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Abstract

Strained epitaxial films grown on a relatively thick substrate are considered in the context
of plane linear elasticity. The total free energy of the system is assumed to be the sum of the
energy of the free surface of the film and the strain energy. Because of the lattice mismatch
between film and substrate, flat configurations are in general energetically unfavourable and
a corrugated or islanded morphology is the preferred growth mode of the strained film. After
specifying the functional setup where the existence problem can be properly framed, a study
of the qualitative properties of the solutions is undertaken. New regularity results for volume
constrained local minimizers of the total free energy are established, leading, as a byproduct,
to a rigorous proof of the zero contact-angle condition between islands and wetting layers.

1 Introduction

In this paper we study from the variational point of view a mathematical model for the epitaxial
deposition of a film onto a relatively thick substrate in the case where there is a mismatch between
the lattice parameters of the two crystalline solids.

At the interface between the film and the substrate two opposing mechanisms compete to
determine the resulting structure. Ideally the minimum energy configuration of the bulk material
occurs at the stress-free state for each solid, however when the lattice parameters of the two
materials differ, complete relaxation to bulk equilibrium would result in a crystalline structure
that would be discontinuous at the interface. As this is forbidden due to the constraint of epitaxy,
a mismatch strain in the film arises during deposition.

The presence of such a strain renders a flat layer of the film morphologically unstable or
metastable, after a critical value of the thickness is reached. This is explained as the effect of the
competition between the surface energy and the bulk energy: To release some of the elastic energy
due to the strain, the atoms on the free surface of the film tend to rearrange into a more favorable
configuration. In turn, such a migration of atoms has an energetic prize in terms of surface tension
and the resulting configuration has lower total energy only if the thickness of the film is large
enough. We refer to [16] for a detailed mathematical discussion of this threshold effect.

Typically, after entering the instability regime, the film surface becomes wavy or the material
agglomerates into clusters or isolated islands on the substrate surface. Island formation in systems
such as In-GaAs/GaAs or SiGe/Si turns out to be useful in the fabrication of modern semiconductor
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electronic and optoelectronic devices such as quantum dots laser. Let us mention here that there
are two different modes of island growth: In the first one, known as the Stranski-Krastanow (SK)
mode, the islands are separated by a thin wetting layer, while in the second one, the Volmer-Weber
(VW) mode, no wetting occurs and the substrate is exposed between islands.

In the literature several atomistic and continuum theories for the growth of epitaxially strained
solid films are available. Here we work in the context of continuum mechanics and we essentially
follow the variational approach contained in [26] (see also [28], [20], and the references contained
therein).

We now describe the model considered in this paper. Both the film and the substrate are
modeled as linearly elastic solids. To keep the geometry as simple as possible we restrict atten-
tion to an epitaxial layer (with variable thickness h) grown on a flat semi-infinite substrate. We
further restrict attention to two-dimensional morphologies which correspond to three-dimensional
configurations with planar symmetry.

We assume that the material occupies the infinite strip

Qi={x=(z,y):a<z<by<h(z)} (1.1)

where h : [a,b] — [0,00). Thus the graph of h represents the free profile of the film, the open set
QT = Qn{y > 0} is the reference configuration of the film, and the line y = 0 corresponds to the
film/substrate interface. We work within the theory of small deformations, so that

E(u) := % (Vu + vu’)

represents the strain, with u : Q — R? the planar displacement. The displacement is measured
from a configuration of the layer in which the lattices of the film and the layer are perfectly
matched; this configuration, in which E = 0, will not correspond to a minimum energy state of
the film, which we assume to occur at a strain Eg = Eq (y). We assume that this mismatch strain
has the specific form
Cot >
B ={ (1 Y20 (12)

with eg > 0 and i the unit vector along the z direction (throughout all the paper {i,j} will denote
the canonical basis of R?).

In our setting the film and the substrate have similar material properties, and so they share the
same homogeneous elasticity tensor C'. Hence, bearing in mind the mismatch, the elastic energy
per unit area is given by W (E — Eq (y)), where

1
W (E) := iE -C'[E] (1.3)
with C a positive definite fourth-order tensor, that is,
1
§E -C[E] >0 (1.4)

for all symmetric matrices E #0.
In the sharp interface model the interfacial energy density g has a step discontinuity at y = 0 :
It is g1 if the film has positive thickness and gy if the substrate is exposed, precisely

R Yflm if y > 07
eo (y) = { e if = 0. (1.5)
Hence the total energy of the system is given by
F(u,Q) = QW(E (u) (x) — Eo (y)) dX+/F<po (y) dH' (x), (1.6)



where I' represents the free surface of the film, that is,
I':=00n((a,b) xR). (1.7)

As we already mentioned above the sharp interface model is difficult to be implemented nu-
merically. Thus in the literature it is customary to replace it with a boundary-layer model, where
the discontinuous transition is regularized over a thin transition region of width § (“smearing
parameter” ).

In this paper, following the work of Spencer [26] (see also the references therein), for 6 > 0 we
consider the regularized mismatch strain

Es (y) = %eo (1 +f (%)) i®i, yeRr, (1.8)

and the regularized surface energy density

s (y) ‘= Ysub + (fyﬁlm - Vsub) f (%) ) Yy Z 07
where f is a smooth increasing function such that

f(0)=0, lim f(y)=-1, lim f(y)=1. (1.9)

Y——00 Y—00

Thus the regularized total energy of the system becomes
Fy (0,2 = [ W (B () () B (1) dx+ [ o3 (o) a! (). (1.10)
Q r

The paper is divided into two parts. In the first part we study the asymptotics as § — 0% of
the regularized problem and we show that the limiting functional is given by a suitable relaxzed
version of the sharp interface model energy (1.6) (see Theorem 2.9). We consider here both regimes
Yailm = Ysub aNd Yaim < Ysub- It is interesting to note that in the latter regime the relaxed surface
energy density is no longer discontinuous and in fact it is constantly equal to yg,. From the
physical point of view this may be seen as evidence of wetting: when g1, < Ysub it is energetically
more favorable to cover the substrate with an infinitesimal layer of film atoms (and pay surface
energy with density vaim, ) rather than to leave any part of the substrate exposed (and pay surface
energy with density vsub).

The asymptotic analysis, which relies on the notion of I'-convergence introduced by De Giorgi,
is very close in spirit to recent work of Bonnetier and Chambolle [4]. However it does not follow
directly from their analysis. Here we have chosen to present a self-contained proof based on
somewhat different arguments. We should mention that the results contained in [4] have been
extended and generalized in a higher dimensional setting in the two recent papers [6] and [8].

In the second part of this work we restrict ourselves to the wetting regime g1 < Ysup and to
homogeneous anisotropic elastic materials, and we study the regularity of local minimizers (u, ()
of the limiting functional Fo, (see (3.1) ), under a volume constraint.

Roughly speaking our main regularity results show that the profile h of the film for a locally
minimizing configuration is regular except for at most a finite number of cusps and “vertical
cuts” which correspond to vertical cracks in the film. Numerical results obtained by Spencer and
Meiron [27] confirm that steady state solutions exhibit cusp singularities, and also time-dependent
evolution of small disturbances of the flat interface result in the formation of deep grooved cusps.
Additional analytical evidence of the onset of cusps is provided in the work of Chiu and Gao [10]
(see also [14]), where it was shown that the cycloid which minimizes the total energy (among a
one-parameter family of cycloids) has a cusp singularity pointing toward the solid. Experimental
validation of sharp cusplike features in Sy Geg 4 and the discussion of possible mechanisms that
may explain this phenomenon can be found in [9].



As a consequence we give a proof of the zero contact-angle condition between the wetting layer
and islands, thus providing a rigorous mathematical justification to the formal argument used in
[26] and based on matched asymptotic expansions. To the best of our knowledge these results are
completely new in this context. The extension of some of these results to the three-dimensional
case is the subject of a future work.

Let us now briefly describe the main steps in the regularity proof. As a starting point we
observe that volume constrained minimizers of the limiting energy F, are also unconstrained local
minimizers if we add to F, a suitable volume penalization. This allows us to consider arbitrary
variations of h and to prove, adapting an argument introduced in [7], a uniform interior sphere
condition for the domain 2. This yields the conclusion that the graph of h is a Lipschitz continuous
curve away from a finite number of singular points. Having the Lipschitz continuity of A in hand, a
blow up argument, combined with classical results on corner domains for solutions of Lamé systems,
leads to a precise decay estimate for the gradient of the displacement u near the boundary, which
in turn implies the C1* regularity of h and Vu. At this point a bootstrap argument together with
a theorem proved in [19] gives the final higher regularity result.

2 Relaxation and I['-convergence

Throughout the paper we denote by x = (x,%) the generic point of R? and by B(x,r) the open
disc centered at x with radius r. Given two sets A, B C R? their Hausdorff distance disty (A, B)
is defined as
disty (A,B) :=inf{r >0: AC N, (B) and B C N, (4)},
where
N, (A) == {x€R®: |x—y| <r for somey € A}

and N, (B) is defined similarly.
In the sequel h is a lower semicontinuous function from [a, b] with values in [0,400). Given h
let

Qp:={(z,y): a <z <b,y <h(z)},
QF ={(z,y): a<z<b0<y<h(z)} (2.2)
be the reference configuration of the substrate/film system and the reference configuration of the

film, respectively. The set
Ly =00, N0 ((a,b) x R) , (2.3)

represents the free profile of the film. We also consider the set
Ty, := 8, N ((a,b) x R) . (2.4)
When there is no risk of ambiguity we shall omit the subscript h in the above notations.
We denote by Var h the pointwise variation of h, that is

n

Var h := sup {Z |h (z;) — h(zi—1)] : (2.5)

i=1
P :={xg,...,z,} is a partition of [a,b]} < 0.

We recall that if h has finite pointwise variation, then for every z € (a,b) we may define

h™ () :=min{h (z),h(z7)} = h?i};lfh (2), (2.6)
ht (x) :=max {h (z%) h(a7)} = ligljglglp h(z), (2.7)



where
h (asi) = lim h(z).

zZ—X

It may be verified that the functions h* coincide with the approximate upper and lower limit of h
in the sense of Federer (see [2] for the definition).
In the following lemma we collect some well known facts for later use.

Lemma 2.1 Let h : [a,b] — [0,400) be a lower semicontinuous function and let T and T be the
sets defined in (2.3) and (2.4) , respectively. The function h has finite pointwise variation if and
only if H*(T') < +o00. Moreover, if h has finite pointwise variation then:

(i) the set Q2 defined in (2.1) has finite perimeter in (a,b) xR,
(i) T ={(z,y): a<xz <b, h(z) <y <h™(x)},
(i) the function h™ is lower semicontinuous and

o

Q:{(x,y):a<x<b,y<h_(m)}7

(i) T ={(z,y): a <z <b, h(z) <y <ht(z)}.

Notice that (ii) and (iv) immediately imply that T' and I are connected.
We now introduce the space
Xiip o= {(0,Q) : ue H,, (QR?), Qis as in (1.1),
h is Lipschitz continuous} ,
where the unrelaxed energies (1.6) and (1.10) are originally defined. In the next proposition we
will show that energy bounded sequences in Xy, are compact in a larger space X of admissible
relaxed configurations defined as
X :={(u,Q):ueH. (%R, Qisin (1.1), (2.8)
h is lower semicontinuous and has finite pointwise variation} .

We recall that an infinitesimal rigid motion is an affine displacement of the form v(x) = a + Bx,
where B is a skew-symmetric matrix and a is a constant vector.

Proposition 2.2 (Compactness) Let {(u,, 2, )} C X1ip be such that

sup (/ |E(un)|2 dx + H! (Th,) + |Q;" |> < 00. (2.9)
SZhn

n

Then there exist a subsequence {(unk,thk)}, infinitesimal rigid motions vi, and (u,Q) € X

such that the sets R?\ Qp,,, converge in the Hausdor[f metric to R2\ Q and the functions u,, + v
converge to u weakly in H*(Y;R?) for every Q' CC Q.

Proof. For simplicity we write €2,, and I';, in place of €, and I}, respectively. From the

assumption it follows that

sup (|| +H' (') < oo.

Therefore for all n we have ,, C {(z,y) : a <z <b, y <!} for some [ > 0. Hence the compactness
of the sets R? \ Q, is equivalent to the compactness of the equibounded sets {(z,y) : a < ¥ <
b, y <1} \ , which follows from Blaschke Compactness Theorem (see Theorem 6.1 in [2]). Thus



we may assume that, up to a subsequence (not relabelled), R? \ ,, converges in the Hausdorff
metric to a set R?\ Q. It is not difficult to see that Q = €, where h is the lower semicontinuous
function given by

h(z) :=inf {lim inf by, (z5) © T — x} . (2.10)
By the same theorem we may also assume that {fn} converges in the Hausdorff metric to some
compact set K. It can be easily checked that I' C K. Therefore by Gotab’s Theorem

H'(T) < H' (K) < liminf H' (T,).
Hence from Lemma 2.1 the function h has finite pointwise variation.
Moreover, by (2.9) we may find a subsequence (not relabelled) and a function E€L? (; R
such that

Svm)

E (u,) xo, — Esxo in L? (R2;R2><2) '

Sym

Fixaball B C {(z,y) : a <z <b, y < 0}. By adding suitable infinitesimal rigid motions, if needed,
without loss of generality we may assume that

/ u, dx =0, / (Vu, —Vu)) dx=0 (2.11)
B B

for every n, in addition to (2.9). Note that here we have used the fact that B C Q,,.
Construct a sequence of bounded open sets {D;} with Lipschitz boundary such that

BcD;ccQ, D; ~Q

as j — 00. By (2.11) and Korn’s inequality combined with a standard diagonalization argument,
there exists u € H; (2;R?) with E (u) = E such that u, — u weakly in H'(D;;R?) for every
Jj. As the pair (u,Q,) € X this concludes the proof. m

The previous proposition motivates the following notion of convergence.

