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Abstract

In this paper we study the short time behavior of heat semigroup in connection with
the geometry of sets with finite perimeter; we assume C™' regularity and we relate the
heat semigroup with curvatures of the initial datum. We also study the behavior when
singularities occur; this is the case when the mean curvature is no more a function, but has
to be considered as a Radon measure. This work is the natural continuation of [11] and is
in the spirit of [4].

1 Introduction

The connections between the theory of semigroups and that of perimeters have been the subject
of recent mathematical researches.

The interest in such results comes from the possibility to deduce geometric properties of a set
E C R™ by means of the solution of suitable partial differential equations.

The pioneering paper where the first link between these theories has been established is [5] where
De Giorgi noticed that by taking the heat semigroup 73 in R™, defined by means of the convolution
with the Gauss—Weierstrass kernel,

1 _lz—yl?
Tixp(x) = gt * xp(z) = @ty /E e A dy,

the map
t— IVTixgldz
R

is monotone decreasing, showing the existence of the limit

}1_1}15 - |VTixg|dz

defined as the perimeter of E and denoted by P(FE), for any measurable set E C R"™.
A characterization of the perimeter of a set, similar to the original definition of De Giorgi can
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also be found in [8], where a characterization of isoperimetric property is provided. In [8], Ledoux
introduced the diffusion functional defined by

Ki(E,F) = /FTtXE(ac)dac, t>0 (1)

and he proved the following formula

ln ﬁm(& B%) = P(B) )

where B is the Euclidean ball in R™. Recently, in [11], the authors proved that equation (2)
holds for any set with finite perimeter and, moreover, an equivalent characterization of sets with
finite perimeter is given, in the sense that

lim inf 7Kt(E’ )
=0 Vi

if and only if FE has finite perimeter. In that case

< +o0

t—0\ t

Summarizing, for a set £ with finite measure and perimeter, the following expansion holds

K((E,E°) = \/EP(E) + o(V/1),

as t goes to 0. More generally, for any two sets F and F' with finite perimeter, the following
formula holds

| Tixp(@da = B I - @ /f  {e(e) e (@) ) + o V) (3)

where FE, FF are respectively the reduced boundary of £ and F.

On the other hand, in the recent paper [1], two different characterizations of P(E, 2), the perime-
ter of a set in a domain are given in terms of the short-time behavior of the solution of a parabolic
initial boundary value problem in €.

These results are similar in the spirit to that contained in [4], where it is proved that

2V/tP(D) t =
Qpit)=|D|— —— + = Hp(x)dH" " (x) + ot
(t) = |D| Nz 3 |s () (@) + o(t)
with D a bounded connected domain such that 9D is of class C? and Hp is the mean curvature
of dD; here Qp(t) = [, u(t,z)dx and u is the solution of the Dirichlet Laplacian on D

Ou=Au  (0,4+00) x D
u(t,z) =0 (0,+00) x 0D
u(0,2) =1 D.

More recently, the same authors generalized the result in order to consider also Neumann bound-
ary conditions; they also considered mixed, Dirichlet and Neumann, boundary conditions and



initial data other then xp (see for instance [2], [3] and the references therein).
In this paper, we are interested in studying the higher order expansion of K;(E,F) for two
subsets E, F C R™ with finite perimeter; due to the presence of \/¢, we introduce the functions
fer(t)=Kg(E,F)and fg(t) = Ki2(E, E°). A way to prove (3) simply consists in considering
the limits
lim £ () = |E N F]

and (see [11, Theorem 3.1] for a detailed proof)

. . 1 n—

}1_1% fer(t) = }gr(l) Qt/FATtQXE(x)dx = 3 . (e (@), vp(@))dH" " (z).

In [11], a more accurate description of the function fg(t) is given under additional regularity of
the boundary of E; in fact, assuming C'! regularity of OF, it is possible to prove that, for small
time, the heat amount is essentially contained in a neighborhood E,. \ F, with

E, ={z e R" : dist(z, F) <1},
that is fg(t) ~ fe,g\£(t). So, the fact that
feB\E(M) _ P(E)

. fe(t) . _
lim = lim =
t—0 ¢ t—0 t \/7_'(‘

resembles the characterization of the perimeter measure by the Minkowski content

P(E) = tim Z\ B
r—0 r

justifying the terminology of heat content for fg(t). It is worth noticing that the heat content is
much more accurate than the Minkowski content, since it gives the perimeter measure without
any further condition on the regularity of the reduced boundary of F.

The study of the higher order expansion of fr r as t goes to 0 is similar to the analogue com-
putation for the Minkowski content. Indeed it has been proved that under suitable properties
on E (for instance by Steiner in the case of convex sets, and by Weyl for C?-regular sets and by
Federer [7] for sets of positive reach), the quantity |E,|, for r small enough, is a polynomial in r
whose coefficients are geometric invariants of the set F.

However there is a crucial difference between the heat and the Minkowski content also in
the class of convex sets. In fact, from the argument used, the expansion found does not reduce
always to a polynomial in v/¢. This happens, up to a term that is infinitesimal of exponential
type, when FE is a polyhedral set, that is a finite intersection of halfspaces. It is easy to check
that by taking the second derivative of fg r, the following formula

_lz—yl?

pr(t) = - W/;F/m (wr(@),y — 2)(vp(y),y —a)e” @ dH" " (y)dH" " (z)

holds.
The behavior of the function ¢ — I;(FF;FE) as t — 0% is crucial in order to deduce an
higher order expansion for K;(E,F). Indeed in this paper we make a deep analysis of the



quantity I;(3;T) for two general oriented pieces of uniform C!! hypersurfaces. In particular we
are interested in the case when ¥ and I" are parts of the boundaries of sets of finite perimeter E, F’
and under mild assumption on 0F N 0F we prove our main result which is stated in Theorem
1.1 below.

The proof of this theorem is a direct consequence of all the results contained in Section 3 and
Section 4, Propositions 3.1, 3.3, 4.9 and 4.15 and of the occurrence of the simple formulas

I Toxs | 2aggn) = / Toxpds =|E| - [E Toxpde = |E| - Ku(E, E°). (4)

and
ITixe — xEllL1®e) = 2/ Tixe(v)dz. (5)
EC

(see [11, Remark 3.5] for details about (5)).

To understand the statement, we refer to Section 2.1 for the definition of the mean curvature
HE and the square of the length of the second fundamental form c%, Definition 4.1 for the notion
of regular skeleton, and finally to Lemma 4.6 and Lemma 4.14 for the definitions of the quantities
It and 6,1 Finally, we point out that this result can be easily extended to the case of two sets
E,F C R" with piecewice C'*!-regularity, simply splitting

OE = (0ENF)U(OENF)U(OENOF), OF =(0FNE)U(OFNE°)U(OF NOE).

Theorem 1.1 Let E be a set with finite perimeter such that OF is a finite union of C1! —reqular
surfaces; let us assume also that OE \ FE has regular skeleton and

6E:Z:62i.

=1

Then, setting A; :=={j #1i:S5;; =%, NY; # 0}, we get

2t i
IToxsllen = 1Bl = \| ZPE) +1 D0 D" B (S T5)+

i=1 jeA,
V2t3 | (n—1)* 2 2 2 n—1 - 2 1
B W /Z((Hz) + Wcz) dH" ™" — ;]2. (Io (Bi%55) + 011y (Eiyzj))
+ o(t*/?).
and
t m
1Tixe — xEllL1®e) = 2\/;P(E) - tz Z Ig (S5 55)+
i=1 jeA;

+ @ (n2\/;) /E ((H%;)2 + <n—_2 1—)2022) S ;JEZA (I (Zi X)) + 0115 (265 2y)

+ o(t%/?).



