PERCOLATION-TYPE PROBLEMS ON INFINITE
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ABSTRACT. We study some percolation problems on the complete graph
over N. In particular, we give sharp sufficient conditions for the existence
of (finite or infinite) cliques and paths in a random subgraph. No specific
assumption on the probability, such as independency, is made. The main
tools are a topological version of Ramsey theory, exchangeability theory
and elementary ergodic theory.
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1. INTRODUCTION

Let G = (N,N [2]) be the complete oriented graph having vertices in N,
with the orientation induced by the usual order of N, and let us randomly
choose some of its edges: that is, we associate to the edge (7,7) € N 2 (thus
i < j) a measurable set X;; C X, where (XA, ) is a base probability space.
We then ask if the resulting random graph contains an infinite path:

Problem 1. Let (X, A, 1) be a probability space. For all (i, j) € N let
Xi; be a measurable subset of X. Is there an infinite increasing sequence
{ni}ien such that ;o Xnin;,, is non-empty?

More formally, a random subgraph of the oriented graph G is defined by
a measurable function ' : X — 2EGE|, where E¢ is the set of edges of G and
2Fc its powerset, equipped with the product o-algebra. We briefly say that
F has path percolation, or F' contains an infinite path, if the subgraph F'(x)

Lthis is equivalent to specify a family of measurable sets {Xc}ecr,, with Xe C X
1
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contains an infinite path for some x € X. As in classic percolation theory,
we wish to estimate the probability that F' has path percolation, that isﬂ

u({x € X : F(x) contains an infinite path})

in terms of a parameter A that bounds from below the probability that an
edge e belongs to F, that is pu(X.) > A, where X, := {x € X : e € F(x)},
for all e € Eg.

It has to be noticed that the analogy with classic bond percolation is only
formal, the main difference being that in the usual percolation models (see
for instance [GR:99]) the events X;; are supposed independent, whereas in
the present case the probability distribution is completely general, i.e. we
do not impose any restriction on the events X;;.

In Section we show that path percolation occurs with probability
strictly greater than 2\ — 1 (see Theorem and Corollary for a pre-
cise statement). Moreover, we show that the estimate 2\ — 1 is optimal; in
particular X may fail to contain an infinite path if A < 1/2.

In order prove this result, we first observe that a subgraph H of (N, N[2])
does not contain an infinite path iff it admits a height function with values
in wy, where wj is the first uncountable ordinal, i.e. there exists a graph
map between H and the complete graph over wy with decreasing orientation,
that is (o, 3) is an edge of the graph if a, f € w1 and a > f.

Therefore, if a random graph F' has no infinite paths, introducing the
dependence on x € X and on the vertices of F', it is defined a measurable

map from X x N to w;, which can be also seen as a map ¢ : X — w?,

where w? is equipped with the product o-algebra generated by the finite
subsets of wi. It turns out that ¢ is essentially bounded (see Lemma [3.2]),
which implies that ¢ (1) is a compactly supported Radon measure on AR
and that ¢(X;;) C A = {JJ € wll\l Do > mj}. As a consequence, in the
determination of the threshold for existence of infinite paths

(1.1) A;:=sup { ' ianu(Xij) : F random graph without infinite paths} ,
1<jg€

we can set X = wll\l, X;; = A;j, and reduce to the variational problem on the

convex set ./\/lc(wlfI ) of compactly supported probability measures on w?:

(1.2) Ae= sup inf m(A4;).
mGMC(w?) 1<jeN

As a next step, we show that in we can equivalently take the supremum
in the smaller class of all the compactly supported exchangeable measures on
W (see Appendix [B|and references therein for a precise definition). Thanks
to this reduction, we can explicitly compute A\, = 1/2. We note that the
supremum in is not attained, which implies that for p(X;;) > 1/2 path
percolation occurs with positive probability.

A natural motivation for Problem [I] comes from the following situation,
that we state in a very general form.

2it is not a priori obvious that this event has a well-defined probability, since it cor-
responds to the uncountable union of the sets (1, oy X(iy, i, 41) over all strictly increasing
sequences i : N — N. However, it turns out that it belongs to the p-completion of the
o-algebra generated by the X;
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Suppose we are given a space F and a certain family X of sequences on
(e.g., minimizing sequences of a functional, or orbits of a discrete dynamical
system, etc). A typical, general problem ask for existence of a sequence in
the family X, that admits a subsequence with a prescribed property. One
approach to it is by means of measure theory. The archetypal situation here
come from recurrence theorems: one may ask if there exists a subsequence
which belongs frequently to a given subset C' of the “phase” space E (we
refer to such sequences as “C-recurrent orbits”). If we consider the set
X :={x € X : z; € C}, then a standard sufficient condition for existence of
C-recurrent orbits is pu(X;) > A > 0, for some probability measure p on X.
In fact is easy to check that the set of C-recurrent orbits has measure at least
A by an elementary version of a Borel-Cantelli lemma (see Proposition .
This is indeed the existence argument in the Poincaré Recurrence Theorem
for measure preserving transformations. A more subtle question arises when
one looks for a subsequence satisfying a given relation between two successive
(or possibly more) terms: given a subset R of E x E we look for a subsequence
x;, such that (z;,,7;_,) € R for all k € N. As before, we may consider the
subset of X, with double indices i < j, X;; :== {z € X : (2;,2;) € R} and
we are then led to Problem [l

By looking for other properties of the random graph F', we can embed
Problem [1] in a wider class of pattern-search problems. Indeed, given a
property P of graphs, if we choose each edge of G with probability greater
than A, so that u(X.) > X for all e € Eg, we can ask if the graph F(z)
enjoys the property P. Let

p(A) = inf{u({zr € X : F(z) satisfies P}) : (X, A, u) probability space}
Ae = inf{A €0,1]: p(A\) > 0}.