Definition 2.3 A sequence {(un,Qn, )} C X is said to converge to (u,§) in X if:

(i) the functions h,, have equibounded variations; i.e., sup,, Var h,, < +00;
(ii) the sets R?\ Q, converge in the Hausdorff metric to R? \ Q;
(iii) the functions u, converge to u weakly in H'(SY';R?) for every Q' CC Q.

We will often write (un, Qn,) — (u, ) to mean that (i), (ii), and (iii) of the previous definition
hold.

Note that from the Hausdorff convergence of {R?\ €, } to R?\ Q it follows that Q' C Qy,, for
all n sufficiently large. Hence condition (iii) in the previous definition makes sense.

Remark 2.4 We observe that condition (i) in Definition 2.3 is equivalent to requiring that
sup,, H1(T'p, ) < +oo.

The following lemma shows a useful property of the convergence in X.

Lemma 2.5 Assume that (i) and (ii) of Definition 2.3 hold. Then h,, converges to h in L'(a,b)
and, in particular,



Proof. For simplicity we write (2, and I',, in place of Qp,, and I';,, respectively. Since the
functions h,, have equibounded variations, up to extracting a subsequence there exists h with
bounded variation in (a, b) such that h,, — h in L'(a,b) and everywhere in (a,b) \ Ny, with Ny at
most countable by the Helly theorem (see [22]). Hence the lemma amounts to showing that h = h
almost everywhere in (a, b).

By the Blaschke Compactness Theorem (see Theorem 6.1 in [2]) we may also assume that

r,—-K in the Hausdorff distance (2.12)

for some compact connected set K. Moreover, by the Gotab Theorem and by Remark 2.4 it follows
that
H' (K) < liminf H* (T',) < +oo0. (2.13)

n—oo

Denote by K, := {(z,y) € K} the vertical section of K corresponding to the point = € (a,b). We
claim that H! (K,) = 0 for all = € (a,b) \ Ny, with N at most countable. To see this it is enough
to observe that

icard{z:Hl(Kx)zl}S Z H (K,) < H' (K) < oo.

n
o HY(Kp)2>

1
n

Since K is the Hausdorff limit of graphs, each K, is connected and so K, reduces to one point
for all z € (a,b) \ Ny. Set N := Ny U N;. In order to conclude the proof it suffices to show that
for all z € (a,b) \ N the equality h(x) = h(x) holds. Assume by contradiction that h(z) # h(x)
for some z € (a,b) \ N. Since h(x) = lim, h,(z), by (2.10) we deduce that h(z) > h(z) and that
there exists a (sub)sequence x,, — x with hy,(z,) — h(z). Note that for any y € (h(z), h(x)) we
have hy,(x,) <y < hy(x) for n large enough. Hence, using the connectedness of T';,, we may find
x,, between z and x, such that (z],y) € T',. Since clearly z), — z, we deduce from (2.12) that
(z,y) € K, that is, y € K,.Therefore (h(z), h(z)) C K, but this is a contradiction since by our
choice of x the section K, reduces to one point. m

Remark 2.6 Combining Lemma 2.1, Remark 2.4, and Lemma 2.5 we deduce that if (u,,Qp, ) —
(u,9) in X, then the sets €, , have equibounded perimeters in (a,b) xR, xq,, — xo in L, ((a,b)x

loc

R), and Dxq, X Dyq weakly* in the sense of measures.

If h has finite pointwise variation then the upper boundary I' of © defined in (1.7) may be
represented as the union of three subsets

I'= Fvert U Fcuts ) 1—‘grapha
where:

1. Tyert is the closure of the (at most) countable collection of vertical segments corresponding
to the jumps of h, that is

Lyert == {(z,y) : ® € (a,b) N S(h), h~ (x) <y < ht (x)}, (2.14)

where, as usual,

S(h) :={z € (a,b): h™ (x) #h" (x)}; (2.15)

2. Teus is given by the union of a (at most) countable number of vertical cuts which correspond
to the points where h % h™, precisely

Peuts := {(#,y) : € (a,b) NS, h(z) <y <h™ (x)}, (2.16)

with
S:={ze(a,b): h(z) <h™ (z)}; (2.17)



3. Tgraph := I'\ (T'yert UT cuss) is the portion of the I' corresponding to regular part of the graph
of h.

Thus I' (see (2.4) ) can obtained from I' by eliminating the vertical cuts (i.e. by re-defining h
to be h™), and we have

I =T Ueuts.

yT
graph

d I—;;raph z;graph

%

h(x)
I

cuts F
< lcuts

Figure 1: An admissible relaxed configuration.

The compactness and the I'-convergence results proved below are very similar to those estab-
lished by Bonnetier and Chambolle in [4]. However our proofs do not follow directly from the
analysis in [4] and make use of different arguments except for the next lemma.

Lemma 2.7 Let h : [a,b] — [0,400) be a lower semicontinuous function with finite pointwise
variation, such that h™ = h. Define the Yosida transform

hn(z) :=inf{h(z") + n|z — 2’| : 2’ € [a,b]}
for x € [a,b]. Then R?\ Qy, — R2\ Q in the Hausdorff metric and

lim H' (Ty,) = H*(T).

n—oo

The proof of this lemma is contained in the proof of Lemma 2.1 of [4] (given in Section 5.1 of

[4])-

Next we give a representation formula of the relazed functional Fs (u,Q) of Fs (u, Q).

Theorem 2.8 (Relaxation) For every § > 0 let Fs be the relazed functional of Fs under volume
constraint, i.e.,
Fs(u,Q) = inf {hminf Fs (up, Q) 0 (Wn, Q) € Xiip,

(Wn, Q) — (0, Q) in X, Q5 | =10}

hn
for all (u,Q) € X. Then

h(:z:

5(u,§2):/QW(E(u)( Es (v)) dx+/905( ) dH" (x +2Z/ y) dy, (2.18)

zeS

where T' and S are the set defined in (2.4) and (2.17) , respectively.



Proof. For simplicity we write {2,, and T';, in place of Q,, and T'p,, , respectively. Fix (u,Q) € X.
Step 1: Let Fj (u, ) denote the right-hand side of (2.18). We begin by showing that

F& (u7 Q) > Fs (11, Q) : (219)

Consider a sequence {(u,,,)} C Xr;p such that (u,,Q,) — (u,Q) in X, with || = |QF|, and
let h, and h be the functions associated with €2, and €2, respectively. Without loss of generality
we may assume that

liminf Fy (wn, Q) = lim F (4, Qn) < 00 (2.20)

n—oo n—oo
and B
r, —K in the Hausdorff distance,

for some compact set K containing I'.

Since h is of pointwise bounded variation and H! (T') < oo, the set S defined in (2.17) is at
most countable. Fix k € N (with k the cardinality of S if S is finite) and let S®*) := {zy, -, x1}
be any subset of k elements of S. Without loss of generality we may assume that

a<zr <<z <b.

Since the Hausdorff convergence of compact sets is equivalent to the Kuratowski convergence (see
[2]) for each fixed j = 1,--- ,k we may find a sequence {x, ;} C (a,b) such that

Tn,j — Zj, hp(Tn;) — h(z)) (2.21)

as n — oo. The following construction is borrowed from [21]. Let x,, o : (a,b0+ 1) — (a,b) be
the (continuous) piecewise affine functions such that z, (a) = z¢ (a) = q,

(= {0 € @y bR mn g) G=1 ok
1 otherwise,

8
o~
—

»
~—

Il

0 SE(J?j-F%,.Ij—F%) i=1,---k,
1 otherwise,

and define iLn := h,, oz, and

i (s) = h(x;) s€(zj+ L2 +4) j=1,--,k,
' h™ (zo(s)) otherwise.

Note that h, (s) = hy, (z,;) for s € (2 + 5t @0y +4), j=1,--+ k. Denote by R the open
strip (a,b+ 1) xR and set

o~

ﬁn::{(s,y):a<8<b+1,y<ﬁn(s)}, Q= {(S,y):a<s<b+1,y<ﬁ(s)}

and N R R R L
I, =00,NR, TI':=00NR.

Then by construction and since ;s is independent of the x variable it can be shown that

k
[ e 6o = [ s ) dH 60+ 130 e (),

<.
Il
—

k
IX: 1X .
Jeswan 0= [eswan +23 [ est) (2.22)



By (2.21) we have that

k
Jim. Z @5 (hn (Tn.5)) Z ws (h(z;)) - (2.23)

It is not difficult to see that Qn and Q are sets of finite perimeter in the open strip ﬁ, that
Xa, — Xa in Li,. (R?), and that

Dxa, = Dxa
weakly* in the sense of measures. Applying Reshetnyak’s Lower Semicontinuity Theorem (as stated
in Theorem 2.38 in [2] with p, := Dxg , p:= Dxg and f (x,€) = ¢s (y) [§]) we obtain

liminf | @5 (y) dH' (x) > /}-ﬁ w5 (y) dH' (x), (2.24)

n—oo T
n

where F€) denotes the reduced boundary of Qin R (see Def. 3.54 in [2]). Note that we have used
the fact that R R R R
|Dxg, |(R) = H'| T, |Dxgl(R) = H'[ FQ,

as proved in Proposition 3.62 and Theorem 3.59 in [2]. It is well known that (see [13, Theorem
4.5.9 (5)]), up to a set of H' measure zero, we have

]—'ﬁz{(s,y):a<s<b+17 ﬁ—(s)gygiﬁ(s)}:f, (2.25)

where the functions h* are defined as in (2.7)-(2.6) with & in place of h. Hence the inequality
(2.24) is equivalent to

tminf [ s () (0> [ o5 ) art! ).

Fﬂ,

By (2.22) and (2.23) we have that

h™(z)
/ ws (y) dy.
h

timinf [ s ) a1 () = [ s () a1 )+ 2
T r (z)

n—oo
zeSk),

If S is infinite we now let k — oo in the previous inequality to conclude that

h(m

nnnlgf/rn w5 (y) dH* (x) > /%( ) dH* (x +22/ . (2.26)

z€eS

Note that in view (2.20), by extracting a subsequence, if necessary, we may assume that the limit
inferior in (2.26) is actually a limit.
It remains to study the bulk energy. Fix any D CC Q. Since the sequence u,, converges weakly

touin H' (D;]Rz) we have that
E (u,) — E(u) in L? (D;R**?) .

Hence

liminf/ W (E (u,) — Es) dx>hm1nf/ W (E (u,) — Es) dx (2.27)

2/ W (E(u) — Es) dx.
D

10



By letting D " Q and recalling (2.20) and (2.26) (with the limit inferior replaced by a limit) we
conclude that (2.19) holds.
Step 2: To prove the reverse inequality

Fs (u7 Q) > F(S (11, Q) ) (228)
it is enough to construct a sequence {h, } of Lipschitz continuous functions such that 0 < h,, < h,

(u,Q,) — (0, Q) and lim Fj5(u,Qy,) =Fs(u,Q), (2.29)

n—oo

where Q,, := Q.
Indeed, assume that (2.29) holds with h,, < h. Then by a standard slicing argument we fix
Yo < 0 such that u (-, y0) € H' ((a,b);R?) and define

u(a:7y_5n) ify>y0+5na

u, (x):=={ u(z,yo) if yo <y < yo +en,
u (z,y) if y < yo,
and .
hn, (x) = hy (x) + €n,
where

1 b
A <|Q+—/a o () dm) .

Note that since || — |Q"| we have that &, — 0. Clearly |Q;L' | =12, (4., ) — (u,Q) in
X and
lim Fs(u,Q,)= lim Fj (un,Qﬁ )

n— o0 n—00 "

Hence (2.28) will follow from (2.29). The remaining of the proof is devoted to the construction of
the sequence {h,}.
Step 3: Assume first that

h™ =h. (2.30)

We denote by h,, the Yosida transform of h defined as in Lemma 2.7. It is easy to see that
0 < hy < byt < hoand that hy, is Lipschitz. Let €, be the sets associated with h,,. We claim that

lim Fs(u,Q,) = F5 (u, Q). (2.31)

n—oo

The convergence of the bulk energies of the approximating sequence follows immediately from
Lebesgue Monotone Convergence Theorem. Thus it remains to prove the convergence of the surface
energies.

From Lemma 2.7 and by (2.30) we have that

lim H' () = H* () = H'(T). (2.32)

n—oo

Clearly ©,, and © are sets of finite perimeter in the strip R = (a, b)xR and xq, — xq in L, (R2).
As in (2.25), up to a set of H! measure zero, we have

fQ:{(x,y): a<xr<b h™ (x)gygiﬁ(x)}zf. (2.33)
Therefore, by (2.33) and (2.32) we obtain

|Dxe,|(R) = "' (Tn) — [Dxal(R) = H'(T).
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Thus, arguing as in (2.24), we may apply Reshetnyak’s Continuity Theorem (see Theorem 2.39 in
[2]) to conclude that

im [ s (y) dH (x) = / o5 () dH* ().

n—oo T
n

Step 4: We consider next the case where the set S defined in (2.17) is finite, say S = {1, , 21},
where as before
a=:20<x] < - <zT)p <b=:Tpy.

