curve. O

We conclude this section with an auxiliary result regarding weak BV functions.

Lemma 5.9 (Truncations) Let f € w — BV(X,d,m) and N € R. Then f AN and
fV =N belong to w— BV (X,d,m) and

[D(f AN)w(X) < [DfL(X), DV =N)w(X) < [Dflu(X).

Proof. Tt relies on the fact that |D(1 o ¢)[(0,1) < |Dg|(0,1) whenever g € BV (0,1) and
1 : R — R is 1-Lipschitz. U

19



6 The functional Ch; and its gradient flow

Let us consider the convex functional Ch; : L?(X, m) — [0, oo] given by

~ it /¢ BV.(X,d,m) (61)

Chy(f) := {

where | D f|.(X) has beed defined in the previous section. Convexity of Ch; follows by the
more precise inequality between measures

IDOS + pg)le < D Fl+ |1l Dyl (6.2)

which simply follows (first on open sets, and then on Borel sets) by homogeneity and
convexity of f +— |V f|(z). Also, a simple diagonal argument shows that Ch; is lower
semicontinuous w.r.t. L?(X,m) convergence. In addition its domain

D(Ch;) = BV.(X,d,m) N L*(X,m)

is dense in L*(X,m), because it contains Lip,(X). Thanks to these facts we can apply the
standard theory of gradient flows [8] of convex lower semicontinuous functionals in Hilbert
spaces to obtain, starting from any fy € L?(X, m), a curve f; such that:

(a) t > f; is locally Lipschitz from (0, 00) to L*(X, m) and f; — fo as t | 0;
(b) t +— Chy(f;) is locally absolutely continuous in (0, 00);
(c) %ft = A f; for a.e. t € (0,00).

Here A1 f denotes the 1-laplacian of f, defined as the opposite of the element of minimal
norm of the subdifferential 0~ Ch;(f), when this set is not empty. Namely, £ = —A;f
satisfies

Chy(g) > Chy(f / Elg—f)d Vg € L*(X,m) (6.3)

and is the vector with smallest L?(X, m) norm among those with this property. We will
denote by D(A;) the set of functions for which the subdifferential is not empty.

We can think of the gradient flow also as a semigroup S; that maps fy in f;. When
m(X) is finite, a property that will be used is that Si(fo + C) = Si(fo) + C for all C € R;
this is true because Ch; is invariant by addition of a constant and so also 9~ Ch; has the
same property.

Proposition 6.1 (Integration by parts) For all f € D(Ay) and g € D(Chy) it holds
~ [ g dm < |Dgl.(X) = Chu(), (6.4)
be
with equality if g = f.
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Proof. Since —A; f € 0~ Chy(f) it holds
Chl(f)—/ gA fdm < Chy(f + g), Vg € L*(X,m).
X

Now we can use (6.2) to estimate Ch;(f + ¢) with Ch;(f)+ Ch;(g), and so we get the first
statement. For the second statement we need the converse inequality when f = g; but this
is easy, because it is sufficient to put ¢ = 0 in (6.3). O

Proposition 6.2 (Some properties of the gradient flow of Ch;) Let fy € L*(X,m)
and let (f;) be the gradient flow of Chy starting from fo. Then:

(Mass preservation) [ fydm = [ fodm for any ¢t > 0.

(Mazimum principle) If fo < C (resp. fo > ¢) m-a.e. in X, then fy < C (resp fr > c)
m-a.e. in X for anyt > 0.

(Energy dissipation) Suppose 0 < ¢ < fo < C' < co m-a.e. in X and ® € C*([c,C]). Then
t— [ ®(f;)dm is locally absolutely continuous in (0,00) and it holds

d

% O(f,)dm < |DP'(f)« for a.e. t € (0,00),

with equality if ®(t) = t*.
Proof. (Mass preservation) Just notice that from (6.4) we get

d
T +1fidm = /:I:l Ay frdm < |D(£1)[.(X) =0 for a.e. t >0,
where 1 is the function identically equal to 1, which has relaxed total variation equal to 0
by definition.