Notice that, if G itself satisfies P, then p(A) < A, since we can always choose
all the edges of G simultaneously with probability A. In Sections [3| and [4] we
show that:
e if P is the property of having an infinite path, then p(A) = min{2A —
1,0} and A. = 1/2;
e if P is the property of having a path of length N, then p(A) =
min{(2NA - N +1)/(N 4+ 1),0} and A\ = (1 — 1/N)/2;
e if P is the property of having chromatic number greater than N,
then p(A) = min{ NA — N + 1,0} and A\ =1—1/N.

More generally, we can consider analogous percolation problems in an
oriented graph G, not necessarily equal to (N,Nm). However, it can be
shown that, if we replace G with a finitely branching graph (such as a finite
dimensional network), then path percolation does not occur without some
restriction on the probability, i.e. p(A) = 0 for all A < 1. On the other hand,
if a vertex of G has infinite degree, then F' contains an infinite cluster with
probability at least p(A) = A, so that A, = 0. In a future work, we explicitly
determine the path percolation tresholds for a random subgraph of the shift
graphs G = (NI¥ N9) with k < ¢ € N.

In Section we let G = (N, N[2]) and we ask if a random graph F' contains
an infinite clique, i.e. a copy of G itself. Note that this problem is a random
version of the classical Ramsey theorem [R:28] (we refer to [GP:73| [PR:05],
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and references therein, for various generalization of Ramsey theorem to in-
finite graphs). We show with an explicit example (see Example that in
this case p(A\) = 0 for all A < 1, so that the answer is negative unless we
impose some restrictions on the probability space.

By Ramsey theorem, we know that if we assign to each element of N K] a
colour taken from a set of n colours, then there is an infinite subset J C N
such that all the elements of J¥ have the same colour. As a consequence, the
probability is strictly positive if we restrict ourselves to the finite probability
spaces with at most n elements. In analogy with Ramsey theorem, in Section
we deal with the following natural generalization of the previous problem:

Problem 2. Let (X,.A, 1) be a probability space. For all (i1, ...,i) € NIE]
let X;, . ;, be a measurable subset of X. Is there an infinite set J C N such
that the intersection ﬂ(il,...,ik)eﬂk] Xi,..ij, is non-empty?

As already observed, if X is a prescribed finite set, then the answer is
positive by Ramsey theorem. In fact, if we choose an element z;, ; €
Xi,..i,» We can intepret x;, ;. as the colour of (i,...,i) € N Tf X s
infinite the situation is more complicated, and we show that Problem [2| has
a positive answer if the indicator functions of the sets X;, ;, all belong to
a compact subset of L'(X, i) (see Theorem [5.4)).

Note: After this paper was completed we learned that Problem [1| had
been originally proposed by P. Erdés and A. Hajnal in [EH:64], and a com-
plete answer was later given by D. H. Fremlin and M. Talagrand in the very
interesting paper [F'T:85], where other related problems are also considered.
In particular, Corollary is already contained in [ET:85], at least when
the probability space (X, p) is the interval [0, 1] equipped with the Lebesgue
measure. As far as we know, the solution of Problem [2] given in Theorem
is not present in the literature.

We would like to compare our approach and results with those in [F'T:85].
Besides the fact that we do not impose any condition on the probability
space, as already mentioned, our method allows us solve the following prob-
lem:

given a directed graph F', determine the critical treshold A, and the proba-
bility p(A) that F(x) — F (that is there exists a graph map between F(x)
and F), for some z € X.

In Section [4 we completely solve this problem when F is a finite graph,
showing in particular that

Ae = co(F) := sup Z Aap s

where X is the set of all sequences {\q }aev, with values in [0, 1] and such
that >y, Aa = 1. As observed above, Problem [I| can be reformulated in
this setting by letting F' be the complete graph over w;.

On the contrary, [ET:85] the following somewhat complementary problem
is considered:

given a directed graph F', determine the critical treshold A, such that that

F(z) contains a copy of F' (in particular F' — F(z)), for some z € [0, 1] and
for all A > A..
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The authors construct an algorithm which leads to a complete solution of
the problem for finite F', and show that

Ae = sup {co (H) : H is finite and does not contain a copy of F}

Moreover, they can also solve this problem for some infinite graphs F', thus
obtaining a solution of Problem [I} We observe that the notion of capacity
we introduce in Section {4 is the same as in [F'T:85].

As a final remark, we point out that our method is quite different from the
one in [E'T:85], since it relies on restating the problem as a variational prob-
lem like for the probability measures on a suitable Cantor space, and
then applying classical reasults of exchangeability theory (see Proposition

B4).

2. NOTATION

Given a compact metric space A, we let AN be the space of all sequences
taking values in A, endowed with the product topology. The space M (AN)
of Borel measures on AN can be identified with C'(AN)*, i.e. the dual of the
Banach space of all continuous functions on AY. By the Banach-Alaoglu
theorem the subset M1 (AY) € M(AN) of probability measures is a compact
(metrizable) subspace of C'(AN)* endowed with the weak* topology. Given
p € N, we identify p with the set {0,1,...,p — 1}, and we denote by p" the
(compact) Cantor space of all sequences taking values in p.

Notice that, when A is countable, the space M(AY) does not depend on
the topology of A, and a measure m € M(AY) is uniquely characterized by
the values it takes on the cylindrical sets

(21) Eilmir(al,... ,a,,) = {IB S AN DX, = a1y, T4, = ar} .

Given a topological space S and k € N, we let S be the set of all subsets
of S of cardinality k, endowed with the product topology. If S is ordered, we
can identify S with the set of k-tuples (i1, .., i), with i3 < ... <1, € S.

