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ABSTRACT. We characterize intrinsic Lipschitz functions as maps
which can be approximated by a sequence of smooth maps, with
pointwise convergent intrinsic gradient. We also provide an esti-
mate of the Lipschitz constant of an intrinsic Lipschitz function in
terms of the L°°—norm of its intrinsic gradient.

1. INTRODUCTION

In the last few years, it has been carried out an intensive study of
submanifolds inside the Heisenberg groups H" or more general Carnot
groups, endowed with a sub-Riemannian structure. A notable class of
intrinsic O and Lipschitz surfaces has been identified by means of their
invariance with respect to the sub-Riemannian structure. They have
been defined in the framework of rectifiable sets (see, for instance, [2,
3, 15, 23, 24, 26, 29, 32, 35, 40]), with several applications to geometry
of Banach spaces, theoretical computer science, mathematical models
in neurosciences (see, for instance, [12, 17, 19, 30, 42]). We refer the
reader to the monograph [11] and the references therein for a more
detailed introduction to the Heisenberg group and the afore-mentioned
arguments.

Heisenberg groups H" provide the simplest non-trivial examples of
stratified, connected and simply connected Lie groups. Their Lie alge-
bra b, can be identified with R?*"*! with the stratification

(1) b = b1 @ ba,  [b1,b1] = b2 and [by, 2] = {0},
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where h; has dimension 2n and b, has dimension 1. We will denote by
Vi, ..., Vs, abasis of h;, V3, ., anon zero element of by

satisfying only the following non trivial commutations
(2) VEVE 1=2VE | i=1...,n.

The subspace h; canonically generates the so-called horizontal sub-
bundle HH". The Heisenberg group (H",:) can be conveniently rep-
resented by its Lie algebra equipped with the group operation arising
from the Baker-Campbell-Hausdorff formula, hence making the expo-
nential mapping equal to the identity. We will endow H" with a homo-
geneous norm ||-||., which canonically induces a left-invariant homoge-
neous distance d on H", see (19). It is well known (see for example [38])
that d is equivalent to the standard Carnot-Carathéodory metric asso-
ciated to the horizontal subbundle HH™ defined in a classical way by
means of h;. Moreover the metric d and the Euclidean norm |- |gzn+1 on
R?"*1 are not equivalent, even though (R?"*! d) and (R?"*! |- |gent1)
are homeomorphic. Intrinsic s-dimensional spherical Hausdorff mea-
sure 8® on H", s > 0, is obtained from d, following Carathéodory con-
struction (see, for instance, [34]). The intrinsic metric (or Hausdorff)
dimension dimg(S) of a set S is the number

dimg(S) € inf{s >0 : S*(S) = 0}.

Here we focus only on intrinsic C! surfaces in H" with codimension
one, defined in [23] and extended in general dimensions and codimen-
sions, in [25]. This notion was also extended, for codimension one,
to general Carnot-Carathéodory spaces in [16] and in [33] for general
codimensions. If we choose a basis V of the horizontal tangent space
at every point, and an open set ¢ in H", we will say that a function
f: U — Ris of class C*! if its horizontal gradient VEf : ¢/ — R?"
is continuous. An H-regular surface is the level set of a C! function if
its gradient never vanishes. Note that H-regular surfaces can be very
irregular from an Euclidean point of view and in general these surfaces
are not Euclidean C' submanifolds, not even locally (see [31]). Nev-
ertheless, it can be proved that they have metric dimension 2n + 1,
topological dimension 2n, as well as they locally have finite S?"*! mea-
sure. Moreover, at each point there is a continuously varying, intrinsic
tangent 2n-plane that is a coset of a maximal subgroup of H".
Implicit function theorems have been proved in this context in [23]
and yield that any H-regular surface S can be considered locally a graph

in a suitable intrinsic sense. Precisely, identifying H" with R?*"*! by
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a suitable choice of exponential coordinates (we address the reader for
more details to Section 2), then there are two homogeneous subgroups

(3) W:={peH"|p=(0,z), z € R}
Vi={peH"|p=(s0), s R},
such that
H'=W.V.

Moreover, for every U C H" open there exists a relative open set w in
W and a continuous function ¢ : w — V such that

SNU = d(w)
where ® is the graph map of ¢ defined by (see Remark 2.1):

Further regularity properties for the function ¢ have been studied in
[4, 6, 7] and [16] In particular it has been proved that if a surface
is of class C!, it locally defines an implicit function ¢, which is of
class C'!' with respect to suitable nonlinear vector fields V¢ expressed
in terms of the function ¢ itself. This is not surprising, since non
linear vector fields often arise when studying geometric surfaces and
equations in the subriemannian context (we refer to the papers of [44]
and [13, 14], for nonlinear vector fields introduced in connection with
a Monge Ampere subelliptic equation or a Levi equation). We also
refer to the paper [18], where the nonlinear vector fields V¢ have been
proposed for studying a problem of mathematical finance. In these
papers, it has been observed that, since the Heisenberg space has a
natural stratification, a stratification is also induced on the domain
W of ¢, and, if ¢ was regular in the Euclidean sense, we could use the
standard notion of exponential distance, proposed and exploited in [38].
On the other side, if ¢ is not regular, their definition does not apply.
The notion of distance in this nonlinear context has been introduced
for the first time in [13], and exploited with minimal regularity [14]
and [18] using a freezing method, based on the exponential mapping.
The definition of distance first introduced in these papers, has been
extended in large generality in [16] and turned out to be equivalent to
the notion of distance introduced in the Heisenberg case by [4].

The notion of Lipschitz continuous function introduced in [14] is
equivalent to the one recently studied in [5], [26] [37] and [46]. However
the point of view in these papers is different from the previous ones,

since inspired by the metric structure of the ambient space (H",d).
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Precisely while dealing with intrinsic graphs, the distance and Lips-
chitz continuity are defined as follows:

1.1. Definition. Let w C W = R?" be an open and bounded set and
let ¢ : w — R be a continuous function. The graph distance between
x,y € w is defined by

6)  dolwn) = 5 (Ilmw(@() " B + (@) - @)
where @ is defined in (4), ||-|] in (18) and
(6) mw: H" — W 7mw((s,2)) ==

1.2. Definition. We say that ¢ : w C W — R is an (intrinsic)
Lipschitz continuous function in w and we write ¢ € Lipw(w), if there
is a constant L > 0 such that

(7) 6(z) — ¢(y)| < Ldy(z,y)  Va,y €w.

The Lipschitz constant of ¢ in w is the infimum of the numbers L such
that (7) holds and we write Lip(¢) to denote it. Moreover, we say that
¢:w CW — Ris alocally (intrinsic) Lipschitz function in w and we
write ¢ € Lipjoew(w), if ¢ € Lipw(w') for every w' € w. We denote by
Lip(¢,w') the Lipschitz constant of ¢, .

Note that Lipw(w) does not turn to be a vector space (see [43, Re-
mark 4.2]). Nevertheless, the intrinsic Lipschitz functions amount to
a thick class of functions. Indeed, we have that ([26, Propositions 4.8
and 4.11))

(®) Lip(w) € Lipwoe(w) € Cil2(w).

loc

where, respectively, Lip(w) and C’llo/f (w) denote the classes of real val-

ued Euclidean Lipschitz and locally 1/2-Holder functions on w. The
main properties of Lipschitz functions have been proved in [26]:

1.3. Theorem. If ¢ € Lipw(w) then it can be extended to a function
¢ W — R with ¢ € Lipw(W). Moreover, if w = W and ¥, ¢
are intrinsic Lipschitz functions with Lipschitz constant L, then there
exists L = L(L) > L such that max{¢,} and min{¢,} are intrinsic
Lipschitz with Lipschitz constant L.

Furthermore, the subgraph

Ey:={(s,z) e Rxw: s< o)}

is a set of locally finite perimeter in H". Besides ¢ is V?-differentiable
for L*-a.e x € w, in the sense defined by [4].

Precisely



1.4. Definition. We say that ¢ is V¢—differentiable at wy € w if there
exists a homogeneous homomorphism L : W — V such that

iy 10(@) = d(wo) = Limw ($(wy) ! - S(w)))]
w—w dg(wo, w)

The map L is called the V?-differential of ¢ at wy.

=0.

