THE COTTON TENSOR AND THE RICCI FLOW

CARLO MANTEGAZZA, SAMUELE MONGODI, AND MICHELE RIMOLDI

ABSTRACT. We compute the evolution equation of the Cotton and the Bach tensor under the Ricci flow
of a Riemannian manifold, with particular attention to the three dimensional case, and we discuss some

applications.
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1. PRELIMINARIES

The Riemann curvature operator of a Riemannian manifold (M", g) is defined, as in [6], by
Riem(X,Y)Z =VyVxZ - VxVyZ +VxyZ.

In a local coordinate system the components of the (3,1)-Riemann curvature tensor are given by
Réjk% = Riem( 831- , %) % and we denote by Rijr; = gimR}}y, its (4, 0)—version.. |
With the previous choice, for the sphere S” we have Riem(v, w, v, w) = Rgpeqv'w? vFwt > 0.

In all the paper the Einstein convention of summing over the repeated indices will be adopted.

The Ricci tensor is obtained by the contraction R;;, = Il lRij w and R = ¢**R;;, will denote the scalar
curvature.
We recall the interchange of derivative formula,

Vijwk — Viwk = Rijrpg™wq
and Schur lemma, which follows by the second Bianchi identity,
2971V pRei = ViR
They both will be used extensively in the computations that follows.

The so called Weyl tensor is then defined by the following decomposition formula (see [6, Chapter 3,
Section K]) in dimension n > 3,

R

1
1.1 g 10il — Rig; Jgik — Rirgar) — iLGil — GilG Wi -
(A1) Rym = —— Rirgjt — Ragj + Rugir — Rjrgir) =) =2 (9ik9jt — gugjk) + Wijki

2
The Weyl tensor satisfies all the symmetries of the curvature tensor, moreover, all its traces with the
metric are zero, as it can be easily seen by the above formula.

In dimension three W is identically zero for every Riemannian manifold. It becomes relevant instead
when n > 4 since its vanishing is a condition equivalent for (M", g) to be locally conformally flat, that is,
around every point p € M" there is a conformal deformation g;; = ef gij of the original metric g, such
that the new metric is flat, namely, the Riemann tensor associated to g is zero in U), (here f : U, — R
is a smooth function defined in a open neighborhood U, of p).
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In dimension n = 3, instead, locally conformally flatness is equivalent to the vanishing of the follow-
ing Cotton tensor

1
(1.2) Ciji = ViRij — ViR — m(kagij — V;Rgir) ,
which expresses the fact that the Schouten tensor
_ Rgij
Sij = Rij 2(n —1)

is a Codazzi tensor (see [1, Chapter 16, Section C]), that is, a symmetric bilinear form T;; such that
vaij = vz’Tkj-

By means of the second Bianchi identity, one can easily get (see [1]) that

1 n—3

(1.3) V Wik = =5
Hence, when n > 4, if we assume that the manifold is locally conformally flat (that is, W = 0), the
Cotton tensor is identically zero also in this case, but this is only a necessary condition.

By direct computation, we can see that the tensor C;, satisfies the following symmetries

Cijk .

(1.4) Cij = —Cirj, Cijk + Cjgi + Crij = 0,
moreover it is trace—free in any two indices,
(1.5) gijcijk = gikcijk = gjkcijk =0,

by its skew—-symmetry and Schur lemma.
We suppose now that (M", g(t)) is a Ricci flow in some time interval, that is, the time-dependent
metric g(t) satisfies
0
i = ~ 2Ry
We have then the following evolution equations for the Christoffel symbols, the Ricci tensor and the
scalar curvature (see for instance [7]),

a S S S
arg = —¢"ViRjs — ¢"V,;Ris + g" VR,
0
(1.6) &sz = ARU — QRkleijl — QQPqRipqu
0

5B = AR+ 2|Ric|?.

All the computations which follow will be done in a fixed local frame, not in a moving frame.

Acknowledgments. The first and second authors are partially supported by the Italian FIRB Ideas “Analysis
and Beyond”.

Note. We remark that Huai-Dong Cao also, independently by us, worked out the computation of the
evolution of the Cotton tensor in dimension three, in an unpublished note.

2. THE EVOLUTION EQUATION OF THE COTTON TENSOR IN 3D

The goal of this section is to compute the evolution equation under the Ricci flow of the Cotton
tensor C,j;, in dimension three (see [5] for the evolution of the Weyl tensor), the general computation
in any dimension is postponed to section 4.

In the special three-dimensional case we have,

R
(2.1) Rijr = Rirgji — Ragjr + Rjgir — Rjrga — g(gzkgjz — Gilgjk) »

1
(2.2) Cij = ViRsj — ViR, — E(VkRgij — V;Rygir)
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hence, the evolution equations (1.6) become

0
0 .
ERU = AR;; — 6gP"R;,R;, + 3RR;; + 2[Ric|?gi; — R?gy;

%R = AR + 2|Ric|*.

From these formulas we can compute the evolution equations of the derivatives of the curvatures
assuming, from now on, to be in normal coordinates,

0
EVZR = VAR + 2V1’R10‘2 ,
0
5 VeRij = ViARy; — 6V.RyRy, — 6Ri) ViR + 3V,RRy; + 3RV.Ry;

+2V[Ric|?g;j — VsR%gi;
+(ViRsp + VsRip — VpRis)Rjp
+(VRsp + ViRjp — VpRjs)Rip

= VAR;; — 5VRipRjp — R VR, + 3VRR;; + 3RV Ry
+2VS\RiC\29,~j — VSRzg,-j
+(ViRsp = VpRis)Rjp + (VjRsp — VpRjs)Rip

= VAR;; — 5VRipRjp — R VR, + 3VRR;; + 3RV Ry
+2V|Ric|*gi; — VsR?gij + CopiRjp + CopiRip
+R;jp[ViRgsp — VpRais]/4 + Rip[VjRgsp — V,Ryjs| /4,

where in the last passage we substituted the expression of the Cotton tensor.
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We then compute,

gtcijk = gtkazj - gtv]le - gt(kagij - VjRgik)/Zl

= ViARy; — 5ViRipRjp — 5Rip ViR jp + 3VERRs; + 3RV R
+2V|Ric’gi; — ViRgij + CrpiRjp + CrpjRip
+Rjp[ViRgrp — VpRair] /4 + Rip[V;Rgrp — VpRg;ji]/4
—VjARik + 5VjRikap + 5RiijRkp - 3VjRRZ'k — 3RVjRik
—2V|Ric|?gir. + V;R2gir. — CjpiRip — CjpkRip
—Rip[ViRgjp — VpRyijl/4 — Rip[ViRgjp — VpRr;]/4
+(Ri; ViR — RiijR) /2
—(VEAR + 2V |Ric?) gij /4 + (V;AR + 2V|Ric|?) g;1,/4

= VkARij — 5kaipij - 5Ripkajp + SVkRRij + 3RVkRZ'j
+3Vi[Ric®gij /2 — ViR?gij + CrpiRjp + CrpiRip
+R;jxViR/4 — Rjp VR /4 + Rix V;R/4 — RipVpRgji /4
—VjARik + 5VjRikap + 5RiijRkp — 3VjRRZ'k — 3RVjRik
—3V,|Ric|?gir/2 + V;R%git — CjpiRip — CjpuRap
—Ry;ViR/4 4+ RipVpReij /4 — Rij VR /4 4+ Ry VR /4
+(Ri; ViR — RtV R) /2
—vaRgij/él + VjARgik/ll