The paper is organized as follows; in Section 2 we fix the notations we shall use in the paper
and we give the standing hypotheses on our surfaces FE and FF’; in Section 3 we consider the
case of a single regular surface. We study the asymptotic behavior of I;(OF; OF) as t goes to 0,
when OF is a piece of C'''-regular hypersurface proving that if £ has finite perimeter, then

K5 =\ Lpe) - Wil [ (e + (o)) ane o),

where

1 n—1 n—1
Hip = —=> "),  pl) =) ")
i=1 i=1

and the k2 (x)’s are the principal curvatures of OE at z. In Section 4 we study the asymptotic
behavior of I;(OF; OF) and the related expansion for K;(F, F'). In this case, the coefficient of ¢ is
non trivial and depends on the presence of the singular set 9FE N OF. Under suitable hypothesis
on the set OF N JF, we are able to go further in the expansion deducing also in this case the
coefficient of t\/t; we obtain this result essentially using the fact that the set 9ENOF has positive
reach in both 0F and OF. If OF and OF meet transversally, this is equivalent to say that 0ENOF
has positive reach in R”, which is not too far to require that it is C!»'-regular, that is in fact
our standing hypothesis. Finally, examples of sets to which the main results of this paper apply
are provided in Section 5.

We end this introduction by pointing out that a similar expansion should be true by consid-
ering convolution kernels other than the Gauss—Weierstrass one; for instance, a possibility is to
take any positive symmetric regularizing kernel with some decay conditions at infinity.

2 Notations

In this section we fix the main definitions we shall use later. By B, (x) we denote the open ball
centered at z and with radius r > 0; if x = 0, we simply write B,. We also denote by B the
set of points y € B, C R" such that y, > 0. Given a set M C R™, we shall use the notation
M? =M N B(z).

We shall use the notations introduced by Federer in [7]; in particular, given a set M C R",
we define the tangent cone of M at x by

Tan(M,x):{)\u:u: lim u,)\ZO}.
M3y>ae ly — 2|

If Tan(M, x) is a vector space, we shall denote it by T, M if in general Tan(M, x) is only a cone,
we shall denote by T, M its span, that is the smallest vector space containing it. We shall also
denote by II3, : R™ — T, M the orthogonal projection on 7, M.

We also denote the normal space to M at z by

Nor(M,z) ={v € R": (v,u) <0, Vu€ Tan(M,z)};
by N, M we shall denote the orthogonal complement of 7, M, that is the linear space such that
R" =T, M ® NiyM.
We define M* = M N B,(x). We recall that a map ¢ is said to be L-bilipschitz, L > 1, if

1
Z'yl —y2| < o(y1) — e(y2)| < Lly1 — 2l



Definition 2.1 Let M be a closed subset of R™ such that H™ (M \ iy, (M)) =0, m > 0, where
im(M) ={z € M : 30> 0 with M, is CY1—diffeomorphic to an open set of R™}
is m—dimensional interior part of M. We shall say that:

e M is a piece of an uniform (C'!,m, L, r)-regular manifold, r > 0 and L > 1, if for any
x € M there exists a CY1 L bilipschitz map ¢%, : Br, C R™ — R™ such that

1. ¢%,(0) = z and {0;¢%;(0) }i=1,...,m orthonormal;
2. ¢ (Br/L) € M C ¢y (Brr).
o M is (CYY,m, L,r)-regular at x € M if
(1) for x € i, (M), in addition to requirements 1. and 2., we have that
i (Bz) C My C oy (Brr);
(ii) for x € M\ iy,(M), in addition to requirements 1. and 2., we have that

@RI(B%F) C My C ¢3y(Br,):

We shall simply say a piece of and C™' —regular manifold if the dimension m is clear from the
context and there exist L,r > 0 such that the manifold is a piece of or (C** m, L,r)-regular
manifold. We extend this definition to the case m = 0 by meaning that M reduces to a single
point.

Remark 2.2 In view of the previous definition, if M is Ctl-regular and x € i,,(M), we shall
use the same notation M? to mean both, M N B,(x) or the image ¢%},(B,) (or ¢3,;(B,) N M in
case M is a piece of Ct1-regular manifold). Moreover, if the part of M inside B, (x) is strictly
contained in ¢%, (B, ), we can extend M adding a disjoint set M to M with MrU M = 0% (By).
The same argument can be repeated also in the case x € M \ i,,(M), replacing B, with B;Y. We
shall call this procedure the tangential completion of M at x.

2.1 Manifolds of codimension one

We consider now the case M = ¥ a surface of dimension (n — 1); with a little abuse of notation,
we shall write I;(X; X¥) to mean the integral

ly—=|?

L(5: %)) = /Edanl(ﬂ /E (s(x),y —a)(vs(y),y —xz)e” w2 dH""'(y).

The second fundamental form I_Ié T X T — NX for an hypersurface ¥ at a point z is a
bilinear map and is related to the scalar second fundamental form A by equality

Iig(v,w) = A% (v, w)vs(z), Yo, w € Ty X.

The principal curvatures %, ,, ¢ = 1,...,n — 1, are defined as the eigenvalues of Af;; moreover,
fixed a vector v € T, X, the sectional curvature in = of ¥ in direction v is defined as

kS [v] = A (v, v).



In this way, if {v;}i=1,... n—1 are the eigenvectors of AL associated to the n%#s, we have

’igzc:,i = K5 [vi].

If no confusion may arise, we simply denote by «; the principal curvatures.
The mean curvature of ¥ in x is defined by

in addition, the square of the length of the second fundamental form is given by

n—1
ci(r) = Z K3
i=1

Remark 2.3 With the previous assumptions, we notice that if ¥ is a piece of a Ct!-regular
hypersurface, then for every « € i,_1(X) and r is small enough, we can parametrize X by

pr AT =2 X0 en(w) =zt w t+u(w)vs(z), (6)

where A7 = TIL(X7) is an open set containing 0 and diameter less then r and w(0) = 0; w is
a function with the same regularity in 0 as that of the surface ¥ in x, then in particular u is
differentiable in 0 and Vu(0) = 0. Using the Lipschitz regularity of Vu, we also obtain that

Vu(w)| < Ljw|,  fu(w)] < ngIQ- (7)

In other terms, X7 is contained in the graph of v on the tangent space T, 3; if x has been chosen
in such a way that u is twice differentiable in 0, then the second fundamental form of ¥ in x is
then given by

ﬁ;(w,z) = (Hu(0)w, z)vs(x) (8)
and the eigenvalues of Hu(0) are the principal curvatures of ¥ at z. For the normal unit field
vs ¥ — S"71 we have that for y € £2

va(y) —vs(z)| < Lly — =f; (9)

moreover, d,vs : T,% — T, S"~! = T,% and, by setting v%(t) = x + tz + u(tz)vs(z), the
following holds

dyvs|z] = %VZ(VZZ@)M:O ~ i vs(z +tz + u(tz)vs(z)) — vs(x)

g lim . = —Hu(0)z. (10)

Finally, if z € ¥\ i,—1(2), we can define as before the parametrization ¢, : AZ — 37, but in
this case 0 € 9A®. By the C1'! assumption, the function u can be extended to 0 in such a way
that w(0) = Vu(0) = 0, and (7)-(10) continue to hold.



