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ABSTRACT. We prove a C1+# partial regularity result for minimizers of a non autonomous integral funcitional of
the form

F(u; Q) := / f(z, Du) dx
under the so-called non standard growth conditions. Mofe precisely we assume that
clz|? < f(z,2) < L(L+[2]7),
for 2 < p < q and that D, f(z, z) is a-Holder continuous with respect to the z-variable. The regularity is obtained

n+a

imposing that % < “= but without any assumption on the growth of D2f.
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1 Introduction

Let us consider the integral functional
FuQ) = / (e, Du) da (1.1)
Q

where © is a bounded open set in R”, u: Q —=RY, f: O xR* - RY n>2and N > 1.
Throughout the paper we shall assume that the integrand f is a C?(Q x R™¥) function
satisfying the following non standard growth condition

clglP < flx, &) < L1+ [§]7), (F1)

for some suitable 2 < p < ¢ and with ¢ and L positive constants. Concerning the derivatives of f,
in view of the controls from above and below, we have the following natural assumptions:

p—2

v(1+1€%) = ¢ < (Deef (,6)¢, € (F2)

|De f(@1,€) — Def(w2,€)| < Clay —a2| (1+]€[771); (F3)



for any &, ¢, &1, & € R™W, for any z, 21,29 € Q and where C' and v are positive constants. Then
by assumption (F1) we are dealing with functionals satisfying the so-called non standard growth
conditions.

The study of the properties of minimizers of such functionals started with a series of seminal
papers by Marcellini (see [16, 17]), in case of autonomous functionals. From the very beginning it
has been clear that, even in the scalar case, no regularity can be expected if the exponents p and
q are too far apart.

In fact, Marcellini himself produced an example of functional with non standard growth con-
ditions having unbounded minimizers (see [12] and [15]).

On the other hand if the ratio .

p
as n — +oo many regularity results are available both in the scalar and in the vectorial setting.
The starting issue in treating the regularity of minimizers is to show the higher integrability of
the gradient. In this direction we quote [8, 9, 10, 11, 18]. We stress that, in this setting, this kind
of regularity is crucial; indeed, since many apriori estimates depend on the L? norm because of
the right hand side of (F2), the first step in the analysis of the regularity of minimizers is just to

<ec(n)—1 (1.2)

improve the integrability of Du from LP to LY.

On the other hand C1# partial regularity results have been established (see [4], [19]), without
using higher integrability of the gradient, by means of a blow up argument. It is worth pointing
out that all the quoted results concern autonomous functionals.

Only recently, the study of the regularity of non autonomous functionals with non standard
growth produced both higher integrability and C1# partial regularity. In particular, we quote the
paper [10] by Esposito, Leonetti and Mingione where, under the above assumptions on f, it has
been proved that a minimizer u € WP (Q) of F actually belongs to W,L(Q) if 1< 2ta provided
that for the functional F does not occur the Lavrentiev Phenomenon. More precisely, introducing
for a fixed ball B CC Q and for every u € W1P(Bg) the gap functional relative to F:

L(u, Bg) := F(u) — F(u), L(u,Br) =0 if F(u)=+o0
where F is the sequentially lower semicontinuous (s.l.s.) envelope of F:
Fi=sup{G: W"P(Bg) = [0,400]: G is sls, G<F on W'’ (Bg)NW"(Bg)},
the requirement is that:
L(u,Br) =0, forany Bpr CCQ. (F4)

When the dependence on z is allowed, it is clear that a bound similar to (1.2) has to be
assumed with ¢(n) replaced by ¢(n,a) where a is the Holder continuity exponent appearing in
(F3). More precisely Esposito, Leonetti and Mingione proved in [10] that a sufficient condition in
order to have that a W1? local minimizer of F belongs to W14 is

%<"Za. (1.3)

Actually, by mean of a counterexample, in [10] the authors showed that (1.3) cannot be avoided

in order to prove higher integrability of minimizers. In fact, if % > "*T‘”‘ there are local minimizers

u € WP of suitable functionals such that u ¢ W,59.
In [6] assuming (1.3), Bildhauer and Fuchs prove C** partial regularity assuming that De¢fis
Lipschitz continuous with respect to x and that the second derivative of f with respect to £ have



a (¢ — 2)-power type growth. These assumptions are stronger than the usual when one tries to
establish C1# partial regularity results.

The aim of the present paper is to remove these stronger assumptions on f showing that C1:#
partial regularity still hold for minimizers. In fact we are able to prove the following

Theorem 1.1. Let f € C%(Q x R™N) satisfy the assumptions (F1), (F2), (F3), (F4) and let
u € Wﬁ)’f(Q; RY) be a local minimizer of F. Assume that p > 2 and (1.3) holds. Then there exists

an open subset gy of Q such that
2\ Q| =0

and u € CH#(Qo; RY) for some pu € (0,1).

Our proof is based on a decay estimate for the excess function which measures how far the
gradient of minimizers is far from being constant in a ball Br(xg). In our case the excess is defined
as

xr,r) = u — u)r |+ [ Du — u)-° +r-.
E B()D Du),|> +|D Du),|P + 7P

with § < a, where « is the Holder continuity exponent appearing in (F3).

We shall prove the decay estimate by using a standard argument consisting in blowing up the
solution in small balls and reducing the problem to the study of convergence of minimizers of a
suitable rescaled functionals in the unit ball. A useful tool in order to let this argument work is
the higher integrability of the minimizers of the rescaled functionals. Note that we need an higher
integrability result which is uniform with respect to the rescaling procedure. Hence we cannot use
the result in [10] and the higher integrability result will be proved in Proposition 3.1.