= ViARy; — 5ViRpRjp — 5Rip ViR, + 13VRR;/4 + 3RV Ry
+3V|Ric|?gij /2 — ViR?gi; + CrpiRjp + CipiRip
—RjpV,Ryir /4
—VjARik + 5VjRZ'ka;p + 5RiijRkp — 13VjRRik/4 — 3RVjRik
—3V|Ric|?gir/2 + V;R?gik — CjpiRip — CjpiRap
+RipVpRyij /4
—VkARgij/él + VjARgik/ll

and
ACijk = AkaZJ — AV]Rm — Akagij/ﬁl + AVjRgik/ﬁl,

hence,

5;Ciik = ACyk = ViARy; — V;ARy — AViRi; + AV, Ry
—V5iARg;j/4+ VjARgi /4 + AViRyij/4 — AVRyir/4

—5ViRipR;p — BRip ViR, + 13VRRy; /4 + 3RV Ry;
+3Vi|Ric|®gi;/2 — ViR?gij + CrpiRjp + CrpiRip
—R;pV,Rgir /4

+5V,;RipRap + 5RipV,;Rip — 13V,;RRip /4 — 3RV, Ry,
—3V,|Ric*gir/2 + VjR?gir. — CjpiRip — CjprRip
+Rkpvagij /4
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Now to proceed, we need the following commutation rules for the derivatives of the Ricci tensor
and of the scalar curvature, where we will employ the special form of the Riemann tensor in dimen-
sion three given by formula (2.1),

ViARy; — AViRy; = ViR — ViuRij + VigRi — ViRy

= —RgpVpRij + RuipViRjp + Rerjp ViRip
+ViuRij — ViRij

= —RipVpRij + R V;R/2 + R ViR /2
—Rkaiij — RkajRip + Rlleijgz'k + RlleRipgjk
_Rlilejkz - leleik - RVjRgik/ﬁl — RVz-jok/zl
+RViR;1/2 + RV, Ry /2
+Vi(RitipRpj + RitjpRpi)

= —RipVpRij + RixV;R/2+ Rj ViR/2
—Rkaiij — RkajRip -+ Rlleijgik + RlleRipgjk
—RyViRji — Rij ViR, — RV;Rg/4 — RViRgji./4
+RViR /2 + RV, Ry, /2
+Vi(RirRy; — RuRuij + RpiRp;gik — RpkRyjga — 9iRR1j /2 + guRR i /2
+R;jkRii — RjRei + RpRpigin — RpeRpigii — 95 RR1i /2 + g RRix /2)

= _Rkpvaij + RiijR/Q + RjkViR/2
—RipViRjp — Rip ViRip + RipViRjpgik + RipViRipgiik
—R;iViRji — Ri;ViRi, — RV,Rgi /4 — RV,;Rgji /4
+RViRjk/2 + RVjRik/Q
—ViRkapj + ViRRjk/Q + gikRprlRpj
—RpkViRpj — 9ikRV;R/4 + RV R /2
—VjRkapi + VjRRik/Q + gijprlRpi
“RpV;Rpi — g;sRViR/4 + RV, Ry /2

= _Rkpvaij + RiijR -+ RjkViR
—2Rkaiij — QRkPVjRip + QRIleijgik + QRlleRipgjk
—RuViRjr — Rij ViR — Rpi ViRpr — Rpi ViR
—RV,Rg;/2 — RViRgjr/2 + RViR;i + RV, Ry

and

ViAR — AVLR = Ry VR = Ry, VR .
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Then, getting back to the main computation, we obtain

aczjk — ACZ-jk = _Rkpvaij + RiijR + RjkViR

—2Rkaiij — 2Rkaij~p + 2Rlleijgik + QRZleRipgjk
—Ri;iViRjr — Ri; ViR — Rpj ViRpr — Rpi ViR
—RVjRgik/Q — RVijok/Q + RViRjk + RVjRZ'k
+R;pVpRik — Rij ViR — Ry; ViR
+2ijViRkp + Qijkaip — 2RlleRkpgij - QRZpVZRipgkj
+RiViRE; + Rip ViR + Rpp ViRyj + Rpi ViR
+Rkagij/2 + RVz-ngj/2 — RViRkj — RkaZ‘j
+Rip VR /4 — RjpVpRyir /4
_5kaipij — 5Ripkajp + 13VkRRZ'j/4 + 3RV]€RZ']'
+3Vi|Ricl*gij/2 — ViR?gij + CipiRjp + CipsRip
—ijvagik/ll
+5VjRZ'kap + 5RiijRkp — 13VjRRik/4 — 3RV]'RZ']€
—3Vj[Ricl*gix /2 + VjR?gir — CjpiRip — CjpiRip
+RipVpRygij /4

= Crpilyjp + CrpjRip — CjpiRip — CjprRap

+[2Ry ViR, + 3RV, R/2 — R, V,R/2 — 3V;|Ric|* /2] gix
+[—2R;, V Ry — BRVER/2 + Rip VpR/2 + 3V |Ric|?/2]g;;
—Rkaiij + ijViRkp
—3ka¢pij - 4Ripkajp + 9kaRij/4 + ZRkaij
+3V,RipRip + 4Rip V iRy — 9VjRRZ'k/4 — 2RV,Ry

Now, by means of the very definition of the Cotton tensor in dimension three (2.2) and the identi-
ties (1.4), we substitute

Ckpj - ijk - - Ck’jp - ijk = Cpkj

1

ViRjp = VR + Cpju + 7 (ViRgpj — ViRgp)
1

ViRgp = ViRyp + Cpry + 1 (ViRgpk — ViRgpt)
1

Viij = VjRip + iji + (vijop - ijgip)

4
1
ViRip = ViRip + Cpri + 1 (ViRgkp — ViRgip)
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in the last expression above, getting

o ik — ACijk

then, we substitute again

ijckpi - Rkpcjpi + Ripcpkj
+ [2Rlp (Vlep + Cpji + ViRgp; /4 — ijgpl/4)
+3RV,R/2 — RjpV,R/2 — 3Vj]Ric\2/2} gik
+ [ — 2Ry, (ViRip + Cppt + ViRgpr/4 — ViRgy/4)
— 3BRVR/2 + Ry V,R/2 + 3V [Ric|? /2} 9is
—Rip(VjRip + Cpji + ViRgjp/4 — ViRgip/4)
+Rjp (VkRip + Cpki + Vingp/ﬁl — VkRgip/él)
—3ViRipRjp — 4Rip ViR + OVLRR,; /4 + 2RVR;;
+3VjRikap + 4Rl‘ijRkp - 9VjRRik/4 — 2RVjRik
Rjp (Ckpi + Cpki) - Rkp(cjpi + iji) + Ripcpkj
+2RpCpiigin — 2RipCrrigi;
+[RV,R — V,|Ric[*/2] gir — [RViR — V|Ric|*/2] g;;
—2ViRipRjp — 4Rip Vi Rjp + 2V RR;; + 2RV R;;
+2V;RipRip + 4Rip V iRy — 2V ;RR; — 2RV Ry, .