2.2 Submanifolds of higher codimension

Let M C R™ be a manifold with codimension k& > 1; then, for any x € M, T,M and N, M
have, respectively, dimension n — k and k. The second fundamental form is a bilinear form
ﬁfw cToM x Ty M — N,M, so for any n € N, M we have the scalar second fundamental form in
direction 7

S0 w) = (v, w),n),  Vo,w e TM,

The principal curvatures of M in direction n are the eigenvalues of Afwm, and are denoted by
(H?V[,n,i)izl _____ n—k- It is then defined the mean curvature of M at z in direction n by the identity

1 n—=k
Hyn] = [ Z KM i
i=1

Finally, if M is a parametrized manifold and ¢ : A — R", A C R"* is an open set with ((0) = ,
then the metric tensor at x is given by

9i,5(x) = (9i(0), 0;(0));
using such a metric, the quadratic form Azzw,n is determined by the matrix

n—k

> g (05 ;(0),m),

h=1

where ¢ are the coefficients of the inverse of the metric ¢g. In particular, if M is a piece of a
Cl1-regular manifold, x € M and ¢%, given in Definition 2.1, then the metric induced by %, is
the identity in x, so that the second fundamental form is determined by the matrix

(AJIVI,n>i,j = <3i2,j80(0)777>;

as a consequence, the mean curvature of M at z in direction 7 is given by

n—k

iyl = —— > (07,0(0),m).

=1

3 The functional [;(X)

In this section we study I;(X) for ¥ a piece of Ct!'-regular hypersurface. First of all, due to the
exponential map, the part of I; with |y — 2| > r, r > 0 fixed, goes to 0 exponentially as ¢ — 0.
With a little abuse of notation, we shall write I;(X, X¥) by meaning that x € X is a fixed point
in the first integral of I; and X7 = {y € ¥ : |y — x| < r}. With the change of variable z = Y=,
we can write

L(Z,57) =g+ /

d’]—[n—l(m) /z:wfm <Z/Z(.T), Z> <Z/Z($ -+ tz)’ z>e—¥d7_[n—1(z)
z "

=+ / dH" (x) / (s(e), Y ws (e + 1), 20 L du(e).

We then need a time expansion of both vs,(z + t2) and the measures pu; = H" 1L (#)



Proposition 3.1 Let ¥ be a piece of a OV —regular hypersurface; then

lim L(%)

10 (4m)n/2¢n+2 =0.

PRrROOF. We start with the decomposition
I(X) = L (5 57) + L(3; £\ X7).
A direct computation shows that if 2t < r

2

3

T2
IL(Z; 2\ 29)| <r?e” w2 (H"H(X))
and then
L(Z; %) = L(Z;57) +o(t"),  Vk >0,

so we can restrict our attention on I;(X; 7). We can write

1(8: %) = / oF (@)dH (x);

we fix x € ¥ and, with the change of variable y = x + tz we obtain
2

g () =l /wﬂc <I/E(ZL'>,Z>2€7Td’Hn71(Z)+

1t /i (s (@), 2 (ws(a + 12) — vs(a).2)e” % dH" ().

t

Using the parametrization ¢f; of Remark 2.3 and a change of variable, we can write

9: (z) =t"“/z/te“fe—”i$>2 1+ |[Vau(tw)[? (_“(?2”)
+ u(iw) <VE(:E + tw + u(tw)vs () — vs(z), w + u(iﬂ}) Vz(z>>) .

As a consequence, by (7) and (9), we get

3 w?
g7 (z)] < t"+3§L5/ (1 + Jw]?)?2e™ "5 dw = ™+

x

with ¢ = ¢(IL,n) a constant depending only on L and the integral of |w|*(1 + |w|?)%/%e~

R”~!. This implies (11).

(12)

(13)

(15)

|w]|?
4

on

O

Remark 3.2 In the previous proof the C'!-regularity essentially shows that the dominated

convergence theorem can be used; the same argument, each time C'!-regularity holds,

can be

used in the sequel, also in the case of manifolds with higher codimension, To keep the proofs a

little shorter, we shall use the dominated convergence without repeating the check of it.

We can go further in the expansion, in order to obtain the following result.



Theorem 3.3 Let ¥ be a piece of a CY'—reqular hypersurface; then

. It(z) _ 1 n—1 T 2 7‘24‘2
}1_1}15 ) /2tn7s —  1(dm)? /z:dH (x) TIEAE(Z,Z) e dz (16)

O [ (7 o)) e o)

PROOF. Thanks to estimate (15), we can use the dominated convergence and compute the
pointwise limit

T
lim — T\ (z) .
+—0 (47T)n/2tn+3
So we fix € ¥ and denote simply by v the vector vs(z); we also use the parametrization ¢% of
Remark 2.3. We can also assume that the point = has been chosen in such a way that u € C*!
and u twice differentiable in 0. By (14), we can write

w2 fu(tw)(? u(tw)?
gf (x) ="+ / oS T WG (M
Az [t
1) <( SIERTGLD ST u<iw>y>)dw

where in the last integral we have performed the change of variable z = tw. By the dominated
convergence, it suffices to consider the pointwise limits as ¢t — 0 of u(tw)/t, Vu(tw) and u(tw) /2.
We have that

lim 2/ (tw)
t—0 ¢

t
~0,  lmVu(tw) =0, lim 24
t—0

1
lim —3 :§<Hu(0)w,w).

We also have that

lim
t—0

vs(z + tw + u(tw)v) — v u(tw)
< " ,w + ; V> = —(Hu(0)w, w),

as can be easily proved by assuming v = e,,, the last element of the canonical base of R™ and by
writing

(—Vu(tw), 1)

V1 [ Vu(tw)]?

vs(x + tw + u(tw)r) =

Summarizing, we can conclude that

: g@) 1 2 _lw?
}1_1}1% (@) /2ns ~ " I@m) T Jy (Hu(0)w,w)~e dw = I(z).

10



We take then an orthonormal basis in T, X of eigenvector (7;)i=1.... n—1 With Hu(0)7; = k7, K;

.....

o . -1
the principal curvatures of ¥ at z; so we can write w = > | w;7; so that we have

1 9 _lw?
I(x):_W/TIE (Hu(0)w,w)“e™ 4 dw

2 2
wi w2

n—1
1 2\ 2
- aw?) e dwy ...dw,_
s [ (St e

2

n—1
1 9 o _lwl
=~ TR 2 iR /““” " dw
i,=1

4 The functional [;(3;T)

In this section we study the quantity I;(3;T") for two oriented pieces of uniform C*! hypersur-
faces. In this computation, a crucial role is played by the intersection S = X N T of the two
manifolds. Since we are interested in the case when Y and I' are parts of the boundaries of sets
of finite perimeter, we can restrict to the case when for H"~2-almost every zg € S, Tan(3, z0)
and Tan(T', zp) are both half hyperplanes. On S we shall always assume the following regularity.

Definition 4.1 (Regular skeleton) We shall say that a set S with H"~2(S) < +o0 has reqular
skeleton if, denoting by So = S, the sets Sy = Sk—1 \in—k(Sk—1) k=1,...,n—1 are finite union
of closed pieces of CY'1—reqular (n—1—k)-dimensional manifolds. Notice that with this definition
we have that S1 = Sp.
Given ¥ and I', we define the sets
Y, ={z € X :dist(x,S) <r}, I, ={y el :dist(y,S) <r};
we point out that if y € T'\ T, then
dist(y, X) > cr (17)

for some positive constant ¢ > 0. This in particular implies that

L(E;T) = L(ZT,) + o(t™), Ym € N. (18)
In fact, we can write

LT =L(EsT) + L(E\ZTy) + L(Z;T\T,),

and, as in (12), there holds

IL(S;T\T,)| < r2e 37 oY (S)H (D). (19)

11



Same estimate holds for I;(X \ X,;T;).

