CVGMT Preprint Server - http://cvgmt.sns.it/papers/foc99/

ON THE VARIATIONAL APPROXIMATION OF

FREE-DISCONTINUITY PROBLEMS IN

THE VECTORIAL CASE

M. FOCARDI

Scuola Normale Superiore P.zza dei Cavalieri, 7 – 56126, Pisa, Italy

We provide a variational approximation for quasiconvex energies defined on vector valued special functions with bounded variation. We extend the Ambrosio-Tortorelli’s construction to the vectorial case.

1. Introduction

Many mathematical problems arising from Computer Vision Theory and Fracture Mechanics (see for instance^{33},^{10}) involve energies consisting of two parts, the first taking into account a volume energy and the second a surface energy. The variational formulation of the problem leads to the minimization of functionals represented by E (u, K) = ∫ Ω\K f (x, u, ∇u) dx + ∫ K φ ( x, u^−, u^+, ν ) dH^{n−1}, (1.1)

where Ω ⊂ R^n is a fixed domain, K is a (sufficiently regular) closed subset of Ω and u : Ω \ K → R^N belongs to a (sufficiently regular) class of functions with traces u^± defined on K.

Since the closed subsets of Ω cannot be endowed with a topology which ensures that the direct methods apply, a weak formulation of the problem is needed. To do this, De Giorgi^{23} proposed to interpret K as the set of discontinuity points of u. This idea motivates the terminology ”free-discontinuity problem” for the minimization of (1.1), to underline the fact that one looks for a function whose discontinuities are not assigned a priori.

Thus, it is natural to set the problem in the space BV of function with bounded variation, i.e., functions u which are summable and whose first order distributional derivative is representable by a measure Du with finite total variation. Actually, since free-discontinuity problems deal with volume and surface energies, it is natural to allow in these problems only BV functions whose distributional derivative has the same structure. Indeed, De Giorgi and Ambrosio^{24} relaxed the problem in the space SBV of special functions with bounded variation, i.e., function u in BV such that the singular part of Du with respect to the Lebesgue measure is supported in the complement of the set of Lebesgue points for u, denoted by S_u. Thus, setting K = S_u in (1.1) and defining F (u) = E (u, S_u), the free-discontinuity problem reduces to min u∈SBV F (u) . (1.2)

The abstract theory for such problems has been developed in the last years: Ambrosio^6,^9 established the existence theory, and many authors studied the regularity of solutions (see^{25},^{18},^{13},^{11}), thus solving the original problem in (1.1).

The numerical approximation for solutions of the problem (1.2) revealed to be a hard task because of the use of spaces of discontinuous functions. The idea to overcome this difficulty is to perform a preliminary variational approximation of the functional F in the sense of De Giorgi’s Γ-convergence^{26} via simpler functionals defined on Sobolev spaces, easier to be handled numerically, and then to discretize each of the approximating functionals. Many approaches have been proposed for the approximation problem in the scalar case (see^3,^{14},^{15},^{17},^{19},^{29} and the book^{16} for an exhaustive treatment of the subject), while the vectorial case had not been treated, yet.

Here we attack the vectorial problem, extending the Ambrosio-Tortorelli’s approximation.^{14},^{15}

The energies we deal with have the form ∫ Ω f (x, u, ∇u) dx + ∫ S_u φ (ν_u) dH^{n−1}, (1.3)

where f is a positive Carathéodory integrand with superlinear growth and quasiconvex in the gradient variable (see Section 2 for definitions) and φ is a norm on R^n . Since the general form of the volume term in (1.3), the slicing methods no longer applies to obtain a lower bound for it in the Γ-limit. The idea, then, is to deduce lower estimates on the bulk term and on the surface term separately: the first thanks to truncations and the lower semicontinuity Theorem 2.15, the second using the slicing techniques. The upper bound for the Γ-limit is obtained reducing ourselves to an explicit construction only for functions with a polyhedral discontinuity set S_u.

The plan of the paper is the following: in Section 2 we introduce the notation and recall the many results we need concerning Γ-convergence, SBV, GSBV functions; in Section 3 we state and prove the main result of the paper Theorem 3.1; finally Section 4 is devoted to a convergence result for the minimizers of the approximating functionals.

2. Notation and Preliminary Results

2.1. Basic notation

Let n, k, N ∈ N, we use standard notations for Lebesgue and Sobolev spaces, L^n denotes the Lebesgue measure and H^k denotes the k dimensional Hausdorff measure in R^n .

With Ω we will denote a bounded and open set of R^n with Lipschitz boundary, and with A (Ω) the family of open sets of Ω. Moreover, let B ( Ω, R^N ) = { u : Ω → R^N : u is a Borel function } . The space B ( Ω, R^N ) can be endowed with a metric which induces the convergence in measure.

Let A ⊂⊂ B ⊂ R^n be open sets, a cut-off function between A and B will be a function β satisfying β ∈ C^∞_c (B), 0 ≤ β ≤ 1, β = 1 on A, ‖∇β‖_∞ ≤ 2 d(A, B) , where d (A, B) = inf {|a − b| : a ∈ A, b ∈ B} and |·| is the Euclidean norm in R^n induced by the scalar product ⟨a, b⟩ = ∑_n i=1 a_ib_i. Let φ : R^n → [0, +∞) be a norm, set M, m for max_Sn−1 φ and min_Sn−1 φ, respectively. Notice that m > 0, thus for every ν ∈ R^n there holds m |ν| ≤ φ (ν) ≤ M |ν| . (2.1) Let g ∈ C^1_c ([0, +∞)) be such that g (t) = t if 0 ≤ t ≤ 1, g (t) = 0 if t ≥ 2 and ‖g‖_∞ ≤ 2, fix k ∈ N and define g_k(t) = kg(t/k), then consider the radial maps Ψ_k : R^N → R^N defined by

Ψ_k(w) = { g_k (|w|)^w_{|w|} w ≠ 0 0 w = 0,

(2.2)

notice that Ψ_k ∈ C^1_c ( R^N , R^N ) and Lip(Ψ_k) = Lip(g_k) = Lip(g). 2.2. Γ-convergence

We recall some definitions and properties related to Γ-convergence, the main reference will be the book^{22}.

Definition 2.1. Let (X, d) be a metric space, let Y ⊆ X and let be given f_h : Y → [−∞, +∞] . We say that f_h Γ-converges to f : X → [−∞, +∞] on X, and we write f_h^Γ→ f , if the following two conditions hold:

(LB) Lower Bound inequality: for every x ∈ X and every sequence (x_h)^d→ x there holds

f (x) ≤ lim inf h→+∞ f_h (x_h) . (2.3)

(UB) Upper Bound inequality: there exists a sequence (x_h)^d→ x such that

f (x) ≥ lim sup h→+∞ f_h (x_h) . (2.4)

We call recovery sequence any sequence satisfying (2.4); for such a sequence, combining (2.3) and (2.4), there holds

f (x) = lim_{h→+∞} f_h (x_h) .

The function f is uniquely determined by (LB) and (UB) and is called the Γlimit of (f_h). Moreover, given a family of functions (f_ε) labelled by a continuous parameter ε > 0, we say that f_ε Γ-converges to f on X as ε → 0^+ if f is the Γ-limit of (f_{εh} ) for every sequence ε_h → 0.

The main properties of Γ-convergence are listed below.

Lemma 2.2. (i) Lower semicontinuity: the Γ-limit is lower semicontinuous on X; (ii) Stability under continuous perturbations: if g : X → R is continuous and f_ε^Γ→ f then f_ε + g^Γ→ f + g;

(iii) Stability of minimizing sequences: if f_ε^Γ→ f and (x_ε) is asymptotically minimizing, i.e.,

lim_{ε→0+} ( f_ε (x_ε) − inf_Y f_ε ) = 0,

then every cluster point x of (x_ε) minimizes f over X, and

lim_{ε→0+} inf_Y f_ε = f(x).

