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Abstract

We consider the problem of the optimal location of a Dirichlet region
in a d-dimensional domain ) subjected to a given force f in order to
minimize the p-compliance of the configuration. We look for the optimal
region among the class of all closed connected sets of assigned length .
Then we let [ tends to infinity and we look at the I'-limit of a suitable
rescaled functional, in order to get information of the asymptotic dis-
tribution of the optimal region. We highlight as well the case where the
Dirichlet region is searched among discrete sets of finite cardinality.

Introduction

We consider the problem of finding the best location of the Dirichlet region
>’ in a d-dimensional domain €2 associated to an elliptic equation in divergence
form, namely

—Ayu = fin Q\ X
{ u = 0 inX U 01,

where f is a nonnegative function belonging in L(Q2), g being the conjugate
exponent of p and A,u stands for div(|Vu[P~?Vu).We are interested in the
minimization of the p-compliance functional defined by

C(E):/Qflbﬁgﬂdl',

where uysy o stands for the unique solution of the above equation. The ad-
missible class of control variables > we consider here is the class of all closed
connected sets with given one dimensional Hausdorff. It is easy to obtain the



optimal configuration ¥, of the above optimization problem (see Theorem 1)
as a consequence of Severdk result (see e.g. [4], [11]). we are interested in
the asymptotic behavior of ¥; as [ — +00; more precisely we want to obtain
the limit distribution of ¥; as a limit probability measure that minimizes the
['-limit functional of the suitable rescaled p-compliance functional. In the lit-
erature, they are similar results among them we may cite location problems
studied in [2], irrigation problems in [10] and compliance in [6]. This problem
has been considered in the case of dimension 2 in [5] and the result is exactly
as the one in Theorem 2 provided d = 2. This is an extension of this result
in higher dimension i.e. d > 3, assuming that p > d — 1. The proofs follow
the guidelines of [5] and difficulties are mainly of technical nature. In [5], the
two dimensional setting has been used in the proofs of I'-lim inf and I'-lim sup
inequalities. More precisely, the Lemma 1 in [5] (analogous of Lemma 3 here)
which is crucial for the I'-lim inf inequality, follows from the classical Poincaré’s
inequality wile here we consider the Poincaré ’s inequality using the notion of
p-capacity. for the construction of the recovering sequence of the I'-lim sup
inequality, the analogous of the Lemma 7 is enough in the case where the di-
mension is two. The case of higher dimension require more since the boundary
of the unit cube is not an one dimensional set. To overcome this difficulty, we
prove an other result (Lemma 8) which study the difference between two solu-
tions of the p-Laplacian equation with two different Dirichlet conditions. This
result together with Lemma 7 are sufficient for the construction of the recov-
ering sequence. In the last section, we deal with the case where the Dirichlet
region is searched among the class of discrete sets of a finite numbers of ele-
ments under the assumption that p > d. This problem is in connection with
the location problem studied in [2].

1 The p-compliance under length constraint

Let p > d — 1 be fixed and ¢ = p/(p — 1) the conjugate exponent of p. For an
open set  C R% and [ a positive given real number, we define

A(Q) ={Z CQ, closed and connected, 0 < H'(X) <I}.

For a nonnegative function f € L9(€2) and ¥ a compact set with positive
p-capacity, we denote by uss o the weak solution of the equation

—Ayu = fin Q\ X
u = 0in X UOIQ,



that is u € W, ?(Q\ ¥) and

/Q |VulP">Vu - Vpdr = /Qfgodac Vo € WP (Q\ ). (1)

By the maximum principle, the nonnegativity of the function f implies
that of u. For f > 0, we define the p-compliance functional as follows:

C(Z) = Fp<2, f, Q) = /qu}c,g@dilﬁ = /Q |Vuf’g,g|pdl‘

_ qmax{/g(v _ %]V@\p)dx v e WO z)} |

where ¢ stands for the conjugate exponent of p. The existence of the mini-
mal p-compliance configuration is just a consequence of a generalized Sverak
compactness-continuity result (see [4]).

Theorem 1 For any real number [ > 0, Q bounded open subset of R, d > 2
and f a nonnegative function belonging to L1(S2), the problem

min{C,(X) : ¥ € 4,(Q)} (2)

admits at least one solution.

Here we are interested to the asymptotic behavior of the optimal set ¥; of the
problem (2) as [ — +o00. Let us associate to every ¥ € A;(€2) a probability
measure on §), given by
B HILLY
My = HI(%)

and define a functional Fj : P(Q) — [0; +-00] by
[750,(3) if = s, € A0
+o00 otherwise.