1
ViRjp = ViRej + Cjpr + 7 (ViRgjp — VpRojn)

1
Vijp = VpRjk + Ckpj + Z(ijgkp - vagkj)

1
ViRij = ViRgj + Cjip + Z(kagi]’ — ViRgjr)

1
ViRir = ViRji + Cpyj + Z(VjRgik — ViRgk;) ,
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finally obtaining

0
2:Cijk — ACijk = Ryp(Chpi + Cpri) — Rip(Cpi + Cpji) + RipCorj

ot

+2R,Cpj1gik — 2RipCprrigij
+[RV,R — V,|Ric|>/2] gir, — [RViR — Vi |Ric|*/2] g;;
—2ViRipRjp — 4Rip (VpRij + Cjpis + ViRgjp/4 — VypRaji/4)
+2V i RR;; + QR(ViRkj + Cjir + ViRgij/4 — Vijok/ll)
+2V,;RipRyp + 4Rip (VpRj1 + Crpy + VRakp/4 — V,Ra; /4)
—2V,;RRi, — 2R(V,;Rji + Chij + V;Rgi /4 — ViRgy;/4)

= Ryjp(Crpi + Cpi) — Rip(Cipi + Cpji) + RipCorj
+4Rip (Crpj — Cjpk) + 2R(Cjir — Chij)
+2RpCpi1gir — 2RipCprigij
+[RV,R/2 — V;[Ric|*/2] gix — [RViR/2 — V|Ric|*/2] g;;
—2ViRipRp + 2V RipRep
+ViRRi; — V,;RRi

= Ryp(Crpi + Cpri) — Rip(Cjpi + Cpjs) + 5RipCpij
+2RCyjk + 2R Cpj1gik — 2RipCprigij
+[RV,R/2 — V;[Ric|*/2] gir, — [RViR/2 — Vi|Ric|*/2] gi;
2V Ry Rey — 2ViRipR,
+ViRRij — V,;RRi

where in the last passage we used again the identities (1.4).
Hence, we can resume this long computation in the following proposition, getting back to a generic
coordinate basis.

Proposition 2.1. During the Ricci flow of a 3-dimensional Riemannian manifold (M3, g(t)), the Cotton tensor
satisfies the following evolution equation

(2.3) (0 — A)Cijr. = "' Rp;(Crgi + Cqri) + 59" RipCarj + 9" Rpi(Cjiq + Cyi)
+2RCyji, + 2RYC jigin — 2RV C a9

1 . 1 . R R
+§Vk’RIC’29ij — §Vj‘R1C|29ik + §VjRgik — §VkRgij
+29qukaqui — 2gquijqui + Rz‘jka — RiijR.

In particular if the Cotton tensor vanishes identically along the flow we obtain,

(2.4) 0 = VilRic’g;; — Vj|Ric|’gix + RV;Rgir — RV, Rgi;
+4gqukaqui — 4gquijqui + QRiijR — 2RiijR .

Corollary 2.2. If the Cotton tensor vanishes identically along the Ricci flow of a 3—dimensional Riemannian
manifold (M3, g(t)), the following tensor

7
[Ric[*gij — 4Rp; Ry + 3RRy; — SR%gi;

is a Codazzi tensor (see [1, Chapter 16, Section C]).
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Proof. We compute in an orthonormal basis,

AR,V Ryi — 4Ry ViRpi + 2Ri; ViR — 2Rip VR

=4V (RprRpi) — 4V (RpjRpi) — 4Rpi Vi Rpk + 4Rpi ViRy
+ 2R;; ViR — 2R, VR

=4V;(RpeRpi) — 4V (RpjRpi) + Rpi(4Cp5n + ViRgp; — VRgpi)
+2R;; ViR — 2Ry, VR

— 4V, (RyiRy) — AVi(RpyRy) + 3Ri; ViR — 3RV, R

— 4V, (RysRpi) — AVi(RyyRypi) + 3V(RRy;) — 3V, (RRip)
~ 3R(ViRi; — VRt

— 4V, (RysRpi) — AVi(RyyRypi) + 3V(RRy;) — 3V, (RRip)
— 3R(4C;jk + ViRgij — VRgix) /4

— 4V, (RysRpi) — AV (RyyRypi) + 3V(RRy;) — 3V, (RRip)

3 3
— —ViR%gij + ViR?gir -
8 8
Hence, we have, by the previous proposition,

0 = Vi|Ric|®g;; — V;|Ricgir + 4V (RprRpi) — 4V (Rp;Rpi)

7 7
+ 3Vi(RR;j) — 3V, (RR;1,) — gka2gij + ngRzgik ,

which is the thesis of the corollary. O
Remark 2.3. All the traces of the 3—tensor in the LHS of equation (2.4) are zero.

Remark 2.4. From the trace—free property (1.5) of the Cotton tensor and the fact that along the Ricci
flow there holds

(8; — A)g” = 2RY,

we conclude that the following relations have to hold

970 — A)Cijp = —2RYCyp,
gF (0 — A)Cyjr. = —2R*Cyy,
gjk(at — A)ka = *QRjkCZ'jk =0.

They are easily verified for formula (2.3).

Corollary 2.5. During the Ricci flow of a 3—~dimensional Riemannian manifold (M3, g(t)), the squared norm
of the Cotton tensor satisfies the following evolution equation, in an orthonormal basis,

(0 — A)|Cijk|> = —2|VCijk|* — 16CipkCigrRpg + 24Cipk CrgiRpq + 4R|Cijie|?
+8CiijkajRpi + 4Ciijz’jka-
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Proof.

(0 — A)|Ciji> = —2|VCijil> + 2C*R;,gPICy 1. + 2CFR g7 Cigr, + 2C Ry, gP7Ci54
+2C7% | "R (Cigi + Capi) + 59" RipCatj + 9" Rk (Cjig + Coij)
+2RCyji. + 2R Cjigin — 2RV C i gij
+5ValRiclgi; — LV Ricgix + 3 V;Rou — 5 ViRoy
29" Ry ¥ jRyi — 29" Ry ViR + Rij ViR — Ry V|

= —2|VCijkl|* + 2(C* + C™*)Ripg"! (Crgj + Cjg)
+2C9F R, gP1Cgp + 2CHI Ry, g7 Cig
+2C7* 2Ry (Chgi + Capi) + 56" RipCas |
+HAR|Cyj|? + 8gPICHF R,V Rys + 4C7FR; ViR
= —2|VCyji|* = 16CipkCighRpg + 24CipkCrgiRpq + 4R|Ciji |
+8C;jkRpr ViRpi +4C;.Ri ViR
where in the last line we assumed to be in a orthonormal basis. g
3. THREE-DIMENSIONAL GRADIENT RICCI SOLITONS
The structural equation of a gradient Ricci soliton (M", g, V f) is the following
(3.1) Rij + ViVif = Agij,

for some A € R.
The soliton is said to be steady, shrinking or expanding according to the fact that the constant ) is zero,
positive or negative, respectively.

It follows that in dimension three, for (M3, g, V f) there holds

(3.2) ARU = VlRilef + 2)\R¢j — 2’Ric‘29ij + R2g¢j — 3RRi]’ + 4Ri3st
(3.3) AR = VRV;f + 2)\R — 2|Ric|?
(3.4) V.R = 2R;V,f
Rirgij Ri;gi Rygi Rgij
(5  Cip = —HVf - VS 4 Ry Vi — RaVsf + =5V, f — =LV, f
_ VR ViR o _R_ (R~ B Vv,
= 4 Gij 4 Gik + <sz 9 gz]>ka (Rzk 9 gzk>vjf .

In the special case of a steady soliton the first two equations above simplify as follows,
ARyj = ViRi;Vif —2|Riclgij + R%gij — 3RRy; + 4R Ry
AR = V,RV,f — 2|Ric|®.
Remark 3.1. We notice that, by relation (3.5), we have

ViRV VRV R R
Cpvif = Vil VAV R G s SV - RV Vs
VRV f ViRV, f
4 4 ’
where in the last passage we used relation (3.4).
It follows that )
Vf,VR \Y
Cpvirvf = Vg Mg,

Hence, if the Cotton tensor of a three-dimensional gradient Ricci soliton is identically zero, we have
that at every point where VR is not zero, V f and VR are proportional.

This relation is a key step in (yet another) proof of the fact that a three-dimensional, locally con-
formally flat, steady or shrinking gradient Ricci soliton is locally a warped product of a constant
curvature surface on a interval of R, leading to a full classification, first obtained by H.-D. Cao and
Q. Chen [4] for the steady case and H.-D. Cao, B.-L. Chen and X.-P. Zhu [3] for the shrinking case



THE COTTON TENSOR AND THE RICCI FLOW 11

(actually this is the last paper of a series finally classifying, in full generality, all the three-dimensional
gradient shrinking Ricci solitons, even without the LCF assumption).

