MONOTONICITY AND ONE-DIMENSIONAL SYMMETRY FOR
SOLUTIONS OF —A,u= f(u) IN HALF-SPACES

ALBERTO FARINAT, LUIGI MONTORO*, AND BERARDINO SCIUNZI*

ABSTRACT. We prove a weak comparison principle in narrow domains for sub-super so-
lutions to —A,u = f(u) in the case 1 < p < 2 and f locally Lipschitz continuous. We
exploit it to get the monotonicity of positive solutions to —A,u = f(u) in half spaces, in
the case % < p < 2 and f positive. Also we use the monotonicity result to deduce
some Liouville-type theorems. We then consider a class of sign-changing nonlinearities and
prove a monotonicity and a one-dimensional symmetry result, via the same techniques and

some general a-priori estimates.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS.
In this paper we consider the problem

—Ayu = —div(|Vul[P~2Vu) = f(u), inRY

(1.1) u(x’,y) >0, in RY
u(a’,0) = 0, on ORY
where we denote a generic point belonging to RY by (2/,y) with 2/ = (z1,2s,...,25-1)

and y = xy. It is well known that solutions of p-Laplace equations are generally of class
C1 (see [Di, [Liel, [Tol]), and the equation has to be understood in the weak sense.

We first study the monotonicity of the solutions. This is an important task that naturally
occurs in many applications: blow-up analysis, a-priori estimates and also in the proofs of
Liouville type theorems.

The study of the monotonicity of the solutions was started in the semilinear nondegen-
erate case in a series of papers. We refer the readers to [BCNI, BCN2, BCN3| and to
[Danll Dan2] and [Fa]. Also we point out some interesting results recently obtained in
[DaGl| and in [F'V2]. We also refer the readers to [QS] and to the references therein, for
the case of fully nonlinear operators.

The technique which is mostly used in this topic is the well known moving plane method
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which goes back to the seminal works of Alexandrov [Ale] and Serrin [Ser]. See also the
celebrated papers [GNN| [BN].

The moving plane technique was adapted to the case of the p-laplacian operator in bounded
domains firstly in [DP] for the case 1 < p < 2 and later in [DSI] for the case of positive
nonlinearities and p > 2. Actually the technique used in [DP),[DST] follows more closely the
arguments in [BN], where the application of the moving plane technique is carried out using
only the weak comparison principle in small domains and the strong comparison principle.
We recall that one of the difficulties encountered working with nonlinear operators is due
to the fact that comparison principles are not equivalent to maximum principles, as for the
semilinear case.

When considering the case of the half-space, the application of the moving plane technique
is much more delicate since weak comparison principles in small domains have to be sub-
stituted by weak comparison principles in narrow unbounded domains.

Also the strong comparison principle does not applies simply as in the case when bounded
domains are considered. In the semilinear case p = 2 many arguments exploited in the
literature are very much related to the linear and nondegenerate nature of the operator,
so that it is not possible to extend these arguments to the case of equations involving
nonlinear degenerate operators. These are the main reasons for which there are no general
results in the literature when dealing with the case of the p-laplacian.

In [DS3] it is considered the two dimensional case for positive solutions of —A,u = f(u)
with a positive nonlinearity f. It is there used a geometric technique which goes back to
[BCN2J]. Tt seems not possible to adapt this technique to the higher dimensional case for
geometric reasons.

In this paper we use a new approach based on a new weak comparison principle in narrow
domains stated in the following:

Theorem 1.1. We suppose N > 2,1 <p <2, A > 0 and assume that f is locally Lipschitz
continuous. Set

_ A A A
Yiago) 1= {RN "X [yo — 50+ 5}}, Yo = 3

Consider u,v € Cp%(S(xy0)) and u, Vau,v, Vv € L¥(X () such that
—Apu < flu),in By,

(12) _Apv Z f(v)7 Zn Z()\,yo)a
u<wv, on O (xy)-

Then there exists Ag = Ao(N, P, ||V ooy | [V |oos |1l ooy |[0]]c0, ) > O] such that if, 0 < X < Ao,
it follows that

u<wv N (o)

L)\ will actually depend on the Lipschitz constant Ly of f in the interval

[— max{|[ulloo, [[0]]co }, max{[[tu]| e, [|v]|oc }]-
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If u and v are not assumed to be bounded, the same conclusion holds, if we assume that
the nonlinearity f is globally Lipschitz contmuou&ﬂ.

Remark 1.2. i) Theorem is proved assuming only 1 < p < 2, and f locally Lipschitz
continuous. The proof, based on an iterative argument, is also new in the semilinear case
p = 2. To the best of our knowledge, this is the first general weak comparison principle in
narrow domains for the p-laplacian.

ii) A more general class of equations can be considered exploiting exactly the same tech-
nique. More precisely, our proofs works if we replace the p-Laplace operator with a gen-
eral operator in divergence form div(A(x, Vu)), assuming that A € C°(RN RY;RY)n
CHRN RN\ {0}; RY) with A(z,0) =0 and

N 9A
> o @Ml < Tl v € RV \ {0}
i.j !

N

0A;
>, wmes >l I v e RN {0)

0]

)

iii) More general domains can be considered. For instance, domains like Q = RN x
with w C RE of small measure, are admissible.

