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1. INTRODUCTION

The analysis of Ginzburg-Landau functionals as the length-scale parameter tends to zero is a
beautiful piece of mathematical analysis. Different ideas and techniques merged together along
the last twenty years, to give a clear picture of the relevant phenomena, as concentration of energy
and formation of topological singularities.

To make a long story very short, the analysis started with the study of the asymptotic behaviour
of the minimizers of Ginzburg-Landau functionals in dimension two, with prescribed boundary con-
ditions. Let  C R? be bounded and with Lipschitz boundary. The Ginzburg-Landau functionals
GLc : HY(Q;R?) — [0, +00), are defined as

1 1
1.1 Lc(u) := ~|Vul + =
(1) 6L.0) = ([ 319+ W),
where W € C°(R?) is such that W(x) >0, W—1{0} = S! and

liminf —E) S0 Jiming L&)

— > 0.
jel=1 (1= |2[)? ol oo |z[?

In [2] are collected the main results for the asymptotic behavior of the minimizers u. of GL. with
a prescribed boundary datum g : 9Q +— S* with degree d. For ¢ small, the energy G L. (u.) blows
up as d|logel, and d vortex-like singularities appear, around which u. looks like (a fixed rotation
of) x/|z|. Subtracting the leading term d|loge| from the energy, a finite quantity remains in the
limit, called renormalized energy, depending on the position of the singularities.

After these results, much work has been devoted to understand the behavior of sequences of non
minimizers, with prescribed energetic regime, in the spirit of I'-convergence. The main issues are
clearly the (zero order) I'-convergence of “Cj)gz ; and the (first order) I'-convergence of GL. —d|log¢|
to the renormalized energy. The picture is nowadays well understood. For the zero order I'-
convergence [8] and [6] provide sharp lower bounds, while in [6] and [7] a I'-convergence result is
proved in WH1(Q; R?), and compactness of the singularities is expressed in terms of compactness
properties of the Jacobians Ju. of u. in the dual of Hélder functions; in [1] the I'-convergence
result is obtained (in any dimension and codimension) with respect to the flat convergence of the
Jacobians. To our knowledge a self contained proof of the first order I'-convergence result is still
missing.

The aim of this paper is to revisit these I'-convergence results, giving short, efficient and self-
contained proofs. Self-contained has to be understood in a very weak sense: we use many ideas
from [1], [8], [6], [7] and (for the first order I'-limit) the analysis for minimizers developed in [2].
Our approach is the following: we consider the ball construction as done in [8]: it consists in
an efficient way of selecting balls where the energy concentrates. Then we plug a Dirac mass in
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each ball, obtaining a sequence of measures u. that approximates Ju., carrying all the topological
information and bringing compactness and I'-liminf inequality in the zero order I'-convergence
result. The I'-limsup inequality is obtained by a standard construction. To prove the first order
I-convergence result we show that, if GL.(u.)/|loge| is bounded, then around each singularity x;
we have GL.(u.) — mz;|loge| > C, where z; € Z is the degree of the singularity. Moreover, if u,
are optimal in energy, then |z;| = 1 and around each singularity u. looks like (a rotation of) ﬁ
These preliminary results allow to use the analysis done in [2] to derive the renormalized energy.

Let us conclude recalling that the case treated in this paper has been the building block for
a series of important generalizations, as for the case of external magnetic field [9], the three
dimensional case [1] and the study of the evolution of vortices [10]. The final goal of this paper
is to rewrite this building block within the solid formalism of I'-convergence, with efficient and

self-contained short proofs.

2. PRELIMINARY RESULTS

In this section we introduce the notion of Jacobian, current and degree. Given u € H!(Q;R?),
the Jacobian Ju of u is the L' function defined by
Ju := detVu.

