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Abstract. The Dirichlet energy of Sobolev mappings between Riemannian manifolds is studied. After giving an
explicit formula of the polyconvex extension of the energy for currents between manifolds, we prove a strong density
result. As a consequence, we give an explicit formula for the relazed energy. The fractional space of traces of W1:2-
mappings is also treated.

Let X = X" and Y = Y™ be two smooth compact connected oriented Riemannian manifolds of dimension
n and m, respectively, where ) is boundaryless and X possibly with a non-empty boundary 9X. We
assume X and Y equipped with metric tensors (gns) and (7i;), respectively, in some local coordinate
charts # = (21,...,2,) and U = (U',...U™) on X and Y, respectively. The Dirichlet energy, or action
in physics, of a smooth map U : X — ) is defined as the integral of the square of the derivatives dU. More
precisely, the energy density of U is

e(z,U) == %|dUz|2 = %tr[(dUz)*dUm] (0.1)

and the Dirichlet energy of U is

D, (U, X) = /

e(z,U) dvoly = 1 / |dU,|? dvoly . (0.2)
X 2 X

In local coordinates (%)?:1 in T,X and (%)}’;1 in Ty ()Y, one computes
out ou’

2e(z,U)(x) = gaﬁ(x)%‘j(U)@W )

where (§%%) = (gap) ", and therefore, since

dvoly = \/det gdzx,

one concludes that the Dirichlet energy in local coordinates for continuous maps U takes the form

1 out ouy
- af . i
5 [ @) 5 G Vg de. (0.3)

This generalizes the classical Dirichlet’s energy for maps between the flat manifolds R™ and R™.

By Nash embedding theorem, we may and will assume, without loss of generality, that ) is isometrically
embedded, as a submanifold, in some Euclidean space RY with induced Riemannian metric. This means
that the inner product of two tangent vectors to ) at a point y € ) is simply their Euclidean inner product,
i.e., 7vij = 0;j, the Kronecker symbols. We then consider maps u : X — RY that are constrained to take
values into a smooth, boundaryless, compact submanifold )} of RY.

Therefore, in local coordinates, the energy density (0.1) agrees with eg(x, Du), where

n N
eq(z,G) ;:% > 9% (2)6; GL Gl /det g(x) (0.4)

a,B=1i,j=1

for every z € X, every y € Y, and every (N X n)-matrix G, say G € M(N,n), with imG in T,Y, the
tangent space to Y at y. Therefore, for every local parameterization ¢ : {2 — X, the Dirichlet energy in 2



of amap U € WH2(X,)) on ¢(2) agrees with
D, (u,Q) := / eq(z, Du(z)) dx , u=Uo¢. (0.5)
Q

Assume that the integral 2-homology group Hz(Y) := H2(Y;Z) has no torsion. We recall from [9] [19],
see Sec. 2 below, that the class of Cartesian currents cartQ’l(X x V) arises as weak D,, o-limits of sequences
of currents G,, carried by the graphs of smooth maps uy : X — ) with equibounded W12-energies,

Sl;p ||uk||W1,2(X7y) < 00,

the weak D, o-convergence being given, by duality, by testing with forms in the class D™?(X x )), i.e., with
smooth, compactly supported n-forms in X x Y with at most two vertical differentials in the Y-directions.
We refer to [7] and [11, Vol. I] for general definitions of currents on Riemannian manifolds.

Every weak limit current T € cart>!(X x ))) satisfies the null boundary condition (2.3) and can be
decomposed as

S
T =Gy, + ZLS(T) X s + ST sing - (0.6)
s=1
G, is the current integration of forms in D™2(X x )) over the rectifiable graph of ur, see Example 2.1,
where up € WH2(X,)) is the weak W1-2-limit of the uy’s. The 7;’s are integral cycles in Z5()) such that
{[7:]}o_, generates the spherical subgroup H3P" (V) of Hy(Y), see (2.1). The Ly(T)’s are integer multiplicity
(say im.) rectifiable current in R,_2(X). Finally, St sing, though completely vertical and homologically
trivial, in general is non zero only possibly on forms w € D™2(X x V) for which d,w® # 0, where w®) is
the component of w with exactly two vertical differentials. Moreover, as shown in [10], in principle St sing
may be any measure.
In Sec. 1, we shall consider the parametric polyconvexr lower semicontinuous envelop of the integrand e,
defined for every z € X and every n-vector ¢ in R"™V say & € A,R*"™V by