The main properties of differentiable functions are collected in Propo-
sition 4.1.

We are now in position to state our results and describe the organi-
zation of the paper. In Section 2, we recall some standard definitions
and results of geometric measure theory in H”. In Section 3, we study
the distance d4. This section is organized in two parts. First, we ex-
ploit the notion of distance induced on the graph by the metric and
the group law of the Heisenberg group. Then we compare this distance
with the more classical Carnot-Carathéodory distance defined on the
domain of ¢, in terms of the family of nonlinear vector fields V¢. We
obtain for non regular vector fields the same result true for regular ones
(see [38]), using a technique similar to the one used in [16]. Precisely
we prove that

1.5. Proposition (Equivalence). If ¢ € Lipw(w) and n > 2 then the
distance dy is locally equivalent to the Carnot Carathéodory distance
induced by the family V?, with equivalence constants only dependent
on Lip(¢p,w) (see Proposition 3.8 below).

Section 4 is devoted to the notion of intrinsic differentiability. In
particular we prove that the pointwise intrinsic gradient V%¢ : w —
R?"~! of a given ¢ € Lipw(w), is the distributional one. The main dif-
ficulty in this assertion is that the notion of formal adjoint of the V¢ is
not well defined in Lipw(w). We also extend the area formula for intrin-
sic C! graphs obtained in [4] to intrinsic Lipschitz functions. Precisely,
we prove the following representation formula for the H—perimeter and
for the spherical Hausdorff (2n 4+ 1)—measure of the intrinsic graph of
a Lipschitz function ¢ in terms of its V®—gradient.

1.6. Theorem. If ¢ € Lipw(w) with w C W open and bounded, then
there exists a dimensional constant c, > 0 such that the following area
formula hold

OEsn(R x w) = ¢, S (@(w)) = / V14|V dc™.

In Section 5, we prove the main result of this paper. It deals with

the approximation of a given intrinsic Lipschtiz function ¢ € Lipy(w)
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as well its gradient V¢, by means of regular functions. The classical
approximation by convolution does not apply because of the nonlinear-
ity of V9¢. Here we refine the technique used in [37], which relies on an
extension to H" of the classical Euclidean technique which goes back to
De Giorgi ([20]). The strategy is somehow indirect, indeed we approx-
imate in H" the intrinsic subgraph Ey := {(s,z) € H" | s < ¢(x)} of a
given ¢ € Lipyw(w) (see (32)), rather than the function itself. The key
point is that E, is a set of locally finite H- perimeter (see Definition
2.6 and Theorem 1.3 ) and hence the recent results of geometric mea-
sure theory obtained in this setting permit an extension of De Giorgi’s
results for sets of finite Euclidean perimeter. Precisely, we prove the
following Theorem

1.7. Theorem (Approximation of intrinsic Lipschitz functions). Let
w C W =R be a bounded open set and let ¢ € Lipw(w). Then there
exists a sequence {¢r} C C®(w),
(1) ox — & uniformly in w;
(i) V(@) < [[VOP|lrew) Yo € w;
(iii) V%¢y(x) — Vop(x) L2 —a.e v € w.

Section 6 is devoted to an application of the approximation Theo-
rem. In particular, as in the Euclidean framework, we prove that the
above approximation result is sharp for intrinsic Lipschitz functions,
see Theorem 6.1. Moreover, as a corollary of Theorem 1.7, we get a
local comparison, for a given ¢ € Lipw(w), between the Lipschitz con-
stant of ¢ and the L*®°—norm of its intrinsic gradient. Precisely, we
prove the following

1.8. Proposition. Let w C W be open and bounded, ¢ € Lipw(w).
Then there exists a postive constant ¢y = ¢1(Lip(¢,w)) depending only
on Lip(¢,w) such that

9) V8]l < e

If n > 2, there exists a positive constant ca = c2(||V?9| 1= (w)) depend-
ing only on ||V9| p=(w) such that for each T € w and each r > 0
sufficiently small

(10) Lip(¢, Up(2,7)) < €2 | V8| ooy
whereas if n =1
(11) Lip(6, Up(7,1)) < c3 /1 + [V96]3,

for a suitable geometric positive constant cs.
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2. PRELIMINARIES

In this section we briefly recall some useful facts about the sub-
Riemannian Heisenberg group, for a more detailed treatment see [8],
[11], [29] and [36]. The definition of the Heisenberg group and Heisen-
berg algebra has been given in the introduction see (1). For our pur-
poses, it is convenient to use the following exponential coordinates.
Precisely, if a point, called 0, is fixed in H", the exponential map (see

[21])

Ezxpy : b, = R — H"

(12) Expo(&) := exp (sV?) (exp ( 2_2” :L‘Z'V];HH> (O))

is a global diffeomorphism, where (s,z1,...,Zs,) € R*™ = R x R*"
are such that ¢ = sV} 4+ 377" 2, VE . Because of (2) and the Baker-
Campbell- Hausdorff formula (see, for instance, [8, Theorem 15.1.1]),
the map Expy can be represented as

2n—1

Expy(€) = exp (SVI{H + Z Vi + (22, — sxn)Vgﬂn> (0).

=1
Using this map, H" = R x R" by identifying each point p € H with p =
(s,7) := Ewxpy'(p). The group law can be obtained simply projecting
the Baker-Campbell-Hausdorff operation defined on §,,. In coordinates,
if p=(s,2),q¢ = (t,y) € R x R*" we obtain

(13) qg-p=({t+sy1+x1,..., Y+ Top + 2t z, +0(z,9))

where

n—1

(14) o(z,y) = 2:(yﬂn+Z — Yntixi) if n>2and o(z,y) =0if n = 1.
i=1

2.1. Remark. Notice that formula (13) immediately gives
(0,2) - (5,0) = (s,2) VzeR™ scR.
Thus the graph map assumes the simple form (4).

2.2. Remark. From (13), taking into account that the origin 0 = (0,...,0) €
R27*1 is the unit element of H", we easily get that p~! # —p. Namely,
with the identification p = (s, x), then

(s,2) ' = (=8, —21,..., —Top_1, —Ton +251,) # (—s, —1).
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In particular

(15)

qil p= (8 - t7$1 — Y1, Top—1 — Yon—1, Ton — Yon — 2t (:En - yn) - 0'(337 y))
In these coordinates the canonical basis of b, is expressed as

(Vi =0,
Vi =0s — TignOpy, ifn>landi=1,...,n—1

(16) { Vi, =0y, + 250,,,

Vi =0 +%in0y, ifn>landi=n+1,...,2n—1

v]gln“ = aﬂczn

2.3. Definition. For ecach p € H" with canonical coordinates (s,x) €
R x R?*" and for any A > 0 we define the dilations

Sa(p) i= (A8, Ax1, ..., ATop_1, AT9y),

and translations:

\

prg(p)i=q-p
for any fixed ¢ € H".

Every fiber H,H" is the linear span of Vi(p),..., VE (p). We define
the following homogeneous norm ||p||.

1 :
(17) Ipll := 5 [llpll +1lp~*11]
where
(18) Ipl) == max {|(s, 21, ., wan1)lae, 220},

and | - |gz» denotes the Euclidean norm on R?".

Note that the functions defined in (17) and in (18) are equivalent
homogeneous norm on H". In addition, the norm ||-||. is also symmet-
ric.

Let d : H™ x H" — [0, +00)

(19) dp.q) = llg™" - qll. ifp,geH".

By definition, it immediately follows that d is a left-invariant ho-
mogenous distance on H" and d is equivalent to the quasi-distance
induced from the norm [|-||, that is

1 - —_ n
(20) ;Hq Lopll <dpog) < cllgt - pll Vb, g e H.

Finally, it is easy to see that d is locally equivalent to the Carnot-
Carathéodory (or sub-Riemannian) distance associated to the horizon-

tal subbundle HH" in a standard way, see [29]. We denote by U(p,r)
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and by B(p,r) the open and the closed ball associated with d. Moreover
the bounded sets in (H",d) coincide with the ones of R?*"™! endowed
with Euclidean metric | - |g2a+1 and for each bounded set A C H" there
exists a positive constant ¢ = ¢(A4) > 0 such that

1 1
(21) Elp — qlrznrr < d(p,q) < clp—qlganss VD, q € A

Denoting by £2"*! the Lebesgue measure on R?"*! we have that for all
(2n + 1)— dimensional measurable £ C H" it holds

£2n+1(7_q(E)) — £2n+1(E> vq c Hn,
£2n+1((5)\(E>) — )\2n+2£2n+1(E> VA > 07

hence £2"*! is the Haar measure of H" and H" turns out to be a
homogeneous group with homogeneous dimension @) := 2n + 2 (see
[22]). We also recall that the homogeneous dimension ) coincides with
the Hausdorff dimension of (H",d). Finally, we denote by S™ the
m—dimensional spherical measure obtained from the distance d in H".