From now on we consider ¥,.; the same considerations and constructions can be done also for
TI',.. Most of this considerations and notations are based on the paper of Federer [7] and Zéhle [19]
and a fundamental tool is the Federer coarea formula (see also Théle [16]); our setting is a little
bit simpler, since we are assuming regular skeleton. If r is small enough, it is well defined the
projection 7 : ¥, — S; for any k = 0,...,n — 1, we define the sets

Sk = {20 € S :dimrY(xo) = k}, yheo — 771(z0), zo € SF.
By the fact that S has regular skeleton, we deduce that
in—1-k(Sk) C S¥ C Sy,  k=1,...n—1 (20)

and, since H"17*(Sy41) = 0, H" 1% a.e. point of Sy belongs to S*. The sets ©F = 77 1(S*)
are (n— 1)-dimensional manifolds for any k > 1, while H"~1(2Y) = 0; we then have the following
disjoint decomposition

n—1
===k (21)
k=0
Moreover, by (20), for H"~1=* a.e. 29 € S*, we have the decomposition
Tan(Eif, Zo) = TIUSk @ Tan(fo’””",xO). (22)

In the same way we can define the sets I'* and T¥%0. For H""1=% ae. z7 € S* the cones
Tan(Xk%0 20) and Tan(I'®%0, z4) are k-dimensional and are generated by k vectors that we
shall denote by {Uf (wo)}j:L___,k and {'Y_;?(wo)}j:l,,,,,k. Eventually dividing 3 and T' in two parts
in case that they pass through each other, we can assume that Tan(XF0 z4) and Tan(I'*%0 z4)
are positive cones, meaning by positive cone generated by the vectors v, ..., v, any combination
of the type

A1U1+...+>\m’0m, )\120,7,:1,,7’)1

We give the following definition.

Definition 4.2 We say that ¥ meets I transversally if there exists ¢ > 0 such that for almost
every xg € S, —14+c¢ < <O’%(SC0),’)/11(:L'O)> < 1—c, or equivalently |0t (xo) A ¥i(xo)| > c.

Remark 4.3 In what follows, the transversality can also be replaced by a weaker condition,
requiring the existence of a function w € L!(S, H"2) such that

1

lot (o) Ai(zo

I < w(xo), H"? —ae. x9 € S.

We also define, for H* 1% a.e. zq € S*, the cone
VE = Tan(T*®0 20) — Tan(2k0 20);

xTo

which can be parametrized by using the maps QE’;O : RY — Tan(Thoo, zo), QF’;O : RE —
Tan(Ik0 24)

k k
QXE (a) = ok (zo),  QUE (B) =" Byl (wo):
=1 =1

12



such a parametrization is given by QF : R3F — VI

ko (a,8) = Q% (B) — Q%E ()

and is determined by the matrix

(*U{c(fco) *Uf(xo) 75(%) 7/?(950))- (23)

The dimension of mGo is given by the rank of (23), that is, due to the transversality condition on
> and I', always equals to k£ 4+ 1. We shall then denote by JkQﬁo the factor

lot(z0) Ayi(zo)]  if k=1

k
DiQuy =\ J,dQsk J,dQrt, (24)

CrdQk,

where by JdeEﬁo and JdeFC’jO we denote the area factor of the maps QE’;O and QFC’jO, and by
C’deg’ﬁU the coarea factor associated to Qﬁo.

For the restrictions 71, : ¥¥ — S* of 7, we can consider, for any measurable function g, the
coarea formula

/z;v 9(z)Crd,mpdH" (x) = /Sk d"H"_l_k(:cO)/ o(z)dHE (),

k,
2 %0

if k>1,

where Cid, 7y is the coarea factor associated to 7. Equivalently, since Crd,m, # 0 on Z’,f,

n—1 _ n—1—k ﬂ kSC
[ s = [ [ i),

Remark 4.4 We can write the coarea factor using local parametrizations; we do it explicitly
since we shall use it in Lemma 4.5. Using a partition of unity argument, we can assume that %¥
is a parametrized surface in a neighbourhood of a fixed point zy € S¥. We shall then assume to
have a map 1 : Aﬁo X Icfo — R™ with the following properties:

1. Aﬁo is an open subset of R* 1= and Ifo C R*, both sets containing 0;
¥(0,0) = o;
the map a + ¢(a) = 1(a,0) is a parametrization for S*;

for any a € A , the map a’ — v(a,d’) is a parametrization of ¥¥ N Nor(S*, ¢(a));

AR

the set {9;1(0,0)}i=1,... n—1— is an orthonormal basis of Ty, S* and
an_l_]H_j’L/J(O,O) :0';?(1'0), j = 1,...,/{3.

We shall also write 1»~! and ¢~! to denote the inverses of 1 and ¢ defined on ¥¥ and S*
respectively. With the previous assumptions, it is clear that
(Y (a,a’)) = ¢(a).

Moreover, the parametrization 1) induces then metrics g,,_1, gn—1-% and gy on ¥¥, S* and ¥Fv
y € S* so that the coarea factor tunrs out to be given by

S \/det[gn1k<¢1<m<z>>,ondet[gk<w1<z>>]
e detfgn 1 (¢~ (2))] |

(25)
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The following lemma contains the main properties of the coarea factor Cid,m, we use in the
sequel; we omit the proof since it uses standard arguments.

Lemma 4.5 Let Cydmy, be the k—th coarea factor associated to my,; then, if xo € S*,
Crdyymi = 1, (26)
while for z € Tan(Xk0 24),
oy Crdaomi[2] = (n — 1 — k) Hg[2], (27)
where HEY (2] is the mean curvature of S* at xo in direction z € Ny, S*.

Using the decomposition (21), we can write

L(Z:T) Z L(z (28)

the following result holds.

Lemma 4.6 The quantity I;(XF;T) is asymptotic to t"*k*1 and there holds

1) o=ty D [ ou(an)an Ao,
where, if k=1,
01 (z0) = L (s (20), v) (v (0), v) exp <@> dv
Aot (z0) A i (o))l Sy, 4
and if k > 1,
Oclwo) = 2o [ (), ) o) v HE(@5) ()

(4m)~= v
with D QF ~ given by (24).

PROOF. First of all we note that, using the changes of variables x = z¢y +tz and y = xg + tw,

_ly—=?

It(Zf;F):/Ek dHn_l(fC)/F<Vz:(fc),y—$><w($),y—w> wdH" T (y)

_ n—l-k k(g (1/2(96),y—96>(1/r(ac),y—:c)e_\y;ta;\2 -
_[Sk aH" 1k 0)/25,10 dHE( )/F Atk dH ()

=ntitk / dH" R () / g dHF(2) / FE (t,z,w)dH" " (w),
Sk Zp’ "z T—zg

t t

with
(vs(xo + t2),w — 2){(vr(zo + tw), w — 2) - lw=z|?