Even though the result in [10] holds true for p > 1, here we confine ourselves tho the case
p > 2 in order to avoid the heavy technicalities needed to treat the case 1 < p < 2, which, however,
will be faced into the forthcoming paper [7].

We also mention that by the method introduced in [14] we are able to estimate the Hausdorff
dimension of the singular set. In fact we have the following
Theorem 1.2. Under the same assumptions on f, p and q as in Theorem 1.1, if u € Wli’f(Q; RY)

is a local minimizer of F then

dimy(Q\ Qo) < n — %p (1.4)

where « is the exponent appearing in (F3).

2 Preliminaries

In this section we recall some standard definitions and collect several Lemmas that we shall need
to establish our main result.

First of all we recall the definition of local minimizer for a functional with nonstandard growth
conditions.

Definition 2.1. A function u € I/Vllo’cl(Q,RN) is a local minimizer of F if x — f(x, Du(z)) €
Li,.(Q) and

loc

/ f(z, Du) dx < / f(z, Du+ Dy) dx,
supp ¢

supp ¢

for any ¢ € Wllo’1

C

(Q,RY) with supp e C Q.



The higher integrability of the minimizers will be achieved by means of imbedding theorem in
the context of fractional order Sobolev spaces, where we have to use fractional difference quotient.
Therefore we introduce the following finite difference operator.

Definition 2.2. If G : R® — R* is a vector valued function the finite difference operator for G is
defined by

TsnG(z) = G(z + he,) — G(z)

where h € R, e, is the unit vector in the z, direction and s € {1,...,n}.

The basic properties of the finite difference operator are described in the following proposition
whose proof can be found, for example, in [13].

Proposition 2.3. Let F and G be two functions such that F,G € WYP(Q), with p > 1, and let
us consider the set

Uy = {z € Q: dist(x,00) > |h|}.
Then

(d1) 75, F € WHP(Q) and
Di(TS’hF) = Ts’h(DiF).

(d2) If at least one of the functions ' or G has support contained in Sy, then

/ Fry Gdr = —/ G1s_pFdx.
Q Q

(d3) We have
Ton(FG)(x) = F(x + hes)Ts 1, G(x) + G(x) 75 1. F ().

Next result about finite difference operator is a kind of integral version of Lagrange Theorem.

Lemma 2.4. If0<p< R, |h|<R—p, 1 <p<+o0, s€{l,...,n} and F,D,F € L?(BR) then

J

/ |F'(z + heg)|P da < c(n,p)/ |F(x)|P dx. (2.2)

B, Br

ron F(@)|P dz < |hJ? / IDF@)] da. (2.1)

P Br

Moreover

Next Lemma, useful to estimate the different quotient of a function, is of particular interest
for us.

Lemma 2.5. For every p > 1 and G : Bgr — RF there exists a positive constant ¢ = c(k,p) such
that

T n(1+[G(@))P21G (@) P < e(1 + |G(@)]* + |G(a + hey) ) P22 |7, 1 G ()
for every x € B, with |h| < % and every s € {1,...,n} .

Now we recall the fundamental embedding properties for fractional order Sobolev spaces. (For
the proof see, for example, [5]).



Lemma 2.6. If F: R" — RY, F € L?(Bg) and for some p € (0,R), B € (0,1], M > 0, we have
that

S [ @] de < a2
s=17Bp
for every h with |h| < ?, then F € WF2(B,;RN) N L%(BP;RN) for every k € (0,5) and

1PNl 2 ) < €O+ 1Fllz2e)

with ¢ = ¢(n, N, R, p, 3, k).

Let us recall that the singular set ¥ of a local minimizer u of the functional F is included
in the set of non-Lebesgue points of the gradient of u. Therefore the estimate for the Hausdorff
dimension of ¥ is an immediate corollary of the higher integrability result stated in Proposition
3.1 in the next section through the application of the following proposition that can be found, for
example, in [14].

Lemma 2.7. Let v € W9P(Q,RN) where 6 € (0,1), p > 1 and set

A= {az eN: limsupj[ [v(y) — (V)a,pP dy > 0} u {x € Q:limsup [(v)s,,] = +oo} .
B(=,p)

p—0t+ p—0+
Then dimy(A) < n — p.

Next Lemma finds an important application in the so called hole-filling method. Its proof can
be found in [13].

Lemma 2.8. Let h: [p, Ry] — R be a non-negative bounded function and0 <0 <1,0< A, 0 < S.
Assume that

A
5+ 0h(d)

h(r) < W

forp<r<d< Ry. Then

where ¢ = ¢(0, 8) > 0.

Now, for our future needs, we introduce the rescaled functional on the unit ball B = B;(0)

I(v) = /B 9(y, Do) dy

where
f(xo + 1oy, A+ XE) — f(zo + 10y, A) — De (w0 + 10y, A)AE

9(y,§) = 2

(2.3)

Here A is a matrix such that |A] is uniformly bounded by a positive constant M and A is a
parameter such that 0 < A < 1. Next Lemma contains the growth conditions on g.