Proposition 3.2. Let (M3, g, f) be a three~dimensional gradient Ricci soliton. Then,

AlCyl> = VilCynl*Vif + 2|V Ciji|* — 2R|Cyjil”
—GCiijijka + 8Cj5ijikRsi — 160jskckinsi - 8Ciijlkijil .

Proof. First observe that

A|Cyjk]* = 2041 AC 1k + 2| VCyji |

Using relations (3.5), (3.2) and, repeatedly, the trace—free property (1.5) of the Cotton tensor, we have
that

CijyrACir = AR Vif — RV, f)Cijik

= (ARijka + Rz‘jAka + 2V1Rijvlka)(3ijk
—(ARiijf + RikAij + QVlRileij)Cijk

= (VsRijVsf = 3RR;; + 4RisRs;) Vi fCiji
+Rij AV fCiji + 2ViR;; ViV fCiji
—(VsRi Vs f —3RRii + 4RisRei) Vi fCijik
—Rix AV, fCiji — 2VIR3 ViV fCiji

= (VLRijVif — VRV, f)VsfCiji
=3R(RijVif — RV f)Cijk
+4Ris(Rsj Vi f — RV, f)Ciji
+(Ri;ViViVif =R ViViV, £)Cijk
+2(ViR;ViVif — ViR ViV, f)Cij

= (VsRijVif = VRV )V fCiji
+(—3R)|Ciji|?
+4Ris(Rsj Vi f — RV, f)Cijie
+R;ViViVif = R ViViV; f)Ciji
+2(VIRij ViV f — VIR ViV, f)Cijk

where we used the identity

(3.6) (RijVif — RieVif)Cijr = |Cijrel”



12 CARLO MANTEGAZZA, SAMUELE MONGODI, AND MICHELE RIMOLDI

which follows easily by equation (3.5) and the fact that every trace of the Cotton tensor is zero.
Using now equations (3.1), (3.5), (1.5), (1.4), and (3.4), we compute

(VsRijVif = VRV )V fCij = (Vs(RijVif) = Rij Vs Vi f)Vs fCiji
—(Vs(RixVf) =R ViV, )V fCijr
= (Vs(RijVif — RV f) + Rij(Rsx)) Vs fCijik
—(Rix(Rs)) Vs fCiji
= ViCijkCijk Vs f + RijRak Vs fCijr — RikRsj Vs fCiji

1 1 1
= §Vs\Cijk\2st + iRijkaCi]‘k — §R¢ijRCijk

4R;is(RsjVif — Rk Vif)Cijr = 4Ris(Cyjr — %kagsj + %ijgsk + %kagsj - %vjfgsk)cijk
= 4Ris(=Cjrs — Cisj)(—Cjri — Crij) — RijViRCyji
+Rix VjRC;jk + 2RR;; Vi fCijk — 2RR Vi fCyjie
= 8RisCjskCjin — 8RisCjsiCrij
—Ry;ViRCijk + Rir. V;RCijk + 2R|Cyjr|?

Ri;ViViVif —RaViViV,;)Ciit = (RijVi(=Rur) — RixVi(—Ry;))Ciji
1 1
= —§RijkaCijk + QRz‘kijCijk

2(VIR;;ViVif = ViR ViV f)Ciji = 2((Ciji + VjRy + %Vleij — %ijgilx_le))Cijk
—2((Cigr + ViR + ilegik — ikagiZ)(_Rl]’))Cijk
= —2C;;CipRu — 20 RV iRy + %Ciijikij
+2CikCijiRyj + 2C56 Ry Vi Ry — %Ciijijka
= —2C;;CijRik — 2C;x RV iRy + %CiijiijR

1
=20, CyjkRij + 2C5. Ry Vi Ry — §Cz‘ijz’jka.

Hence, getting back to the main computation and using again the symmetry relations (1.4), we finally
get

1
CijkACir = =Vi|Ciil*Vaf — RICijl?
2

3 3
— §Ciijijka + §CiijiijR

+4C;skCjikRsi — 8C;5k CrijRsi
—2C;;1Ri VjRi + 2C5. R ViR
1
= §Vs|cijk|2vsf — R|Cyjl?
—3CijkRij ViR + 4C5, CjikRsi — 8C 5k CrijRsi — 4C; Rk V iRy

where in the last passage we applied the skew—symmetry of the Cotton tensor in its last two indexes.
The thesis follows. O
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4. THE EVOLUTION EQUATION OF THE COTTON TENSOR IN ANY DIMENSION

In this section we will compute the evolution equation under the Ricci flow of the Cotton tensor
Cijk, for every n—-dimensional Riemannian manifold (A", g(t)) evolving by Ricci flow.
Among the evolution equations (1.6) we expand the one for the Ricci tensor,

0 2n 2n 2
L L PIR. R. . ial2,. .
gt = ARy — =" RepRiq + s Ry o+ - [Riclgy
2 2
_ — quVZ-- .
(n—l)(n—Z)Rg] R pyq

Then, we compute the evolution equations of the derivatives of the curvatures assuming, from now
on, to be in normal coordinates,

0
VIR = VAR + 2V|Ric|?,
0 2n 2n 2n
A, Vs = sA 1] sy ip — 4 sty s 15
8tv R;; VsAR;; n_2v RipR;p — va Rjp + (n_l)(n_2>v RR;;
+2—”Rv Rij + —5Vs |Ric|? 2 g.RY,
(n-Dn-2) = W=Dz

=2V RiyWiiji — QRlekuzjl + (ViRgp + VsRip — V,Ri6)R;,
—i—(Vszp +V ij — Vpst)Rip
n-+2 n-+2 2n

= VSARU P V RZpRJp P RiPVSRJP+mvSRRij
2n 2

RV Rij + —— Y, [Ricfgy; — V. R

Dz Riclsy = gy =) R o

=2V RiyWiiji — QRlekuzjl + (ViRsp — VpRis)Rjp + (ViRsp — VpRjs)Rip
n + 2 + 2 2n

= ViaRg; - i ipVsRjp + ————-VRRyj
+2—nRV R; + V Ric|? #v R20,:
(n—1)(n—2) ij 9ij — (n—l)(n—2) st gij
_2VSRk’kai]‘l - QRkleWkijl + Cspiij + CSijip
1 1
+ijp[viRgsp - VpRgis] + mRiP[VjRgSP — Vpjos] ,

