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We deal with the solutions to nonlinear parabolic equations of the form
ug —diva(zx,t, Du) + g(x,t,u) = f(z,t) on Qp = Q x (=T,0),

under standard growth conditions on g and a, with f only assumed to be
integrable to the power v > 1. We prove general local decay estimates for
level sets of the solutions u and the gradient Du which imply very general
estimates in rearrangement function spaces (Lebesgue, Orlicz, Lorentz) and
non-rearrangement ones, up to Lorentz-Morrey spaces.

Keywords: Parabolic equations, lower-order term, absorption term,
Morrey-Lorentz regularity, rearrangement function spaces
2010 MSC: Primary 35K55; Secondary 35K10, 35B65, 35D30

*Corresponding author
Email addresses: agnese.dicastro@unipr.it (Agnese Di Castro),
giampiero.palatucci@unipr.it (Giampiero Palatucci)
!The authors have been supported by the ERC grant 207573 “Vectorial Problems”.

Preprint submitted to Elsevier March 12, 2012


http://prmat.math.unipr.it/~rivista/eventi/2010/ERC-VP/

Contents

[1__Introductionl 2
|L.1 Some ideas from the proofs| . . . . . . ... 0oL 7
2__Preliminaries| 9
2.1 Notationl. . . . . . . . . . e e e 9
[2.2_Solvability of the problem| . . . . ... ... ... ... .00 10
23 Relevant function spaces| . . . . . . . . . . . 12
2.4 Parabolic maximal operators| . . . ... ... ... .. ............ 14
B5 Classical TesUltsl . . .« .« « 0« oo v o e e e e 15
13 Regularity estimates| 17
4__Proofs of the main results| 28
4.1 Integrability of Du| . . . . . . . ..o 28
4.2 Further extensionsl . . . . . . . . . . . 32
4.3 Integrability of « . . . . . . . .. .. 34
[References 38

1. Introduction

This paper deals with regularity properties of solutions to the following
class of Cauchy-Dirichlet problems

{ut —diva(z,t,Du) + g(z,t,u) = f(z,t) in Qpr =Q x (=T,0) (1.1)

uw=0 on Gparlr,

where 2 is a bounded open set in R", n > 2, T' > 0, Opar§27 is the usual
parabolic boundary of €7, f is an integrable function in Qp, g is a lower-
order term and a is a Leray-Lions type operator. We immediately declare the
specific assumptions we are considering: the vector field a : Q7 x R — R"
is Carathéodory regular, i.e. measurable in (z,t) € Qp for any fixed z € R”
and continuous in z € R” for a.e. (z,t) € Q. Moreover,

V|zg — ,21|2 <Aa(z,t,z2) — a(z,t,21), 22 — 21) (12)
1.2
la(z,t,2)| < L(s +|z])

for every zi, z9, z € R™ and (z,t) € Qp; the structure constants satisfy
0<v <1< Landcg>0. The lower order term g : Q7 x R — R will denote
a Carathéodory function such that

Im,ap >0 : for all sand a.e. (z,t) € Qr g(z,t,s)sgn(s) > ag|s|™, (1.3)



VB3>0 the function Gg(,t) := sup |g(x,t,s)| belongs to L .(Qr). (1.4)
[s|<p
A typical example to keep in mind involves the Laplacean operator with
coeflicients:

uy — div (c(x)Du) +u/™"tu=f in Qp
u=0 on Oy,
where 0 < v < ¢(z) < L is a measurable function.

We will focus mainly on the case when f belongs to the Lebesgue space
LY(Q7) in a range of v that does not necessarily permit to obtain the ex-
istence of finite energy solutions u € L?(—T,0; VVO1 2(Q)) to problem (T.1).
However, we can deal with the (very) weak solutions u € L*(—T, 0; WO1 1(Q)
obtained via the Boccardo-Gallouét standard approximation procedure ([11])
as exploited in [I3] (see forthcoming Section [2.2).

The presence of lower order terms g in parabolic problems of type
is quite important in applications; usually, a lower order term represents
an absorption or a reaction, depending on its sign. In view of —,
in this paper we are dealing with absorption zero order terms, that usually
have a regularizing effect on the solutions to ([1.1)). This effect has been
shown in the elliptic framework, by starting from measure data for regularity
results on the Lebesgue scale (in [12] [I7]) and on the Marcinkiewicz one
([9]). Recently, the previous cited results have been extended in all the
most familiar function spaces of rearrangement (Lebesgue, Lorentz, Orlicz)
and non-rearrangement one, up to Lorentz—1\/101r1reyE|7 by the authors in [19].
Let us focus for a while on the elliptic analog of problem . In [19],
we extend (to the case in which lower order terms are considered) some
general estimates on level sets of the gradient of solutions, firstly obtained
in [40] (see also [39]), where Mingione presents a non-linear potential theory
version of the fundamental papers by Adams [3] and Adams & Lewis [5],
providing optimal regularity results on the Morrey and also Lorentz-Morrey
scale. Among other results, in [I9] we prove the validity of the following
implication for solutions u € I/VO1 1(Q) to the elliptic analog of equation

2my  2mgq

r? Q Du| e L? —
FeLftua@ — ezt (2 20

) locally in 2,  (1.5)

2 We refer to Section where the involved function spaces are defined in the parabolic
framework. The analogous definitions in the elliptic case can be obtained by simply
replacing parabolic cylinders by balls.



whenever 0 < ¢ < oo, 2<60<n, 1<y<20/(0+2)and1l <m < 1/(y—1).

The aim of this paper is to extend the results above to the case of
parabolic equations of type under the structural assumptions (|1.2))—
. It is worth mentioning that in the parabolic framework a non-linear
analog of the classic Theorem of Adams has been recently obtained by Ba-
roni & Habermann in [6] (see also [24] 22| 23] [14), 15] 34, [33]), following the
potential approach in [40], that is when no lower order term is considered.
On the other hand, Boccardo, Gallouét & Vazquez ([13]), by means of a pri-
ori techniques and classical approximating methods, analyzed the regularity
properties of solutions to starting from L'-data; among other results,
they showed that

feL}-T,0;L'(Q)) = |Du| € L'(~T,0; L4(Q)) with ¢ < 2m/(m + 1).

(1.6)
Therefore, in the present paper we will extend this classical result in the
more general Lorentz-Morrey spaces, as well as providing an extension to
the results in [6] when no lower order term is considered; or, equivalently,
to the parabolic analog of the results in [19]. Namely, our main result relies
in general gradient estimates on level set (see Section below) in turn
implying the following

Theorem 1.1. Let q € (0,00]. Assume (1.2)-(T.3)-(T.4) and f € L% (v, q)(Qr)
with v, 0 such that 1 < v < 20/(0+2), 2<60 < N :=n+2. Then the

solution u € Ll(—T,O;Wol’l(Q)) to (1.1), with

1
’y p—
satisfies
2 2
|Du| € Le(m'rjj’l’ mﬂj—q1> locally in Q. (1.8)
Moreover, the local estimate
||Du”L9 2717 i”iql)(cR/Q) < CR 2m'y H‘DU| + gHLl(CR + CHfHLi)m,yq CR)

holds for any parabolic cylinder Cgr C Qr, where ¢ depends only on m, n, q,
L/v and ~.

Of course, in (1.8) we mean 2mgq/(m + 1) = oo whenever ¢ = oo. Thus,
by choosing § = N and ¢ = oo, we can also deduce regularity results on
the Marcinkiewicz scale. Furthermore, it is worth noticing that — as in the
classic case — Theorem [L.1] fails for the borderline choice v = 1. This is
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classical even in the elliptic case, since one has to impose some further L log L
integrability on the datum f in order to obtain the following implication

2m_
fe€LlogL(Qr) = |Du|e L (Qr) (1.9)

(see [25, Theorem 2.1]). Analogously, here we consider also this borderline
case, again in a more general Morrey-Orlicz setting. We prove the following

Theorem 1.2. Assume (L.2)-(L3)-(L4) and f € Llog LY(Qr), with 2 <
6 < N. Then the solutionu € L*(-T, 0; WOM(Q)) to ([L.1)), with1 < m < oo,
s such that .

|Du| € Lmt1? Jocally in Q.

Moreover, the local estimate

(m+1)0 _ @7:;1
IIDullL%,e(Cm) < e R [|Dul +<llpveq) + ellfll fog oy (1:10)

holds for every parabolic cylinder Cr C Qr, where ¢ depends only on m, n
and L/v.