The scaling factor 177 is needed in order to avoid the functional to de-
generate to the trivial limit functional which vanishes everywhere. Our main
result deals with the behavior as [ — +o00 of the functional Fj, and we state it
in terms of I'-convergence.

Theorem 2 The functional Fy defined in (3) I'-converges, with respect to the
weak™* topology on the class P(S2) of probabilities on €2, to the functional F
defined on P(2) by



fa
Fp) =0 | —du, (4)
Q a7
where p, stands for the density of the absolutely continuous part of p with
respect to the Lebesque measure, and 6 is a positive constant depending only

on d and p and is defined by

6 = inf{lim inf 177 F, (2,1, 1%) : 2 € A(1%)} (5)
— 400
14 = (0,1) being the unit cube in RY.

According to the general theory of I'-convergence (see [7]), we deduce the
following consequence of Theorem 2:

e if 3, is a solution of the minimization problem (2), then up to a subse-
quence ps, — p as | — 400, where p is a minimizer of F

e since F' has a unique minimizer in P(f2), the whole sequence py, con-
(d—1)
verges to the unique minimizer p of F' given by pu = cf a1 L4 where c
(d=1)
is such that p is a probability measure, that is ¢ =1/ (fﬂ fg+d—1 dx)

e the minimal value of F'is equal to gttt , and the sequence of the values
inf {F,(X, f,Q) : ¥ € A(Q)} is asymptotically equivalent to

+d—1
=Y =

2 TI'-convergence result

We will prove the I'-convergence result in two steps corresponding to I'-lim inf
and [-lim sup.

2.1 TI'-liminf inequality

Before proving the I'-lim inf inequality, we need some results and constructions.
We start by a construction of a set G.; which will be useful later. Let €2 be
a domain, I be a unit cube in R? and a be a positive number such that the
cube (—a,a)?, that we will denote by I¢ contains Q. Let M be a union of d
segments of length 1 joining at the center of the unit cube /¢ and connecting
two parallel faces of the unit cube in the given direction. The segments are



made in such a way that their endpoints coincide with the middle points of
the faces of I%. We consider the set G, to be the homogenization of the set
M of order | (35)"=1] into IZ. It is clear that due to the particularity of the
set M, the set G, is connected and H'(G,,) ~ el.

Lemma 3 1. Let Qr C R? be a cube of side R and A C Qg a closed subset
of Qr of positive p-capacity, then there exists a constant C = C(d, p)
such that, for all functions v € C™(Qg) with nonnegative mean value
and vanishing on A, we have

d
/ [v|Pdx < O—R/ |VoulPdz,
QR Capp(AaQQR) Qr

where cap,(A, Qar) stands for the relative p-capacity of the set A inside
Q2r-

2. For any e >0, any 0 < [ < 400, any domain () and any function with
non zero mean value v € Wy (\ G.;) € Wy P(Q) (Gey is the network

constructed above) it holds ||v]|rr) < C’(d,g,ao)lﬁHvHW&,p(m, where
g0 = cap,(M,219)

3. As a consequence, if we have a nonnegative function f € L1(S2), then the

function ugc_ o satisfies |lupc._, ol < Cde,e0)l™]| f]|4\6,"

e,ls

Proof: The first assertion is a variant of the well-known Poincaré inequality.
See [9] for more comment. For proving the second one, we first choose the
function v to be a nonnegative smooth function on a large cube I? which
vanish outside  \ G.;. We consider the subdivision of cube I? into subcubes
which are coming from the homogenization of order |(5£5)"/(@=1] of the unit
cube into I¢ and consider the associated network G.;. The side of subcubes
is of order [Y/(1=9 . Let us denote the subcubes by Q;. The set I¢\ G.; can
be seen as the homogenized of order k = |(£L)V/(@=V| of I\ M into I¢ (M
is the set constructed above). Let us set g9 = cap,(M,2I¢) and notice that
v vanishes on G, ;. By applying the first statement of this Lemma, it follows
that

Ck—d Cp/(1—d)
Pdr < Pd Pd
Q vide < cap,(k=1M,20Q);) / Volde < cap,(M, 2]d / [Volde



and by summing up over j we get

v|Pda < Olp/ =) [ | VolPda.