(Maximum principle) Fix f € L*(X,m), 7 > 0 and, according to the so-called implicit
Euler scheme, let f™ be the unique minimizer of

1
g = Clg)t g [ lo- fPdm
T Jx

Assume that f < C. We claim that in this case f7 < C as well. Indeed, if this is
not the case we can consider the competitor ¢ := min{f7,C} in the above minimization
problem. By Lemma 5.9 we get Ch(g) < Ch(f7) and the L? distance of f and g is strictly
smaller than the one of f and f7 as soon as m({f” > C}) > 0, which is a contradiction.
Starting from fy, iterating this procedure, and using the fact that the implicit Euler scheme
converges as 7 J. 0 (see [8], [4] for details) to the gradient flow we get the conclusion.
(Energy dissipation) Since ¢ +— f; € L?(X, m) is locally absolutely continuous and, by the
maximum principle, f; take their values in [¢, C] m-a.e., from the fact that ® is Lipschitz in
[e, C] we get the claimed absolute continuity statement. Now, we know from the Lagrange
mean value theorem that exists a function £ : X — [c, C] such that:

Bfoi) — f) = B Fown — )+ 5 (€D on — 1)
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Dividing by h and integrating in space, we get that, for times where the L? derivative of
fi exists (i.e., for almost every t):

d

= X(I)(ft)dm—/XCD’(ft)Alftdm.

We can now use Lemma 6.1 with g = ®’(f;) in the right hand side to get the last statement.
U

7 Proof of equivalence

In Section 5 we discussed the “easy” inclusions BV, C BV, C w — BV, and the corre-
sponding inequalities (localized on open subsets of X)

[Dflw < [DfIZ <Dl

In this section we prove the main result of the paper, namely the equivalence of the three
definitions. So, we have to start from a function f € w— BV (X,d, m), and build a sequence
of approximating Lipschitz functions in such a way that

fimsup [ [, dm < [D],(X). (7.1)
n—oo JX
As in [5] for the case ¢ = 2 and [7] for the case 1 < ¢ < oo, our main tool in the

construction will the gradient flow in L?(X, m) of the functional Chy, starting from f,. We
initially assume that (X,d) is a complete and separable length space (this assumption is
used to be able to apply the results of Section 3 and in Lemma 7.3, to apply (4.1)) and that
m is a finite Borel measure, so that the L?-gradient flow of Ch; can be used. The finiteness
and length space assumptions will be eventually removed in the proof of the equivalence
result.

We start with the following proposition, which relates energy dissipation to a sharp
combination of weak total variation and metric dissipation in W,.

Proposition 7.1 Let uy = fim be a curve in AC™([0,1], (M, (X), Wy)). Assume that
for some 0 < ¢ < C < o0 it holds ¢ < fy < C m-a.e. in X for any t € [0,1], and that
fo € w— BV(X,d,m). Then for all ® € C*([c,C]) convez it holds

/Q)(fo) dm — /@(fs) dm < sLip(®')| D folw(X) - C - Lip(p) Vs > 0.

Proof. Let m = [, fodm, and let w € M (C([0,1], X)) be a plan associated to the curve
(pe) as in Remark 8.5. The assumption f; < C' m-a.e. and the fact that ||Lip(y)||=(m) =
Lip(p) < oo guarantee that T is an oo-test plan, such that C(Z) < C/m.
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Now we get, using our hypothesis that f, € w — BV and (5.17), (5.18):

[ot - [eyan< [ @) - f)am -

(
< / 1B (fol72)) — ©'(fol0))] de()
< Lip(®) / Fol1s) = folro) | dr()

D'(fo) oeg — P'(fo) o es dmr

< Lip(®') - 5 - [D folw(X) - m
< Lip(®) - s - [D folw(X) - C - Lip(pe).

0

Remark 7.2 The proof of Proposition 7.1 suggests another possible definition of w —
BV (X,d,m), in the spirit of the classical definitions of BV based on the oscillation, namely,
requiring the existence of a constant C, satisfying

/ ) — f(0)| d() < C.C(m) - [Lip() | =

for any oco-test plan 7r. A posteriori, the constant C, coincides with |D fl,(X) = |D f].(X).
Even though this definition is simpler, we have chosen the definition based on (5.15) because
it involves explictly a measure, which can be compared with the definition arising from
approximation with Lipschitz functions.

The key argument to achieve the identification is the following lemma which gives a
sharp bound on the W,-speed of the L?-gradient flow of Ch;. This lemma, in the W,
case, has been introduced in [25] and then used in [17, 5] to study the heat flow on metric
measure spaces.

Lemma 7.3 (Kuwada’s lemma for Ch;) Let fo € L*(X, m) and let (f;) be the gradient
flow of Chy starting from fo. Assume that for some 0 < ¢ < C < o0 it holds ¢ < fo < C
m-a.e. in X. Then the curve t — p; := frm € M (X) is absolutely continuous w.r.t. W,
and it holds

1
|| < — for a.e. t € (0,00).
c

Proof.  We start from the duality formula (4.1)

W (u,v) = sup /Qs¢dy—/ o dpu. (7.2)

¢€Lipy (X
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where Q¢ is defined in (3.1) and (3.2). Fix ¢ € Lip,(X) and recall (Theorem 3.1) that
the map t — Q¢ is Lipschitz with values in C'(X), in particular also as a L*(X, m)-valued
map.