Fy(,€) = sup{o(€) | ¢ : A,R™Y — R, ¢ linear,

p(M(G)) < eg(x,G) VG € M(N,n)}, (0.7)

where M(G), see (1.1), is the n-vector in A,R™"*¥ orienting the graph of G. Since (z,G) — e4(z,G) is
continuous, it turns out that Fy(z,&) is Ls.c. in all variables and convex in & for any x. Using (0.7),
the polyconvex parametric extension Dy(T) of the Dirichlet energy (0.5) turns out to be well-defined on
currents 7' in D,, o(X x ) with finite D-norm, see (2.5), and is lower semicontinuous with respect to the
weak D, o-convergence.

In Sec. 2 we shall give an explicit formula of the Dirichlet energy Dy(T) for currents T in cart®! (X x V).
More precisely, if St sing =0 in the decomposition formula (0.6) of T', we shall prove that

Dy (T) = Dy(ur) + ) My(Ls(T)) - M(7,), (0.8)

where My (ILs(T')) denotes the g-mass of Ls(T), see (2.8). Writing LLs(T") as Ls(T) = 7(Ls, 05, 7s) for some
(n — 2)-rectifiable set L, integer multiplicity 65, and unit orienting (n — 2)-vector 75, we have

M, (La(T)) = /L 0. a2,

if we choose 7, with unit g-norm, |74/, = 1.

In Secs. 3 and 4 we will then prove a strong density result for the Dirichlet energy in cart®! (X x ).
For that, we recall, following Hang-Lin [21], that X satisfies the d-extension property with respect to Y
if for any given CW-complex K on X, denoting by K? its d-dimensional skeleton, any continuous map
f: K%' - Y is such that its restriction to K% can be extended to a continuous map from X into Y.

In [21] it is shown that if X’ satisfies the 1-extension property with respect to ), and m2(Y) = 0, every
Sobolev map in W2(X,Y) is the strong limit in W12 of a sequence of smooth maps from X to Y. We



notice that, if m1(X) =0 and m3()) = 0, then the l-extension property is automatically satisfied. In the
case X = B"™, the unit ball in R™, the problem of strong density of smooth maps in the Sobolev classes
WLP(B™,Y) was solved by Bethuel [2].

In this paper, we shall assume that X satisfies the 1-extension property with respect to ), and that for
any base point yg € Y the Hurewicz homomorphism from the second homotopy group me(Y;yo) onto the
second real homology group Hs(Y;R) is injective (notice that by the Hurewicz theorem this last condition
holds true if ) is 1-connected, i.e., if 71()) = 0). Moreover, we assume that for every = € X the metric g
is equivalent to the Euclidean metric, see (2.7), and that x — g(x) is continuous in X. Then in Sec. 3 we
will prove the following density result.

Theorem 0.1 Let T in cart®! (X xY) be such that St sing = 0 in (0.6). There exists a sequence of
smooth maps u : X — Y such that G, — T weakly in D, 2(X x V) and

klim D, (ug) =Dy(T).

Remark 0.2 Notice that, as shown in [9], compare [19, Sec. 4.9], in every vertical homology class of currents
in cart®! (X x )) there exists a minimizer of the Dirichlet energy that satisfies the condition St sing = 0.
On the other hand, a part from the regular case n = 2, it is not clear how to find an explicit formula for the
Dirichlet energy if St sing in (0.6) is non-zero.

As an application of Theorem 0.1, in Sec. 5 we shall obtain a representation formula of the relaxed
Dirichlet energy for Wh2-maps in the weak W12-topology. For every u € W2(X,)) and every open set
QC X welet _

D, (u,Q) := inf{likrgngg(uk,Q) | {ur} C CH(X,)),
up — v weakly in WH2(X,))}

where D, (u, Q) is defined by (0.5). By Schoen-Uhlenbeck density theorem [25], in case of dimension n = 2
we clearly have

(0.9)

D,(u,Q) =D,(u,Q) YueW'3X,)).

In any dimension n > 3, the following weak sequential density result was proved by Pakzad-Riviere [24],
see [19, Sec. 5.6] for a proof in the easier case ) = S?, the unit 2-sphere in R3.

Theorem 0.3 For every u € WH2(X,Y) there exists a sequence of smooth maps {ui} C CH(X,Y) such
that u, — u weakly in WH2(X, ).