From now on we will identify a section F' : H* — HH" with its
canonical coordinates with respect to the moving frame Vi, ... Vi
in other words each section F' will be identified with a function

F=(F,... F,):H — R*™
With this convention we can give the following definition

2.4. Definition. Let Q@ C H" be open. If f € L} .(;R) and if F =
(Fi,...,Fo) € (L},.(2,R))* is a section, we define the H—divergence

of F' and the H—gradient of f as the following distributions

2n
7j=1

2.1. Sets of intrinsic finite perimeter in H". In this subsection we
will recall some useful concepts of geometric measure theory in H", see
23], [24], [27], [11] and reference therein.

From now on we will denote by C2°(2, HH") the set of C'*° section
of HH™ with compact support in €2 where, of course, the C'*° regularity
is understood as regularity between manifolds and 2 C H" is an open
set.

2.5. Definition. ([10]) We say that f : @ — R is of bounded H-

variation in an open set Q C H" and we write f € BV (Q), if f € L'(Q)
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and the total variation
D fl(9) := sup { / fdivirpd L | o € C(Q, HH™), |plgen < 1}
Q

is finite. Moreover we say that f is of locally finite H—variation in €2
(f € BViioe(Q)) if f € L} .(Q) and f € BVg(LY) for every ' € Q.
2.6. Definition. A set F C H" is said to be of finite H—perimeter
in Qif xg € BVg(2). Analogously, a set £ C H" is of locally finite
H—perimeter in Q if xg € BVieu(Q2).

2.7. Remark. 1t is well-known that if £ C H" is a set of locally finite H—
perimeter in , then |0F|y is a Radon measure on 2 and its support

is such that spt(|0E|g) C (O0E NQ), where OF denotes the topological
boundary of E.

2.8. Proposition. Let f, f, € L'(Q), n € N, be such that f, — [ in
LY(Q). Then
IDF() < limint D, s(©).

In analogy with the Euclidean case, by Riesz’s representation Theo-
rem, the following formula holds, see [23].

2.9. Theorem. Let EE C ) be a set with locally finite H—perimeter.
Then there exists a |OFE|g— measurable section vy of HH", called gen-
eralized inward normal, such that

[vE(p) Rz =1 for |0E|m — a.e p € Q;
/ divigp dL2H — —/ (e, ) O] ¥ o € C2(H", HHY),
E n

where (-,-) denotes the Euclidean scalar product in R*".

2.10. Definition ([23]).
(i) Let £ C H" be a set of locally finite H—perimeter; we say that
p € Oy E (the H—reduced boundary of E) if

|OE|g(U(p,7)) >0 ¥ 1r>0;

3 lim,_q fU(p,r) vg d|0FE|g = ve(p);

ve(P)], = 1.
(ii) Let £ C H" be a measurable set, we say that p € 0, wF (the measure
theoretic boundary of E) if

2n+1 E

>0
rmot L2(U(p,r))

and £2n+1 Ec U
lim sup (EcnU(p,r))

r—0t £2n+1(U(p7 T))
10
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2.11. Lemma ([23]). The H—reduced boundary of a set of finite H-
perimeter is invariant under left translations, that is if ¢ € OfE if and

only if 7,(q) € Of(7p(E)), moreover, vp(q) = vr, (i) (75(q))-
2.12. Lemma ([1]). Assume E is a set of locally finite H—perimeter in
H", then

lim vg d|0F|g = vg(p) for |0E|g —a.e p € H".

=0 Jup

2.13. Remark. From Definition 2.10 and Lemma 2.12 we immediately
deduce that |0F|g—a.e p € H" belongs to the reduced boundary 05 FE

We end this section with a collection of results that are the Heisen-

berg counterpart of the BV function theory in the Euclidean space, see
[11], [23] and [24].

2.14. Theorem ([27]). There is a constant ¢ > 0 independent of r > 0
such that for any set E C H" of locally finite H—perimeter, Vp € H",
Vr >0

(22)
min{ L (ENU(p,r), L2 (E A U(p,r)} '@ < c|oE]a(U(p, )
and
(23) min{ L2 ), L2 EN G < c|OE|wm(H").
2.15. Definition. For each ¢ € H", we define the map m, : H" —
H,H"
m4(p) = mq((s5,2)) = sV (q) + Z%VH

2.16. Theorem ([23]). If E C H" is a set with locally finite H-perimeter
then there exist ¢ = c¢(n) > 0 such that

(24) |0E|y = ¢ S*™M LG FE
2.17. Theorem ([23]). If E is a locally finite H—perimeter set, p € O3 E
and vg(p) € HHY is the generalized inward normal to E in p, then
(25) llE)I(I) 1ET,P = ISE(VE(I))) Zn Llloc(Hn),
where E,.p := 01/, (1,-1E) and

Si (ve(p)) :=={g € H" | (my(q),v&(p)), > 0}.
Moreover, for all R > 0 it holds

im |0, |u(U(0, R)) = |y (ve(p)) [a(U (p, R)) = 2wan 1 B,
11



where, as usual, we,_1 denotes the (2n—1)—dimensional Lebesgue mea-
sure of the unit Euclidean ball in R?"~1,

3. INTRINSIC LIPSCHITZ FUNCTIONS

In this section we analyze the notion of Lipschitz functions intro-
duced in Definition 1.2. As usual, we have two approaches to study
the geometric properties of an embedded graph. One is to use directly
the geometry of the ambient space. A second way is to induce vector
fields on the domain and using them to define a geometric structure
on the surface. We will see that the two approaches are equivalent for
intrinsic Lipschitz function.

3.1. Lipschitz functions: properties inherited by the ambient
space. If we denote W,V the homogeneous subgroups introduced in
(3), then H" = W-V and WNV = {0}. From now on, when no confusion
can arise, we denote a point (0,7) € W by z € R*" and (s,0) € V by
s € R. We also assume to have a fixed continuous function

p:wCW-—YV,

and we explicitly write in coordinates the distance dy defined in Defi-
nition 1.1.

Ifx = (z1,...,79,) € W=R?>™ we denote by & := (z1,...,72,1) €
R2" 1 and, if 2, y € w

(26)  op(w,y) = [yzn — 220 — 20(2) (Y — 20) + 0 (2, y)"?

where o is defined in(14). Let z, y € w, we get:
(27)

1 o 1 L
dy(z,y) = 5 max {|x— J|r2n-1, 04(x, y)}—l—§ max {|w— U|r2n—1, 04 (y, a:)} .

3.1. Remark. It immediately follows from the explicit expression of the
distance (see also [14]) that, if ¢ € Lipw(w) (see Definition 1.2) then
dg is a quasi-distance on w. Indeed for each z,y, z € w:

(28) de(z,y) <

< dy(, 2)+dg(y, 2)+P(@) = ()2 |20 —20] 2+ S (y) = ()" * |y — 20|
so that

do(,) < (L+ Lip(9))"2(do(a, ) + ds(y.2) ).
3.2. Remark. It is easy to see that, if ¢ € Lipw(w), then

05(y,x) < 04w, y) +[o(x) = o) Plan — yal* Va,y € w
12



whence, by (27), Va,y € w
(29) dg(z,y) < [& — Glrenr + ag(2,y) + |6(2) = S(Y)[" |20 — ya| '/

3.3. Remark. Let w C W = R?" be an open set and let ¢ € Lipyw(w).
Then, arguing like as before, it is easy to see that, for each W' € w
there exists a constant a = a(w’, ||¢]| (W), Lip(¢)) > 0 such that

1
- |z — ylgen < do(z,y) < av/|x —ylgn Vr,yew'.

As a consequence, the identity map Id : (w,dy) — (w,]| - |g2e) is an
homemorphism.