1d 1d

Using the fact that v vanishes outside 2, we may restrict the integrand to €2,
raise each term of the inequality to the power 1/p and thus getting the result
by noticing that the LP norm of the gradient ||Vv||zrq) stands for the norm
||v] |W01 »(q- The general case follows by density. For the last inequality, we use
the weak version of the PDE which gives

/ Vuga.,a
Q

Since uy g, 0 € WyP(Q\ Ge,) we get

Pdr = /Qfo,GE,,,le' <||urc. ollr@ll fllLa@

lusGa0llfing) < lscallr@ll fllae

< C(d, g0, N1 ug . ol oy 1|l ae)

and the desired result follows. O

Before proving the I'-liminf inequality, we need the following estimate
which will be helpful.

Lemma 4 Let f,g € LI(Q) be given and us and u, denote the solution of
p-Laplacian equation with respective right hand side f,g and with Dirichlet
boundary condition on E; = 3, UG, (where ¥ is an element of A,() and
G, the above constructed network), then

(d—
190Dy — gl 1oy < CIAIYIIF = g6

where C' = C(d,p,eo,€). In particular, if Q@ = Q a cube centered at xo, g =
f(zo) and zq is a Lebesgue point for f, then

F(@) = fao)|rdz
D up = ugll 12 < C1Q (fQ| - QI - x) -l

Proof: For any p > 2, and any pair of vectors (z,w) we have the following
monotonicity formulas (see [8])

|z —wl’ < C(l2"%2 = [w]Pw) - (2 — w).



Here p > d — 1 > 2 and from monotonicity formulas, it follows that
oty = gl g0y < Cllus =l 1ogeyll — ollzscey
where we have used z = Vuy; and w = Vu,. From Lemma 3, we have the

inequality ||v||rr@) < CIY (l_d)H’UHWg,p(Q) which holds for every function v

vanishing on Y;. Since the function u; — u, vanishes on ¥, we have
ety = gl gy < O lluy = gl 1S = glleacon,
which gives
[y = ugllyrogqy < CL/E=DED F — gl 100",
and using Holder inequality, we get

up — ugl| 2y < 19 Juy — ugl|ro(e)

< ClQ /D jug — ug“w&*’(g)

_ 1 —
< ClQf/ae =D f — g|| %D

and the first part of the statement follows. The second part is an obvious
consequence of the first part. O

In the following proposition, we prove that the ['-lim inf functional is bounded
below by the candidate limit functional F' in (4).

Proposition 5 Under the same hypotheses of Theorem 2, denoting by I~ the
functional T'-lim inf; Fy, it holds F~(u) > F(p) for any p € P(2). This means
that for any sequence (X;); C Ai(Q2) such that py, weakly® converges to u, we
have

lim inf /77 / fugs, odr > F(u).
Q

l—+o00

Proof: Let ¥, = %, U G.,; and set u) = Ug sl o Since w; > wj, it is enough to

estimate the integral 11 Jo fuidz. Tt is obvious that 0 < w; < uyq_,0 and
Lemma 3 gives
_9
lugc..ollr@) < Cd, o, e, )T
It follows that [ ﬁuz is L? bounded, so up to a subsequence [ %ug — w weakly

in LP(Q2). Thus

lim ldqlfgugdx—/gwdx, Vg € LI(Q).
Q Q

l—+o00
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So it is enough to estimate w from below. We will show that, for almost any
o € €1, it holds

f(xo)l/(p_l)
(Ha + 5>ﬁ .
To this aim, we first estimate w on a cube () centered at the point zy € €.

We assume that xq is a Lebesgue point for f and [Q|™'u(Q) — pa(z0) as Q
shrinks around zy. Assume also f(z) > 0 otherwise (6) would be trivial. We

have
lim ldql/ufdx:/wdx,
i=oo Q Q

/ .
Up 2 Upsy g 2 Upa) i@ — |“f,2§,c9 - “f(zo>,z;,cz| in Q,

w(zg) > 6

(6)

we use

where the first inequality comes from the fact that we add Dirichlet boundary
condition on (). The second part of Lemma 4 gives

_9
/Q |uf,2;,Q - uf(:co),E;,qu < ™4[ Qr(Q).