Let us denote by C%1(Q) the space of Lipschitz continuous functions on  endowed with the norm

pr) — ey
llellcor :=sup |f(z)|+  sup M7
z€Q T, yeQ, v#y xr—y

and by C21(9) its subspace of functions with compact support. The norm in the dual of C%:1(Q)

will be denoted by || - || f1q+ and referred to as flat norm, while 714" denotes the convergence in the
flat norm. Finally, the norm in the dual of C%'(Q) will be denoted by || - ||, and by flat(®)

the corresponding convergence.
For every u € H'(Q;R?), we can consider Ju as an element of the dual of C%!(Q) by setting

< Ju,p >::/Ju<pdx for every ¢ € C%1(Q).
Q

Notice that Ju can be written in a divergence form as Ju = div (u1(u2)z,, —t1(u2)s, ), i-e., for
every ¢ € C21(Q),

(2.1) < Ju,p >= 7/ U1 (U2)e, Py — U1 (U2)a, Pa, do.
Q
Equivalently, we have Ju = curl (u; Vuy) and Ju = jcurl j(u), where

) 1
jlu) = §(u1Vu2 + uaVuq)

is the so called current.
Notice that if u € L>(;R?), then Ju is in the dual of H'(2). Let A C Q open with Lipschitz
boundary. Then we have

(2.2) /AJu = %/Acurl j(u) = %/Mj(u) T,

where 7 is the tangent field to A, and the last integral is meant in the sense of H -3,
Let h € H2(8A; R?) with |h| > a > 0. The degree of h is defined as follows

(2.3) deg(h, 9A) := % /aAj(h/|h|) T

In [4], [5] it is proved that the definition is well posed, that deg(h,0A) € Z and, whenever
u € HY(A;R?), |u| > B> 0 in A, deg(u,dA) = 0, where in the notation of degree we identify u
with its trace. Finally, deg(u, A) is stable with respect to the strong convergence in H'(A4;R?).
Notice that u can be written in polar coordinates as u(z) = p(z)e?®) on A with |p| > «, where
0 is the so called lifting of u. By [3, Theorem 1] (see also [3, Remark 3]), if A is simply connected
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and deg(u, dA) = 0, then the lifting can be selected in H%(aA) with the map u +— 6 continuous
(but the image of a bounded subset of H2 (9A4; S) is not necessarily bounded in Hz (9A)). If the
degree d is not zero, then the lifting can be locally selected in H2 (9A) with a “jump” of order
27d.

Now we introduce some notion of modified Jacobian we will use in our I'-convergence results.

The main observation is that, for every v := (v1,v2), w := (w1, ws) belonging to H(;R?) we
have

1
(2.4) Ju—Jw = i(J(vl — wy,v2 + wa) — J(va — wa, vy + wy)).

By (2.1) and (2.4) we immediately deduce the following lemma.
Lemma 2.1. Let v, and w, be two sequences in H'(Q;R?) such that
[on = wnl2([Vonl2 + [ Vwnll2) = 0.
Then ||Jvp, — Jwy|| f1at — 0.

Given 0 < 7 < 1 and u € HY(;R?), set

(2.5) Uy = TT(|u|)ﬁ, Jouw:=Ju;,  where T)(p) = min{2,1}.
u T

By Lemma 2.1 we easily deduce the following proposition.

Proposition 2.2. Let u. be a sequence in H*(Q;R?) such that GL.(u.) < Clloge|, and let

O<ss<1besuchthatﬁ%ooass%(), Then

sup ||JUE - Jsustlat —0 as € — 0.
s:<s<1

3. BALL CONSTRUCTION

In this section we revisit the celebrated ball construction, a useful machinery for providing lower
bounds, following the approach by Sandier [8].

Let B = {B,,(%1),..., By, (zm)} be a finite family of disjoint balls in R?, and set Rad(B) :=
> r;. The ball construction consists in letting the balls alternatively expand and merge each
other. The expansion phase consists in letting all the balls expand in such a way that at each
(artificial) time the ratio 0(t) := r;(¢)/r; is independent of 7; we will parametrize the time enforcing
0(t) = 1 +t. The expansion phase stops at the first time 7" when two balls B, )(z:), By, ) (7;)
touch each other. Then the merging phase begins. It consists in collecting the balls B, (r)(x;)
in subclasses and merging all the balls of a subclass in a larger ball Bg,(y;) with the following

properties.

i) R; is not larger than the sum of all the radii of the balls B, (r)(z;) contained in Bpg, (y;).

ii) The balls Bg, (y;) of the new family are disjoint.
After the merging, we define in each ball Bg,(y;) a seed size s; by R;/s; = 0(T) = 1+ T (we
set s; = r; for ¢ = 0). Then another expansion phase begins, during which we keep the seed
sizes constant, and we now enforce 0(t) := R;(t)/s; = 1 +t, where t > T. We proceed so forth
alternating merging to expansion phases, until a last phase where only one ball expands. Notice
that by construction, in particular by property i), > s; does not increase during the merging. In
particular, we always have

(3.1) > Ri(t) =Y _(1+1)s; < (1+t)Rad(B).

