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We consider strictly quasiconvex integrals
Flu] ::/ f(Du) dx for u: R" D Q — RY
Q

in the multi-dimensional calculus of variations. For the C2-integrand f : RV™ — R
we impose (p, g)-growth conditions

VIEP < F(E) STA+1€[?)  forall ¢ € RN™

with v, I > 0 and 1<p§q<min{p+%,§2:;

prove partial Cllo’ca—regularity for strong local minimizers of F' and the associated
relaxed functional F.

p}. Under these assumptions we

1. Introduction

In this paper we investigate the regularity of strong local minimizers of autonomous
variational integrals

Flu] :== [ f(Du)dx (1.1)
/

defined on vector-valued maps v :  — R™, N > 1. Here € denotes a bounded open
set in R, n > 2, and f : RN — R is a C2-function satisfying suitable assumptions
described below.

The existence and the partial regularity of minimizers of F' are classical issues in
the modern calculus of variations, and they have been extensively studied, especially
over the last twenty years. Specifically, in the present paper we will focus on gradient
regularity under the basic assumption that f is quasiconvex; that is

][ F(€+ Dg)dz > £(¢)
B
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holds for all ¢ € RY™ and all p € C°(B;RY), where B denotes the unit ball in
R". Quasiconvexity, introduced by Morrey in his seminal paper [39], generalizes the
classical convexity assumption in the calculus of variations and has turned out to
be a key concept for both, the existence and the partial regularity of minimizers. In
addition, the central role of quasiconvexity in nonlinear elasticity has been pointed
out in the fundamental work of Ball [5].

Before presenting our theorems let us briefly describe some previous existence
and regularity results. Primarily, imposing the standard growth conditions

YIEP < £(&) <TA+[E7) (1.2)

for some p > 1, Morrey [39] proved that quasiconvexity is a necessary and sufficient
condition for lower semicontinuity of F with respect to weak W'P-convergence
(see also [37, 1, 33, 30, 38]). This semicontinuity property is in turn, via the direct
method of the calculus of variations, intimately linked to the existence of minimizers
of F.

As for regularity, classical examples of minimizers with singularities of the gra-
dient can be constructed [15, 41, 49, 50], even for smooth convex functionals and
n = 3, showing that in the vectorial case everywhere regularity of minimizers in
the interior of 2 does not hold. Therefore, one is led to consider partial regularity,
i.e. regularity outside a negligible closed subset of €2, called the singular set. For
quasiconvex functionals and p > 2 partial Cllo’?—regularity of minimizers has first
been shown by Evans [21]; see [23, 25, 2, 4, 17, 31] for extensions and variants.
Partial regularity in the subquadratic case 1 < p < 2 has been eventually proved
by Carozza & Fusco & Mingione [13]; see also [48, 16].

Contrary to convex functionals, quasiconvex functionals may — in general —
admit non-trivial critical points, i.e. weak solutions of the Euler equation which are
not (absolutely) minimizing. Actually, Miiller & Sverdk [40] have even constructed
examples of critical points which are nowhere C. This result is in sharp contrast to
the partial regularity of minimizers and leads to the investigation of an intermediate
notion, namely local minimizers of F' in the sense of the following definition.

Definition 1.1 (W9 local minimizer, [32]). Let 1 < p < oo, 1 < 7 < co. A map
u € WHP(Q,R) with F[u] < oo is called a WY9 local minimizer of F if there exists
some § > 0 such that

Fla) < Fla+¢]  holds for all ¢ € Wy '(Q,RY)

with || Do|| Laq,ryny < 6. In particular, for 1 < § < oo we call U a strong local
minimizer and for § = oo a weak local minimizer.

Having introduced this notion it is natural to ask whether non-trivial local min-
imizers of F' exist and if they are still regular or not. Actually, the investigation of
the existence (and non-existence) of local minimizers has followed previous devel-
opments [26, 27] for critical points, and has, up to now, focussed on the case of L*
local minimizers with affine boundary data. For instance, if the underlying domain
Q is an annulus in R? there exist non-trivial L! local minimizers [44, 32], while for
a starshaped € every L! local minimizer is already absolutely minimizing [51]. In
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fact, generalizing these ideas, Taheri [52, 53] has provided multiplicity bounds for
local minimizers in terms of topological invariants of €.

Clearly, the examples of L' local minimizers are also W7 local minimizers for
every 1 < § < oo. However, in the light of [32, Section 2] it would be interesting
to discuss whether non-trivial examples of W17 local minimizers still exist in the
simple case that () is a ball. Moreover, in view of Remark 2.5 below they should
ideally possess the additional feature that they are not WP local minimizers.
Indeed, for ¢ > p we are not aware of any theoretical obstruction but no such
examples seem to be present in the literature.

Assuming standard growth (1.2), the regularity theory for W14 local minimizers
has been started in a recent interesting work of Kristensen & Taheri [32]. Let us
restate their result:

Theorem 1.2 ([32]). Let 2 < p < oo, 1 < § < co. Assume that f € C*(RN") is
uniformly strictly quasiconvex with (1.2) and that @ € Wli)’cq (Q,RM)NWLP(Q,RY) is

a W local minimizer of F. Then there exists an open set Qg C 2 with |Q\Qp| = 0
such that @ € CL*(Q, RN) for every 0 < a < 1.

loc

A similar result for weak local minimizers is contained in [32] and an analogous
statement in the subquadratic case 1 < p < 2 has been established in [12]. We stress
that in the light of the counterexamples from [40] these theorems treat a borderline
case of regularity. Finally, we mention that it would be desirable to remove the
technical assumption @ € VVli)Cq (2, RYN) in Theorem 1.2. However, at present it
seems quite hard to achieve this.

Next we turn to a generalization of (1.2). Actually, starting with a series of
papers by Marcellini (see e. g. [35, 36]) an increasing interest in more flexible growth
conditions than (1.2) has emerged. In this paper we concentrate on the so-called

(p, q)-growth conditions
YEP < f(E) ST+ €)% (1.3)

with two growth exponents 1 < p < q¢ < oo. In the general vectorial setting the
regularity theory for (1.3) was started in [42]. Assuming that f is strictly convex
and ¢ < min{p + 1, ;%5 } the authors showed partial Cllo’?—regularity of minimizers
of F'. Subsequently, considering less restrictive conditions on the growth exponents,
higher integrability results for the gradient of minimizers have been given in [18, 19],
and partial regularity has been established in [9]. Here, the most general condition
on the exponents, appearing in [18, 9], reads ¢ < "Tﬂp. For results concerning
non-autonomous functionals we refer to [20, 10, 14, 8.