Lemma 2.9. Let p > 2 and let f € C?(2 x R"*N) be a function satisfying the assumptions (F1),
(F2) and (F3). Let g(y,&) be defined by (2.3) then we have

cllEl? + W) <g(9,€) < ellel? +27elo); )
Deglu ) < efle] + X72¢l™); (12

[Deglus,€) — Degy, ) < ¢S (14 X7 s — ol (13
o1+ NIE) |0 < (Deealy, €16, <) (1)

where the constant ¢ depends on M and on q.

Proof. The (I1) can be proved as in Lemma 2.3 of [3] and the (I2) is an immediate consequence of
the convexity of g.
Now we prove (I3). Thanks to the definition of g we have that

Deg(y, &) = <[Def(xo + 1oy, A+ X)) — De f(xo + 1oy, A)].

> =

So by (F3) we get
1
|Deg(y1,§) — Deg(y2, €)| Sx|D§f(x0 +roy1, A+ AE) — D¢ f(xo + roye, A + AE))|

1
+ fIDsf(ﬁco +1roy1, A) — D¢ f(xo + 1oy2, A)|

7”0

Q

[y1 — ol [(1+ [A+ A7) + (1 + [A]71)]

py‘

Ty = vl (e(M) + X7 < ey — (14 AT g,

where the constant ¢ depends on M and on q.
To prove the (I4) it is enough to develop the second derivatives of g with respect to £ and to
observe that

Deeg(y,§) = Deef(wo + roy, A+ AS).
So we are led to the ellipticity condition (F2) on f. O

We shall denote by M F' the Hardy-Littlewood maximal function of a function F' € Llloc, which

is defined as
— sup ][ F(y)|dy,
zeQ

where the supremum is taken over all cubes Q C R™, with sides parallel to coordinate axes.
The following Lemma can be found in [2].

Lemma 2.10. Let u € WHP(R™ RY) and p > 1. For every K > 0, if we set
Hig ={z €eR" : M(|Du|]) < K},
then there exists v € WH°(R™, RY) such that ||Dv||e < ¢ K, v=u on Hg, and

c||Dol[Ly

meas(R™"\ Hi) < Top



3 Higher integrability

The first step in the proof of Theorem 1.1 is to obtain an higher integrability result for minimizers
of the rescaled functional Z. To be more precise we need this result for the following perturbation

or 7
D A
J () == / g(y, Dv) dy + ef (o j\_ 10y, )(Dw — Dv) dy.
B Bp

R

where v € w + Wol’q(BR) and xg,rg, A are the same appearing in the definition of g, therefore
|A] < M.
We obtain the higher integrability with the following

Proposition 3.1. Let us suppose that g € C?(B1(0),R"*N) satisfies the assumptions (I1), (12),
(I3) and (I4) with 2 < p < q < p ("£2). If the function v € WH1(Q;RY) is a local minimizer of
J then there exist § > 0, o > 0 such that

[ (Do) X372 Do) 1) dy < ¢ ( /

B, R

(14 [Do(y) 2 + X=2| Do) P) dy) (3.1)

for every B CC Q, p < R and for a positive constant ¢ which depends on p and R but does not
depend on v and it is also independent of the parameters A\, ro and of the point xy appearing in

the definition of g(y,§).
Proof. Let us fix a ball Bz CC (2; by the minimality of v € Wha(Q;RY) we have

D¢ f(xo + 10y, A)
A

/ oy, Dv) dy < / o Dv+ D) dy+ [ Dy dy. (3.2)
B

R Br
for every ¢ € Wol’q(BR;]RN). For a fixed € € (0,1) we can write (3.2) as follows

/ fo Zo +r0yaA)

/ [9(y, Dv +¢e Do) — g(y, Dv)| dy +
B

R

eDpdy >0

which is equivalent to

D¢ f(xo + 10y, A)
A

1
/ / Deg(y, Dv+ etDy)e Dy dtdy + eDpdy > 0.
B Jo
Dividing the previous inequality by e, changing ¢ in —¢ and taking the limit as ¢ — 0T, thanks
to the assumption of continuity of the function D¢g, we get the Euler-Lagrange equations

Dgf xo + 1oy, A)
A

/ Deg(y, Dv) Do dy + Dydy = 0. (3.3)

Letuspick 0 < p<r<d< R < 1andlet 71 be a cut-off function in C§°(Basr ) with0 <75 < 1,
2
n=1on B, and |Dn| < 4/(d—r). Let us consider the function ¢ = 74 _;(n*7s v) with s fixed in

{1,...,n} (which from now on we shall omit for the sake of simplicity) and 0 < |h| < (d — r)/4.
Now we plug such function ¢ into (3.3) and use (d1) and (d2) of Propostion 2.3 to get

*/B~ 7h (Deg(y, Dv)) D(nhv) dy
_ %/B [De f(zo + ro(y + hes), A) — D¢ f(xo + roy, A)] - D(n*mhv) dy = 0.