Now assume that to each ball B, (x;) of the original family B corresponds some integer multiplic-
ity z; € Z, and set p := ). 2;0,,. Let F(B, i, U) be defined as follows: if A, r(z) := Bgr(z)\ Br(z)
is an annulus that does not intersect any By, (z;), we set

P, A ea) = (B o) 1o ()

r
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Then, for every open set U C R? we set
FB,u,U) = supZF(A

where the sup is over all finite families of disjoint annuli A; C U that do not intersect any By, (z;).

Remark 3.1. The definition of F is justified by the following observation. Let Q = Q \ UpenB.
Given u € H*(£; 1), let p := > pec deg(u, 0B)d,, where C denotes the family of balls in B that
are contained in (2, and x is the center of B. Then, by Jensen inequality we easily deduce that

1
FB0) <5 [ val
2 Juna
for every open set U C Q (see for instance [8]).

Set B(t) the family of balls at time ¢ (with the convention B(t) = B(¢t7) if ¢ is a merging time).
By our definitions it easily follows (see [8] for more details) that for any B € B(t)
(3.2) F(B, 1, B) > mlu(B) log(1 + 1).

We introduce the modified measure fi as follows: let C(1) be the family of balls in B(1) that are
contained in 2. We set

(3.3) p= Y u(Bi(2))ds

B,.(z)eC(1)
Theorem 3.2. Let B, = {B,, , (x;n)} be a sequence of finite families of disjoint balls in R* with
Rad(B,) — 0, and let fi, ==Y, 2in0z, . Zin € L, be a given multiplicity measure. Assume
(3.4) F(B,, pin, ) < Cllog Rad(B,,)|.
Then the following holds.
1) Up to a subsequence fin, flat u for some p = ZZJ\LI 2i0z, with z; € Z, z; € Q.
2) Assume fi, flat W= Zf;l 2i0y,. For every i and every o < %dist(wi, 00Uz, x5)

lim inf F(By,, ftn, By (w:)) — |2 log m >0,

Proof. We let the families B,, grow and merge as described above, and set B,,(t) the corresponding
family of balls at time ¢. Set C,,(t) := {B € B,(t), BC Q}, D,(t):={B € B,(t), BNoQ £ 0}.
Set moreover )
bty = ———— — 1, Vp 1= Z o (B ()0,
Rad(Bn) B (2)E€Cn (tn)
By the energy bound (3.4) and by (3.2) we have |f,|(Q) < C|logRad(B,)l, |v,|(Q) < C, and

1 o
hence up to a subsequence v, figt u for some p = va 1 %i0z,. To conclude the proof of 1) it is

enough to prove that v, — fi, ) By construction, (v, — fi,)(B) = 0 for every B € C,(t,). We

conclude that for every ¢, € C2'(Q) with [, [lco1 <1 we have

(3.5) < Vp— fin,on >= Z / ond — fin) + Z / ond — fin) <

BeCy (tn) BeD,(tn)

Z (mgxgon - II}Bln‘Pn) ([vn| + [An])(B) + Z mgx|g0n|(|un\ + i) (B) <
BeC, (tn) BEDy (tn)

Z diam(B)(|vn| + |fin])(B) < Rad(Br)
BeB, (tn)

where in the last inequality we have used (see (3.1)) Rad(B,(tn)) < v/ Rad(B,).