The quasiconvex case is more recent. In [7, 34, 22, 28, 29] the semicontinuity
properties in WHP(Q, RY) of quasiconvex functionals satisfying (1.3) have been
investigated. For our approach the following notion from [7] has turned out to be
crucial:

Definition 1.3 (W'P-Quasiconvexity, [7]). We say that f is W P-quasiconver iff

][ F(€+ Dg)dr > £(€)

holds for all ¢ € RN™ and all ¢ € Wol’p(B;]RN)



4 S. Schemm and T. Schmidt

Relying on [7, 22] it has been shown in [46] that (strict) W1 P-quasiconvexity to-
gether with (1.3) and some restrictions on the exponents p and ¢ allows to establish
both, existence and partial regularity, of absolute minimizers of F. Precisely, the
restriction on the exponents reads ¢ < % for the existence and
min{2, p}

1<p<g<p+
2n

(1.4)
for the regularity. We refer to the forthcoming paper [45] for similar results in the
higher order case.

For n = N an important class of examples is given by the polyconvex integrands

F&) =1+ €% + h(det €), (1.5)

where h is a convex function of growth rate Z. These integrands are of some interest
in non-linear elasticity as pointed out in [5, 6, 7, 34]. Moreover, we recall from [7]
that f from (1.5) is W1P-quasiconvex if and only if p > n holds. Thus, in this case
the above existence and regularity results apply. Let us mention, at this stage, that
polyconvex integrands with a structure related to the one in (1.5) and p > n — 1,
but with a completely different growth behaviour, have previously been treated in
[24] by means of more specific methods taking into account the peculiar nature of
the functional.

In the case p < n the integrands (1.5) are not W'P-quasiconvex and the above
mentioned results do not apply. However, this case, in which F' can potentially
admit discontinuous minimizers, is of particular physical interest. To extend the
existence and regularity results, a relaxation method, which is closely related to
the classical idea of the Lebesgue-Serrin extension, has been introduced in [34, 22,
11, 47]. Precisely, one considers the relaxed functional

Flu] := inf { 1ikminf Flug] : WEHQ,RY) 3 uj, — u weakly in Wl’p(Q,]RN)} (1.6)
— 00

for u € WHP(Q, RYN). It is not hard to see from this definition that the minimum of
F is attained on every Dirichlet class; see [47]. Furthermore, invoking representation
results from [22, 11], the approach of [46] has been carried over to minimizers of
F. Precisely, assuming that f is strictly quasiconvex with (1.3) and (1.4) partial
regularity of minimizers of F has been established in [47].

The aim of the present paper is now to examine the regularity properties of local
minimizers of quasiconvex functionals satisfying (p, ¢)-growth conditions. Clearly,
our main interest remains in the model case (1.5), where examples of L! local
minimizers have been provided in [53, Section 4]. Precisely, our results are the
following: If f is strictly Wl%-quasiconvex, we prove partial C’lt’?—regularity for
W14 local minimizers @ of F; see Theorem 2.1. In addition, if f is only strictly
quasiconvex, following the approach of [47] we prove a similar regularity theorem for
WL local minimizers @ of the relaxed functional F; see Theorem 2.2. In both cases
we are mainly interested in the case § > p where, as in [32], we need to impose the
technical integrability assumption 4 € V[/lif (€2, RY). Note that, as a byproduct, this
assumption allows to work with W 1-9-quasiconvexity instead of W1 P-quasiconvexity
in Theorem 2.1. Our results generalize those obtained in [32, 12, 46, 47].
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Finally, let us briefly comment on some technical issues: In the subquadratic case
1 < p < 2 we improve the condition (1.4) replacing it by

on — 1 1
l<p< { : —}. 1.7
pSq<mingg——p.pt (1.7)

Note that in the model case (1.5) with ¢ = n = N = 2 the bound (1.7) allows
to replace the condition p > % from (1.4) by p > % However, the reason for this
improvement is mainly a technical one. Moreover, we mention that following [32, 12]
we use a blow-up argument based on the excess

B(z,r) = ][ (14 |Dii — (D)as|2) 2 | D — (D), |2 da (1.8)
B, (z)

to prove the partial regularity. In particular, even in the case of absolute minimizers,
we provide an alternative proof of the results in [46, 47], where the .A-harmonic
approximation method has been used.

2. Statement of the results

In this section we state our main results concerning partial regularity of strong local
minimizers. Starting with a growth and a coercivity condition we will now supply
precise statements of our assumptions.

(H1) g-Growth: There exists a bound I" > 0 such that we have
0< f(&) <T(L+[?)  for every £ € RY™.

(H2) p-Coercivity: There is a coercivity constant v > 0 such that we have
F(€) = 7lgl"  for every ¢ € RV,

Next we state two quasiconvexity conditions, which will be imposed in Theorem
2.1 and Theorem 2.2, respectively.

(H3) Strict W1 9-Quasiconvexity: For each L > 0 there is a convexity constant
vy, > 0 such that we have

p—

f UerD) -1 @) 2 f (1+1DeP) T DpP do

BT(IU) BT(IU)

for all balls B,(z¢) C R", for all £ € RN™ with [¢] < L + 1 and for all
e Wolﬁq(Br(zO)aRN)-

(H4) Strict Quasiconvexity: For each L > 0 there is a convexity constant vz, > 0
such that we have

][ (F(+ Do) — £(6) > vi ][ (14 1Dgl?) = [Dpf? da
BT(IU) BT(IU)

for all balls B,(zo) C R", for all £ € RN™ with || < L + 1 and for all
¢ € C°(B,(z0), RY).
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Now we present our first main result, a regularity result for strong local minimiz-
ers of the functional F' defined in (1.1).

Theorem 2.1. Let g € [1,00) and

. 1 2n—-1
l<p<g<minqp+ —, Dy (2.1)
n' 2n —2

Assume that f € C*(RN™) satisfies (H1) and (H3) and that @ € W59(Q,RY) N
WEP(Q,RN) is a W local minimizer of F in the sense of Definition 1.1. Then
there exists an open set Qo C Q with |Q\Qo| = 0 such that & € CL%(Qo, RN) for

loc
every 0 < o < 1.

Our second main result concerns strong local minimizers of F from (1.6), where
we define local minimizers of F along the lines of Definition 1.1 with F replaced by
F. Before stating the result we recall some properties of the functional F: Assuming
(H1) with 1 < p < ¢ < ;%5 one has from [22, 47]

Flu] > /Qf(Du) dx for u € WhP(Q,RY), (2.2)
Q

Flu] = /Qf(Du) dx for u € WhH(Q, RY), (2.3)
Q

where Q) f denotes the quasiconvex envelope of f. Furthermore, it has been shown
in [22, 11] that F depends on the domain Q like a Radon measure, whose absolutely
continuous part has density @ f(Duw). These facts will be crucial in the proof of the
following result. In particular, we mention that by an argument of [47] they can
be used to prove the validity of Euler’s equation for minimizers of F. This is an
important observation for the proof of the following theorem.