Fix also 0 <t < r, set £ = (r — t) and recall that since (f;) is a gradient flow of Ch;
in L2(X,m), the map [0,¢] > 7 — f;,, is absolutely continuous with values in L*( X, m).
Therefore, since both factors are uniformly bounded, the map [0,¢] > 7 — Qs pfiir 18
absolutely continuous with values in L?(X,m). In addition, the equality

Qstesm P ferrin = Qezpfurr Qs — Qezp

— f ft+7+h - ft+7’
h i h ’

h

+ Q s(‘rZ»h) ()0

together with the uniform continuity of (z,7) = Qszp(x) shows that the derivative of
T = Qs frir can be computed via the Leibniz rule.
We have:

| @wan— [ van~ [Qupian— [ oram= [ [ "L (Qohi)drdm

0
S
< [ [ -II9Quel i + Qo firdram,
X JO
(7.3)

having used Theorem 3.1.
Observe that by inequality (6.4) and Remark 5.1 we have

/QS;(PAlfHTde/ |VQS[<P‘*,1dm§/ |VQ%80|dm- (7.4)
X X X

14

c

0
Sftir
/stodur—/soduté/ / IVQ%sOI(l— f? )ddeSO
X X 0 X

This latter bound obviously doesn’t depend on ¢, so from (7.2) we deduce

Plugging this inequality in (7.3), and taking s = £ we obtain

Woo(:uh ,ur) S (r g t) .

In particular, we showed that the curve p; is %—Lipschitz. O
We can now prove our main theorem:

Proof. [of Theorem 1.1] Recalling the results of Section 5, to conclude the proof we are
only left to show that a function of weak total variation is also a function of relaxed total
variation and the two definitions of total variations bring us to the same measure. We first
prove that |Df|.(X) < |Df],(X) and then that the set functions agree on all open sets.
This yields the coincidence of the two measures on the Borel o-algebra.
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We split the proof of the inequality |Df|.(X) < |Df],(X) in three parts: we prove

it first for bounded functions and finite measures in length spaces, then we remove the
boundedness assumption on f and the length space assumption, and eventually the local
finiteness assumption on m.
Let us consider a bounded function fy € BV, possibly adding a constant (that doesn’t
change any of the total variations) we can suppose also that C' > f; > ¢ > 0. Let us
consider as before the gradient flow f; in L?(X, m), with respect to Chy, starting from f;.
Now, let ®(z) = 22, so that ®” = 2, and let’s substitute fy with fy + H; our computation
is left unchanged, because we know that S;(fo+ H) = f; + H and so we can say, using the
energy estimate in Proposition 6.2 and the Lipschitz estimate for the curve ¢t — (f; + H)m
given by Lemma 7.3, combined with Proposition 7.1:

2ATDm4Xﬁh=QAWDm+fnmxnﬂ

= [ o+ 2 dm— [ (7.5 1 dm

C+H
c+ H'

< 25+ |D folw(X) -

Now, letting H — oo, we get that
| 1510 de < 5 1DALY),
0

But, knowing that | D f;|.(X) = Ch;(f;) is nonincreasing in t we can say

ﬂDﬂMX>§A!DﬁMXﬁMSSWDMMX>

and thus | D fy|«(X) < |Dfo|w(X). Now we have that |Df|, is lower semicontinuous and
so, letting s | 0, we obtain that fy € BV,S(X,d, m) and that |D fy|.(X) < |D folw(X).

Now, taking any function ¢ € w — BV(X,d, m), defining ¢~ = (¢ A N) V (=N), we
have ¢V — ¢ in L' as N goes to infinity; by the lower semicontinuity of the relaxed total
variation we get:

|Dg|w(X) > limsup |DgN|w(X) = lim sup ]DgN|*(X) > |Dgl.(X),

where the first inequality follows by Lemma 5.9, while the equality is what we proved in
the first step, i.e. the thesis for bounded functions.

Now, still assuming m finite, we prove that |Df|.(A) < |Df|,(A) for any open set
A C X. In fact, the superadditivity of |Df|. gives

[ Df.(A) [Df[(X) = IDFI(X N\ A) = [Df]u(X) = [Df](X\ A)

<
< IDflu(X) = [Dflo(X \ A) = [Df]u(A).
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Eventually we use that |Df|. satisfies (iii) of Lemma 5.2 to conclude that |Df|.(A) <
|Df|,(A) for any open set A.