We exploit Theorem [1.1| together with a translation argument which goes back to [BCN2)]
that allows to recover compactness in the application of the strong comparison principle.
The application of this procedure in our context is complicated by the fact that comparison
principle for the limiting equations are not known in full generality, see Section [ We
overcome this problem in Proposition [£.1 by studying the limiting problem in the half-
space and exploiting also the properties of p-harmonic functions. This allows us to get the
following;:

Theorem 1.3. Let u € C’ll’a(@) be a positive solution of (L.1) with |Vu| € L>(RY) and

2]]\}7:22 < p < 2. Assume that the nonlinearity f is locally Lipschitz continuous and positive,

that is f(s) > 0 for s > 0 with f(0) > 0.
Then u is monotone increasing w.r.t. the xy-direction, and moreover

ou ou
— =— >0 in RY.
ory Oy o +

Remark 1.4. An important consequence of Theorem 15 that actually

ue CEY(RY).

loc

Indeed, the property 8‘1—‘; > 0 implies that the set of critical points {V u = 0} is empty, and

consequently the equation is nondegenerate everywhere. The reqularity follows therefore by
standard reqularity results.

2In this case Ao will depend on the Lipschitz constant of f in R.
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Exploiting Theorem and arguing as in the proof of Theorem we also deduce the
following;:

Theorem 1.5. Let u € CL* (RN~ x [0, h]) be a positive solution to

(1.3) —Ayu = f(u), in RN=1 x (0, h)
' u(2',0) =u(2’,h) =0, for any o’ € RV-L

Assume that |Vu| is bounded and that 213[:22 < p < 2. Assume also that the nonlinearity f

is locally Lipschitz continuous and positive, that is f(s) > 0 for s > 0 with f(0) > 0.
Then u is symmetric with respect to the hyperplane {y = h/2} with

Ou  Ou -
ory Oy
Furthermore, for every 6 € (0,h/2), we have

0 Vo' e RVt Vyel[0,h/2)

U(I'/, y) < u(,(x’,y) = u(‘rlv 20 — y) V' < RN_I \V/y < [07 6)

In Theorem we will discuss some consequences of Theorem for the case N = 3,
the case N = 2 being already considered in [DS3]. In particular, we assume g <p<2,
that is the condition 2]3[122 < p < 2 for N = 3. Assuming also that the nonlinearity f
is positive, that is f(s) > 0 for s > 0, and that f(0) = 0, we show that the equation
—Ayu = f(u), under zero Dirichlet boundary condition, has no bounded non-negative
non-trivial solutions in the half space.

In particular in the proof of Theorem we will use some recent results in [FSVI] (see
also [FSV2]) to show that the solution u must have one-dimensional symmetry, that is,
u must depend only on the variable zn. A consequently ODE analysis allows to get the
desired Liouville type theorem and shows that actually the only nonnegative solution is
the trivial one.

We consider the higher dimensional case in Theorem where we show that there are no
bounded non-negative non-trivial solutions to —A,u = f(u) in the half-space, if N > 3,
%V:; < p < 2, and the nonlinearity f is positive and subcritical, w.r.t. the Sobolev critical
exponent in RV~! (see Remark [8.2)). The proof of Theorem is a consequence of Theo-
rem [L.3] which is exploited following some ideas from [Fal.

The monotonicity of the solution w allows to define a limiting profile, which is a non-
negative bounded solution to the equation —A,u = f(u) in R¥"'. Theorem then
follows using the Liouville-type results in [SZ].

In Theorem [8.3 by making use of a similar strategy, we prove that there are no bounded

non-negative non-trivial solutions to —A,u = f(u) in the half-space, if N > 3, 2%:22 <p<
N-1)(p—1)

(
2, and the nonlinearity f is positive with f(s) > As” ¥-1=¢  in [0, ], for some A, > 0.

The results in Theorem [7.1| Theorem [8.1] and Theorem [8.3] are summarized in the fol-

lowing:
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Theorem 1.6. Let u € CY(RY) N WH=(RY) be a non-negative weak solution of (L)

mn Rﬂf, with %Vj; < p < 2. Assume that one of the following holds ﬂ

a) N =3 and f(s) >0 for s >0, with f(0) =0,

b) N >3, f(s) >0 for s >0, f(0) =0 and f is subcritical w.r.t. the Sobolev critical
exponent in RN,

N-D(p=1)

¢) N =3 f(s) >0 fors >0, f(0) =0 and f(s) > As NS i [0,6], for some
A6 >0,
Then u = 0.

On the other hand, if N > 3 and f(0) > 0, then there are no non-negative solutions
of (LT).

We refer the reader to [DESV] [DS3, [Zou| for others Liouville-type theorems in half-spaces
and in the nonlinear degenerate setting.

Generally, supercritical problems do have non-trivial solutions, which therefore turns out
to be monotone by our Theorem [I.3] Nontrivial solutions also exist for changing-sign non-
linearities f. A particular and interesting class of such nonlinear functions arises in phase
transitions models, see Remark below.

To deal with this class of problems, we prove the following:

Theorem 1.7. Assume N > 1, p > 1. Suppose that f : R — R be a continuous function
satisfying:

dz>0 u>z= f(u) <0
and let u € C*(RY) be a solution of
A <f@) i RY
(1.4) u <0 on ORY
u <C in RY

Then, u < z.
Furthermore, if f is locally Lipschitz and 1 < p < 2, then u < z.

The combination of Theorem [1.7]and the techniques developed in this work, leads to the
following

Theorem 1.8. Let u € Cllof(@) NWE(RY) be a positive solution of (1.1]), with % <
p < 2. Assume that

dz2>0 : O<u<z= f(u)>0 and u>z= f(u) <O0.

3The case N = 2 was already considered in [DS3].
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Then u is monotone increasing w.r.t. the xy-direction, and moreover

ou
— >0 in RY.
833]\7 +
Furthermore, if N = 2 or N = 3, it follows that u has one-dimensional symmetry. More

precisely
u(@',y) = u(y).

Some results related to Theorem [1.8] and obtained under stronger assumptions on the
nonlinearity f, can be found in [DuGul.