It remains to estimate the second term. First of all let us define the number
L(1,Q) = H' (X, N Q) and observe that

1/(p—1
Uf(zo),3,Q = S (o) /v )ulllz,Q'

For simplicity of the notation, we denote Uy s g by v;. By a change of variables,
if we assume the side of cube @ to be A and we define v,y = A™9v;(Az) (thinking
for instance that both cubes are centered at the origin), we get v\ = Uy \-15! g
It is easy to see that

AR € A1)

moreover, it holds L(l, Q) — 400 as | — 400, since

L(1,Q) > H'(G=y N Q) =~ €l|Q). (7)

Using (7) and the fact that y; = [7'H(¥;), we may estimate the ratio be-
tween L(l,Q) and [. It follows from the weak® convergence of y; to pu that

limsup, ., 1u(Q) < pu(Q). So we have

< u(Q) +¢lQl. (8)



Using the definition of 6 and the change of variables y = Az we have,

liminf L(l, Q)@ / ((y)dy = liminf L(1, Q)71 \ +q/ va(z)dx
Q

l—+o00 l——+o00

Id
= liminf (A" L(l, Q))# Panhre / v (x)de
Jd

l—+o00

hence using the fact that \Y = |Q| we get

l—4o00 l—4o00 l—400

. 1
liminfld—l/ (y)dy > hmmf( ) lim inf L(I, Q)d/vl(y)dy
Q Q

[
L(1,Q)
> )\d+q+d 10 (;)d_l

) +¢l@Q)

(@ +s|@|) <

q

1 wde > —r L)l rq) Y/ (P=1)
o1 [ it > =@+ () 0 )

We know that r(Q) tends to 0 when the cube @ shrinks to zp, whenever x
is a Lebesgue point for f. Now we let the cube @) shrinks toward xoy with xg
satisfying the previous assumption, then we get

0.f (o) @1
(Ha(0) + )71

This implies that

w(zg) >
It follows that

. q
lim inf [a-T / fudr > / fwdz > 49/ f—qu,
l—+o0 Q Q Q (ua —+ 6)ﬂ

and the desired inequality holds by letting € tend to 0 that is
fq

d
(l

lim inf (-1 / fudx >0

l—+o00



2.2 T-limsup inequality

Before proving the I'-limsup inequality we introduce a definition and prove
some preliminaries results. We start by the definition of tiling set.

Definition 6 A set ¥ € A;(I?) is called tiling set if ¥ N OI¢ coincides with
the 2¢ vertices of 1.

If ¥ € A (1% is tiling set and ¥y, is the homogenization of order k of ¥ into
I?, then ¥, remains connected and

HY(Se) = ETTHA(D).

Lemma 7 Given ¥y € A;,(I?) a tiling set, a domain Q C RY and f € L1(Q),
we consider the sequence of sets

o= J wHk'Suort)ng

yek=17z4
and consider the sequence of functions (uy) given by
up = Klug sk g,

then uy, — c(X0) fY/P~Y in LP(Q) as k — 400, where ¢(Xo) is a constant given
by fQ U17zo7lddl’.

Proof: Let us set €9 = cap,(Xy) > 0, then thanks to Lemma 3 the sequence
(ug)g is bounded in LP(€2). So up to a subsequence it converges weakly in
LP(2) to some function. Let us consider the subsequence (denoted by the
same indices) (uy), and its weak limit wyy, o. It is obvious that the pointwise
value of this limit function depends only on the local behavior of f. In fact, we
may produce small cubes around each point z € 2 which do not affect each
other and if f = ) ; Jila; is piecewise constant (the pieces A; being disjoint
open sets, for instance), then for k large enough the value of u, at x € A;
depends only of f; (uj vanishes on k~'9I?%). From the rescaling property of
the p-Laplacian operator A,, if f is a piecewise constant function, it holds
wisy o= fYP Vw5, o. It is clear that in the case f = 1, since we are simply
homogenizing the function u; x, ja, the limit of the whole sequence (uy); exists
and does not depend on the global geometry of ), but it is a constant and it
is the same constant if we have I? instead of 2. An easy computation shows
that the constant is ¢(Xy). It remains to extend the equality for non piecewise

10



constant function belonging to L%(2). Let f € L(2) be a generic function and
(fn)n & sequence of piecewise constant functions approaching f in L(Q2). Up
to a subsequence it holds k%uysy, o — wyx,0 and kfug, swq — Fal "D ()
as k — 4+o00. By Lemma 4 it holds also

1/(p—1
kg sk g — KTug, sk allzi@) < C||f — anL/q((pQ) g

taking into account the lower semicontinuity of the L'(€)-norm with respect
to the LP(Q))-weak topology, we get, passing to the limit as k — +oo,

[y s0n = f2/ " Do)l < CIIF = fall iy

We now pass to the limit as n — +oo and using Fatou’s Lemma (up to
subsequence f,, converges pointwise a.e. to f), we get wyx, o = f/P V(X
and the proof is over.