2.3. Functions of bounded variation

We recall some definitions and basic results on functions with bounded variation, our main reference is the book^{12} (see also^{27},^{28}).

Let u : Ω → R^N be a measurable function, let S = R^N ∪ {∞} be the one point compactification of R^N , fix x ∈ Ω, we say that z ∈ S is the approximate limit of u at x with respect to Ω, we write z = ap − limy→x_{y∈Ω} u (y), if for every neighbourhood

U of z in S there holds

lim_{ρ→0} 1 ρ^n L^n ({y ∈ Ω : |y − x| < ρ, u (y) /∈ U}) = 0. If z ∈ R^N we say that x is a Lebesgue point of u and we denote by S_u the complement of the set of Lebegue point of u. It is known that L^n (S_u) = 0, thus u coincides L^n a.e. with the function ũ : Ω \ S_u → R^N defined by ũ(x) = ap − lim_{y→x} y∈Ω u(y). Moreover, we say that u is approximately differentiable at a Lebesgue point x such that ũ(x) ≠ ∞, if there exists a matrix L ∈ R^{N×n} such that ap − lim_{y→x} y∈Ω |u(y) − ũ(x) − L(y − x)| |y − x| = 0. (2.5)

If u is approximately differentiable at a Lebesgue point x, the matrix L uniquely determined by (2.5), will be denoted by ∇u(x) and will be called the approximate gradient of u at x.

Definition 2.3. Let u ∈ L^1 ( Ω, R^N ) , we say that u is a function with Bounded Variation in Ω, we write u ∈ BV ( Ω, R^N ) , if the distributional derivative Du of u is representable by a N × n matrix valued measure on Ω with finite total variation |Du| (Ω) whose entries are denoted by D_iu^α, i.e., if u = ( u^1, . . . , u^N ) and φ ∈ C^1_c ( Ω, R^N ) then N∑ α=1 ∫ Ω u^αdivφ^αdx = − N∑ α=1 n∑ i=1 ∫ Ω φ^α_i dD_iu^α. (2.6)

Moreover, given E a subset of Ω, we say that E is a Set of Finite Perimeter in Ω if X_E ∈ BV (Ω) and we denote its total variation |DX_E | (Ω) by P er (E) .

If u ∈ BV ( Ω, R^N ) , then u is approximately differentiable L^n a.e., S_u turns out to be countably ( H^{n−1}, n − 1 ) rectifiable, i.e., S_u = N ∪ ⋃ i≥1 K_i, where H^{n−1} (N) = 0 and each K_i is a compact subset of a C^1 manifold. Hence, for H^{n−1} a.e. y ∈ S_u we can define an exterior unit normal ν_u to S_u as well as inner and outer traces of u on S_u by u^± (x) = ap − lim_{y→x} y∈π^±(x,ν_u(x)) u (y) where π^± (x, ν_u (x)) = {y ∈ R^n : ± ⟨y − x, ν_u (x)⟩ > 0} . Let us consider the Lebesgue’s decomposition of Du with respect to L^n, then Du = D^au + D^su, where D^au is the absolutely continuous part and D^su is the singular one. The density of D^au with respect to L^n coincides L^n a.e. with the approximate gradient ∇u of u. Define the jump part of Du, D^j u, to be the restriction of D^su to S_u and the Cantor part, D^cu, to be the restriction of D^su to Ω \ S_u, thus we have Du = D^au + D^j u + D^cu. Moreover, it holds D^j u = (u^+ − u^−) ⊗ ν_uH^{n−1}⌊S_u, where given a ∈ R^N and b ∈ R^n a ⊗ b is the matrix with entries equal to a_ib^j , 1 ≤ i ≤ N and 1 ≤ j ≤ n.

Definition 2.4. Let u ∈ BV ( Ω, R^N ) , we say that u is a Special Function with Bounded Variation in Ω, we write u ∈ SBV ( Ω, R^N ) , if D^cu = 0.

Functionals involved in free-discontinuity problems are often not coercive in SBV ( Ω, R^N ) , then it is useful to consider the following wider class (see^{24},^7).

Definition 2.5. Given a Borel function u : Ω → R^N , we say that u is a Generalized Special Function with Bounded Variation in Ω, and we write u ∈ GSBV ( Ω, R^N ) , if g (u) ∈ SBV (Ω) for every g ∈ C^1 ( R^N ) such that ∇g has compact support.

Notice that GSBV ∩ L^∞ ( Ω, R^N ) = SBV ∩ L^∞ ( Ω, R^N ) . Functions u ∈ GSBV ( Ω, R^N ) are approximately differentiable L^n a.e. in Ω, S_u turns out to be ( H^{n−1}, n − 1 ) rectifiable and it is possible to define H^{n−1} a.e. in S_u the exterior normal ν_u and the one side traces u^± (see^7).

The main features of the space GSBV ( Ω, R^N ) are the following closure and compactness theorems (see^6, see also^2).

Theorem 2.6. Let ϕ : [0, +∞) → [0, +∞) be a convex non-decreasing function

such that^{ϕ(t)}_t → +∞ as t → +∞, let θ : [0, +∞) → [0, +∞] be a concave function

such that^{θ(t)}_t → +∞ as t → 0^+. Let (u_h) ⊂ GSBV ( Ω, R^N ) and assume that

sup_h {∫ Ω ϕ (|∇u_h|) dx + ∫ S_{uh} θ (| u^+_h − u^−_h |) dH^{n−1} } < +∞. (2.7)

If u_h converges to u L^n a.e. Ω, then u ∈ GSBV ( Ω, R^N ) and

(i) ∇u_h → ∇u weakly in L^1 ( Ω, R^{N×n} ) ; (ii) D^j u_{hk} converges weakly in the sense of measures to D^j u;

(iii) ∫ Ω ϕ (|∇u|) dx ≤ lim inf_{h→+∞} ∫ Ω ϕ (|∇u_h|) dx; (iv) ∫ S_u θ (|u + − u^−|) dH^{n−1} ≤ lim inf_{h→+∞} ∫ S_{uh} θ (| u^+_h − u^−_h |) dH^{n−1}.

Theorem 2.7. Let ϕ, θ be as in Theorem 2.6. Consider (u_h) ⊂ GSBV ( Ω, R^N ) satisfying (2.7) and assume, in addition, that ‖u_h‖_{∞,Ω} is uniformly bounded in h,

then there exists a subsequence (u_{hk} ) and a function u ∈ SBV ( Ω, R^N ) , such that u_{hk} → u L^n a.e. in Ω.

The original proofs of Theorem 2.6 and Theorem 2.7 make use of the one dimensional sections of BV functions which turned out to provide a useful tool for the study of variational approximations of free-discontinuity problems.

Before recalling the Slicing Theorem (see^6) let us fix some notations. Let ξ ∈ S^{n−1}, let Π^ξ be the orthogonal space to ξ, i.e., Π^ξ = {y ∈ R^n : ⟨ξ, y⟩ = 0}. If y ∈ Π^ξ and E ⊂ R^n define E_{ξ,y} = {t ∈ R : y + tξ ∈ E}; moreover, given u : E → R^N set u_{ξ,y} : E_{ξ,y} → R^N by u_{ξ,y}(t) = u(y + tξ). Theorem 2.8. Let u ∈ GSBV (Ω), then u_{ξ,y} ∈ GSBV (Ω_{ξ,y}) for all ξ ∈ S^{n−1} and H^{n−1} a.e. y ∈ Π^ξ. For such y we have

(i) u^′_{ξ,y} (t) = ⟨∇u (y + tξ) , ξ⟩ for L^1 a.e. t ∈ Ω_{ξ,y}; (ii) S_{uξ,y} = {t ∈ R : y + tξ ∈ S_u} ; (iii) u^±_{ξ,y} (t) = u^± (y + tξ) or u^±_{ξ,y} (t) = u^∓ (y + tξ) according to the cases ⟨ν_u, ξ⟩ > 0, ⟨ν_u, ξ⟩ < 0 (the case ⟨ν_u, ξ⟩ = 0 being negligible).