Remark 1.9. Theorem[1.§ applies for example to the problem
—Ayu=u(l —u?)1—u?4, nRY
(1.5) u(z’,y) > 0, in RY
u(z’,0) =0, on ORY.
where ¢ > 0. The above equation reduces to the equation
—Au = u(l — u?)

when p = 2 and q = 0, that is the equation arising in a famous conjecture of De Giorgi.
We refer the readers to [EV1] for a survey on this topic.

The paper is organized as follows: in Section [2] we prove Lemma that will be crucial
in the proof of Theorem [I.1 In Section [3] we prove Theorem [I.I} In Section [4] we get an
auxiliary proposition which allows us to exploit the moving plane technique. In Section
we prove Theorem In Section [6] we demonstrate Theorem [I.5] In Section [7] we prove a
Liouville-type theorem in low dimension while Liouville-type theorems in higher dimensions
are considered in Section [§ In Section [J] we obtain some a priori estimates which are used
in Section [10] to prove Theorem [I.7] In Section [I1] we give the proof of Theorem

2. PRELIMINARY RESULTS

We start proving a lemma that will be useful in the proof of Theorem [L.1}

Lemma 2.1. Let 6 > 0 and v > 0 such that 8 < 277. Moreover let Ry > 0, ¢ > 0 and
L:(Ry,+o0) — R

a non-negative and non-decreasing function such that

o) L(R) < 0L(2R) + g(R) VR > Ry,
' L(R) < CR" VR > Ry,
where g : (Ry, +00) — RT is such that

lim g(R)=0.

R—+o0



MONOTONICITY AND ONE-DIMENSIONAL SYMMETRY IN HALF-SPACES 7

Then
L(R) =0.

Proof. Tt is sufficient to prove that
[:= lim L(R)=0.

R—+o00

By contradiction suppose that [ # 0 and choose 6; such that § < 6, < 277. This implies
the exixtence of Ry = R1(0;) > Ry such that

(0—0)L2R) +g(R) <0 VR >R,

and then
(2.2) L(R) <6,L(2R) VYR> Rj.
By we have: VI € N*, VR > R,
(2.3) L(R) < 6.L(2'R)
< C6 (2'R)
= C(276,)'R",

where we have used that L(R) < CR” for R > Ry, by ({2.1)).
Since 0 < #; < 277, by ([2.3]) we obtain
L(R) < lim C(2"6,))R" =0 VYR > R,
l—+o0

getting the contradiction. O

Below we recall some known results regarding p-Laplace equations. Referring to [Vaz] for
the case of the p-Laplace operator, and to [PS3| for the case of a broad class of quasilinear
elliptic operators, we recall the following:

Theorem 2.2. (Strong Mazimum Principle and Hopf’s Lemma). Let Q be a domain in
RY and suppose that u € C1(Q), u = 0 in Q, weakly solves

—ANpu+cul=9g>20 in
with 1 < p <oo,q=2p—1,¢2>20and g € L2(Q). If u # 0 then u > 0 in Q.

loc
Moreover for any point xo € OS2 where the interior sphere condition is satisfied, and such
that w € C*(QU {zo}) and u(zo) = 0 we have that 3 > 0 for any inward directional
derivative (this means that if y approaches xq in a ball B C ) that has xo on its boundary,

then lim,_.,, % >0).

Also we will make repeated use of the following strong comparison principle (see [DS2]):

Theorem 2.3 (Strong Comparison Principle). Let u,v € CY(Q) where Q is a bounded
smooth domain of RN with 2]<,V:22 < p < o0. Suppose that either u or v is a weak solution
of —=Ay(w) = f(w) with f positive and locally Lipschitz continuous. Assume

(2.4) — )~ f(u) € ~Ay(0) — fv)  u<v i Q
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Thenu=v in oru<wv in .

Let us recall that the linearized operator L, (v, ¢) at a fixed solution u of —A,(u) = f(u)
is well defined, for every v, ¢ € H}*(Q) with p = [Vu[P~*(see [DSI] for details), by

L,(v,p) = /Q[|Vu|p2(VU,Vg0) + (p — 2)|VulP~*(Vu, Vo) (Vu, Vo) — f(u)vplds

Moreover, v € H)?(Q) is a weak solution of the linearized equation if
(2.5) Lu(v,0) =0

for any ¢ € Héﬁ(Q).
By [DST] we have u,, € H)*(Q) for i = 1,..., N, and Ly (ug,, ) is well defined for every
¢ € Hy2(Q), with

(2.6) Lu(uz,, ) =0 Vi € Hyp(€).

In other words, the derivatives of u are weak solutions of the linearized equation. Conse-
quently by a strong maximum principle for the linearized operator (see [DS2]) we have the
following:

Theorem 2.4. Let u € C1(Q) be a weak solution of —A,(u) = f(u) in a bounded smooth
domain Q of RN with 2]<,Vj22 < p < oo, and f positive and locally Lipschitz continuous.
Then, for any i € {1,...,N} and any domain Q' C Q with u,, > 0 in ', we have either

Uy, =0 in Q' oruy, >0 in .

3. A WEAK COMPARISON PRINCIPLE IN NARROW DOMAINS,
PROOF OF THEOREM [I.1]

We prove here Theorem [I.I} We therefore assume that N > 2, 1 < p <2, A > 0 and
that f is locally Lipschitz continuous. We set

_ A A A
2(A,yo) = {RN ' x [yo - §,yo + 5]}7 Yo = 57

and we consider u,v € C’llo’ca with u, Vu,v, Vo € L>(3(),,)) such that u,v weakly solve

2.

We want to show that there exists A\g > 0 such that if 0 < X\ < Ay, then
u < v mn Xy y)-

We carry out the proof in the case u,v € L>(X(4,)).-The same proof works when u and v
may be not bounded, but f is globally Lipschitz continuous.