We claim that there exists an increasing sequence of lower semicontinuous functions h,, satisfying
(2.30) such that R?\ Q,, — R?\ © in the Hausdorff metric and

lim Fs (u,$,) = F5 (u,Q). (2.34)

n—oo

To see this, let
€0 ::min{\xj—xj_ﬂ rg=1,-- ,k+1} >0

and for n € N define

ho () = { @) @€ Lo =gt i) g=1 0k
nA h(xz) otherwise.

Since h is lower semicontinuous, and by the definition of S (see (2.17)), for all n sufficiently large
we have that h,, is lower semicontinuous and

Oghnghn+1§h7

hn — h pointwise and clearly h, = h,. It is easy to see that

/ oo (y) dH! (x) = / o5 () A1 (%)
I

r,Ar
k h(zj+52) h(z;—52)
+Z</ s (y) dy+/ s (1) dy)
j=1 h(z;) h(z;)
€0 k
+ " 2905 (h (x;)) -
j=1

Since h (wj + 26—%) — h (l’j), h (wj — 2%) — h (l’;) for each j =1,--- |k, we obtain that

h(z;+52) h(z;—52) h™(z;) ht(z;)
/h ws (y) dy + / w5 (y) dy — 2 / ws (y) dy + / ws (y) dy,

(x;) h(z;) h(z;) h=(z;)

and thus also by the Lebesgue Monotone Convergence Theorem we obtain (2.34).

Step 5: Finally, if the set S defined in (2.17) is denumerable then there exists an increasing
sequence of lower semicontinuous functions h,, satisfying the hypotheses of previous step such that
R2\ Q,, — R?\ Q in the Hausdorff metric and

lim Fs (u,$,) = F5 (u,Q). (2.35)

Indeed, for = € (a,b) and n € N define
hy (z) := min { max{h~ (z) — 2,0}, h (z)}.
Since h is a function of finite pointwise variation, the set

T, :={x € (a,b): h™ (z) —h(z)>+}
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is finite. Note that h,, is lower semicontinuous. Moreover, as {z € (a,b) : h, (x) # h, ()} C Tp,
the function h,, satisfies the conditions of previous step. Clearly h,, / h and

hy, (»’C)
[ awarwrz Y /
Tn b (z)#hs fin (@)
h™ (z)—
/gpg (max{y - = 0}) dH (x) +2 Z /h( s (y) dy
zeTy, x)

and thus by the Lebesgue Dominated Convergence Theorem we easily get (2.35) .

Combining Step 3, Step 4, and Step 5, and using a standard diagonalization argument, we
obtain (2.28) . This concludes the proof of the theorem. m

We are now ready to study the I'-convergence in X, under a volume constraint, of the family
{Fs5}s5-0asd — 07 (for the definition and the properties of I'-convergence see [5] and [11]). Observe
that the pointwise limit of ¢s is the function ¢ defined in (1.5), which is not lower semicontinuous
in the wetting regime vg1m < Ysup. Hence in the I'-limit we expect the surface energy density to
be given by its lower semicontinuous envelope

~ L Yflm if y > 0,
¢ (y) = { i g e} iy = 0. (2.36)

Indeed we have the following:

Theorem 2.9 (I'-convergence) For all (u,) € X set

Fo (0,8 = [ W (B() ()~ Bo () i+ min G2} AEO (=01 (23)
+ mHHT\ {y = 0}) + 296im Z (b (x) = h(z)),
zeS

where Bq is defined in (1.2) and the sets T and S are defined in (2.4) and (2.17) , respectively.
Then Fu, is the I-limit in X as 6 — 0% of the family {F5s} 550, under volume constraint.

Proof. We divide the proof into two steps.
Step 1: We start by showing that for all sequences 6, \, 0, (u,,Q,) — (u,Q) in X with
(un, Q) € Xpip and Q| = |QT], we have

liminf Fy, (u,, Q) > Foo(u, Q). (2.38)

n—oo

Indeed by (1.8) and (1.9) it is clear that Es, — Eo in L _ (R?;R**?) and thus, as in (2.27),

loc

liminf [ W (E(u,) — E;,) dx > / W (E (u) — Eo) dx. (2.39)
Q

n—oo O

To treat the surface energy we distinguish two cases. If Ya1m > Ysup then we fix m € N. Since for
all n > m we have that 5, > @5, for y > 0, it follows that

lim inf/ vs, (y) dH' (x) > lim inf/ vs,, (y) dH' (%)
I I

h~ (ac)
/ W () dHY (x)+2) / y) dy,
TES h(x)

13



where the last inequality can be proved as in (2.26) . As ¢s,, /' @, by letting m — oo and using
the Lebesgue Monotone Convergence Theorem we conclude that

h™ (x)
Z/h(x) ¢(y) dy,

zeS

lim inf / o5, (y) dH (x) > / B(y) dH (x) +2
n—oo Jp T
which, together with (2.36) and (2.39), yields (2.38).

The case Yaim < 7Ysub is simpler, since by definition we have that ¢s, > Yaim.
Step 2: In view of the previous theorem, in order to prove the estimate from above it is enough
to show that for all sequences 6, \, 0 and for all (u,2) in X there exists (up,2,) — (u,Q) in X
such that

limsup F's, (0,,Q,) < Foo(u,Q), (2.40)
n—oo

where the functionals Fs, are the relaxed functionals given by (2.18).

Fix a sequence J,, \, 0 and (u,Q) € X. If v < Ysup then construct €, \, 0 such that

@5, (Y +en) = @ (y) = Viim (2.41)

for all y > 0. It is well-known that £'-a.e. y < 0 the function u(-,y) € H' ((a,b);R?) . Let yo be
any such y and define

u(z,y—en) ify>yo+en,
u, (x) =< u(z,y0) if yo <y <yo+en,
u(xvy) 1fy S Yo,

and
by () :=min {h (z) + €n, tn}

where ¢, > 0 is chosen so that |Q;| = d. Since &,, — 0 it follows that ¢, — sup h and, in turn, by
(2.41)

s, (min{y +ep,tn}) = YaIm (2.42)
for all 0 <y < suph. Clearly
W(E(u,) —Es,) dx — | W(E(u) —Eg) dx. (2.43)
Qn Q
Moreover,
by, (33)
[eswaerz Y [ &y
Fr h ()b () * " (@)
h~ (m
/ w5, (min{y +&,,t,}) dH" (x) + 2 Z / (min{y + en, tn}) dy =1 A,.  (2.44)
zes (@)
Note that by (2.42) , (2.36) , and the Dominated Convergence Theorem we have
Ay = Yim H (D) + 2961w Y (b7 (2) — h(2)) . (2.45)
€S

Hence (2.40) follows from (2.43) , (2.44) , and (2.45) .
The case Yaim > Ysub 1S simpler, since it is enough to take by u, :=u and 2, =Q. =
The following compactness result is an easy consequence of Proposition 2.2.
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Proposition 2.10 Let {(u,,,)} C X and assume that
sup(Feo (Wn, Q) + [QF]) < o0 (2.46)
Then there exist a subsequence {(un,, s, )}, infinitesimal rigid motions v, and (u,Q) € X such

that
(Wp,, + Vi, Q) — (0, Q) in X

Proof. It is enough to observe that (2.46) implies

(/]

and so we can proceed as in the proof of Proposition 2.2. m
By the previous proposition, Lemma 2.5, and the sequential lower semicontinuity of F, we
obtain immediately:

E(u,)* dx+H' (Tn) + lQﬂ) -

n

Corollary 2.11 For every d > 0 the minimization problem
min {Foo (u,Q) : (0, Q) € X, [QF|=d}

admits a solution.

3 Regularity of local minimizers

In this section we study the regularity of minimizers of the limiting problem away from cusp points
and cuts in the wetting regime g1, < Ysub- We recall that in this case the energy is given by

Fo (0,Q) = /Q W (E (u) — Eo) dx + a0 (0) + 295 3 (b~ (2) —h(2)) ,  (3.1)
€S

for all (u,Q) € X (see (2.8)), where I and S are the sets defined in (2.4) and (2.17) , respectively.
We say that (u,Q) € X is a §-local minimizer for the functional F if F (u,) < oo and
there exists 6 > 0 such that
Foo (0, Q) < F (v, )

for all (v,§y) € X satisfying
|QF] = Q"] and |Q,AQ <6. (3.2)

Note that if h and g are the profile functions associated with €2 and 2, respectively, then condition
(3.2) is equivalent to

/abg(m)dx/abh(x)dac and /ab|h($)g(x)dx§5.

In order to study the regularity of (u, () it is convenient to replace the volume constraint with a
suitable volume penalization. This is made precise in the following proposition.

Proposition 3.1 Let (u,Q) € X be a d-local minimizer for the functional Fso and let d := |Q27F].
Then there exists Lo > 0 such that

0
Fyo(u,Q) = min{FOO (v, Q) +L]d— ||| (v, Q) € X, |Q,AQ] < 2} (3.3)

for all > {y.
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In order to prove the proposition we need the following lemma about the structure of superlevel
sets of lower semicontinuous functions with finite pointwise variation.

Lemma 3.2 For d > 0 set 1y = 4(%2;) and fix My > 0. Then there exists a constant rq =

ro(d, My) > 0 with the following property: For every lower semicontinuous function g: [a,b] —
[0, +00) such that

d b
3 < / g(x)dr < gd and HI(FQ) < M;

the open set {z € (a,b) : g(x) > 7o} contains at least one connected component, say (a’,b"), such
that b —a' > ry.

Proof. Assume by contradiction that there exists a sequence of lower semicontinuous functions
gn: a,b] — [0, +00), with

d and  HYT,,) < M, (3.4)

d
2

|

b
< / gu(@) dz <

such that )
|[I| < — for every interval I C {z € (a,b) : gn(x) > 70} (3.5)
n
Note that (3.4) implies the existence of a constant M > 0 such that

llgnllcoc < Ms for every n. (3.6)

d

Set 7 := %(

=y and consider the family I7',..., I}! of all connected components of {z € (a,b) :
gn(x) > 70} ha

ving nonempty intersection with {z € (a,b) : g,(x) > 71 }. Since, by definition, we
have H*(T'y, N (IJ’?XR)) > 2(1 — 79), summing over j = 1,...,k, we obtain
kn
2M; > 2H (Ty,) = Y H'(Ty, N (T7xR)) > 2k (71 — 70)
j=1
which implies
M
by < —— . (3.7)
T — 70

By (3.5) , (3.6) , and (3.7) we deduce that

k k
- - M M.
[ ey [ e <ol Y10 < S 0,
{gn>m1} =11y =1 n(m1 — 7o)

Therefore, using also the definition of 7, we have

d b 3
- < limsup/ gn(z)dx = limsup/ gndr < 711(b—a)==d,
2 n—oo a n— oo {gngn} 8

which is a contradiction and concludes the proof of the lemma. m

Proof of Proposition 3.1. Arguing as in the previous section (see Corollary 2.11), for any ¢
the minimization problem defined on the right-hand side of (3.3) admits a solution (v, Qg,) € X
with 5

+
[d=19,[l < 3 (3.8)

From the minimality of v, we have

Cld = |97 || € Foo (ve,Qq,) + £]d = ||| € Fo (1, Q) . (3.9)
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Setting

2F (u,9) Fo (u,Q)
0="=2"_ d M, =27~ 1
min{d, 6} an ! YAlm (3.10)
(3.9) and (3.10) immediately yield
d b 3 L
3 < | ge(x)de < §d, and H(Ty,) < M (3.11)
for £ > 0.
Note that (3.3) holds if we show that
|95, =d (3.12)

for all ¢ sufficiently large. We divide the proof of this fact into two steps.
Step 1: We claim that there exists ¢y > 0 such that

|Qf | >d  for > 4. (3.13)

We assume that
|| <d
for some ¢ > ¢' (see (3.10) ) and we will prove that this inequality leads to a contradiction if ¢ is
large enough.
Let 79 and ro be as in Lemma 3.2. Then by (3.11) and Lemma 3.2 there exists a connected
component I, of the open set {z € (a,b) : ge¢(z) > 70} such that

I > 0. (3.14)

For every 7 € [19/2,70] let (aer,ber) be the connected component of {z € (a,b) : ge(x) > 7}
containing the interval I, (in particular, Iy = (a¢r,, ber,)). Note that for 0 < 71 < 7 < 79 we have
(aprys bery) C (apr,,ber, ). It easily follows that the set

Ty := {(33,7') € (a,b)xR: 7€ [R,7), r € (agT,bgT)} U ((ag%o,b@%o)x(o, %0))

is a generalized trapezoid, as defined in the Appendix, with parallel sides s1¢, so¢ of length l1¢ := ||,
la¢ := byra — aymo respectively, and height 79. Note that the non-degeneracy condition (4.7) is

satisfied with o = & and ryy = min{ 3, lo¢}. Moreover, taking into account (3.14) we have,

1 . . [lie e T lig T10 70 1
= —— < _— ., — < _— ., — < — = .
m 30— a) min{7g, 7o} < min { Il max ot e Tor | = 70 max{7, T} =: may

Denoting by c; the center of Ty (see the Appendix for its the definition) and by By the ball centered
at ¢y with radius mylse/2, it follows from Theorem 4.3 (see also Corollary 4.5) and from (1.4) that
there exist positive constants ¢;, ¢y independent of ¢ > ¢ such that

VaPax <o | W(E@)dx <o | W(E@) - Eo)dx+1), (3.15)
Tg Tg TK
where
z¢ (x) := vy (x) + Agx, (3.16)
with )
Ajpi=— Vvo)' —Vvy) dx.
¥4 |BZ| B, (( @) E)
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Using (3.15) , (3.9) , and the fact that E(z;) = E(v,) we obtain
|Vz)? dx < co(Fao (0, Q) +1)  for £> 1.
Ty

Define
d—|Qf,

To

Ne -

and divide the interval [79/2,7p] in k¢ intervals with length between 7, and 27, where
70
ke := {} .
20
From (3.17) it is clear that at least one of these intervals, say (7;,7;’), satisfies

/ |Vz)? dx < / |Vz|* dx < %(FOO (u, Q) +1).
(@ery bary ) (73,7 7o ((a:b)x (r7,7;")) ¢

For simplicity, from now on we write (ag, by) in place of (agn;/,bhé/). We define

he() == ge(x) if x € (a,b) \ (ag,be),
' ge(x) +7, if x € (ag, be),
where |Q+
d—
n, — 9ge <
Ne * b@ —ar e,
and
zo(z,y) if z € (a,0)\ (ag,be)ory <7/,
wo(z,y) =14 Z(z,y) if 2 € (ar,b) and 7/ <y <7/ + %,
zo(x,y —7,) if x € (ag,by) and 7/ + % <y < he (2) ,
where

2o(x,y) = ze(2, 27 —y).