We pass to the proof of 2). Let 0 < § < o be fixed. For n large enough we have that all the balls
B € B, (t,) with u,(B) # 0 either have a distance from x; smaller then ¢, or larger than 2c — §.
We call the family of balls enjoying the first property G,,, and H,, the others. Notice that, for n

(Bn)| =0 as n — oo,
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large enough, ZBegn pn(B) = z;. Let t,, = QRZT_(‘;") —1. Let I,, be the family of balls B € B, (t,)
which are contained in B,(z;). By (3.1) we have diam(B) < o — § for every B € B, (t,), and
hence the balls in I,, contain all the balls in G,, (and none in H,,). Recalling (3.2) we deduce that
-4

_ _ o
FB’IL7 naBa i) = n(B)|]1 1+1t,) > il 1+1t,)| = illog ————.
(st Boa) 2 3 wlan(B) 0501+ )| 2 el 08(1-+ )| = mla 18 52

We conclude by letting n — +o00 and § — 0. O

4. T-CONVERGENCE OF GL,

In this section we prove the zero order I'-convergence result of GL. that collects results proved
in [6], [7], [1]. We will use the standard notation GL.(u,A) to denote the Ginzburg-Landau
functional localized on the open set A, i.e., defined as in (1.1) with Q replaced by A.

Theorem 4.1. The following I'-convergence result holds.

i) (Compactness) Let (u.) C H'(;R?) be such that GL.(u:) < C|loge|. Then, up to a

lat
f—a> 1, where = WZivzl 2i04, for some x; € Q, z; € Z.

ii) (T-liminf inequality) Let (u:) C H(2;R?) be such that J(u.) Tigt o= ﬂ'zij\;l 2i0z, -

Then, there exists C' € R such that, for every i and every o < %dist(xi,aﬂ U, ) we

subsequence, J(ug)

have
(4.1) lim inf GLe (u., By (2;)) - 2] logg > C.
In particular, there exists a constant C such that
(4.2) limsinf GL(us) — |logel|lp|(©2) > C.
ili) (T-limsup inequality) For every p := m Zf\il 204, there exists (u:) C H'(Q;R?) such that
T(ue) ™8, b GLe(ue) = pl(Q), and if |z = 1, GLe(us) — |u|(©)|loge| < C for
some C € R.

Proof. By standard density arguments in I'-convergence we may assume that u. are smooth.
Following the notations in [8], we set

2
Ue

\Y

Qs im {Jue] > 7}, Yo = 00\ 00, O.() ::/
QE,T

7 ne<r>:=L Vel

e, T

||

By Coarea Formula we have

1 [ 2W(T)/ 1 1/°° 9 1
GLEung/ ne(7) + dr — = T2dO(T),
()= | ( =5 ] Wm) ;| ™)

where OL(7) is the distributional derivative of the decreasing function ©.(7) and the inequality is
due to the possible presence of flat regions {V|u.| = 0} with positive measure.

Set 7. :=1—¢'/3, and K. . :=Q\ Q. ;. Then, by the energy bounds, for every 7 < 7. we have
K. .| < Ced|loge| < 19, so that, using also that € is Lipschitz we have

(4.3) HYOK. ;) < CH (Vo).

Notice that, by definition of Hausdorff measure, being 0K. ; compact, it is always contained in a
finite union of balls B,,(y;) such that Y, r; < H'(0K. ). Moreover, after a merging procedure,
we can always assume that such balls are disjoint. As a consequence, either K. , or Q\ K ; is
contained in the union of such balls. In the latter case, since [\ K. .| > 1|Q| we have }_, r; > c,
and we replace these balls by one single ball containing 2. In both cases, we have a family of balls
B. - whose union contains K. ,, such that

(4.4) Rad(B. ;) < cH' (K. ,) < CH (Yerr)-

Let [N(&T be their union and QE,T = Q\ f(eﬁ. Since K. , is monotone in 7 (with respect to
inclusion), we can always assume that Rad(B; ;) is increasing with respect to 7.
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By Hélder inequality and (4.4), for 7 < 7. we have

1

4.5 Rad(B-.,)? < CH! ”25071”/ .
(4.5) (Be,r) (Ye,r) (7) o]

Ye, T

By (4.5), Young inequality and integration by parts of 72d©.(7) we have

G%WJZ;Kanﬂ+H(%HLWﬂdT—l/mﬁﬁuﬂZ

Ce2n.(7) 2 Jo
(4.6) /Ooo ZJV;T)W(%,T)JrT@e(T)dTZ
[ R0y rocyir+ [ R ) v

where 7. = 1—2¢3. By (4.6) and the energy bound, recalling also that T — Rad(Be,+) is increasing,
it follows that