In the sequel we further use the following inequalities:
vn,n' € RY with |n| + 1| > 0 there exists positive constants C;, Cy depending on p such
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that

(3.1) UnlP=2n = ' P20 ln — o] = Ci(Inl + |0')P~|n — 0%,

nP=*n — ' P20 | < Colp — /P, ifl<p<2

First of all we remark that (v —v)* € L>*(E(),,)) since we assumed u, v to be bounded in

Z(A7y0).
Let us now define

(3.2) U= [(u—v)*]%?

where a > 1, and ¢(2/,y) = o(2') € C(RY™!), ¢ > 0 such that

=1, in B'(0, R) c RN,
(3.3) 0 =0, in RN-1\ B'(0,2R),
Vel <€, in B'(0,2R)\ B'(0,R) C RV-L.

We note that ¥ € WOI’Z’(Z(,WO)) by (3.3)) and since u < v on 9%y ).
Let us define the cylinder

C(R) = {z(mo) N {B'(0, R) x R}} .

Then using U as test function in both equations of problem ((1.2)) and substracting we get

a/ < ([VulP?Vu — |VoP?Vo) , V(u —v)" > [(u—v)T]*1?
C(2R)
+ / < ([Vuf?Vu — |VoP*Vv) , V? > [(u—v)]*

C(2R)

- / () — F(0))(u— v)* ]
C(2R)
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Taking into account (3.1)) and the fact that p < 2, we have

(3.4) mzﬂ;muvm+wvmw*nuu—wﬂ%w—vﬁw*w2

< a / < (IVul"Vu — [Vo Vo), V(u = v) " > [(u = v)*]*7"?
C(2R)

= —/ < (IVulP=>Vu — [Vo[P2Vu) , V? > [(u —v)*]
C(2R)

uw) — F(oN(u — v) %>
T Am5ﬂ> F) [ — )]
< / < (IVul2Vu — [Vol2V0) , Vi > | [(u — 0)*]°
C(2R)
T l;mmﬂw—f@DHw—v)Pw
gczlvaw—wvwvﬁmu—wﬂa

(f(u) = f(v))
" /C(zR)

(u—wv)
Then, since u,v € Cllof‘ have bounded gradient by assumption, one has

(0= 01

(3.5) aaévaw—vﬁﬂw—vﬁP*ﬁ

< @LWJW—UVMVﬁMy/ Ly[(u — v)*]o+ig?

C(2R)
= 02]1 + Lf]z,

where

e = ([[Vulloo + [[V0][o)PCh,

ez = ([[Vulloe + [[V0]]s)" " Co.

Ly is the Lipschitz constant of f in the interval [— max{||u||co, [|0]| }, max{||w||co, ||¥|oo }]-
We now evaluate the term

= u— o) 2|,
A—L%# eIV
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(36) I, <2 / (u— o))" | V| =2 / (4= v) "Vl Vol
C(2R) C(2R)

a+1 a+l

< 2/ [(u—v)ﬂ““wa\vsothrQ/ Vel >
- C(2R) atl cer) a+1

«

yO+A a+1 2 a+1 a+1 a+1

<2 ( [ (w=017) dy> PRI E 2 [ vl

RN-1 \ Jyo—3 C(2R)

2 (O‘ + 1>2 +1a—1 42 atl atl atl
< GA)—F— [(u=v)T]* 0y (u —v)"[Fp o [Vp| 22 +2 [Vl 2

C(2R) C(2R)

2 <O‘ + 1>2 +1a—1 42 afl atl

< CGA)——F— [(w=0)T]* | V(u—v)" 7 " [Ve| 22
2 C(2R)

+ 2/ V|2
C(2R)

a
In (3.6) we used Young inequality with conjugate exponents (

,a+ 1), a Poincaré

inequality in the set [y — %, Yo+ %], denoting with C, the associated constant and the fact
that ¢ = p(2/).
We now evaluate the term

I = / (1 — v) ]2
C(2R)

IN

o [ ( / NGO e v>+|2dy> (')’

0772

a—+1

- am (4 ) AR R

Now we are going to choose the constants a > 1 and A > 0 in such a way

a—i—l)g < acy

(38) LGN () <

so that from (3.5)) we have
(3.9) og [ V(= o) Pl = v)te
2 Jeger)

< o / (4= 0)" V2| = .
C(2R)
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From (3.3]) one has that

(3.10) o [ 1V — o) P — o)
2 Jer)
< o2 IV(u—v) P (u—v)*1p* <ol
2 Je@r)
Consequently we obtain
(3.11) | 19—y Pl - oy
C(R)
< 22 a+1) — )V (1 — v) P V| T
< »(M(a+1) [(uw=v)T]* [V (u =) P = [Vep| 2
acy C(2R)
T N
QcC1 Je@2R)
From (3.11)), setting a = 2N + 1, one has
(3.12) / V(1 — )2 (1 — v)*!
c

(B)
< 0 ‘V(u — U>+|2[(u _ U)—i-]a—l + 4&CARN—1R—(N+1)
C(2R) acy

= 0 V-0 Pl o)1 R
C(2R)

where
c
c3 =4—2C)\ e RT,
acy
C2 o 2 _N
—CP(A)(QN—F 2 =60<27,

[6718]
In particular to do this, recalling that C2(A) ~ X\*, X > 0 will be taken such that

C2 o 2 _N
1 —_— 1 27
(3.13) a61cp(A)(a+ )° <

Let us set

and
g(R) = csR2.
Then one has
L(R) <O0L2R)+g(R) VR>O0,
{E(R) < CRN VR >0,
and from Lemma with v = N, since we assumed 6 < 27V we get L(R) = 0 and
consequently the thesis.
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4. RECOVERING COMPACTENESS