Now, still assuming m to be finite, we see how the length space assumption on X can
be easily removed. Indeed, it is not difficult to find an isometric embedding of (X, d) into a
complete, separable and length metric space (Y, dy): for instance one can use the canonical
Kuratowski isometric embedding j of (X, d) into ¢, and then take as Y the closed convex
hull of j(X). For notational simplicity, just assume that X C Y and that dy restricted
to X x X coincides with d. Since X is a closed subset of Y, we may also view m as a
finite Borel measure in Y supported in X. Then, if f € w — BV(X,d, m), we have also
few—-BV(Y,dy,m)and |Df|,y(B) < |Dfl|wx(BNX) for any Borel set B C Y, because
any oo-test plan 7 in Y is, by the condition (e;)yw < m, supported on Lipschitz curves
with values in X. Then, applying the equivalence result in (Y, dy, m), we find a sequence
of locally Lipschitz functions g, : ¥ — R convergent to f in L'(Y, m) satisfying

limsup/ (Vgn|dm < |Dflyy(Y) <|Dflwx(X).
Y

n—oo

Now, if f, = gnlx, from the inequality |Vf,] < |Vg,] on X we obtain
limsup, [y [Vfu|dm < [Df],x(X). On the other hand, it is immediate to check that
fn are locally Lipschitz in X.

Eventually we show that the theorem is true for all locally finite measures m. Recall that
m is said to be locally finite if for any € X there exists > 0 such that m(B,(z)) < oc.
By the Lindeldf property we can find a sequence of balls B, (z;) with finite m-measure and
m-negligible boundary whose union is the whole of X. Now, defining

h

Ay = U B, (z;),

i=1

we have a nondecreasing sequence of open sets A; whose union is X.

Now, notice that the space w — BV (X, d, m) satisfies the following global-to-local prop-
erty: if f € w— BV(X,d,m) and m¢(B) = m(C N B), then f € w — BV(C,d, m¢)
and |Dflugw(X) < |Df]y(X) for all closed subsets C' of X (this is due to the fact
that oo-test plans in relative to mg can be viewed also as oco-test plans relative to m).
Then, we can apply first the global-to-local property to all measures m¢, relative to the
closed sets C,, := A,, and then the equivalence theorem for finite measures to obtain that
|Dfl«(An) = |Dflme, «(An) is uniformly bounded by [Df],(X). Eventually we can use
Lemma 5.2(iii) to obtain that |Df|.(X) = sup,, |Df|.(A,) is finite. O

The following example shows that in general the supremum in (1.2) may be strictly
smaller than the absolutely continuous parts of | D f|,.

Example 7.4 Let X = R?, let B be the closed unit ball in R?, d the Euclidean distance
and m(C) = £*(C) +#*(CNOIB), for C C X Borel. If f is the characteristic function of
B, the inequality m > £ gives the inequality between measures |Df| < |Df],. We claim
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that the two measures coincide. To see this, suffices to show that |D f],,(R?) < 27 and this
inequality follows easily by considering the sequence of functions (each one constant in a
neighbourhood of 0B) f,.(z) = ¢,(|z|) with

1 ift <1+ 2
Gut) =S 1—n(t—-1-21) ifl+l<t<142
0 ift>142

Since |Df|(C) = 21 (C N IB), it follows that |Df|, is absolutely continuous w.r.t. m; on
the other hand, since f is a characteristic function the same is true for the maps f o+, so
that |D?(f o v)| = 0 whenever f o~ has bounded variation.

We conclude this section with the following corollary to Theorem 1.1, dealing with the
degenerate case L' = BV,; similar results could be stated also at the level of the Sobolev
spaces W14(X,d, m) and the corresponding test plans of [7].

Corollary 7.5 BV,(X,d,m) coincides with L*(X,m) if and only if (X,d,m) has a oco-
test plan concentrated on nonconstant rectifiable curves. In addition, (X,d) contains one
nonconstant rectifiable curve if and only there exists a finite Borel measure m in (X,d)

satisfying BV,(X,d, m) # L'(X, m).

Proof. In the first statement, the “only if” part is trivial, since absence of oco-test plans
implies that all L' functions are BV,,, and therefore BV,. In order to prove the converse,
we notice that for a given countable dense set D C X, a curve + is constant iff ¢ — d(~, z)
is constant for all x € D. Hence, we can find = € D and a oo-test plan 7r such that d(v, z)
is nonconstant in a set with w-positive measure. The composition

fy) = w(d(y, z)),

where w : [0,00) — [0,1] is a continuous and nowhere differentiable function, provides a
function in L'\ BV,, = L'\ BV..