This clearly yields that for every open set Q C X
D,(u,Q) <oco  VueWH(X,)).
By Theorem 0.1 we then obtain that for every u € W12(X,))
D, (u, Q) = inf{D,(T,Q x V) | T € T>'}.

In this formula, 7,1 denotes the family of vertical equivalence classes of currents in cart®! (X x )), denoted
by CART?! (X x )), such that the underlying W'2-maps ur in (0.6) are equal to u, see (5.4). We
recall that every element in CART?** (X x Y) has a representative of the type (0.6) with St sing = 0, see
Remark 0.2. Moreover, the i.m. rectifiable currents Ls(T) € R,—2(X) in the decomposition (0.6) do not
depend on the choice of the representative in a class of CART?! (X x ). Therefore, the Dirichlet energy
D,(T) of T € CART*! (X x ) is well defined by the right-hand side of the formula (0.8), by taking -,
as the mass minimizing integral chain of Z5(Y) in the homology class [vs].
As a consequence, we deduce that for every u € WhH2(Xx, )

ﬁg(u,Q) =D,(u, Q) + inf{z M, My(Ls(T)LQ) | T € Tfl} ,

s=1

where

M :=inf{M(v) [y € Z2(¥), v € [1s]}-



Therefore, the gap between Dy (u, ) and the relaxed energy ﬁg(u, Q) is related to the minimum value of
the g-mass among all the (n — 2)-dimensional i.m. rectifiable currents T' in  that bound the singular set
of u. The above formula reads as

Dy (u) = Dy(u) + > M, -M,y(Ls),

where Ly € R,,—2(Q), for s =1,...,3, is an integral minimal connection for the g-mass of the singular set
Ps(u) allowing connections to the boundary of €1, see Definitions 5.8 and 5.11. In the case X = B™ or S§",
and for the standard Dirichlet integral, this formula was obtained in [26], in the case J = S§?, and in [14],
for more general target manifolds ) as above.

Remark 0.4 From another point of view, one may be interested in studying the quadratic energy

f(z, Du) dx (0.10)
B'rL

of mappings u : B® — Y C R, where the quadratic integrand f: B® x M(N,n) — R* is defined by

f(z,G) = %tr(GA(x) G", xeB", GeM(N,n), (0.11)

x +— A(z) being a continuous map from B™ to the space of positive definite matrices in M (n,n). Setting
g:= (det )YV =D AL = A p(z) := y/det(gap(x)) ¢*P(x), =€ B, (0.12)

it turns out that the quadratic energy (0.10) agrees with the Dirichlet energy (0.5) of mappings u : X —
Y C RN, where (X,g) = (B",g), i.e., we have

flz,G) = eq4(z,G) V(z,G) € B" x M(N,n). (0.13)
In the case n = 3, since |T|3 =71Tg7, we have
\T|Z =77 (cof A)T.

Using the same techniques, in Sec. 6 we briefly discuss some analogous features for the fractional Sobolev
class W1/2(B", ), given by the L?-mappings u : B — R™ such that u(z) € Y a.e. on B" and that are
the traces on B"™ ~ B" x {0} of some Sobolev map U in W2(B"x]0,1[,RY), equipped with the seminorm

1
[l /2 = inf{/ / eg(x, DU)dtdr | U € WH*(B"x]0,1[,RY), U =u on B™ x {0}},
nJo

compare [23] for the case of W'/2-maps from B? into S', the unit circle in R2.

1 The parametric envelop of the Dirichlet energy density

NOTATION ON MULTIVECTORS. Denote by I(k,m) the class of ordered multi-indices « in {1,...,m}
of length k, ie., o = (a1,...,a;) where 1 < a3 < -+ < ag < m, and, for convenience, I(0,m) := {0}.
Moreover, denote by |a| the length of «, by @ the element in I(m — k,m) which complements «, and by
o(a, @) the sign of the permutation that reorders the multi-index (a, @) in the natural way.

Let e1,...,e, and &1,...,ex be the standard bases in R™ and RY, respectively, and denote by e,
and eg, for a € I(k,n) and B € I(h,N), the unit simple multi-vectors e, := €4, A--- Aeq, and g :=
€p N - NEB,-

If G:R® — RY is a linear map we let G also denote the (N x n)-matrix in M (N,n) associated to
G with respect to the standard bases. For multi-indices a and [ with length respectively || = n —k



and |8| = k, we shall denote by Gg the (k x k)-submatrix of G with rows 8 = (f1,...,0k) and columns
a=(ay,...,a), and by
ME2(G) == det G2

the determinant of Gg, where by definition
MJ(G):=1.