Let us consider u to be a positive solution of (|1.1)), that is

_Apu - f(u)v in Rf
u(x',y) >0, in RY
u(z’,0) =0, on ORY

As in Theorem let u € CL%, Vu € L*>*(RY) and assume 25:22 < p < 2. Assume that

the nonlinearity f is locally Lipschitz continuous and positive, that is f(s) > 0 for s > 0,
with f(0) > 0. Let us set A = sup A where

A={t>0]u<<u in X, VO<t}

with ¥y = {0 < y < 0}, and as usual
u0($,7 y) = U(ZL’,7 20 — y)

By Theorem we know that A is not empty, since t € A for sufficiently small . Our aim
is to show that actually A = sup A = oo which actually implies monotonicity. We assume
therefore from now on by contradiction that A < oco. It follows therefore that u is bounded
in X5 by the Dirichlet condition on the boundary and the fact that |Vu| is bounded by
assumption. In the same way it follows that uy is bounded in Y5 too.

By continuity v < uy, and consequently

u < Uy

by the Strong Comparison Principle (see Theorem . Note that the Strong Comparison
Principle actually says that u < uj unless u = wuy, but the latter case is not possible by
the Dirichlet assumption u(2’,0) = 0 < uz(2’,0).
Let us now define

We = (U - u5\+5) " X{y<hte}s

with x(+) denoting the characteristic function of a set. We have the following

Proposition 4.1. Given 0 < ¢ <2 5, we find g9 such that, for any e < o, it follows
SuppWF c{0<y<sU{N—6<y< A +e}
That is, W vanishes outside the set {0 <y <} U{A -5 <y < A +¢e}.

Proof. Assume by contradiction that the thesis is false, so that there exists 6 > 0, with
0 < ¢ < 35, in such a way that, given any gy > 0, we find ¢ < gy so that there exists a
correspondmg z. = (2., y.) such that u(zl,y.) = us (2, y.) and 6 < y. <A —4.
Take now gy = %, then there exists €, < gy going to zero, and a corresponding x, =
(@, yn) = (27, ¥z, ) With

( myn) u)\+z-:n( ;wyn)
with § <y, < A — 6. Up to subsequences, let us assume that
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Yn — Yo With § < yo < A — 4.

Let us now define
(7', y) = (@' + 2, y)
0 that ||t |l = [|u]|e < C.
Let us first consider the case f(0) = 0. In this situation we can consider u, (and conse-
quently ,) defined on the entire space RY by odd reflection. That is

u(x/,y) = —U(]}/, _y) in {y < 0}
with consequently f(¢t) = —f(—t) if {t <0}.
By standard regularity theory, see [Di, [Tol|, since ||t |0 = ||u||cc < C, we have that
Haan}D’j(RN) <C
for some 0 < a < 1. By Ascoli’s Theorem we have
cle’ ®N
(4.1) an =8 g

up to subsequences, for o/ < a. We consider @ in the entire space RY constructed by a
standard diagonal process.

We claim now that
- @ >0 in RY, with a(z,0) =0
- u < uy in Xy
- INL(O, yO) > ﬁj\(07 yO) (Wlth a’CtuaHy a(07 yO) = aj\(()? yO))

The fact that @ > 0 in RY follows immediately by the uniform convergence on compact
sets and the fact that @, (2’,y) are positive by construction. Also we have that @ < 5 in
Y5 by the definition of A\ and taking again into account the uniform convergence. Also,
passing to the limit, it is easy to see that

@(0,y0) = u5(0,yo).

Since 4 < Uy as shown above, actually we have @(0, yo) = u5(0, o).
It is now standard to see that —A,u = f(a) in RY, that is
[ i wave) = [ s@e veecmy)
RY RY

Since @ > 0 in RY, by the Strong Maximum Principle (see [PS3| Vaz]), it follows now that
u > 0 or & = 0. We reduce therefore to consider the case @ > 0 and the case & = 0. We
will prove the thesis showing that in both cases we have a contradiction.

CASE-1 (u >0 ). In this case, if f(0) =0, we have
aa=f@  w R
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and we recall that we are assuming

- f(s) >0 for s >0

2N+2
Ntz <PS2

so that by the Strong Comparison Principle (see Theorem 2.3), we get that @ < uy implies
@ < Uy, since the case @ = uy is clearly impossible being @(z,0) = 0. This is a contradiction
since fL(Ou Z/O) = 715\(0, yO)

If else f(0) > 0, again by standard interior estimates, we have, proceeding as before,
(4.2) Uy — U

in C’llo’?/ (RY)YNC? (@) up to subsequences for o < a.
Since (0,y0) and it’s reflection (0,2X — yo) belong to RY, we still have a contradic-
tion by the Strong Comparison Principle, since we should have u < w3y, by the fact that
—Apu = f(a) in RY, a(z,0) = 0 and we recall that we are assuming f(s) > 0 for s > 0 with
%V—:; < p < 2. But this is a contradiction since again by construction %(0,yo) = @5(0, yo)-
CASE-2 (=0 ). This case is possible only if f(0) = 0, since on the contrary @ could

not be a solution of —A,a = f(@). We set
un(2yy) _ ule’ a5, y)

Uy = — =
so that

u(0,y,) =1,
and 1u,, uniformly converges to 0 on compact sets by construction. It is easily seen that
(4.3) A ff;f’i) cah = () b

Un

tp—1

with ¢, (z) uniformly bounded. In fact, lim 10— 0 since f(0) = 0, f is locally Lipschitz
t—0

continuous, p — 1 < 1, and #,, uniformly converges to 0.