Theorem 2.2. Let g € [1,00) and

l<p<q<mindpsi 201 (2.4)
pP=q min < p n,2n_2p . .

Assume that f € C?(RN™) satisfies (H1), (H2) and (H4) and that @ € WL7(Q, RY)
N WLEP(Q RYN) is a WY local minimizer of F on Q. Then there exists an open set

Qo C Q with |Q\Qo| = 0 such that @ € C’I{.’?(QO,RN) for every 0 < a < 1.
We highlight some features of the previous theorems.

Remark 2.3. In some sense W1 9-quasiconvexity is necessary for the existence of
W local minimizers. Precisely, adapting the proof of [53, Proposition 4.1] one
finds: If w € WEYP(Q,RYN) is a WY local minimizer of F then for every ¢ €
Wh4(B,RN) there holds

§ 1Daty) + Dota)) da = f(Daty)  for ac.y e
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Remark 2.4. If ¢ > q then (strict) Wh9-quasiconvezity is equivalent to (strict)
quasiconvezity. Combining this with (2.3), Theorem 2.1 and Theorem 2.2 turn out
to be equivalent in this case.

Remark 2.5. In the case ¢ < p it follows from [32, Section 2] that Theorem 2.1
can be reduced to the case of absolute minimizers.

Remark 2.6. Under the additional assumption

limsup || Du — (D) g || oo (B, (2),RN") < O
r—07t

Theorem 2.1 and Theorem 2.2 hold also in the case of weak local minimizers, i e.
for g = oo. This generalization is straightforward along the lines of [32, 12].

Remark 2.7. The proofs of the theorems will show that we can choose Qo such
that
Q\Q C{zeQ: liminf E(z,r) > 0 or limsup|(Du),,| = o0}
r—0+4 r—0+4

holds, where E(x,r) is defined in (1.8).

Remark 2.8. Under the assumptions of Theorem 2.1 or Theorem 2.2, if f €
C®(RN™) then we have u € C=(Qo, RN). Once CL%-reqularity is proved, this
higher regularity result follows from the application of linear theory to the Euler

equation.

3. Preliminaries

Throughout this paper we denote by a ¢ a positive constant possibly varying from
line to line. The dependences of such constants will only occasionally be highlighted.
We write B(z) for the open ball with center « and radius r in R™ and abbreviate

B, := B,(0) and B := Bj. In addition, we will use the common abbreviations
Upr = f udz = B 1@)‘ J wdz and w, := ug, for mean values, where | - |
B, (x) B, (z)

denotes the n-dimensional Lebesgue measure. Moreover, for 5 > 0 we define the
functions Vg : R¥ — R* and W3 : R* — R* by

ot p-1
Ve©) = (+eP) 76 We@ =0+ ¢ (3.1)
for ¢ € R¥, k € IN. Since we are mostly dealing with § = £, where p is a fixed

exponent, we abbreviate V' = Vz and W = Wpg. Next, we will collect some useful

properties of V' and W: Clearly,Zwe have [V3(€)| = V(|£]), IWs(€)] = Wp(]€]) and

W ()] < V(&) < clWa(E)], (3-2)

where ¢ depends only on 8. Furthermore, the functions V(t) and Wp(t) are both
non-decreasing in ¢ > 0 and some elementary calculations show that |[W|? is convex
for 1 < p < oo and |W|% is convex for 1 < p < 2 (in contrast to |V|* and |V|%)
Some additional properties are summarized in the following lemma.
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Lemma 3.1. Let 3 >0, 1 < p < 0o, and M > 0. Then, for all &,n € R* andt > 0
we have

(i) V()] < max {t,t2 }[V(¢)];

(it) [Va(&+n)| < c([Va(E)] + [Va(n)]);

(iii) (L+ &2+ )% <@+ VP + [V(n)P);
(i) Vo1 (Ol < [V + V().

Here, ¢ depends only on B and p, respectively.

Proof. The assertions (i) and (iii) are easy to check. (i) has been proved for 3 <

B < 1in [13, Lemma 2.1] and is easily seen to hold for all 8 > 0. (iv) follows from
the fact that V},_; is non-decreasing. O

Next we restate an integral inequality for V; see for instance [46].

Lemma 3.2. Let 1 < p < oo and u € WHP(Q,RY). Then we have

/|V(Du — (Du))*dx < c/ |V (Du)|? dx
Q Q

with a constant ¢ depending only on p. O

Furthermore, we recall a Poincaré type inequality and a Sobolev-Poincaré type
inequality for V.

Lemma 3.3. We consider 1 < p < 00, a ball B,(z9) in R"™ and a function u €
WhP(B,(z),RYN). Then, we have

/ ‘V(m)fdzgc / V(Dw)|? de. (3.3)

r
B (o) By (o)

In addition, setting p* := nQ—fp > 2 for 1 <p <2 we have

(f =) e f woops)’ e

By (z0) By (x0)

The constant ¢ depends only on n, N and p in both inequalities. O

Here, (3.4) has been proved in [16, Theorem 2] and (3.3) follows easily from the
standard Poincaré inequality for p > 2 and from (3.4) for 1 < p < 2. The reader
should note that a weaker version of (3.4) has previously been established in [13].

Next we restate some estimates for smoothing operators, which will be crucial for
our approach. These estimates, introduced first in [22, Lemma 2.2], have already
been used in the regularity theory of integrals with (p, ¢)-growth; see [42, 46, 47].
We state them in the form of [46, Lemma 6.3].
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Lemma 3.4. Let 0 <r < s and Bs C Q. We define a linear smoothing operator
Tys: WHHORY) — WHHQ;RY)
foru e WHYQ; RY) and x € Q by
1 .
Ty su(z) == ][ u(x + Hx)y)dy, where ¥(x) := 5 Max { min{|z| — 7, s — |z|}, 0}.
B
(3.5)

With this definition, for all1 <p < q < =& and allu € WP(Q; RY) the following
assertions are true:

Ty su € WHP(Q; RY),

u="T,u almost everywhere on (\ Bs) U By, (3.6)
Tysu € u+ Wy (Bs \ Br; RY), (3.7)
| DT, su| < ¢(n)Ty s|Dul almost everywhere on €2, (3.8)
HTT,squ;BS\BT < C(nap)Hqu;Bs\Bra (3-9)
DT sull ;g\ B, < c(n, p)|Dullys0\B, (3.10)
Trsu .B\B Scn sS—r %_%71 su M+ su M
1T, sullg; B\ B, P, 4q p p ,
L t€]r,s] t—r ter,s| s—t ]
(3.11)
_ o1
alopg < cnpa)s—ri | sup W B0 o BB 2
DT sullgip\B, < c(n,p,q)(s =) p p
[t€]r;s] -r telr,s| s—t ]
(3.12)
Here we have used the abbreviations
£0) = Jullys, and Z(0) = | Dul?p, .