02 o

This result remains true even if ¥ is not tiling. In fact we have never
used the fact that X is tiling in the proof. We keep it for the up coming
construction. One problem in the previous Lemma is that we have used the
whole boundary of the unit cube which is not an one dimensional set (if d > 3)
and consequently the set ¥¥ is not an one dimensional set. In the following
Lemma, we prove an estimate on an unit cube which will be useful for proving
that us sk o may be approximated by u £.550 where YF is an one dimensional
closed and connected set.

Lemma 8 Let ¥ € A;(I?) be a tiling set such that the corresponding rescaled
state functions lﬁuﬂz,ﬁ are uniformly LP bounded, then there exists T; €
Ai(1%) such that HY(T)) < | and if we denote by w, = uysr, e and v, the
solution of the equation
~Apju=fin I*\SUTP
u=0 i XUT],

then v; < u; + cllﬁ on I% where ¢; is a constant dependent of | and goes to
zero as | goes to infinity.
Proof: Let ¥ € A;(19) be a tiling set such that the sequence
(W), = (177w sx.14); is LP bounded and denote by u; the solution of the equa-
tion
~Apu=fin I"\'¥
uw=0 on YUJIY,

11



and by vF the solution of the equation

—Ayu=fin I"\ XU
u=0 on XU Xy,

where ¥, is grid of length k contained in the boundary of I¢ and converges to
it in Hausdorff distance. Since X is tiling, we may choose ¥, such that X UY is
connected for all k. For [ fixed, (X UXy), is a sequence of connected sets which
converges to the connected set ¥ U 9I¢ then by generalized Sverak continuity

result (see [4]) the sequence (vF); converges strongly to u; in W'P(1%) as k —

+00. As consequence (17 10F), (as well as 171 (vF — u;)) is LP bounded more

precisely there exists a constant ¢, such that
117 (vf = w)l|oray < k. (9)

Moreover ¢, may be as small as we want for £ large enough. Now let k
depends on [ say k = k(l) and consider the set ¥; = ¥ U Xyq). We may
choose k(l) such that k(l) < [ and k(l) — +oo as | — +o0o0. This make
the length of ¥; to be asymptotically equivalent to [. (%;); is a sequence of

connected sets converging to the connected set 7" the closure of the unit cube
then the associated sequence of solutions converges strongly to zero in W1 (I4)
and (lﬁvlk(l))l are LP bounded. Moreover ld%lvlk(l)
From the maximum principle we get v; — u; > 0 (setting v; = vlk(l)) and from
the above boundedness and Holder inequality it holds

satisfies the inequality (9).

0< / (v —wy)dx < olisa.
Id

We obtain easily the existence of some constant ¢; (it may be different from
the above constant ¢; but it goes to zero as | — +00) such that the inequality

_q
v —u < ¢gli=d
holds in I¢ and the proof is over. Il

Due to the terminology suggested in [5], the sets satisfying the hypothesis of
the Lemma 8 will be called almost boundary-covering sets. We have proved
the Lemma for the unit cube but the result remains true for a cube of any side
as well as an open domain with Lipschitz boundary. Now we built an almost
boundary-covering set that will be used for the construction of the recovering
sequence for the I'-lim sup inequality.

12



Lemma 9 For any e > 0, there exists g > 0 such that for all | > ly we find a
set ¥ € Aj(1%) which is almost boundary-covering, with

ldql/ Ul’zylddl' < (1 +€)6
Jd

and consequently if we denote by u; 5, the solution of the same equation which
vanish only on ¥ and not on whole the boundary of I¢ we get

k=n / undr < (1+¢)0+ ¢.
Jd

Proof: Given a small positive number § (0 < § < 1), by definition of 6, we
may find a set ¥; € A, (I9) such that

lld%l / ULEh[ddl' < (]_ ‘I— 5)0
Id

and moreover the number /; may be chosen as large as we want. Now, we want
to enlarge the set >; to get a set Yy which is almost boundary-covering. Let
v = U= S; where S; is the shortest segment joining 3 to the j™ vertice of I
cube. We set X9 = ¥ UT}, U~y where Tj, is the grid 7; of the previous Lemma
with [ replaced by /. Up to adding one segment, we may assume Y5 connected.
The length I, = H*(23) does not exceed the number I, +H' (T}, ) + (24 4+ 1)V/d.
It is possible to chose [; so that

(h +HU(TL) + (27 + Wﬁ) P
I - '