Given a map ¢ : N — N, we let 7% : AN — AN be defined as 77(z); =
To(i), and we let T M(AY) — M(AY) be the corresponding pushforward
map. In particular, when o(i) = i + 1, s = T7 is the so-called shift map
on AN, Given a multi-index ¢ = (ig,...,i,—1) € NI we let T¢: AN — A"
be such that T*(z)y, = z;, for all k < r, and we let T} : M(AYN) — M(A7)
be the corresponding pushforward map. We also let P, : AN — A be the
projector on the k" coordinate, i.e. Py(x) = xy, for all 2 € AN. We clearly
have P,y = P; o s* for all k € N.

We say that f € L'(AN,m) is invariant with respect to o : N — N if
f = foT? m-almost everywhere. We say that a measure m € M(AY) is
invariant with respect to o if m = T (m).

We let &.(N),Inj(N),Incr(N) ¢ NY be the families of maps ¢ : N —
N which are compactly supported permutations, injective functions and
strictly increasing functions, respectively.

We denote by N the Alexandroff compactification of N, equipped with a
distance §. For all k € N, a corresponding distance on the product space
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N[k] can be defined as

Ok ((1s -+ s Jr)s (i1, - o yig)) == 0 (Jnsin
k(G- k), (i, s ik)) ne?}?.)ik} (Jn in)
for all (jl, - ,jk), (il, o ,ik) S N[k]
Finally, given k£ € N and o € Incr(N), we let o™ : N N pe defined
as 0 (i1,...,ix) = (0(i1),...,0(ix)), where we set o(00) := 0.

3. ProBLEM [I]

The following example shows that Problem [I] has in general a negative
answer.

Example 3.1. Let X = pY let X;; = A;; = {o € p : 2; > z;} for
i < j, and let p be the Bernoulli probability measure By, . 1/p). Then,
the sets A;; have all measure (1 —1/p)/2 but the intersections of the form

Z:o Ajyier > With ig < ... <'ip € N, are necessarily empty. It follows that

Ae > 1/2, where A, is defined as in (1.1).

In Section 4] we show that Example is optimal in the sense that, if
pu(Xi;) > (1 —1/p)/2, there exist monotone paths of length at least p, and
there exist infinite paths if p(X;;) > 1/2.

For all 2 € X, we consider the ordered graph F(z) < NZ whose edges are
all the (4, ), with ¢ < j, such that € Xj;. Let also X; C X be the subset
of all x € X such that F'(x) contains an infinite path starting from i, i.e.
there exists an increasing sequence {ji }xen, with j1 =i and = € (), Xj .., -

Recall that a partially ordered set admits a decreasing function into the
first uncountable ordinal w; (the height function) if and only if it has no
infinite increasing sequences. As a consequence, we can define a map ¢ :
X XN — wj 4+ 1 by setting

sup  o(z,7)+1 if x & X,

. J>i: e Xy
o(x,i) =
w1 otherwise.

We identify this map with the map ¢ : X — (wy + 1)N defined as p(z); =
o(x,1). We also set ¢ : X — w1 + 1 as ¢(x) = sup;ey p(z,4). Notice that
o(x,1) < w; iff there is no infinite path in F(x) starting from ¢, and in
this case ¢(x,1) is precisely the height of ¢ in F(z). In particular, if F' has
no infinite paths, then the function ¢ takes value in w} and, if there are
no paths of length p, then it takes values in p~. On the other hand, path
percolation occurs if and only if the set {z : @$(z) = w;} is non-empty. We
also observe that the function ¢ can be equivalently defined by iteration as

@(‘T?Z) = Puw, (fE, i), where
(Pa(xyi) = sup @5(33’]') +1

B<a, j>i: .”EGXZ'J'
(3.1) wo(w, 1)

0,
forall 7 € N and o < wy.
From definition (3.1)) it immediately follows that the sets {z : ¢(z, k) = o}
are measurable for all k € N and a@ < w;. In Lemma [3.2] we show that the
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set {z: §(x) = w1} = U; X, of all = for which F(x) contains an infinite path
is also measurable.

We now show that ¢ is always essentially bounded (even if not necessarily
bounded everywhere) if F' has no infinite paths.

Lemma 3.2. The set {x € X : p(x) = w1} is measurable. Moreover, if F
has no infinite paths, then ¢ € L (X, u).

Proof. Let aig < wy be such that
p{zeX: oz, k) =05} =0 VkeNand ap < <wi.

This is possible since the sequence of values p ({z : ¢(x, k) < (}) is increas-
ing and uniformly bounded by u(X). Then, the space X can be decomposed
as union of the three disjoint sets

X1 = {z€eX: o) <}

Xy = {xeX:a0§¢(m)<w1}§U{x€X:go(x,k:):ao}
keN
X3 = X\(X1UX2):{CC€X: @(m):wl}.

The thesis follows observing that u(X2) = 0 by the definition of «. O

As a consequence, if F' has no infinite paths, then the function ¢ maps
X (up to a set of zero measure) into the Cantor space oY C w}' for some
o < wy, so that it induces a Radon measure m = ¢y () on w) concentrated
on o, i.e. m(aN) = pu(X). Moreover, ¢(X;;) C A;j for all i < j € N, where
Ajj = {x € o : 2; > 2;} as in Example so that m(A;;) > p(X;;) for
all i < j. We denote by M.(w)') the set of all Radon measures on w}' with
compact support, i.e. with support in aN for some o < wy.

We now state a sufficient condition for path percolation.