Clearly, by choosing § = N, Theorem [I.2] will cover the classical Sobolev
implication in .

Now, we discuss a further extension of the results given in Theorem
that is, we consider a case when the lower order terms g verify some relaxed
assumptions with respect to those considered until now. Namely, we will
analyze the following Cauchy-Dirichlet problems

uy — diva(x,t, Du) + h(x)|u|™ tu = f(x,t) in Qp (1.11)
u=20 on Oparflr, .
where the function h is such that
0 < h(z) <1in Qp, (1.12)
and 1
7 € LP(Q2) for some p > 1. (1.13)

Clearly, such g(-, s) = h(-)s™ s satisfies (1.3]) but not necessarily (1.4)). In
Theorem below, we show that it is possible to recover general regularity

results, even in spite of these different lower order terms g.



Theorem 1.3. Let g € (0,00]. Assume (1.2)-(T.12)-(T.13) and f € L%(v,q)(Qr)
with v, 6 such that 1 < v <20/(0+2) and 2 < 0 < N. Then the solution

ue LN=T,0; W, () to ([L.11), with

p_;l <m< *yil’ (1.14)
where p is given by , satisfies
|Du| € LY (TrQLT:L:Yl 27:&_(1 ) locally in Q.
Moreover, the local estimate
|Dull oz smac, < R TN [1Dul 46l + el ST e

holds for every parabolic cylinder Cr C Qr, where ¢ depends only on m, n,
q, L/v and ~.

Note that the interval in which m can vary depends on the integrability
of the function h given by (1.13]) and, as expected, the lower bound on the
exponent m in ([1.14)) will converge to the one in (1.7) as p goes to infinity.

Furthermore, we will show that the techniques of establishing sharp es-
timates for the level sets of the maximal operator for the gradient Du of
the solutions u to , in turn implying Theorems u - 2[and 1 E can be
also extended, by the needed modifications, to the solutions u themselves
to obtain Morrey/Lorentz-Morrey estimates for w. It is worth pointing out
that, although in the elliptic case the regularity of u can be recovered by
plainly combining the regularity of the gradient Du with the classic Sobolev
embeddings, here we need to work in a separate way, by means of sharp
estimates also involving some “fractional” maximal operator. We prove the
following two theorems.

Theorem 1.4. Let q € (0,00]. Assume (1.2)-(1.3)-(T.4) and f € L% (v, q)(Qr)
with ~, 0 such that 1 < v < 0/2, 2 < 0 < N. Then the solution

u € Ll(—T,O;WOl’l(Q)) to (1.1), with 1 <m < 1/(y — 1), satisfies

2mo~y 2mbq
m(0 —2v)+ 60" m(6 —2v) + 6

u € Le( ) locally in Qrp.

Moreover, the local estimate

”uHL“’( oo o sy7e) Cr/2)
mO-27)+0
< cR 2w H’U’ + <R 1cp) CHfHLe (va)(Cr)



holds for any parabolic cylinder Cgr C Qr, where ¢ depends only on m, n, q,
L/v and ~.

Theorem 1.5. Assume (1.2)-(1.3)-(1.4) and f € Llog L%(Q7), with 2 <
0 < N. Then the solutionu € L*(-T, 0; WOM(Q)) to (1.1), with1 < m < oo,

1s such that 2t
u € Lmo-na0 locally in Qrp.

Moreover, the local estimate

[

m(0-2)+60 _ 737;1
< Rz Nllul + <RIl ey + el F I Ay 1o e

2mo 0
[ m(0—-2)+6° (CR/2)

holds for every parabolic cylinder Cr C Qr, where ¢ depends only on m, n
and L/v.

Finally, we stress that all the results we obtained in the present paper
hold for the weak solutions given by the approximation method described in
forthcoming Section[2.2] It would be interesting to understand whether these
results can be extended to some other notion of solutions. In this respect,
a positive answer can be given when dealing with notions of solutions to
measure data problems holding uniqueness in the case of integrable data, as
in the case of the renormalized solutions in [44] (see [§] for the first definition
of renormalized solutions in this framework, and also [21]).

1.1. Some ideas from the proofs

As already mentioned, we extend to the parabolic framework the tech-
niques developed in [19], which in turn extends the potential approach intro-
duced by Mingione in [40]. Roughly speaking, the proofs of Theorem [1.1]
and rely on the fact that the integrability of the spatial gradient of the
solutions to problem is linked to a suitable choice of a potential op-
erator. In this sense, the key-point will be the proof of a decay estimate
that involves the level sets of the parabolic Hardy-Littlewood maximal op-
eratorﬂ M* of |Du| in term of those of a suitable power of the maximal
operator of the assigned datum f, up to a correction term which is negligi-
ble when considering the gradient regularity. We will obtain an estimate of
the type

1

{M(Dul) 2 SN S o

[{M(IDul) > A} + [{ M (1 D17 = A},
(1.15)

3 We refer to Section for the definition of the parabolic maximal operators.
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for every A suitably large, and in which S >> 1 is a constant to be chosen,
o = o(m) > 1 determines the regularity of the gradient of u, the exponent
x > 1 is related to the higher integrability theory. Estimate is fairly
general and it will be relevant to deducing all the Lorentz and Lorentz-
Morrey estimates stated in our theorems, also including the borderline case.
In order to obtain the level set estimate (1.15) (whose precise version is
given by forthcoming formula ), we apply the parabolic version of the
classical Calderén-Zygmund covering lemma together with the Holder con-
tinuity theory by De Giorgi-Nash-Moser and the higher integrability theory
by Gehring. Therefore, we will work locally on basic estimates of the so-
lutions u to in comparison to the solutions v to the corresponding
homogeneous problem (see Section . We will prove such comparison esti-
mates, by means of classical truncation techniques going back to Boccardo
& Gallouét, also used in the recent paper [24] [19], as well as by exploiting
very recent contributions in the parabolic framework given in the forthcom-
ing paper [36]. Clearly, the situation is complicated by the presence of the
lower order terms g.

Analogously, a modified version of the level set estimate (1.15)), by replac-
ing Du by wu, will permit to recover the desired estimates for the solutions
u as given in Theorem and In this case - as stated in the previ-
ous section - different exponents will be involved and a fractional maximal
operator will arise (see Section .

Finally, it is worth pointing out that maximal operators techniques have
been used since the basic paper of Iwaniec [29]; see also [2], 20}, BT, 30} [32], 24]
for related nonlinear estimates and [I, 4], 42] for maximal function free
techniques.

The paper is organized as follows. In Section [2, we fix notation; we
give full details on the structure of the problem and we briefly recall the
definitions and a few basic properties of the spaces and the operators we
deal with, also providing some classical estimates for the solutions to non-
linear parabolic problems of type . In Section |3 we state and prove
comparison regularity estimates and other preliminary results. Section [4] is
devoted to the proof of the main result, to further extensions and results not
covered by Theorem and to Morrey/Lorentz-Morrey space estimates for
the solutions u.



2. Preliminaries

In this section we fix notation and we provide definitions and some basic
properties of the spaces and the operators we deal with. We also recall the
solvability and a few classical results related to nonlinear parabolic problems
of type (1.1]).

2.1. Notation

In the present paper we follow the usual convention of denoting by ¢
a general positive constant, possibly varying from line to line. Relevant
dependencies on parameters will be emphasized by using parentheses; special
constants will be denoted by cg, c1, ...

As customary, we denote by

Br(z0) = B(zo; R) :== {z € R" : |z — m0| < R}
the open ball centered in zg € R™ with radius R > 0; and by

Qr(zo) = Q(zo; R) := {a: eR": max |z;— o,

i=1.2,...n

< R}

the open cube centered in o € R™ with sidelength 2R. When not important
and clear from the context, we shall use the shorter notation Br = B(zo; R)
and Qr = Qgr(xo; R). Throughout the paper, all the cubes we consider are
supposed to have side parallel to the coordinate axes in R™. We denote by

CR(IEo,to) = C(l‘[),to;R) = B(ﬂjo,R) X (to — R2,t0)

the open parabolic cylinder centered in (zg,t9) € R"' with height R2,
having a ball Bg as horizontal slice; and by

Qr(z0,t0) = Q(x0,t0; R) := Q(mo; R) x (to — R, o)

the open parabolic cylinder centered in (zg,t9) € R"! with height R2,
having a cube Qg as horizontal slice. Given a cylinder C, we denote by oC
the concentric parabolic cylinder scaled by a factor o > 0, that is

oC(xo,to; R) = B(xo;0R) x (tg — (6R)?, to);

similar notation will be used for ¢Q, ¢ B and ¢().