We develop the derivatives inside the first integral and use the Holder continuity condition (F3)
and the bound |A| < M into the second one obtaining the estimate

/ n° 7 (Deg(y, Dv)) T, Dvdy < — 2/ nTh(Deg(y, Dv)) Dn & Thv dy

Bg Bg

Ta
e (3.4)
B._

R

with the constant ¢ depending on M. Observing that

/ w2 7 (Deg(y, Dv)) 7 Do dy

By

- /B 7 [Deg(y + hes, Du(y + hes)) — Deg(y, Du(y))] 7D dy
R
:/ nz [Deg(y + hes, Du(y + hes)) — Deg(y, Du(y + hes))] 7 Dv dy
By
+ / 7 (Deg(y, Doy + hes)) — Deg(y, Du(y))] 7 Do dy

By

we can write (3.4) as

1
/ / 7> [Deeg(y, Dv + t13, Dv)|D(1v) D(Tv) dit dy
Br Jo

< [ o Degly+ hew, Doly -+ he)) = Degly. Doly + he.))] - 7. Dv dy
Bg
,',,CK
—2/ n7h(Deg(y, Dv)) D77®Thvdy+070|h|“/ |D(772Th’0)| dy.
Bp Bp

Now we use ellipticity condition (I4) in the left hand side and the growth conditions (I2) and (I3)
in the right hand side. Thus the following estimate holds:

/ 72 (1 + A2[Do(y)[? + N2|Du(y + he,)[2) T | Dol dy
By

<clh* " [ g1 X Doty + he)|o ) [ Dol dy

By
+ 0/ n|Dnl(|Dv(y)| + | Do(y + hes)| + A2 Du(y)|*~" + A2 |Du(y + he,) |9 ") |mho| dy
By
+el0 |h|a/ \D(n2rv)| dy = () + (IT) + (ITT), (3.5)
A Base
2
with ¢ = ¢(n, N, p,q, L,v, M).
The use of Lemma 2.5 in the left hand side of (3.5) yields
2 2 2\ =2 2
/ 21 (1 + A2 Dwf2) 252 Do) dy < (1) + (IT) + (IT1). (3.6)
By

We have to estimate the integrals (I), (I7) and (I11). For (I) we simply use the definition of 7, Dv
and remember how we choose |h| so that we can apply (2.2) of Lemma 2.4 as follows

(@ <l S [ (Duw)]+ 3 Do) dy

Bg



where ¢ = ¢(n, N,p,q, L,v, M).
To estimate (/1) we remember the assumptions on |Dn| and use triangle inequality which
yields
c
(d—r)
c
(d—r)

(1) < /B (IDv(y)| + | Doly + hes)]) o] dy

+

20 [ Dol Doty + e ol dy
dtr
2

then we apply Holder inequality to each integral and we use (2.1) of Lemma 2.4 in each of the
resulting addend, thus getting:

(IT) S(dir) |h| (/B |Dv(y)2dy> ’ (/B IDv(y)de) 3
a7, D”@)'qdy)l_é () le(y>|qdy)3

(1) < o ( | (petwe+ A“|Dv<y>|Q>dy)

To estimate (I11) we develop the derivative inside the integral and use triangle inequality, the
assumptions on 7 and |Dn| and (2.1) of Lemma (2.4):

W [ mewldy < el e [ Do)y
Bagr By

_|_

that is

C

(d—r7)

,,,.O(
@ <eln S [ inDuw)ld+

Baqr
2

where we also used the assumption |h| < 43~
Collecting the estimates for (I), (IT) and (I11) and summing up on s € {1,...,n} we get, in
place of (3.6), the following estimate

n b2 . ro B
[ 3 a4 22Dy Do) dy <e* S [ (Do)l + X Dot ay
B s=1 Bag
+ o |nl [ (IDu()? + X2 Du|) dy,
(d—r) Bua
with ¢ = ¢(n, N, r,d,p,q, L,v, M) independent of v, A, o and xy. Notice that, in what follows, we
shall have %‘) < 1. Now we apply Lemma 2.6 and find that

(1+ N2|Du]2)* T Dv e L% (B,), Ve (0, %) (3.7)
and
pP— n nll29
[ (@ X Dop) Do = dy < e < | s po + A“|Dv<y>|q>dy) ,
B, Ba
where
L
n — 20 ’

But, since 2 < p < ¢ we have

n
n—260

() == /B (IDo(y)? + X2 Du(y)P) =7 dy < c ( /B (1+ [Du(y)[? + 272 Du(y)]) dy)

r d

(3.8)



Now we are going to estimate (J) from below in order to have an inequality which can be used to
perform the same iteration procedure of [10]. We have

() = [ (Du)PFE AT Do) = dy
B,
> c(p.q) / (IDu()*> +AP=25 [ Du(y)|1) s+ dy (3.9)
B
where we used the elementary inequality
(a? +VP) > c(p)(a + b)P, Vp>0.
Thus we have
(1) = [ Do) XD Do) dy
B,
n=20
< ¢ (/ (14 |Du(y)|* + X172 Du(y)|?) dy) (3.10)
By

But we also have

() = e[ (D) 20 Do)
B,
> o (L Duw) + X7 Du()) R dy (3.11)
B,
since
(1+ [Du(y)]?)» > 1+ |Du(y)l*.
Now we remember that 0 < A < 1 and observe that

q
p—2)=-<q-2
P

since 2 < p < g, so that
N2 < \P2) ]

Hence we conclude that

<3

¢ / (1+ |Do(y) > + AP=2% | Du(y) 1) 757 dy > ¢ / (1 + |Do(y)? + A72|Du(y)[?)