Further estimates of the terms on the right-hand side of (3.11) and (3.12) can be
obtained by means of the following simple lemma.

Lemma 3.5. Let —0co < 7 < s < 00 and a continuous non-decreasing function

Z:[r,s] = R be given. Then, there are 7 €]r, 25=[ and § €]7125 5[ for which hold:
=(t) — 2(7) 45(5) —=(r)
t—r - s—r o
- _ _ for every t €], 3]. (3.13)
2(5) —E0) _ 4Els) —E()
s—1 - s—r
In particular we have
S i f<s—r (3.14)

3
Proof. An elementary proof is given in [22]. O
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Remark 3.6. Assume that = is absolutely continuous and non-decreasing and a
set N C R of Lebesgue measure zero is given. Then, we can choose T and § as in
Lemma 8.5 even with the additional property 7,8 ¢ N; see [47, Lemma 4.6].

Finally, we state another useful lemma concerning the smoothing operator 7. ,:

Lemma 3.7. Let 1 < p < o0, 0 < r < s and Bs(xzg) C Q. Then, for u €
Whr(Q,RYN) we have

V(DT ou)|* < ¢ [[V(DW))'] a e on @, (3.15)

where ¢ depends only on n and p.

Proof. Due to (3.2) it suffices to show the claim with V replaced by W. Since |W |?
is a non-decreasing and convex function we obtain using (3.5), (3.8) and Jensen’s
inequality

\W(DT,cu)|* < e|W(To| Dul)|* < eI [[W(Du)[*] . e on .

This proves the claim. O

4. Proof of Theorem 2.1
First we note that the definition (1.8) of the excess reads
BE(x,r) = ]l |V(D — (Dt)yr)|* d
B (x)

in the terminology of Section 3. We will establish a decay estimate for this excess
in the following proposition, which we prove by an indirect blow-up argument.

Proposition 4.1. Under the assumptions of Theorem 2.1 for every L > 0 there
is a constant C' > 0 with the following property: For each 0 < 7 < % there exists a
number € > 0 such that the conditions

[(D@)yr| <L, r<e and E(z,r)<e
for a ball B.(x) CC Q imply
E(z,7r) < CT%E(x,7).

Proof. We argue by contradiction. Assuming the proposition to be false there are
L>0and 0 <7< %, corresponding to a constant C' which will be chosen later,
such that the following holds: There is a sequence of balls B, (z;) CC Q with
r; — 0 such that

|(Dtt)z; r;| <L and 0<Aj:=/E(xj,7;) = 0as j— oo, (4.1)

but
E(xzj,mrj) > CTQE(xj,rj). (4.2)
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Step 1: Blow-up. We define §; := (Du),, », and

1 _
uj(y) = = [a(zj +rjy) = (Way,r, — &rjy]  fory e B.
77

Then we have

AjDuj(y) = Du(z; +rjy) =& forye B, (uj)o1 =0, (Duj)o1=0

and V(A;Duj) |2
][‘M dr = 1. (4.3)
Aj
Since A\j(Duj)o,r = (D)g, rr; — & We get from (4.2)
)\;2][ [V(\;(Duj — (Duj)o..)|* de > CT2. (4.4)
B,

Further we define

£i(E) = f(&+A6) = f)(\;‘j) —DIEINE ¢ e ge.

J

Noting |¢;] < L we get from [2, Lemma II.3] that there is a positive constant k(L)
with

| £5(€)] kAT 2V (XE)1%,
D] < kAT Va1 (N6 (4.5)

IN

for all £ € RN™. Moreover, we rewrite the quasiconvexity hypothesis (H3) in the
following form:

o [P o < [ (5t + Do) - g0 o (4.6)

B

for all &€ € RN™ with |\;€] < 1 and for all ¢ € W, %(B,RY). In addition, setting

Blu = [ £(Du)ds

the minimizing property of @ can be rephrased as follows: For all ¢ € W, '%(B,RYN)
with

Dol arvny < (4.7)

<. Qi3

)\jT

we have
Fjlu;] < Fju; + ] (4.8)
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Next we claim
][|Duj|mi“{2’p} dx < c. (4.9)
B
Actually, (4.9) follows immediately from (4.3) for p > 2. In contrast, for p < 2 we
first deduce § 5 |V (Du;)|? dz < ¢ from (4.3) by virtue of Lemma 3.1 (i) and then

get (4.9) by Lemma 3.1 (4i7). Thus, passing to subsequences we may assume that
for some u € WHmi{2r} (B RN) and some &, € RV™ we have

uj —u  weakly in Wimin{2rH(B RN);

u; —u  strongly in L™{22H(B RN);
AjDuj — 0 a.e. on B;

£ 6o iRV,

(4.10)

Step 2: Linearization. In this step we will show that u is a weak solution of a
linear system. Precisely, we claim

/DQf(goo)(Du, Dy)drx =0  for all p € CH(B,RN). (4.11)
B
Actually, the derivation of the limit equation (4.11) is well-known (see for instance

(21, 2, 42, 9, 32]) and we will only sketch it. From the minimality property of u; in
(4.8) we get the following Euler-Lagrange equation:

/ij(DUj)Dgod:E =0 for all p € C1(B,RY).
B

We will show that the preceding equation converges to (4.11) as j — oo. Setting
B} == {x € B:|\jDuj(x)| > 1} and using (4.5) and ¢ < p+ 1 we obtain

IN

C
| [ prupeds| < 5 [ Vi Dulds sup Dyl
Bt jB.*

V(\jDu;)|?
csup|D<p|)\j][de.
B ' /\j

IN

By (4.3) we infer that this term vanishes as j — oo and it remains to treat the
integral over B} := {z € B : |\;Du;(x)| < 1}. Here, noting |BJ+| < e\ —0asin
[32] we have
1
[ pruppeds = 5[ (DI +\Dw) - DIE) Do do
J
By By

1
= //DQf(fjth/\jDuj)dt(Duj,Dga) dx
0

By

= [ D*f(x)(Du, Dy)
/
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and (4.11) follows. The condition (H3) implies that D?f(£s) is elliptic in the
sense of Legendre-Hadamard with ellipticity constant 2v;, and upper bound Ky, :=
SUP|e|< 1, D?f(&). Thus, we can apply linear theory to deduce that u is C* on B and

][ |Du — (Du)o - |? dz < e7? (4.12)
BT

is valid. Here, ¢ depends only on n, N, v;, and K. The remainder of the proof is
now mostly devoted to showing

A2 / [V(X\j(Duj — Du))>dz — 0 as j — oo. (4.13)
BT

Once we have proved (4.13) we will see that (4.12) contradicts (4.4).