Theorem 3.3. Let m € M.(w)'). Then

. m (w))
(3.2) Z'<1§1€me(A”) <
In particular, path percolation occurs if
1
. A= inf p(X;) > =.
(3.3) z‘<njleNM( i)z 2

Actually the same argument shows that we can replace the “inf;;” (in both

equations) with “limsup,_, . liminf; .

Proof. With no loss of generality we can assume that m € M;i(w)), i.e.

m (wll\l) = 1. We divide the proof into four steps.
Step 1. Letting Ow; be the derived set of wi, that is the subset of all
countable limit ordinals, we can assume that

m({x: z; €0wi}) =0  VieN.

Indeed, it is enough to observe that the left-hand side of (3.2) remains
unchanged if we replace m with sgx(m), where s : wi — w; \ Ow; is the
shift-map on wy, defined as s(a) = a+ 1 for all o < w;.
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Step 2. Since the support of m is contained in aISI , for some compact ordinal
ap < wy, thanks to Proposition [B.4 we can assume that m is asymptotically
exchangeable, i.e. the sequence my, = (s4)*(m) converges to an exchange-
able measure m’ € Mj(ad) in the weak* topology.

Step 3. We shall prove by induction that for all & < w; there holds

(3.4) ir<1§m {z: zj<z;<a})<m'({z: 21 <wmo < a}).

Indeed, for o = 0 we have {z : z; < z; <0} =0, and (3.4)) holds.
As inductive step, let us assume that (3.4]) holds for all « < § < wy, and
we distinguish whether 3 is a limit ordinal or not. In the former case,

ﬂ{x: a<z < p}=10,
a<f

so that for all ¢ > 0 there exists o < 8 such that m’ ({a < z; < 8}) < e.
Moreover, by assumption m’ ({x; = 8}) = 0 for any i € N, hence there exists
a < a; < such that m ({o; < z; < 8}) < e. For all i < j we have

{zj <z <p} C {zj<z<alU{z;<a<uaz; <}
U{a <z; <ot U{a; <z <GB},
which gives
m{z; <z <p}) < m{zj<z<a})+m{z; <a<z <G}
+m ({a <z; <o) +m{a <x; < B}).
By induction hypothesis we know that

infm ({zj <z < a}) <m' ({z1 <z < a}),
i<j

and, since m is asymptotically exchangeable, we have
m({z; <a<z; <B})=m'{z1 <a<zo<B})+0(1),
and
m({a <z <ao;}) =m' {a<z1 <a;}) +o(1),

as (i, j) — 400, where we used the fact that the sets {z; < a < z; < f} and
{a < x; < a;} are both clopen. Therefore, we get

iggm({x] <z, <B}) < m({zi<zo<al)+m ({1 <a<zo<p})

+m' ({a < x1 < B}) +e+0(1)
< m' ({z1 <20 < B}) +2e+0(1),
so that the inequality holds true with o = 3, when 3 is a limit ordinal.
On the other hand, if 3 = a + 1, for (i,j) — 400 we have
m({z; <z <p}) = m({{z; <z <a})+m{z; <o, zi=F})
= m' ({z1 <z < af)+m ({21 < a, z0 = B})+o(1)
= m ({z1 <z < B}) +o(1),
where we used again the induction hypothesis, and the fact that the set

{z; < a, z; = B} is clopen.
Inequality (3.4)) is then proved for all o < wy.
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Step 4. We now conclude the proof of the theorem. Since the measure m’
is exchangeable, from (3.4]) it follows

1
(35) infm (Ay) <m'({z: 21 <wo}) =5 (L-m'({z: 21 =20})) <
i<y
Moreover, from (B.5) and the fact that A = g is countable, it follows that
m' ({z: x1 =x0}) = 0 iff m' = 0, so that the strict inequality holds in
B3). 0

Combining Example with Theorem we obtain a complete solution
to Problem [1]in terms of p(X;;): assume that p(X;;) > X for all « < j, then
path percolation occurs if A > 1/2; on the contrary if A < 1/2 there are
random subgraphs F' of (N, N [2}) with no infinite paths.

The next result provides a sharp lower bound on the probability of path
percolation.

N | =

Corollary 3.4. Assume that the sets X;; are such that p(X;;) > A > 1/2
for all (i,5) € N Let Py be the set of all z € X such that F(x) contains
an infinite path. Then u(Py) > 2\ — 1.

Proof. Let ¢ : X — wy + 1 as above, so that ¢(z) = w; iff z € Py, and let
m = (@‘X\p)\)# (1) € Mc(wl). By Theorem [3.3| we then have

. : 1 —p(P)
— Py < f Xz i X\ P = f Az j 5
A= u(Py) —ii?eN“( i N(X\Py)) i<l?eNm( i) <=
which gives p(Py) > 2\ — 1. O

4. EXTENSIONS AND RELATED PROBLEMS

4.1. A notion of capacity for directed graphs. A directed graph F'is a
couple of sets (Vr, Er), which are respectively the set of vertices and the set
of edges of F', such that Ep is a subset of Vi x Vp. We denote by G the class
of all directed graphs F' = (Vg, Er). Notice that it is possible that both the
edges (a,b) and (b,a) belong to F. Given F' € G, we let the clique number
cl(F) of F be the maximum n € N such that F has a complete subgraph of
cardinality n.
For all F' € G, we define the capacity of F' as

(4.1) co(F) := sup Z Aoy € [0,1],
AEXF (a,b)EEF

where X5 is the symplex of all sequences {\;}qcy; such that A\, > 0 and
> acvy Ao = 1. Notice that the capacity is an invariant for directed graphs,
up to isomorphism, and it is equal to 1 if F' contains an arcloop.