By construction f; he(x) dx = d. Moreover, using (3.8) we have

[ 1)~ h@) o < [ o) @) om0 < 3 -0l <o
for £ > ¢'. Since (u, ) is 6-local minimizer it follows that
Foo (u,Q) < Foo (W, Qp,) -
By (1.3) there exists a constant ¢z > 0 independent of ¢ such that
W(E(z¢) — Eo) < c3(|Vze> + 1) in (ag, be)x (15, 7)),

and
W(E(z¢) — Eo) < c3(|V2e|* + 1) in (ag, be)x (), 7/ + ).

Using (3.20) , (3.23) , and (3.24) we easily obtain

/ W(E(z¢) — Eg) dx < 03/ (|Vze)*> + 1) dx < C—4(Foo (u,Q) +1)
(az,bz)X(Té7 A (az7bg)><(‘l' ké

') 7))
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and

/( WV (BG) ~Boix < [

agbe)x () +75) (ae,be) X (ry' 7y + 3

(V2?4 1) dx
) (3.26)
< A (Fao (0,92) +1),

ke

for a suitable constant ¢4 > 0 still independent of ¢ > ¢’. Note that, setting

¢ := max {741:‘00 (u, ) , E/} ,

ToTo

by (3.9) and (3.21) we have 2/(m9 — 2n¢) < 4/79 for £ > ¢”, which, by (3.19), implies

T e _a-lgl 2 _a-feg)
ke = 10— 210 ro  To—2nm¢ T0To

Using also (3.18), (3.21), (3.25) , (3.26) , and the fact that Fi (v, Qg,) = Fso (2¢,Qg,) (see (3.16)),
for £ > ¢ we deduce that

F (Wg,Qh[) =F5 (Vg,Qge)+/ 7W(E(2[)7E0) dx
(ag,bg)X(Tlf/,Tlf/Jr%)

+ / W (E (z¢) — Eo) dx + 27a1m,
(ag,bz)X(TL;,T(er)

2
204

T ¢
d—mgi'(f&

To

< Foo (o, ng) + 0o (0, Q) + 1) 4 29a1mne

< Foo (Vo, Q) + (Foo (0, Q) + 1) + mﬂm) .

70

Thus, if

804

£> 1y fmax{ro (—

(F (u, Q) +1) + QVﬁIm» z"} +1, (3.27)
70

and recalling (3.9) , then it follows that
Foo (We,Qp,) < Fog (Ve, Qg,) + £ (d— |2} ]) < Foo (0,9) ,

which contradicts (3.22). This shows that (3.13) holds if £ > 4.
Step 2: To show (3.12), by the previous step, it suffices to exclude the case

|| >d (3.28)
when £ > £y (see (3.27) ). If (3.28) holds then we can find ¢, > 0 such that |Q | = d, where
he := min {ge, t¢} .

Note that if £ > ¢y, by (3.8) we have

b
/ |h(x) — he(x)] d:p</ |h(z) — ge(z)] d:z:+/ (9e(z) — he(x)) dx

g + Q5| —d <4
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Hence the pair (v, p,,) is admissible for the volume constrained minimization problem. On the
other hand

Ve ™ (Th,) + 276i1m Z (hy (x) — he ()
he(z)#h, (x)

< 'YﬁlmHl(fgé) + 29f1m Z (9[ (z) = ge (90)) )
ge(z)#g, (v)

which implies, taking into account also (3.9),
Foo (Ve, Q) < Fo (v, Qg,) < Foo (v, Qg,) + £ (|QF | —d) < Fuo (u, ) .

The last chain of inequalities contradicts the local minimality of (u, ) and concludes the proof of
the proposition. m

Following an idea of Chambolle and Larsen in [7] we begin by establishing an internal sphere
condition.

Proposition 3.3 (Internal sphere) Let (u,Q2) € X be a d-local minimizer for the functional
Fo. Then, for every zg € T there exists an open ball B(xq, po), with py independent of zo and
with B(xo, p0) N ((a,b) X R) C Q, such that

9B(x0, p0) NT = {zo}.

Proof. We divide the proof into two steps.
Step 1: We first prove that there exists pg > 0 such that for any (open) ball B(xq, po), with

B(x0,po) N ((a,b) x R) C Q,

the set OB(xg, po) intersects ' in at most one point.
By the previous proposition there exists ¢y > 0 such that

Fy (u,Q) = min {Hoo (v,Qy): (v,Qy) € X, |Q,AQ] < g} ) (3.29)
where
Hoo(u,Qy) := Foo (u, Q) + £o |d — |QF ||, (3.30)
and d := |QT].
Fix 5
—_— 31
0<50<4(b—a) (3.31)
and choose € < % and a finite set A C (a, b) such that
_ _ €
Y. ) =h@T)+ Y (b (@) — ki) < 3, (3.32)

z€S(h)\A 2ES\A

where S(h) and S are the sets defined in (2.15) and (2.17), respectively. We also consider the
measure 4 obtained by projecting H!|T" on the z-axis. Since the functions

gn(2) = p([z = 1/n,x+1/n]\ (S(h) U S))

are upper semicontinuous and g, \, 0 by a version of the Dini Theorem (see Theorem 7.3 [12]) it
follows that {g,} converges to 0 uniformly. Taking into account (3.32), it is easy to see that there
exists 7o > 0 satisfying

ro < min{|lz —2'|: x #£2', z, 2’ € A} (3.33)
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such that .
sup{pu(I\ 4) : I C (a,b) interval, |I| <r} < 7 (3.34)

Let B(xo,p) be an open ball such that B(xo,p) N ((a,b) x R) C Q and assume that the set
0B(x0,p) NT contains at least two points ¢ and d. We can write ¢ = (z1,y1), with h(z1) <y <
h*(z1), and analogously d = (z2,92), with h(z2) < y2 < h™(x2). We set

Pea = (T fer e x B) U oy s o <y < h5 @)}

and denote the chord {c +¢(d —c¢): 0 <t < 1} by [c,d]. Since we will modify £ by removing
the bounded component D of (I'c.q U [c,d])¢ we need to estimate how much we gain in terms of

surface energy. Setting [ := H!([c,d]), L := H'(Tc.a), and

r1 := min {(%0, 7‘0} , (3.35)
we will prove the following claim:
Claim: If
2p <1
then
Y (L — 1) < 4| D). (3.36)

We first estimate L. Note that by (3.33) the set [z1,z2] N A contains at most one point. Let
us consider the worst case: [z1,23] N A = {Z} and o := ({Z} x R) NT'¢ q has positive H!-measure.
Clearly o is a vertical segment and we denote its end-points by wy = (Z,y') and wo = (Z,y"). Tt is
also clear that we can write I'c g as a union of I'y, o, and I's, where I'y is the (possibly degenerate)
subarc connecting ¢ with wy while I'y is the subarc connecting wo with d. As H(T';) + H(T) <
2u(z1,22] \ A) < e by (3.34), (3.35), and the fact that [ < 2p < r1, we have

H' (o) <HNTy) +H (Do) +1<e+m

and, in turn,

L < HU(Ty) +H (T2) + M (o) < 2+ 1. (3.37)
We now define
Y2 — Y1 .
7 — (T — f
h(z) = $2—(E1(x 1) +y1 o <z <,
h(z) otherwise.

We claim that the pair (u, QE) € X is admissible for (3.29). Indeed by construction h < h and
Q\Q; C{(z,y): 21 <z < o, h(z) <y < h*(z)} C D.
Hence if 21 < x < x5 then
ht(z) —h(z) <r + L <2+ 2r < 2¢, (3.38)

where we used (3.35), (3.37), and the fact that ¢ < 5. Recalling (3.31) , this shows that [Q; AQ| <
0/2 and proves the claim.
By (3.29) and (3.3) we then have

Foo (0,Q) = Hyo (0, Q) < Hoo (0, ;) . (3.39)
Moreover, it is easy to check that

Hoo (w,2) + 6 (L = 1) + o (1I90F] = d| = |27 = d) < Fuc (0, 9). (3.40)
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Combining (3.39) and (3.40) we easily get (3.36).

From now on we can proceeds exactly as in the proof of Lemma 1 in [7]. For the reader’s
convenience we reproduce here the argument. First note that, setting 8 := L/l > 1, by the
isoperimetric inequality (see [2]) we have

(I+L)?* (0+1)%2 .

D| < = 3.41
1Dl = 4n 4T ( )
On the other hand, (3.36) can be written as
to| D]
- 7ﬁ1m(9 - 1) .
Substituting in (3.41) we obtain
g (0+1)°
pj< o OFD" 5 (3.42)

- 47T"Y§lm 6-1)
Finally, since by (3.38)
T2 -
|D| = / (Wt (x) — h(z))dx < 2e0(b—a),

1

from (3.42) we deduce that if £ is small enough then 6 must be close to 1. As the arc of circle
of OB(xg,p) which lies above the chord [c,d] has length less than or equal to L, we conclude
that if 8 < 7/2 then [c,d] lies above xo. We may therefore find a point zg in the segment
{e+1t(xo—e): 0 <t <1}, with e the middle point of [c,d], such that, setting p := |zg — |
= |zg — d|, the arc of circle of dB(zg, p) which lies above the chord [c,d] has length equal to L.
Denote by 2o < 7 the angle associated with such an arc, so that L = 2pa, and let D be the
area enclosed by the same arc and the chord [c,d]. Note that D is the largest area bounded by
[c,d] and a curve of length L. Hence |D| < |D|. Elementary computations yield | = 2psin @ and
|D| = (p*/2)(2a — sin 2at). We deduce from (3.36) that

bop?
27mpP(a — sina) < T(?a — sin 2a)

and, in turn,

00 ZﬁZ 4/7/ﬁlm ( a—s?na ) 2 ’yﬁlm7
Lo 2ar — sin 2« 20y

where the last inequality holds for all oe. Hence if pg < vg1m /200 is so small that 6 < 7/2 we have
a contradiction. This concludes Step 1.

Step 2: We now deduce from Step 1 the uniform internal sphere conditions stated in the proposi-
tion. In this step we essentially reproduce the argument of Lemma 2 in [7]. Consider the union U
of all balls of radius po that are contained in © := QU [(R\ (a,b))xR]. It is easy to see that the
thesis of the lemma is equivalent to showing that @ C UN((a,b)xR). Assume by contradiction that
such an inclusion doesn’t hold. Then there exist xo € QN AU, a sequence of balls B(yn, po) C ﬁ,
and x,, € 0B(yn, po) such that x,, — x¢. Up to extracting a subsequence (not relabelled) we may
assume that B(yy,,po) — B(y,po) in the Hausdorff metric, for some ball B(y,po) C Q having
Xo at its boundary. Note that the intersection of OB(y, po) with T' must be nonempty, since if it
were we could translate the ball slightly still remaining in Q and this would violate the fact that
xo € OU. Hence, by the previous step, dB(y, po) T = {z}. If xo and z are antipodal, then we can
find § > 0 such that B(y + d(xo — z), po) C S~2, which would imply that xq € U, a contradiction. If
xo and z are not antipodal, then we can rotate B(y, po) around xq, slightly away from z, to get a
ball B’ of radius pg such that B < Qand Xo € 0B’. Translating now B’ towards xo we find a ball
of the same radius containing xy and contained in €2, which gives again xg € U. This concludes
the proof of the proposition. m
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Remark 3.4 Setting Q := QU [(R\ (a,b))xR] we note that Proposition 3.3 can be restated in
the following way: There is pg > 0 such that for every zg € 99 there exists an open ball B(xg, po),
with B(xo, po) C Q, such that

8B(x0,p0) NN = {Zo}.

The next Lipschitz regularity result is a consequence of the uniform sphere condition just
proved. Its proof, which relies upon elementary geometrical arguments, is essentially given in [7,
Lemma 3]. In the quoted lemma an external uniform condition is assumed, but it can be checked
that exactly the same arguments go through in our situation and lead to the following proposition,
which we state without proof.

Proposition 3.5 Let (u,Q) € X be a local minimizer for the functional Fs. Then for any zg € T
there exist an orthonormal basis e1, e; € R2, and a rectangle

Q:={zo+se; +tey: —a' <s<dad,-b<t<l},
a', b >0, such that QN Q has one of the following two representations:
(i) There exists a Lipschitz function g : (—a’,;a’) — (=V', V") such that g (0) =0 and
QNQ={zo+ses+tes: —a’ <s<d, b <t<g(s)}n((ad) xR).