This implies

_q_ l T g
l2d_1 / Uy 3, [ddl’ S (—2) lld_l Uy, Iddx S (1 + 6)20
Jd ’ ’ l Jd ’ ’

1

Now if we are given a large number [, we homogenize the set ¥y of order

k= L(é) ] into 1% and the homogenized set 3 belongs to Aga-1;,(I?) and

is still almost boundary-covering. For this set 3 it holds (using the rescaling
property of the p-Laplacian operator)

1
d—1

1\ =
(kd llz)dl/ U1’E71dd$:l2d 1/ ul,Ez,Idd*T'
Id Id

13



Noticing that Ja51 < (%)q (kd_llg)ﬁ , we get

q E+1\7
[a—T / Uy » [dd.flf S <L> (1 + 5)26
Id 3y k,

If | > 1,67, using the fact that 6 < 1, an easy computation shows that
14+ 1/k <146 so that we get

ldql/ ULE’]ddSC S (1 + 5)2+q6.
Jd

Now it is sufficient to choose ¢ so small that (1+6)?T? < 1+¢, choose [y = [50~*
and the result follows. g

We have all the ingredients for proving the I'-lim sup inequality. We will
start from a particular class of measures. Let us call piecewise constant prob-

ability measures those probability measures p € P(2) which are of the form

p = pdx, with, p € L'(Q), /pdle, p >0,
Q

for a piecewise constant function p = Z;n:l pjla;, the pieces €); being disjoint
Lipschitz open subsets with the possible exception of Qy = Q \ U7, €Y.

Proposition 10 Under the same hypotheses of Theorem 2, we have

Ft(p) < F(p), where F™ =T — limsup £,

l—+o00

for any piecewise constant measure i € P(Q). This means that for any such
a measure p and € > 0, there exists a family of sets (3;); C Ai(2) such that
the measure uy, weakly™ converges to the measure p and moreover

. q fa

lim sup [ @1 / fups, ode < (14+¢€)6 ——dx.

l—+0c0 Q Q pi-t

Proof: Apply Lemma 9 and take an almost boundary-covering set ¥y € Ay, (1%)
such that

q

léil/ ul,Eo,Idd‘r < (1 + 5)9
7d

14



Now, we define the set Z{ by homogenizing into €2, the set 3, of order k(l, j)
that is S
¥ =Q;Nk(l,§) "N Z + X).

Since Y is tiling , for k(l, 7) large enough E{ remains connected and
HYED) = [ K (1, ) HY (S0) < (1K (L, 5)* Ho.

Let ¥;, € A, (2) be a set contained in the internal boundary of the union of €,
and converges to it in the Hausdorff topology as I} — +o00 (X;, may obtained
by homogenizing some kind of grid contained in 91¢ of some order into UL, 08
). Due to the connectedness of ¥, the corresponding solution converges to
the solution associated to the internal boundary of UL ,€2; as well. Then we

choose >; = U;”:()Zf U X;,. We may assume X; connected otherwise we add
some segments to connect all the pieces. The family of sets ¥; is admissible
(i.e. X € A(Q2) and py, — ) if we have, as [ — +o0,

Z 1Q;1k(1,7)* "o + 11 <1 and is asymptotic to [
=0

k(la j>d_1l0
l
It is easy to see that all theses conditions are satisfied if we set

k(l,j) = Kl ;Ollm) dLJ :

Let us introduce the following sets

—p; for j=0,--- ,m.

I =Q; Nk, j)" (2" +o1%), T,=J1.
J
Thanks to Lemma 8 we have

/ PR ) 570, do < / FR(L ) 50 0, + el
Q; Q;

In fact, we consider subcubes @ ;) which are obtained by the partition of €2,
made by I'/, then in each subcube Qy( j), the Lemma 8 gives
1

Upsg S Upsd Quug T k(. )lg™ )
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By multiplying this inequality by f (notice that f > 0), Integrating over Q.
and summing up, we get

_1
/Q. fugsg 0 < / fugsyde < / Fugspons o, + alk(l, 3)ig )™

where the first inequality comes from the maximum principle and the second is
obtained by observing that on each cube Q¢ ;) it holds Uy E]UW = U Qe

We choose [; to be a function of [ (for example I = s ) in such a way
that [; goes to +00 whenever [ goes to +00. We are interested in the estimate
of the value of Fi(%;)

/fule,szd Z (k(l I > fE(, j)tusy, odx

Q;

l a1 .
> () </Qjf’f“wwmdwch)

[ a-1 . .
(W) /Q fk(l’])quf,Z{urg,def +a, +aly”

where ¢;; goes to zero as [; tend to infinity. By applying Lemma 7 to each 2,
we get the following weak convergence in LP.