If ¢ € Lipw(w), we will denote

(30) Up(z,r) ={y €w | dp(z,y) <r}.
Let us now recall that the map mw defined in (6) and the map 7wy
defined as

my:p=(s,z) e H" — (5,0) € V

are continuous and
(31) %(Hﬂw(p)\l + @) < [lpll < llmw @) + llmv (R,

(see also [5] for a generalization of this statement in Carnot groups of
any step).

We will call intrinsic (left) graph of a function ¢ : w C W — V the
set

(32) graph(¢) := {(¢(z), ) | ¥ € w}
and intrinsic subgraph of ¢ the set
(33) Ey:={(s,z) e Rxw|s<¢(x)}

With these notations the notion of intrinsic Lipschitz function, can be
rephrased in terms of a notion of closed cones, as introduced in the
interesting paper [26].

3.4. Definition. Let ¢ € H" and a > 0. The intrinsic (closed) cone
Cw.v(g, ) with base W, axis V, vertex ¢ and opening « is

Cwy(g, @) :=={p=(s,x) e H" | [|mw(q~" - p)|| < allmv(g" - p)II}-

In our simplified context if ¢ : w C W — R is a continuous map
and p,q € Cwy(q, @) N graph(¢), then there exist x, y € w such that

p=(¢(),7), ¢ = (6(y),9),
v (g - p)|l Tglcﬁ(w) — o(y)l,



so that it is clear that ¢ is an intrinsic Lipschitz function if and only if
there is L > 0 such that, for all ¢ € graph(¢),

(34) Cwy(q,1/L) N graph(¢) = {q}.

Using this notation, in [37] a general theorem was proved, which in our
context reduces to the following result.

3.5. Theorem. Let E C H" be a set with finite H—perimeter in U(0,r),
r >0, vg be the measure theoretic inward normal of E, and v € S**!

Assume there exists k € (0,1] such that my(vg(p)) < —k for |0E|g—a.e
p € U,.. Then there exists a > 0 such that possibly modifying E in a
negligible set, for all p € OE N U,

{aeU | lmw(p™ -a)ll < Omv( q)} C E;
{ge U [ lmw(p™ @)l <omv(p™ -q)} CH"\ E.
If in particular n = 1, then
h k?
2 : ._

We conclude this section comparing the distance d, with the distance
of points of the graph:

3.6. Proposition. If ¢ € Lipw(w) then there is C; = Cy(Lip(¢)) > 0
such that

(36)  Us(w,Cir) € mw(U(®(x),7) N graph(¢)) C Us(x, )
for all x € w and r > 0,where Uy(z, ) is defined in (30).

Proof. Let z € mw(U(®(z),r) N graph(¢)) then d(®(x),P(z)) < 7.
Since the intrinsic projection 7y : H® — W is such that Vp € H"

7w (p)|| = max{] (0, 1, ..., Tan_1)], 20| 2} <
< max{|(s, 21, ..., 20-1)], |x20]2} = |Ip].
We have
1 -1 -1
do(@,2) = 5 (Im(@@) - @) + 7w(@() " - 2(@))]))

< (@@ 2]+ 1) 2@)]) = o) - 2(:)].
=d(®(x),P(2)) <.

Hence the second inclusion follows.
For the first inclusion, let us note that for all z, z € w

d(®(x), ®(2)) < |¢>(1»i) — o(a)| + dy(z, 2)



therefore, since ¢ € Lipw(w), for every z € Uy(z,Cr) with C' > 0 to
be determinated we obtain

d(®(x), ®(2)) < Lip(¢)de(z, z) + dy(z, 2)
< C(Lip(¢) + 1)r
and the first inclusion follows choosing 0 < C' < 1/(Lip(¢) +1). O

3.2. Equivalence between d, and the cc-distance. In this section
we give an equivalent approach to the distance dg, more similar to
the one initially proposed in [16]. Indeed, the presence of the function
¢ :w C W — V induces a family of nonlinear vector fields on the
domain w, and a distance is directly defined in terms of these new
vector fields.

3.7. Definition. Let ¢ : w — R be a continuous function defined
on an open and bounded set w C W. We introduce the family V¢ =
(V‘f, . Vzn 1) of nonlinear vector fields, namely of first order differ-
ential operators on w by

VO (z) = Oy, — TignOpy,, i=1,...,n—1,
(37) Vé(x) = By, + 20(2) sy,

V() = 0y, + TinOyy,, i=n+1...2n—1,
if n > 2, and by
(38) V() = 0y, + 20(x)8,, ifn=1.

We will call horizontal tangent bundle HW of W the linear span of
the family (Vf, . Vzn ). Note that, if ¢ is continuous, and n >
2, VO,...,Vo | together with [V?, Vn+1] = 20,,, span the whole
tangent space to W. If the vector ﬁelds were smooth this condition
would be enough to ensure that it is possible to connect each couple
of points z and y in 2 with a piecewise continuous integral curve of
the horizontal vector fields. This means that there exists an absolutely
continuous (a.c.) curve 7 : [0,1] — w with extrema Z an y such that

2n—1

(39) Zh OV (m(t) ae te(0,1)

with h; a piecewise continuous function i : [0,1] — R**~!. In this case,
the vector fields are only continuous, but is it immediate to recognize
that the local connectivity property is still satisfied. In order to prove
this, we remark that the Euclidean topology on R?" coincides with the

one induced by dg4 (see Remark 3.3) then we need only to prove the
15



local connectivity in w. We choose a point  in an open set w and
consider a rectangle

Quy={y:|(y— 1) <b} €w.

From standard ODE theory it follows that, if we choose any point
y € Qps, with § < 1/(1 + maxg,, |¢|) the curve ~, : [0,1] — w, with
h; = (y — 7); lies in w and connects Z with a point § with the same
first 2n — 1 components as y. Due to the Chow theorem, we can now
connect y and y with a piecewise integral curve of the vector fields Vf
and VZ 41, again lying in w. Consequently, T can be connected with
any point of (J5. Since the set of points which can be connected with z
is also closed in w, we can deduce that any open connect set w satisfies
the connectivity property. Hence the Carnot-Carathéodory distance
dees in the set w will be defined as in [38]:

dec,p(z,y) =inf{||A|| oo ((0,1), R2n-1) | T an curve v, : [0,1] = w
satisfying (39) ,74(0) = z,v(1) = y}.
From now on we will denote by
Ueeo(z,7) ={y € w | decy(z,y) <7}

We will denote respectively Lip.. 4 the set of Lipschitz continuous func-
tions with respect to the d.., distance and Lip..(¢,w) the correspond-
ing Lipschitz constant on a set w. We will also denote it Lip..(¢), if it
is clear which is w.

3.8. Proposition. Let w C W be an open set. Let n > 2 and ¢ €
Lipw(w). For each T € w let

7 := min {d¢(j, Ow), dee,s (T, &u)} >0.

If L := min{Lip(¢), Lip..(p)}, there exist C; = C;(L), (continuous
function of L) i € {1,2} such that:

(40) Uce,y(T,1) CUy(Z,Cor) €w VO <71 < %;
2

(41) U¢<J_],7’) C Ucc,¢(j; 017“) Cw VO0<r< % .
1

In particular, de.y and dg are locally equivalent.

Proof. The proof is similar to the one contained in [16, Proposition 4.2]
for general vector fields. In order to establish inclusion (40) we fix 7 =
(T1,...,T2,) €Ew and 0 < r < 7/2Cy, and C5 is a constant only depen-

dent on L to be chosen later. For each y € Ueco(7,7) let v: [0,1] — w
16



be an absolutely continuous curve satisfying (39) with a piecewise con-
tinuous function h = (hy, ..., ho,1) € L>®((0,1),R?*"71) = L>(0,1)
and v(0) = z, v(1) = y. We first note that

(42) ~i(t) — T; = /Ot hi(s)ds Vvte[0,1],i€ {l,...,2n—1}

and
(43)
on(t) — T = / (2hn(5)6(4(5))ds + o(h(s),1(s))ds 't € [0,1].