where in the last passage we substituted the expression of the Cotton tensor.
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We then compute,
0
ot ik
and
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0 0 1 0
akaij (%V Rir — ﬁat (VkRgm VjRgik:)
n—+ 2 2n
AR;; — Ri;,R; RZ- R; ———ViRR;;
Vi I vk pip T T pViRip + (n—l)(n—2)vk J
2n 2 9
+WRVI€RU + Vk|R1C| 9ij — kaR Gij
=2V Ry Wy — ZRPN;CW,,Z-]-I + CrpiRjp + CrpiRip
ij Rip
—= —[V;Rgr, — V,Rg; ——[V:Rgr, — V,Rg;
+2(n ) [ViRgrp — VpRgir] + 2(n )[VJ ke — VpRoji]
2n
—-V,;A ) ) ) j )
VAR » RpV Ryp — (n— 1= )V]RRk
2" __RVR, ——5 VjIRiclgy + ——V,;R?
T N/ AN 7. 1C Z - 1 'L
=2V Ry Wy — 2Rplvkwpijl — ij'Rkp — ijk:Rip
Rk Rz‘
_Q(T—pl)[vijop — VpRyi;] — 2(?—])1)[kang — VpRop;]
1
+7(Rz‘jka — RV ‘R)
Gik
n+ 2 n+ 2
vaR,ZJ n_ vk:Rszjp " — Rszk‘ij
on — 2 2n
==y VRt Ty — gy RV
" S R - 2 G R2,.
T D gy VR g — oy VR gy
+Ck’piij + Ck:ijip — QVkRpleiﬂ — 2Rplvkwpijl
1
_meijRgik
—V;AR; ip Rsz Rip
on — 2 2n
ECEDCET A mﬁvﬂ‘f‘“f
_ n Ricl2a 2 R2,
(n =Ty —g) ViRl g+ gy gy VR i
—ijiRkp — ijkRip + QVjRpleikl + QRpIVijikl
1 1 1
Y i — 57— VEARg; + 5——= VAR,
+2(n_1)leleg] 2(n_1)vk Rg]+2(n_1)vj Rgix
ACys = AV,Ry) — AV,Ry — ——AV,Rgy; + ———AV,Ry,
ijk = kv jik 2(n _ 1) kIVgij 2(’1’L — 1) jGik ,
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hence,

VkARij — VjARik — Akai]‘ + AVjRik

gtcijk — AGC ), =
_z(nl_l)(vaRgij — V;ARg;, — AViRg;; + AV, Rgir)
_Z i_ ;(kaipij + RipViRjp) + 3 ET;)_(HQ_ 2) ViRR;
T T
. Vi|Ric[*gi; — (n_1>2(n_2)ka29U

NI
+CkPiij + Ckijip — QVkRpleijl — QRPNkWpZ-ﬂ

1
_ijprRgzk
n+ 2 5n — 2
(V]RZkap + RszJRkp) — 2(n — 1)(n — 2) VjRRik

-2

2n
(n—1)(n—2) ViR
n Rie2, 2 n2,
V;|Ric|“gir + = 1)(n = 2)V]R Jik

(n—=1)(n—2)
—CjpiRip — CjprRip + 2V ;R Wikt + 2Rp Vi Wik

1
— Ry, V,Rgy
Tyl 1) VPR

Now to proceed, we need the following commutation rules for the derivatives of the Ricci ten-
sor and of the scalar curvature, where we will employ the decomposition formula of the Riemann
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tensor (1.1).

VkARij — Akaij

CARLO MANTEGAZZA, SAMUELE MONGODI, AND MICHELE RIMOLDI

—Rip VpRij + RitipViRjp + RiijpViRip
+ViuRij — VigRij
—RppVpRij +

1
_m(Rkpviij + RypViRip — Rip ViR jpgik — RipViRipgjk)

1 1
(RiiViRjr + Ry ViRik) —

m (RiijR + RjkViR)

(RV,;Rgi + RV;Rgji)

Th_29 2(n—1)(n—2)
1
+m(RviRjk +RV,Rir)
+Vi(RipRps + RitjpRpi)
+WiipViRip + Wi ViRjp
1
—RipVpRij + m(Rikij +RjxViR)
1

m(Rkpviij + Rkaij’p - Rlleijgz'k - Rlpleipgjk)

1 1
(RiiViRjr + Ry ViRik) —

(RV;Rgir + RV,;Rgji)

n—2 2(n—1)(n—2)
1
1
+Vi (771 —5 (RuigpiRpj + RpugriRp; — RiigrpRps — RipgiiRy;)
1
_m(RRpjgkiglp — RRp;jgrpgit) + WiiipRpj
+ 5 (RijgipRpi + RipgkjRpi — RejgupRpi — RipgijRyi)
1
—m(RRpigmgpz — RRpigrpg1;) + Wklijpz'>
+WiiipViRip + WriipViRjp
1
—RipVpRij + m(Rikij + R,y ViR)
1
Ee— (RepViRjp + RipViRip — RipViRjpgin — RipViRipgjk)
1 1
5 (RuViRje + Ri; ViRie) 2n—1)(n—2) (RV;Rgir + RViRgji)
1
+m(vakiRpj + RiiV,;R/2 + V,RgriRyj /2
+Rip ViIRpjgin — ViRRjk/2 — RpiVpRij — ViR Ry
_RkpviRpj)
1
_m(vaRpjgik +RV,Rgir/2 — ViRRy; — RViRjp)

n—3
+mckipRpj + Wiiip ViR
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—|—m(vaijpi + RijiR/Q + VpngjRpi/Q

+Ripgri ViRpi — VjRRki/Q — Ry VpREi — ViR Ry — RkajRpi)
1
T (n=1)(n-2)
n—3
+kaijpi + Wkljplepi

+WiipViRip + Wi ViR jp

(VPRRpigkj + Rvijok/Q - VjRRki - RVJR]W)

n—+1 2
—Ryp VR + 3 —1)(n— 2)R/@VzR — mR’“pvﬂR’p
2 1 1
+n — 2RlleRpigjk - mejvaik - mRvijok
2 n+1 2
——— —RV,R; RRp; — ——Ry, ViR
) Vi ’“Jrz(n—1)(n—2)VJ ki = g e Villip
2 1 1
R Ryigir — ———R,;V,Rip — —RV.Ry;
+n—2 ViR i n—2 vi VRt (n—1)(n—2) ViRgi
2
- RViRjp +2Wyy; i+ 2Wh j
+ (n—D(n—-2) RViRjk + 2Wyip ViRpi + 2Wiiip ViR,
4o "3 (V,RguRy; + V,ReuRy)
2(n — 1)(1’L — 2) pIVGikpDp;j pIGjkipi
n—3 1
+m(ckipRm' + CrjpRpi) — m(viRkpRpj + ViRipRypi)

ViAR — AVLR = Ry VR = Ry, VR .
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Then, getting back to the main computation, we obtain

0 n+1

aCijk - ACijk = _Rk‘pvaij + ( — 1)( )RijiR
RkpV Rzp + Rlplep’Lg]k
1
2 n+1
—R R; V. iRRy;
+<n—1>< 2) Ve ’“*2( “Dn—2)
Rkpv RPJ + Rlplepjgzk
1
2
+mRviRjk + 2Wyip ViRpi + 2Wiiip ViR
4o "3 (Y, RguRy; + VR Ry)
2(n o 1)(n o 2) p Jik PI p gjk Pl
n—3
+m(ckipRpj + CrjpRpi)
1
—m(vz’Rkpij + VjRipRpi)
n—+1
JerprRik — 30n = 1)(n = )Rk]V R + ijVkRzp
1
Rlplengk] Rpk:v Rm
+—1 RV;Rg;r — 2 RViR;;
(n—1)(n—2) =k (n D(n—2)
n+1
—2(n “Din— >VkRRU + R]pV Ryp
Rlpv Rpkgz] szv Rk]
+—1 RViRg;; — 2 RV,Ri;
(n—D)(n—2) YT () (m—g)
—2Wikp ViRpi — 2W 35, VIR i,
n—3
- 2(n 7 2)(71 — 2) (vaginpk + vagijpi)
n—3 1
—m(cjipRpk + CjrpRpi) + m(viRijpk + ViRjpRpi)
1 n 4+ 2
+m(Rkpvagij — RjpVpRori) — (VkszRpJ + Rpi ViRp;)
n 2 5n — 2 -
Fa o Dm o) VRl + 50—y gy VARRY
2n 2
————RViRijj — —————ViR%g;
T =) R T Ty — gy VAR i