Let A,R™" denote the space of n-vectors in R"*V. Every n-vector ¢ in A,R"*V can be written as

€= Z Peq Neg, P eR,

la|+|B]=n

we refer to €90 as the first component of £, or as € = Zf—o (k) » where

Eky = Z faﬁea/\sg, k=0,...,n:=min{n, N},
le|+|8l=n
|Bl=k
so that £y = 56061 A+ Aen. We also denote by ¥ the class of simple n-vectors in A, R*"*V and set

S1o={£eX [0 =1}, Ap={£c A RN [0 =1},
Y, ={eX |0 >0}, Ap:={e ARV |£00 >0},

For G € M(N,n), the vectors e; +Ge; € R"™V i =1,... n, yield a basis of the tangent n-plane to the
graph of G in R™V that agrees with the graph of G. Letting

M(G) := (e1 + Gey) A--- A (en + Geyp) € AR, (1.1)
we find that the unit simple n-vector
¢ M(G)
G ‘= )
|M(G)|

called the tangent n-vector to the graph of G, identifies the n-plane graph of G, and in fact orients such an
n-plane. The map G +— M(G) from M(N,n) to A,R"V is injective, as

M(@G)= > o(e.a) ME(G)eq Neg € AR (1.2)
la|+]8]=n

Moreover, if M) (G) := M(G) ), for every G € M(N,n) we have M)(G) =e1 A---Ae, and

N n

May(G) =Y > (-)""Gléane, G=(GH".

j=11i=1
Conversely, to every ¢ € A we associate the matrix G¢ € M(N,n) defined by
G& = M(l)_l é—(fl) .
€00
For £ € Ay we have G¢ = 0 if and only if {(;) = 0, whereas Gx¢ = G¢ for every VA > 0. Most importantly,
Ge = M~1(¢) if and only if € € Iy, i.e.

{ GM(G)ZG VGGM(N,TL), (1.3)

E=M(Gy) = &€y
and finally

£ e Ay issimple if and only if ;;0 = M(Ge),



whereas A; agrees with the convex envelop of the set of n-vector M(G),
co ({M(GQ)|Ge M(N,n)})=A;. (1.4)
We refer to [11] for background material concerning this section.

LINEAR MAPPINGS ON n-VECTORS. If L:V — W is a linear map between finite dimensional vector
spaces V and W, and AxL : AV — AW is the induced linear transformation, defined on simple k-vectors
by

ApL(vy A+ Awvg) := Lug A -+ - A Loy,

we have
MG =A,Id=xG)(e1 A+ Ney) VG € M(N,n),

where (Id >1 G) : R* — R"*V s given by (Id < G)(x) := (x,Gx). Moreover, the following Laplace’s
formulas hold:

Lemma 1.1 Let L:R™ — R™ be a non-singular linear map. Then

o(v,7) o(a, @) M5 (L) = (det L) M7 (L™")

for any 0 <laf = |y[ <n.

ProoFr: Let (e1,...e,) and (e1,...€,) be two orthonormal bases in the domain and in the target space,
respectively. From
(Id> L) = (L '>Id)o L

we get
Ap(Id< L) = Ap (L7 aId) o A, L

so that, as Ap(eg A---Aep) = (det L)(eg A+ -+ Aey), we get
Ap(IdaL)(er A=+ Aeyp) = (det YA (L7 saId)(ep A+ Aey),

which in components reads as the above Laplace’s formulas. O

Definition 1.2 For any square matriv L € M(n,n), let L : A RN — A RN be the linear map
defined by

L&)=Y ola@eeancs, 0= Y o(y7)E MUL),

la|+|8]=n 71=le
if&= > &%, Nege ARV,
Iy I+18|=n

Lemma 1.3 We have

L (M(G)) = M(GL) VG e M(N,n).
Moreover, if det L # 0, then Ly, is bijective and L1~ = L-1.

PROOF: Since by the Binet’s formulas Mﬁ GL) Z Mﬂ (L), by (1.2) we compute
[vI=le
wen = Y e ¥ o) L>)eamﬁ,
la|+|B]=n [vI=le

that proves the first assertion. If det L # 0, we trivially have

Lrp-10Lp(M(G))=L;-1(M(GL)) = M(GLL™") = M(G).