Since ¢ € Lipw(w), then L := min{Lip(¢), Lip..(¢)} < +oo. There-
fore, if L = Lip(¢) then

(44) [6(z) — o(y)| < Ldy(z,y) Va,yew,
whereas, if L = Lip..(¢), then
(45) [9(x) — o(y)| < Ldecy(z,y) Vr,y€cw,

hence, by (44) and (45) we get,

(46) lo(x) — d(y)] < L(deco(z,y) +de(z,y)) Va,yecew.
By (29) and (46), Vt € [0, 1],

—_—

(47) do(7(2),7) < Y(t) = Zlran—1 + 04(7,7(1))+

H(L/2) 2|y (t) = Tl "2 (do(7(8), )% + deep (1(1), 2)'7%)

Setting M; := 1+ 2 L and recalling that |7y, (t) — z,| < |76?j|R2n71,
from (47) we obtain

(48) dy(v(t),Z) < Mily(t) — Z[ren-1 + 204(Z, ¥(t)) + decs(v(2), T) -
Let us now observe that, from the definition of d.. ¢,
(49) dcc,¢(’y(t)7j) < Hh’HL“’(O,l) Vit € [07 1] .

Meanwhile

04(2,7(t))* =

/Ot <2hn(8)¢(7(8))ds + o (h(s), 7(8)>d8_

_26(7) /0 Ch(s)ds + o (. /0 t 2h(s)ds)

17



then, by (42) and (43), for each ¢ € [0, 1], we get
(50)
t t
ru(5®F <2 [ h(s)]ots) - s(@)as +2 [
0 0
< My [l ( max do(r(5),2) + lz~con),
where My = 2(L + 1) > M; > 1. In the last inequality we used the

fact that o (v, w) < ||gen—1|W|gzn—1 Yv,w € R?*" together with (42) and
(43). From (48), (49) and (50), it now follows that

(51)

max dy(v(s), T) < (My(2n — 1) + 1) ||| L0,y +

a(h(s),~(s) — a—;)(ds

1/2 1/2 — 1/2
F 2022 o ( max do(7().2) + [hllieion)

1 _
< 200l [Hlq0) + 5 max dofr (). 2)
and hence, for t =1
(52) do(y, @) = dg(v(1), @) < 4n My ||hl2=(0,) -

Taking the infimum in (52) on the piecewise continuous function h =
(hi, ... hany) € L>((0,1),R?"1) satisfying (39) for a suitable abso-
lutely continuous curve «y : [0, 1] — w with 4(0) = & and v(1) = y, we
get

(53) d¢<y7 ) < MSdccqﬁ(y? )7

where Cy = M5 :=8n(L + 1).

In order to prove inclusion (41), we fix 0 < r < min{7/2C},7/2C5}
where (' is a constant only dependent on L to be chosen later and
y € Uy(z, 7). Thanks to the choice of r and inequality (53) the curve

(54) 1(s) = exp(s(yn — Tn) Vi) ()
exists for s small and it is defined for ¢ € [0, s], with s < 1. Moreover,
by (51), it satisfies

(55) maxdy(y(1), ) < My |70 — yn| < M3 dy(y, 7)

and hence it is further prolungable on the set ¢ € [0, 1]. In coordinates
it can be expressed as

(56)

V(s) = (:El, s Tt 8 (Yn =), - Ton1, Ton+2(Yn—Tn) /0 s (]5(7(7'))(17').
18



By definition of d.. 4 and d,

(57) dec,g(V(1), %) < |yn — Tn| < dg(y, )

Hence in order to get the thesis we only need to estimate d..,(7(1),y).
Note that the points v(1) and y have the same n-th component, and
the metric dg on

{(Zb <5 Rn—1Yns Zny - - - 7Z2n71) eW: (217 R 227171) € Ranl} = anl

reduces to the distance d in (19) on H"~'. On the other hand, when we
discard the vector field V¢, the family {V?} reduces to the standard
Heisenberg vector fields in H"!. Hence , if we denote by d,. the CC
metric induced on H" !, it is well-known that d and d,. are equivalent
on H"!. Then there exists a geometric constant M, > 0 such that

M% de(1(1),) < ds(1(1), ) < Maduo(y(1), )

Because, by definition, d..s(7(1),y) < dee(v(1), ), by (58), we have
(59) deco(7(1),y) < Maydy(v(1),9) -
By the triangle inequality, (57) and (59) we have Yy € Uy(Z, 7).
(60) e, (7, y) < dees(Y(1), 7) + dee.s (Y(1), )
< dy(2,y) + Mady(y(1), ).
Then, by (28) and (46), we get
(61)  do(v(1),y) < ds(7(1), 7) + dg(y, 7)
+ L2 (1), 2) |42 (1), 2) + AL (1), 2) | +
+ L4y, ) |42, ) + AL (0. D)
= (L2 4+1)(ds(1(1), 2) + dy(y, 7))
+ L4 (1), )4, (1(1), 2)
+ L2y, 1)l (v 7)
so that, by (57) and (60)

(58)

1
dy(7(1),y) < (2L1/2+2+LM4/2)C1¢(3/7ﬂ?)+(Ll/2+1+L)d¢(7(1),ﬂf)+§d¢(’y(1),y)
which implies

dy(v(1), ) < 22LY2* 42+ LM, /2)dy(y, T) +2(LY?* +1+ L)dy(y(1), T).
19



Inserting this in (60) and using (55) we have

deeo(T,y) < dy(Z,y) + 2M4(2LY? + 2 + LM, /2)dy(y, T)+
+2My(LM? + 1+ L)dg(y(1), )
- M5d¢(jj7y)

for a suitable positive constant M5 = M;5(L). O

4. INTRINSIC DIFFERENTIABILITY OF INTRINSIC LIPSCHITZ
FUNCTIONS

In this section we study the notion of intrinsic differentiability in-
troduced for the first time in [4, 16] and stated in Definition 1.4. This
concept is particularly interesting since as recalled in the Introduction
(see Theorem 1.3), an intrinsic Lipschitz function is differentiable in
the intrinsic pointwise sense almost everywhere with respect to £2".
This result, as in the Euclidean case, open the possibility of proving
much finer results on intrinsic Lipschitz functions. Indeed, we are able
to prove an area formula beside the spherical Hausdorff measure for the
graph of an intrinsic Lipschitz function (see Theorem 1.6) and that the
pointwise gradient coincides with the weak one (see Proposition 4.7).
We point out that this fact is not elementary at all in our situation,
since the formal adjoint of the vector fields V¢ is not well defined when

¢ € Lipw(w).

Throughout this section we refer to Definition 1.4 for the concept of
intrinsic differentiability.

We start our analysis pointing out an important property of the
V¢ —differential, see [4] and [16].

4.1. Proposition. Let ¢ : w — R be such that ¢ is V? differentiable
at v € w then the V®—differential of ¢ at x is unique. Moreover, there
is a unique vector V¢(z) € R* such that

(62) L(y) =(V’0(2),7(y))  VyeW

where {-,-) denotes the Euclidean scalar product in R**~! and
(21, .., Ton_1, Tan) = (1, ..., Top_1) VreW.

We call the vector V®¢(x) the V®—gradient of ¢ at & € w.

The following Corollaries are easy consequences of Theorem 1.3.
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4.2. Corollary. Let ¢ € Lipw(w). Then the intrinsic generalized in-
ward normal vg, to the subgraph Ey in H" has the following represen-
tation

- 1 VOo(x)
(63) v, (2(w)) = <\/1 + V()P 1+ |V¢¢(x)|2>

for L2"—a.e x € w.

Proof. By Theorem 4.15, Lemma 4.28 and Theorem 4.29 in [26], for
each xg € w point of intrinsic differentiability of ¢, we get

graph(L) = {p € H" | (vg,(®(x0)),7(p)) = 0}
where 7 : H* — R?" is given by
T(p) = 7(s, 21, Tan—1,Tan) = (8,71, .+, T2n1)

and L is the intrinsic differential of ¢ at xq. Therefore, by Proposition
4.1, we obtain

{(<V¢¢(xo),ﬁ(y)> y) y € RQ”} ={peH" | (vg,(®(x0)), 7(p)) = 0}.
Hence, denoting by 1/](514)), .

that

(2n)
- VE, the components of vg, we conclude

(64) v (@) (V20(w0), 7 () + D vig) (B(wo))ys Yy € B

The thesis follows using (64) withy = e;, 7 = 1,...,2n, where (eq, ..., €a,)
is the canonical basis of R** and recalling that |vg, (®(z))| = 1 L*"—a.e.
in w. U

4.3. Corollary. Let ¢ : W — R be an intrinsic Lipschitz function
with parametric map ® : W — H". Then

(®)(L*"LW) = —11|0Ey|u
where (®)4(L*™ W) and vy denote respectively the image measure

LW through the map ® and the first component of the intrinsic
generalized inward normal to Ey.