Moreover, the function g admits left and right derivatives at every point that are, respectively,
left and right continuous.

(ii) There exist two Lipschitz functions g1, go : [0,a’) — (=b',b") such that g; (0) = (gz)g_ (0)=0
fOTi = 1u 27 g1 < g2, and

QNQ={zo+serttex: 0<s<da, b <t<gi(s) or ga(s) <t <b'}.

Moreover, the functions g1, go admit left and right derivatives at every point that are, respec-
tively, left and right continuous.

Remark 3.6 Note that in case (i) the point zq is either a cusp point or the lower end-point of a
vertical cut (see (2.16) ). Proposition 3.5 combined with a simple compactness argument implies
that the set of all such points is finite. In particular the set I'cys is given by the union of a finite
number of vertical cuts. We also remark that the upper end-point of each vertical cut must be a
cusp point. We denote by I'q;sps the set of all cusp points; i.e.,

Leusps := {(z,h™(x)) : either x € S(h) or z € (a,b) \ S(h) and (h™), (z) = —(h7)"(z) = o0},
(3.43)
where S(h) is the jump set of h defined in (2.15) and (h™)’, (z), (h™)"_(z) denote the right derivative

and the left derivative of A~ at z. We shall also consider as singular points the lower tips of the
cuts. This motivates the following notation:

Tsing := Deusps U {(z, h(z)) : € S}, (3.44)

where S is the set defined in (2.17) . From the previous observations we have that I'¢ysps and Iging
are finite.

Hereafter we assume that W is the bulk energy density of a linearly isotropic material, i.e.
1
W (E) = SA[tr (E)” + ptr (E?) ,
where A and p are the (constant) Lamé moduli with

>0, p+A>0.
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Note that in this range, the quadratic form W is coercive. Also, the Euler-Lagrange system of
equations associated to W is

pAu+ A+ p)V(diva) =0 in Q.

We now show that if the boundary is flat then solutions of the Lamé system with natural
Neumann boundary conditions are smooth up to the boundary.

Theorem 3.7 Let Q be a half-ball of radius one, let ' be the concentric half ball of radius %, and
letue Wh? (Q;R2) be a weak solution of the Neumann problem

pAu+ A+ p)V(diva) =0 in Q, (3.45)
[ (Vu+ VuT) +A(divu)I]yv=0 onT, (3.46)

where I is the flat part of 02. Then for all integers k € N there exists a constant ¢ > 0 depending
only A\, p such that

sup |V’“u’2 < ck/ |Vu)® dx.
o Q

Proof. Let x¢ be the center of the ball. By Sobolev Embedding Theorem and an easy iteration
argument it is enough to show that for all % <r<R<1landforall k>2

/
/ [VFu|® dx < 67’“2/ [VF 1 dx. (3.47)
QNB(xo,r) (R—1)" JonB(xo,R)

We begin by proving this inequality for k& = 2. Let 7 and v be the tangent and normal vectors
to I' respectively. By a standard difference quotient argument and Korn’s inequality, we get that
% € W2 (N B (xo, R);R?) and

[ c[o ()] -

for all p € W12 (Q; RQ) vanishing in a neighborhood of 90\ T'. Choosing now ¢ := 772%, where
n is a smooth cut-off function such that n =1 in B (x¢,r) and 7 = 0 outside B (x¢, R) and

(&
199l < =

R—
ou
2 g (98
/Q K or
Using Korn inequality once more gives
2
o o= o (52)
QNB(x0,r) or Q or
Ou
< E(n—
. /Q (” 8T>
c 2
< 72/ |Vu|” dx.
(R—71)" JanB(xo,R)

: : 2 : 8%u 8%u
This provides L* estimates for 35 and 55

we easily obtain
2

dx < c/ (V) [Vul® dx.
Q

2
dx

2
dx < c/ IVn|? [Vul?® dx (3.48)
Q

. We now use the Lamé system to estimate 82—‘2‘ by
ov

.. . ) 82%u 8%u
rewriting it in terms of 52 and BBy Set

(1,0) =ar + frv, (0,1) =07 — av,
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where o? 4+ 32 = 1. Since
ou _ 0w, gou  Ou_ gou  Ou
ar  “ar Yo ay Tar Yov

the Lamé system now becomes

0%u 0%u
o (N B = 2 (e N aB = fi,
8%u 0%u

g Nl + 5 [+ (et Vo] = o

where f; and f, are linear combinations of the remaining second order derivatives of u; and wuq
with coefficients depending only on the Lamé moduli and quadratic expressions of a and 3. Hence

8%uq _ f1 [,u—l—(u—i—)\)of] +fo(p+ ) ap

ov? Cu+A)p ’
Pus  fa[p+ (4N B+ fi(p+X)ap
v 2u+A) p ’

which by (3.48) proves (3.47) with k£ = 2. Since ‘g—‘; satisfies (3.45) and (3.46) we can now repeat
the same argument to get (3.47) with £ > 2. =

Next we prove that for a local minimizer (u, 2) the domain € cannot have corners, i.e. at every
point zg € T'\ (Deusps U Lcuts) the left and right derivatives of the Lipschitz function g given in
Proposition 3.5(i) must coincide. We use a blow-up argument which relies on the following result
(see Theorem 3.1 and Remarks 1.1 and 5.1 in [18]).

Let © be a bounded open set in R? whose boundary can be decomposed in three curves

00 =T, UTyUTs,

where I'y and T'y are two segments meeting at the origin with an (internal) angle w € (0,27) and
I'3 is a regular curve joining the two remaining endpoints of I';y and I's in a smooth way. Denote
by wp € (7, 27) the solution of the equation

wp = tan wg.

Theorem 3.8 Let Q C R? be as above and let w € W12 (Q; Rg) be a weak solution of the Neumann
problem

AW + (A + )V (divw) =f + pw  in Q,
(1 (Vw + VW) + A(divw) I]v =0 on 09,

where £ € L? (Q;RQ) . Then
(i) if w € (0,7] then w € W22 ((;R?) and
”W”W?@(Q;H@) <c () ||f||L2(Q;R2) ;

(i) if w € (m,2m), w # wp, then w may be decomposed as

W = Wyeg + Z CaSa, (3.49)
where o ranges among all complex numbers with Rea € (0,1) which are solutions of the
equation

sin? aw = a? sin? w, (3.50)
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the functions S, are independent of £ and in polar coordinates
So (1,0) =r%g, (1,0),

with g, € W22 (Q;Rz). Moreover

W re ey + 3 leal < ¢ () 1] 2z (3.51)

(i1i) if w = wo then w may be decomposed as in (3.49) with the only difference that o ranges
among all complex numbers with Re o € (0, 1] which are solutions of (3.50) and the estimate
(3.51) should be replaced by

HWregHWs,z(Q;RQ) + Z |ca| < C(Sv Q) HfHLz(Q;lR?)

for every 1 < s < 2.

In addition it was shown in Theorem 2.2 in [25] that the following holds
1
Theorem 3.9 Ifw € (0,27) then the equation (3.50) has no solutions with Re« € (0, 2] )

From the previous two theorems we derive the following Decay Estimate for solutions of the
Lamé system at a corner point.

Theorem 3.10 (Decay Estimate I) Let  be as in Theorem 3.8 with T's piecewise smooth and
_ 1
ro such that B(0,79) NT'3 = 0. Then there exist a constant ¢ > 0 and an exponent [ € (2, 1)

such that for every weak solution u € W12 (Q; RQ) of the Lamé problem

pAu+ A+ p)V(divau) =0 in Q,
(1 (Vu+Vu") + A(divu)I]y =0 onT;UT,,

we have the following decay estimate

/ IVul? dx < crzﬁ/ (|u|2 + |Vu|2) dx (3.52)
B(0,r)NQ Q

for allO <r <rg.
Before proving the theorem we need the following auxiliary lemma.

Lemma 3.11 Let Q' C R? be as in Theorem 3.8 and let g € W2 (89';R2) be a function van-
ishing in a neighborhood of the origin. Then there exist a function v €W 2?2 (Q’;RQ) such that

(Vv+ V) +A(divv)I|v=g on 0%

and
||V||W2=2(Q’;R2) <c (Q/) ”g”W%'Z(BQ/;R?) .
Proof. Writing v = (v1,v3), v = (v1,v2) and g = (g1, g2), a straightforward calculation shows

that the equality
(Vv + V) +A(divv)I|v=g
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is equivalent to

Ov ov ov
a—; u+ N v+ ayl/u/z + 85”1/2 + a—;)\m = g1,
v v v v
aiml)\’/z + 8; v+ o+ 87; (2u+A)ve = g2
Since
ov @ @V ov @ (%V
dr v T ar Y ay v’ ar
the previous equation can be rewritten as
v ovy Ovg Ovg
afyl [+ (/~L+)\)V1] 67(M+)\)V1V2+67(#+)\)V1V2+87 (w7 = M) = g1,
vy Ovg Ovg
o (/~L+)\)V1V2vL ( )+87[N+(M+>\)Vz]—W(MJF)\)VU&:Q%
Choosing % 6“1 = %”j = 0 the previous system becomes
v v
871/1 [+ (n+ A) vi] +87V2(N+)\)V1V2 =91,
v v
5, (N vavs 2 [t (u A 1] = g,

which yields

Qv gi[p+(u+ N3] — g2 (n+ N e

- CTESY : (3.53)
vz _ g2 [t (p+ N vf] — g1 (n+ N e (3.54)
v Cu+A)p ' '

Note that even if v is discontinuous at the origin by the assumption on g the right hand sides
of the previous equations are zero in a neighborhood of the origin, hence are both in the space
W32 (9). We can now apply Theorem 1.5.2.8 of [17] to get a function v €W2?2 (Q/;R?) such
that its trace v = 0 on 0¥, the components of its normal derivative satisfy (3.53) and (3.54), and
its W22 norm is bounded by the W22 norm of the right hand side of (3.53) and (3.54)

||VHW2‘2(Q’;R2) S ( ) ||gH BQ’ iR2) :

which concludes the proof. m

We are now ready to prove the theorem.

Proof. Let w be the angle of € at the origin. We only give the proof in the case where w
satisfies condition (ii) of Theorem 3.8, that is w € (7, 27), w # wy, since case (i) is significantly
simpler, while case (iii) is completely analogous to case (ii).

Let € C 2 be as in Theorem 3.8 and such that Q' D 2N B(0,ry) and the distance between
Iy and T's is strictly positive, where T, := QN 9. By Theorem 3.7 we have that u is C* outside
a neighborhood U of the origin. Moreover

/ V2u[? dx < c/ Vul? dx. (3.55)
Q\U Q

Set
o(u) = [p(Va+vVu’) +X(divu) I].
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Since o (u)v = 0 on U N9 and is smooth we are in position to apply the previous lemma with
g = o (u) v to find a function v € W22 (';R?) such that

(1 (Vv+Vv) +A(divv)IJv=0(u)v on 0,
and

¥l @sy < (@) 10 () vy s

<c(Q) (/Q/\U (|Vu|2 + |V2u|2) dx)

Therefore from the estimate (3.55) we conclude that

=

”V”W?v?(ﬂ’;]Rz) <c(®) ||vu||L2(Q;]R2><2) . (3.56)
Defining w := u — v we get that w is a weak solution of

pAW + (X + p) V (divw) =f + pw  in ',
[ (Vw+Vw') + A (divw) Iy =0 on 0,
where
f:=pAv+ A+ p)V(divv) —p(u—v).
By (3.56) we have that
||f||L2(Q’;R2) <c(©) ||u||W1=2(Q;R2) .

By Theorem 3.8 we may write
W = Wryeg + Z CaSa
7

so that
||Wreg||W2,2(Q/;]R2) + Z |cal < () ||f||L2(Q;]R2) < c() ”u”WlJ(Q;]R?) .

Here and in the remaining part of the proof « ranges among all complex numbers with Re a € (0,1)
which are solutions of the equation (3.50) . Using Sobolev Embedding Theorem and the previous
estimate we have for any p > 2 and 0 < r < rg

/ [Vul? dx < 2 / |Vw/|? dx+/ Vv |? dx
B(0,7)NQ B(0,7)NQ B(0,7)NQ

<c / |Vwreg|2dx+/ |Vv|* dx +CZ|CQ\2/ |VSa|* dx
B(0,7)NQ B(0,r)NQ . B(0,r)NQ
2

<c / |V Wreg|” dx+/ |Vv|? dx P 4 CZ |co|? P2 Ree
B(0,r)N B(0,r)N o

2 2 4 2
<c (eregllw2,2(Q/;R2) + ||V||W212(Q’;R2)) 7“2 » +c ||fHL2(Q’;R2) ZTZRea
@

_4
< C”u”%/[/l,z(Q;Rz) (7"2 P+ 7,2Rea> ]

«

Choosing p so large that
2
1—-->pg:=min{Rea}
p «
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and recalling Theorem 3.9, we obtain (3.52) for all 0 <7 <71y. ®

We now use a blow-up argument to show that for a local minimizer (u,Q) € X for the
functional F, defined in (3.1) the domain  cannot have corners, i.e. that at every point
2o € I'\(FCeusps U T'cuts) the left and right derivatives of the Lipschitz function g given in Proposition
3.5(i) must coincide.