(4.7) Rad(B...) < Rad(B.z.) < Ce3|loge|  for all s < 7..
Let C. s be the family of balls in B. ; that are contained in {2, and set

Hes = Z deg(ue, 0B)d,,

BecC. .

where z is the center of B. Moreover, let fi. s be the corresponding modified measure defined
according with (3.3), i.e., letting C. (1) be the family of balls in B, s(1) that are contained in €2,

ﬂs,s = Z ;uE(B)ait,
BeC. s(1)
where z is the center of B. By (4.6) and (4.7) we have
0.(7:) < C|loge| < C|log Rad(B: 7. )|

Since 0.(s) > 2F (B s, fte,s,2) (see Remark 3.1), by the energy bound and Theorem 3.2 we have
(up to a subsequence)

N
(4.8) T fle 7. Tigt W= Z 2i0z, .
i=1

By definition of fi. s (see also (2.2) and (2.5)) we have that (Jsue. — 7fics)(B) = 0 for every
B € C. 5(1). Therefore, By Proposition (2.2) and (4.7) we have

(4.9) lim sup ||J(ue) — Thes| i = lim  sup || Js(ue) — The sl fiar =
e—=0 1 e—=0 1
e7 <s<7T. e7 <s<7T.
. . _2
31_1% S Z |Jsue|(B) oscp(p) < ;1_1)1(1) Ce™7|loge|Rad(B: 7. (1)) = 0.
e7 < s< 7. BeB: (1)
lellgor <1

By (4.8) and (4.9) we deduce in particular the compactness property i).
Now we prove the I'-liminf inequality, starting with the global version (4.2). By Theorem 3.2
and (4.9) we have

(4.10) liminf inf O (s) — 2[p|(?)|log Rad(B: ;)| = C.

g = ~
e7 <s<7,

From (4.6) we deduce

GL.(u.) > / ; 7VVCV€(T)Rad(BE,T) 27| (Q) log Rad(B.., ) dr — C
eT
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Notice that the right-hand side is minimized for
2C | u) (2
Rad(B..,) = M
W(r)
Therefore, for € small enough,

GLs(us) 2 / EQ|#|(Q)T*2T|N|(Q)logW

(4.11) 5% \/W(T)

Te 2 Q
Clul@r o5 1l(2)|loge| — C.

dr — C >

[ (Q)[log el —2|u|(R2) [, 1

og S IHINE)T
R NG
The proof of (4.1) is identical, replacing Q by By (x;) and (4.10) by

7 _)>c.

liminf sup O (s) 2l (log 7 g

e7 <s<#.
Let us sketch the proof of the I'-limsup inequality. By a standard density argument we can
assume z; = +£1. Let ue ;(r,0) := e*g(r), where (,r) are polar coordinate centered at x; and
g(s) := min{2,1}. Then a recovery sequence is given by u = II'Y u;, where u; are identified with
complex functions. The straightforward computations are left to the reader. O

5. FIRST ORDER I'-CONVERGENCE TO THE RENORMALIZED ENERGY

In this section we prove the first order I'-convergence of GL. to the renormalized energy,
introduced in [2]. We begin by recalling the main definitions and results of [2] that we need.
Let p := Zivzl zi0x;, with |z;| = 1, x; € Q. Let moreover ®q be the solution of
Ady =27y in
=0 on 012,

and let Ro(z) = ®o — Y d;log |z — x;|. The renormalized energy is defined as follows
(5.1) W) == —WZZZ'ZJ' log |z; — ;]| —WZziRo(xi).
i#j i
Let now o > 0 be such that B,(z;) are disjoint and contained in  and set Q, := Q\ U; B, (z;).
Consider the following minimization problems

(52) mio= i {5 [ IV, deg(u 083, (1) = b

u€H(Qs;S1)

1 i )
(5.3) (o, p) = i {2 /m V|2, u(z) = :—(z — )" on 830(131-)} :
X
4 = i L.(u, By), u(z)LdB, = -\ .
(5.4) o) = _min . {GLtwBo), e LoB, =

Theorem 5.1 (Bethuel, Brezis, Hélein [2]). We have
lim m(0, p) +7|p| (@) log o = lim (o, p) +7|p|(2) log o = W(p).
Moreover, there exists v € R such that
iig(l)y(e, o)+ wlogg =7.