Given two graphs F,G € G we write G < F to indicate that G is a
subgraph of F, i.e. Vg = Vp and Eg C Er. More generally, we say that G
maps into F', and we write G — F, if there is a map ¢ : Vg — Vp such that
(p(a), (b)) € Er for all (a,b) € Eg. Notice that

(4.2) co(G) < co(F) forall F,Ge€ G suchthat G — F.

The following result shows that the capacity reduces to the clique number,
for suitable finite graphs.
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Proposition 4.1. Let F' € G be a finite graph. If F' is oriented, that is
(a,b) e Ep = (bja) ¢ Er VYa,be Vg,

then

(4.3) co(F) = % (1 - 61(1F)> .

If F is symmetric with no arcloops, that is

(a,a) ¢ Er and (a,b)€ Er = (bya) € Er Va,be Vg,

then
1
c(F)~
Proof. Let F' be a finite oriented graph, and let A € Y r be a maximizing
distribution, meaning that co(F') = Z(a,b)EEF AaNp, and let Sy be the sub-

graph of F' spanned by the support of A, that is Vg, = {a € Vp : A\q > 0}.
From Lagrange’s multiplier Theorem it follows that, for all a € Vg, , we have

(4.5) > Ay = 2¢o(F).

beVp: (a,b)eEF or (ba)€EER

(4‘4) CO(F) =1

If a,d’ € Vg,, we can consider the distribution A € X such that X, = 0,
X, =Xo+ A, and Ay = A for all b € Vi \{a,d’}. From it then follows
that )\ is also a maximizing distribution whenever a and @’ are independent
vertices, that is neither (a,a’) nor (da’,a) belong to Ep.

As a first consequence, Sy is a clique whenever A has minimal support.
Indeed, let K be a maximal clique contained in S, and assume by con-
tradiction that there exists a € Vg, \ V. Letting ¢’ € Vi be a vertex of
F independent of a (such a exists since K is a maximal clique), and let-
ting \' € ¥p as above, we have co(F) = 3, pepp Aoy, contradicting the
minimality of Vg, .

Once we know that Sy is a clique, again from we get that X\ is a
uniform ditribution, that is A\, = Ay, for all a,b € Vg, . It follows

cO(F):;<1—’51A’>S;<1—d(1F)>,

which in turn implies (4.4)), the opposite inequality being realized by a uni-
form distribution on a maximal clique.

The case of a symmetric graph follows immediately from the oriented
case. U

Notice that a finite graph F is oriented if and only if ¢o(F') < 1/2. Notice
also that, if F'is a finite directed graph (not necessarily oriented) the proof of
Proposition [4.T]shows that there exists a maximizing A\ € ¥ whose support
is a clique (not necessarily of maximal order).

Let us denote by F& the Cantor space of all functions u : Vg — Vg,
endowed with the product topology induced by the discrete topology on V.
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Given two oriented graphs F, G, we can define the relative capacity of F
with respect to G as
(4.6)
¢(F,G):= sup inf  m({ue FY: (u(a),u(d) € Ep}) €[0,1].
meM, (FG) (a.b)€EG
The relative capacity is in general quite difficult to compute, but it reduces
to the previous notion of capacity when Vi is finite and G' = (N, N2,

Proposition 4.2. For all F € G such that |Vp| < 0o, it holds
(4.7) c (F (N, N[Q])> — co(F).

Proof. Reasoning as in the proof of Theorem [3.3] from Proposition [B.4] it
follows that we can equivalently take the supremum in among the
measures m € M;i(V}) which are exchangeable. Moreover, recalling (B-6)),
every exchangeable measure is a convex integral combination of Bernoulli
measures By, with A € Xp. It follows that it is sufficient to compute the
supremum on the Bernoulli measures, so that reduces to (4.1)). U

Given F,G € G, let us now consider a random subgraph of G, that is we
associate to each (a,b) € Eg a measurable set Xy, C X, with u(Xg) > A
for some A € [0,1]. In the same spirit of Problem (1, we then ask which is
the probability that the random graph does not map into F.

As above, for all z € X we let F'(z) < G be such that

EF(x) = {(a, b) eFEqg:zxe€ Xab}

and we let
Py:={zeX: F(zx)/AF}.

Proposition 4.3. Let F,G € G, with G < (N,NP)). If ¢«(F,G) < 1, there
holds

A—c(F,G

(48) n(Py) 2 p(y) = 2= 0)

1—¢(F,G)’
Proof. We proceed as in the first part of Section |3l Letting X=X \ P,

for all z € X we have F (x) — F, where the map is realized by a function
from Vp(;) = N to Vg, which in turn defines a map ¢ : X — FC. Let now

mi— pu(p) € My (FO) .

n(%)

@ <Xabﬂ)~() C{ue FC: (u(a),u(d)) € Er}

Notice that

for all (a,b) € Eg, so that
H <Xab N X)

n(%)

(4.9) <m({ue FO: (u(a),u(d)) € Ep}) < c(F,G).
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The thesis now follows from (4.9)) and the inequality
K (Xab N X)

O

4.2. Finite monotone paths and chromatic number. For all p € N,
we shall consider the graphs (p, pm) and @, where

Qo= Vg, Eq,)  with Vo, =p, Eqg,={(i,j) €epxp:i#j}.

A direct computation as in the proof of Proposition [.1] gives

@10 a(ea)=3(1-0) . a@)=1-3.

Notice that G — @, iff x(G) < p, where x(G) is the chromatic number
of G [B:79], and G — (p,p?) iff G does not contain a path of length p.
Indeed, the first assertion is equivalent to the definition of chromatic number,
whereas the second follows by associating to each vertex v € Vz the number
(p—1)—d(v) € p, where d(v) is the maximal length of a path in G starting
from v.