Ck dngrtz Tk

k _
Fp (t,z,w) =

14



Using the convergences
_ \wfz\2

}Ln% FE (t,2,w) = (vs(20),w — 2)(vr (o), w — 2)e™ " &

k,zo . —_
WAL (M) ~LFLTan(zE70,20), WL (%) £ L Tan(T", o)

and the decomposition Tan(T, z¢) = Ty, S* @ Tan(T'F%0 x4), we get

. L(ZkT) n—1—k
}5% (dm)n/2gn+ itk _/Sk Oy (zo)dH (o),
with
1 _lw—z|?
O (x0) :7,#1/ dz/ (vs(xo),w — 2){vr(zo),w — z)e” T dw.
(47T)T Tan(Zf’IU,mo) Tan(l—‘f’xo,zo)

To compute the last integral we distinguish the cases k = 1 and k& > 1; in the first case we
parametrize Tan(X1%0, ) and Tan(I'h?°, 24) using the maps

Q¥ (0) = aoi(z0), QU4 (B) = Avi(wo),
whose area factor is 1, so that we obtained

O1(a0) == [ (v(a0). @2, (0, 8)) (v a0). @3, (e )

1 v]2
= B 4 d
TloT ) A Ga)] Jy PRk oo le

1Qzq (.8)1?
—Bee P

d(ev, B)

The case k > 1 is similar, but since Q% maps R*" onto the (k + 1)-dimensional cone V', we
have to use the coarea formula, that is

JdQXE JpdQT*® By (s
Ou(as) =TT [ (rntr0), @l ) (), @K o ) )
_ D,

=g [, o) v R (@) T @)

z0

O

Remark 4.7 We point out some consequence and possible generalization of the previous result;
it states that the quantity I;(X; T) is infinitesimal of order strictly related to the dimension of the
intersection X NI. In general, if M7 and M are two oriented manifolds meeting transversally of
dimensions m; and mgy respectively, S12 = M1 N M3 has dimension m < min{my, ma} and &, &
are two vector fields in R”, then the quantity

ly—x|?

LMy, 4 My, &) = / aH™ () / @)= )ty — b T @)

M
is infinitesimal of order ¢™1*t™2=™+2 The proof of this essentially uses the projection on the
intersection Sjo; this fact has been exploited in the previous lemma by the quantity I,(X*;T),
since in this case the intersection between ¥.* and I', having dimension n — 1, is contained in S¥,
which has dimension n — 1 — k.
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Since we are interested in the cases k = 1, we compute ©; explicitly. In order to do this, we
define the angle J¢ as the unique ¥y € [0, 7) such that

(1 (0), 71 (x0)) = cosVp.
With this choice, we also have that
{vs:(z0), 71 (0)) = £sin vy, (vr(zo), 01 (m0)) = £ sindg
where the signs depend on the orientations of ¥ and I

Lemma 4.8 Let us fix xg € S*; for k = 1, we have that

(vsi(20),71 (20)) (vr(20), 01 (x0))
7 sin? Yo

O1(xg) = — (1 + (m— ﬂo)ctgﬂo).

Proor. For n € Vgﬁl07 we write = n1v1 + n2v2 where {v1, v} is the orthogonal system
determined by
1
Vg =
V1 (o} (@0), 7 (w0))

With this choice, we obtain

v = o1 (@), = ({71 (0), 71 (20))a1 (w0) = 71 (20)).

477(1—<0’%(900)a711($0)>2)91($0) = —<VZ($0)W11($0)><VF($0),U%($0)>/

_ %
e dn+
V.

0o

B <Vz(wo),711($o)><w($o)aU%($0)><0’%($0)a711($0)>/ ngefﬁdn
V1= (o1 (@), (o)) v
—+o0 2 «
= — (vs(@0),71 (z0) )(vr (20), o1 (20)) /0 o™ T do /0 sin o cos Y+

_ (ws(@o), 71 (@0) )(vr(20), 91 (20)) (1 (20), 71 (20)) /m gse—édg/a sin? 0,
V1= (0} (@0), 71 (w0))? 0 0

with oo = 7 — ¥ since V. is the positive cone generated by of (zo) and —71 (20). O

Proposition 4.9 Let ¥ and I’ two pieces of C1'! —reqular surfaces such that S = XNI" has reqular
skeleton; then

. It (Z, F) e at . _ n—2

}%W =1Ip(3%D) = . O1(zo)dH"™ " (o).

PROOF. The proposition follows by using the decomposition (28), the estimate (19) and
applying Lemma 4.6. (]

Remark 4.10 In the proof of Lemma 4.6, we have essentially used the weak convergence of

sk.o k Yhro _ o)
YT (]
Hg ( t
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to the measure -
u?r = LFL Tan(250 )

pir =ML <F’“ - zo)

and the weak convergence of

to the measure
po” = L L Tan(T, 2o).

In the next lemma we shall investigate the behavior of the distributions defined by

. silzg silzg =0 o
R P R L L P L .
0140 = tlg% P ) Oipg” = }g% n (29)
in the case that X1%0 and I'*° are C'!1-regular at zg (see Definition 2.1).
Lemma 4.11 If ¢ € CLH(R"); if zo € S and LL%° is C1—regular at xq, then there holds
sl 1 zo
(0.0 ") =3 (V6(2), v (o) K2 (2. (30)
2 Tan(Ei’IU,zo)
Moreover, if xg € S and ' is CY'' ~reqular at o,
r=o 1 zo 1 2o
(0,085 ) = 5 (Vo(w), vr(w0)) A (w,w)dw — = | ¢(s)AZ,  (s,5)ds. (31)
2 Tan(T,z0) 2 Ty S 71 (o)

Ed
FTU —xo

PROOF. We start by proving (31); we use the parametrization of
2.3; this parametrization is given by ¢, : B:r/t — R”

given in Remark

n—2
tw,tb) — x
orl,p) =L ZT0 NP Oy + Drp(0)b
h=1
¢ n—2 n—2
+3 h%—:l O 1p(0)wpwy, + 2 ;; O 10(0)Ywnb+ 02, _10(0)6% | + o(t).

We may also assume that 9;¢(0) coincide with the elements e; of the standard basis for i =
1,...,n— 1. Moreover, for the metric we have

d n—2 n—2
%\/detg(tw, th),_o = Z 8,211k50k(0)wh + Z 372171,h80h(0)b+
hok=1 h=1

n—2
+ Zaﬁ,nflsﬁ”’l(())wh +872171,n7180n71(0)b-
h=1

We now use the fact that for ¢ € C}(R") and ¢ small enough, we have that

FT*SCO

spt(¢) N C @e(B)),).
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We also have that for ¢ € {1,...,n — 2} there hold

/ 0;d(w, b, 0)wpwrdwdb = —/ d(w, b,0)(d;pwy + wpd;x )dwdb,
n—1 Rnfl
+ +

/ 0;d(w, b, 0)wpbdwdb = —/ d(w, b,0)d;,bdwdb,
n—1 RTL*I
+

and
/ dip(w, b,0)b*dwdb = 0,
]Rnfl
+
while
/ anflgb(wv ba O)thkdU}db = - / QS(’LU, 05 O)thkdwv
]R171 Rn—2
/ On—1¢(w, b, 0)wpbdwdb = —/ o(w, b, 0)wpdwdb,
R

and

/ On_16(w, b, 0)b?dwdb = —2/ o(w, b, 0)bdwdb.
Ry !

Ry !
In this way we obtain that

/d)duff" :/ d(w, b, 0)dwdb + — ( Z (9h e ( / Ond(w, b, 0)wpwidwdb+
g7 -1

h,k=1

n—2
+2 Z Oy p_19™(0) /}Rni1 Ond(w, b, 0)wybdwdb + 05, ,, 19" (0) /ni1 Ond(w, b, O)dewdb)+
+ n

h=1

n—2
t _
-3 E aik(pn 1(0) / . o(w, 0,0)wpwidw + oft)
k=1 R

k—
zo t t
= o vy [ Po o)A v~ [ 645, 90 0l

and this proves (31). The proof of (30) is similar. O

Remark 4.12 Lemma 4.11 applies also to function in the Schwarz space and in particular, as
in our case, to a polynomial times the Gaussian.