IN

NERSNGER

IN
I

J

k(1) 50 0, = c(So) fYP Y as 1 — 400

J P
and the term <W) ! converges to (/Z)—°> “asl— 4ooforj=0,--,m.
) J
The choice of the set ¥y implies that I§ " c(X) < (1 + €)8, so we have
lim sup /@1 1/ furs, odr < (1+¢) Gp / fidzx, for j=0,-
l—+00

and summing up we get

q
J;dx

9] pdfl

lim sup [71 / fups, ode < (14+¢)6
Q

l—400
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We have to extend the result to non piecewise constant measures. By the
general theory of I'-convergence, we know that it is enough to prove the I'-
lim sup inequality on a class which is dense in energy. Hence, due to the lower
semicontinuity of the functional F', it is sufficient to prove the following

Proposition 11 For any measure pn € P(Q) there ezists a sequence (i,)n of
piecewise constant measures such that p, — p and
fa
limsup F(p,) < F(u) =0 —dx.
n Q MF

Proof: First observe that the inequality is trivial whenever F(u) = +o0. As-
sume now that F(u) < 4oo and start proving the inequality for measures
which are absolutely continuous with respect to the Lebesgue measure and
have positive densities bounded away from zero. Given a measure y = pdzx,
with p > ¢ > 0, it is possible to find a sequence of measures u, = p,dz
such p, — p strongly in L' and pu, are piecewise constant with p, > c.
The pointwise a.e convergence of p, to p may be assumed and the inequality
F(p) > limsup,, F(u,) follows easily (we have even an equality). So we have
extended the result to any absolutely continuous measure with density bounded
below away from zero. To get the result for any measure p € P(Q), it is suf-
ficient to prove that any measure p may be approximated weakly* by abso-
lutely continuous measure pu,, with densities bounded below away from zero and
limsup,, F'(u,) < F(p). Let us take p = pdx+ p®, where pf is the singular part
of the measure p with respect to the Lebesgue measure and p the density of the
absolutely continuous part. We construct the sequence of absolutely continu-
ous measure ju, by setting p1, = ((1—1/n)p+a,+¢,)dz, where a, = n~' [, pdx
and ¢pdx — p° with [, ¢pdx = [5dp®. The fact that F'(j) < +oo implies that
p cannot vanish, hence a,, > 0 and p, = (1 —1/n)p+ a, + ¢, is bounded below
by the positive constant a,,. We have as well that p, weakly* converges to u
and

fe [
F(u,) =20 — <40 —dz
(Iu ) /Q ((1_1/n)p+an+¢n)ﬂ = /Q ((1_1/n>p>E .
= (1= 2) D)

Passing to the lim sup on the inequality, we get the desired result. U
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3 Some estimate on ¢

In this section we will prove some estimate on the constant  and in particular
we will show that 6 is neither 0 nor 400 so that our limit functional is not
trivial.

Proposition 12 We have
0 < +o0.

Proof: Let 3; € A;(I?) be a tiling set. For any positive integer number n, let
us denote by X7 the homogenization of the set 3; of order n into I¢. Clearly,
37 is connected and H'(XZ7) < n7'l. Using the rescaling property of the
p-Laplacian operator, it follows that

0 < liminf(n® )71 F,(30, 1, 1%) = 177 F,(5, 1, 1%) < 400

which concludes the proof. O

Proposition 13
(d—1)q"

_q
(¢+d—1wi";

where w, stands for the volume of unit ball in R".

0>

Proof: First, we prove that
Fy(S1,1,1%) > ¢ 9D, (S, U 01,
where D, (¥) = [}, hs(2z)"dz and hy(x) = d(z,X) is the distance from z to 3.
For every real number A and for every real number r > 1, we have
1
F,(2,1,1%) = gmax {/ (v — =|VolP)dz : v e WyP(I%\ Zl)}
Id p
1
> q [ (Ahscars(e)” = |V (Abs, (@) )P
I

It is well known that the distance function is 1-Lipschitz and satisfies |V g, gra| =
1 (and consequently |V (hs,uara)"| = r(hs,uore)”~'). Choosing r = ¢ the con-
jugate exponent of p, we get

Fy(2,1,1%) > g(A — A (qg))

/ hzluajd(f[')qdflf.