Proof. In order to get the thesis it suffices to prove that, in our setting,
the constant ¢(W,V) > 0 provided by Lemma 4.30 in [26] is equal to
1. This follow easily observing that when W and V are as in (3), then
the map ¥ : R**! — R?"*! defined in Lemma 4.30 of [26] becames
the identity map. O

Using the fact that every intrinsic Lipschitz function is differentiable

almost everywhere, we have the following proposition.
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4.4. Proposition. Let w C W = R?" be a bounded open set, and let
¢ € Lipw(w). Then the intrinsic gradient V¢, which is defined £2"-
a.e. in w, satisfies

(65)  V?0(2)|lr=w) < C Lip(¢) (Lip(¢) +1) L* —a.e. v €w,

where C = C(n) > 0 depends only on n. As a consequence V¢ €
(Loo<w)>2n—1‘

Proof. Firstly, notice that, for each ¢+ = 1,...,2n — 1 and = € w, the
exponential map of the vector field V7, [—4,6] 3 s — exp(s V) (z) € w
is well-defined for 6 > 0 small enough and

(66)  dg(exp(s V?)(z),z) < 8n(Lip(¢) +1)|s| Vs € [-6,4],

for each ¢ = 1,...,2n — 1. Indeed, the existence of the exponential
map is well-knwon for i # n because the vector field Vf has regular
coefficients, and for ¢ = n it is consequence of (55). Let us now fix
se[—=60andi=1,...,2n—1, denote Z := x, ¥(t) := exp(st V) (z)
and h(t) := se; if 0 < ¢ <1, . Then from (51), (66) follows . Now, by
(66) and repeating verbatim the argument contained in the proof of [4,
Proposition 3.7] , it can be proved that, at each point = € w where ¢
is V?-differentiable (see Definition 1.4)

ex sv(.ﬁ ) = oz
60 Vo) — i ” RETIE) ~0

s—0 S

Eventually, from Theorem 1.3, (66) and (67),(65) follows. O

Vi=1,...,2n—1.

4.5. Lemma ([26]). Let ¢ € Lipw(w). Then

(68) OuEy N (R xw) =0E,N (R x w) = graph(¢)
and
(69) S0, mEy \ 05E4) = 0.

4.6. Proposition. Let w C W be open and bounded and let ¢ €
Lipw(w). Then for each ¢ = (p1, ..., p2,) € CHR x w,R*™)

(70) / divge AL = / p10® —(V9h,po®)dL™
E¢ w

where @ := (Y2, ..., pap) and ® : w — H" is as in (4).

Proof. We define F := E, the subgraph of ¢ and 2 := w-Re; = R x w.

By Theorem 1.3 E is a set of locally finite perimeter in H", then there
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exists a unique |QF|g-measurable function vy : @ — R*" such that
|vg|gen = 1 |OF|g-a.e in Q and

/ divgp AL = —/ (o,vp)d|0E|ln Ve € CHQ,R™), |p|gen < 1.
E

By using Corollaries 4.2 and 4.3, we have that the first component V( )

of vg is such that VE) < 0 |0F|g—a.e in .
Hence

v
/(% vg) d|0E|m :/ e (1)E>1/§51) d|0F |
Q Q vy

and by Corollary 4.3 we obtain
71/ n
[ (e dioml = - [ £ qa, i)
Q Qv

finally by a change of variables

/<Q07VE>d(I)#(£2an):/<Vqu)a(PocI)>d£2n.
Q w

VS) VS) od

Now, by the characterization of the inward normal provided in Theorem
1.3 we have for every ¢ € C}(Q,R?*") with |p|g2. < 1,

vpo® pod n
/(sa,vE>dI6‘EIH:—/ e 0 Lar?
Q w od

DNCLL
/soloqwrz e f; )i qpon
O

=—/so1o<1>—<v%,¢o<1>>d£2”,

where @ = (g, ..., ¢2,). Hence

M) = [ Gem) 0Bl = [erow— (V06 gow)acn
Q w
as desired. O

Now we are going to prove that the gradient V¢ of a Lipschitz
continuous function ¢ € Lipw(w) also agrees with the distributional
gradient. We emphasize the fact that the gradient V¢ exists almost
everywhere thanks to Proposition 4.1.

4.7. Proposition. Let w C R?*" be open and bounded and let ¢ €
Lipw(w). Then the pointwise intrinsic gradient V°¢ is also distribu-
tional, that is, for each ¢ € C}(w)

() [, ¢ Vipde? = — [ Vi AL Vi n;
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(i) [ (¢ Ons1th + % Ognyrtp) ALY = — [ V2 ¢ AL

Proof. Let us denote by M := ||¢||p~() < +00. By standard consid-
erations, there is a sequence {¢;};en C C°(w) converging uniformly
to ¢ on every w’ € w. Let us now prove that the sequence (V%¢;);
converges to V?¢, in sense of distributions, that is

(72)
/ (VPo(z),¥(x)) dL* = hm / (VP ¢;(x),d(x))dL>™ Vi € CH(w,R*™ 7).

We denote by ®; : w — H" the graph map of ¢; and by E; the
subgraph of ¢;. Therefore, by Proposition 4.6, we obtain that for every
Y = (8017"'7@0271) S Ocl(R X W7R2n)

/ p10®— (V% pod)dL™ = / divgp dL*.
w E
By the uniform convergence of ¢; to ¢ we get

/ divge dL£? = lim divgp dc
E

00
Jj— E;

and applying again Proposition 4.6 to each ¢;, we obtain

[ divapacn = [poa; - (9900005 ac,
Ej w

where ¢ 1= (p2, ..., @2,). Putting together the last three equalities we
deduce

/W@ (V?¢,p0®)dL* = lim gploq>j—<v¢j¢j,¢oq>j>d£2".

j—oo

Clearly, if ¢ = 0, this implies

/ (VP,p0®)dL* = lim / (V% ¢, pod;)dL™.
We explicitly point out that we will deduce the weak converge of V% ¢;
to V?¢ from the uniform convergence of ¢; to ¢ and from Proposition
4.6, which is an integration by part type formula. This will be done
with a suitable choice of ¢. Indeed, if ¢((s,x)) = ¥(x)&(s) with ¢ =
(Y, ..., on_1) € CHw,R*™ 1) and £ € C}(R) such that £(s) = 1 for
all s € R with =M —1 < s < M +1, then p € C}(R x w,R?*"). Hence

[ (7eota) v e = tim [ (96,@). va)ees @) A

]4’00



and since ¢; converges uniformly to ¢, there exist j € N such that for
all 7 > 7 and for all x in the support of ¥,

—M—1<¢j(x) <M+1

and hence £(¢;(z)) =1 for all j > j and for all  in the support of .
This implies (72).

If ¥(z) := (0,...,%(x),...,0) € C(w,R*1) and i # n then by
(72) we obtain

[ viowacn — i [P0, v -
w J= Ju
= — lim ¢ijj¢id£2” = /qbe)widEQ"
j—oo J w
where we used the fact that, if ¢ # n, then ijgbj = quﬁj. On the

other hand if i = n we obtain

/ Vi Yo LT = limy / Vi 6 Y AL =

= lim [ @000+ 6300,0) AL = — [ (00,0 + 60,0 L™
U

We end this Section proving the area formula stated in Theorem 1.6:

Proof of Theorem 1.6. Denoting by E the subgraph of ¢ and by
the cylinder R x w, being |0F|g a Radon measure, a classical approxi-
mation result ensure the existence of a sequence

(@5)jen = (91, -+ > Pjan))jen C Cp (QR™)

with |¢;|gen < 1 such that
p; —vg |0Elg—a.einQ
moreover by Corollaries 4.2 and 4.3 it is easy to see that
pjo® —vpod® L —aeinw.