Using (1.4), by linearity and continuity we obtain the second assertion. (|

THE PARAMETRIC POLYCONVEX L.S.C. ENVELOP. Let e, : B" x M(N,n) — R be the Dirichlet
energy density (0.4), and let F, : B™ x A,R"™N — R, be its parametric polyconvex lower semicontinuous
envelop given by (0.7). Since e, is continuous, it turns out that Fy(x,&) is Ls.c. in all variables and convex
in & for any x. In fact, if e, : B" x %1 — R, is defined, according to (1.3), by e,(7, &) == ey4(, G¢), taking
x as a parameter, the map & — Fgy(xz,§) agrees with the convex l.s.c. envelop of & — €g4(z,§),

Fy(z, ) :=TCey(x,-),

where for every = € B™ we set

+00 otherwise .

e, (w,6) = { V¢ (2,6/€7) = 0y (2, Ge)  if £ Ty,

For future use, we shall denote by F : A,R*"*N — R, the parametric polyconvex Ls.c. envelop of the
standard Dirichlet integrand G — %|G|2, ie., F'=F, with g = 0,3, so that F' does not depend on x and

Fe) = sup{¢<5> (6 AN R, .  linear,

1 (1.5)
p(M(G)) < 3 |G]* VG € M(N, n)} .
Proposition 1.4 For every x € B" we have
Fy(,6) = F(L1(€)) V&€ AR,
where L = L(x) is the unique symmetric positive definite square matriz in M (n,n) satisfying
L(z)L(z)T = \/det g(z) g(x)7 1, (1.6)

and L is given by Definition 1.2.

ProOF: If A = A(x) € M(n,n) is the positive definite symmetric square matrix given by (0.12), we actually
have LLT = A, i.e., L :=+/A in (1.6). Therefore, by (0.11) and (0.13) we infer that

2e,(r,G) = tr(GAGT) = tr((GL)(GL)") = |GL|> VG € M(N,n). (1.7)

Because of (0.7), this yields that for every x € B" and & € A, R"tN

Fg($,€) = Sup{¢(€) | (b : AanJrN - E—‘r ) ¢ hneara

) (1.8)
H(M(G)) < 3 |GL(z)|*> VG € M(N, n)} .
Since the matrix L(z) in (1.6) is invertible, by (1.8), Lemma 1.3 and (1.5) we get
Fy(§) = suw{o(€) |6 linear, HM(GL) < 5GP VG € M(N.n) |

= sup{ ¢(€) | ¢ linear, ¢po L, 1(M(Q)) < %|G|2 VG € M(N, n)}
— sup{ 00 £01(£06) 6 linear, 60 £,4(M(G) < |G VG € M(N.m)}
— sup{ 3(26) | & tnear, GM(G) < 16 VG € MN.m) } = F(£1(6)).

as required. 0



AN EXPLICIT FORMULA. We are interested in writing more explicitly the polyconvex extension of the
energy density e, on simple n-vectors { in A, _sR" ® AsRY . We will see that for every 2 € B™ it agrees
with the length of ¢ in the metric on R™*V given by the product of the metric g(x) on R"™ and of the
Euclidean metric on RY. To this purpose, we recall that a metric g on R™ induces a metric on the whole
exterior algebra. In particular, we have

(1,myg = (Ax(g)T,m) V7, n€AR",

so that
ITlg = 1Ak(g"?)(T)] V7€ AR, (1.9)

where ¢!/2 := /9 is the unique symmetric positive definite square matrix g such that =g
Proposition 1.5 If ¢ =7 An € A, oR" @ AoRY and L € M(n,n) is non-singular, then
Lr(tAv) = (det L)(Ap—oL™H(7) A1) = Au_a(g"/?)(7) A .
PROOF: For any a € I(n —2,n) and ( € I(2,n), by Definition 1.2 we have
LileaNeg)= Y o(,7)o(a,@) MZ(L)ey Aeg,
[v=lal

whereas
AnoL ™M ea) = Y MI(L7)e,.
Il=lal
By Lemma 1.1 we thus obtain
Lr(eaNeg)=(detL) Y MI(L™")eyAep=(det L) (An_2L " (ea) Aep).

[vI=lal

The first equality follows by using an argument by linearity on the two factors A,,_sR"™ and A;RY. Moreover,
by (1.6) we have
det L = ((det g)"/* g=1)!/* = (det )"~/

and
L™ = (det g)71/4 g'/?.