Finally, we recall that, given a cylindrical domain of the type C = Q x
(to,t1), with @ C R™ and ¢o,t; € R, its parabolic boundary Op,:C is given
by 9C \ (2 x {t1}).



2.2. Solvability of the problem

We give the natural definition of the solutions to problem and we
briefly recall the classical solvability of the nonlinear parabolic problems we
are considering. Here and throughout the remaining of the paper, for the
sake of simplicity we take g(z,t,u) = |u(x,t)|™ 'u(z,t), so we will consider
the following Cauchy-Dirichlet problem

{ut —diva(z,t, Du) + [u/" tu=f in Qp (2.1)

u=20 on Oparflr,

in which a verifies (1.2), 0 < v <1 < L < 400, ¢ >0, f € LY(Qr) and
1 < m < 0o. A measurable function u is a distributional solution to (2.1f) if
ue LN=T,0; W, (), [ul™'u e L' (Qr) and

—/ wptdwdt—i—/ a(a:,t,Du)andwdt—i—/ lu|™ tugp da dt
Qr Qp Qp

= fedxdt (2.2)
Qr

holds for any ¢ € C§°(2r). Also, while the lateral boundary condition can
be formulated by prescribing the belonging of u to L'(—T,0; Wol’l(Q)), the
initial boundary condition u(x, —T) = 0 is understood in the L!-sense, that

llIIl - xr t dl]: dt — ().

As customary in the parabolic setting, one can provide a convenient “slice-
wise” reformulation of equality by mean of Steklov average (see for
instance [I§], and in particular Section I-3 and II-1 there). Indeed, for A > 0
and t € [-T,0), we can define

1 t+h ~ o
up(x,t) == h/t u(z,t)dt ift+h<0

0 ift+h>0

and the following equality

/Q<8tuh<,0+ ((a(-,t, Du)),, Dp) + (’U\m_lu)hcp>dx — /chpda:

holds for any ¢ € C§°(Q2) and for a.e. t € (=T,0).
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The existence of such a solution is obtained using a rather standard
approximation method (see, e. g., [11} [10]). For the reader’s convenience
we report the results obtained in [I3], in which the solvability of the prob-
lem (2.1) has been studied in the case 2 = R™; the modifications to obtain
the same results in our case are minimals.

One considers a sequence of bounded functions {fi} C L*(Qr) such
that fr, — f in L'(Q7) as k — +oo. Then, by standard monotonicity
arguments (see [38]), for each fixed k, there exists a unique solution

u € CO([=T,0]; LA(92)) N L(=T, 03 W ()
(ur)e € L*(=T,0; W 12(Q)),  |up™ 'y, € LN(Qr)
to the Cauchy-Dirichlet problem
(ur)e — diva(z, t, Dug) + |ug| ™ tuy = fr, in Qr (2.3)
up =0 on Opard7. '

The arguments in [I3] permit to pass to the limit in the problem above and
to prove, as in the case without lower order terms, the existence of a solution
u € L®(=T,0; LY(Q))NL™(Qr) and also u € L™ (—T,0; Wol’q(Q)), under the
restrictions

2
1<r <2, 1§q<7n and 7+E>n+1. (2.4)
n—1 r o q

Taking into account the bound in L™ (), u has an additional regularity,
that is u € L7 (=T, 0; W, () for every

2 2
1<r<2 1<g¢g< and (m—1)—+->m+1. (2.5)
m+1 roq
We note that if m is large enough, precisely for
2 1
n

the admissible (g,r) region defined in is extended. The maximal g-
regularity is improved when n/(n — 1) < 2m/(m + 1), that is when m >
n/(n—2) and in this case the new admissible region completely contains the
previous one. So we have an “improved regularity” when m is sufficiently
large.

We stress that, from now on, the sequence {uy} C C°([-T,0]; L*>(2)) N
L?(-T,0; WO”(Q)) will be the one fixed in by choosing { f} as

fre(z,t) = max{ — k:,min{f(x,t),k}}, keN

and by writing of “weak solutions to ((1.1))” we will always mean the solution
obtained via the approximating methods described in this section.
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2.8. Relevant function spaces

Let 2 C R™ be a bounded open set and let T" > 0. Throughout this
section, we denote by 27 the space time cylinder  x (=7,0).

Fix ¢ € (0,00). A measurable map f : Qp — R belongs to the Lorentz
space L(7y,q)(Qr) with 1 < < oo if and only if

& a dA
Hf||L(7q Q) = q/ (Xy‘{(x,t) € Qp:|f(z,t)] > )\}l)W ~ < 4o0.
0
(2.6)

In the case ¢ = oo, the Lorentz space L(7y, 00) with v € [1, 00) is the so-called

Marcinkiewicz space and it is usually denoted by M7(Q7). A measurable
map f: Qpr — R belongs to M7(Qr) if and only if

151020y = 1713 ey = SN {(a8) € O 17 0] > A} < oo

(2.7)

By coupling the definitions in and with a density condition we

obtain the so-called parabolic Lorentz-Morrey spaces. Precisely, a measurable

map f : Q7 — R belongs to L%(y,q)(Qr) for v € [1,00), ¢ € (0,00) and
0 € [0, N], if and only if

o-n
1 f1lo (v, @r) = Sup p 1 £l Lv,ayc,) < +00, (2.8)

p=stT

where we recall that N = n+2. Accordingly, in the case ¢ = oo, a measurable
map f belongs to L?(7, 00)(Qr) = MY9(Qy) if and only if

0-N
[ fllpmvo ) = Lo (ro0@p) = sup p 7 [ fllmoe,) < oo (2.9)
CngT

Note that when § = N, the space LY (v,q)(Qr) coincides with the space
L(v,q)(Qr). Also, by Fubini’s Theorem one can see that for any v € [1, 00)
L(v,7)(Qr) = L7(Qr).

A measurable map f: Qp — R belongs to the Orlicz space Llog L(Qr)
if and only if

— f(z,1)
1fllz1og Li2r) = ]{b |f(x,t)|log <e+ o !f(y,7‘)|dyd7-> dedt. (2.10)

Fix § € [0, N], a measurable map f : Qp — R belongs to the parabolic
Morrey-Orlicz space Llog L% (Qr) if and only if

0
1 £l £ 10g o7y = Sup p [ f11210g Lc,) < +o0. (2.11)

pgT
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In the following, we will recall a few properties of the functionals intro-
duced above. First, it is worth pointing out that, despite the notation, the
functionals || - || 1(y.q) () defined in (2.6)-(2.7) are only quasi-norms. Nev-
ertheless, by Fatou’s Lemma, one can see that these functionals are lower
semi-continuous with respect to the a.e. convergence. The same happens
for the functionals || - ||£o(y g)p) a0d ||+ | £ 10g Lo (1)

Moreover, the spaces defined above enjoy Hoélder type inequalities. We
only state a standard inequality for the Marcinkiewicz spaces M7 (Q2) in the
form we will need it in the following of the paper.

Lemma 2.1. Let A C R""! be a measurable set and let f € M7 (A) with v >
1. Then, for any q € [1,v), f € LY(A) and

1
~ 11
1 fllzacay < (M> |A’q ”HfHMW(A)

Finally, we will state a lemma concerning the scaling properties of || -
126 () and || - || L1 Le, whose proof is an immediate consequence of the

definitions in and (| - -

Lemma 2.2. Let f € Le(v,q)(C(mo,to;p)) with 1 <y < oo and 0 < g < o0.
Then the map f(,1) := f(xo + pZ,to + p°t), for (z,t) € C; = C(0,0;1),
belongs to LY (v,q)(C1) and it satisfies

£l 2o ¢rayer) = Pi%”fHL"(%q)(Cp)'
Similarly, if f € Llog LG(C,,) then f € Llog L%(Cy) and
1l og 2oy = 270 IF 1 L1og 2o (c,)-

We conclude this section by recalling the definition of Morrey spaces L7-?.

A measurable map f : Q7 — R belongs to the Morrey space L?(Qr), with
v € [1,00) and € € [0, N], if and only if

flIr = sup pe][ fI7dzdt < oo.
170500 C,COr cp| |

Clearly, LN (Qr) = L7(Q7), L°(Qr) = L>(Qr) and, also, L (v, v)(Qr) =
L%G(QT).