For the second statement, absence of nonconstant rectifiable curves forces the absence of
nontrivial co-test plans whatever m is and, for the reasons explained above, the coincidence
L' = BV,. On the other hand, existence of a nonconstant rectifiable curve in (X, d)
implies existence of a nonconstant injective curve « : [0,1] — X with constant speed. If
u € L'(0,1)\ BV(0, 1), then it is easily seen that woy~! (arbitrarily defined on X\ ([0, 1]))
belongs to L'\ BV,, provided we choose m := 7;.#!, where £ is the restriction of Lebesgue
measure to [0, 1]. O

8 Spaces W (X, d, m)

In this section we discuss potential definitions of the space W1, Here the picture is far
from being complete, since at least three definitions are available and we are presently not
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able to prove their equivalence, unlike for BV'. For simplicity, here we assume that (X, d, m)
is a compact metric space and that m is a probability measure. Recall that BV, (X,d, m)
denotes the BV space defined by relaxation of the slope of Lipschitz functions, while
w — BV(X,d,m) is the BV space defined with the BV property along curves.

It is immediate to define w—W?'!(X,d, m) as the subset of w— BV (X, d, m) consisting of
functions f € L*(X,d, m) such that |Df|, < m. On the other hand, also the construction
leading to BV,(X,d,m) (or to the relaxed Sobolev spaces) can be adapted to provide a
different definition of Wh!:

Definition 8.1 (1-relaxed slope) Let f € L'(X,d, m). We say that a nonnegative func-
tion g € LY(X,d,m) is a 1-relaxed slope of f if there exist locally Lipschitz functions f,
converging to f in L'(Xm) such that |V f,,| = h weakly in L*(X, m), with g > h m-a.e. in
X.

Then, we may define W5(X, d, m) as the space of functions in L*(X,d, m) having a 1-
relaxed slope. It is not difficult to show, using Mazur’s lemma, that an equivalent definition
of 1-relaxed slope ¢ involves sequences f,, such that |V f,| < h,, with h, — h strongly in
LY(X,m) and h < g. Then, this gives that |Df], < hm for all f € W}(X,d, m), so that

WH(X,dm) Cw—-W"(X,d,m).

Finally, also a third intermediate definition of W(X, d, m) could be considered, in the
spirit of [24, 28],

Definition 8.2 (1-upper gradient) A Borel nonnegative function g GALl(X,d,m) is
said to be a 1-upper gradient of f € L'(X,d,m) if there exists a function f that coincides
m-almost everywhere with f such that

[F( (1) = F((0))] < /0 g(v(s)yslds ¥y € AC™([0,1]; X)\ T,
with Mody (T") = 0.

Recall that

Mod; (T") ::inf{/ pdm: p >0, /pzl V'}/EF}.
X v
Since Mod;-negligible set of curves parametrized on [0, 1] are easily seen to be 1-negligible
(it suffices to integrate with respect to any oco-test plan 7 the inequality fol p(vo)l el > 1)
we see that the space Wsl’l(X ,d,m) of functions having 1-upper gradient is contained
in w — Wh(X,d, m), while the arguments of [28] provide the inclusion W} (X ,d,m) C
Wsl’l(X, d, m). Summing up, we have

Wh(X,d,m) C W' (X,d,m) Cw—WH(X,d,m)
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and we don’t know wether the first inclusion may be strict; an example showing that the
second inclusion may be strict is provided by Example 7.4. A fourth space could be added
to this list, considering general integrable functions f, and replacing the slopes |V f,,| with
upper gradients g, in Definition 8.1. However, since 1-upper gradients are characterized
as strong L' limits of upper gradients, this space is easily seen to coincide WS“(X ,d,m).

Appendix: proof of the superposition principle, p = oo

We will need the following result, proved for 1 < p < oo in [26]: it shows how to lift,
somehow in an optimal way (see (8.5)), a Lipschitz curve p; w.r.t. W, to a plan w €
2(C([0,T]; X)) whose time marginals are y; (see also [4, Theorem 8.2.1] for the Euclidean
case).