Moreover, for every open set A ⊆ Ω there holds ∫ Π^ξ

H^0 ( S_{uξ,y} ∩ A ) dH^{n−1}(y) = ∫ S_u∩A |⟨ν_u(y), ξ⟩|dH^{n−1}(y). (2.8)

Let us now introduce a useful sub-class of SBV functions.

Definition 2.9. Let W ( Ω, R^N ) be the space of all u ∈ SBV ( Ω, R^N ) such that

(i) S_u is essentially closed, i.e., H^{n−1} ( S_u \ S_u ) = 0;

(ii) S_u is a polyhedral set, i.e., S_u is the intersection of Ω with the union of a finite number of (n − 1) dimensional simplexes; (iii) u ∈ W^{k,∞} ( Ω \ S_u, R^N ) for every k ∈ N.

The following theorem proved by Cortesani and Toader^{21} provides a density result of the class W ( Ω, R^N ) in SBV ∩ L^∞ ( Ω, R^N ) with respect to anisotropic surface energies.

Theorem 2.10. Let u ∈ SBV ∩ L^∞ ( Ω, R^N ) be such that H^{n−1} (S_u) < +∞ and ∇u ∈ L^p ( Ω, R^{N×n} ) , for some p ≥ 1, then there exists a sequence (u_h) ⊂ W ( Ω, R^N ) such that

(i) u_h → u strongly in L^1 ( Ω, R^N ) ; (ii) ∇u_h → ∇u strongly in L^p ( Ω, R^{N×n} ) ; (iii) lim sup_{h→+∞} ‖u_h‖_∞ ≤ ‖u‖_∞ ;

(iv) for every A ⊂⊂ Ω and for every upper semicontinuous function φ : Ω × R^N × R^N × S^{n−1} → [0, +∞) such that φ (x, a, b, ν) = φ (x, b, a, −ν) for every x ∈ Ω, a, b ∈ R^N and ν ∈ S^{n−1} there holds

lim sup h→+∞ ∫ A∩S_{uh} φ ( x, u^−_h , u^+_h , ν_{uh} ) dH^{n−1} ≤ ∫ A∩S_u φ ( x, u^−, u^+, ν_u ) dH^{n−1}. (2.9)

Remark 2.11. The sequence (u_h) can be chosen such that (2.9) holds for every open set A ⊆ Ω if the following additional condition is satisfied

lim sup (y,a^′,b^′,μ)→(x,a,b,ν) y∈Ω φ (y, a^′, b^′, μ) < +∞

for every x ∈ ∂Ω, a, b ∈ R^N and ν ∈ S^{n−1}. In this case, A must be replaced by the relative closure of A in Ω (see^{21} Remark 3.2).

Eventually, we state the following result which will be useful in the sequel (see for instance^{16}).

Lemma 2.12. Let μ : A (Ω) → [0, +∞) be a superadditive function on disjoint open sets, let λ be a positive measure on Ω, let ψ_h : Ω → [0, +∞] be a countable family of Borel functions such that μ (A) ≥ ∫ A ψ_hdλ for every A ∈ A (Ω).

Set ψ = sup_{h∈N} ψ_h, then μ (A) ≥ ∫ A ψdλ for every A ∈ A (Ω).

2.4. Lower semicontinuity in GSBV

Let us first recall some definitions.

Definition 2.13. We say that f : Ω × R^N × R^{N×n} → [0, +∞) is a Carathéodory integrand if f (·, s, z) is Borel measurable for every (s, z) ∈ R^N ×R^{N×n} and f (x, ·, ·) is continuous for L^n a.e. x ∈ Ω.

Definition 2.14. We say that a Carathéodory integrand f : Ω × R^N × R^{N×n} → [0, +∞) is quasiconvex in z if for L^n a.e. x ∈ Ω and for every s ∈ R^N f (x, s, z) L^n (Ω) ≤ ∫ Ω f (x, s, z + Dφ (y)) dy (2.10) for every φ ∈ C^1_c ( Ω, R^N ) . We recall the following result, proved by Kristensen^{30} in a more general version (see also^9), which ensures lower semicontinuity for variational integrals exactly in the setting prescribed by the GSBV Compactness Theorem 2.7.

Theorem 2.15. Let f : Ω × R^N × R^{N×n} → [0, +∞) be a Carathéodory integrand quasiconvex in z satisfying

c_1 ( |z|^p + b(s) − a(x) ) ≤ f(x, s, z) ≤ c_2 ( |z|^p + b(s) + a(x) ) for every (x, s, z) ∈ Ω × R^N × R^{N×n} with p > 1, c_1 and c_2 positive constants, a ∈ L^1 (Ω), and b ∈ C^0 ( R^N ) a non negative function. Let u_h, u ∈ GSBV ( Ω, R^N ) be such that

(i) u_h → u L^n a.e. in Ω;

(ii) ∇u_h → ∇u weakly in L^1 ( Ω, R^{N×n} ) ; (iii) sup_h ‖∇u_h‖_{p,Ω} < +∞;

(iv) there exists a concave function θ : [0, +∞) → [0, +∞] satisfying^{θ(t)}_t → +∞ as t → 0^+, such that

sup_h ∫ S_{uh} θ (| u^+_h − u^−_h |) dH^{n−1} < +∞.

Then ∫ Ω f (x, u, ∇u) dx ≤ lim inf_{h→+∞} ∫ Ω f (x, u_h, ∇u_h) dx. (2.11)

Eventually, we end this subsection stating the following result concerning the lower semicontinuity of surface integrals which follows straightforward from a more general theorem proved by Ambrosio.^7

Theorem 2.16. Let φ : R^n → [0, +∞) be a norm, let u_h, u ∈ GSBV ( Ω, R^N ) be such that

(i) u_h → u in measure on Ω;

(ii) there exists p > 1 such that sup_h ‖∇u_h‖_{p,Ω} < +∞.

Then ∫ S_u φ (ν_u) dx ≤ lim inf_{h→+∞} ∫ S_{uh} φ (ν_{uh} ) dx.

3. Γ-Convergence Result

In this section we prove a variational approximation for functionals defined on GSBV ( Ω, R^N ) having the form

F (u) = ∫ Ω f (x, u, ∇u) dx + ∫ S_u φ (ν_u) dH^{n−1}, (3.1)

where f is a positive function satisfying some growth and regularity condition and φ : R^n → [0, +∞) is a norm. To perform the approximation we add a formal extra

variable v to F, defining F : B ( Ω, R^N ) × B (Ω) → [0, +∞] by

F (u, v, Ω) = { F (u) u ∈ GSBV ( Ω, R^N ) , v = 1 L^n a.e. in Ω

+∞ otherwise.

(3.2)

The approximating functionals F_ε : B ( Ω, R^N ) × B (Ω) → [0, +∞] have the form

F_ε (u, v, Ω) = ∫ Ω ( (ψ(v) + η_ε) f (x, u, ∇u) +^{εp−1}_p φ^p (∇v) +^1_{εp′} W (v) ) dx (u, v) ∈ W^{1,p} ( Ω, R^N ) × W^{1,p} (Ω) , 0 ≤ v ≤ 1

+∞ otherwise.