Step 3: Construction of test functions and preliminary estimates. We
fix T <o <1,0< a<1and consider B,(zg) CC B,. We define affine functions
a;(x) == (Uj)zg,r + (DUj)ao.r(z — x0) and set

v;(z) = uj(z) — a;(z).

Moreover, we introduce the abbreviation

(1) == A2 / (‘V(&#)‘Q—F]V(Ajva)f)dx
Bi(xo)

and choose for this function ar < 7; < 5; < r as in Lemma 3.5. In particular we
have

%(1 —a)r <3 —7; < (1—a)r (4.14)

Now we consider smooth cut-off functions n; : R™ — [0,1] which satisfy n; = 1

in a neighborhood of B, (x0), 7; = 0 in a neighborhood of R™ \ Bj;(2¢) and
|Vn;| < =2 on B,(z¢). We define

Sj—Tyj

Xj = [ =mv], ¥ =T 5x; and  @; = v — b,
where the smoothing operator T is defined in Lemma 3.4. According to (3.6) and
(3.7) of Lemma 3.4 we have @; € Wy (Bs, (z0), RN), ¢; = vj, ¢; = 0 on B, (20)
and
Duj — Daj = Dvj = Dyp; + Dy; on B. (4.15)
In addition, the product rule and (4.14) give
v

Dyl < |Duj| + | —4—|.
Dyl <100+ |

(4.16)

Next, we will derive two preparatory estimates for x;, namely (4.17) and (4.18):
Ajvj

Setting

-2 2 2

Yy = A / (V(m)‘ + [V D)) da
Br(zo)\Bar(IO)
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we apply in turn (3.8), Lemma 3.7, (3.9) (with p = 1), (4.16) and Lemma 3.1 (i7)

to get the estimate

A2 / VOuDE)Pde < eA;? / 15, 5, VO D)) da
Bs; (20)\Br; (o) Bs; (0)\Br; (z0)
< oAt / [V(\;Dx;)|? dx < cYj. (4.17)

Bs; (20)\Br; (o)

Arguing in a similar way, but using (3.11) (with p = 1, ¢ = &) instead of (3.9) we
find for 1 <k < 25

[ o<t [ s IVsDx)P s

Bs,; (z0)\Br; (w0)

J

Bs, (z0)\Br, (o)
1
[ voup)p s

c/\;2(§j - Fj)”("l)“< sup
te

- A t — T,
ol B/(20)\Br, (z0)
+ s [ wovga)
tel7;,5;[ S5 — 3

Bs, (z0)\Bt(z0)

< CA2K72(§]' o Fj)n(lfn)Jrn sup :J( ) - ?j (7’]) + sup J(‘gi) = (t)
! telrpsl U telrp,sl St

Combining the last inequality with the estimates of Lemma 3.5 we obtain

vt [ wepe < <ﬁ)y (1.18)

Bs; (z0)\Br, (o)

Step 4: The main estimate. In this step we will combine ideas of [32] and
[46] to establish a key estimate. This estimate will lead to (4.13) later in the proof.
Here, our first aim is to verify (4.7) for ¢, with j large, which will enable us to
use (4.8). We start with the following computation and use for this purpose (4.14),
formula (3.9) from Lemma 3.4 and the Poincaré inequality:

/|D<pj|qu§ / | Do, |7 da + / D, |7 da

B By (zo) Bs; (20)\Br; (o)

< / |Dv;|9dx + ¢ / |D;|? dx
By (z0) Bs, (2g) \ B (z0)
_ _ |1)| q
S / |D’Uj|q dl‘+C< / |D’Uj|q dSC+ / (m) dx

B (z0) Bs; (z0)\B#; (w0) Bs; (20)\Br; (wo)
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1 \¢ q
< c<1+m) |Dv;|? de.

BT("L‘U)

Changing coordinates in view of B, (x; 4+ 1;x0) C B,,(x;) we obtain

c 1 .
IDeslusnmon <~ (14 725) ([ 1patas)

jT

Q=

Soals

)
—~
—

+

—_

‘ -
~—
7/
-

S
=
IS
S)
~_
Q=
AN
>

holds and this is satisfied for sufficiently large j, say for j > ji(a). Further-
more, from the definition of a; and (4.9) we see |Daj| < cr~™. Hence, there ex-
ists a ja(r) such that |A\;Da;| < 1 holds for all j > ja(r). We define jo(a,r) :=
max{ji(a), jo(r)}. Then, for j > jo(c, ) we use (4.6), (4.8) and (4.15) to get

D) 2 ) 2
159 / ‘7‘/(/\]va) ’ dr < vy, / ‘7‘/()\]19@]) ’ dx

Aj Aj
By (o) Bs; (z0)
< / (fi(Daj + Dypj) — fj(Day)) dx
ng (zo)
= [ 5Dy = D) - £(Duy) do 4 [(15(Dwg) ~ (Du; - D) d
Bs; (z0) B
+ / (fj(Daj + D) — f;(Day)) dx
ng (zo)
< / (fi(Duj — Dypy) — fi(Duy)) dx + / (fi(Daj + D) — fi(Day)) da.
Bs; (o) Bs; (o)

(4.19)
Recalling 1; = 0 on Bj,(xo) we estimate the right-hand side by inequality (4.5)
and Lemma 3.1 (44):
A;jDv;) |2 /
VL/ ‘M’ dx < / /(ij(Daj +tDy;) — Df;(Duj — tDv;)) Dby dt da
j

By (o) Bs,; (%0)0

< ¢ / (‘/q—l()\jDaj)

Aj
Bs, (z0)\Br, (o)
= c(I+II+1II)

Vg—1(A; Dvj)

AJ

D ‘

D3| + |
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with the obvious labeling.
Estimation of III. We estimate the last integral by Lemma 3.1 (i4i), (4.17)
and (4.18) with k = 1 < ;23 =1+ Lo

1171 = /

Bs i (2g) \ B (z0)

T

Ve (A DY) ‘2
Aj

< 7 [ D) T VoD de

J
Bs i (2g) \B#; (z0)

< e? / (1+|V(AjD¢j)|2)%|V(AjD¢j)}2dz
Bs, (20)\Br, (z0)
2qg
< en® [ (VD VD)) do

Bs; (z0)\Br; (o)
\?Y; -1 \?Y; =
< oy + (—22 ) Y'>SC<Y'+ —)" Y')'
(ﬂ (((1704)7”) ) J I (((1704)7*) ) !