Id
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The result follows by optimizing on A (the optimal choice is A = ¢~ 7). In [10]
it has been proved that for any set ¥; € A;(1¢) it holds
g d—1
lim inf [a-1 / hy, (z)?dz > —.
: 4 (q+d—Dwgi;

Here the same proof may be adapted by doing some modification and getting
the same result even if ¥; U 9I% is not an one dimensional set i.e.

d—1
(q+d—1wi ]

lim inf k=i / d hs,uore(z)dz >
I

and the desired result holds. O

4 asymptotic of p-compliance-location problem

In this section we consider the case where the control variable is look for
among discrete sets of finite elements. Let p > d be fixed and ¢ = p/(p — 1)
the conjugate exponent of p. For an open set 2 C R% and n a positive given
integer number, we define

A () ={ZCcQ:0<H (D) <n}.

For a nonnegative function f € L4(€2) and ¥ a compact set with positive p-
capacity(since p > d, every point has positive p-capacity), we denote as before
by uy s o the weak solution of the equation

—Apu=fin Q\ 3
u=0 in XU,

that is u € W, ?(Q\ ¥) and

/Q |VulP~*Vu - Vdr = /Qﬂpdx Vo € Wy P(Q\ X). (10)

For f > 0, we define the p-compliance functional as before and the existence
of the minimal p-compliance configuration is a consequence of the continuity
of Sobolev functions when p > d.
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Theorem 14 For any integer number n > 0, Q bounded open subset of RY,
d > 2 and f a nonnegative function belonging to L1(2), the problem

min{C,(X) : £ € 4,(2)} (11)

admits at least one solution.

As before, we are interested to the asymptotic behavior of the optimal set
3, of the problem (11) as n — +oo. Let us associate to every 3 € A,(2) a
probability measure on 2, given by

ps =n" "o

and define a functional G,, : P(Q) — [0; +oc] by

[ nAC(E) i = s S € A,(Q)
Gnlp) = { +o00  otherwise. (12)

The scaling factor nd is needed in order to avoid the functional to degener-
ate to the trivial limit functional which vanishes everywhere. Again the main
result deals with the behavior as n — +oo of the functional G,,, and is stated
in terms of I'-convergence.

Theorem 15 The functional G,, defined in (12) I'-converges, with respect to
the weak™ topology on the class P()) of probabilities on €2, to the functional

G defined on P(£2) by

fa
G(p) =61 | —dz, (13)

Q Iug
where p, stands for the density of the absolutely continuous part of p with
respect to the Lebesgue measure, and 01 is a positive constant depending only

on d and p and is defined by

6, = inf{lim i{gn%Fp(zn, 1L,I1%: %, € A, (I} (14)
14 = (0,1) being the unit cube in RY.
We deduce the following consequence of Theorem 15:
e if 3, is a solution of the minimization problem (11), then up to a subse-

quence jiy, — f as n — 400, where p is a minimizer of G;
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e since G has a unique minimizer in P(€2), the whole sequence uy, con-
d
verges to the unique minimizer p of G given by u = cf ara £4 where c is
d
such that p is a probability measure that is ¢ = 1/ ( fQ f quddx)

e the minimal value of G is equal to 010#, and the sequence of the values
inf {F,(3, ,Q) : ¥ € A,(Q)} is asymptotically equivalent to
nainf {G(n) : e P(Q)}.

This problem is in connection with the location problem, that is the minimiza-
tion of the functional [, f(x)ds(x)dx where dx(z) stands for the distance from
x to ¥ and ¥ € A, (). For more details, the reader may consult [2]. We will
not prove Theorem 15 since the proof follows the same line as the proof of
Theorem 2 but we will point out some necessaries modifications. The Lemma
3 is crucial for the proof of the I'-lim inf inequality. This Lemma remains valid
in the case of discrete set provided that the power d — 1 is replaced by d.
In this case it suffices that v vanishes on one point since point has positive
p-capacity (remember that p > d). An other important element in the proof
of the I'-lim inf inequality is the set G;. Here, we will call it G, and its con-

struction is obtained by the homogenization of order | (£%) Y dj of the center of
the unit cube into the cube I? = (—a, a)? which contains €. For the I'-lim sup
inequality, proofs are essentially the same except the fact that we do not need
tiling set and replace [ by n. We conclude this section with the estimate of the
constant #;. To prove the finiteness it suffice to use the set ¥, which is the
homogenization of order n of the center of the unit cube into the unit cube.
For the lower bound, the proof follows that of Proposition 13 and gives

01>Lq.

(¢ + dw}
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