—2VkRpleijl - 2Rplvk’wpijl

+CriiRy; — ViRR;gir + CriiRui

1
2(n—1)
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n+ 2

+o 5 (ViRpiRpk + Rpi Vi Rk
n omn — 2
- V,|Ric/’gp; — RR;
(=D =2 VIR 9k = 50—y =gy ViR Ra
2n 2
- = _RV.R,; — = V.R%
D=2 I Ty g
+2V iRy Wikt + 2R Vi Wik
1
=GRk + mleleQij — CjuRy;
1
= 5 ®iCiwp + R Ciiip — CripRpy — CrjpRpi)
2 2
* [n —p R ViRy; 2(n —1)(n — 2)VJR
1 n
-~ VYRR, - ———_V,[Ric]|g
an —2) VPR — T z)vﬂ| ic }g’“
2 3 )
[ TR ViR + 3= )n—2) R
1 n . 9
o =) VPRRe — Ty gy VAR }g”
n—3 n—3
n n+1 2
4n — 3 1 1
_2(n "= 2) V,iRR, — mRkaiRpj + mejViRpk
n n+1 2
_ijpkaip — mkaijip + e 2Rkaij
4n — 3

= 1n—2) ViRRi; + 2Wiip ViRp; + 2Wiajp ViRpi — 2W ik ViRp;

—2W1ipViRpr — 2VERp Wit — 2Ry Ve Wi + 2V iRy Wikt + 2R Vi Wik

Now, by means of the very definition of the Cotton tensor (1.2), the identities (1.4), and the symme-
tries of the Weyl tensor, we substitute

Chpj — Cjpk = = Crjp — Cjpk = Cpij
ViRjp = VR + Cpji + 2(711_1)(V1Rgpj — VjRgpl)
ViRip = ViRyp + Cpry + 2(111_1) (ViRgpr — VieRgp)
ViRjp = V;jRip + Cpji + 2(711_1) (ViRgjp — VRgip)
ViRgp = ViRip + Cppi + 2(711_1) (ViRgip — ViRgip)
VpRij =V;Rpi + Cijp + 2(711_1) (VoRgji — ViRgp)

VpRir = ViRpi + Cigp + VpRaki — ViRgpi)

1
2(n — 1)(
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in the last expression above, getting

0 1
acz’jk — ACyr = —— (szcpkj + RpkCjip — CripRpj)
1
+ |:7’L _ 2Rlp (v]Rlp + ijl + 2(n — 1)legP]
1 3 )
“2(n— 1)VﬂRgpl)> T )m—g) N
1 n

T 2(n— 2)V"RRW T n—-1)(n-2)

— [n — Rlp (VkRpl + Cppr +

Vj\Ric|2 Gik

1
ﬁlegpk
1 3 )
T3 - 1)V’“Rgpl) T =D —2) VR
1
5 =D) 3 VoRRpk =
n-3
n—2
n—3

oDz VRl

1
Rkp (Cijp + VjRip + 72(71 — 1)

b
2(n—1)
+1 2
Rkpv Rpi + n V RpkRpi — mRv]’Rik
B 4n -3
2(n—1)(n—2)
1
2Rkp (VjRip + Cpji +

n —

1
+mej (VkRip + Ckpi +

(VpRgij — VjRgz‘p))

(VpoRgir — kagip))

V,;RRy

1
m(vijop - VjRgip))

1
2(n—1)

—%ijkaiz’p Z - 5 ViR jpRip + ——S RViRy;
n in —3

2(n—1)(n—2)
+2C,, Wikt — 2C Wit — 2Cpa W jkip
_2ijlpviRpl — QRPZV]CWP@'J'[ + 2R, Vi Wi

1

(VZ-ngp — kagip))

ViRR;

2
+nfcpleplgik -

2 ) n—2
t9ik [(n _Vlgf; -2) (n— 1)1(n — 2)Vj|Ric|2}
2
S llre e rey e
_%Rj,,vkmp Z+ VAR Ry + 2(n Enl>_(n1 2)
Rkpv Rip + V iRipRip = 2(n Enl)_(nl 2)

—2ijlpViRlp — QRIPVkWpiﬂ + 2Rplvjwpikl .

CpriRpgii — 2Cpi Wikt + 2Cp Wit — 2Ca W ki

V;iRR;, —
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then, we substitute again

1
ViRjp = VR + Cjpr + m(kagjp — Vpjok)

ViRip =VpRjg + Crps + ViRgrp — VpRou;)

el
2(n—1)
1
ViRij = ViR + Cji + m(kagzj — ViRgjr)
1
ViRix = ViRjg + Cpij + m(ijgik — ViRgk;)

finally obtaining
0 1
5 ik — ACijk = ——5

ot
2
+ mcpleplgik’ -

(RpiCprj + Rpk(Cjip — Cpji — (0 — 3)Cijp) + Ry (Cpri — Chip + (0 — 3)Cirp))
memele‘j — 2C,5i Wikt + 2C,Wpiji — 2Cpa W jkip
ta [ VjR2 B 1
Ikt " 1D)n—2) (n—1)(n—2)
_ |: VkR2 _ 1
il —1Dm—-2) (m-1)n—2)
2 n+1 n-+1
— 5 RipViRip — 5 RipVpRij — 5 RipCypi
n-+1 n—+1
A= D —2) VR S T )

3n—1 2
" ViRR;; + 2R(ViRjk + Cjik +

2(n—1)(n—2) n—

Vj\Ricﬂ

Vk\Ricﬂ

Riprjok

1
m(ka{gz‘j — ViRgjr))

n+1 n+1
RioCroi + 50 0 =2y

2 n+1
+7n — 2RkajRip + — QRipvakj + I

n+1 3n—1
- Rip VR —
2(n—D)(n—2) P PR T 90 (- 2)

V,;RRix

V,;RRix

2 1
_mR(ViRjk + Ck:ij + m(ijgik - Vz‘jok))
—QijlpViRlp — QRlPVkWpijl + 2Rplvjwpikl
1

= 5 Ber(Cip = Cpji = (n = 3)Cijp) — Rypj(Crip = Cpi — (1 = 3)Cip)

2 2
+(n + 2)RpiCprj) + m(cpleplgik — CpriRpgij) + mRCijk
—2W ikt Cpjit + 2Wpii1Cpii — 2C i W ki
VjR2 1

i [Q(n =2 (m=Dm-2) v, [Ricl’
ViR? 1 .
—9i [2(71 “1D(n-2) (m-1)n-2) V’“’Rmﬂ

2 1

2 1
——5RipVRip — — V;RRy,

+2Rip VWi — 2R, Ve Wi,

+

where in the last passage we used again the identities (1.4) and the fact that
WikpViRip = Wik ViR = Wik ViR = =Wk, ViRyp

Hence, we can resume this long computation in the following proposition, getting back to a generic
coordinate basis.
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Proposition 4.1. During the Ricci flow of a n—dimensional Riemannian manifold (M", g(t)), the Cotton
tensor satisfies the following evolution equation

1
(0 — A)Cyj = > [9""Rpj (Chgi + Cqri + (1 — 3)Cing)

+(n +2)g" " RipCorj — 9" Rpk(Cjgi + Cgji + (n — 3)Cijg)]

2 2
+—5 ROk + —— 2qucqjlgik - 2ququ;9@5
T D =) R~ Gy gy ValRicl g
R R
= D)(n —2) YRk~ mka{%
2 2 1
o= 59" Ry Vi Rgi — — 59" Ry ViRqi oo Ry ViR = 5 Rip ViR

—2gP"W i Cyji + 2gqungqukl — 24" W]klpcqzl + 29" Ry Vi Wgint — 207 Ry Vi W g -

In particular if the Cotton tensor vanishes identically along the flow we obtain,