Remark 5.2. Consider the case 2 = Bg, u = dg. by Jensen inequality we have that the
minimizers of (5.2) are given by the one parameter family

(5.5) K = {aél,ae(c,odl}.

In particular, by Theorem 5.1, for Q = Br we have W(dy) = 7log R.

Theorem 5.3. The following I'-convergence result holds.
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i) (Compactness) Let M € N and (u.) C HY(Q;R?) be such that GL.(u.) — Mr|loge| < C.

Then, up to a subsequence, Ju. fgt = ZZ L 200, with z; € Z\ {0}, 2, € Q, N :=

S |z| < M. Moreover, if N = M, then N=N=DM,ie., |z| =1 for every i.

it) (T-liminf inequality) Let u. be such that Ju. — flat = Zi:l 2i0g, wWith |z;| = 1, x; € Q.
Then,
liminf GL.(u.) — Mn|loge| > W(u) + M~.
iil) (T-limsup inequality) Given p = Zf\il 2i0x,, |zi] = 1, x; € Q, there exists u. with Jue flgt
W such that

GL.(us) — Mr|loge| — W(u) + M~.

Proof. Proof of i). The fact that, up to a subsequence Ju, figt W= Zivzl 2i05,, with N:=3|z| <
M, is a direct consequence of the zero order I'-convergence result stated in Theorem 4.1. Assume
now N = M, and let us prove that |z]| = 1. Let 0 < o1 < 05 be such that that By, (z;) are disjoint
and contained in . Then, by (4.1) in Theorem 4.1, for € small enough we have

N N
(5.6)  GLe(us) > > GLe(ue, Boy (7)) + GLe(uz, A;) > Y || log % + GL.(u., A;) — C,

i=1 i=1
where A; := By, (x;) \ Bo, (x;). By the energy bound, we deduce that GL.(u., A) < C, and hence
(up to a subsequence) u. — u; in H'(A;; R?), for some u; = €%(*) ¢ H'(A;; S'). Moreover, it is
easy to see that deg(u;, 0B, (x;)) = |z, for instance arguing as follows: by the energy bound and
standard Fubini’s arguments, for almost every o1 < o < o2 we have that (up to a subsequence)
the trace of u. on OB, (z;) is bounded in H' (9B, (x;); R?) and hence weakly converge to the trace
of u. The assertion follows by the very definition of degree (2.3).

For every ¢ we have

1 1
(5.7) 5/,4 |V, |* = 5/A |V6;|* > 7|z (log oo — log o).

By (5.7) and (5.6) we conclude that, for & small enough,
N N
GL.(ug) > Zﬂ|zz| log % + 7|2i|*(log oo — log 1) — C = mM|log €| —|—7TZ zi — \zz|)10g —=—-C.
i=1 i=1
Letting o1 — 0, the energy bound yields |z| = 1.
Proof of ). For every r > 0, by (4.1) we can assume that GL.(u,,) < C, so that (up to
a subsequence) u. — u in H} (Q\ Ux;;R?). Let ¢ > 0 be such that By (z;) are disjoint and
contained in 2. Let ¢ < o, and consider the minimization problem (5.2) in B, \ By for i = do. Set

di(w, K) := min{|lw — U”Hl(B,,\B%;R?) tv e K},

where K is the family of minimizers given by (5.5). It is easy to prove that for any given § > 0
there exists ¢ > 0 (independent of ) such that, if d;(u.(- + z;), ) > J, then

liminf/ |Vuc? > log2 + c.
(zi)\By (z4)

€
Indeed, arguing by contradiction, if there exists a subsequence u. such that

log2 < / |Vul? < lim |Vu.|? = log2,
Bi(zi)\By () © Be(zi)\By (2:)
then we would conclude that u. — u strongly in H' (B (zi)\ B¢ (2;); R?), hence d; (u(-+z;),K) > 4.
This is in contradiction with the definition of K (see Remark 5.2), noticing that deg(u;, B¢(z;)) =
z; = +1 and that u(- 4+ 2;) has minimal energy log 2. Let m € N be such that mec > W(u) + M (y—
logo — C'), where C is the constant in (4.1). For I =1,...,m set Cy(x;) := Bo1-1,(2;) \ Ba-i,(2i).
We consider now two cases.
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First case: for € small enough and for every fixed 1 <[ < m, there exists at least one i such that
dayi-i5(ue(- + ;), ) > . Then by (4.1) we conclude (for € small enough)

GL:(uc) > (log——logs+c +ZZ/ |V, |?