We can therefore exploit Harnack inequality, see Theorem 7.2.2 in [PS3], and get, for
any compact set K,

sup u, < Cy inf u, <Cy.
Kn{y>4} Kn{y=6}

Also, by the monotonicity of u in ¥5 we have
sup U, < sup u, < Chy.
Kn{y>0} Kn{y=>d}
We can therefore use C'1® estimates, Ascoli’s Theorem and a standard diagonal process,
as above, to show that
cle’ RN
—

loc +/ _
n u
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up to subsequences, for o/ < «. Arguing exactly as above, we see that @ > 0 in @, u < Uy
in 25 and @(0,0) = @x(0, 30).
f ( ) = 0 and 7, uniformly converges to 0, passing to the limit in (4.3), we obtain

t—0+
Ayi=0 in RY.
By the Strong Maximum Principle [Vaz], we therefore get that @ > 0 since the case u =0
is not possible in view of the fact that @(0,yo) = 1. Actually, by construction, we have
—A,u =0, in RY
(4.4) u>0, in RY
u(2',0) =0, on dRY.
By [KSZ], it follows now that @ is affine linear, which implies
u(@’,y) = ky
for some £ > 0, by the Dirichlet assumption. This is a contradiction since by construction
we would also get 4(0,yo) = u5(0, yo). O

5. PROOF OF THEOREM [L.3]

We prove here Theorem To this end, let us note that by Proposition we have
that, given 0 < § < %, we find €y such that, for any € < &, it follows

SuppWr c{0<y<StuU{A—6 <y < A+e},

where W = (u — uzy.)™ - Xgy<atey- In particular we have that « —uy,. < 0in {6 <

A — §}. Now, we choose § sufficiently small such that Theorem 1 ! 1.1] applies in {0 <y < < 5}
and in {\ — & <y < A+ e}, getting that actually W = 0 for any e sufficiently small.
This is a contradlctlon in view of the definition of A, and consequently we deduce that
A\ = 0o. This implies the monotonicity of u, that is a “(2/,y) = 0 in RY. By Theorem .
it follows

%(x/,y) >0 in RY.
6. PROOF OF THEOREM [L.5]

Under the assumptions of Theorem , let u € Cllo’f be a positive solution to
61) {—Apu = f(u), in RN-1 x (0, h)
w(x’,0) =0 =wu(z',h), forany 2/ € RN7L
Arguing as in the proof of Theorem , let us set A = sup A where

A={0<t<h/2|u<u in %, V0<t}

By Theorem 1.1., we know that A is not empty, since it follows that ¢t € A for sufficiently
small ¢. This also implies that u is monotone increasing in the y-direction in ¥4 for
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sufficiently small 0 < h/2.
Analogously, we set A = inf A where

A={h/2<t<h|u<us in Uy\%y Vt<b<hl

Again, by Theorem 1.1 we obtain that A is not empty and that u is monotone decreasing
in the y-direction in X, \ 3y for 0 sufficiently close to h.

The result will be proved once we show that actually
A=supA = h/2 and A=infA=h/2
We will only prove that A = h/2, the proof of A=h /2 being analogous. We assume there-

fore by contradiction that A < h/2 and note that, by continuity, v < uy, and consequently
u < uj by the Strong Comparison Principle and the Dirichlet assumption.

Proposition 6.1. Assume A\ < h/2. Given 0 < § < %, we find g9 € (0, h/2 — \) such
that, for any e < g, it follows

SuppWrH c{0<y<pU{A—d<y< A +¢e}
where We = (u — Us;c) - X{y<ise)-

Proof. The case f(0) > 0 can be carried out exactly in the same way as in Proposition .
We therefore assume f(0) = 0. In this case we consider u defined in RY as follows
(6.2)
. w(z',y — 2kh) if  ye€2kh, (2k+ 1)h] keZ
UEIEN okt Dh—y) i ye @k Dh. k42 ke Z

so that, setting f(t) = —f(—t) for t < 0, we have that —A,u = f(u) in the entire space.
Assume now by contradiction that the thesis is false, and note that consequently there exist
points x, = (x,,y,) with w(a),,y,) > us ., (@), y,) with €, converging to zero, y, — o
and § < yp <\ — 6.
Recalling now the definition 4, (2', y) = u(z'+2},, y) and noticing that, ||t = ||u|le < C,
we can argue as in Proposition 4.1} Exploiting standard regularity theory, Ascoli’s Theorem
and a standard diagonal process we can assume that

Lo
(6.3) i, e 8 g,
up to subsequences, for o’ < a. Then @ is a solution to —A,& = f(@) in the entire space. It
follows now that @ > 0 in X, with 4(x,0) = 0 and @ < @3 in X5. Also @(0,yo) = @x(0, yo).
Now since u is non-negative, we get by the strong maximum principle that either u = 0 or
> 0in Y.
If @ > 0 in Xj, we get a contradiction by the fact that @(0,yo) = @5(0,yo) since @ < 3 in
Y5 as we can prove via the strong comparison principle, exploited exactly as in the proof
of Case 1 in Proposition [4.1]
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We are therefore reduced to consider the case & = 0. We set in this case
un(2',y)  u(@ +z,,y)

S

T (0, Yn) u(x},, Yn)

so that @(0,y,) = 1, and @, uniformly converges to 0 on compact sets by construction. It
is easily seen that —A,@,, = ¢,(z) - t2~! With ¢,(z) uniformly bounded. We can therefore
exploit Harnack inequality in any compact set K , see Theorem 7.2.2 in [PS3], and get

n

sup U, < sup U, < Cgy inf U, < Cgy
Kn{o<y<h} Kn{s<y<h—6} Kn{d<y<h—6}

where, to deduce that sup 1, < sup 1, we used that u is monotone increasing
Kn{o<y<h} Kn{6<y<h—3}

in the y-direction in Y4 for sufficiently small § < h/2 and that u is monotone decreasing

in the y-direction in Xy, \ ¥y for 6 sufficiently close to h.