Estimation of I1. We estimate the integral I1 distinguishing the cases p > 2"7_1
and p < 2"7_1.

Case p > 2”7_1: In this case (2.1) reads ¢ < p+ % and we have £ +1 < p+ %
Hence, enlarging ¢ if necessary we may assume ¢ > £ + 1 (without destroying ¢ <
p+ %) Next we give a pointwise estimation of the integrand in II. For |A;Dv;| <1
we obtain with Young’s inequality

—2

_ p—2 4 29-p
A2 (14 A Doy ?) Y [N Dvj[A; Dy

(141X D0;2)  1Doy 1Dy

< (14 I\ D) T 1y Dy |3, D |
([P 05 pw)
while for |A\;Dv;| > 1 a similar computation yields

q—=2 _ p=2g-1_ 2q-p=2
(14 [XDv;[?) = [Duj|[Dj| = A72(1+ [NDuy[?) = 7 7 2 |A;Duy||A; Dy

IN

AT (L4 D) 7 Doy P ) [ D |
¢ ‘ V()\jD’Uj) ’2
by

J

IN

+>\j2|/\jD1/;j|m),

Thus, using -F— > 2, ¢ < p+ 5, (4.17) and (4.18) (with & = —5— < 3) we

argue essentially as for I'11:
V()\] D’Uj

2 P
I < ¢ / i\ )’ d:C+C/\;2 / (|)\jD1/)j|2+|>\jD1/)j|m)dz
J

B§]‘ (ZU)\BT.“]‘ (z0) Béj (EO)\Bij (z0)
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VDo) 2 (VOuDE) 2 -
< ¢ / (} ij . +‘ L2+ AP V(A DY) | 7T q)dw

Aj
Bs, (z0)\Br,; (o)
\?Y; 11 A2V, 1
< ) Dty e Y—) < <Y— S A 1y.>.
= C( j+<((1—o¢)r) ) )= ”(((17&)7") )Y,

Case p < 2% —: In this case (2.1) reads ¢ < 2” 1p and we have, in particular,
g < 8+1 Agam we will give an estimate for the integrand in II. In the case
| Dv;,| g |D1);| we find since V,_; is non-decreasing

“/q 1)\D’Uj ij)‘

D, <| 2

and in the case |[Dv;| > |D1;| we get with Young’s inequality and ¢ < § 41

Vit (A D))

. R
y IDs| = A7 (14 1A D) [Aj Dvjl[A; D
J

IN

A7 2 Vaaze (A DY) ||V (A Dy )|

IN

_Q(IVZQTfP()\jD%)f + !V()\jDUj)IQ)-

Arguing essentially as supplied above and using 1 < Q’JT_” < 27 we derive the
following estimate for 17 in this case:

A%Y; 29-p_
) J"J P
o= C<Yj " <((1 —oz)r)n)

< c(Yj + (((1/?7?)74)”)"111@)

Estimation of I. It remains to control I. Here, employing |A;Da;| < 1 for
J > jo(a,r), Lemma 3.1 (iv) and (4.17) we get

v D Vir:Da:)12 V(N Dy:) 2
I < c/ Vo1 Day) |D1/Jj|dz<c/ ( (s Day) +’ s D) )dz
A Aj Aj
Bs ; (w0)\ By, (w0) Bs,; (%0)\Br; (o)
< c( / L)‘Da] ’ dx +Y>
Br(mo)\Bar(mo)

Collecting the estimates for I, IT and 111 we have proved

V(A Dyj) |2 ( A ) / V(AjDaj) 2
PN g < v+ (222 )y ) 4 e ‘7
Bar(z0) By (x0)\Bar(zo0)

dx.




18 S. Schemm and T. Schmidt
By the Poincaré-type inequality (3.3), Lemma 3.1 (), Lemma 3.2 and (4.3) we have

p— A- J 2
o<t [ (o v ()
Br(zo)
. V(\;Dv;) |2 ¢
< (g | 5 s g

BT(CE())

Combining the last two inequalities we find

/‘M‘d - C<Yj+ / ‘M‘d)ﬂmm
Bar (o) By (x0)\Bar (o) J

where ¢, > 0 is a fixed constant depending, in particular, on a and r. The reader
should note that, contrarily, the constants ¢ in the preceding estimates do not
depend on « or r. Applying Lemma 3.1 (i) we deduce

/ ‘V(Aj(Duj —Du)rdz

Aj
Bar(zo)
D) 12 ) _ 2
< c[ / ‘M dr + / ‘V()‘J(Du Da;) dx}
)\j )\j
Bar(zo) B, (z0)
) _ 2 ) _ 2
< e / V(Aj(Duj — Du) dx + / ’V()\](Du Daj)’ I
)\j )‘j
By (z0)\Bar(zo) Br(z0)
V(Aj(Day) |? 2 Ajvi 2 =
+ / 7)\]_ der)\j / ‘V(i(lfa)r)‘ dx +Ca,r)\j .
BT(IO)\Bar(zO) Br(zo)

By Widman’s hole filling trick, that is adding ¢ [

sides, we finally arrive at the main estimate

/ ’V()\] (DUj — Du) ’2 da
Aj

w ‘2 dx on both

ar(T0)

BaT(IU)

< 9 / ‘V()\j (Duj — Du) ‘2 dr + / ‘V()\j (Du — Daj) 2
Aj Aj
B,.(%0) Br(z0)

by D iV 2 2
7‘/( = ’ dx + X} ? / ’V(i(1 ij) )’ de + carA] ™
—o)r

dx

+

Br(z0)\Bar(zo) By (o)

(4.20)

for j > jo(a,r) with 6 = e

Step 5: Strong convergence. Recalling that u is C* on B it follows from (4.3)
that )\;2 [ [V(Xj(Duj— Du))|* dz remains bounded as j — oo. Thus, there exists
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a non-negative Radon measure p on B, such that, passing to subsequences again,
we have

2V (N\j(Duj — Du))|PL™ = p weakly in the sense of measures on B,,.