This yields
(det L) Ap_o L™t = Ap_s(g"/?)

and hence the second equality. O

We recall from [11, Vol. II, Sec. 5.4.4], see also [19, Sec. 4.8], that if £ = 7 An € A,_oR" @ AsRY s
simple, and F is given by (1.5), we have

F(ran) =7l nl.
As a consequence of Propositions 1.4 and 1.5, on account of (1.9) we immediately obtain:

Theorem 1.6 Let £ = 7 An € A, _2R" @ AyRYN  be a simple n-vector, and let F, be given by (1.8). For
every © € B™ we have

Fy(a, 7 A1) = F(An—2(g"")() A1) = [An—2(g"/2) ()] - In] = |7y - 0]

MANIFOLD CONSTRAINED MAPPINGS. In the sequel we shall deal with mappings that are constrained
to take values into a smooth manifold ) isometrically embedded in RY. To this purpose, we notice that in
fact the energy density (0.1) is given by the integrand €, : B™ x RN x M(N,n) — R, defined by

. | ey(z,G) if we) and Geb,
€l 0, G) = { +00 otherwise ,



where
Su={GeM(N,n)|GET,Y}, wey,

T,Y being the tangent space to ) at u. We denote by ﬁg (r,u,€) : B*xRN x A, R"*N — R, the parametric
polyconvex ls.c. extension of the integrand e;. The n-vector M(G) corresponding to matrices G € S,
belongs to the subspace A, (RY x T,)). This implies the following property, compare [11, Vol. II, Sec. 1.2.4]
or [19, Sec. 4.8].

Proposition 1.7 For every z € B" we have:

400 otherwise ,
where Fy(x,§) is given by (1.8) and T,) is the tangent space to Y at u.
Since ey is a local representation of the energy density (0.1), actually F y defines locally pointwise a map
Fy(z,u,€) : X x RN x ARV Ry
2 Cartesian currents and Dirichlet energy

CARTESIAN CURRENTS. Following [11] [19], we recall that an integral 2-cycle in Z5()) is said to be of
spherical type if its homology class contains a Lipschitz image of the 2-sphere S2. We denote by

H;"™ (V) = {[] € H2(V) | 36 € Lip(8,Y) : ¢4[S*] € 1]} (21)
the spherical subgroup of Hs()), and we shall also assume that Hz(y)/ngh(y) has no torsion. Therefore,
there are generators [y1],..., [ys], i.e. integral cycles ~1,...,75 in Z5(Y), such that

s
H2(y) = {Zné [75} ‘ ns € Z} )
s=1
see e.g. [11], Vol. I, Sec. 5.4.1, and we may and do choose the 7,’s in such a way that [y1],...,[ys] generate
the spherical homology classes in H," h(y) for some s <35. By de Rham’s theorem, we may and do choose
a dual basis [o'],...,[0%] in H3,(Y) so that v4(¢") = ds,, the Kronecker symbol. Also, we may and do

assume that ¢° is the harmonic form in its cohomology class.
We denote by DFP(X x ) the subspace of D*(X x ) of compactly supported smooth k-forms in
X x Y of the type w = Z?:o w@) | where w@) is the component of w that contains exactly j differentials

in the vertical ) variables. Also, Dy ,(X x Y) denotes the dual space of DFP(X x V).
We also remark that if T € D, 2(X x V) the boundary current 0T makes sense only as an element of
the dual space of Z"~12(X x ))), where

ZRP(X x V) = {w e DFP(X x ) | dyw™® =0} (2.2)
and d = d,+d, is the natural splitting of the exterior differential into a horizontal and a vertical differential.

Example 2.1 If u € WH2(X,)), the current G, carried by the “graph” of u is well-defined in an approx-
imate sense, see [11], by

Gu(w) == /X(Id Mu)fw, weD"A(X x)),

where (Id > u)(z) := (z,u(x)), and hence G, € Dy, 2(X x V).

Cartesian currents in cart®! (X x ))), see Definition 2.2 below, arise as weak limit points of sequences of
graphs G, of smooth maps wuy : X — Y with equibounded W12?-norms

Sllip lurl|wi2(x,y) < o0o.