By Propositions [4.2{ and 4.3 with G = (N, N?), for all A € [0,1] we have

A —co(F)
(4.11) 1(Py) = ?E(F)-

When F = (p,pi), then = € Py iff F(z) £ (p,p?), i.e. F(z) contains a
path of length p, and from (4.10]) and (4.11)) it follows

2pA —p+1
PYy> ————.
p(Py) > |
Example [3.1] shows that such estimate is optimal, so that
2pA — 1
p(A) :=inf{u(Py) : (X, p) probability space} = %
p

In particular, if A > A, = (1 — 1/p)/2, then the random subgraph F(z)
contains a path of length p with probability at least p(A) > 0.

Remark 4.4. Notice that for all p € N and G € G the following equivalent
statements hold:

G contains a path of lengthp « C,—-G & G4 (p,pm) ,

where C), < (p, p?)) is such that (i,7) € Egc, iff j =i+ 1. In particular, one
may consider (p, p[z]) as dual of the graph C), with respect to graph mapping,
so that it naturally arises the question of which graphs, other than C),, admit
such dual representation.

When F = @Qp, then z € Py iff x(F(x)) > p, and we have

w(Py) >pA—p+1=pA).
Example [5.2| shows that also this estimate is optimal. As a consequence, if
A > A. =1—1/p, then the random subgraph F(z) has chromatic number
strictly greater than p with probability at least p(\) > 0.
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5. PROBLEM
We recall the following standard Borel-Cantelli type result.

Proposition 5.1. Let k = 1 and let X; C X be such that u(X;) > A, for
all i € N and for some A\ > 0. Then, Problem[3 has a positive answer, i.e.
there is an infinite set J C N such that

()X # 0.

i€J
Proof. Theset Y := ", U, Xi is a decreasing intersection of sets of (finite)
measure greater than A\ > 0, hence (YY) > A and, in particular, ¥ is non-
empty. Now it suffices to note that any element x of Y belongs to infinitely
many X;’s. (]

Proposition has the following interpretation in terms of percolation:
if we choose each element of N with probability greater or equal to A, we
obtain an infinite random subset with probability grater or equal to p(A) = A
(we recall that p()) is always less than or equal to \).

The following example shows that Problem [2| has in general a negative
answer for k > 1.

Example 5.2. Let p € N and consider the Cantor space X = p", equipped
with the Bernulli measure By, . 1/p), and let X;; := {v € X x; # a5}
Then each X;; has measure A = 1 — 1/p, and for all z € X the graph
F(z) == {(i,j) € N2 : 2 € X;;} does not contains cliques (i.e. complete
subgraphs) of cardinality (p + 1).

In view of Example we need to impose further restrictions on the sets
Xi,..ip, in order to get a positive answer to Problem [2| In the following, we
shall always assume that

(5.1) M(Xuzk) >\ V(il, R ,ik) < N[k],

for some A\ > 0.

Notice that, if each set X;, ; has the form X; N---NX; and satisfies
, then Problem [2| has a positive answer by Proposition Moreover,
by Ramsey theorem, Problem [2| has a positive answer if there is a finite set
S C X such that each X;,  _; has a non-empty intersection with S. In
particular, this is the case if X is a countable set and holds.

Proposition 5.3. Let X be a compact metric space and assume that each
set X;, .4, contains a ball By, ;. of radius r > 0. Then Problem @ has a
positive answer.

Proof. Applying Lemma to the centers of the balls B;, ;, it follows
that for all 0 < ' < r there exists an infinite set J and a ball B of radius 7’
such that

)k

U

We now give a sufficient condition for a positive answer to Problem [2]
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Theorem 5.4. Assume that the sets X;,. i, satisfy (5.1)), and the indicator
functions of X;, 4, belong to a compact subset KC of L' (X, ). Then, for any
€ > 0 there exists an infinite set J C N such that

1% ﬂ lezk Z A— €.
(i1,00sig ) €JIF]

Proof. Consider first the case k¥ = 1. By compactness of K, for all ¢ > 0
there exist an increasing sequence {i,,} and a set Xoo C X, with p(Xoo) > A,
such that

1 (XoAX; ) < 2i Vn eN.

As a consequence, letting J := {i,, : n € N} we have

u(ﬂX@L)zM(meﬂXin)_ )= i (XeAX,) > A —e.

neN neN neN
For k > 1, we apply Lemma [A.T] with

M = KcLYX)
In particular, recalling Remark for all € > 0 there exist J = o(N),
X0 C X, and X; C X, for all (iy,...,im) € J/™ with 1 < m < k, such

1.l

that 11(Xs0) > A and for all (iy, ..., i) € J¥ it holds

9
p(XeoAX;) < 90 1(i1)
e
1% (Xil.A.imAXil...l'm+1) S 2 1(im+1)

Reasoning as above, it then follows

ol XooA ﬂ Xiy iy, | <

(150,55 ) EJ¥]
Z i (XooAXiy) + Z 1 ( Xy AXGyiy) +
11€N Zl<’i2
et Y (X AXG ) < ClR)e,
i1 <<l

where C'(k) > 0 is a constant depending only on k. Therefore

o ﬂ Xiy g > p| X ﬂ Xiy iy,
(il,...,’ik)GJ[k] (il,...,’ik)EJ[k]
(i1,eeyig ) EJTR]
> A—C(k)e
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Notice that from Theorem it follows that Problem [ has a positive
answer if there exist an infinite J C N and sets X;, ; C X; .; with

(i1,...,1) € J¥ such that M(XHZJ > M\ for some A > 0, and the

indicator functions of Xj, ; belong to a compact subset of LY(X).