(3.3)

where ψ : [0, 1] → [0, 1] is any increasing lower semicontinuous function such that

ψ (0) = 0, ψ (1) = 1, and ψ(t) > 0 if t > 0; p ∈ (1, +∞) and p^′ =^p_{p−1} ; η_ε is any

positive infinitesimal faster than ε^{p−1} for ε → 0^+; W (t) =^1_α (1 − t)^p, with α = ( 2 ∫_1 0 (1 − s))^{pp′} ds )_p′ , so that defining the auxiliary function Φ : [0, 1] → [0, +∞) by

Φ(t) = ∫_t 0 (W (s))^{1p′} ds, (3.4)

we have Φ(0) = 0 and Φ(1) =^1_2 .

Let us state and prove the main result of the paper.

Theorem 3.1. Let f : Ω × R^N × R^{N×n} → [0, +∞) be a Carathéodory integrand, quasiconvex in z, satisfying

c_1 ( |z|^p + b(s) − a(x) ) ≤ f(x, s, z) ≤ c_2 ( |z|^p + b(s) + a(x) ) (3.5)

for every (x, s, z) ∈ Ω × R^N × R^{N×n} with p > 1, c_1 and c_2 positive constants,

a ∈ L^1 (Ω), and b ∈ C^0 ( R^N ) a non negative function.

Then Γ ( B ( Ω, R^N ) × B (Ω) ) - lim_{ε→0+} F_ε (u, v, Ω) = F (u, v, Ω) .

We divide the proof of Theorem 3.1 into two parts, each corresponding to the (LB) and (UB) inequality of Definition 2.1.

3.1. Lower bound inequality

We first derive a lower bound for the surface term in dimension n = 1. In such a case φ (t) = φ(1)|t|, then arguing like in^{14} (see also^{15},^{16}) we get the following result. We outline the proof for the convenience of the reader.

Lemma 3.2. Let I ⊂ R be a bounded and open set, then for every sequence (u_h, v_h) → (u, v) in measure on I such that

lim inf h→+∞ F_{εh} (u_h, v_h, I) < +∞, (3.6) it follows

lim inf h→+∞ ∫ I ( ε^{p−1}_h p φ^p (v^′_h) + 1 ε_hp^′ W (v_h) ) dx ≥ φ (1) H^0 (S_u ∩ I) . (3.7)

Proof. Condition (3.6) implies v = 1 for L^1 a.e. x ∈ I. Moreover, we may extract a subsequence, not relabelled for convenience, such that (u_h, v_h) → (u, v) L^1 a.e. in I and the inferior limit in (3.7) is a limit. Notice that we may assume S_u not empty, since otherwise (3.7) is trivial.

Let {t_1, ..., t_r} be an arbitrary subset of S_u, then consider I_i = (a_i, b_i), 1 ≤ i ≤ r, pairwise disjoint intervals such that t_i ∈ I_i, I_i ⊂⊂ I and ⋃_r i=1 I_i ⊂ I. We claim that

s_i = lim sup h→+∞ ( inf_{Ii} ψ (v_h) ) = 0.

Indeed, if s_j > 0 for some j ∈ {1, ..., r}, there exists a subsequence (v_{hk} ) for which it holds

inf_{Ij} ψ (v_{hk} ) ≥ s_j 2 . The growth condition (3.5) yields s_j 2 lim inf k→+∞ ∫ I_j | |u^′_{hk} | |^p ≤ c,

thus there exists a subsequence of (u_{hk} ) converging to u weakly in W^{1,1} ( I_j , R^N ) , so that u ∈ W^{1,1} ( I_j , R^N ) , which is a contradiction.

So let t^i_h ∈ I_i be such that lim h→+∞ v_h ( t^i_h ) = 0,

and α_i, β_i ∈ I_i, with α_i < t^i_h < β_i, be such that lim h→+∞ v_h (α_i) = lim_{h→+∞} v_h (β_i) = 1.

Using the auxiliary function Φ introduced in (3.4), by Young’s inequality we get ∫ I_i ( ε^{p−1}_h p φ^p (v^′_h) + 1 ε_hp^′ W (v_h) ) dx ≥ φ (1) | | | | ∫_ti_h α_i v^′_h (W (v_h))^{1p′} dt | | | | + φ (1) | | | | ∫_{βi} t^i_h v^′_h (W (v_h))^{1p′} dt | | | | = φ(1) | |Φ (v_h (t^i_h)) − Φ (v_h (α_i)) | | + φ(1) | |Φ (v_h (β_i)) − Φ (v_h (t^i_h)) | | , from which we deduce

lim inf h→+∞ ∫ I_i ( ε^{p−1}_h p φ^p (v^′_h) + 1 ε_hp^′ W (v_h) ) dx ≥ φ(1). Adding the last inequality on i, and using the arbitrariness of r we get inequality (3.7). □

We are now ready to prove (LB) inequality.

Lemma 3.3. Let (u_h, v_h) ∈ B ( Ω, R^N ) × B (Ω) be such that (u_h, v_h) → (u, v) in measure on Ω, then

lim inf h→+∞ F_{εh} (u_h, v_h, Ω) ≥ F (u, v, Ω) . (3.8)

Proof. Without loss of generality we may suppose

lim inf h→+∞ F_{εh} (u_h, v_h, Ω) < +∞. (3.9)

Notice that condition (3.9) implies the convergence of v_h to 1 in measure on Ω, hence v = 1 L^n a.e. in Ω.

We further divide the proof of the lower bound inequality (3.8) into two steps corresponding to the estimate on the bulk term and on the surface term, respectively.

STEP 1:(Bulk energy inequality) We prove the following inequality

lim inf h→+∞ ∫ Ω ψ (v_h) f (x, u_h, ∇u_h) dx ≥ ∫ Ω f (x, u, ∇u) dx. (3.10) First suppose to extract a subsequence, not relabelled for convenience, such that (u_h, v_h) → (u, 1) L^n a.e. in Ω and

lim inf h→+∞ ∫ Ω ψ (v_h) f (x, u_h, ∇u_h) dx = lim_{h→+∞} ∫ Ω ψ (v_h) f (x, u_h, ∇u_h) dx. Consider the auxiliary function Φ introduced in (3.4), we claim that (Φ (v_h)) is bounded in BV (Ω). Indeed, (2.1), Young’s inequality and (3.9) yield

sup_h |DΦ (v_h)| (Ω) = sup_h ∫ Ω |∇Φ (v_h)| dx ≤ 1 m sup_h ∫ Ω ( ε^{p−1}_h p φ^p (v^′_h) + 1 ε_hp^′ W (v_h) ) dx < +∞, (3.11) where m is the constant defined in (2.1).

To prove that u ∈ GSBV ( Ω, R^N ) , let 0 < γ < γ^′ < Φ (1) and set U_{h,t} = {x ∈ Ω : Φ (v_h (x)) > t}, then by the Fleming-Rishel Coarea Formula (see^{12},^{27},^{28}) U_{h,t} has finite perimeter for L^1 a.e. t ∈ R. Set p_h (t) = P er (U_{h,t}), by the Mean Value Theorem there exists t_h ∈ (γ, γ^′) such that

(γ^′ − γ) p_h (t_h) ≤ ∫_γ′ γ p_h (t) dt ≤ ∫_{Φ(1)} 0 p_h (t) dt = |DΦ (v_h)| (Ω) . (3.12)

Let U_h = U_{h,th} , and g ∈ C^1 ( R^N ) such that ∇g has compact support. Define the functions g_h = g (u_h) X_{Uh} , then g_h ∈ SBV (Ω) with H^{n−1} (S_{gh} ) ≤ p_h (t_h) and ∇g_h = ∇ (g (u_h)) X_{Uh} (see^{34}, see also Chapter 3 of^{12}).

Thus by (3.5), (3.9), (3.11), (3.12), inf_ht_h ≥ γ, and since (g_h) is equi-bounded in L^∞(Ω), (g_h) satisfies all the assumptions of the GSBV Compactness Theorem 2.7, so that we can extract a subsequence, not relabelled for convenience, converging L^n a.e. in Ω to w ∈ SBV (Ω).