For details and results about the theory of Lorentz, Morrey and Lorentz-
Morrey spaces, we refer the interested reader to [45, [3], 4] 26].
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2.4. Parabolic maximal operators

For any measurable function f, the (restricted) fractional mazimal op-
erator Mj o, with 8 € [0, N], relative to a symmetric parabolic cylinder
Qo = Q(x0; R) x (—T,0) C R"! is defined by

* B
Mo (D@t) == sup rQ\N][ )| dy dr,
QCQo, (z,t)eQ Q

where the cylinders Q have sides parallel to those of Qgp. An equivalent
definition can be provided by using parabolic cylinder C € R"*! with balls
as horizontal slice instead of cubes.

The boundedness of maximal operators in Marcinkiewicz spaces is clas-
sical (see, for instance, [16], 28]); i.e. for any f € L7(Qy)

€0

DA dzdt

holds for every A > 0 and v > 1; the constant ¢y depending only on n and
5.

[{z € Qo: Mo, (f)(w,t) = A}| <

More in general it holds a standard embedding result for the maximal
function in Lorentz spaces, as given by the following theorem, whose proof is
an application of Marcinkiewicz Theorem (see [7, IV.4.13, IV.4.18]) together
with standard sublinear interpolation.

Theorem 2.3. Let 8, 6 € [0,N] and v > 1 be such that Sy < 6. Let
C C R"*! be a parabolic cylinder and denote by oC the concentric parabolic
cylinder scaled by a factor o > 1.Then for every measurable function f in
oC and for any q € (0,00] it holds

By hadtia
HMB,C(f)HL(%,%)(C) < CHfHLee(%q)(ac)HfHL(z,q)(C)a

where ¢ is a constant depending only on B3, v, o, 6, n and q. Moreover, if
|oC| < ¢(n) with c(n) a positive constant sufficiently large, we have

M5 Dl o0 ey < el lzotrapoy (2.12)
The constant ¢ blows up, i.e. ¢ — oo when ¢ — 0 or v — 1.

Also, in the borderline case v = 1, we have the following
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Theorem 2.4. ([6, Theorem 4.12]). Let 3,0 € [0, N] be such that 5 < 6.
Let C € R™ ! be a parabolic cylinder and consider the concentric parabolic
cylinder oC scaled by a factor o > 1. Then there exists a constant ¢ =
c(n, B,0,0) such that, for any measurable function f in oC, it holds

M* < Cl—g g 17%
IM3e(PN o, o < CI 31 fragoe g2y

2.5. Classical results

First, we recall some basic results from the Hoélder regularity theory
of De Giorgi-Nash-Moser as well from the higher integrability theory of
Gehring. For the proofs we refer to [43, 37] (see also [6, Section 5.5] for
a comprehensive sketch and further considerations), by observing that the
presence of the lower order terms does not affect the proofs, because of the

sign hypothesis ([1.3)).

Theorem 2.5. Let v € CO([-T,0]; L3(Q)) N L?(—T,0; W12(Q)) be a weak
solution to the parabolic equation

vy — diva(z, t, Dv) + [v|™" v =0 in Qr
under the assumptions
» L?
’CL(LE,]‘;,Z)’SL(g+|Z|), V‘Z| 77§ §<CL(CL',7§,Z),Z>
for every (z,t) € Qp and z € R"™, where 0 <v <1< L < 400, ¢ >0, and
a:Qr xR"™ = R" is a Carathéodory vector field.

Then there exists w = w(n, L/v) € (0,1/2] such that for every q € (0, 2]
there exists a constant ¢ = ¢(n,q, L/v) such that

P N—(1—w)gq
(|Dv|9 + 7)) dzdt < c(§> (|Dvl? + %) dzdt,  (2.13)
P Cr

and
P N
/(|v]q+gqpq)dazdt < c(—) / (J0]7 + ¢IRY) dz dt, (2.14)
Co R Cr

whenever Cr C Qr and 0 < p < R.

15



Theorem 2.6. Let the hypotheses of Theorem [2.5 hold. Then there exists
x = x(n,L/v) > 1 such that Dv € le(fg(QT) and for any q € (0,2] there
exists a constant ¢ = ¢(n,q, L/v) such that

1

2% 1
<][ (|Dv| 4 ¢)*X dxdt) <c <][ (|Dv| + ¢)? da:dt) a 7
Cr/2 Cr

whenever Cr C Qr; moreover, there exists a constant ¢ = c¢(n,q, L/v) such
that

1

20 1
<][ (Jv] + sR)*X0 dxdt) <c <][ (Jv] +sR)? dxdt) g
Cr/2 Cr

holds for every xo > 1, q € (0,2] and Cr C Qr.

Furthermore, in the rest of the paper we will need the following parabolic
version of the classical Calderén-Zygmund-Krylov-Safanov covering (see [6l,
Proposition 2.1] for the proof). Fix a parabolic cylinder Q@ = Qg X (tg —
R%ty) € R™! with a cube as horizontal slide. We denote by D(Qp) the
class of all dyadic parabolic cylinders obtained from Qg by a finite number
of dyadic subdivisions; that is: we divide Q¢ into 2" congruent sub-cubes Q’
having sides parallel to Qg and (tg — R?,tg) into four disjoint intervals I’ of
equal length R2/4. The set of all parabolic sub-cylinders obtained by this
dyadic subdivision consists of all cylinders of the form Q' x I'. We denote
by Q € D(Qp) the predecessor of Q, if Q has been obtained by exactly one
dyadic subdivision from the parabolic cylinder Q.

Proposition 2.7. Let Qo C R™ be a parabolic cylinder. Assume that X C
Y C Qg are measurable sets satisfying the following properties

(i) there exists § > 0 such that |X| < §|Qp|;

(i) if Q € D(Qp) then |XNQ| > 6|Q| implies that Q C Y where Q denotes
the predecessor of Q.

Then it follows that |X| < 8|

To finish this section we recall an algebraic lemma, that we will need in
the following. It is a classical result going back to Campanato, whose proof
can be found in [27, Lemma 7.3]; see also [40, Lemma 1] and 42, Lemma
9.3].
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Lemma 2.8. Let ¥ : [0, Rg] — [0,00) be a non-decreasing function such
that

6
U(r) <co (%) ’ W(R) + BR®', for every r < R < Ry, with B >0,

where 0 < §1 < &g, and cy is a given constant. Then there exists c1 depending
on ¢y, 6y and &1 such that holds

01

U(r)<ec (%) U(R) + ca1Bro,  for every r < R < Ry.

3. Regularity estimates

In the rest of this section we consider
v e C%[to — R, to]; L*(Br(w0))) N L*(to — R, to; W (Bg(x0)))

a weak solution to the following homogeneous Cauchy-Dirichlet problem

{vt —diva(z,t,Dv) + [v/" lv =0 inCp (3.1)

v=1u on OparCr,

in a fixed symmetric parabolic cylinder Cr = Cr(xo,t9) C Qp, as defined in
Section 2.1

At certain points in the proofs of our results, we will need to scale from
an arbitrary parabolic cylinder Cr(zo,t) to C; = C1(0,0). So we introduce

the following scaling procedure. For any R > 0 and any (z,t) € C;, we
consider the rescaled functions

~ 2

w(z,t) := Rm—1 u(zo + R, tg + R*1), (3.2)
5(7,1) = R v(xo + RE,to + R21), (3.3)
- m+1 - 9~ —mtl
a(z,t,z) == Rm—Ta(xo+ RZ,to+ R°t,R” ™1 z), (3.4)

and 3 o
f(&,1) := Rm—1 f(xq + R%,ty + R>1). (3.5)

Then it is easy to see that & = v on OpaC1 and the following equations
weakly hold in C;

iy — diva(z, t, Da) + @)™ Ya = f and 9; — diva(s,f, Do)+ |[5™ o =0,

17



where the vector field a satisfies ((1.2)).

Before starting, we want to underline that all the computations that we
will do in this section are formal but they can be anyway made rigorous by
a standard use of Steklov averages (see Section .

Our first result is the following lemma, in which, by means of suitable
test functions, we will show that the L norm of |u — v|™ can be controlled
by that of f.

Lemma 3.1. Let u € CO([=T,0]; L2(Q)) N L*(—=T,0; W, *()) be the weak
solution to problem (2.3)) and v that to problem (3.1)), with Cr C Qr, then

/ lu— o™ dar dt < c/ 7 dardi, (3.6)
Cr Cr

for any v > 1; where m > 1 is the number appearing in (2.3) and ¢ depends
only on m and .