Theorem 3.12 (Blow-Up) Let (u,Q) € X be a §-local minimizer for the functional Fy, defined
in (3.1). Assume that T’ has a corner at some point zg € I' \ (T'cusps U Tcuts) . Then there exists a

constant ¢ > 0, a radius ro, and an exponent 3 < a < 1 such that

/ Vul? dx < er?® (3.57)
B(Zo, )ﬂQ

for all 0 < r < ry.

Proof. Step 1: We claim that there exist an orthonormal basis {e;,es} of R?, three constants

1
c¢1, L >0, 7 € (0,1), and an exponent 3 < 8 < 1 such that for all 7 € (0,79) there exists a radius
0 < r, < 1 such that

/ (Vu|? dx < mw/ (1 + \Vu|2) dx, (3.58)
C(zg,7T) C(zo,r)

for all 0 < r < r,, where
C(zg,7) :=0N{z0+se; +tes: —r <s<r, —4Lr <t <4Lr}. (3.59)

By Proposition 3.5(i) there exists a Lipschitz function ¢ : (—d’,a’) — (=b/,b"), with Lipg < L for
some L > 1, such that ¢ (0) = 0 and

QNQ={zo+se +tey: —d <s<d, - <t<g(s)}
for some a’, V', where
Q:={z¢+se  +tes: —a' <s<ad,-b <t<b}.

Moreover the function g admits left and right derivatives at every point, that are respectively left
and right continuous. Since I' has a corner at zo we have g’ (0) # ¢/, (0) . By Korn’s Inequality in
Lipschitz domains we may assume that u € H' (Q NnQ; RQ) .
Note that for all 0 < r < min {a/, %}
C(zg,r) ={zo +se1+tey: —r <s<r, —4Lr <t <g(s)}.

1
Fix ¢y >0, 70 € (0,1) and 8 > 3 to be determined later and assume by contradiction that the

corresponding estimate (3.58) is false for some 7 € (0,79). Hence we may find a sequence of radii
{rn} converging to zero such that

/ |Vul? dx > 01726/ (1 + |Vu|2) dx. (3.60)
C(z()ﬂ"'"n) C(Z(),T‘n)
Define the sets

1
C, = — (—Zo +C (Zo,’l“n))

n

:{se1+te2: —1l<s<l, 4L <t<

2(r28)=9 @)},

T'n
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Then xc, converges a.e. to the xc_ where
Coo i={se1 +tes: -1 <s<1, 4L <t < goo (5)}

with goo (8) := ¢~ (0) s for s < 0 and g (s) := ¢/, (0) s for s > 0. We rescale accordingly also the
function u by setting
u(zo + rpz) — a,

AnTn ’

u, (z) :=

where z : = 2220

1 / 9 1 / 9
a, = ——— udx, A = |Vul|” dx.
|C(Z0,Tn)| C(z0,mn) |O(Z07T7L)| C(zo,rn)

Note that

|Cl |/ |Vu,|* dz = 1.

Moreover, since by construction f u, dz = 0, by Poincaré inequality and a standard extension
argument we may extend each function u, to the rectangle

R:={se; +tey: -1 <s<1, 4L <t <4L},
in such a way that the resulting function (still denoted u,,) belongs to W2 (R; Rz) and satisfies
Hunle,z(R;Rz) S C(L) ”vu”HLQ(Cn;R2X2) S C.

Without loss of generality we may assume that the sequence {u,} weakly converges to some
function us, € WH2 (R; R2) and that

An — Ao € [0, 00].

Note that by (3.60) necessarily Ao, > 0. Moreover, denoting by xo the point in (a,b) such that
zo = (xo, h(x0)), it is easy to see that the functions u, satisfy the equation

/ E(s)-C[E (u, S / C[Bo (h (20) + 72)] dz (3.61)
Ch

for every ¢ €C§ (R;R?). We observe that the sequence {Eq (h(zo) + 7-)} converges to Eo in
LP (R; R?*2) for any 1 < p < oo, where

() if h (1‘0) > 0,

Boo (2) 1= oo (2) 101, €00 (22) = { X{z>01€0 if h(zg) = 0.

Step 2: We now fix a ball B such that

BcCcC{se;+tes: —1<s<1, —4L <t < —-3L}.

We claim that for all functions ¢ € C¢ (R) which vanish in B we have

lim [ ¢?|Vu, — Vus|” dz = 0.

n—oo Cn
From (3.61), and the fact that xc, — xc.. in L? (R), u, — U in W2 (R;R?), and

Eo (h(z0) +7rn) — Eo in LP (R; R2X2)
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we get that
[ B cB@d= - [ E@-CEdd (3.62)
Coo 0 JCox

where the right-hand side is understood to be zero when Ao, = oc.
Fix ¢ € C} (R) and choose ¢ := ¥?u,, in (3.61) (¢ := 1p?u. in (3.62) respectively) thus getting

1

/ Y?E (u,) - C [E(u,)] dz = 7/ E (v*u,) - C[Eq (h(z0) + Tn22)] dz (3.63)
Ch n JCp

f/i¢(un®v¢+wun®v¢f).cmxum]@
Cn

and

1

/Cm VB (ux) - C[B(un)] dz = /Cw E (?u.) - C [Exc] da (3.64)

—/ ¢@w®v¢+mw®vwﬂ-cmmmﬂ@.
C

Letting n — oo in (3.63), and using the fact that the right-hand side converges to the right-hand
side of (3.64), we get that

fim [ 0B () CE () dz= [ 0 (ux)ClB(ux)] da,

n—oo C
n

or, equivalently,

lim [ ¥ {B(u,)-C[E(u,)] - E(ux) - C[E(ux)]} dz =0

n—oo C
n

from which we easily get

lim E (¢(u, —ux)) - C[E (¥(u, —uw))] dz = 0.

n—oo C
n

Hence the claim follows from Theorem 4.2.
Step 3: We now divide the proof according to the three cases Ao, = 00, Ao < 00 and h (zg) > 0,
Ao < 00 and h (z9) = 0. We begin by assuming that Ao, = oo. In this case it follows from (3.62)
that u., is a weak solution of the problem
pAus + (A 4+ )V (divus) =0 in Cu,
(1t (Vs + Vul)) + A(divus) Iy =0 onTy_.

1
By Theorem 3.10 there exist ¢ > 0 and § € (2, 1) such that for all 0 < r < 1 we have

oo

/ |Vus | dz < crm/ (|uoo|2 + |Vuoo|2) dz
B(0,r)NCae c

< cr%/ |Vuoo|2 dz < cr?P

oo

where we have used Poincaré inequality, which holds since fc U dz =0, and the fact that
I |Vueo|? dz < |Cuol|. Therefore if 7q is such that

T0Coo C (B(0,1)NCx) \ {s€1 +tea: —1<s< 1, —4L <t < —3L}
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we get that for all 0 < 7 < 719
/ [Vuso|? dz < / [Vuso|? dz < ¢y,
7Cos B(0,%)NC

By Step 2 we then have that

im [ [V, dz :/ Vo |? dz
3 TCs

—
n—oo 7Chp

for all 0 < 7 < 79, and so

- |Vul? dx 1
lim fc( 0:77n) 5 = lim / |Vu, | dz < 2 28
e fC(zo,rn) [Vul|” dx |Coo| n=2e Jrc, [&%]

which contradicts (3.60), provided we take

C2
c1 > 2 .
TN

Step 4: Assume next that Ao < 0o and h (zg) > 0. In this case eo, = eg. Define

(€0z1,0)

Voo (2) := U (2) — o
Then v, is a weak solution of the problem

AV + A+ 1)V (divve) =0 in C,
[ (VVoo + VVE) + A(divve) Iy =0 on Ty

and thus, as in the previous step, for all 0 < r < 1 we have

/ aldn o [ (vl + Vvl da
B(O,r)ﬂCoo Coo

from which we easily obtain that for all 0 < 7 < 7y, where 7y is the same as in the previous step,

there holds
1 1
/ Vus|? dz < CT2B/ (|Vuoo|2 + 2) dz < c3? (1 + 2) .
7C C >‘oo )‘oo

oo oo

In turn

- |Vul? dx - |Vul? dx
hm fC( 0, n) — hm fC( 05 n)

n—oo fC(ZO7""rL) (|vu|2+1> dx n—oo |OOO|(>\%T%+T%)

2
= lim Jre, [Vual” dz 28

which is again a contradiction provided we take

C3

|Cool”

8122

Step 5: Finally we consider the case Ao < 00 and h () = 0. Define

~ L eg if z9 >0,
Coo (22) 1= { v if 29 <0,
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for some v to be determined later, and observe that for every ¢ €C} (R; RQ)

/ €oo (2 )&pld—/ a(ple—/ 84'01dz
o 021 Coo{22>0} 0021 CooN{z2>0} 92,

+/ 3@1 dz = / €oo (22) ¢ dz,
CooN{z2<0} 8?51 c 021

oo

where we have used the fact that

0
/ IO 1y = / 11 dH' (21,22) =0
Coo ﬂ{22<0} azl Coon{ZQZO}

since v1 = 0. Define

W (z) =€ (z —min{o > }) = 74/“”4_)\)6
00 . 0 1 72,[L+>\ ; . (2/j,+)\)2 0

A straightforward calculation shows that

~ 0(Woo ), 0 (Woo )y

(2u+ N e = (2u+ ) o + A 92
B 0 (Woo )y 0 (Woo )y
Ao = A5+ 2ut ) =5 ==

Hence for every ¢ €C§ (R;R?)
0
/ E(¢)-C|[Es ]dz7(2u+)\)/ €co (22) L 1z
c 0z
+ )\/ oo (22) d

_ 5 (2) 21 92
= (2/1—1—)\)/0 €00 (22) Bor dz—l—)\/c €co (22) 92 dz

oo

oo oo

= /cm {(2u+)\) 9 (Weo)y +A8((;‘Z°)2] 91 4y

0z1 071
9 (Weo )4 9 (Wes)y | 02
+/Ooo [)\ 9 +2u+ AN ———= 9 975 dz

_ / E(p) - C[E (wo)] da.
Coo

We can now proceed exactly as in the previous step with the only difference that we now take

1
Aoc

Voo = Ugo — Woo-

Step 6: By Steps 2-5 the estimate (3.58) holds, and we are now in position to prove (3.57). By
(3.58) for all 7 € (0,79) we have

/ (1 + \Vu|2> dx < 7*16Lr* + 01725/
C(zg,TT) C(zo,r)

< (16L + cl)T%/ (1 + |Vu|2) dx
C(zo,r)

for all 0 < r < r,. Hence for a fixed o € (1/2,0)

(14 vu*) ax (3.65)

(16L 4 ¢1) 727 = (16L 4 ¢;) 72P720 120 < 722 (3.66)
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provided 7y is sufficiently small.
Fix 0 < r < r; and find k£ € N such that

Tk+1’l“7- <r< TkTT.

By iterating (3.65) and by (3.66) we have

/ |Vu)® dx < / (1 + |Vu|2) dx < / (1 + |Vu|2) dx
B(zo,r)NQ C(zo,r) C(zo,7kr;)

20

STQ"‘k/ (1 + |Vu|2) dx < riza/ (1 + \Vu|2> dx,
C(z0,77) (1) Je(zo,rr)

where we have used the fact that B (zg,7) N Q C C (2, 7) since L > 1. This yields (3.57) with

1 / 2
cr= ——s 14+ |Vu|”) dx
(7'7‘7—)2a C(zo,r+) ( )

and rg:=7,. ®
Next we prove that for a local minimizer (u,2) € X the upper boundary T is of class C! away
from the finite singular set defined in (3.44) .

Theorem 3.13 (C! Regularity of I') Let (u,Q) € X be a 6-local minimizer for the functional
F defined in (3.1) . Then I' \ T'sing is of class Ct.

Proof. Since Iy is made of segments, it is enough to prove the regularity of I'\ (T'cuspsUlcuts ) -
Assume by contradiction that I" has a corner at some point zg € I' \ (Tcusps U Teuts)-

By Proposition 3.5 and a standard extension argument we may define u in a fixed neighborhood
of zg in such a way that for all 0 < r < ry

/ |Vu|? dx < c(L)/ |Vul|? dx (3.67)
B(zo,r)

B(zo,r)N2

for some 1 > 0, and where the constant ¢(L) is independent of r and depends only on the Lipschitz
constant L of the function ¢ in Proposition 3.5.
Moreover, by Proposition 3.1 there exists £y > 0 such that

5
Foo (1,9) = min {FOO (v, Q) + Lold — [+ (v, Q) € X, [Q,AQ] < 2} : (3.68)

where d := |Q2F|. We recall also that by Proposition 3.5(i) I' admits a left and a right tangent line
at xg. We are assuming by contradiction that the two tangent lines are distinct and form an angle
0 < ¥ < m. Let us also suppose, to fix the ideas, that zg & I'yet, since the case zg € [yt can be
treated similarly. For r > 0 (sufficiently small) we denote

z, ;= max{z € (a,b) : x < o and there exists y s.t. (x,y) € TNIB(zo,7)},
"._

x min{z € (a,b) : = > xg, and there exists y s.t. (z,y) € T'NIB (zo,7)},

and we let (., h(z.)) and (!, h(z!!)) be the corresponding points on I' N IB (zg, 7). Construct h,.
as the greatest lower semicontinuous function coinciding with h outside [z, z”/] and with the affine
function

T T

x — h(z)) + hiwy) = hw)

(x —a})

in (z,x!). It is easy to see that for r > 0 sufficiently small (u, ;) is admissible for the penalized

T T

minimization problem (3.3) . Hence, by (3.68),

" _
r

/
) — .