Introducing the affine function a(z) := (4)gq,r + (DU) gy, (€ — o) We obviously have
a; — a and )\j_lV()\jDaj) — Da. Furthermore, setting v := u — a we claim

/ ‘V(lia):))rdx 0. (4.21)

Br(zo)

For 1 < p < 2 we will now prove (4.21) following an argument of [13]: We choose
t € (0,1) such that 3 = ¢+ % holds (recall p#* = f—fp > 2) and apply the
interpolation inequality and the Sobolev type inequality (3.4) to get

2(1—t)

/] ‘dz<>\2(t 1)</|v]v|dz></|v vy — )P d:c)”#

B, (z0) B (z0) Br(z0)
j(Dv; — Do)z \'7
§</|vjv|dz> (/‘ U] v))‘ d:c) .
BT("L‘U) B, (10)

By (4.3) and (4.10) the right-hand side converges to 0 for j — oo and (4.21) is
verified for p < 2. For p > 2 (4.21) follows from (4.10) and (4.3) by a simpler
argument and we omit further details.

Returning to the general case, for every measurable subset A of B, we have

p(intd) < liminf/)\j_2|V()\j(Duj—Du))|2d$
—00
’ A
< limsup/)\j_2|V()\j(Duj — Du))|[*dx < u(A).
Jj—o0

Keeping this in mind and passing to the limit in (4.20) we obtain

#(Bar(zo)) < 0p(Br(x0))
+ / |Dv|? dz + (1 — a™)r"|Dal® 4 ¢ / ‘

B, (z0) B, (zo)

2

Y dzx.

(1—a)r

Here, for the treatment of the fourth term on the right-hand side we have used
Lemma 3.1 (i4) and (4.21). Since 0 < a < 1 is arbitrary we can, by virtue of a
continuity argument, replace p(Bar(20)) by p(Bar(xo)) on the left-hand side of
the previous inequality. Hence, dividing by ™ we have established

nilBarlzo)) o guBr(z0)) | o 1 a2t - am) + 220

@ anrn 7 (1—a)?’

(4.22)
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where we have abbreviated

1
el(r)=— / |DU|2 and ga(r) = ¢ /|U|2dx.

rn 7’"+2
B.,- (IU) BT (:Eo)

Since u is O, we have 1(r) + 2(r) — 0 and Da — Du(zg) as 7 — 0. Next we
claim

lim inf Ll
r—0t rn

#Br(x0)) _ (4.23)

To prove (4.23), following [32], we first suppose limsup,._, o+ W > 0. Then,
by an argument of [32, p. 78-79] we can pass r — 0T in (4.22) arriving at

,r.’fl

™ < 0+ |Du(xo)]*(1 — ™) lim sup ———-.
r—ot p(Br(z0))

for all 0 < o < 1. Thus, passing & — 1~ (recall that § < 1 is independent of &) we
get (4.23) in any case and for all g € B,. Hence, following [32] again, by Vitali’s
covering theorem we deduce

(Br) =0,

which, in turn, implies the strong convergence stated in (4.13).

Step 6: Conclusion. Noting (Du;)o.» — (Du)o,, we deduce from Lemma 3.1
(i4), (4.12) and (4.13)

j—oo A

. 1
tim 5 VO (D, — (Do) do
J
B.

< Jim 55 IVOS(Du; - D)+ VG (Du = (Do)
B,

+ [V ((Du)or — (Dug)o.r))*]d

c]Z |Du — (Du)o - |? dz < C*72

B~

for some constant C* > 0. Finally, the last inequality contradicts (4.4) if we choose
C = C*+1 and the proof is finished. The reader should note that C' and C* depend
only on n, N, p, v;, and K. O

Once Proposition 4.1 is established, Theorem 2.1 follows by a well-known itera-
tion argument and Campanato’s integral characterization of Hélder continuity. For
further details see for instance [21, 13].

5. Proof of Theorem 2.2

In this section we present the proof of Theorem 2.2, modifying the proof of Theorem
2.1 along the lines of [47].
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First we recall some simple estimates for the non-degenerate p-energy
ep(€) = (1 +[€%)%; (5.1)
see e. g. [47] for a proof.

Lemma 5.1. For 1 <p <oo, L >0, £ € RV™ with |¢| < L+ 1, a ball B,(z0) in
R” and ¢ € W, P(B,(x0), RN) we have

it [vwaPas [ [t Do)-a@ld < [ ViDoPds
By (z0) By (z0) By(x0)

for some constant C; > 0 depending only on p and L. O

In the following lemmas we collect several properties of the relaxed functional
F. These lemmas have been proposed in [47] and rely heavily on (2.2), (2.3) and
the measure and integral representation results obtained in [22, 11]. We mention
that later in this section we will also apply (2.3) and the measure representation
result [22, Theorem 3.1] explicitly. Next we give a reformulation of [47, Lemma 7.1].
Note that the growth condition imposed on D f in [47] follows from (H1) and the
quasiconvexity of f.

Lemma 5.2. We suppose that f € C' is quasiconver with (H1) and 1 < p
¢ < min{p + 1,5}, Then, for v € WHP(Q,RY) with Flu] < oo and 1
Whati—g (2, RYN) we have

Flu+ 9] — Flu] = Flu + 9] — Flu].

As in [47, Lemma 7.3] we see that Lemma 5.2 implies the validity of Euler’s
equation for W14 local minimizers of F:

<
€

Lemma 5.3 (Euler’s equation). Let 1 < g < oo. We suppose that f € C* is
quasiconvez with (H1) and 1 < p < ¢ < min{p + 1, "2 }. Then, every W' local
minimizer i € WYP(Q,RN) of F is a weak solution of the Euler equation of F, i.
e.

/Df(Da)Dgodac =0 for all p € C(Q,RY).
Q

Now we introduce the additional notation

Flu; O] ::inf{ liminf [ f(Duy) dz : W0, RY) 3u — u weakly in W(O, RN)}
—00

loc
O

for open subsets O of 2. We will need the next two lemmas, which can also be
found in [47].

Lemma 5.4 (WYP-quasiconvexity). Assume (H1) and (H2) with 1 < p < q <
—=. Then, the following WLP_quasiconvezity condition holds for F: For every ball
By(z0) in R", every & € RN™ and every ¢ € WYP(B,.(x0), RY) with compact
support in B, (xq) we have

Flle + @5 Br(w0)] > Flle; By (o)), (5.2)

where we have set l¢(x) := Ex.
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Lemma 5.5 (Additivity property.). Assume (H1) and (H2) with1 <p < q < ;5.
We consider a ball Bs(zo) CC Q and u € WHP(Q,RYN) such that the boundary
regularity condition

1
limsup — / |Du|? dx < oo (5.3)
eNO0 €
Bste(20)\Bs—c(z0)

holds. Then we have
Flu; Q] = Flu; Bs(wo)] + Flu; Q\Bs(wo)]-

After these preparations we turn to the proof of Theorem 2.2: As for Theorem
2.1 it suffices to establish the following proposition, whose statement is completely
analogous to Proposition 4.1.