1

1
0 = —— Vi|Ric’q;; — ————V.|Ric|%g;
(n_l)(n_z)vk\ ic|“gij (n_1>(n_2)vj| icl“gik
R R
—  V.Rgx— ————ViRgii
T2 <n—1><n—2>v’“ 9
2 2 1
50" RV Ryi =~ "Ry ViRgi + —Rij ViR — — Ry VR

—|—2gquprquikl — QQPqulvk’qu]l )

while, in virtue of relation (1.3), if the Weyl tensor vanishes along the flow we obtain (compare with [5, Propo-
sition 1.1 and Corollary 1.2])

1

1
0 = —— Vi|Ricl’qii — —————V.|Ric?g
(= 1) —2) " Rl = oy gy Vol o
R R
Y YRgp-— ——— _VRgii
T Dm—2) IR T ) —2)
2 2 1
+TL — QQPquijqu — n— qupJVquz + RUVkR — ﬁRzkij

Corollary 4.2. During the Ricci flow of a n—dimensional Riemannian manifold (M™, g(t)), the squared norm
of the Cotton tensor satisfies the following evolution equation, in an orthonormal basis,

16 24
(8,5 - A) |Cijk|2 = —2|Vka|2 — 2clpkclqupq + 2Cipkckqiqu

8
+7R‘Czjk|2 — Cl]kR kV sz + QCiijijka
+8CZ]kR'lpv]Wp’Lkl SC’L]ka]le’Lk‘l 4C]pzcl]kwpikl .
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(0 — A)|Ciju? = —2|VCiji|® + 2C7*Ry,gP7C 1, + 2CFRjgPICogr, + 2CT Ry, g 7Ci
1
+2C; P [(Rp; (Crpi + Cpri + (1 — 3)Cipp)
+(n + 2)RpiCprj — Rpi(Cjpi + Cpji + (n — 3)Cijp))
2 2 2
erRCijk + ququﬂgik - ququklgij
1 1

S22, AR12 4.
—l-(n T = 2)Vk|R1C| ij ORI 2)V]]Rlc] Gik
R R
TS —2) VR T Ty — gy Y AR

2 2 1 1
-l-quijqu " 2qukaqi + Po— 2Rijka pe— 2RZ‘]€V]'R
—2WpikiCpjt + 2WpiiCprt — 2WkipCpit + 2Rpi Vi Wik — QRplkapikl]

16 24
= —2|VC¢jk‘2 — mcz‘pkciqupq + mcipkckqiqu

4 , 8 4

+8Ciijlpijpikl - SCijkajleikl - 4ijicljkzwpikl .

Remark 4.3. Notice that if n = 3 the two formulas in Proposition 4.1 and Corollary 4.2 become the ones
in Proposition 2.1 and Corollary 2.5.

5. THE BACH TENSOR
The Bach tensor in dimension three is given by
Bir = V;Ciji -

LetS;; = R;j — ﬁRgij« be the Schouten tensor, then

(51) Bik = VjCZ-jk = Vj(VkSZ-j — Vjszk) = VJV;CSU- — AS,k .
We compute, in generic dimension n,

VjCijk = Vjkaij - VijRgij - Aszk

2(n—1)
1
= H+RjraRj + RjrjRa + Vi V,;Ri; — mkajRgij — AS;i
1 R
=+ | Rijgu — Rjugei + Rugi — Rigji — m(gijgkl = 9j19ki) ) Rji + WikaRji
1
i+ = iRN— 7—— R —AS;
+RiRi + 2V;N R 2(n = 1)Vkv R Sik
1 1o R R?
= +7”L — 2(R]zng - |R1C| gik + Rklel - RRzk) - (TL — 1)(n — 2) Rzk + (n — 1)(n — 2) ik
n—2
R A R — AS;
+W,kaRji + RuRi + 2(n— 1)Vkv R Sik
- " RR—— ™ RR.— L\Ridz - —2 .
T a2 R T G T (n—2) kT g IR T T — 2y Tk
n—2
+W,raRj + 2 — 1)V;N R Sik

From this last expression, it is easy to see that the Bach tensor in dimension 3 is symmetric, i.e. B;;, =
B}i. Moreover, it is trace—free, that is, ¢*B;;, = 0 as ngVCijk =0.
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Remark 5.1. In higher dimension, the Bach tensor is given by

1
n—2
We note that, since Rj;W;;i; = RjiWiii; = RjiWyji, from the above computation we get that the Bach

tensor is symmetric in any dimension; finally, as the Weyl tensor is trace-free in every pair of indexes,
there holds ¢**B;;, = 0.

Bix = (V;Cijr — RjyWijn) -

We recall that Schur lemma yields the following equation for the divergence of the Schouten tensor

n

—2
.2 19717 == 1 .
(5.2) V,Sij 0 1)VR

We write
ViViCijk = ViViViSij — ViV;V;Sik = [V, Vi]V;Sik ,
therefore,
ViViCiir = RjkjiViSik + Rjra VS + Rk ViSy
= RuViSik + Rjra VS — RjV;Si

1 1

= | ——= (Rijgr — Rjugir + Rugi; — Rirgji) — ( R(gijgr — 9irgji) + Wka | VS

n_2 (n—1)(n—2)
= - i 5 (—=RjiV;Si + RiaViSki) + Wika VS
— 5 1(ViSi; — ViSi) + Wik VR
- 5 1C15i + Wik ViR

where we repeatedly used equation (5.2), the trace—free property of the Weyl tensor and the definition
of the Cotton tensor.

Recalling that
n—3 n—3
ViWijr = ViWnij = ———Cuij = —— Cuji
the divergence of the Bach tensor is given by
1 1 n—3
ViBir = mvk(vjcz‘jk - leWijkl) = mRﬂcjli - m leiRj
n—4

In particular, for n = 3, we obtain V;.B;;, = V;.By; = R;;Cjj; and, for n = 4, we get the classical result
ViBir = VB = 0.

5.1. The Evolution Equation of the Bach Tensor in 3D.

We turn now our attention to the evolution of the Bach tensor along the Ricci flow in dimension
three. In order to obtain its evolution equation, instead of calculating directly the time derivative and
the Laplacian of the Bach tensor, we employ the following equation

(5.3) (& — A)Bik = Vj((?t — A)Cljk — [A, Vj]Cijk + ZRPijCijk + [at, Vj]Cijk ,

which relates the quantity we want to compute with the evolution of the Cotton tensor, the evolution
of the Christoffel symbols and the formulas for the exchange of covariant derivatives. We will work
on the various terms separately.

By the commutations formulas for derivatives, we have

ViViViCijk — ViV ViCiji = Vi(RigipChpijk + RigjpCipk + RigkpCiip)

vlquscijk - qulvscijk = quspvpcijk + quipvscpjk + qujpvscipk + qukpvscijp7
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and putting these together with ¢ = j and | = s, we get

A, V5]Cijr =

Vi(Ri;ipCpik — RipCipk + RijkpCijp)
—FijvpCijk + leileijk - RlleCipk + lekalCijp

R
Vi |:<Rligjp — Ripgji + Rjpgii — Rjigyp — §(gligjp - gpoji)) Cpjk

R
—RypCipr + (legjp — Ripgjr + Rjpgi — Rjkgp — §(gzk9jp - gngjk)) Cijp:|
+ijVpCijk + leileijk — RlleCipk + lekalCijp

1
—§VpRCpik — RlleCpik + Viijijk + ijViijk — VpRjiijk — Rijijk

1 R 1 1
+§Vpchik + §VpCp,-k — ivaCipk - Ry ViCipr, — §VpRCikp - R;pViCikp
1 R
+ViRjpCijp + RjpViCijp — VpRjkCijp — RjkVpCijp + §VPRCZ']€p + EVpCikp
R
HRipVpCijk — RipViCpik + RjpViCpje — RjiVpCyji + 5 VpCpik

R
—RlleCipk — RlleCikp + ijVkCijp — RjkVpCijp + ivpCikp
ViRjpCpjk — VpR;iCijp — VpRjrCijp — VR Cijp — 2Ry ViCpie
1
+2RlpV¢Cplk — 2Rijijk + RVpCpik + EvaCikp + Qijkaijp
—2RjkVpCijp + RVpCikp + ijVpCijk
ViRipCpit — VpRuCpir + ViR, Citp — VR Cigp
—2RpViCpik + 2Ry, ViCpik + 2Ry By — 2R By + 2Ry, Vi Gy
1
+2RixBit + Rip VpCir — RBy + §vaCikp + RB;, — RBjj
ViRipCpit — VpRuCpir + ViR, Citp — VR Cigp
+Rip VpCik + 2R ViCpik + 2Ry, Vi Cigp, — 2Ry, Vi Cipp,

1
+§VPRCikp + 2R;.Bii — RByi. .