Let us recall some preliminary facts. If Y is a metric space, a function ¢ : Y —
R U {400} is said to be coercive if for every ¢ < oo the sublevel set

Ke={yeY : oy) <c}

is compact. In particular, coercive functions are lower semicontininuous. If Y is Polish,
Prokhorov’s theorem states that a family A of probability Borel measures in Y is relatively
compact for the weak topology if and only if there exists a coercive function ¢ on Y such
that:

sup/ pdp < oo.
%

peA

We shall use the “if” implication in the sequel, to build our plan 7.
We shall work in the Polish space M (larger than C([0, 1]; X)) of Borel maps ~ : [0, 1] —
X endowed with the convergence in measure, namely the one induced by the distance

dy(v,7) =inf{e>0: L'({t €[0,1] : d(y, ) >¢e}) <e}.

Recall that convergence a.e. implies convergence in measure, and that sequences convergent
in measure have subsequences convergent a.e. in [0, 1].

We state now the following simple compactness criterion in M: the proof will be ob-
tained by embedding isometrically X into ¢*°, and then applying the classical Frechét-
Kolmogorov compactness criterion for real-valued maps componentwise.

Proposition 8.3 [Compactness in M| Let F C M be satisfying the following properties:
o (equicontinuity) for every e > 0 there exists 6 = d(¢) € (0, 1] such that

sup .,2”1({75 € 0,1 —j] © d(yss, ) > 6}) <e Vv € F, (8.1)

0<j<é

o (tightness) there exists a coercive function ® on X such that:

1
sup/ O () dt < oo.
0

yEF
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Then F is relatively compact in (M, dyy).

Proof. The statement is well-known if X = R”: indeed, arguing componentwise one easily
reduces to the case N = 1. If the functions are equibounded the statement corresponds
to the classical Frechét-Kolmogorov relative compactness criterion in LP(0,1), 1 < p < oo,
while in the general case one can combine tightness with a truncation argument to obtain
relative compactness w.r.t. convergence in measure.

If (X,d) is complete and separable, possibly embedding (X,d) isometrically into ¢>
endowed with the canonical norm || - ||, we can assume that X C ¢> and we denote by
7n : £ — RY the canonical finite-dimensional projections. By the compactness of the
sublevels of ¢, we can find doubly-indexed sequences wy , such that

d(z,y) = [z =yl < v (2) = 7N (Y)lloe +wnp Yo,y {® <p},  lm wy, =0 Vp.

(8.2)
By the relative compactness criterion for R¥-valued maps, applied with

Dxly) = min{®(z) : mn(x) =y} yemn(X),
+o0 y € RV \ my(X),
the families {7y oy : 7 € F} are relatively compact w.r.t. convergence in measure; by a
diagonal argument, given any sequence (7*) C F, we can find a subsequence (y*™)) C F

such that 7y (v¥™) is a Cauchy sequence w.r.t. the distance dy for all N. In order to
conclude the proof, suffices to show that for all € > 0 and § > 0 we can find ny such that

L {te0,1] : WY =y >e) <6 Ym,n > (8.3)

Having fixed ¢ > 0 and § > 0, choose p so large that sup,, fo B~y (")) dt < pd/3 and then
N so large that wy, < €/2; then, using (8.2), we easily get that the set in the left hand
side of (8.3) is contained in

{Imw (™) = mn (™) oe > £/2} U {max{@(+£®), @(5F™)} > p}

Markov inequality and the fact that 7y (7*™) is a Cauchy sequence, give us an integer ng
such that

Wl >
Wl >
Wl >

L {te0,1] : 9w e > < s+ 2+ Ym, n > no.

g

It will be useful in the sequel the following fact. If for every modulus of continuity
w:[0,1] — [0, 1], we call P(w) the property

sup L ({t€[0,1—j] :d(vepjo ) >e}) <e  Ve<l, (8.4)

0<j<w(e)

then the set of curves in M satisfying P(w) is closed w.r.t. convergence in measure; this can
be checked verifying the closure w.r.t. convergence almost everywhere, which is a simple
matter.
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Proposition 8.4 (Superposition principle) Let (X,d) be a complete and separable
metric space with and let p, € Lip([0,T]; (2 (X),Wx)). Then there exists ® €
Z(C([0,T]; X)), concentrated on Lip(]0,1]; X), such that (e)ym = p; for any t € [0,T]
and

|YellLoo () = |~ for a.e. t €0, T]. (8.5)
In particular
I Lip ()| oo () = Lip(pee)- (8.6)