™ T

Collecting (3.8), (3.9), (3.10), (3.11) and (3.12) we can conclude that

P n
q

/ (1+ [Du(y)? + X772 Du(y)|") s 7> dy < c (/B (14 [Du(y)? + X772 Du(y)|9) dy) o

T

From here we can complete the proof using exactly the same iteration scheme of [10] with the same
exponents. O

4 Decay estimate

Let u € W)P(Q) be a local minimizer of F under the assumptions (F1), (F2), (F3), (F4) and

loc
define its excess function as

B, r) :]L \Du— (Du), 2 + |Du— (Du), [P + 1° (4.1)
BT(I)

10



with 8 < a.
As usual the proof of Theorem 1.1 relies on a blow up argument which is contained in the
following

Proposition 4.1. Fiz M > 0. There exists a constant C(M) > 0 such that, for every 0 < 7 < i,
there exists e = (1, M) such that, if

|(Dw)gyr| < M and E(zg,r) <k,

then
E(xo,7r) < C(M) 7P E(x0,7).

Proof. Step 1. Blow up

Fix M > 0. Assume by contradiction that there exists a sequence of balls B, (z;) CC € such
that

(Du)a, ;| <M and X2 = E(zj,1;) =0 (4.2)
but
> C(M)r? (4.3)
where C’(M) will be determined later. Setting A; = (Du), r;, a5 = (U)s,,r; and

u(z; +rjy) —a; — A5y
/\jTj

vi(y) = (4.4)

for all y € B1(0), one can easily check that (Dv;)o,1 = 0 and (v;)o,1 = 0. By the definition of A;
at (4.2), we get

B
— r‘

7[ | Dv; |2 + Al *|Dv; [P dy + )\7]2 =1 (4.5)
B1(0) J

Therefore passing possibly to not relabeled sequences

v; = weakly in W12 (B (0); RY)
Aj —s A
Y
r; — 0 )\7]% —0, v > B. (4.6)

Step 2. Minimality of v,

We normalize f around A; as follows

£ €) = flaj +rjy, Aj + A6 — [z +)\7;jy’ Aj) — Def(x; + 15y, Aj)A;€ (47)
J

and we consider the corresponding rescaled functionals

T;(w) = /B it Dl (4.8)

11



Observe that Lemma 2.9 applies to each f; thus having that (I1), (12), (I3), (I4) hold for f;. The
minimality of u yields that

/B o 1 i Duta ) dy < /B o 18275 T30 Dty i)+ Dt + ) dy
1 0 1 0

for every ¢ € W4(B, (z;); RY) that is

/ ( )f(ﬂﬂj + 75y, Aj + XjDvj(y)) dy < / o f(xj + 1y, Aj + X\jDvj(y) + Dp(z; + 15y)) dy
Bl 0 Bl 0

for every ¢ € W4(B,, (z;); RY). Thus by the definition of the rescaled functionals, we have

De f(xj + 1y, A;)D

Ij(”j)gzj(vj"‘@)"‘/ e/ (2; )\?y 1) SDdy. (4.9)

B1(0) J
Hence using (I3)
foE+Ty,A 7Df£E‘,A‘ D
L) < L+e)+ [ PELw A Dl A)De
B (0) j

re

< Tiuy+ ) +e(M) L / D) dy. (1.10)
)\.] B1(0)

Step 3. Higher integrability

Since u € W,5P(Q) is a local minimizer of F under the assumptions (F1), (F2), (F3), (F4), by
Theorem 4 in [10], u € Wh9(B,, (2;)). Therefore, by a simple change of variables, we also have
that each v; € W19(By). Moreover, since v; satisfy (4.9) and f; satisfy (I11), (12), (I3) and (14),
we are legitimate to apply Theorem 3.1. Hence there exist 6 > 0 and ¢ > 0 such that for all p < 1

[ (0wl + X2 dyéc< /B (1+ Doy (4)P + 32| Doy ()]?) dy) (4.11)

B, 1
with ¢ depending on M and p. But (4.5) yields

[ (s + X2 Du ) dy < e

BP

for every ball B, contained in B;. From that we obtain

v = v weakly in VVll’Q(Hé)(Bl(O); RM).

oc

Step 4. v solves a linear system

Using that v; satisfies inequality (4.10), we conclude that

co(M)rs
A

C
0< — [De f(zj+7;5y, Aj+X;jDvj) = De f(z 475y, Aj)| Do dy+

5y / |Do|dy. (4.12)
J J B1(0) J B1(0)

Following the argument in [1, 19], let us split

Bl(O) = E;L UEJ = {y € By : )\]|va| > 1}U{y € By )\]|va| < 1}
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By (4.5) we get
|Ef| < /E+ 2| Duy[? dy < X2 /E+ |Dv;[* dy < A3 (4.13)

By assumption (F1) and the convexity of f, applying Holder’s inequality we obtain

1

Aj

/+[D£f(33j + 15y, Aj + AjDvj) — De f(x5 + 15y, Aj)|Dp dy
E’]

g—1

C C B 1
< _|EF q-2 a1 gy < —|ET 7-2 |4 +lq
SV |ES | + )] /E‘+ |Dv; |7 dy < y |ET |+ cA] (/E+ | D | dy) |E]|

q—1

<e)j 1+<A§2/ |va|qdy> : (4.14)
Ef

The last term in (4.14) vanishes as j — oo. In fact, the higher integrability at (4.11) implies that

/\372/ |Dv;|?dy < c.
Ef

J

Hence we infer that

C
) /+[D5f(xj + 75y, Aj + A\jDvj) — De f(x + iy, Aj)| Do dy| = 0. (4.15)
FE’

On E; we have

1
o [ [Def (s + iy, Aj+ X Dvj) = De f(xj + 1y, A;)1 Dy dy
JJE;
1
= / / DEEf(iL'j + Y, Aj + t)\jDUj) dtD’UjDQO dy (416)
E;JO

Note that (4.13) yields that x _ — X, in L", for every r < co. Moreover by (4.6) we have, at

least for subsequences, that
AjDv; — 0 ae. in By, r; =0 and x; — .