Moreover, since g(u_h) → g(u) L^n a.e. in Ω, the whole sequence (g_h) converges to w = g(u) L^n a.e. in Ω and then g(u) ∈ SBV (Ω) so that u ∈ GSBV (Ω, R^N ).

To prove (3.10) define w_h = u_hX_{Uh} , thus w_h ∈ GSBV ( Ω, R^N ) and by (3.5), (3.9), (3.11) and (3.12) the sequence (w_h) satisfies all the assumptions of the GSBV Closure Theorem 2.6 with w_h → u L^n a.e. in Ω. Then ∇w_h → ∇u weakly in L^1 ( Ω, R^{N×n} ) , and so (w_h) satisifies all the assumptions of the GSBV Lower Semicontinuity Theorem 2.15, thus we deduce

lim inf h→+∞ ∫ Ω ψ (v_h) f (x, u_h, ∇u_h) dx ≥ lim inf h→+∞ ψ ( Φ^{−1} (γ) ) ∫ U_h f (x, u_h, ∇u_h) dx = lim inf h→+∞ ψ ( Φ^{−1} (γ) ) ∫ U_h f (x, w_h, ∇w_h) dx = lim inf h→+∞ ψ ( Φ^{−1}(γ) ) ∫ Ω f (x, w_h, ∇w_h) dx ≥ ψ ( Φ^{−1} (γ) ) ∫ Ω f (x, u, ∇u) dx, where the last equality follows from (3.5).

The lower semicontinuity of ψ yields inequality (3.10), since, letting γ → Φ(1) we have Φ^{−1} (γ) → 1.

STEP 2:(Surface energy inequality) We prove the following inequality

lim inf h→+∞ ∫ Ω ( ε^{p−1}_h p φ^p (∇v_h) + 1 ε_hp^′ W (v_h) ) dx ≥ ∫ S_u φ (ν_u) dH^{n−1}. (3.13)

Without loss of generality we may assume that the inferior limit in (3.13) is a limit. Fix ξ ∈ S^{n−1}, by using the notations of Theorem 2.8 we have that (u_h)_{ξ,y} → u_{ξ,y} and (v_h)_{ξ,y} → v_{ξ,y} in measure on Ω_{ξ,y} for H^{n−1} a.e. y ∈ Π^ξ .

Consider the dual norm φ_∘ of φ defined as φ_∘ (ν) = sup_{ξ∈Sn−1} ( 1 φ (ξ) ⟨ν, ξ⟩ ) , (3.14) then (φ_∘)_∘ ≡ φ.

Notice that by conditions (3.5) and (3.9) it follows

lim inf h→+∞ ∫ Ω ( (ψ (v_h) + η_{εh} ) |∇u_h|^p + ε_h^{p−1} p φ^p (∇v_h) + 1 ε_hp^′ W (v_h) ) dx < +∞, (3.15)

thus (3.14), (3.15) and Fatou’s lemma yield

lim inf h→+∞ ∫ Ω_{ξ,y} (( ψ ( (v_h)_{ξ,y} ) + η_{εh} ) | |(uh)^′_{ξ,y} | | |^p + ε^{p−1}_h p 1 φ^p_∘ (ξ) | |(vh)^′_{ξ,y} | |^p + 1 ε_hp^′ W ( (v_h)_{ξ,y} )) dt < +∞, (3.16) for H^{n−1} a.e. y ∈ Π^ξ .

Now we introduce local functionals depending only on the v variable. Indeed, let G_ε : W^{1,p} (Ω) × A (Ω) → [0, +∞] be defined by G_ε (v, A) = ∫ A ( ε^{p−1} p φ^p (∇v) + 1 εp^′ W (v) ) dx, then (3.14) yields G_ε (v, A) ≥ ∫ A ( ε^{p−1} p 1 φ^p_∘ (ξ) |⟨∇v, ξ⟩|^p + 1 εp^′ W (v) ) dx = ∫ Π^ξ dH^{n−1} (y) ∫ A_{ξ,y} ( ε^{p−1} p 1 φ^p_∘ (ξ) | | |(v)^′_{ξ,y} | | |^p + 1 εp^′ W (v_{ξ,y}) ) dt. (3.17)

Define μ : A (Ω) → [0, +∞) by

μ (A) = lim inf h→+∞ G_{εh} (v_h, A) , then by Fatou’s lemma and by Lemma 3.2, which we can apply thanks to (3.16) and the convergence in measure of the one dimensional sections, (3.17) yields μ (A) ≥ ∫ Π^ξ

dH^{n−1} (y) lim inf_{h→+∞} ∫ A_{ξ,y} ( ε^{p−1}_h p 1 φ^p_∘ (ξ) | |(vh)^′_{ξ,y} | |^p + 1 ε_hp^′ W ( (v_h)_{ξ,y} )) dt ≥ 1 φ_∘ (ξ) ∫ Π^ξ

H^0 ( S_{uξ,y} ∩ A ) dH^{n−1} (y) = 1 φ_∘ (ξ) ∫ S_u∩A |⟨ν_u(y), ξ⟩| dH^{n−1} (y) , (3.18) where the last equality holds by (2.8).

Moreover, since μ is a superadditive set function on disjoint open sets contained in Ω, by Lemma 2.12 and the very definition of the dual norm we get

μ (Ω) ≥ ∫ S_u φ (ν_u) dH^{n−1}, (3.19) passing to the sup in (3.18) on a sequence (ξ_h)_{h∈N} dense in S^{n−1}. Notice that (3.19) is exactly inequality (3.13).

Eventually, Step 1, Step 2 and η_{εh} > 0 yield (LB). □

3.2. Upper bound inequality

To prove the upper bound inequality (UB), we have to construct a recovery sequence for any function u in GSBV ( Ω, R^N ) . First notice that using an approximation procedure we can reduce ourselves to consider the case in which the limit u belongs to W ( Ω, R^N ) . Indeed, without loss of generality we may assume v = 1 L^n a.e. in Ω and H^{n−1} (S_u) < +∞, the cases v ≢ 1 and H^{n−1} (S_u) = +∞ being trivial, and suppose inequality (UB) proven for functions in W ( Ω, R^N ) . Let u belong to SBV ∩ L^∞ ( Ω, R^N ) , take (u_h) ⊂ W ( Ω, R^N ) to be the sequence provided by Theorem 2.10, then (2.9), Remark 2.11 and Theorem 2.16 yield lim h→+∞ ∫ S_{uh} φ (ν_{uh} ) dH^{n−1} = ∫ S_u φ (ν_u) dH^{n−1}, moreover, Theorem 2.15 and Fatou’s lemma yield lim h→+∞ ∫ Ω f (x, u_h, ∇u_h) dx = ∫ Ω f (x, u, ∇u) dx. By a simple diagonal argument (UB) inequality then follows for any u in SBV ∩ L^∞ ( Ω, R^N ) . Eventually, if u belongs to GSBV ( Ω, R^N ) , fix k ∈ N and consider the auxiliary functions Ψ_k defined in (2.2), notice that u^k = Ψ_k (u) belongs to SBV ∩L^∞ ( Ω, R^N ) . Lebesgue’s Dominated Convergence Theorem yields lim k→+∞ ∫ S_{uk} φ (ν_uk ) dH^{n−1} = ∫ S_u φ (ν_u) dH^{n−1}, moreover, Theorem 2.15 and Fatou’s lemma yield lim k→+∞ ∫ Ω f ( x, u^k, ∇u^k ) dx = ∫ Ω f (x, u, ∇u) dx, then we may use again a standard diagonal argument to conclude.

Thus, we have reduced ourselves to prove the following lemma.