Remark 4.13 In the proof of next result we need to compute integrals of the type

+o0 +oo 2 2_9 9
Fiy :/ da/ dBa’g* exp (_a +5 1 o cos O) .
0 0

The integrals we are interested in are Fig, Fb1, F30 and F32. With standard computation, we get

2\/m 7 4y/7(2 — cos ) 7 4\/m 164/
—_——5 21

Fro= —YT _ - o avm _ tovm
0T T Tcosy,” T F (1 —costp)? ’ (1 — cosvp)?’ (1 — cosvp)3

Fs =
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In order to go further in the expansion of I;(X;T") we have to compute the derivative of the

ﬁ% In such derivative, the distributions 51#53?10 and 51#5:0 defined in (29)
are involved. By Lemma 4.11 we know how these distribution act on smooth functions when
Y120 and I'%0 are C1l-regular at zg. Since, in general, this is not the case, we have to complete
our surfaces 3 and I' in such a way that the assumptions of Lemma 4.11 are satisfied.

In the next lemma we will consider points belonging to Sy = S\ i,_2(9); for H" 3—almost
every mg € 5% C Sa, we have the (n — 3)-dimensional tangent space T}, 5% and a vector si (o),

pointing inside S, in such a way that the (n — 2)—dimensional cone Tan(S, ) is given by

Tan(S, 2¢) = Ty S% @ Ry (51 (20)).

function t

Moreover, for such zg € S?, Tan(X, x¢) is the product of T,S? and a positive cone generated by
two vectors, si(xg) and a second vector o1 (zg), belonging to the plane generated by o1 (o) (a
vector orthogonal to si(z¢)) and si(z¢). If (o1 (x0), s1(x0)) > 0, then X2 = () and then ¥ has
a defect of orthogonality around zg, that is for points # € S* N B,.(z) close to xg, L1 is not
C-regular at 2. Then we can complete $1 using the sets 2% of Remark 2.2; we set

5, = S
U U =

29€S2 z€SNB,(z0)

In case (51 (20),5}(z0)) < 0, then ¥ has an excess of orthogonality and then 2 £ () and as
sets of generators of Tan(X2%, xg) we can choose 02 (x¢) = o1 (), 03(x0) = 71 (x0). In case
(51(z0),s1(z0)) = 0, then both %% and 3, N By(x0) are empty. In the same way, for T', we
have the vectors vi(xo) and 7 (xo) such that Tan(T',zg) is given by the product of T,,5% and
the cone generated by si(zg) and 71(x¢). The fact that I' can be not Ct!'-regular at zo € S?
means that I' has a defect of tangentiality at x¢; in this case, Tan(I'2%°, zq) is the positive cone
generated by si(xg) and 71 (x¢), that is we can set v?(z¢) = si(xo) and 73 (xo) = 71 (20). We
also use the definition of _ _
I, = U U Ff)

20€S2 € B, (z0)

given by Remark 2.2 is such a way that ' U 1~“T~ is Cll-regular at any point of S; finally, for
almost any point ¥y € S?, we notice that Tan(I',., 7o) is given by T},S5? and the positive cone
generated by 77 (z0) = —si(zo) and 73(z0) = 71 (zo).

Since the following decomposition

It(ZT;FT) - It(zr U ir;rr U fr) - It(ir; F'r‘ U fr) - It(zr;fr)a

holds, we shall deal with the quantities It(iT; r,u f‘T) and It(f‘T; Y;) which (as pointed out in
Remark 4.7) are infinitesimal with order n — 3. We need to consider the dimensional decomposi-
tions of 3, T', and T', UT, induced by the projections on Sy and with an abuse of notation, we
continue to denote by X0 (T',)%%0 and (I', UT,)**0 such slicings. We shall use in particular
the spaces

‘7120 = Tan((T'U fr)f’xo, xo) — Tan(f]f’zo, Zo), WZQO = Tan(ff’zo, Zo) — Tan(EE’I“, xo)
and the linear maps Q2 : R3 x R — V2 and Q2 : RY — W2, defined by

Q2,(a, B) = —ay0} (z0) — 251 (w0) + B171 (z0) + P25} (o).

and

-~

2o (a, B) = —a167 (o) — aasi(xo) + B171 (w0) — Basi (o).
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Lemma 4.14 Let 3 and I' as before; then

5115 (5 T) = g%% (@j:(ﬁTS)H — Ig(z;r)) = /STQ(:CO)CW"*2 - ., Oa(wo)dH" 3 (x0),
where
Ts(xo) :% [(Vr(xt))a o1(0)) k501 (20)] + (vs(20), 71 (x0))1° [1 (0)]
n — 2) cosv 1 2o 1 zo
=210 20 (vt o} (o)) (ool + (v o ) HE o)) (32
and

Salan) =2y ., Welon) o (an) ohe (G, )

+ (gjr%% s (o), 0) e (o), v)e 5 H(@2,)7 (o) dv.

PROOF. By (19), we have to compute the derivative of

I Ei;rr n— DS
Mtw()”T”*)Q :/SdH 2($0)/dﬂtT (Z)/on(t,z,w)d,ufr(w)

where

Fuy(t, 2, 0) = 1 (vs(xo +t2),w—2){vr(zg + tw),w — z>e_ o=zl
(4m)n/2 Jmi(xo + t2)

First of all, we have that

Jw—z|?

¢ '
(47)/2

+ (vs(0),w — 2){dzovr[w],w — 2) — (n — 2)(vs(20), w — 2)(vr(x0), w — 2) HS" [z])

O F, (0, z,w) = (deovslz],w — 2)(vr(x0), w — 2)+

_lw—z?
=7 (o), )45 6 I () — )+

— (vs(2o), w) AR (w,w — I (2)) + (n — 2){vs(20), w)(vr(z0), 2) H° [Z])a (33)
where in the last line we have used the fact that z € Tan(X1*0 x9) and w € Tan(T,zp). If
we write w = w, + ¢, with w, € T,,S and ¢ € Tan(I'}**, z4) and fix an orthonormal basis

{e1,...,en—2} of T,,S. Using the fact that T,S is a vector space, we can discard the summand
of (33) that are odd in the variable w,; in addition, we use the fact that (vs(zo), w) = (vs(z0), ()

s -2
and the decompositions w, = Y " wle; and

¢ = (¢ o1 (@0))ot(zo) + (¢ vs(@o))vs(z), 2= (2,71 (w0))71 (x0) + (2, vr(x0))vr (o),

whence the fact that

115 (¢) = (¢, o1 (x0))oi (xo), I (2) = (2,71 (20)) 1 (xo)-
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In this way we obtain

/ dz/ O Fy, (0, z,w)dw =
Tan(E1 0 20) Tan(T,zo)
_lwrl?
e~ 1
/TxosdwTi(M)"p /I’an(Ei’mo,mg) dz /Tan(ri'“o,zo) ((Vr(%) 2)(¢, 01 (w0) ) AR (2, 01 (20))+
- <VF(1'O); Z>A§)0 (Zv Z) - <VE (1'0)5 <>AIO (’LU,,-, ’LUT) - <VE(:C0)7 C>AII“0 (Cv §)+

+ (ve(@0), ) (2,71 (0) ) AR (¢, 71 (20)) + (n 2)<Vz($o),é><l/r($o)vZ>H§°[Z])€_

I¢—=2|2
4

dc.