Hence the uniform continuity of D¢¢ f on bounded sets implies

.1
lim <= / [De f(xj + iy, Aj + AjDvj) = Def(zj + 15y, 4;)| Do dy = / Dee f (w0, A)DvDep dy.
J JE; B1
' (4.17)
Observe that by (4.6)

@
lim -~ = 0. (4.18)
J /\j
By estimates (4.15), (4.17) and (4.18), passing to the limit as j — oo in (4.12) yields
0< | Deef(xo, A)DvDepdy
B1
Changing ¢ in —¢ we finally get

D¢ f(zo, A)DvDp dy = 0,
B

13



that is v solves a linear system which is elliptic thank to the convexity of f. Classical regularity
results (see [12], [13]) imply that v € C*°(B;) and for any 0 < 7 < 1

7[ |Dv — (Dv),|*dy < 07'27[ |Dv — (Dv)1|* dy < c7?, (4.19)
B, B,
for a constant ¢ depending on M.

Step 5. Upper bound

Let us fix r < i. Passing to a subsequence, it is not restrictive to assume that
lim({Z; r (v;) = Zjr (v)]

exists. We shall prove that
Wm[Z; ;- (v;) = Zjr(v)] < 0 (4.20)
J

Let us choose s < r and a cut-off function n € C}(B,) such that n = 1 on B, 0 < 7 < 1 and
|Dn| < =%. Using in (4.10) as test function ¢; = n(v — v;), we get

c(M)r]O-‘
Zjr(v5) = L (v) < Lir(vj + 05) = Zjor (v) + — /B |Dyj|dy
J 3
c(M)rg
< [£5(y, Dvj + Dgj) = fi(y, Dv)l dy + ——= / |Dgjldy
Br\Bs J B
< c/ (|va|2+/\§*2|va|Q)dy+c/ (IDv]? + X72| Du|?) dy
B,\B. B,\B,
luj —v]*  ge2lv; —0)| co(M)ri
+ c/ <+)\Q L= | dy+ Dv; — Dv|dy
B, \B, (r—s)? / (r—s)? Aj B, | ! |
Pl / o — o] d (4.21)
— v; —v|dy, .
Aj(r—s) B,\B, !

thanks to the growth conditions on f;. Now, we use (4.5) and (4.11) in order to have

1

1+3
/ <|va|2+A§—2|va|q>dys</ <|va2+A§—2|va|q><1+5>dy> |B\B,| ™ < c(r—s)TH .
B, \Bs B,

s

(4.22)
Moreover, since v € C*°(By), we get

/ (|Dv|? + )\?72|DU|‘1) dy <c {1 + sup |D112} (r —s). (4.23)
B,\B, B,
For the third integral in (4.21) we have that

v —vf? 72/ v — |4
¢ [0 Z V8 gy 4 ae 1= v N 1.24
</BT\BS (r—s)2 7 s, T —9)dy J j (4.24)

Note that, by (4.6), v; — v strongly in L?*(Bj), hence

limI; = 0. (4.25)
J

Moreover denoting by

14



T:fq if g<n

q =
r>q ifq>n

+

there exists p € (0,1) such that % =L 1_7“ Using Hélder and Sobolev Poincaré inequalities we

get
a(1—p) ap
1I; < )\?_2</ |vj—v|2dy> (/ lv; —v]? dy)
Bl Bl
< ([ w—v-tmona) " oq ([ e -os a)
1 1

p 1
< cA?i2 </ |Dvj — Duvl? dy) + c)\;kz < c)\;kz (/ |Dvj|? dy) + C)\?72
B, B,

—2)(1—
< el (4.26)

Since 0 < p < 1 we obtain
lim IT; = 0 (4.27)

J
Moreover we have that
c(M)rs / c(M)re
|Dv4—Dv|dy—|—7]/ lv; —v|dy
A B, ! Aj (r—s) B,\B. !

J
1 1
c(M)r¢ 2 o(M)re 32
< L[ 1pupar) + ([ poray)
)\j B, J B,

C(M)T? T %r—s%
e ( /B R czy> (r - 5)t. (4.28)

Hence, using that lim; % = 0, the fact that v € C*°(B;) and (4.5) we get that the right hand side
of (4.28) vanishes as j — oco. Therefore we conclude with (4.20), taking first the limit as j — oo

and then as s — r in (4.21).

>

Step 6. Lower bound

We claim that for t < r < % we have

lim sup/ |Dv; — Dv|? + )\f72|va — Dv|Pdy < climsup[Z; ,(v;) — Z; r(v)].

Let us choose a cut-off function ¢ € C&(B%) such that ¢ =1 on B%, 0<¢<1and|D¢| <c. Set
’l~)]' = ¢Uj v = ¢U.