Proof. We assume T' = 1, since the general case follows easily by a rescaling argument. We
begin with an inequality: given a plan 7 concentrated on Lipschitz curves with Lipschitz
constant less then C, we consider the curve p, = (e;)yw. Then, using a time rescaled
version of 7 as transport plan from p; to us it is easy to see that

t
Wt 1) < 100 70) [y < (= 5 / / 5,7 dre dr

for 1 <p < ooand 0 <s <t <1 (notice that, by Fubini’s theorem, the metric derivative
|44 exists m-a.e. in C([0,1]; X) for a.e. t). This yields that the metric derivative of p;
w.r.t. W, can be estimated a.e. by ||94||zr(m). Since

t t
Weo (1, f1s) = plgrolo Wi (he, p1s) < / ||"7r||LP(7r) dr < / ||;7r||L°°(7r) dr

we obtain the inequality > in (8.5), as well as the global inequality Lip(st¢) < ||[Lip(7y)||zo (m)-
Given a curve () with Lipschitz constant C, we want to build 7v with the correct marginals
that satisfies the opposite inequalities; it is very natural to approximate such a plan. The
remaining part of the proof will be split in steps.

Step 1. (Approximating plans 3 y) We can argue as in [26], with minor changes, to build
approximating plans m, in this way:

e we consider X%, for i = 0,...,2Y — 1, optimal plans in the co-Wasserstein problem
between i and Jhis1;
2 2

e we build as in [26] a probability measure Xy on X2" 1 such that

() XN = Es (0<i<2M), (mi, mi )y Sy = Sy (0<i <2V —1),

where m; : X2 — X denotes the canonical projection on the i-th component;

e we consider the map p : X 2V M, taking more precisely values in the class of
piecewise constant maps, such that

p(Z0, T1, .., Ton ) (L) = T oy

Eventually we define ny = (p);Xn.
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Step 2. (Tightness) Now we want to show that the family n, is tight, so that we can
extract a converging subsequence: applying Prokhorov compactness theorem it is sufficient
to show the existence of a coercive function ¥ on M such that

sup /M U(y)dny(y) < oo. (8.7)

We claim that the function:

U(y) = Iy (1) + / B(y)dt

satisfies this property, choosing appropriately a coercive function ® : X — [0, 00| and a
modulus of continuity w; here I sands for the indicator function, namely

0 if v satisfies P(w
IT(w)( ): { ( )

+00  otherwise.

Every function of this kind with ® coercive is again coercive thanks to Proposition 8.3 and
to the fact that P(w) is a closed condition under convergence in measure.

If we want also (8.7) to be satisfied we have to choose carefully ® and w. First we note
that the family of measure {y} is clearly tight and thus, another application of Prokhorov
gives us the existence of a coercive ® satisfying [ « @duy < 1forallt €[0,1]. In this way
we obtain that the second term of ¥ is equibounded; indeed

1
// @(’Yt)dtdn]v / N / dtdEN / v / Q?LtQNJ dtdZN< )
M JO 20V +1 oN 11
/ / Z’LthJ dEN dt / / d,ugN(t dt < 1
x2N+1

where we used that (m);Xn = & , then we introduced the functions gy (t) := [2%¢] /2",

and finally we used the fact that [, ®du, <1 for all ¢ € [0,1].
Now let us define the modulus of continuity w: for all £ > 0 we want to find § > 0 such
that
LY As5.(7) < e for ny-a.e. v € M and all N,

where As.(v) :={t €[0,1—4] : d(Viss,7) > €}-

999

We know that m, is concentrated on equivalence classes of “step”’ curves, i.e. curves
which remains at the same point in every interval of the form [QLN, %), with 0 < k < 2V,

described by the map p; therefore we can estimate £*(As. (7)) working instead on X 2Vl
with curves 7 = p(z) and with the measure ¥y, recalling that

|d(2k, Th1)| oo (my) = Wm(uﬁ,ﬂ%) <C-27N 0<k<2¥ -1 (8.8)

We distinguish two cases:
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e 0 < 27V, Then it is clear that in [¢, t+4] there is at most one jump and so d(V¢, Yi15) <
C - 27N for ny-a.e. ~; in particular if C'- 27" < ¢ we get that Z(A45.(7)) = 0.
Otherwise, in the case C' - 27" > ¢, knowing nothing more on the size of the jump,
we can say only that As.(y) is contained in the d-neighourhooud of the set of jumps,
which has Lebesgue measure less than 2V§. So at the end we get that in the case
§ < 2V we can estimate £1(A45.(7)) on the measure theoretic support of iy as
follows:

P (Ase(7) <25 < 02,

o k27N < § < (k+1)27", for some k > 0. This time we know that there exist at most
k+ 1 jumps in [t,t + 6]; thus we know that d(s, yi45) < C(k +1)27V. Again we get
LY As(7)) = 0if (k+ 1)27NC < ¢; this is always true if 20§ < ¢, in fact, in this

case k+l k41 k
+ =C + — < (C-2-0d<e.