(58) =1 i=1 Ci(=:)
M(logo —mlog2 —loge + C) + m((Mlog2+c) >

M(logo —loge +C) + W(u) + M(y —logo — C) = M(|loge| + ) + W(u).

\%

Second case:  Up to a subsequence, there exists 1 < [ < m such that for every i we have
dy(us(- + z;),K) < 8, where & := 2'~'o. By standard Fubini’s arguments there exists 2/35 <
& < 3/45 such that the Ginzburg-Landau energy of u. on 0Bz (z;) is uniformly bounded. We can
easily modify u. with an infinitesimal amount of energy to enforce |uc| = 1 on 9Bs(x;). Let us
denote by 0 the lifting of /|z|. By [3, Theorem 1] (see also [3, Remark 3]) there exists r(§) — 0
as 0 — 0 such that u. = |u.|e?: (up to additive constant in the phase) with

Let T be the harmonic solution on Bz (x;) \B‘;(azi) with boundary conditions 6. and 6 on 0Bz (z;)
and 0B;(x;), respectively. We extend u. on B (z;)\ Bs(z;) setting 4. := '’ on Bs(z;)\ Bs(x;).
Hence we have

GL.(ue, B5(x;)) > GL: (e, B5(x;)) + 7(g,8) > v(e,5) + r(g,0),

where lim;_,¢ lim._,o (¢,0) = 0. By Theorem 5.1 we conclude that
GL.(u:) = GLc(ue,Q +ZGL (te, By (2:)) >

W(p) — Mrmloga + M(y — ﬂlogé) +7(e,0) = M(|loge| + 7)) + W(u) + (e, 0).

The proof follows by the arbitrariness of ¢.

Proof of ). Let u., be the function that agrees with a minimizer of (5.3) in Q,, and with
a;We () in each B, (z;), where w. , is a minimizer of problem (5.4), and «; is a unit vector
suitable chosen to match the boundary conditions on 9B, (z;). By Theorem 5.1 there exists a
suitable 0. such that u. := u. ,_ is optimal in energy. O

6. BOUNDARY CONDITIONS

In this section we deal with prescribed boundary conditions g on 92, and prove in this context
the first order I'-convergence of GL. to the renormalized energy (the zero order I'-convergence
result can be deduced as a particular case). The renormalized energy W, is defined according
with (5.1), but now the function ¢ solves the following boundary value problem.

Ad =p in €;
gf =g Xx g, on 0.
Then, Theorem 5.1 holds true with W replaced by W, and with m(o, ), m(o, 1) replaced by

mg(, 1), Mg(o, 1) defined in the obvious way. Given g € Hz(89;R?) we denote by Hj(Q;R?)
the subspace of functions in H'(Q2; R?) with trace g.

Theorem 6.1. The following I'-convergence result holds.
i) (Compactness) Let M € N, (uc) C H(€;R?) be such that GLc(uc) — Mn|loge| < C.

Up to a subsequence Ju. flat(Q) = EZ 1 2i0;, where z; € Q, z; € Z\ {0}, Y2
deg(g,0Q), N := Y |z| < M. Moreover if N =M, then N = N = M, i.e., |z]

1 for every i, and all x;’s belong to Q. In particular, if M = deg(g,@ﬂ), then Zi
sign(deg(g, 39))-
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ii) (T-liminf inequality) Let u. € Hj (S R?) be such that Ju. Tlgt = Zf\il 2i0g, With |z;| =
1, z; € Q. Then,

liminf GL.(u.) — Mn|loge| > Wy(p) + M~y.
iii) (T-limsup inequality) Given p = Zf\il 2i0z;, with |z| = 1, z; € Q, there exists u. €
H}(Q;R?) with Ju. Tlgt w such that
GL:(u:) — Mn|loge| — Wy(u) + M~.