Foo (u,Q) < Foo (0, Q) + bold — \Q;;H < Foo (u,Qp,) + er?,
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and, in turn, using the estimates (3.57) and (3.67),

z! z!
/ V14 (W)2dx §/ \/l—l—(h;,)Qd:v—&—c/ |Vul|? dx + cr?
x!, a:;“ B

(20,7) (3.69)

S/ ' V14 (h)2dx 4 cr®®

for r small enough. Recall that by Proposition 3.5 the right and the left derivatives b/  and h’
exist and are continuous in a neighborhood of zy. In particular, for x > zy we have h(z) =
h(zo) + bl (z0)(z — o) + o(x — x0). Since

r= (2, h(z])) — (2o, h(z0))| = () — xo)\/l 4 (h;(%) n M)?

! — g
we get that
2 = 30+ ! : (3.70)
\/1 T (h;(xo) + ";ﬁrjjj))
Similarly, we obtain
X, =x0 — ! (3.71)

i () 22y

Plugging (3.70) and (3.71) in estimate (3.69) , dividing both sides by r and letting r go to zero, we
immediately get, taking into account the right and left continuity at xo of h/, and h’”_ respectively,

2 < 2sin(9/2)

which is impossible. m
As an immediate corollary of the previous theorem we have a rigorous proof of the zero contact-
angle condition between wetting layer and island (see [26] for a discussion on this matter).

Corollary 3.14 (Zero Contact-Angle) Let (u,Q) € X be a local minimizer for the functional
F defined in (3.1). If zg = (20,0) € I'\ T'sing then h'(z¢) = 0.

Next we seek to prove C1+7 regularity of I' away from the cusp points. To this purpose we need
a uniform version of the decay estimate (3.57) .

Theorem 3.15 (Decay Estimate IT) Let (u,)) € X be a local minimizer for the functional Fuo

defined in (3.1). Then for every closed subarc I" C T'\ (Tcusps U Tcuts) and for every 0 < o < 1
there exist a constant ¢ > 0 and a radius ro such that for all 0 < r < rqg and for all zqg € T"

/ |Vu)® dx < er?”. (3.72)
B(zo,r)N$2

Proof. The proof is very similar to the one of Theorem 3.12 so we only indicate the main
changes. We begin by showing that there exist two constants ¢ > 0, 79 € (0, 1) such that for all
7 € (0,79) there exists a radius r, > 0 such that for all 0 < r < r, and for all zg € I’

/ IVu|? dx < CT2/ (1 + |Vu|2> dx, (3.73)
C(zo,7T) C(zo,r)

where C'(zg,r) is defined in (3.59) and e;, ez are respectively the unit tangent vector and the
normal to the curve I' at zg.
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We fix ¢ > 0, 79 € (0,1) to be determined later and we assume by contradiction that the
corresponding estimate (3.73) is false for some 7 € (0,79). Hence we may find a sequence of radii
{rn} converging to zero and a sequence {z,} C I converging to some zg € I'" such that

/ Vul? dx > ch/ (1 + |Vu|2) dx.
C(2n,Trn) C(Zn,rn)

Define the sets 1
Cpi=— (-2, +C(zn,m)).

Tn
Using the fact that, since T'\ (Tcusps U Teuts) is of class C1, the unit tangent and normal vector to
I vary with continuity one can show that x¢, converges a.e. to the xc. where
Coo :={se1 +tey: -1 <s<1, —4L <t < goo (5)}
with g (8) := ¢’ (0) s. We rescale accordingly also the function u by setting

u(z, +rpz) —a,
AnTn

u, (z) :=

)

X—Znp

where z : = ,
Tn

1

= |Vu|2 dz.
|C($narn)| C(zn,rn)

a, : udz, Al:

)
o |C($n7’f’n)| C(xpn,Tn)

As in the proof of Step 1 of Theorem 3.12 we may assume that u,, (extended to the rectangle R)
weakly converges to some function u,, € W12 (R; RQ) and that

An = Aso € (0,00] .

The proof of Step 2 of Theorem 3.12 continues to hold while Step 3 can be simplified.
Indeed, if Ao = 0o then u., is a weak solution of the problem

pAus + A+ )V (divus) =0 in Cu,
(1t (Vs + Vul)) + A(divus) Iy =0 onTy_.
Therefore by Theorem 3.7 we have that if 0 < r < % then
/ Vus|?dz < Cr?  sup  |Vus|> < 07"2/ [Vuso|? dz < Cr?.
B(0,r)NCoo B(0,r)NCos B(0,1)NCos

We may now proceed as before to obtain a contradiction.
If Aoo < 00 then as in Step 4 of Theorem 3.12 we set

Voo (2) := U (2) — %.
Then v, is a weak solution of the problem
PAVo + A+ p) V (divve) =0 in Cu,
(1 (Vves + VvL) 4+ A (divve) Ilv=0 onTy,_

and thus, as in the previous step, for all 0 < r < % we have

/ Voo l|® dz < Cr?
B(0,r)NCx

and the rest of the proof is analogous.
Steps 5 and 6 are also similar, we omit the details. m
We are now in a position to show that I' is of class C!9 away from the finite singular set Tging.
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Theorem 3.16 (C'° Regularity of T') Let (u,Q) € X be a d-local minimizer for the functional
F. defined in (3.1). Then I'\ Tging is of class C17 for all0 < o < 3.

Proof. As in the proof of Theorem 3.13 it is enough to consider I' \ (I'cusps U T'cuss). Fix a
closed subarc IV C I'\ (Feusps U T'cuts), % < 0o < 1, and a point zg = (z9, yo) in I'. As in the proof
of Theorem 3.13, for all 0 < r < r; we may extend u to the ball B (zg,) in such a way that (3.67)
holds. Moreover, since I' \ (Tcusps U Teuts) is of class C', we may assume that constants 1, L and
¢(L) in (3.67) are independent of zy. Hence also by (3.72) there exist ¢, rg > 0 indepedent of z
such that

/ |Vu|? dx < cr?oo (3.74)
B(zo,r)

forall 0 <r < ro.

Owing to the C*! regularity and taking ro smaller (and again independently of zg), we can also
assume that for all 0 < r < rq, the curve T" crosses transversally dB(zg,r) at exactly two points.

Let (z.,y.) and («),y)) be two points in dB(zg,r) NT'. We redefine I" inside the ball B(zg, )
as the polygonal path of length 2r connecting (., y.) with zgand zg with (z/,4”) and we denote
the corresponding function by h,..

Using Proposition 3.1 and the fact that if ro is small enough the new pair (u, §2j,) is admissible
for problem (3.3) , we can estimate

Foo(u,9) < Foo (0, Q,) + bold — | || < Foo (0, ) + 1%,

which, together with (3.74), yields
HY (TN B(z,r)) —2r < c/ |Vu|? dx + cr? < 11?70,
B(z,r)

Note that the previous inequality holds for all z € TV and 0 < r < 7, with ¢; independent of z
and r. It follows that I is of class C17, where ¢ := 0y — % (see Proposition 6.4 and the proof of
Theorem 6.1 in [3]). m

In view of the previous theorem and Remark 3.6 we can partition (a,b) as

a=Tg <11 <...<Tp_1 <Xy, :=Db
in such a way I' N ((2;_1,2;) x [0,00)) is of class C17 for all 0 < o < 1 for each i =1,...,m.

Theorem 3.17 (C1? Regularity of u) Let (u,Q) € X be a §-local minimizer for the functional
Fy defined in (3.1). Then for any [a’,b'] C (zi—1,2:), i = 1,...,m, we have that u — wy, €
cho (Q N ([a’,b] x R) ;RQ), for some o1 > 0, where

o . Ay
Woo (X) 1= €9 (a;, Imn{O7 St )\}) .

In particular, u € C*7* (QN ([, b] x R\ {0});R?).

Proof. As shown in Step 5 of the proof of Theorem 3.12 the function u — w, satisfies
/ E(p) C[E(u—wa)] dx =0 (3.75)
Q

for every ¢ € CL((a’,V’) x R;R?). We now argue as in the proof of Theorem 7.53 in [2] to which
we refer for some details of the proof that will be omitted here.

By straightening the boundary I' with a diffeomorphism of class C“ for every 0 < o < %7 the
function u — w, is transformed in a H'! function v satisfying a linear system of the form

VpA(x)Dvdx =0
B-
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for all p € C'(B~;R?) vanishing in a neighborhood of 9B~ N {y < 0}), where B~ is a half ball

centered at the origin contained in {y < 0} and the coefficients AZ’JE of the matrix A are of class

C% for 0 < o < % Moreover, since A + p > 0 and p > 0, the matrix A satisfies the strong
Legendre-Hadamard ellipticity condition. Let us extend the function v to the whole ball B by
setting v(z,y) = v(z,—y) for y > 0. It is easy to check that the new function v satisfies the

equation
/ VpA(z)Vvdx =0, (3.76)
B

for all p € C§(B;R?), where the coefficients of A are also extended to the upper ball B¥ by setting,
for y > 0,

zi
_Aiﬂ,’jk (z,~y) otherwise.

Wk e o
A?}‘k(xy)—{ Al (x,—y) ifh=k=lorh=k=2

Let us fix (z9,0) € B and B((z¢,0),R) C B. We denote by w the weak solution of the Dirichlet

problem
/ Vp AVwdx =0,
B((x0,0),R)
wW=v on 0B((x9,0), R),
where )
At = —— | A(x)dx in BT,
A(x) = |B1 | Jp+
A*:—/ A(x)dx in B™.
B1)p

By the standard difference quotient argument and Korn’s inequality, one can show that %—‘;" is a

/ VAV (8w> dx = 0.
B((20,0),R) Ox

Therefore, by standard regularity estimates, we get that for every ball B (z, 0) C B((z0,0), R)

2
[ ) s (5 ()
B(z,0/2) Oz 0% JB(z,0) |\ O o ),,

where (%—‘;")z 0 denotes the average of the function %—‘;’ in the ball B,(z). From inequality (3.77)

2
1 ow\|? 1 ow\ |2
—_— VI{— dx <c 7/ A\ <> dx
|B (Z, 9/2)| /B(z,g/Q) <8{L‘> <|B (Z79)| B(z,0) Ox )

From this inequality, by using Gehring’s lemma (see for instance [15], Proposition 1.1, Chap. V)
we get that %—‘;" € Wl’p(B;]RQ) for some p > 2 and for all B(z,0) C B((z0,0), R)

loc
1/p
1 8W>p 1 / <8W>
. VI=)| x| <o —— V(=
(B(z,m) Boo/?) (ax ) 1<|B<z,g>| Blao | \ 0T

for some constant ¢; independent of the ball B (z, 9). Note that, since p > 2, we may conclude that

%—‘;’ is locally v-Hélder continuous for v = 1 — 2/p. Moreover, from Sobolev Embedding Theorem

and (3.78) we obtain that
ow
v(5)

1,2 .
W,. weak solution of

2
dx (3.77)

and Poincaré inequality we get

) 1/2
dx) , (3.78)

2 2 2

Ow dx.

oz

ow
ox

c
max

B(z,0/2)

2
co
< ° dx + 7/
|B (2, 0)| JB(z,0) 1B (2,0)| JB(2,0)
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This inequality and (3.77) yield

2 2

Ow dx .

Ox

ow
Ox

C

max TS A N
B(z,0/2) - |B (Z72Q)| B(z,20)

Denoting by [%—‘;"L ,. the Holder seminorm of %—‘;" in the ball B(z,r), from Sobolev embedding
theorem, (3.78) and (3.77) we get that if B(z,4r) C B((x0,0),R) and o < r

2
/ 0W_<5‘W)
B(z,0) 8(E ax 2,0
» 2/p
dx)

< 092+27r4/” < ¢
dx.

ow]?
e 2]

V2,7

v(5)

2
dx

|B (Zv T)| B(z,r)

< 692+27r%_2/ \Y (8w>
B(z,2r) Ox

2
242
<e(9) 7/ 3W<5W>
r B(z,4r) Oz Ox z,4r

Following the proof of Theorem 7.53 in [2], we introduce the vector D.w whose components are

for 7 = 1,2, where for convenience we used the notation z; = x, xo = y. From the equation
satisfied by w we get that for j = 1,2

Therefore we may conclude that V(D.w) is locally in L? in B((zg,0), R) and

ow

From now on the proof proceeds exactly as in Theorem 7.53 in [2] with the conclusion that Vv is
locally o-Holder continuous for all o < min {*y, %} ]
We will finally prove that I' is analytic outside a bigger singular set . Consider the contact

|V(D.w)| < ¢

o
set Z :=I'N{y = 0} and its inner regularization Z,.z := Z, where the interior part and the closure
are with respect to the relative topology. We set

Y= Fcusp U Fvert U Fcuts U Zreg )

where, we recall, I'cysp and I'yeq are the sets defined in (2.14) and (3.43) , respectively. Note that
by construction ¥ is a closed set.

Theorem 3.18 (Analyticity) Let (u,Q) € X be a §-local minimizer for the functional Fs,. Then
'\ X is analytic and satisfies the Euler-Lagrange equation

~Yiim curvI'(z) = W(E(u)(z) — Eo(y)) + Ao forallz e T\ X, (3.79)

where Ao is a suitable Lagrange multiplier and curv I'(z) denotes the curvature of T at the point z.
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Proof. Consider the relatively open subset I \ (¥ U Z) and denote by A its projection on the
x-axis. By considering variations in h of the form h + £p, where ¢ has compact support in A and
[ 4 edx =0, we easily get that T'\ (¥ U Z) is weak solution of (3.79) . From the previous theorem
and this equation we immediately obtain that Igrapn \ (X U Z) is of class C*7 for some o > 0 and
thus it is a classical solution of (3.79) . Since every point of I' \ ¥ is in the closure of T'\ (X U Z),
by approximation we see that (3.79) is satisfied classically at every point of T'\ X.