CQN k2N —

Summing up, in order to have £ (As.(v)) < € for ny-a.e. v for every N it is sufficient
that both the conditions Cd/e < e, 2Cd < ¢ hold, and so we can choose the modulus of
continuity w(e) = €2/(20), ¢ € [0, 1].

Step 3. (Construction of 7r) We can fix now a limit point 1 of n, and we assume, just
for notational simplicity, that the whole family 1, weakly converges to 7. Now we show
that suppn is contained in the set of equivalence classes of C-Lipschitz curves. We have
already seen that, by construction, the support of 1, is contained in the closed set:

d N+1
Ay =<7v€M : sup esssup { (%’%HJ} < i C
h>N2-N te[0,1-h] h N

where the Ay are obviously decreasing. So, we obtain that suppn C () Ay, and it is
clear that curves in [y Ax have a C-Lipschitz curve in their equivalence class.
Considering the canonical continuous immersion

i:C([0,1; X) > M

we can define the measure 7 on C([0,1]; X') defined as w(A) = n(i(A)) for every Borel
subset A of L. Notice that i is a well-defined Borel probability measure because the con-
tinuous image of a Borel set is Suslin, hence n-measurable. In addition, 7r is concentrated
on C-Lipschitz curves.

In order to compute the marginals of 7, for every continuous and bounded function
¢pon X, hel01] and t € [0,1 — h] we can consider the bounded continuous map on M
defined by

t+h
£4.(7) = / 6(7) ds.
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Since n converge weakly to 1, with more or less the same calculation we made before we

\/ftqfhdn: lim / fthan_ hm ~ ft(’bh(p(x))dZN(l')
M x2N+1
t+h
= ]\}'l—r)noo /X?N+1 /t (x| 5on ) dsdEn () = Nh_r)nOO t /XzN+1 (| 5on ) dE N (z) ds
t+h
B Jélinoo ; /X ¢ dptgy (s) ds,

with gy (t) = [2Vt]|/2V. Tt is clear that gy(t) — t uniformly in ¢ and, by the continuity of
the function s — [ ¢ du, we get finally that

t+h
/ ftq?h dmr = / ftd)h dn = / / o(x) dps ds. (8.9)
C([0,1];X) M t X

Dividing both sides by h and passing to the limit as A | 0 we can use the fact that
fﬁh(fy)/h — ¢(1) as h | 0in C([0,1]; X) and the arbitrariness of ¢ to obtain that (e;)ym =
e for all t € [0,1].

Step 4. (Verification of (8.5)) We need only to show the inequality ||4:||zec(x) < |fte| for
a.e. t. It is clear that the inequality holds by construction if || = C for a.e. ¢, since in
this case we proved that 7 is supported on C-Lipschitz curves. If we drop this assumption,
assuming only that {|/;| > 0} has positive measure in any interval, we can define a strictly
increasing map L on [0, 1] as follows:

= /t | dr € 0,1]. (8.10)

Set L = L(1). It is immediate to check that fi, := pp-1(5), s € [0,L], is 1-Lipschitz.
If we represent fi; as (e)y7, with 7 concentrated on 1-Lipschitz curves on [0, L], we see
immediately that the plan

represents p;, and that || < L'(t) = || m-a.e. in C([0,1]; X) for a.e. t € [0, 1].

Finally, we only sketch the argument which allows to remove the assumption that
{|f1] > 0} has positive measure in any interval. One can either use the e-parameterizations
of [4, Lemma 1.1.4] (i.e. adding ¢ into the integral in (8.10)) and pass to the limit as ¢ | 0,
or argue as follows: collapsing all open intervals where p; is constant, one obtains a new
Lipschitz curve fi; defined on an interval [0, L] with L < 1 which satisfies the nondegeneracy
condition. Representing fi; as (e;)ym, with 7 probability measure on C([0, L]; X), the
intervals can be restored to produce 7, concentrated on curves defined in [0, 1] and constant
on these intervals. O
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Remark 8.5 Let us note that this proposition, stated only for probability measures,
holds also for Lipschitz curves {y:} € (M, (X), Ws). Indeed, first of all we note that
Woo(p,v) = Weo(Cpu, Cr) for all C' > 0; then, letting m = po(X), we can consider the
curve of probability measures { -} that is still Lipschitz (with the same Lipschitz constant)
and so we can apply the proposition, to get a plan 7v. Now it is easy to see that m solves
the problem for {y}.
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