We also need the fact that

/ AR (wr, wr)e™
T,y S

so we get

/Tan(zi’zo,mo)dz /ran(r . O Fy, (0, z,w)dw =

1

:% [“gzczo [0 (20)] (<'711($0)a Ui ($O)><VF($0) ( )>F21 <yp(,730) ( )>F30) +

+ 52071 (o)) ((71(z0), o1 (z0) ) {vs(w0), 71 (x0)) Fi2 — (vs(z0), 71 (z0) ) Fos) +
+ (n — 2)(vs(20), 71 (x0) ) (vr(20), o1 (20) Y HE [0 (20)] Fa1 +

—2(n — 2) (v (w0), 71 (20) Y HE [0 (20)] Fon (34)

Z AP (5, e5) = 2(4m) "7 (n — 2)HZ [vp (o)),

=1

here the Fj,; are the coefficients defined in Remark 4.13. We now have to consider the derivatives
1,z
of the measures p; " * and ufr; in order to apply Lemma 4.11, we need that for any zq € S,

2120 and T have to be CY-regular at 2. So, in case, we can consider the completions %, of
Yr and I'. of I'. We also notice that

L(STy) = L(S, USy T, UL,) — L(S T, UT,) — L,(S,: T,).
To deal with It(ir; r.u fr), we consider the projection 7y : f]r — S5 and define the sets
(S2)% = {xo € S : dim7 (z0) =k}, and XF =71((S)").

Since S, is an (n — 3)-dimensional set, we deduce that H"~1(20) = H"~1(E1) = 0, so that
(ST, UT,) =Y L(SKT, UT,)

and, arguing as in Lemma 4.6, the term It(flf;l“r UT,) is asymptotic to t"F1+*. In the same
way, by considering the projection 7p : I'), — So, we can write

LT, %)) th
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We shall still denote by %2%0 and by (I' U 1:;)393“ the sections induced by the projection’s 7.
We are interested in the term asymptotic to t"+3; we have that

L(X2:T,UT,
1im—t( - )

P (amyrzmrs T 3%)

{vs(20),w — 2)(vr(20), w — 2) _lu-s®

n—3
_ /S A o) /T o /T o A "
:/ d?—[”—?’(xo)/ dz/ <VE($O),w_Z><Vr(x0)’w_z>€_#dw
S2 Tan(S2%0,20) Tan((TUT270 20) (47)3/2
D2@9230 w2

= [, e s [, stanodorten e (@) @)

moreover we get that

L(T2: %, ~
}%M;()’:% = I,(%; 1) (36)
" o
= [ 7w [ o) 0 o) 0 (@) e

For the term I(3, U f]r; ru fr) we can apply Lemma 4.11 and the fact that Tan(Z1%0, zg) =
Tan((X U X,)1%0 24), so that

A ) |

Tan(Ei’mO ,Z0)

I3 (ZT) = /

dz/ O F (0, z, w)dw+
S Tan(T",z0)

= 1,z = ~ ~
+/ (<¢F, PCERE > + <¢E, 51M5UFT>) dH"2(z0) — Io(%;T) — I (5 T),
S
where
or(z) :/ F,, (0, z,w)dw, o (w) :/ ) F. (0, z,w)dz.
Tan(T,zo) Tan(Z "0 z0)

We start with ¢r; using the decomposition Tan(T', o) = Ty, S & Tan(I'L®0, z4), we deduce that

_ <VF(SC0),Z> 7%
(br (Z> - 7T /I‘an(l‘i’zo,mo) <VE(:CO)7 v Z>e dw,
so that
Vor(z) =— 4i : ((Vz(zo),w — 2yur(ao) — (v (o), 2)vs (z0)+
& Tan(FT'mO,zo)
+ %<Vz($o),w — 2w (o), 2)(w — Z))e_ jw—z)? .
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We then obtain that

(or.05 ") = = o RN CEEORE L ERAE S

8 Tan(Ei’mO ,Z0)

— (wr(wo), 2) + %<Vg(xo),w>2<up(xo), )R lele” osl?

— oo o o)) (v o), () (ws(0), 9 (00) P +

<VF(~’CO) ( )>F30 + ;<V2($0),711($0)>2<VF(2E0),U% ($0)>F32)- (37)
Concerning Vs, we have

Vos) =gy [ (o) w 2] + (sl whnan)+

_%@z(iﬁo)a w)(vr(zo), w — 2)(w — Z)) et

we also get
(3,00d™ ) = ottt (@) (= (s(w), v (o)) (v (w0), 0} (0) iz
+ (vs(z0), 71 (w0) ) Foz — %<VZ(9U0),%1($0)><VF($0),0%($O)>QF23)+

(714;2) Hg“ [VF($O)] ( - <Z/F(.TO), 0’% (-TO)><VE($O), VF($O)>F10+

+

+ (vs(z0), 71 (w0) ) For — %(VZ(HUO%%I(ZCO)XVF(%%Ui ($0)>2F21) (38)

Summing the three terms (34), (37) and (38), we obtain the term

Talao) =5 {2103 o)) — 5 (), v () (), 24 (20)) Fon — 5 (v (o) ot (w0) Fro
- i(’fz(zo),711(500)>2<VF(¢E0%01 (z0))Fs2 + (71 (z0), Ui($0)><VF(~’Co)7U%(»’CO)>F21)+

+ 12 o)) (= 5 (o) ve (@) (v (wo), o (20)) Fas — 5 (vi(), 1 (o) s +

= 3@, o (w0)) (v (o) 1 o)) Fog +< 0), 7} (20) (v @0). 7} (@) Faa ) +
+(n—2)Hg° [VF]( (vs(0), vr(20)){vr (o), o1 (20) ) Fio — (v (20), V1 (z0) ) For+
o %<V2(z0)ﬂ711($0)>< 01 To >2F21)

+ (0 - 2)HE [o%<sco>]<uz<xo> ! (20)){vr (20), 7} (20) P }.
We write o1 (7o) as a combination of vs(zg) and vr
o1(xg) = avs(xg) + Brr(xo),
where, since (vs(z0), 0} (20)) = 0 and 1 = (o (zo), 71 (zo)),

% 1
o — cos Yy .

(vs(w0), 71 (20))” (vr(z0), 01 (o))
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By the fact that cosdy = (07 (20),71 (20)), we also obtain that

C08190<V1"($0)5 ol ($0)> _

(vs(w0), 71 (z0))

{vs (o), vr(z0)) = —

whence equation (32). O
The results obtained so far immediately prove the following.

Proposition 4.15 Let X and T' as before, then there holds

IL(%;T)

Ay 7ois LT + ¢ (I2(5:T) + 61 (55 T)) + oft)

Remark 4.16 It is clear that the previous expansion can also continue for higher powers of ¢;
this expansion will contains higher derivatives of the objects involved so far, but also the higher
codimensional part of the skeleton of S.

5 Examples

5.1 Two-dimensional region

Example 5.1 Let v : [0, L] — R? be a C1! planar simple curve parametrized by arclength; then

It(V) o 3 L 2
im = —— K
t—0 47Tt5 2\/7_'(' 0 v

(a)da,

with s, the curvature of 4. In particular, if F' is a bounded set with OF parametrized by -, then

2 2t Bty 3/2
HTtXE||L2(]R2) = |E| — ?L — % ) Ii,Y(Oé)dOé +O(t )

A first example is given by the circle £ = B,.(0) in the plane; in this case OF is parametrized
by v(a) = (rcos 2,rsin ), and £, (a) = r~! for every a € [0,27r). Then

V2rt3
r

HTtXE”%g(Rz) =mr? - 2rv 2mt — + O(t3/2),
The following example shows how the second order expansion of the heat content of a set F with

finite perimeter takes into account the behavior of the boundary OF along the 0-singular set of
oF.

Example 5.2 Let E be a simple oriented polygonal region in the plane with angles a; €
(0,7),i = 1,...,m, then in the expansion of its heat content the coefficients of t is not zero
and depends on the not C1'! contact of pair of consecutive segments; indeed if ¥ and I are two
segments that have a common endpoint zy and generate an angle o € (0, 7), by Lemma 4.8 we
get that

,%(1 + (T — a)ctga).