Proof. First, suppose that v = 1. Consider a sequence of real smooth in-
creasing functions {®(s)} that converges to the function ®(s) = sgn(s) as
h — oco. We test subtracted equations of u and v with ®5(u — v) to obtain

/ (u—v)Pp(u—v)dadt
+ x,t, Du) — a(z, t, Dv), D®p(u — v)) dz dt

+ u|™ Ly — Jo| 0)®p(u —v)dedt = f®pdxdt. (3.7)

R Cr

I
[
Note that

(u—0):®p(u—v) =0 [/Ouv Pp(s) ds} + @5(0),

18



then

/ (u—0)Pp(u—v)dedt
C

R
:/ (8t {/ Dy (s) ds] + <I>h(0)> dz dt
Cr 0
to U—v to
z/ / O [/ Dy (s) ds} dzdt + / 0) dz dt
Bgr Jtg—R? 0 to—R2
(u—v)(to) (u—v)(to—RZ)
:/ / @h(s)ds—/ ®p(s)ds| dx
0 0
to
/ / 0)dzdt
Bgr Jto—R?2
(u— v)(to) to
:/ / dsdx—i—/ / 0) dz dt.
Br J0 Bgr Jto—R?

By the dominated convergence theorem we have, as h — oo,

u—v t()) u—v)(to)
/ / s)dsdz — / / sgn(s)dsdx >0
Br Br
to
/ / 0)dzdt — 0.
Bgr Jto—R?

Moreover, by the first assumption in (|1.2]) and the fact that the test functions
are increasing, we get

/ (a(x,t, Du) — a(z,t, Dv), DOp(u — v)) dzdt
Cr
= / (a(z,t, Du) — a(x,t, Dv), D(u — v))®}, dz dt
Cr
> c/ |Du — Dv* @}, dzdt > 0.
Cr

So, dropping the nonnegative term and letting h goes to infinity, by Fatou’s
Lemma yields

(u—v)(to)
/ / sgn(s) dsdz +/ (|u|m_1u— |v|m_1v)sgn(u—v) dzdt
Br J0 Cr
< / 1| da dt.
Cr
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Dropping again the nonnegative term, we arrive at

/ (|u]m_1u—|U\m_1v)sgn(u—v)dxdt</ |f| dx dt.
Cr

Cr
Now, using the fact that

(Ju[™ u — o™ tv)sgn(u —v) > clu—v|™, Vm>1, (3.8)

/\u—v\mdxdtgc/ |f] da dt,
Cr Cr

that is (3.6)) in the case v = 1.
For the general case v > 1, first we need to choose |u —v|™(7=D=1(y —v)

as test function in the subtracted equations of © and v. Noting that

we obtain

/ (u—v)e|u — o™V (4 — v) dz dt
Cr

to U—v
:/ / <8t [/ |s]m(7_1)_1sds]> dtdx
Bgr Jtg—R2 0
(u—v)(to)
:/ (/ |S|m(7_1)_1sds> dz > 0,
Br \Jo

we can drop the nonnegative terms and use (3.8)) to arrive at
/ lu— o™ dz dt < c/ ] i — o0 . (3.9)
Cr Cr

Hence, estimate (3.6|) plainly follows from (3.9)) using the Holder inequality
on the right-hand side with exponents v > 1 and v/(y — 1) and canceling
the common terms. O

Remark 3.2. We want to note that the previous lemma remains true also
if 0 <m < 1. To prove the result for these values of m we have to use the
following numerical inequality

|u = vl
(luf + o)t =

instead of (3.8), some usual tools as Hélder and Young inequalities and the
fact that, since u is the solution to ((2.3|), by standard computation, we have

(]u|m_1u — o™ o) sgn(u —v) > ¢

/ lu|™ daxdt < c/ |f|7dedt, Vv >1. (3.10)
Cr Cr

For more details see also the elliptic analog in [19].
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Lemma 3.3. Let u € C°([-T,0]; L?(Q)) N L?(-T,0; W012(Q)) be the weak
solution to problem ([2.3) and v that to problem (3.1)), with Cr C Qp, m > 1,
then

sup /]u—v[d:cg/ |f| da dt, (3.11)
c Cr

2
to—R2<7<to JCh

where Cf, := Br(xo) x {7}. Moreover

Du—D 2 1-¢
/wdxdtgca / |f| da dt, (3.12)
cr (@t u—vl) §—1Jey

holds for & > 0 and § > 1, where ¢ = ¢(m,n,v/L) > 1.

Proof. In this proof we extend the arguments used in that of [36, Lemma
4.1], by providing the needed modifications to handle the presence of the
nonlinear lower order terms.

First, we can assume, without loss of generality, that the vertex of the
cylinder (zg, to) coincides with the origin and R = 1. To prove the estimates

(3.11) and (3.12) for a general parabolic cylinder Cr(zo,to) we have to use
the scaling procedure introduced at the beginning of this section. For every

€ > 0, we choose the test functions ni given by

771i,5(1‘> t) := +min{l, (u —v)(z,t)/e}o(1), (3.13)

where ¢ € C*°(R) is a nonincreasing function such that 0 < ¢ < 1 and
¢(t) =0forallt > 7, 7€ (—1,0). In the following we will also need that
Jg |#¢|dt = 1. A direct computation gives

1
Dnli,z-: = gD(u - U)X{0<(u—v)i<€}¢"

Using the weak formulation of u and v and testing the subtracted equations
with nfs, we obtain

/ (u—v)y nfe dzdt + / (a(z,t, Du) — a(x,t, Dv), an€> dz dt
C1 Cl
—|—/ (Ju|™ = o] o) piE_ dedt = / foi dedt.  (3.14)
Cy ' C1 ’
Noting that

(u—v)x
(u—v)¢min {1, (u —v)1/c} ::t@t/o min {1, s/e} ds
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and integrating by parts, we obtain for the first integral that appears in
(13.14])

(u—v)+
/61 (u—v) nfs dzdt = /Cl (/0 min {1, s/e} ds> (—¢¢) dz dt.

Then, combining the equation above with (3.14) and using the fact that
.| < 1, it follows

/c1 (/O(M)i min{1,s/e} d8> (—¢¢) dzdt

+/ (a(z,t, Du) — a(x,t, Dv),Dni}dzL“ dt

C1

+/ (Ju™ tu — |U\m_1v)nf5dxdt < |f|dzdt. (3.15)
C1 cl

Observe that the second term in the left-hand side of the previous inequality
is nonnegative by ; also, the third integral is nonnegative by the defini-
tions of nfs and the monotony of the function s — |s|™ 's. Moreover, the
dominated convergence theorem as ¢ — 0 yields

(u—v)+
0 g/ (/ min{l,s/a}ds) (o) dadt — | (u—v)s(—dy) dadt.
Cq 0 C1
Thus, we arrive at

/(u—v)i(—gi)t)da:dtg/ |f|dzdt,
C1 Cl

that implies
/ lu —v|(—¢¢) dedt < / |f|dzdt.
Cl Cl

Letting ¢ approximate the characteristic function of (—oo,7), taking any

T € (—1,0), it yields
/ \u—v\dxﬁ/ |f| da dt
cT C1

and then (3.11]) is proved for C;.
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From (3.15)), dropping the nonnegative terms, we also deduce
/ (a(x,t, Du) — a(z,t, Dv), Dyi.) dz dt < |f| da dt,
C1 ' C1
that implies
sup/ (a(x,t, Du) — a(z,t, Dv), Dy ) dz dt < |f| dax dt. (3.16)
e>0.J¢y ’

Now we need to test the subtracted equations of u and v with a different
choice of test function 772175, given by

+
4+ _ 771,5
e T a1 (u— ) )

E>1, g, a>0.
We get

/ (u —v)n3, dadt + / (a(x,t, Du) — a(z,t, Dv), Dns_) dz dt
Gy ’ Gy ’

—|—/ (Ju|™ tu — |v|™ 1) nidxdt:/ fnisdxdt. (3.17)
Cl Cl

For the first integral on the left-hand side, as for the first term in (3.15)), by

integration by parts, we have

(=% min{1,s/e}
+ _ ’ _
/Cl(u —v)enp dedt = /c1 </0 (a1 )t ds) (—¢¢) ddt.