Remark 5.5. We recall that, when X is a compact subset of R" and the
perimeters of the sets X;, ;, are uniformly bounded, then the family x Xiy iy

has compact closure in L!(X) (see for instance [AFP:00, Thm. 3.23]). In
particular, if the sets X;, ; have equibounded Cheeger constant, i.e. if
there exists C' > 0 such that

. Per(FE) . , (k]
— < e
ECr)Iflzllnlk ’E| > c v(lla 7/”6) eN )

then Problem [2| has a positive answer.

APPENDIX A. A TOPOLOGICAL RAMSEY THEOREM

We prove the following topological lemma, which is a generalization of
the well-known Ramsey theorem [R:28] (see also [C:74]).

Lemma A.1. Let M be a compact metric space, let k € N, and let [ :
N — M. Then, for any distance § on N there exists o € Incr(N) such that
foo*: N M s 1-Lipschitz. As a consequence, it can be extended to a

1-Lipschitz function on the whole of Nm.

Proof. We proceed by induction on k. When k£ = 1, by compactness of M
there exist x € M and a subsequence f o o of f converging to x with the

property

dy (f(o(n)), x) is decreasing in n

dvt (Flo(n),z) < %inf S(n,m) WneN.

m>n

For all n < m, it then follows

dar (f(o(n)), f(o(m))) < 2dar (f(o(n)),z) < é(n,m).

Assuming that the thesis is true for some k& € N, we now prove that it is
true also for k 4+ 1. By inductive assumption, for all j € N there exists
oj € Incr(N) such that f(j,07(-)) is 1-Lipschitz on NI (This makes sense
if o; has values bigger than j, and it is easy to see that we can choose it in
this way.)

By a recursive construction we can also assume that J; 1 C J;, where we
set .Jj := 0;(N). Let z; € M be the limit of f(j,07 (1)) for min(¢) — co. By
compactness of M there is o, € M and an increasing function o: N — N
such that z,(,) converges to z.. Moreover, we can choose o such that
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o(n+1) € Jy(n) and the following holds:

dp (a;o(n), xoo) is decreasing in n
1
< L.
dm (ch(n), xoo) > T)l’LI;fn 6(n, m)
sup dr (f (c*(n,t)) ,xa(n)) is decreasing in n

1eNF min(l)>n

1
sup  day (f (07 (n,0)  T(n)) < 5 inf (n,m).
1eNF min()>n 4 m>n

Note that the last two properties follows from the fact that f(c*(n,t¢)) can
be made arbitrarily close to its limit x,(,) provided o maps the integers > n
into sufficiently large elements of J, ;).

For all (n,c), (m, x) € NF+U | with n < m, it then follows
dy (f (07 (n,0)), f (07 (m, K))) < 0kt k) if n=m,
by inductive assumption, while for n < m we have
dyr (f (07 (n,0)) 5 f (07 (m, ) < sup dy (f (07(n, 1)), %))
+dut (To(n)s Too) + dat (To(m), Too)

+ sup dy (f (U*(m7 K‘)) 7'r(7(m))
KENIF]

< (5(n,m) < 5k+1 ((TL, [/)7 (ma H)) ;
that is, f o o* is 1-Lipschitz on NIF+1, O

Lemma is a sort of asymptotic Ramsey theorem with colours in a
compact metric space, and reduces to the classical Ramsey theorem when
the space M is finite.

Remark A.2. Notice also that Lemma implies that there exists an
infinite set J = o(N) C N such that, for all 0 < m < k and (i1,...,9m) €
JM there are limit points Ty .4, € M with the property

Liy. i — . hm L.
(szrl,...,Zk)HOO
(i1.-ip) eI K]
where we set z;, 4, = f(i1,...,ix). Moreover, by choosing the distance

d(n,m) =¢|27" — 27|, we may also require
€

dy (xil...imu xnlk) < m V(’il, RN Zk) S J[k].

APPENDIX B. A FEW FACTS ON EXCHANGEABLE MEASURES

Let A be a compact metric space and let AN be the space of all sequences
u : N — A endowed with the product topology. Given m € M(AYN) and
f € LP(AN), with p € [1, +00], we let

f=E(fl4) € LP(AY)
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be the conditional probability of f with respect to the o-algebra A of the
shift-invariant Borel subsets of AN. In particular, f is shif-invariant, and by
Birkhoff’s theorem (see f.e. [P:82]) we have

1n71
i L A
f 1mnk§0fos ,

n—oo

where the limit holds almost everywhere and in the strong topology of
LY (AN).

We now recall a classical notion of exchangeable measure due to De Finetti
[DF:74], showing some equivalent conditions.

Proposition B.1. Given m € M1(AY), the following conditions are equiv-
alent:

a) m is S.(N)-invariant;

b) m is Inj(N)-invariant;

¢) m is Incr(N)-invariant.
If m satisfies one of these equivalent conditions we say that m is exchange-

able. Notice that an exchangeable measure is always shift-invariant, while
there are shift-invariant measures which are not exchangeable.

Proof. Since &.(N) C Inj(N) and Incr(N) C Inj(N), the implications b) = a)
and b) = c) are obvious.