We can always suppose that the higher integrability exponent 6 of (4.11) is such that 2(1+6) < ¢*,
so we may apply Sobolev-Poincaré inequality to have that

/ (IDw* + X172 | Dy | ) 0 dy < c. (4.29)
R’VL
Fix k > 0. By Lemma 2.10 we can find a sequence (w;) € W (R™";R") such that if S;, = {y €

R™: M(|Dv;|) > k} then
wj; = ﬁj on R" \ Sj,k (430)
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and
[|[Dw;jl|oo < e(n)k. (4.31)

Passing to a subsequence we may suppose that
w; — w weakly™ in W1 (R™; RY). (4.32)
By the maximal theorem and (4.29) we deduce that
[ 0D+ 2320 (D)) dy < (4.33)
hence the sequences
{Upe;2 4+ 272D}, {(M(D3)? + XM (D)) |
are uniformly bounded in L'*°(R"™) and therefore also equiabsolutely continuous in L*(R™). Then

dm [ D+ XD dy = Jim [ (D3 + X M(D3)) dy =0,
—oo Jg, =00 Js;

Fix ¢ > 0 and observe that

Jke : if k> ke, Vj / (M(|D17j\)2 + AgizM(\Dﬁqu) dy < e. (4.34)
Sj,k
Therefore, from the definition of S; , for k sufficiently large we get

Sl < [ (s <
Sj,k

and so
13
Skl < 23 (4.35)
Let us write
Zjr(v;) = Zjr (v) =250 (05) — Zjr(w))] + [Zj,r(ws) = Zj o (w)] + [Zj 0 (w) = T ()]
=Rj + R} + R. (4.36)

Now, by (4.30) and (4.31), we have

R} < / 155, DB;) — f3(y, Dwy) | dy < / (ID3;[2 + 72| D) dy
Sj,kﬁBT S

j‘kf‘lBr

+/ (|Dw; > + )\31-_2|ij|’1) dy < / (|Dw; > + )\?_2|D17j\q) dy + ck?|S; x| (4.37)
S kNBy

J Sj,kmBT

since for every k > k. there exists jo = jo(&) such that
j>jo = |Dwj|* + A% Dwy|? < 2k7.
Therefore, by (4.34) and (4.35) we get

lim sup |Rj| <e. (4.38)
k—oo
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Choose s < r and take ¢ a cut-off function between B, and B,.. Define

¥; = ((w; —w)
and split R as follows:
R} = [Ty, (w;) = T (w +9))] + [T (w + ) = Tj(w) — Zyr (95)] + Ly (85)
=R+ R} +RS. (4.39)

Then, by (4.31), (4.32) and the growth conditions on f;, we have

IRY < /B 1) = iy D+ Dy < / (IDw;[? + X772 Duy|7) dy

r s r s

+/ (|Dw\2+)\g_2\Dw|q)dy+/ (\w—wj|2+)\g-_2|w—wj|q)dy
B, \B; B, \B;

< c(k)|By \ Bs| + / (jw — wj|* + )\?72|w —wj;|?) dy. (4.40)

3 s

Using (4.32), we conclude that

lim sup |R§| < ¢(k)| By \ Bs|- (4.41)
J
To bound R;-’, we use the definition of f; in order to have

1 1
|R§)| = / dy/ D2f(.’L’j + 7Y, Aj +sA;Dw + t/\lel)j)DwDi/}j dsdt. (4.42)
B, 0 0

Hence
limsup |R?| =0 (4.43)
J

thank to (4.32), since D?f(z; + rjy, A; + sA\jDw + tA;Dvp;) uniformly converges to D? f(x, A).
On the other hand, by (I1), we get

\Rﬂ:zﬁ@@yzﬁgE@wadyzﬁ;mm%—LmF+AfﬂDw,—DM%dy (4.44)

s

Therefore, passing possibly to a subsequence, we may suppose that lim; R? exists and collecting
estimates (4.41), (4.43) and (4.44), we obtain

lijm R} > limjsup/ (|Dw; — Dw|* + A§_2|ij — DwP)dy — c(k)(r — s). (4.45)

s

Setting S = {y € B, : v(y) #w(y)} and S = SN {y € B, : v(y) # lim;v;(y)} we have |S| = |S|.
We claim that 5
5
|S] < ek (4.46)

In fact, suppose by contradiction that |S| > 25. Then by (4.35) for j large enough we would have
~ €
IS\ Sk > =R

But by Lemma 2.10 there exists § € B, such that § € S \ S} x for infinitely many j and hence

v(y) = w(y)
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and this is a contradiction. Since Dv = Dw in B, \ S, we have

B3| < / sl D) = (0. Do) dy < / (IDw[? + A2~ Du|) dy

B-N B,.NS
- ce
+/ (|Dv]* + Aj 2|Do|?) dy < ¢|S] < =R (4.47)
B,.NS
Estimates (4.38), (4.45) and (4.47) leads us to
. ce . —
h§n[Ij’,,(vj)—Ij,r(U)} > —kQ—c(k)(r—s)—i—hmjsup/B (|ij—Dw‘2—|—X;? | Dwj—Dw|P) dy. (4.48)

Now, if t < s < r we have that

/ (IDv; = DuP+X~?|Duj — Dof?) dy < / (|Dw; = Dwl® + X ~*| Dw; — Dw|?) dy

t Bs

+/ (| Dw; —va\2+)\§72|ij—va|p) dy+/ (|Dw—Dv|2+)\§72|Dw—Dv|p)dy. (4.49)

BS BS

Last two integrals in (4.49) can be treated exactly as R} and R? thus leading to

lim(Z; »(v;) —Z; »(v)] > f% 70(]6)(7”*8)4’1111’18111)/ (\vava|2+)\§72\vafD"u|p) dy. (4.50)
J J B,

The desired estimate follows letting first s — r and then k — oo in (4.50).
Step 7. Conclusion