It turns out that every such weak limit point satisfies the null-boundary condition

OT(w)=0 VYweZ" 12X xY) (2.3)
and decomposes as
T=Gu +Sr, Sr=Y L(T)x7v on Z"3(XxD), (2.4)
s=1

where up € WH2(X,Y) and Ls(T) is an i.m. rectifiable current in R,,_o(X), for every s. Setting
ST,sing =T — (GuT + ST)

though completely vertical and homologically trivial, i.e., Sz sing(w) =0 if W) =0 or w € ZM2(X x ),
in general St 4n, is non zero only possibly on forms w € D™?(X x Y) for which d,w® # 0. Moreover,
even if T is the weak limit of a sequence of smooth graphs with equibounded Dirichlet energies, in principle
ST,sing May be any measure, compare [10].

By lower semicontinuity, it turns out that every such weak limit point T has finite D-norm,

[T]p(X) < oo,
where we define for any open set 2 C X
ITIp(Q) = sup{T(w)|w e D"3(X xY), |w|p <1, sptw C A xY
(0) (2.5)
wlp = maX{supW7/supIw(l)(w,y)lzdvozw,/sup |w(2)(-r7y)|dvol-r}-
ey 14yl Xy Xy

Definition 2.2 The class cart®! (X x Y) is the class of the currents T in Dy, 2(X x V) that satisfy the
null-boundary condition (2.3), have finite D-norm, and decompose as in (2.4) for some ur € Wh2(X,))
and some i.m. rectifiable current Ls(T) € Ryp—o(X), for s=1,...,5.

Remark 2.3 By the structure theorem, see e.g. [19, Thm. 4.66], the class cart®! (X x )) agrees with the
one considered in [9] [19].

Example 2.4 If u € WH2(X,)), the norms ||ul[y1.2 and ||Gy|p are equivalent. Therefore, the current
G, belongs to cart®! (X x ) if and only if

G, =0 on Z"M(Xxx)) (2.6)
or, equivalently,

Gy (dw) = / Id=u)#dw=0 VYweZ" M2 x)Y).
X

Thanks to Schoen-Uhlenbeck density theorem [25], condition (2.6) is always satisfied in dimension n = 2.
However, if n > 3, for maps u € WH2(X,)) in general (2.6) is violated. For example, if n =3, X = B?,
Y =S§2% and u(z) := x/|z|, we have, compare [11, Vol. I, Sec. 3.2.2],

G, = —6p x [$?] on D?(B3 x §?).
THE DIRICHLET ENERGY ON CURRENTS. Every current 7 € Dn’Q(X}( Y) can be identified, in
terms of its components, with the R°™")valued linear functional T := (T%, (T%), (T®")), where for every
¢ € C(X xY) we set TY(¢p) :=T(pdx),
Tii($) := T(¢pdai ANdy?), i=1,...n, j=1,...N,
T(9) := T(¢da™ Ndy”), || = 6] =2,

n N — —
and ¢(n,N) :== 1+ Nn+ (5) (5 ). If |T|lp < oo, we can decompose T = ||T||pL 7', where T is the

Radon-Nikodym derivative of T with respect to ||T||p.
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Definition 2.5 The Dirichlet integral (0.2) is extended to currents T in Dy (X x ) with finite D-norm,
[Tl < oo, by letting

~ —
Dg(T) = /Fg($7u7 T)dHTHD’

where ﬁg(;mu,f) is the parametric polyconvex l.s.c. extension given in local coordinates by (1.10). For any
measurable set B C X we define

D,(T,BxY):=Dy(TL(Bx)Y)).

Remark 2.6 Since our considerations are all local, a part from the proof of Theorem 3.1 and the covering
argument in the proof of Theorem 3.4, it looks convenient to look at X as (B™,g). We shall then denote
by D(T) the Dirichlet energy of T in the case g = dng, the Euclidean metric, i.e., when e,(G) = 1 |G|
Finally, for every map u € WH2(X,)) we set

D,(u, B) ::/Beg(m,Du(x))dx, D(u, B) := %/B\Du(mﬂzdx.

PROPERTIES. From now on we shall assume that there exists an absolute constant C' > 0 such that for
every x € X and 7 € R"

1
Clrf* <Irlgw < G170 Irlow =7 9(@) T (2.7)

This clearly yields that for some absolute constant C >0 we have

CD(T) <D,(T) < %D(T) VT € cart® (X x )).