The covariant derivative of the evolution of the Cotton tensor is given by

V(0 — A)Cij

)

ivaCipk + VpRCpki + RlprCkh- + RlprClM — Vkaleli
_valelpi — Rkpoi + 5vailClkp — 5Ripok + 2RB;i
+2VRpiCpsigin + 2RpBpigi — 2ViRpiCprr — 2R ViCppa

1 1
+§(]VR]2 + RAR — A|Ric|?)gir, — 5 (ViIRVLR + RV, ViR — ViV |Ric|?)
+2AR, Ry + 2ViRipViRky — 2V ViR Ry — ViR, VR

1
+ViViRRq + 5 ViRVR — ARRy — VRV R

Finally, the commutator between the covariant derivative and the time derivative can be expressed in
terms of the time derivatives of the Christoffel symbols, as follows

0, V{]Ciji =

_atrfjcpjk - atr?kcijp

ViRjpCpjk + Vi RipCpjre = VpRijCpj + VRipCijp + ViRjpCijp — VR Cigp
ViRjpCpjk + VpRi;jCjpk + VpRijCpij + VpRijCipj + ViRjpCijp + VpR;xCipj
ViRjpCpjk — VpRijCprj = VpRijCrjp + VpRijCprj + 2V Ry Cipyj

ViRjpCpik — VpRijCrjp + 2VpRy Cip; -

Substituting into (5.3), and making some computations, we obtain the evolution equation
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Proposition 5.2. During the Ricci flow of a 3-dimensional Riemannian manifold (M3, g(t)) the Bach tensor
satisfies the following evolution equation

(0 — A)Bj, = [BVpRCipk + VpRCpki — VpRkaip]
+ [—2RprpC,-kl — 3RpkBpi — 5Rpink + 2ARikap
—QVZVkRpiRpl + V;VL.RR;; — ARRik]
+ [—2VpRuCrpi — 2V,RECitp — 4VpRiCrpr — 2ViR 5 Cpii]
+ [3Rsz + 2vstleslgik + 2Rpprlgz'k
1 1
+§(|VR|2 + RAR — A[Ric|?)gix — 5 (RViViR — V; Vi |Ric|?)
+2ViRip ViRip — VIRVIR]

Hence, if the Bach tensor vanishes identically along the flow, we have

0 = 3VpRCipk + vaCpki — VpRkaip — 2Rplvpcikl
+2ARikap =2V ViRpiRp + ViIVERRy; — ARR;
—2VpRuCrpi — 2VpRuCitp — 4V R Crpr — 2ViRpy Cpra

1
+2vstleslgik + §(IVR’2 +RAR - A|RIC’2)ng

1
~5(RViViR = V;Vi[Ricl®) + 2ViR, iRk, — VIRV Ri.

Remark 5.3. Note that, from the symmetry property of the Bach tensor, we have that the RHS in the
evolution equation of the Bach tensor should be symmetric in the two indices. It is not so difficult
to check that this property is verified for the formula in Proposition 5.2. Indeed, each of the terms in
between square brackets is symmetric in the two indices.

As a consequence of Proposition 5.2, we get that during the Ricci flow of a 3—-dimensional Riemann-
ian manifold the squared norm of the Bach tensor satisfies

(0 — A)Bi|> = —2|VBix|? — 12BiBigRyr. + 6Bix V,R — 4B R, V,Cir
+4Bx VR Cpit — 8Bt VR Crpi — 4B, ViR Cprr + 6R|Big|?
—2BixV,RVRip + 4B AR Ry — 4Bt Vi ViR Ry + 2B Vi VERRy,
—2BixARRy, — BixRV,; ViR + B, V; Vi |Ric|? — 2B, V,RV Ry
+4BxViRip ViRip.

5.2. The Bach Tensor of Three-Dimensional Gradient Ricci Solitons.

In what follows, we will use formulas (3.1)—(3.5) to derive an expression of the Bach tensor and of
its divergence in the particular case of a gradient Ricci soliton in dimension three.
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By straightforward computations, we obtain
Bir = V,;Cijx
ViViR AR

gik
= 1 g ik~ ViRaVif + VRV, f

R R
+ <Rij - 2gij> V;iVif — <Rik - 29ik> Af
1 1 1
= EVN;CR — ZARQik - VjRiijf + §VjRijgik - Rz‘jRjk + AR

1 A 3 1
+5RRik — 5Rgik — 3ARik + RRap + S ARgir — §R2gik
1 1 A 1 A
= §vilevlf - §RZkRzz‘ + §Rikz - Zlevlfgik - §Rgik
1 1 1
+5IRic*gix = V;RixV;f + 5 ViRV, fgin — RijRje + ARig + SRRy
A 3 1
—5Rgik = 3MRk + RRig + S MRgik — SR gin
1 1 3 3
= §V¢Rmvzf + ZVjRijgik — ViR Vf — iRinjk - EARik
3 A 1. 1.,
"‘iRRzk + §Rgzk + §’RIC‘ ik iR gik -
A more compact formulation, employing equations (3.2) and (3.3), is given by
1 1 1 )\
Bir = ivilevlf + ZARQik - §ARik V RV f — -Rip + Rzgng
Moreover, as we know that V;.B;;, = C;;;R;;, we have
1 1 1 1
ViBi = JRV:R—_Ri;V;R+ Ric|*V; f — 7R2Vif ~RaV;fRy; + RRy;V,; f
3
= va R— JRaVIR + |Ric|?V;f — 7R2v -
Therefore, if the divergence of the Bach tensor vanishes, we conclude
3
va R — JRix ViR + IRic|*V, f — fRQVif =0.
Taking the scalar product with V f in both sides of this equation, we obtain
1 3 1
= SR(VR, Vf) = SIVRI® + [Rie[* |V f|* = SR*[Vf|*

and, from formulas (3.5) and (3.6), we compute

ViR VR R R
ICijel* = (RijVif —RiV,f) < b 9ij =~ 9ik T <R 297;;') Vif— <Rik - 29ik> ij)

R _ R2 R
= kaRka — ZRkjvjlwkf + |Ric}|V f|* — 7|Vf|2 — RV fRix Vi f + 5Rk]-kavjf
1 R R C9ie .o R2 )
2 ikVifViR + ZVijjf — Rit Vi fRi; Vi f + gRjkvijkf + |Ric|*|V f|* — 7|Vf\
3
= 2|Ric]}|Vf]> =R} Vf|> + RV,RV,f — Z|VR|2 :

where we repeatedly used equation (3.4).
Therefore, we obtain

1
ViBixVif = §|Cijkz|2a
so, if the divergence of the Bach tensor vanishes then the Cotton tensor vanishes as well (this was

already obtained in [2]). As a consequence, getting back to Section 3, the soliton is locally a warped
product of a constant curvature surface on a interval of R.
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