Then, using ([3.11)), recalling that £ > 1 and choosing ¢ such that [ |¢¢|dt =
1, we obtain

(u—v)x
/ (u—v)nF. dedt < al_g/ (/ ds) (—¢y) da dt
Cq ’ Cq 0

= ol ¢ uU—v —¢¢) do
= ot [ - v)(oo) dea

IN

alf/ lu — v||g¢| da dt
C1

al_gsup/ |uv|d:c/ |pe| dt
T Jeg R

o€ [ |f|dadt. (3.18)
C1

IN

IN
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For the second term in the left-hand side of (3.17)), we have

/ (a(x,t, Du) — a(x,t, Dv), Dni) dx dt
C1

= alz u) — alx v + ! x
_/Cl< ( 7taD ) ( 7t7D )7Dn175>(a+(u_v)i)§_1d dt
+(1 —f)/ (a(z,t, Du) — a(x,t, Dv), D(u — v)4)
C1
e
X (a+(u7—v)i)5 dz dt. (3.19)

By (3.16) and & > 1 the first integral in the right-hand side of the previous
equality can be estimated as follows

1
(a+ (u—v)x)¢

/ (a(x,t, Du) — a(z,t, Dv), Dnit.) — dzdt
G ’

< a'Esup / (a(x,t, Du) — a(x,t, Dv), Dri",) dz dt
e>0.JC |

< a8 [ |f|dadt. (3.20)
C1

Formula (3.17)) also implies, by dropping the nonnegative term and using
(3.18)), the following estimate

/ (a(z,t, Du) — a(x,t, Dv), Dni) dedt < \f||n§f€| dz dt
C1 Cl

_l’_

/ (u—v)ny. da dt‘
C1 ’

< 2akf/ﬁﬂdxm
Q

and so

/ (a(x,t, Du) — a(w,t,Dv),Dnéfg dx dt‘ <2a'7¢ [ |fldzdt. (3.21)
C1 C1

Using (3.20) and (3.21)) in (3.19), we obtain

+
(& — 1)/(: (a(z,t, Du) — a(x,t, Dv), D(u —v)4) : dz dt
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By recalling the definition of nfe and by the first assumption in (|1.2]), we
arrive at

Du — Dul? 1-¢
/ |u—v‘§min{17|u—v|/5}da}dt§ c2 |f| dx dt,
Cy (a+,u—v‘) 5_1 C1
where we also used the definition of the approximating function ¢. Letting
e — 0 yields (3.12). The proof is complete. O

Lemma 3.4. Let u € CO([=T,0]; L2()) N L2(=T,0; Wy *(Q)) be the weak
solution to problem (2.3) and v that to problem (3.1), with 1 < m < oo.

Then there exists a constant ¢ = ¢(m,n, L/v) for which

m—+1

][ (R Y u—v|+|Du— Dv|)dzdt < c (][ ]f]d:cdt) " (3.22)
Cr

Cr
Proof. We assume that the vertex (xg,tp) of the cylinder Cr coincides with
(0,0) and we fix R = 1. Take

1

a:< |u—v]md:cdt>m,
C1

and £ =m > 1 in Lemma We can suppose a > 0, otherwise u = v and
(3.22) follows trivially. Moreover, by Lemma with v = 1, we have the
following estimate for

1

a§c<]£1\f|dxdt>m. (3.23)

Using Cauchy-Schwarz inequality, together with the estimates (3.12) and
(13.23]), we obtain

|Du — Dv|dz dt
C1

Du—D "
:]Z ’“—“‘m(aﬂu—m)fdxdt
o (atfu—wv))z

1 1
Du — Dvl? 2 2
< <][ Mdmdt) <][ (a+]u—v])mda:dt>
C1 (a—|—|u—v]) C1

- 2 S
< call=mz a2( f|dxdt) < ( |fda:dt)
C1 Cl
and the lemma is proved for C; = C1(0,0). To show the result for a general

cylinder Cr(xq, to) we have to use the scaling procedure defined in ((3.2)—(3.5))
together with Poincaré inequality (that holds since v = u on 9parCr). O
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Lemma 3.5. Let the assumptions of Lemma[3.4] hold and suppose that f €
LY (Cr), 6 € [0,N]. Then

0(m+1)

/(R1]u—v[+]Du—Dv\)dxdt§cRN S, (324)
Cr

The constant ¢ > 0 depends only on m, n, L/v and ~.
Proof. We can easily deduce (3.24]) from ([3.22]), since

1 £llz1cn) < RN*QHfHLLG(cR),
for any 6 € [0, N]. O

Using Lemma together with the fact that the Marcinkiewicz space
M?7 is continuously embedded in L(v, q), from ([3.22]) we obtain the following
result.

Lemma 3.6. Let the assumptions of Lemma[3.4] hold and suppose that f €
L2(7,q)(CR) for some vy > 1, q € (0,00] and 6 € [O,N]. Then,

/ (R 1\u—v|+\Du—Dvy)dxdt<cRN‘ s HfHLG (3.25)
Cr

(7,9)(Cr)
where the constant ¢ depends only on m, n, L/v and ~y.

In Lemma [3.7 below, we state another tool that we will use in the proof
of Theorem [I.11

Let Qg be a fixed parabolic cylinder such that n?Qy CC Q7 and |Qg| < 1.
According to the definitions given in Section we shall consider M* =
M . Thus, keeping in mind the properties of dyadic cubes given at the

0,n2Q,
end of Section we have the following lemma.

Lemma 3.7. Let u € CO([=T,0]; L*(Q)) N L2(=T,0; W, *()) be the solu-
tion to , with 1 <m < o0o. Then for every S > 1 there exists a number
e = ¢e(myn,L/v,S) € (0,1) such that if X > 1 and Q C Qp is a dyadic
sub-cylinder of Qg verifying

QN {(z,t) € Qo : M*(|Du| + 1)(w,t) > ASA
and [M*(f)] 5 (x,t) <A} > S72|Q)
then its predecessor Q satisfies
Q C {(x,t) € Qo : M*(|Du| + 1)(z,t) > A}.
Here x = x(n, L/v) > 1 is the higher integrability exponent as in Theorem
while A= A(m,n,L/v) > 1 is an absolute constant.
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The proof of this lemma follows from [0, Lemma 6.2], by taking into
account the modifications in [19, Lemma 3.6], where lower order terms are
considered.

We conclude this section by presenting the following lemma that provides
another important tool for the proof of our main result. This lemma could
have its own interest, since an intermediate Morrey space regularity of |Dul|
is shown.

Lemma 3.8. Let u € C°([-T,0]; L3(Q)) N L?(-T, 0; W&z(Q)) be the so-
lution to [2.3), with 1 < m < oco. Assume that f € L(v,q)(Qr) with
1 <2y <0< N andq € (0,00], then the following inequality

6(m+1)

—N
o(m+1) < c(p—o) 2 " |[|Dul +<llrre,)
2m~y (c)

o

[ Dul + ]|

Lt

+0||fHL9(A,q c,)’ (3.26)

holds for every couple of concentric parabolic cylinders C, C C, C dr; where
¢ =c(m,n,q,L/v,v) is a positive constant.

Proof. Let us fix a couple of concentric parabolic cylinders C, C C, C Q7.
Take (xq,t9) € C, and Cr = Cr(zo,to) such that

0 < R < dyar((w0, 0),0C,) == inf {max {|x0 — /o — t|} }
(z,t)€dC,

so that Cr € C,. Let v be the solution to (3.1). By means of the De

Giorgi-Nash-Moser theory, that is estimate (2.13) with ¢ = 1, we get, for

any r € (0, R]

/ (|Du| + <) dxdt

T

r N—-14+w
<c (—) / (|[Dul +¢)dxdt + / |Du — Dv|dz dt,
R CR CR
where ¢ = ¢(n, L/v) and w = w(n, L/v) € (0,1/2]. Combining the estimate
above with (3.25) in Lemma we get

/ (|Du| + <) dzdt

(a

r

N—-1+w
<c (E> /CR(‘D“| +o)dedt+ cRY e HfHL“)(vq )(CR)’
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We can apply the algebraic Lemma [2.8| by choosing

\II(T) = / (’Du| +§) dzx dt? = CHfHLG (1,0)(Cp)’ RO = dpar((x[)vto)vacﬂ)

and
O(m+1)

bo=N—-1+w > N —
2myy

=:01 (since 2y < 0).
By the fact that Ry > p — o, we have for any C, C C, with center in C,

/ (|Du| +¢)dadt

O(m+1) N— 9(m+1>
<cl(p—0) / (|Du| + <) dx dt + HfHLQg'(L T TEmy
c 7.a)(Cp)

P

from which we can plainly deduce (3.26]). O

4. Proofs of the main results

4.1. Integrability of Du
For the reader’s convenience, we restate Theorem from the Introduc-
tion.

Theorem 4.1. Let q € (0,00]. Assume (1.2) and f € L(v,q)(Qr) with v,
0 such that 1 <~ <20/(0+2), 2<60 <N =n+2. Then the solution
u € LY (=T, 0; WOM(Q)) to (2.1), with 1 <m < 1/(y —1), satisfies

2my  2mg
m+1"m+1

|Du| € Le( ) locally in Q.