From previous two steps we can conclude that

hm/ |Dv — Duj|* + A"%|Dv — Du; [P = 0. (4.51)
i JB,
The conclusion follows observing that
B
. . 1 Tﬁr.
lim w = lim (|Du — (Du) v, |* + |Du — (Du)rr, [P) dy + lim —7
A 7 A, @ ’ ’ iA
J
< lim (1Dv; = (D), [* + N 72|Duv; — (Dv))-|") dy + 7"
i JB,(0)
= lim (IDv; = Dv|* + 22| Dv; — Du|?) dy
3 JB.(0)
+ lim (1(Dvj)r = (Do) |* + Xi~2[(Dv;); — (Do), |P) dy
i JB.(0)
+ lim (IDv = (Dv), > + X2 %|Dv — (Dv),[?) dy + 7°
7 JB-(0)
< ][ |Dv — (Dv), > dy < ey + ™ <eut?, (4.52)
B.(0)

since the first integral vanishes as j — 400 thanks to (4.51), the second one vanishes since (Dv;), —
(Do) as j — +oo,
p—2 -2
N5 Dv — (Do), [P < e
vanishes as j — 400 and thanks to (4.5)

8.8
TPrh
lim 1 < B,
j—4oo /\? -

Estimate (4.52) is a contradiction if we choose ¢(M) > cjpr and this concludes the proof. O
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The proof of Theorem 1.1 now follows by a standard iteration procedure, see [?]. The following
proof of Theorem 1.2 is an immediate corollary of the higher differentiability result for the gradient
of minimizers of F that can be inferred from the proof of the Proposition 3.1 (see (3.7)) or from
the proof of Theorem 4 in [10].

Proof. (of Theorem 1.2) The singular set ¥ of minimizers of F turns out to be contained in the
set

Yo = {x eN: limsup][ |Du(y) — (Du)z,p|P dy > O} u {x € Q : limsup [(Du)g,,| = —|—oo} .
B(z,p)

p—07F p—0F

Hence Lemma 2.7 applies in order to conclude the proof. O

References

[1] Acerbi, E., Fusco, N. : A regularity theorem for minimizers of quasiconvez integrals, Arch. Rat.
Mech Anal., vol. 99, 1987, pp. 261-281.

[2] Acerbi, E., Fusco, N. :An approximate lemma for WP functions, Proceedings of the Sympo-
sium on Material Instabilities and Continuum Mechanics, ed. J. Ball, pp .1-5 (Oxford Science
Press, 1986).

[3] Acerbi, E., Fusco, N. :Local regularity for minimizers of non convex integrals, Ann. Sc. Norm.
Sup. Pisa, IV serie, vol. 16, n. 4, 1989, pp. 603-636.

[4] Acerbi, E., Fusco, N. :Partial regularity under anisotropic (p,q)-growth conditions, J. of Diff.
Equations, vol. 107, 1994, pp. 46-67.

[5] Adams, R.A.:Sobolev Spaces, Academic Press, New York, 1975.

[6] Bildhauer, M., Fuchs, M.: CY%-solutions to non-autonomous anisotropic variational problems,
Calc. Var., vol. 24(3), 2005, pp. 309-340.

[7] De Maria, B., Passarelli di Napoli, A.: Partial reqularity for non autonomous functionals with
non standard subquadratic growth conditions, In preparation.

[8] Esposito, L., Leonetti, F., Mingione, G.: Higher Integrability for minimizers of integral func-
tionals with (p,q) growth, Journal of Differential Equations, vol. 157, 1999, pp. 414-438.

[9] Esposito, L., Leonetti, F., Mingione, G.: Regularity results for minimizers of irregular integrals
with (p,q) growth, Forum Mathematicum, vol. 14, 2002, pp. 245-272.

[10] Esposito, L., Leonetti, F., Mingione, G.: Sharp regularity for functionals with (p,q) growth,
Journal of Differential Equations, vol. 204, 2004, pp. 5-55.

[11] Fusco, N., Sbordone, C.: Higher integrability of the gradient of minimizers of functionals with
non standard growth conditions, Comm. on Pure and Appl. Math., vol. 43, 1990, pp. 673-683.

[12] Giaquinta, M.:Growth conditions and regularity, a counterexample, Manuscripta Math., vol.
59, 1987, pp. 245-248.

[13] Giusti, E.: Direct methods in the calculus of variations, World Scientific, River Edge, NJ,
2003.

19



[14]

[15]

[16]

[17]

[18]

[19]

Kristensen, J., Mingione, G.: The singular set of minima of integral functionals, Arch. Ration.
Mech. Anal., vol. 180, 2006, pp. 331 -398.

Marcellini, P.: Un example de solution discontinue d’un probleme variationel dans le cas
scalaire, Preprint Ist. Mat. Dini Univ. di Firenze, 1987.

Marcellini, P.: Regularity and existence of solutions of elliptic equations with (p,q)-growth
conditions, Journal of Diff. Equations, vol. 90, 1991, pp. 1-30.

Marcellini, P.: Everywhere reqularity for a class of elliptic systems without growth conditions,
Ann. Scuola Norm. Sup. Pisa, Ser. 4, 23, vol. 1, 1996, pp. 1-25.

Mingione, G.: Regularity of minima: an invitation to the dark side of calculus of variations,
Appl. Math. 51, 2006.

Passarelli di Napoli, A., Siepe, F.: A regularity result for a class or anisotropic systems, Rend.
Ist. Mat. di Trieste, 1997, pp. 13-31.

20