Proof. The proof of ii) and iii) is exactly as the proof of the analogous statements in Theorem 5.3,
so we give only the proof of i). We can assume that g is the trace of a function, still denoted by
g € HY(U; SY), where U is a neighborhood of Q. Let  := QU U, and let 4. be the extension of

ue on € defined by @, = u. in Q and 4. = g on U \ Q. By construction we have
(6.1) GL.(i:,Q) — Mr|loge| < C for some C' > 0.

There exists a costant ¢ > 0 such that, given ¢ € C%1(Q), there exists an extension ¢ € C%1(Q)

of ¢ with ||@] ol < CJ(IDHNCUJ(Q). By Theorem 4.1 (using also that Jg = 0), there exists
o= Zfil 2i0g; With z; € Q, N := > |z;| < M, such that
||Ju5—u|\ﬂat(§) = sup < Jue — p,p > < sup < Ju. — p, o >— 0.

lellco.1 ()< Iellcot(a)<e

Moreover, by (2.2) and (2.3) we have
N
deg(g,0Q) = Ju.(Q) — Zzz
i=1

If now N = M, we deduce |z| = 1 for every i by statement i) of Theorem 5.3. Finally, the
fact that x; belong to Q follows as in the proof of ii) of Theorem 5.3. More precisely, by (6.1)
we have that (up to a subsequence) . — u in HL (Q\ Ux;). Recall that for any t such that
By(z;) € Q, given § > 0 there exists ¢ > 0 (independent of t) such that, if the distance of u from
K in HY(By(x;) \ B (zi)) is larger than ¢, then

/ |Vu|> > log2 + c.
Bi(zi)\B ¢ (z:)

It follows that for any § the distance of u from K is less then ¢ for infinitely many annuli By—» (z;)\
By (nt1)(x;). This is possible only if z; belongs to Q. O

Finally, we consider the case of varying boundary conditions g.. We need the following Lemma.

Lemma 6.2. Let g., h. € H%(GQ;RZ) be such that g — he — 0 in H%(GQ;RQ), and such that
lge]|—1 and @ converge to 0 uniformly ase — 0. Finally, let v, € H} (Q;R?) with [Jve||oo < C,
GLc(ve) < C|logel|. Then, there exists w. € H}, (€;R?) such that

GL.(v:) — GL:(w:) — 0 ase — 0.

Proof. By [3, Theorem 1] (see also [3, Remark 3]) we can always write v. = |v.|e?=(*) and h. =
|he|ei=(@)Hte) with . — 0 in Hz(0S). Let 7= be the harmonic extension of ¢, in Q, and let p.
be the harmonic extension of ‘IZ:|| in 2. Notice that p.e’™ — 1 in H(Q) and (p.e™ —1)/e — 0

uniformly. The desired function w, is given by

we () = pe(x)e @y ().

Theorem 6.3. Let g € Hz(9Q;51), g. € H2 (09 R?) be such that
i) ge — g in Hz (0Q;R?);
ii) mfe;g‘ — 0 uniformly as € — 0.
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Then, Theorem 6.1 still holds true with u. € Hg1 (Q; R?) replaced by u. € Hgla (Q;R?).

Proof. Any u. € H, (Q;R?) bounded in energy can be extended in a neighborhood Q of Q with
a bounded amount of energy, so that the proof of compactness follows exactly as in the case of
a fixed boundary datum. A possible extension is constructed as follows: by [3, Theorem 1] (see
also [3, Remark 3]) we have g. = geits with t. — 0 in H2 (). Then, we define @, on Q\ Q as
. = gp.e'™, where § is an extension of g, p. is the harmonic extension of |g.| with boundary
datum 1 on 9, and 7. is the harmonic extension of t. with boundary datum 0 on 9.

Finally, by Lemma 6.2 for any sequence u. bounded in energy and in L one can easily switch
the boundary conditions from g to g. and viceversa with vanishing perturbations in the energy.
This is enough to deduce the I'-liminf and T'-limsup inequality from Theorem 6.1.
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