Inserting this sequence in (71) of Prosposition 4.6 we obtain that for
all j € N,
@)~ [ (e doBl = [ piu0®— (706,50 0)acn

and the first part of the thesis follows taking the limit as j — oo in (74).
The fact that |0Ey|u(w - R) = ¢,8* (graph(¢)) for some dimensional
constant ¢, > 0 is a direct consequence of Theorem 2.16 and Lemma

4.5. O
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5. APPROXIMATION RESULT

In this section we are going to prove Theorem 1.7. We will strictly
follow here the approximation techniques contained in [37] and [43],
which are extensions to Heisenberg setting of the classical De Giorgi’s
techniques for the Euclidean one [20].

Before stating the approximation Theorem we need to recall two
results that will be fundamental in the proof.

5.1. Theorem ([45]). Let f : R" — R be a strictly convex function
and let (g;); and g be in (LY(Q))". If

(1) g; — g weakly in (L*(Q))";

(2) o fog;dLr — [y fogdLn
then g; — g strongly in (L'(Q))".
5.2. Lemma. ([43]) Suppose that M > 0 ¢ > 0 and u € C*((—M, M) x
w,R) N C°([-M, M] x w) are such that Viu < 0 and

u(z, M) >c¢, u(lx,—M)<0 Vzrecw.
Assume also that Viu(p) < 0 on the set A = {p € (-M, M) x w :

u(p) = c. Then there exists ¢ : w — (=M, M) such that ¢ is
V¢ —differentiable in w and

fu>ectN (=M, M) xw=E,N(—M,M) x w.
We are now in position to prove Theorem 1.7.

Proof of Theorem 1.7. Let us assume firstly that ¢ : W — R. Let
M := ||¢||Loe(w) < 400. For each @ > 0 we define u, : H* — R by

(75)  wa(p) = (pa * x5,)(p) = / palp- 4 )xs, (@) AL (q)

n

— [ pelae o p) a2y

where po(x) := &®"*2p(d1/,(z)) and p € C(U(0,1)) is a smooth mol-
lifier with p(p~™!) = p(—p) = p(p) ¥p € H". Namely let us exploit
the classical technique of approximation by convolution in H" intro-
duced in [22] of which the main properties are collected in [22] and [43,
Lemma 2.4].

Claim 0. Let us first show that u, is constant far from the graph of
¢, so that the integral (75) is indeed extended only in a neighborhood
of the graphs itself.
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To this end, for each o > 0 it follows that u, € C°(H") and
spt(ua) C U(0, ) - spt(xg,)-
Moreover, let us observe that for each a > 0
0 <wus(p) <1VpeH
and for all sufficiently small o > 0
(76) ua(p) =1 Vp e (—oo, —2M] x W.
Notice also that Ey is open in H" and

(77) spt(xe,) = By € {(s,z) | z € R™, s < ¢(2)}
C (—o0, M] x W.

Hence

(78) spt(ua) C Us - spt(xe,) C (—00,2M) x W

for « < M. In particular, (78) implies
(79) ua(p) =0 VYV pe[2M,+o0) x W.

Claim 1. Let us compute explicitly Viu,.

Let ¢ € C°((—3M,3M) X w), then
(80)

(Vo)== [ ual) VAL )

(=3M,3M) xw

N _/ pa(p)dL2 (p) / ) xe, (07t p)Vie@)dL  (p)

a (—=3M,3M) xw

= — / Pa(p)AL (p) / Xe, (@) Viep - q)dL (q).
o p~ L ((=3M,3M)xw)

With the notation @,(q) = ¢(p - g) we have Vii(p(p - q)) = Viwp(q),
because V1 is left-invariant; moreover ¢, € C°(p~!-((—=3M,3M) xw)),
then

(81)
(Vita, ) =

__ / pa(p)ALH (p) / X, () Vg, ()dLP ().
U, p~ 1 ((—3M,3M) xw)
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Put C(p,3M) := p~1-((—3M,3M) xw) then by an integration by parts,
we have

(82)

/ X (@) Vi ()AL (q) = — / vb, (@)ep(0)A10E, ()
C(p,3M) C(p,3M)

where V}% is the first component of the horizontal inward normal vg, =
(y};(ﬁ,...,V%Z) to Ey. B
Because spt(p,) € C(p,3M) and p € U, if « is small enough, we can

replace C(p,3M) by C(0,3M). Thus, by Fubini-Tonelli Theorem and a
change of variable, we obtain

(Viuo) = [ b @doElo( [

pa(p)e(p - Q)dﬁzn“(p)>-
C(0,3M)

Then for each p € C(0,3M) = (—=3M,3M) X w and for all @ > 0 small
enough

83) Viua(p) = / g 20 I IOE () =

n

_ / . )pa@.ql)m(q)d\a@r(q)

where Uf(p, o) :== U(0, @) - p.

In particular we immediately deduce from (83) the following asser-
tion. For each couple (w,wy) of open and bounded subset of W with
wo D w there exists & = a(wy) > 0 such that for all0 < a < &

(84) / |Vt |dL? T < |OEy|((—2M,2M) X wy).
(—2M2M)xw

Claim 2. For every fized o and ¢ € (0,1) the set

A={pe (—2M,2M) x w : uy(p) = ¢}
implicitly defines a function ¢o. This family has a subsequence { ¢y}
such that |V ¢y < ||V?¢||pew) Vk € N onw C W.

From Claim 1 we will first deduce that

(85) Viu(p) <0 Vp € A.
Indeed, recalling that (see Corollary 4.2)
1
viod = —
14 |Voo|?



and denoting by

(56) L(p) = / palp - ¢~ )AIOE,|(q)
UE(p,a)
we obtain
1
(87) Viua(p) < — I(p) Vp e (=3M,3M) x
I+ V90l

In order to prove (85) for every ¢ € (0,1) let us define
E,.=E,.={peRxw|uy(p) >c}

and notice that for each p € (—=2M,2M) X w with u,(p) = ¢

(88) LU (p,a)NEy) >0 L2 U (p,a) N ES) > 0.

Otherwise, by contradiction, assume, for instance, that L2 (U (p, a)N

E4) = 0. Then, since Fy is open, we can assume U (p, a)NEy = ). By

definition of convolution, it follows that u,(p) = 0 and then a contradic-

tion. Analogously, it follows that u,(p) = 1if L** (U " (p, a)NES) = 0.
By (88) and Theorem 2.14, we have |0E4|(UR(p,a)) > 0 Vp €

(—2M,2M) x w with u,(p) = ¢, then

(89) I,(p) >0 pe(—2M,2M) x w with u,(p) =c.

From (87) and (89), (85) follows. Applying Lemma 5.2 we deduce that

there is a function ¢, : w — [—2M, 2M] such that

(90)  Ean ([-2M,2M] x w) = By, N ([-2M, 2M] x w),

From (79), (76), it follows that

(91) OE,N(Rxw)={p€[-2M,2M] X w | un(p) = ¢} = Po(w)

where @, : w — H" is the graph map defined as in (4).
We can now estimate from above the gradient of ¢,. Letting Vyu, :=

(Vita, ..., Viua), Vg, = (VE¢, . E ) and arguing as in Claim 1 we
get,
|vHua(p>|
(92) V¢l =
|VHua(p)|
1

s 05, (@)llpa(p- ¢ )] dI0E,|(q)
]Vlua( )’ UE(p,a) ¢

V0| Lo (07 (pra))
[Viua(®)] /1 + IVl g

< Hvd)gﬁHLoo(UR(p,a)%
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the last inequality being a consequence of (87). It follows that for all
a>0

(93) |V¢a¢a| < Hvd)ngL‘”(w) n w.

Claim 3. There is a constant L only dependent on ||V?¢|| o) such
that for each o > 0 sufficiently small and each x € w it holds |¢q(x) —
o(z)| < La. Hence {¢a} coverges uniformly on w.