Moreover, the local estimate

1Dl o 2mey 2maye, ) < cRF “MDul + sl +CHfHLe

oy (v:a)(Cr)

(4.1)
holds for any parabolic cylinder Cr C ), where ¢ depends only on m, n, q,
L/v and 7.

Once established the regularity and comparison estimates in Section
the general strategy of the proof closely follows that of the proof of The-
orem 6.1 in [6], where no lower order terms are considered (see also [24]
and [36], B35]). Nevertheless as we expect recalling the elliptic case, [19], we
have to make some modifications due to the different exponents that we are
handling. We sketch the proof in a few steps.
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Proof. Let Qg be a fixed cylinder satisfying n? Qo CC Q7 and |Qg| < 1.

Step 1 - Application of Calderdon-Zygmund-Krylov-Safonov covering theo-
rem. We consider the maximal operator M* = Mg, % and the sets X and
Y defined for k € N by

X = {(:L‘,t) € Qu: M*(|Du| +¢)(z, 1) > (AS)F1)

and [M* ()] (,1) < (AS)* Ao ).
Y= {(@.1) € Qs M*(1Dul +)(z.1) > (A5)*No .

with Ao :=2&n*V SQX][ (|Du| + <) de dt, (4.2)
n2Qp

where S > 1, A, x, € are as in Lemma[3.7] By Lemma 3.7 the hypothesis (ii)

in Proposition with § := S2X, is satisfied. In a similar way it is possible

to prove that (i) holds, too. Thus, the application of Proposition the

definitions of X and ) and the multiplication by a factor (AS)?m7(k+1)/(m+1)

yield

2m~y(k+1) 2my

(AS) 3 AT 11 ((AS) o)

2m~k 2m~y

m 2my
< (AS) W A ST TN L (AS)F ) (43)

2m~y
m A m+1L m
T (as) Bt <S> ™ (0e) T pae(A8) M),

€

where, for any K > 0, we denoted by

pi(K) = |{(z,t) € Qo : M*(|Du| +)(x,t) > K}| (4.4)
and
pa(K) = |{(2.) € Qo : [M*(f)] 5w (1) > K} (4.5)

Now observe that, since y > 1 and m < 1/(y — 1),

Therefore, we can choose S as follows

2m~y

S = (4AT+1)$
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and, by elementary estimates, inequality (4.3|) provides the existence of a
constant ¢ = c¢(m,n, L/v) such that, for every k > 0,

2y(kt1) 2ma

(AS) "m+ 1 NI g ((AS)FFH )

1 mak 2T k
*(AS) AT 1 ((AS) Ao) (4.6)

2m~k 2m~y

+¢(AS) L (eXg) ™+ ia((AS)Feo).

Step 2 - Level sets estimates. In order to establish some Lorentz spaces
estimates on level sets we proceed as in the elliptic case; see Theorem 4.1
n [19]. Taking 0 < 8 < oo and operating some manipulations, we get

o0 m B(m+1) d)\
| o)) 5
0 A

< <; +(49)° log(AS)) A Qol B+ @ (AS)P log(AS) J(c0),

where - o
J(00) == 3 ((AS) 75 (220) 7 pia((AS)FeNg) )
k=0

and the constant ¢ > 1 is increasing in the variables m, n, L/v and decreasing
in 3, such that ¢ — oo as § — 0, while it remains bounded when S is
bounded away from zero. From the previous inequality, we easily deduce

| o)
0 A

< (; + 23 (AS)P log(AS)> X |Q0|a%1> (4.7)

2m B(m+1) d\
(A [T o) S
0
Thus, recalling the definitions of p; and ug given in (4.4)-(4.5)), by standard
properties of maximal operators, choosing 5 = 2mg/(m+1), g € (0,00), we
get

m+1

~ mil
HDUHL(Qm'Y qul)(go) < C)\0|Q0|2nw +C||M ( )HL(fyq Qo)’ (48)

m+1?

up to relabeling the constant ¢, by keeping the same properties as before.
Now we can use (2.12)) with 5 = 0, passing to the outer parabolic cylinder
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and taking o = 2. We get

m+1

”L ’yq S C||f||L29"(l%q)(n2Q0)-

Finally, by means of (4.8), (4.9) and the definition of Ay in (4.2)), we obtain

m+1
D5 zeg 2o < @ (]{2Q0<\Du| +o)der) |5

+c ||f||L9 ’yq (n2QO) (410)

[1M*(f) (4.9)

Similarly, we can deal with the case ¢ = oo (for more details see [19]) and
we arrive at

IIDuHM%(%) <c <]£2QO(|DU| +9) d:vdt) INkzg +c||f||M79 (n200)"

Step 8 - Morrey spaces regularity. First, we can write estimate (4.10) for
the scaled functions @ and f defined at the beginning of Section [3|in the
spherical cylinder C;. Passing to inner and outer cylindersﬂ we get

1G] 2my 2maye o

mt1
< (11921 + Sluryn + 10 e )

¢ (!IDﬂ\ bl e+ IFIE e ) (4.11)

9/10

where we also used that the definitions of m, 6 and v yield (m+1)8/2m~y <
N.

Scaling back to C,, as an immediate consequence of the definitions of the
involved functional norms, we deduce

m+1_ (m+1)N m+1_ (m+1)6
prtm e |IDullp e amye Ly S cOCp)pm T, (412)
where
m+1
O = IDul 44l e+ Wy ¥ G

* Note that n*Qo = Q,/,2 C Ci/n.
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By means of a covering argument (see [40, Lemma 11] and [6, Theorem 6.1]),

from (4.12)) it follows
”DUHLH(M 2may(cp ) < 09(C3R/4)»

m—+1'm+1

that, together with Lemma (by choosing p = R and o = 27R/40 there),
yields

(m+1)0  pAr ﬂ;iﬂ
Dl + sllpeq) + eI, o)

(4.13)

1Dull po2ma 2maye,, ) < R

m+1’m+1

Step 4 - Conclusion of the proof. We recall that we proved the estimate
in for the approximating solutions u = wuj to problem with
fr given by the truncation of f. In order to conclude, it suffices to use
the lower semicontinuity of the Lorentz-Morrey norms together with the
standard approximating arguments stated in Section O

4.2. Further extensions

In this section we will show how to modify the proof of Theorem
to deal with further extensions of the results considered until now. In the
borderline case, i.e. Theorem |1.2] we just need to use the boundedness of
the maximal operators in Llog L and to proceed with the choice v = 1.
Concerning Theorem we will need to take care of the relaxed assump-
tions on the lower order terms g, by choosing suitable test functions in the
revised versions of the estimates proved in Section [3] Anyway, in view of the
strength of the level sets estimates of the maximal operator for the gradient
Du given by , the modifications will be minimal. Also, they are in clear
accordance with the results proved by the authors in the elliptic case [19)].
For the reader’s convenience, we will give some details.