Lemma 3.4. Let u ∈ W ( Ω, R^N ) , there exists a sequence (u_h, v_h) → (u, 1) in measure on Ω such that

lim sup h→+∞ F_h (u_h, v_h, Ω) ≤ F (u, 1, Ω) .

Proof. Assumption u ∈ W ( Ω, R^N ) implies that we can find a finite number of polyhedral sets K^i such that

(i) S_u = Ω ∩ ⋃_r i=1 K^i;

(ii) for every 1 ≤ i ≤ r the set K^i is contained in a (n − 1) dimensional hyperplane π_i and π_i ≠ π_j for i ≠ j.

Let a^i_ε, b_ε, d_ε be positive infinitesimals for ε → 0^+, fix 1 ≤ i ≤ r and denote with ν_i a normal to π_i. Let γ^i_ε be a minimizer of the one dimensional problem ∫_ai_{ε+bε} b_ε ( ε^{p−1} p φ^p (ν_i) |v^′|^p + 1 εp^′ W (v) ) dt, (3.20)

with the conditions v (b_ε) = 0, v ( a^i_ε + b_ε ) = 1 − d_ε, v ∈ W^{1,1} ( b_ε, a^i_ε + b_ε ) . According to^{32}, the minimum value in (3.20) is exactly φ (ν_i) Φ(1 − d_ε), where Φ is the auxiliary function defined in (3.4), and it is achieved by functions for which Young’s inequality holds with an equality sign, i.e., γ^i_ε is the unique solution of the Cauchy’s problem {( γ^i_ε )_′ =^1_{φ(νi )ε} ( W ( γ^i_ε )) 1_p γ^i_ε (b_ε) = 0.

Thus 0 ≤ γ^i_ε ≤ 1 − d_ε, an explicit computation yields a^i_ε = −εφ (ν_i) ln d_ε, so d_ε is chosen such that ε ln d_ε is infinitesimal for ε → 0^+. Define the functions α^i_ε : [0, +∞) → [0, 1 − d_ε] by

α^i_ε (t) = 0 0 ≤ t ≤ b_ε γ^i_ε (t) b_ε ≤ t ≤ a^i_ε + b_ε 1 − d_ε t ≥ a^i_ε + b_ε.

(3.21)

Denote by Π_i : R^n → π_i the orthogonal projection on π_i and set d_i (x) = d (x, π_i); it is well known that if x ∈ R^n \ π_i there holds

∇d_i (x) = x − Π_i (x) |x − Π_i (x)| = ±ν_i. (3.22)

For any δ > 0 set

K^i_δ = { y ∈ π_i : d ( y, K^i ) ≤ δ } , fix ε > 0, let β^i_ε be a cut-off function between K^i_ε and K^i_{2ε}, then define

v^i_ε (x) = β^i_ε (Π_i(x)) α^i_ε (d_i(x)) + ( 1 − β^i_ε (Π_i(x)) ) (1 − d_ε) . (3.23) Let B^i_ε = { x ∈ R^n : Π_i (x) ∈ K^i_ε and d_i (x) ≤ b_ε } ; C^i_ε = { x ∈ R^n : Π_i (x) ∈ K^i_{2ε} and d_i (x) ≤ a^i_ε + b_ε } . By the very definition of v^i_ε there holds (see Figure 1 below)

v^i_ε = { 1 − d_ε Ω \ C^i_ε 0 B^i_ε, (3.24)

Figure 1: construction of v^i_ε

and since Π_i ∈ Lip_1 (R^n , R^n ), ‖ ‖∇β^i_ε ‖ ‖_∞ ≤ cε^{−1} and |∇d_i| = 1 L^n a.e., there exists

a positive constant c such that ‖ ‖∇v^i_ε ‖ ‖_∞ ≤ c ε . (3.25)

Thus, 0 ≤ v^i_ε ≤ 1, v^i_ε ∈ W^{1,∞} (Ω) and v^i_ε → 1 L^n a.e. in Ω.

Define H^i_ε = C^i_ε \ B^i_ε, let us estimate the integral

I^i_ε = ∫ H^i_ε ( ε^{p−1} p φ^p ( ∇v^i_ε ) + 1 εp^′ W ( v^i_ε )) dx. (3.26)

To do this, consider the sets

H^{i,1}_ε = { x ∈ R^n : Π_i (x) ∈ K^i_{2ε} \ K^i_ε and d_i (x) ≤ a^i_ε + b_ε } , H^{i,2}_ε = { x ∈ R^n : Π_i (x) ∈ K^i_ε and b_ε ≤ d_i (x) ≤ a^i_ε + b_ε } , then H^i_ε = H^{i,1}_ε ∪ H^{i,2}_ε , and setting I^{i,j}_ε = ∫ H^{i,j}_ε ( ε^{p−1} p φ^p ( ∇v^i_ε ) + 1 εp^′ W ( v^i_ε )) dx, (3.27)

it follows I^i_ε = I^{i,1}_ε + I^{i,2}_ε . We estimate the I^{i,j}_ε separately.

By (3.25), and since H^{n−1} ( K^i_{2ε} \ K^i_ε ) = O (ε) for ε → 0^+, we get I^{i,1}_ε ≤ c ε L^n ( H^{i,1}_ε ) = 2c a^i_ε + b_ε ε H^{n−1} ( K^i_{2ε} \ K^i_ε ) = o(1). (3.28)

Moreover, by the definition of v^i_ε on H^{i,2}_ε there holds

∇v^i_ε (x) = ( γ^i_ε )_′ (d_i (x)) ∇d_i (x) ,

thus, by (3.20) and (3.22) we get

I^{i,2}_ε = 2 ∫ K^i_ε dH^{n−1} ∫_ai_{ε +bε} b_ε ( ε^{p−1} p φ^p (ν_i) | | | ( γ^i_ε )_′ (t) | | |^p + 1 εp^′ W ( γ^i_ε (t) ) ) dt = 2Φ(1 − d_ε)φ (ν_i) H^{n−1} ( K^i_ε ) ≤ ∫ K^i φ (ν_i) dH^{n−1} + o (1) . (3.29)

Eventually, by adding (3.28) and (3.29) we get I^i_ε ≤ ∫ K^i φ (ν_i) dH^{n−1} + o(1). (3.30)

Now we define the recovery sequence for the v variable ”gluing up” together the v^i_ε as to minimize the surface energy. This will be done defining a function which, on every C^i_ε, coincides with v^i_ε up to a region of very small area.

More precisely, let V_ε = min_{1≤i≤r} v^i_ε, (3.31)

then 0 ≤ V_ε ≤ 1, V_ε ∈ W^{1,∞} (Ω) and V_ε → 1 L^n a.e. in Ω. Setting B_ε = ⋃_r i=1 B^i_ε and C_ε = ⋃_r i=1 C^i_ε there holds

V_ε = { 1 − d_ε R^n \ C_ε 0 B_ε, (3.32)

and also ∇V_ε = ∇v^i_ε L^n a.e. in V_{i,ε} = ⋂ j≠i { v^i_ε ≤ v^j_ε } , (3.33)

so that by (3.25) it follows ‖∇V_ε‖_∞ ≤ c ε . (3.34)

Since Ω = (Ω \ C_ε) ∪ (Ω ∩ C_ε \ B_ε) ∪ (Ω ∩ B_ε), (3.32) yields ∫ Ω ( ε^{p−1} p φ^p (∇V_ε) + 1 εp^′ W (V_ε) ) dx ≤ c d^p_ε ε L^n (Ω \ C_ε) + ∫ Ω∩(C_ε\B_ε ) (. . . ) dx + c b_ε ε = ∫ Ω∩(C_ε\B_ε ) (. . . ) dx + o (1) = R_ε + o(1), (3.35)

choosing d_ε such that d^p_ε = o(ε) as well as ε ln d_ε = o(1), and also b_ε = o(ε).