This is a direct consequence of Theorem 3.5. Indeed for ( fixed as
in Theorem 3.5, there exists L > 0 only dependent on § such that

U((=L,0),1) C{q: [lmw(g)ll < =Fmv(q)}

U((L,0),1) C{g: [lmw(q)] < Bmv(g)}.
Let p() := (6(x),2), p'(z) = (é(z) —aL,z) and p'(x) = (¢(x) +aL, )
with € w and and « € (0,1]. Observe that it holds:
(94) Ip(@)| < M+L+@2n—1)C+VC VYrew

where C' := max;<;<,(max,e, |z;]) < +00. Moreover, by standard con-
siderations (see [29, 38]), we know that for each p € U(0,79) there
exists ¢ = ¢(rg) > 0 such that

(95) U'(p,r) C U(p, c(ro)v/r) Vr € (0,1).
Hence, if x € w and « € (0,1], by (94) and (95), we conclude:
(96)

U/ (x),a) C U (2), clro)va) € {q: [[mw(p(z) ™" - @)l < =Brv(p™ - @)} CE

Ut (p"(x),0) C UW"(x), c(ro)va) € {q: |mw(p(z)™ - g)ll < Bry(p™"-q)} C H"-E,

where rg := M + L+ (2n — 1)C ++/C > 0. In particular, by definition
of u,

U’Oé(qb(x> —OéL,QS') = 17 ua(gb(:v)—l—ozL,x) :07
and by definition of ¢, and (85) we conclude that:

o) —al < ¢po(z) < ¢(x) + oL Va € (0,1],Vr € w.

Claim 4. There exists a positive sequence (ay)p, such that, if ¢np = P,
then

(97) Voon(z) — Vop(x) L™ —a.ex € w.
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In order to get (97), we need only to prove that there exists a positive
sequence (ay), converging to 0 such that there exists

(98) hlim/\/1+|V¢h¢h|2d£2”:/\/71+|v¢¢|2d£2”

where ¢, = ¢,,. Indeed, up to subsequence, by (93) and Proposition
4.7 we can assume , that the sequence in (98) also satisfies

(99) V¢, — V%0 weakly in (L*(w))* .
Then, by Theorem 5.1, it follows that
(100) V¢, — V% strongly in (L'(w))** .

Therefore, up to a subsequence, (97) follows. Let us now prove (98).
It is sufficient to show that there exists ¢ € (0, 1) and (ay,), C (0, +00)
converging to 0 such that

(101) 3 lim |0E., elu((—2M,2M) x w) = [0y |u((~2M,2M) X w).

In fact, by Proposition 1.6 and well-known H—perimeter properties

(102)
/ VIFVOPAL™ = |9, |a(R x w) =

= |0E4|u((—o00,2M] X w) + |0E4|u((—2M,2M) x w)+
+ |0Es|m([2M, +00) X w) =
= |0Es|u((—o0, —2M| X w N OEy) + |0Es|m((—2M,2M) X w)+
+ [0Ey|u([2M, +00) x wNOEy) =
= |0Ey|u((—2M,2M) x w),
where in the last equality we have used the inequality |¢| < M which

implies (—oo, —2M|xwNOE, = [2M, +00) xwNIE, = (). Analogously,
by (90),(76) and (79)

(103)  |0Ba, o|u((—2M,2M) x w) = |0E,, |u((—2M,2M) x w)

and
(104) / v 1+ |V¢h¢h]2d£2” |0E, |(R x w)
(105) = 0By, [u((—2M,2M) X w),

where ¢, = ¢,,. Therefore (102),(103) and (104) imply (98). Finally

let us prove (101). We will follow the technique exploited in [43]. Notice
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that, by the semicontinuity of H—perimeter measure and Claim 3, we

have

(106) |0Es|m((—2M,2M) x w) < limirjf |0Eq.c|lu((—2M,2M) X w)
a—0

for each ¢ € (0,1). On the other hand, by (106) and the coarea formula

it follows that

1
0E|u((—2M,2M) x w) < / liminf |0F, ¢|u((—2M,2M) x w)de <
0

a—0t

1
< limin / O (—2M, 2M) x w)de —
0

a—0t

~ lim inf / V|2 = I(w, 0).
(—2M2M)xw

a—0t
Now, for each wy @ w open and bounded, by Claim 2, it holds
(107) I(w,c) < |0Es|lu((—2M,2M) X wy).

Indeed, by Claim 2, for each wy  w open and bounded there exists a
sequence {ap}p C (0,400) which converges to 0 and h = h(wg) > 0
such that for each h < h

(108) / |Vttg, AL < OB |w((—2M,2M) X wp).
(—2M2M)xw

Hence
(109) I(w,c) < |8E¢|H((—2M, 2M) X wy)

for each ¢ € (0,1) and each wy © w open and bounded. Moreover, since
|0E4|u is a Radon measure then by a standard approximation argument
we can rewrite (107) with w instead of wy. Using again (106), we obtain
that £'—a.e c € (0,1)

lim i(I)lf |0E g c|lm((—2M,2M) x w) = |0Ey|m((—2M,2M) x w).

In particular there exists ¢ € (0, 1) and a positive sequence (ay,);, con-
verging to 0 such that (101) holds.

We conclude the proof proving that the assumption ¢ : W — R can
be relaxed to ¢ : w — R where w C W is open and bounded. Indeed,
by (8) ¢ is locally uniformly continuous on w. Thus ¢ can be extended
to a continuous function ¢ : w — V =R and let M := sup,, |¢| < +oc.
By Theorem 1.3, there exists a Lipschitz extension ¢ : W = R** —
V =R of ¢. Define ¢* : W — V =R by

" (1) = max{min{a(gg, M}, —M} xeW.



Theorem 1.3 yields that ¢* is a bounded Lipschitz function, which still
extends ¢. Applying the previous part of the proof to ¢* we get the
thesis. 0

6. APPLICATION

In this section we provide a characterization of Lipw(w) in terms of
approximating sequences. We first give the proof of Proposition 1.8.

Proof of Proposition 1.8. Estimate (9) follows from (66). Let us
fix ¢ € Lipw(w) , T € wand 0 < r < 7/(2Cy), here 7 and Cy are as
in Proposition 3.8. Let {¢;}ien be a sequnce of smooth functions as in
Theorem 1.7. For every ¢ sufficiently big Ue.4,(Z,7/2) C w. Moreover,
by [28, Theorem 2.7, Vz,y € Uy, (T,7/2)

(110) [9i(x) — ¢i(y)| < ||v¢i¢i||L°°(UCC’¢Z.(j7r/2)))dcc,¢i (z,y)
so that
(111)  Lipee( i, Ueers, (7,7/2)) < Vil Lo ey, 2rj2) Vi €N,
Viceversa, by definition of differential it follows that
IV Gill e Ve, /20 S LiDec($is Ve (2,7/2)) Vi € N.

For each i € N let 7;, Ci and C% be as in Proposition 3.8. Since every
¢; is Lipschitz continuous on U, 4, (Z, r/2) with respect to the distance
dec,p; then it is clear, from the proof of Proposition 3.8 and (111), that
each 7;,C,C4 depend only on [|[V?¢;| (). By Theorem 1.7, the
sequence {||V? ;| L) tien is bounded, hence we can as well choose
7, C1 and Cy independent of i and dependent only on [|[V?@|| () such
that

|¢Z<I> - ¢2(y)| < |’v¢¢HL"°(w)dCC,¢¢(xvy) vxuy € U¢i(f,7’/201)
< G| V99| ooy dss (2, y)

letting ¢ — 400 and using Theorem 1.7 and the explicit expression of
dy, (see (27)) we conclude that Vz,y € Uy(z,7/2CY)

(112) [6(2) = ¢(y)] < Col V@l 1= ) dy (2, )

which implies (10).
To prove (11), we use the fact, recalled in in Definition 3.4, that the cone

opening is the inverse of the Lipschitz constant, and the estimate of the
1

cone opening provided in Theorem 3.5, with £k = ————————
pemme b N

Using this fact, from proposition 3.8 we immediately get:
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6.1. Theorem (Characterization of locally intrinsic Lipschitz func-
tions). Let w @ W be open and bounded, and let ¢ : w — R. Then the
following are equivalent:

(1) ¢ € LipW,loc(w);
(i1) there exist {dp tren C C®(w) and w € (L2, (w))** ! such that

loc
(ii1) { &k }ren uniformly converges to ¢ on the compact sets of
w;
(iiy) for eachw’ € w there exists C = C(w') such that |V ¢y (x)| <
C L™M-qge zew, keEN;
(iiz) Vo ¢p(x) — w(z) L —a.e v € w.

Moreover if (ii) holds, then w = V¢ L*"—a.e in w.
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