Proof of Theorem [1.2l

Proof. We fix v = 1 and we proceed as in the proof of Theorem [I.I] up to
estimate (4.7)). Hence, taking 5 = 2m/(m + 1) we arrive at

2m

/\Du|w2LTldxdt<c)\(’T“|Qo\+c/ M (f)] da dt.
Qo Qo

Now, we recall that the boundedness of the maximal operators in Llog L
yields
M ()21 (00) < el fllL10g £(Q0)s (4.14)
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and so, by considering the definition of )y in (4.2), we get

m—+1
m 2m m
(][ (Dul dxdt) < oo (][ <\Du12+<2>dxdt)
Qo n2Qy

+¢|Qo| B ||f”L10gL(Qo)

Passing in a standard way to the outer and inner parabolic cylinder having
a ball Bg as horizontal slice, and rescaling everything to C;, we obtain the

analog of (4.11)), i.e.,

m+1
D,y o < D Sl g el sy

where @ and f are as in (3.2) and (3.5)). Scaling back, we get

(N— 6)(n@4—1)
p [1Dull 2m < cO(Cp)
Lm+ (CP/”4)

with

OC,) = I1Dul 45l ogen .+ IfllLiog o,y

9p/10)
Arguing as in Theorem by a standard covering argument we arrive at

[ Dl

< C .
LAy < €OCRs) VCRE O

To estimate ©(C3p/4) we use the following inequality

9(m+1)_N
I1Dul + 6l e, < elp =) 3 H [ Dul +6lluie,)

o

m+1
+c”fHL21%(Cp)a Ve, C Cp C Qp,

with p = R, 0 = 27R/40, that we can prove in the same way as in

Lemma using (3.24)) instead of (3.25). Finally, by the fact that
[ fllLvocry < ellfllniog 2o cn)

we obtain the estimate in ((1.10]). O
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Proof of Theorem [1.3l

Proof. First, we have to modify the proof of Lemma by using the follow-
ing test function ¢ = h?~!u—ov|™ D=1 (4 —v) in the subtracted equations
of u and v. In view of the fact that the additional contribution given by h
is positive, we can use again the algebraic inequality . It follows

/ R u — o™ dedt < c/ |7 dz dt,
CR CR

for any m > 1, v > 1 and Cr C Qp. This estimate will permit to obtain
an additional integrability on u — v. Then, by Hoélder inequality we plainly

deduce .
m P+
/ ]u—v\%dxdt < c(/ f\”dxdt) " (4.15)
Cr Cr

As expected (recall the observation at page @, we notice that

w<m7 Vp>0 and m—>m’yasp—>oo.
gl

P+ p+

In view of (4.15)), inequality (3.22)) in Lemma holds. Similarly, we can
deduce the validity of ([3.24) in Lemma[3.5/and (3.25) in Lemma [3.6] for any

1
1<M<m<oo.
p

At this time, we can repeat the entire proof of Theorem with slight
modifications. O

4.8. Integrability of u

In this section we establish Lorentz-Morrey space estimates for the so-
lution u to . We will use the same techniques used to prove the spatial
regularity for the gradient. Therefore, we will obtain an estimate on the
level sets of the maximal operator associated to u, in terms of the level sets
of a power of a maximal operator of the assigned datum f, up to a correction
term (the equivalent of for w). This will allow to prove Theorem
stated in the Introduction. Since the proof of this theorem is very close
to the one of Theorem we confine ourselves to outline the necessary
modifications. Also, we recall that we always deal with the approximating
solutions u = wuy defined in Section abbreviating f = fi. Keeping in
mind the notation used in Theorem we have the analog of Lemma [3.7]
for u.
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Lemma 4.2. Let u € C°([-T,0]; L?(2)) N L?(—T, 0; WOM(Q)) be the solu-
tion to (2.3), with 1 < m < oco. Then for every S > 1 and xo > 1 there
exists a number ¢ = e(m,n,L/v,S,x0) € (0,1), such that if X > 1 and
Q C Qq s a dyadic sub-cylinder of Qo verifying

2N {(z,t) € Qo : M*(Ju| +<)(z,t) > ASA

and M ()50 (2,1) <A} > S720|Q]
m+1

then its predecessor Q satisfies
Q C {(z,t) € Qo M*(Jul + <)(z, ) > A}.
Here A= A(m,n,L/v) > 1 is an absolute constant.

In order to prove this lemma, it suffices to follow the proof of Lemma[3.7]
by replacing Mg .o (|Dul + <) and Mg .o (f) by M n2Q0(|u| +¢) and

M *2,” 20y (f), respectively, and by using the fact that 5) yields

6(m+1)

/C fu—vldedr < RV g
R

C
(v.0)Cr Y Cr C Qr.
Moreover, the higher integrability for u, stated in Theorem will permit
to introduce the parameter yo > 1 which can be chosen arbitrarily large.
This is the main difference with respect to Lemma, in which, indeed, the
quantity x was fixed.

Another important tool that we will need in order to prove Theorem
is the following intermediate Morrey spaces regularity, which takes the place
of Lemma 3.8 in the proof of the main result of this section.

Lemma 4.3. Let u € C°([-T,0]; L*(Q)) N L*(-T,0; WOIQ(Q)) be the so-
lution to ([2.3)), with 1 < m < oo. Assume that f € L(v,q)(Qr) with
1 <2y <0< N andq € (0,00], then the following inequality

m(0—2v)+6 -N
||UH mze S c(p—o) Em [(lul+<p)ll L (c JrC||f||La
(Co) (7,9)(

o

holds for every couple of concentric parabolic cylinders C, C C, C dp; where
¢ =c(m,n,q,L/v,v) is a positive constant.
Remark 4.4. Following [40, Remark 13], we note that when p ~ o = p—o =~
R, the previous inequality implies

m(0—27)+6 s

| (Ju[+<R)]| PR < cR [(Jul+sR)[IL1c, )+CHfHLe (10)(C)"

35



To prove of Lemma we can argue as in that of Lemma by using
(2.14) instead of ([2.13)).

Proof of Theorem [1.4] For the reader’s convenience, we will follow the
same division by steps given in the proof of Theorem

Proof. Step 1 - Application of Calderdn-Zygmund-Krylov-Safonov covering
theorem. We can apply Proposition using Lemma to

X = {(x,t) € Qo : M*(|u| +<)(z, 1) > (AS)F+1x

and [M, ()] %0 (,t) < 6(A5)k>‘0}v

V= {(x,t) € Qo : M*(Jul +¢)(=,1) > (ASV“AO}’

with
Ao :=2én? Szxo][ (lu] + <) dzdt,

n2Qp

to obtain, for every k > 0,

2mé~ (k+1 2m0y

2mOy(k+1)
(AS) m(6—27)+6 )\6n(8—2w)+9 Ml((AS)k+1)\o)

2mb~k 2mo~y 2mb~y 2mby

-2 m(0—2v)+60
< (AS)m@=27)+0 Am(@-27)+6 §m(6-27)+0 X0 )‘O (0=27)+6 n1 ((AS)k)\o)
2mb~y
2mé~k <AS> m(0—2v)+0 2mé~y

+ (AT (o) P05 g =(AS) Do),

3

where, for any K > 0,
pi(K) = |{(z,t) € Qo : M*(lu| +<)(z,t) > K}|

and
pa(K) = [{(,1) € Qo+ [Mw (£)57 (1) > K}

At this stage we take advantage of the possibility to choose ¢ large enough
to satisfy
2mo

TS

= 2x0 — —
=20 oy rg "
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thus, by elementary estimates, we arrive at

2mO~(k+1) 2moy

(AS)W)\W 1((AS)k+1)\0)

2mé~ 2mé~

< (AS) TR AT 1, (45)420)

2mé~k 2mé

+ C(AS) m(0—27)+6 ()\08) 7”(9*2'7”9 Jip) (E(AS)k)\Q)

Step 2 - Level sets estimates. Now, to establish Lorentz spaces estimates we
can closely follow in Step 2 in the proof of Theorem to get

el pmen o amoe o)
< E0olQol T 4 || M ()]
—_ C 2moy +C m
0l%o 2 Dl oo _amine o)

Furthermore, it suffices to use (2.12), with § = 2m/(m + 1) and o = 2, to

arrive at

m(0—2v)+6
HUHL( 2mb~y 2méq S C f (|u’ +§) dx dt ’Q0| 2mo~y
n?Qo

m(0—2v)+0’'m(0—2v)+60 )(QO)

m+1

el fIE oson:

recalling the definition of Ag.

Step 3 - Morrey spaces regularity. Having proved the local Lorentz integra-
bility for u, in order to combine this with the Morrey spaces information,
Lemma (recall Remark , we can proceed exactly as in Step 3 of
Theorem [1.11

Step 4 - Conclusion of the proof. The proof ends with the usual approxima-
tion argument, again by means of the lower semicontinuity of the Lorentz-
Morrey norms. O

Note that, in the Lebesgue case § = N and v = ¢, by equation it is
known that u belongs to L"7(Qr) (recall - ). Hence, Theorem also
provides an improved integrability of u, since my < 2mN~vy/(m(N —2v)+N)
when 2N/(N +2) <y < N/2.

Proof of Theorem The proof of the borderline regularity for the
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solutions u can be obtained following that of Theorem by taking into
account the modifications provided in the proof of Theorem We just

stress that one needs to use Theorem instead of (4.14]). O
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