To estimate R_ε, notice that C_ε \ B_ε = ∪^r_{i=1} ( H^i_ε \ B_ε ) , thus R_ε ≤ r∑ i=1 ∫ Ω∩(H^i_ε \B_ε) ( ε^{p−1} p φ^p (∇V_ε) + 1 εp^′ W (V_ε) ) dx, and consider the inclusion H^i_ε \ B_ε ⊆ ∪_{j≠i} ( H^i_ε ∩ H^j_ε ) ∪ ∩_{j≠i} ( H^i_ε \ C^j_ε ) . Since ∩_{j≠i} ( H^i_ε \ C^j_ε ) ⊆ V_{i,ε}, arguing like in (3.30), by (3.33) we have ∫ ∩_{j≠i} (H^i_ε \C^j_ε )∩Ω ( ε^{p−1} p φ^p (∇V_ε) + 1 εp^′ W (V_ε) ) dx = ∫ ∩_{j≠i} (H^i_ε \C^j_ε )∩Ω ( ε^{p−1} p φ^p ( ∇v^i_ε ) + 1 εp^′ W ( v^i_ε ) ) dx ≤ ∫ Ω∩K^i φ (ν_i) dH^{n−1} + o(1). (3.36)

Moreover, by (2.1) and (3.34) we have ∑ j≠i ∫ H^i_ε∩H^j_ε ( ε^{p−1} p φ^p (∇V_ε) + 1 εp^′ W (V_ε) ) dx ≤ c ε ∑ j≠i L^n ( H^i_ε ∩ H^j_ε ) , (3.37)

we claim that for every i, j ∈ {1, ..., r} it holds L^n ( H^i_ε ∩ H^j_ε ) = o(ε). (3.38)

Indeed, we may assume K^i ∩ K^j ≠ ∅, since otherwise for ε sufficiently small it follows H^i_ε ∩ H^j_ε = ∅ and then L^n ( H^i_ε ∩ H^j_ε ) = 0. Notice that

H^i_ε ∩ H^j_ε ⊆ { x ∈ R^n : d_i(x) ≤ a^i_ε + b_ε } ∩ { x ∈ R^n : d_j (x) ≤ a^j_ε + b_ε } , (3.39)

and since condition π_i ≠ π_j implies that K^i ∩ K^j is contained in an (n − 2) dimensional affine subspace of R^n , from (3.39) we deduce L^n ( H^i_ε ∩ H^j_ε ) ≤ c(a^i_ε + b_ε)(a^j_ε + b_ε) = c_1ε^2 ln^2 d_ε + o(ε),

where c, c_1 depend on H^{n−2} ( K^i ∩ K^j ) and on the angle between π_i and π_j .

Thus, assertion (3.38) is proved if d_ε is such that ε^2 ln^2 d_ε = o(ε); the choice d_ε = exp ( −ε^{− 14} ) fulfills all the conditions required, i.e., d^p_ε = o(ε) and ε^2 ln^2 d_ε = o(ε).

Eventually, (3.35), (3.36), (3.37) and (3.38) yield ∫ Ω ( ε^{p−1} p φ^p (∇V_ε) + 1 εp^′ W (V_ε) ) dx ≤ r∑ i=1 ∫ Ω∩K^i φ (ν_i) dH^{n−1} + o(1) = ∫ S_u φ (ν_u) dH^{n−1} + o(1), (3.40)

the last equality holding thanks to the first condition in Definition 2.9.

To prove (UB) set

D_ε = r⋃ i=1 { x ∈ R^n : Π_i(x) ∈ K^iε_2 and d_i(x) ≤ b_ε 2 } , (3.41)

and let φ_ε be a cut-off function between D_ε and B_ε. Define U_ε = (1 − φ_ε) u, (3.42) u ∈ W ( Ω, R^N ) implies that U_ε ∈ W^{1,∞} ( Ω, R^N ) , moreover U_ε → u L^n a.e. in Ω.

Eventually, (3.40) and (3.42) yield F_ε (U_ε, V_ε, Ω) = ∫ Ω\B_ε ( ψ (V_ε) + η_ε ) f (x, u, ∇u) dx + η_ε ∫ B_ε f (x, U_ε, ∇U_ε) dx + ∫ Ω ( ε^{p−1} p φ^p (∇V_ε) + 1 εp^′ W (V_ε) ) dx ≤ ∫ Ω f (x, u, ∇u) dx + ∫ S_u φ (ν_u) dH^{n−1} + cη_εb^{−p+1}_ε + o(1), inequality (UB) follows choosing b_ε = (η_εε)^{1p} . □

Remark 3.5. The function associating to u in B ( Ω, R^N ) the value ∫ Ω |u|^q dx, q ∈ [1, +∞), is only lower semicontinuous with respect to convergence in measure, thus we cannot deduce directly from Theorem 3.1 and statement (ii) of Lemma 2.2 the Γ-convergence of F_ε (·, ·, Ω) + ∫ Ω |·|^q dx to F (·, ·, Ω) + ∫ Ω |·|^q dx. Nevertheless, the result still holds since all the arguments and the constructions we used to prove the (LB) and (UB) inequalities in Theorem 3.1 can be directly applied to such family of approximating functionals.

4. Convergence of Minimizers

Let us state an equicoercivity result for the approximating functionals defined in Remark 3.5. For the sake of simplicity we assume ψ(t) = t^p in Definition 3.3, even though the result holds true for a larger class of functions ψ.

Lemma 4.1. Let (u_h, v_h) ∈ B ( Ω, R^N ) × B (Ω) be such that

lim inf h→+∞ ( F_{εh} (u_h, v_h, Ω) + ∫ Ω |u_h|^q dx ) < +∞, (4.1)

with q ∈ [1, +∞).

Then there exist a subsequence (u_{hk} , v_{hk} ) and a function u ∈ GSBV ( Ω, R^N ) such that (u_{hk} , v_{hk} ) → (u, 1) in measure on Ω.

Proof. Condition (4.1) implies that, up to a subsequence not relabelled for convenience, v_h → 1 and hence Φ (v_h) → Φ (1) =^1_2 L^n a.e. in Ω.

Fix k ∈ N, consider the sequence ( Φ (v_h) u^k_h ) ⊂ W^{1,1} ( Ω, R^N ) , where u^k_h = Ψ_k (u_h) with Ψ_k the auxiliary functions defined by (2.2). Arguing as in the proof of Lemma 3.3, (Φ (v_h)) is bounded in BV (Ω), moreover, since Φ(t) ≤ ct, ψ(t) = t^p, Young’s inequality yields ∫ Ω | |∇ (Φ (v_h) u^k_h) | | dx ≤ ck(1 + F_{εh} (u_h, v_h, Ω)). By (4.1), by applying the BV Compactness Theorem (see^{12},^{27},^{28}) and a diagonal argument we may suppose that, up to a subsequence not relabelled for convenience, for every k ∈ N there exists s^k : Ω → R^N , with ‖ ‖sk ‖ ‖_∞ ≤ 2k, such that Φ (v_h) uk_h →

s^k L^n a.e. in Ω. Hence, we deduce that for L^n a.e. x in Ω lim h→+∞ u^k_h(x) = 2s^k(x), (4.2)

for every k ∈ N.

Let us prove that for L^n a.e. x in Ω there exists u : Ω → R^N such that lim k→+∞ 2s^k(x) = u(x). (4.3)

Indeed, let x ∈ Ω be such that (4.2) holds, then either |u_h(x)| → +∞ or there exist w ∈ R^N and (u_{hj} ) ⊂ (u_h) such that u_{hj} (x) → w. In the first case s^k(x) = 0 for every k ∈ N, and then (4.3) holds with u(x) = 0; while in the second case u^k_{hj} (x) → w for every k > |w| as j → +∞ and thus u(x) = w by (4.2).