Let wo be the function introduced in Theorem 3.17, set i1 := u — W, and denote by E,, the
constant value of E(wy) on the half space {y > 0}. Taking into account (3.75) , it is easy to see
that the pair (,I'\ ¥) is a C? solution of the following overdetermined system:

divC[E(@)] =0 inQ,
CE@)]-v=0 onT\X%,
Yaiim curvl = W(E()) + (Exw —epi®1i) - CIE(@)]+ W(Exw —egi®i) + A9 on '\ X.

A standard bootstrap argument now yields that I'\ ¥ is of class C*° and that u — w,, is O up
to I'\ ¥. The analytic regularity follows from Theorem 4.9 and the remarks at the end of Section
4.2in [19]. m

Remark 3.19 Denote by m(X \ Z;eg) the projection of ¥\ Z,cg on the z-axis. By the definition
of ¥ and the structure of I it is easy to see that 7(2 \ Z.eg) is contained in the set where h is non
differentiable. Hence £(m(X \ Zieg)) = 0. In particular if we set

U:={z € (a,b): h(z) >0},
it follows from Theorem 3.18 that h is analytic on an open set of full measure in U.
We conclude by proving the following corollary on the structure of the contact set Z.

Corollary 3.20 (Contact Set) Let (u,Q) € X be a §-local minimizer for the functional Foo and
let Z=TnN{y =0} be the contact set of T' with the x-axis. Then for all open intervals I C (a,b)
the set (Ix{0}) N Z is either discrete or with nonempty relative interior part.

Proof. Assume by contradiction that (Ix{0}) N Z has no relative interior part and admits a
cluster point zg = (x9,0). Taking into account the definition of ¥ and the structure of T" it is easy
to see that under these circumstances ¥ N ((zg — €, zg + ) xR) = () if € is small enough. It follows
from Theorem 3.18 that h is analytic in (zg — €, 20 + ¢) and its zero-set has a cluster point at zg,
a contradiction. m

Remark 3.21 It would be interesting to show that Z is in fact the finite union of (possibly
degenerate) closed intervals.

4 Appendix: Korn’s Inequalities

We begin by recalling a classical version of Korn’s inequality which may be found in [23], [24].

Theorem 4.1 (Korn’s inequality I) Let M > 0 and let Q@ C RY be an open bounded domain
starshaped with respect to a given ball B (xq,r) C  and such that diam Q < M. Then there exists
a constant ¢ = ¢ (p, N,7, M) > 0 such that for all u € W1» (Q;RN), p>1,

/Q|Vu|p dx<c</g|u|pdx+/Q|E(u)|pdx> .
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As a consequence of this theorem we establish the following Korn-type inequality for subgraphs
of Lipschitz functions.

Theorem 4.2 (Korn’s Inequality II: subgraphs of Lipschitz functions) Let By_1(0,1) be
the unit ball in RN~1 and let h : By_1(0,1) — [~L, L] be a Lipschitz function with Liph < L for
some L > 0. Define

Ry ={(x,an) e RV"!'xR: x' € By_1(0,1), ~4L < zn < h(x)}.

Then there exists a constant ¢ depending only on N, p, and L such that

/ |Vul? dx < ¢ (/ lu|? dx+/ |E (u)|” dx>
Rp Ry Ry

for allu € Wh» (Rh;RN), p > 1. Moreover for any ball B compactly contained in Bn_1 (0,1) X
(—4L,—3L) there exists a constant ¢; depending only on N, p, L and on the radius of B such that

/ TP dx <, | B x (4.1)

Ry

for allu € Wh» (Rh;RN) with

/B (Vu - (Vu)T) dx = 0. (4.2)

Proof. In view of the previous theorem, to prove the first part of the statement it is enough
to show that Ry is starshaped with respect to any ball B compactly contained in By_; (0,1) X
(—4L,—3L). To this aim, let x = (x’,zn) € Ry, and y € B. If zy < —L then the segment joining
x with y is clearly contained in R;. If xny > —L then the straight line passing through x and y
has slope greater than L therefore it cannot intersect the graph of the function A in more than one
point, that is, the segment joining x with y is contained in Ry,.

To prove the second part of the theorem fix a ball B contained in By_1(0,1) x (—4L, —3L).
Clearly it suffices to prove (4.1) for all functions u € W7 (Ry; RY) which satisfy (4.2) and

/udx:O.
B

By the first part it will be enough to prove that there exists a constant ¢ depending only on L
and B such that

/ luf? dx < c2/ IE (u)[” dx (4.3)
Rh Rh

for all u € WP (Rp,; RY) satisfying (4.2). Assume by contradiction that (4.3) fails. Then there
exist a sequence of functions {h,} as in the statement and a sequence {u,} of functions with
u, € Wtr (Rhn;RN) such that

/B W, dx =0, /B (V. — (Vu)") dx =0, (4.4)

and
/ lu,|” dx =1, lim |E (u,)|" dx = 0. (4.5)
Rhn

n—oo [p
hTL

Since Lip h,, < L up to a subsequence we may assume that {h,,} converges uniformly to a function
heo With Lip hoo < L. By the first part of the theorem we have that

sup/ [Vu,|” dx < c.
R

n hn
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A straightforward extension argument by reflection allows us to extend the functions u, to the
cylinder Cr, := By—-1(0,1) x (=4L,4L) in such a way that the resulting functions, still denoted
by u,,, are equibounded in W17 (C i RN ) Hence, without loss of generality, we may assume that
the sequence {u,,} converges weakly in WP (C’L; RN ) to some function u,,. We claim that

/R [uso|” dx = 1. (4.6)

hoo

Indeed, since {h,} converges uniformly to h., it is clear that XR,, converges to xg, = pointwise
a.e. in Cr. Hence by Lebesgue Dominated Convergence Theorem {u,xr, } converges in L to
U XR,, - The claim now follows from (4.5).

Moreover, by lower semicontinuity, it is easy to see that

/ IE (us0)|” dx < lim E (u,)]” dx = 0
Rhoo n— o0 Rh,n

and so E (ux) = 0 a.e. in Rp,__. Since the domain Rj__ is connected this implies that us (x) =
a + Bx for some constant a € RY and some skew-symmetric matrix B € RY*¥. On the other
hand, it follows from (4.4) that

/Buoo dx = 0, /B (Vuoo - (Vuoo)T) dx =0

and so a = 0 and B = 0, which contradicts (4.6). m
We next extend the above theorem to a different class of two-dimensional domains which appear
in the proof of Proposition 3.1.

.c h

a\ ol

Figure 2: A generalized trapezoid.

A generalized trapezoid T C R? is the open region enclosed by two parallel (horizontal) straight
line segments s1, so and a pair y;, 2 of arcs connecting the endpoints of s; and so with the
following properties (see the picture above):

(i) assuming without loss of generality that the upper side s; is shorter than s and denoting
by m(s1) the projection of s; on the straight line containing so, there holds 7(s1) C so;

(ii) each ~y;, i = 1,2, is either the extended graph of a monotone function g;, i = 1,2, or a vertical
segment (in the latter case with an abuse of language we say that +; coincides with the graph
of a degenerate monotone function g;);
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(iii) denoting by a; and ay the endpoints of the lower side s3, there exists @ > 0 and 0 < r; <y
such that
B(aj,r1)NT and B(ag,m1)NT contain a sector of angle a. (4.7

Note that one of the two monotone functions, say g1, is non-decreasing while go is non-
increasing. We denote by li, lo the length of s;, so respectively, and we call the distance h
between s; and sy the height of the generalized trapezoid T. Finally, let R be the maximal rec-
tangle contained in 7' with one side coinciding with the shorter side s;. The center c of such a
rectangle will be called the center of the generalized trapezoid T.

Theorem 4.3 (Korn’s Inequality III: generalized trapezoids) Letp > 1 andletT be a gen-
eralized trapezoid with center c, height h, and parallel sides s1, so of length Iy, ly respectively (and
without loss of generality 11 <ly). Assume that the non-degeneracy condition (4.7) holds for some
a >0 and for some 0 < ry <ly and let 0 < my < mg < +00 satisfy

m1 < min hom b < ma; hom b <m
in<d —, —, — —, =, — .
1> lg’lz’lg = l2al27l2 = 2

Then there exists a constant ¢ > 0 depending only on p, my, mo, and a such that
/ |[Vul? dx < c/ |E (u)]? dx (4.8)
T T

for allu € Wh» (T; RQ) with
/ (vu - (vu)T) dx =0, (4.9)
B
where B is the (open) ball centered at ¢ with radius mqls/2.

Proof. Since for every A > 0 and every vector uy € R? inequality (4.8) is invariant under the
transformation
uc WhHP(T;R?) — uory +uy € WHP(AT;R?),

where r) denotes the dilation map x — x/\, we may assume that

lo=1, my <min{ly,r1,h} <max{ly,r;,h} <ms, diamT < /1+m3, (4.10)

and

/Budx:O. (4.11)

We can also assume that the lower side sy coincides with the segment [0, 1]x{0}. We first claim
that there exists a constant ¢; = ¢1(p, m1,ma, a) > 0 such that for all u € W1» (T; R2)

/T|Vu|p dx < o1 </T |u|pdx+/T|E(u)pdx> . (4.12)

To this purpose observe that by (4.7) and (4.10) the isosceles trapezoid T (with base angles equal
to o and left and right sides equal to m1) depicted in Figure 3 is contained in 7. Consider also the
rectangle Ry = (0, 1) x(—ma, 0] and note that any u € Whp (T; R2) can be extended to a function
w e whe (T U Rl;R2) so that

/ |w|” dxgco/ lu” dx  and / [Vw|? dx <co [ |Vul’ dx, (4.13)
R T

Ry T

where the constant ¢y > 0 depends only on 77, that is, on m; and «a. Let ¢ be the symmetric
point to ¢ with respect to segment sp and call B’ the ball centered at ¢ with radius m;/2. Then
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it is easy to see that T'U Ry is starshaped with respect to B’. Hence by Theorem 4.1 there exists
a constant ¢ = ¢/(p, m1,ms) such that

/ [Vwl? dx < ¢ (/ |wl|? dx —|—/ |E (w)|” dx) :
TUR, TURy TUR,

Taking into account (4.13) we deduce from the last inequality that
/ |Vul? dx §/ [Vw|? dx < ¢ (co + 1)/ lul? dx+c’/ |E (w)|" dx. (4.14)
T TUR, T TUR,
Finally by (4.13) and by applying Theorem 4.1 in 77 we obtain
/ |E (w)[” dx < ¢ |[Vul? dx < ¢ (/ [ul? dx+/ |E (u)? dx) (4.15)
Ry T T T

for some ¢”” > 0 depending only on a and m;. Inequality (4.12) follows now from (4.14) and (4.15)

&
\ T A
.C
1-2m cosa
m, sino{ o T o
.
R m,

Figure 3: The sets T1 and R;.

As in the proof of Theorem 4.2 it is now sufficient to show the existence of a constant ¢y =
c2(p,m1,m2) > 0 such that

[ dx<ex [ BPax (4.16)

for all u € W'» (T;RR?) satisfying (4.9) and (4.11) . Assume by contradiction that (4.16) fails.
Then there exists a sequence of generalized trapezoid T, as in the statement and a sequence
u, € wWtr (Tn;RQ) such that

/ u,dx =0, / (Vun — (Vun)T) dx =0,
B, B

n
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and
/ lu,|” dx =1, lim |E (u,)|"dx=0. (4.17)

. n—oo Tn
By rescaling and translating we may assume that for every n the generalized trapezoid T, is
centered at c, satisfies (4.10) , and is contained in a fixed rectangle Ry. In particular we may

assume that B,, = B for every n. From (4.12) and (4.17) we deduce that

sup/ |[Vu, |” dx < +occ.
n Jr,

n

Let g1,n, g2.n be the two monotone (possibly degenerate) functions associated with T,,. It is well
known (see for instance [1]) that a rotation of 7/4 transforms the extended graph of g;,, into the
graph of a 1-Lipschitz function (the rotation should be clockwise for the non-decreasing function
g1,n and counterclockwise for the non-increasing function g2 ,). Exploiting this observation and
(4.7) one can see that it is possible to extend the functions u, to the rectangle R, in such a way
that the resulting functions, still denoted by u,,, are equibounded in WP (Rg; Rz). Using Helly’s
theorem for monotone functions, it is also easy to see that we can find a generalized trapezoid
T, still contained in Ry, such that, up to a subsequence, x7, — xr., a.e.. We can now proceed
exactly as in the last part of the proof of Theorem 4.2. m

Remark 4.4 The final part of the previous proof shows in particular that T is a Lipschitz domain
and so one can extend from the very beginning the function u to a fized rectangle. However, it
s not possible to control the LP norm of the symmetrized gradient of the extended function with
the LP norm of the symmetrized gradient of u. This explains why we had to use a more involved
argument.

A simple mollification argument shows the following result:

Corollary 4.5 Let T and B as in the previous theorem. Then for every u € I/Vllof (T; R2) satis-
fying (4.9) and

/ |E (u)|? dx < +0
T

it follows that u € WP (T;R?) and (4.8) holds.
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