We can therefore use C1® estimates, Ascoli’s Theorem and a standard diagonal process as

in the proof of Case 2 of Proposition .1}, to show that

Ol ®Y)
U, — U

with A,a =0 in RY (and in particular in RY). By [KSZ] we know that @ is affine linear,

which implies

u=20
taking into account the fact that u(2’,0) = u(a’, h) = 0.
This is not possible since u(0,yy) = 1. The contradiction concludes the proof. U

Using Proposition [6.1] the proof of Theorem [I.5| may be now concluded via the moving
hyperplane technique exploited exactly as in the proof of Theorem (see Section .
Note that Theorem applies exactly in the same way, and that by the moving hyper-
plane technique follows that 8(33—72(:10' ,y) = 0in RV=! x (0,%). By Theorem it follows

consequently

%(x’,y)>o in RV x (0,h)2).

7. A LIOUVILLE TYPE THEOREM IN LOW DIMENSION.

The result that follows is a Liouville type theorem in R®. The analogous result in R?
was already proved in [DS3].

Theorem 7.1. Let u € C'(RL) N WL(R3) be a non-negative solution of

)
{—Apu = f(u), R

7.1
(1) u(z’,0) =0, on ORZ.

where RY is the half-space in R®. Assume that % < p < 2. Assume also that the nonlinearity
f 1is positive, that is f(s) > 0 for s >0, and f(0) = 0.
Then

u = 0.
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Proof. Let us start assuming that there exists a non-trivial non-negative solution u. In
this case, by the strong maximum principle [Vaz], it follows that « > 0. In this case, by
Theorem[1.3] we have that u is monotone. We now follows some arguments used in [FSVT],
providing some details for the readers convenience. For any (xq,z2,y) € R3 and ¢t € R, we
define ( ) .
. w0,y ity >0,
wlon ) = {—U(zl,xz,—y) ify <0,

and
i f(t) ift >0,
f1t):= {—f(—t) if t <0.
It follows, taking into account that f(0) = 0, that
(7.2) — Ayu* = f*(u*).

Moreover u* is monotone with u; > 0 by construction. Also since the gradient of u is

bounded, the gradient of u* is bounded too. We can therefore exploit Theorem 1.2 in [FSV]]
to get that v* has one-dimensional symmetry in the sense that there exists « : R — R
and w € S! in such a way that u*(2) = @(w - 2), for any z € R3. Since in this case the
level sets of our solution are parallel hyperplanes, and since the zero level set {u = 0} is
{y = 0}, it follows that necessarily u* = u(y).

Therefore in R*, @ is a solution of the one dimensional problem

(@Y = f(@), R

u >0, in R
(7.3) U m
u(0) =0,
i >0, in Rt U {0}

A simple ODE analysis of the problem shows that actually u = 0 and the thesis follows. [J

8. LIOUVILLE TYPE THEOREMS IN HIGHER DIMENSIONS.

In this section we prove a Liouville type theorem for solutions of (1.1]) in Rﬁ , with
N > 3. The idea is that, the monotonicity of the solutions allows us to define and to study
the limiting profile of the solutions in R¥~! following some ideas from [Fa].

Theorem 8.1. Let u € CY(RY) N WH(RY) be a non-negative weak solution of (1)

in RY, with %Vj; < p < 2. Assume that N > 3 and f(s) > 0 for s > 0, and that f is

subcritical w.r.t. the Sobolev critical exponent in RN~ (see Remark , then u = 0.

Proof. Assume by contradiction that u is not identically zero. Therefore, u > 0 in Rf by
the strong maximum principle [Vaz]. By Theorem we consequently get that

ou )
% >0 1in Rf

Since u is bounded, we can now define
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(8.1) w(a) = lim u(z’, y + ).

Such limit exists and is finite for any 2/ € RN~!. Also, the limit in (8.1]) holds in C{.(R")
and w is a weak solution of

(8.2) — Apw = f(w) in RV

see for example [FSVI].

It turns out that w is a bounded positive solution to —A,w = f(w) in RY"1 with f
positive and subcritical w.r.t the Sobolev critical exponent in RY¥~!. By [SZ, Theorem III

pag. 84], it follows w = 0. This contradicts the construction of w and shows that actually
u = 0. U

Remark 8.2. Theorem holds true (accordingly to |SZ]) if f is subcritical w.r.t. the
Sobolev critical exponent in RN=L, that is

(@-1)f(s) = sf(s5) 20  for  5>0

for somel < a < p*(N-1):= % Note that, p < 2 < N —1 and that the nonlinearity

f(s) = s? is subcritical, w.r.t. the Sobolev critical exponent in RN~ for ¢ < p*(N —1)—1.

Theorem 8.3. Let u € CYRY) N WL (RY) be a nonnegative weak solution of (L)

in RY, with 215:22 < p <2 Assume that N > 3 and f(s) > 0 for s >0, f(0) =0 and that

(N-1)(p—1)
F(s) > As "iw in 0,4
for some X\, > 0.
Then u = 0.
If else we assume that f(0) > 0, then we conclude without any further assumptions that
there are no non-negative solutions.

Proof. Assume again by contradiction that u is not identically zero, and conclude that
u > 0 in RY with gg—fv >0 in RY. Define as above

(8.3) w(a) = lim u(z’, y +1)

We see that w is a bounded positive solution to —A,w = f(w) in RN"! with f positive

—1)(p—
such that f(s) > As S in [0, 6] for some A, 6 > 0. Since w is bounded by construction,

—1)(p—
and f(s) > 0 for s > 0, it follows that actually f(s) > s NI for any s € [0, ||w]| ]
for some A > 0. Consequently w is a solution of the inequality

~ (N-1)(p—1)
—Apw = Aw F-1-p

By [MP] it follows w = 0 and the thesis.