I5(3;T) = ©1(z0) =
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In the case of E as before we have to consider m segments and for each of them two contacts
with the adjacent segments; moreover, since the curvature of a line is zero, the heat content of
E is, up to an exponential infinitesimal term, a quadratic polynomial in v/

2t m Tt al
IToxsllfee) = 1Bl = | =P(B) —2t( = + > 2% (r —ay)) +o(t") Vh>1,
i=1

In the case of the square E = [0,1]2> C R?, F is the union of four orthogonal segments and

i ||TtXEH%2(R2)*|E|+\/%P(E) ]
th(l) t __;
being o;; = 5, ¢ =1,..,4. Hence,
2t 8
Tixe|2omey =1 — 44/ = — =t +o(t") Vh>1.
IToxs 3 e ~ = St oft)

5.2 Three-dimensional region

Example 5.3 Let E = B,.(0) C R?, then JE is C!- regular and being Ky = r~tfori=1,2
and for every z € JF, as immediate consequence of Theorem 1.1 we get that

4 16
HTtXBT(O)H%Z(RB') = §7TT3 — 4\/ 27Tt7"2 — ? V 27Tt3 + O(tB/Q)

Example 5.4 We consider now the set £ = B} (0) = B.(0) N {(z,y,2) : z > 0}; we divide
OF = Y1 UX,y, where ¥1 = {(z,y,2) : 22 +y?> <7?,2 =0} and ¥p = {(z,y,2) : 2% + 32 + 2% =
72,2 > 0}; both X1 and 35 can be parametrized by uniformly Lipschitz functions. The presence
of the 1-singular set S = {22+ y? = 72,z = 0} gives a nontrivial coefficient of ¢ in the asymptotic
expansion of the heat content of E. We have that

2

—(4m)3 PO fp(t) = LOE) = > L(Si;%;)

ij=1

By Theorem 3.3, it holds that

L(Z) =L(2;%) = —1677156/ ((Hgi)2 + %cz (z )))d?—ﬂ( ) +o(t®) i=1,2.

3
Since kg, ; =0fori=1,2, 2 € ¥y and &5, ; = % for i = 1,2, z € X3 then I;(31) = 0 and

1m 7It (22)
t—0 (47‘(‘)3/2t6

=87
Whereas for i,j = 1,2 and i # j we have that
L(25%)) = L(X); %) = (477)3/%5/ O1(z)dH () + o(t?)
s

and

. L(32:%)
15(21;22):15(22;21):}% t4ﬂ23/2t15 /@ YdH(
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being 0y = 5 and ©1(xo)

== for every zo € S. In addition, since sy [e3] = - for any xg € S,
we also deduce that Ta(zg) = ——== for any zg € S. Since S% = (), we can conclude that

2 16
ITix it 0y 172 sy = gm3 — 3V2ntr? — drt — ?\/277153 + o(t3/?).

Example 5.5 The example of the square in R? can be easily extended to the case E = [0, 1]

R3; in this case
6
oy,
1=1

where the ¥;’s are 1 side-squares and |A4;| = [{j # i : Si; = L;NE; # 0} = 4 for every
1 =1,...,6. Moreover, there holds that

1N %) / O1(z)dH (z) = i=1,...,6, j € A

Since k§, = 0 for every x € ¥; and S7; = () the coefficient of V3 in the asymptotic expansion
of the heat content of F reduces to Zi:l D jeA;
term of the form 6,1} (2;; X;) we consider an orthogonal coordinate system, we fix ¥ = ¥; and
I =3, with S =X NT # 0 and, without loss of generality, we assume that ¥ = {0} x [0, 1]?
and I = [0,1]? x {0}, then the origin of the axis belongs to Sz. Using the notation introduced in
Section 4 we have that

5113(2:;%;). In order to describe a generic

VE(O) = €1, VF(O) = e3, U%(O) = €3, 711(0) = €1, 5}(0) = €2,

where {e;}i—1 23 denote the canonical basis in R3. It is obvious that, being ks, = 0, kS, L= 0

respectively for every x € ¥; and z € S; ; and 20 = (), there holds that ;I3 (X;T) reduces to
—TI 1(2, I") which depends on the defect of tangentiality of T" in 0; in this case we have to consider
29 in such a way that TUT20 is C11-regular at 0, then Tan(I'2,0) is generated by —ey and e .
We have to consider 7 : ¥, — (D UT29) N %, and 232 = 771(0) = %,; in this case Tan(E,% 2,0)
is generated by es and es. In this case we get that

W§ = Tan(I'2°,0) — Tan(37,2, 0) = (0, +00) X (—00,0)?

and . N
Q Ry = W, (o, B) = (B, —az — Ba, —an1),

then Dg@% = \/LE
B 1 A2 -1 Ndo = — 1
B0 = o [ s, 6r0, 0 (@) e =

Hence, we get

2t 2t3
ITexe sy =164/ — = —tf 8/ = + o(t") Vh>3/2.
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Example 5.6 Let E be an oriented regular tetrahedron, that is a polyhedron whose four faces
are triangles equilateral T; (with side equal to a) three of which meet at each vertex. In this case

|E| = 3P(E) V/3a?; moreover OE = Y1 Ty and |A;i| = |{j #i:Ti; = TiNT; # 0} = 3

for every i =1,..,4. We notice that Jo = § and for every z € T} ;, O1(z0) = —(+ + \/g) hence

T

I(Ti; 7)) = —a (%+%) , i=1,...,4,j € A,
It is easy to see that in the expansion of the heat content of E all the terms which depend on the
curvatures of T; and T; j will be zero. However, in order to go further in the expansion we first
observe that, since (7})2 = () then IZ(T;;T;) = 0 for every i = 1,..,4 and j € A;; moreover, fixed
T;, Tj (with i = 1,...,4, j € A;), 5113(7;,7;) reduces to IO(T“T]) + 0,(T3; T) = 204(x0) with
xo € 0T; ;. Without loss of generality, we fix an orthogonal coordinate system, we assume that
xo coincides with the origin of the axis and that I' and ¥ are two faces of the tetrahedron whose
common side coincides with the segment of endpoints the origin O and A(a,0,0). Assume that T’
belongs to z = 0 whereas ¥ is contained in the plane z — /3y = 0. In order to compute 0, (0) we
have to complete XY which has a defect of orthogonality around 0 using the set ZT ,

I', which has a defect of tangentiality around 0 using the set T, both introduced in Remark 4.13.
In this case vr — (0,0,1), v = (0,1,0), 7 = (£,22,0), vg = (0,23,-1), ¢ = (0,1,3), 5 =

20 20 ’ 20 2 ORI
(év {, %) By (35), we get that

and also

2D, Q2 ~

o= To(s1) = 228 [ s o) o)e MG o)

where

~ ~ 1 1 V3 V3 3
Q5 :RY xR =V, (a,8) — (5042 + b1, 501 o +ﬂ2,*7041 - Zm) ;

and V2 = {vs < 0} N {vs — v/3vy < 0}. Analogously, by (36), we get

~ o~ 2D2@% ol
L=0LT) = W Wz(u;;,v)(up,v)e TH(Qg) " (v)dv,
0
where
~ —~ 1 3 3 3
Qg Ri _>W02) (aaﬁ)H <_a1 2a2_61+ ﬁQa \{1_ +\/7_623_Za2> )

and WO = {ve > max{0, le/_} 3u; — v3v3 < v < 0} U {U 3 <y <0,301 —v2V3 < wg <
V3 3va}. Finally, summing all the terms obtained, we get

V2 6t 12 — =
HTtXE||%2(RS) = EGJB — a2 ; —12a (; + %) t+4 2t3(10 +11) +O(th) Vh > 3/2
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