The implication a) = b) is also obvious since it is trivially true on the
cylindrical sets , which generate the whole Borel o-algebra of AN,

Let us prove that ¢) = b). We first show that, if ¢) holds, then for all
f € L>=(AY) it holds

(B.1) f= lim fos",

n—oo

where the limit is taken in the weak* topology of L>°(AY). Indeed, since the
sequence fos™ is bounded in L>°(AY), it is enough to prove the convergence
of

(B.2) / (fos™) gdm
AN
for all g in a dense subset D of L'(AY). Letting
D = {g S LOO(AN) s g(x) =gi(x1) - gr(ay)
for some r € N and gy,...,9, € LOO(A)},

the convergence of (B.2) follows at once from the fact that m is Incr(N)-
invariant and g € D, which implies that the quantity in (B.2)) is constant
for all n > r. To conclude the proof, it remains to show that

(B.3) /gdm—/ goT?dm,
AN AN

for all ¢ € D and o € Inj(N). Notice that, by assumption, the right-hand
side of (B.3]) does not depend on ¢ as long as o € Incr(N), in particular

/ gdm:/ (910 Py) -+ (gr o Fi,) dm,
AN AN
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for all (i1,...,4,) € NI Recalling (B.1) and passing to the limit as i, —

400, ...,i1 — 400, we then obtain

[ gdm=[ GoPi g P,
A A

Reasoning in the same way for the function g o 77, we finally get

/ goTUdm:/ gloPI...gropldm: gdm.
AN AN AN

O

Remark B.2. If A is countable, a measure m is exchangeable iff for all
r € N there exists a symmetric function f : A™ — R such that for all
(i1,...,ir) € N and (a1,...,a,) € A" it holds

(B.4) m (B, .(a1,...,a;)) = f(a1,...,a,).

In other words, an exchangeable measure on AN, with A countable, is such
that the measure of the cylindrical set Ej, ;. (a1,...,a,) only depends on
ai,...,ar, and does not depend on the sequence of 1ndlces Tyeeey iy

Lemma B.3. Let m € My(AY) be exchangeable, then for all f € L'(AY)
the following conditions are equivalent:

a) f is &.(N)-invariant;

b) f is Inj(N)-invariant;

c) f is shift-invariant.

Proof. Since &.(N) C Inj(N) and s € Inj(N), the implications b) = a) and
b) = ¢) are obvious.

In order to prove that a) = b), we let F = {o € Inj(N) : f = foT},
which is a closed subset of Inj(N) containing &.(N). Then, it is enough to
observe that G.(N) is a dense subset of Inj(N) ¢ NN, with respect to the
product topology of NV, so that F = &.(N) = Inj(N).

Let us prove that ¢) = a). Let o € 6.(N) and let n be such that o(i) =
for all i > n. It follows that s* o 7% = s*, for all k > n. As a consequence,
for m-almost every = € AN it holds

FoT?(x) = fos"oT%(x) = fos"(x) = f(x),

where the first equality holds since the measure m is &.(N)-invariant. O

Notice that from Lemma it follows that f is Inj(N)-invariant for all
f € LY(AY). In particular, for an exchangeable measure, the o-algebra of
the shift-invariant sets coincides with the (a priori smaller) o-algebra of the
Inj(N)-invariant sets.

Thanks to a theorem of De Finetti, suitably extended in [HS:55], there
is an integral representation a la Choquet for the exchangeable measures on
AN, More precisely, in [HS:55] it is shown that the extremal points of the
(compact) convex set of all exchangeable measures are given by the product
measures o, with ¢ € Mj(A). As a consequence, Choquet theorem [C:69)
provides an integral representation for any exchangeable measure m on AN,
i.e. there is a probability measure u € M;j(A) such that

(B.5) m = oNdu(o).
Mi(A)
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When A is finite, i.e. A=p=1{0,...,p—1} for some p € N, we can identify
M (A) with the symplex ¥, of all A € [0,1]P such that Zf:_& Ai = 1. Given
X € ¥, we denote by By the (product) Bernoulli measure on pN such that
all the events Ej(a) are independent and By(E;(a)) = By(Ej(a)) = Aq, for
all i, € N and a € p. In this case, becomes

(B.6) m= [ Bxdu(\),
EP
where p is a probability measure on X,.

We say that a measure m € M(AN) is asymptotically exchangeable if the
sequence my = (3#)k (m) weakly™ converges to an exchangeable measure
[K:78].

We now prove that any probability measure on AN is asymptotically ex-
changeable on a suitable subsequence of indeces (we refer to [C.74] [FS:76l,
K:78|, [K:05] for similar results).

Proposition B.4. Given m € Mi(AYN) there is an increasing function
o: N — N such that ng(m) s asymptotically exchangeable.

Proof. Thanks to Lemma applied with M = M;(S"), for all r € N
there is an infinite set J, C N such that T (m) is convergent in M;(S"),
for v = (igy...,ir—1) € [J;]" and ig — co. By a diagonal argument, we can
choose the same set J C N for all » € N. Letting ¢ € Incr(N) be such that
o(N) = J, we claim that T (m) is asymptotically exchangeable.

Let us first show that my := s’;#oT%’ﬁ (m) is convergent in M (SY). Indeed,
since the sequence my, is precompact in M1 (SY), it is enough to show that
T (my) is convergent in M;(S") for all ¢ € NIl and r € N, and the latter
follows as above from Lemma [A. 1] and the choice of J.

It remains to prove that the limit m’ of m;, is exchangeable. By Propo-
sition it is enough to show that Ti(m’) = m/, for every 6 € Incr(N).

Again by the choice of J, the sequence of measures Tgé o T#(mk) has the
same limit of 7% (my) for all + € NI and r € N, which in turn implies

Tgé(m’) =m. O
Remark B.5. Notice that, if m is asymptotically exchangeable, then for
all (ay,...,a,) € S” the limit exchangeable measure m’ satisfies

m{zyik=a1,.. vk =ar}) < m' ({zy =a1,...,2 =a.})
(B.7) + o(l) ask— +oo,

and the equality holds if the points {a;} are open in S for all 1 < j < r
(which is always the case if S is finite). More generally, the equality holds
in (B.7) for all clopen (i.e. both open and closed) C' C S”, that is

m' ({(z1,...,2,) €C}) = kgrfmm {(iysks - -5 Tiptk) € CY).
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