—1(p—1)

If else we assume that f(0) > 0, then it follows that the condition f(s) > A M5 for
any s € [0, |w||] for some A > 0 is automatically fulfilled, and we can argue as above,
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concluding in this case that there are no non-negative solutions, since u = 0 is not a
solution in this case. U
9. SOME A PRIORI ESTIMATES
Lemma 9.1. Assume N >1,p>1,v>0. Letu € C’l(@) be a solution of

1) Apu = dv(IVaP2Vu) > g(u) in RY
' u(z) <0 on ORY

where g : R — R, g continuous.
Then, for every a > 1, for every 3 > p and for every p € CEHRY), ¢ > 0 we have:

(9:2) /g(U)Ku - < Cla,p, B) /[(u — )Pl Ve,
where C(a,p, 3) = %(%)p_lﬁp and v* denotes the positive part of the function v.

Proof. By a standard approximation argument one can use test functions in (9.1)) of the
form ¢ = [(u — ) T]*p”, where ¢ € C*H(RY), » > 0 we have:

[swlw—1e < = [19up2vuvy
—— [ alVurlt =) s (= 1) — [ Va2 Vavase - ) e
< — [ alVal [t =) sign (=) + [ BV Tl =)

= —/OéIVu\p[(u—v)ﬂ“1sign+(u—v)<ﬂﬂ+/ﬁ!w!p1!V90I<,051[(u—7)+]asign*(u—7)

T /O‘\VU\p[(u — )" signt (u — 7)¢”

B a—1
7

P [(u—)7]

o—2

+/[ﬁ[(u — ) Vel Ve

o sign” (u— )]

< Cla,p, B) /[(u e N P

/
,1p, yP with P =

where we have used the weighted Young’s inequality xy < %:cp +
pe

(1‘;3;;)7’_1 > 0.
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Theorem 9.2. Assume N > 1, p > 1. Suppose that g : R — R be a continuous function
satisfying:

(9.3) Jug >0 : u>wuy=g(u) >¢ >0
and let u € Cl(@) be a solution of (1) satisfying

w(z) = o(|z|7T) as |z| — +oo.
Then, u < uy.

Proof. Apply inequality (9.2]) with ¢ = ¢ (¢g standard cut-off), « > 1, 5 =p, 7 = uop to
obtain, for every R > 0,

5 / (u— )1 < /B (4= )" < Clasp,p) / (=) Pt Tl

Bar

< Clop,p) / (1= )M — ) P VP

Bar

< Cla,p.p) R / (= 9)*]2( — )P

Bar\Br

Now we use the growth assumption on u to find that, for every R > R, > 0,

(9.4) / (1= )" < 5 Cla p. )i (2R) / (= 7)),

Bar\BRr

where 7, = n,(t) is a function satisfying lim, ., 7,(¢) = 0.
On the other hand, an application of inequality (9.2)), with ¢ = pg, a =1, 8 = p,y = uo,
gives for every R > R,,

/B (u— )] < / (1= 9)"]g? < e3'C(Lp,p) / [ — ) PVl

(9.5) <ey'C(1,p p)|Bi| (2N — )RPTNPET = C(p, Ca, N, CA)R.
For R >0, set h(R) = [ [(u—7)"] = [ [(u—uo)*] and observe that (9.4), with o = 1,
implies the existence of R, > R, such that:

VR>R, h(R)<2°h(2R),
and therefore Lemma [2.1] yields A = 0, which implies that u < wuy. O
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10. PROOF OF THEOREM

Assume N > 1, p > 1. Suppose that f: R — R be a continuous function satisfying:

>0 u>z= f(u) <0

and let u € C'(RY) be a solution of

—Ayju = —div(|VuP2Vu) < f(u) in RY
(10.1) u(z) <0 on ORY
u(lz) <C in RY

We want to show that © < z. To do this assume by contradiction that supu > z and
set M :=supu + 1. Hence, M € (z + 1,+00) since u is bounded from above. Moreover
f(M) < 0 by the assumptions on f. Now we consider the new nonlinear function f defined
as follows: f = fforu < M and f = f(M) for u > M, and therefore, u is a solution of the
same problem, but with the new nonlinear function f. Now, observe that for every ug > 2
there is ¢y > 0 such that u > vy = —f(u) > ¢ and thus, an application of Theorem 9.2.
to the function u with ¢ = — f gives u < ug. The desired conclusion then follows by taking
Ug — 2.

Furthermore, if f is locally Lipschitz and 1 < p < 2, then u < z as easily follows from the
strong maximum principle.

11. PROOF OF THEOREM [L.8]

Let u € Cuo(RY) N Wh(RY) be a positive solution of (L)), with 22 < p < 2.

Assume that

dz>0 u>z= f(u) <0  and u<z= f(u)>0

We want to show that u is monotone increasing w.r.t. the xy-direction, with % > 0in
N

R

To do this note that by Theorem [1.7] actually

O<u<z

in Rf . We can therefore argue as in the case of a positive nonlinearity. We only point
out that in the construction of the limiting solutions @ and @ as in Proposition [£.1], we
only get by construction @ < z and u < z. We then get u < z and u < z, by the strong
maximum principle as remarked here above.The rest of the proof is exactly the same as in
Proposition [4.1] and Theorem

If N=2or N =3, it follows now that u has one-dimensional symmetry by exploiting the
results in [FSVI] exactly as in Theorem and the rest of the theorem is proved.
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