Proposition 5.6. Under the assumptions of Theorem 2.2 for every L > 0 there
is a constant C' > 0 with the following property: For each 0 < 7 < % there exists a
number € > 0 such that the conditions

|(Di)gr| <L, r<e and E(z,r)<ec
for a ball B.(x) CC Q imply
E(x,7r) < CT*E(x,7).

Sketch of proof. We argue by contradiction. Assuming the proposition to be wrong
we proceed by blow-up as for Proposition 4.1 and we will highlight only the neces-
sary modifications in the proof. First we note that by Lemma 5.3 the Euler equation
used in Step 2 is available. Thus, the remaining modifications, which will be outlined
now, concern only the handling of the quasiconvexity hypothesis and the minimiz-
ing property. We use the nomenclature of the proof of Proposition 4.1 up to the
following difference: We choose 7;, 5; as in Remark 3.6 avoiding the set

N; := {t Elar,r[: t— / | Du;|P dz is not differentiable at t}.
Bt(mg)
Thus, u; satisfies the condition (5.3) near 9Bs,(x¢). As explained in the proof of
[47, Lemma 7.13] it is easy to see that the same condition holds also for a; + ¢;
and u; — ¢;. We will use this fact later when applying Lemma 5.5. Next we will
rewrite the quasiconvexity hypothesis (H4) in an adequate form for our purposes.
To this aim we introduce the auxiliary integrand
vy, n
9(8) = f(&) = gren(§) for e RY™.

where e, is defined in (5.1) and Ci, v and vr denote the constants from Lemma
5.1, (H2) and (H4). Moreover, for W1 P-functions w we set

Glul = [ g(Du)ds.

Q
Glw] := inf { lim inf Glwy] : W,h9(Q,RY) 3 wy, — w weakly in WHP(Q, IRN)},

k— o0 loc

= inf { lim inf Fj[wy] : WL4(B,RY) 3 wy, — w weakly in Wl’p(B,]RN)},

k—o0 o¢
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and we will also use the obvious modifications of this notations for open subsets
O of Q and B, respectively. Following an argument from the proof of [47, Lemma
7.13] it is not hard to see from the definitions of 7 and G that we have

Glwi0) < Flus0) - £ [ e,(Duw) o
! (@]
for all open subsets O of Q and all w € WHP(O,RY). In addition, from (H1) and
(H2) we see that g fulfills the growth conditions

25y 25y
(v= 5%l - =5~ <a(©) <P+
for all ¢ € RN™. Imposing the condition 22 v, < Cy+, which is clearly not restrictive,
we infer that g satisfies (H1) and (H2) up to an additive constant. Obviously, this is
sufficient to allow the application of Lemma 5.4 to G. Furthermore, we deduce from
(H4) and Lemma 5.1 that ¢ is quasiconvex at all £ with |¢| < L + 1. In particular,
recalling (2.3) this gives G[l¢; By, (x;)] = |Br, (2;)|Qg(§) = |Br,;(x;)|g(§) for these
&, where we have used the notation /¢ from Lemma 5.4. Consequently, applying
Lemma 5.4 to G we get

0 < Glle +¢; By, (z5)] — Glle; Br; (x)]
VL

< Fllet By, ()] By, ()1 ~ / [ep(€ + D) — ()] da

BT]' (I])

N

for €] < L+ 1 and all ¢ € WHP(B, (z;), RY) with compact support in By, (z;).
By Lemma 5.1 we conclude

| WD do < e (Flie + 1 By (1)) - By, (@)1 16)

B'I‘j (IJ)

for all £ € RY™ with [¢] < L+ 1 and all ¢ € W'?(B,, (x;), RY) with compact
support in By, (z;). Rescaling gives us?

/ ’V()‘)J\%jD@r dx < o(Fjlle + ¢; B] — |B|f;(£)),

for all £ € RV™ with |A\;¢] < 1 and for all p € WIP(B,RY) with compact support
in B. Next, we recall ¢; € WOI’p(ng (z0), RY) and Fj[a;; 0] = |O|f;(Da;) for all
open subsets O of §2; see Step 3 in the proof of Proposition 4.1 and (2.3). Using
these facts, Lemma 5.5 and the choice of 5; we deduce from the previous inequality

/ }V()\jD%)

28" dn < (i + 51 By (0)] = B, (z0) £y (Day) (54

Bs, (zo)

L Actually, this can be verified by a straightforward computation using the definitions of Fj,
F;, f; F, F and the fact that the integral of the linear term in the definition of f; is weakly
continuous.
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for j > ja(r). In the following we will use the quasiconvexity hypothesis in the
form (5.4). Next we turn to a reformulation of the minimizing property: We have
assumed that @ is a W17 local minimizer of F on €. By the measure representation
theorem [22, Theorem 3.1] this is easily seen to imply

‘F[a;BTj ('TJ)] < ]:[ﬂ - (p;BTj (‘TJ)]

for all functions ¢ € W'9(B,,(x;),R") with compact support in B, (z;) and
Dol LacB,. (z,;),mNn) < 6. Rescaling as before we get

Fjlug; Bl < Fjluj — ¢; B]

for all p € WH4(B,R") with compact support in B and [|[Dg||papryn) <

Q3|

ity

0 for j > ji(a) (see Step 3 in the proof of Propo-

ﬂ,
L d
T

sition 4.1) we get from Lemma 5.5 and the choice of §;

Recaﬂing ||D80j||L(7(B,IRN"') S

Fjluj; Bs,; (z0)] < Fjluj — ¢j5 Bs; (20)]- (5.5)

Finally, recalling (4.15) and putting together (5.4) and (5.5) we find

/ (YALED 4 < o(Ffuy — g2 B, 0)] — Fylug: B, (o)
Bar(zo)
+Fila; + 153 Bs, (w0)] — | Bs, (o)l ;(Day)).

Since ¢ < b < % we see 1 € whart= (Bs, (z0), RN) € Wh4(Bs, (x0), RY)

from the estimates of Lemma 3.4. Thus, we can apply Lemma 5.2 and (2.3) to
simplify the right-hand side of the preceding formula deriving

/ ’V()‘J)‘\if%wdx < c( /(fj(Duj—D%)—fj(Duj))dw

Bar(z0) Bs, (zo)

+ /(fj(DajJrD?/)j)*fj(Daj)) d:c)

Bs; (z0)

for j > jo(a,r). Since the last inequality coincides with the estimate in (4.19) we
can now argue exactly as in the proof of Proposition 4.1. o
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