Let us prove the convergence of (u_h) to u in measure on Ω. Indeed, condition (4.1) yields L^n ( {x ∈ Ω : |u_h(x)| > k} ) ≤ ck^{−q}, thus for every ε > 0, since the decomposition {x ∈ Ω : |u_h(x) − u(x)| > ε} = { x ∈ Ω : |u^k_h(x) − u(x)| > ε } ∪ ( {x ∈ Ω : |u_h(x) − u(x)| > ε} ∩ {x ∈ Ω : |u_h(x)| > k} ) , we have L^n ( {x ∈ Ω : |u_h(x) − u(x)| > ε} ) ≤ L^n ({ x ∈ Ω : |u^k_h(x) − u(x)| > ε }) + ck^{−q}, and the claimed convergence follows by (4.2) and (4.3).

Eventually, by (4.1) and by applying the same argument used in Step 1 of Lemma 3.3, we deduce that u ∈ GSBV ( Ω, R^N ) . □ We are now able to state the following result on the convergence of minimum problems.

Theorem 4.2. For every g ∈ L^q ( Ω, R^N ) , q ∈ [1, +∞), and every γ > 0, there exists a minimizing pair (u_ε, v_ε) for the problem

m_ε = inf { F_ε (u, v, Ω) + γ ∫ Ω |u − g|^q dx : (u, v) ∈ B ( Ω, R^N ) × B (Ω) } (4.4)

Moreover, every cluster point of (u_ε) is a solution of the minimum problem

m = inf { F (u) + γ ∫ Ω |u − g|^q dx : u ∈ GSBV ( Ω, R^N ) } (4.5)

and m_ε → m as ε → 0^+.

Proof. The existence of (u_ε, v_ε) for every ε > 0 follows by (3.5) and the very definition of F_ε which ensure its coercivity and lower semicontinuity with respect to convergence in measure.

Assumption g ∈ L^q ( Ω, R^N ) yields

sup_ε { F_ε (u_ε, v_ε, Ω) + γ ∫ Ω |u_ε − g|^q dx } < +∞, thus Lemma 4.1 ensures the existence of a subsequence (u_{εh} , v_{εh} ) converging in measure on Ω to (u, 1) with u ∈ GSBV ( Ω, R^N ) . Eventually, statement (iii) of Lemma 2.2 and Remark 3.5 yield the conclusion. □ Acknowledgments

The author wishes to thank Professor Luigi Ambrosio for several interesting discussions on the subject, and the referee for reading carefully the manuscript and some useful advices.

References

1. G. Alberti, Variational models for phase transitions, an approach via Γ-conver-gence, Quaderni del Dipartimento di Matematica ”U. Dini” Università degli Studi di Pisa, 3 (1998).

2. G. Alberti and C. Mantegazza, A note on the theory of SBV functions, Boll. Un.

Mat. Ital. 11-B (1997) 375-382.

3. R. Alicandro, A. Braides and M.S. Gelli, Free discontinuity problems generated by singular perturbation, Proc. Roy. Soc. Edinburgh 128A (1998) 1115-1129.

4. R. Alicandro and M.S. Gelli, Free discontinuity problems generated by singular perturbation: the n-dimensional case, Proc. Roy. Soc. Edinburgh, to appear.

5. R. Alicandro, A. Braides and J. Shah, Free-discontinuity problems via functionals involving the L^1-norm of the gradient and their approximation, Interfaces and Free Boundaries 1 (1999) 17-37.

6. L. Ambrosio, A compactness theorem for a new class of functions of bounded variations, Boll. Un. Mat. Ital. 3-B (1989) 857-881.

7. L. Ambrosio, Existence theory for a new class of variational problems, Arch.

Rational Mech. Anal. 111 (1990) 291-322.

8. L. Ambrosio, On the lower semicontinuity of quasi-convex integrals defined in SBV, Nonlinear Anal. 23 (1994) 405-425.

9. L. Ambrosio, A new proof of the SBV compactness theorem, Calc. Var. 3(1995) 127-137.

10. L. Ambrosio and A. Braides, Energies in SBV and variational models in fracture mechanics, in Homogeneization and Applications to Material Sciences, eds D. Cioranescu and A. Damlamian and P. Donato (GAKUTO, 1997), pp. 1-22.

11. L. Ambrosio, N. Fusco and D. Pallara, Partial regularity of free discontinuity sets II, Ann. Scuola Norm. Sup. Pisa (4) 24 (1997) 39-62.

12. L. Ambrosio, N. Fusco and D. Pallara, Special Functions of Bounded Variation and Free Discontinuity Problems (Oxford University Press, to appear).

13. L. Ambrosio and D. Pallara, Partial regularity of free discontinuity sets I, Ann.

Scuola Norm. Sup. Pisa (4) 24 (1997) 1-38.

14. L. Ambrosio and V.M. Tortorelli, Approximation of functionals depending on jumps by elliptic functionals via Γ- convergence, Comm. Pure Appl. Math. 43 (1990) 999-1036.

15. L. Ambrosio and V.M. Tortorelli, On the approximation of free discontinuity problems, Boll. Un. Mat. Ital. 6-B (1992) 105-123.

16. A. Braides, Approximation of Free discontinuity Problems, Springer Lect. Notes in Math. (Springer 1998), Vol. 1694.

17. A. Braides and G. Dal Maso, Non-local approximation of the Mumford-Shah functional, Calc. Var. 5 (1997) 293-322.

18. M. Carriero and A. Leaci, S^k-valued maps minimizing the L^p-norm of the gradient with free discontinuities, Ann. Scuola Norm. Sup. Pisa (4) 18 (1991) 321-352.

19. A. Chambolle, Finite differences discretizations of the Mumford-Shah functional, RAIRO Modél. Anal. Numér., to appear.

20. G. Cortesani, Sequence of non-local functionals which approximate free discontinuity problems, Arch. Rational Mech. Anal. 144 (1998) 357-402.

21. G. Cortesani and R. Toader, A density result in SBV with respect to non-isotropic energies, Nonlinear Anal. 38 (1999) 585-604.

22. G. Dal Maso, An introduction to Γ-convergence (Birkhäuser, 1993). 23. E. De Giorgi, Free discontinuity problems in the Calculus of Variations, in Proc.

Int. Meeting in J.L.Lions’ honour.

24. E. De Giorgi and L. Ambrosio, Un nuovo funzionale del calcolo delle variazioni, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 82 (1988) 199-210.

25. E. De Giorgi, M. Carriero and A. Leaci, Existence theorem for a minimum problem with free discontinuity set, Arch. Rational Mech. Anal. 108 (1989) 195-218.

26. E. De Giorgi and T. Franzoni, Su un tipo di convergenza variazionale, Atti Accad.

Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 58 (1975) 842-850.

27. L.C. Evans and R.F. Gariepy, Measure theory and fine properties of functions, (CRC Press, 1992).

28. E. Giusti, Minimal Surfaces and Functions with Bounded Variation, (Birkhäuser, 1993).

29. M. Gobbino, Finite difference approximation of the Mumford-Shah functional, Comm. Pure Appl. Math. 51 (1998) 197-228.

30. J. Kristensen, Lower semicontinuity in spaces of weakly differentiable functions , to appear.

31. L. Modica, The gradient theory for phase transition and the minimal interface criterion, Arch. Rational Mech. Anal. 98 (1987) 123-142.

32. L. Modica and S. Mortola, Un esempio di Γ-convergenza, Boll. Un. Mat. Ital.

14-B (1977) 285-299.

33. D. Mumford and J. Shah, Optimal approximation by piecewise smooth functions and associated variational problems, Comm. Pure Appl. Math. 17 (1989) 577-685.

34. A.I. Vol’pert and S.I. Hudjaev, Analysis in classes of discontinuous functions and equations of mathematical physics, (Martinus Nijhoff Publisher, 1985).