As a consequence of the closure theorem in [9], we readily obtain the following properties:
i) Dy(T) < oo for every T € cart®! (X x V);

ii) the functional T +— Dy(T) is lower semicontinuous in cart®! (X x )) with respect to the weak D,, »-
convergence;

iii) the class cart®! (X x ) is closed in the weak D,, o-convergence along sequences with equibounded
Dg-energies;

iv) Dgy-bounded sequences in cart®! (X x ) are relatively compact in the D,, o-topology.

THE g-MASS. The g-comass |lwl||, of a k-form w € D¥(X) is defined by
lw(@)|lg(z) := sup{{w(z),&) | € € Ak(TIX) simple, [{[gq) < 1}, re X,
where T, X is the tangent n-space to X at z, and the g-mass of a current T" € D (X) by
M,(T) := sup{I'(w) | w € D¥(X), ||w(z)|ly@) <1V € X}. (2.8)
If g(x) = dap, they agree with the standard comass and mass, respectively. Moreover, if T' is an im.
rectifiable current in Ry (X), writing T' = 7(G, 6, &), where G is k-rectifiable in X', 6(z) is an integer-valued

multiplicity function on G and {(x) is a simple k-vector in Ap(T, &), with |[{(x)|4(,) = 1, orienting G at
x, we have

M, () = Sup{/9 (2)) dH* | w € DF(X), ||w(x)||g(x)§1VacEX}

= /ge( ) dH" ().
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Remark 2.7 For future use, we point out that in local coordinates, e.g. when X is equal to (B",g), the
g-mass of a current I' = 7(G, 6,&), where |§| =1 in the Euclidean metric, agrees with

M, (") = /g 0(2) 1€(2)]g(0) AH ().

AN EXPLICIT FORMULA. Assume now that 7 € cart®! (X x ))) can be decomposed as in (2.4) on the
whole of D™2(X x V), where ur € WH2(X,Y) and Ls(T) € Ry—2(X). Write Ls(T) = 7(Ls, 05, 75), where
L is (n — 2)-rectifiable in X, 04(x) is an integer-valued multiplicity function on £, and 75(z) is a simple
(n — 2)-vector in A, _»R™ orienting L, at x, with |74(2)|g) = 1. In this case, for every Borel set B C X
we have

Mg(]LS(T)LB):/LﬁB 0s(x) dH" 2 (x). (2.9)

Arguing as for the standard Dirichlet integral D(T'), we then compute explicitly:

Proposition 2.8 For every Borel set B C X we have

S

Dy (T, B x Y) = Dy(ur, B) + Y _M(7,) - My(Ls(T)L B). (2.10)

s=1

PROOF: If 1, € AoRY yields an orientation to v, at u € ), and |n,| = 1, the simple n-vector 7, A7, yields
an orientation to Ls(T) X s at (z,u). By Theorem 1.6 and Proposition 1.7 we have

~

Fo(x,u,7s A1s) = |Tslg) - In| = 1.

Due to Definition 2.5, using the same argument as for the standard Dirichlet integral, compare [11, Vol. II,
Sec. 5.4.4] or [19, Sec. 4.9], we obtain

D,(T,B x ) :/

B sNB

5
eyl Dur)do+ 3 -MG) - [ ) aH ().
s=1 £
The assertion follows from (2.9). O
THE CASE OF CONSTANT METRICS. Assume now that the metric ¢ is constant, so that ey(z,G) =

eys(G) in (0.5). Equivalently, compare Remark 0.4, assume that A(x) = A is a constant positive definite
symmetric matrix in M (n,n). If g = 0,3, the Euclidean metric, i.e., if A is the identity matrix, then

ey(G) = = |G|? VG e M(N,n).

DN =

Therefore, the energy Dy(T") agrees with the standard Dirichlet energy D(T') and for every Borel set B C X
we clearly have

D5 xY) =5 [ Dl do+ Y- M) - MIL(T) L B).

In the case (X, gap) = (B™,dap), the following density result holds true, compare [17] [19, Sec. 5.4]:

Theorem 2.9 For every T € cart®! (B" x Y) there exists a sequence of smooth maps {u,} C C*(B",))
such that G, — T weakly in Dy 2(B" xY) and 3 [4. |Dug|*dz — D(T) as k — oc.

Remark 2.10 In dimension n > 3, the hypothesis on the Hurewicz maps is a necessary condition to strong
approximability by smooth sequences. In fact, if the Hurewicz homomorphism mo(Y;y0) — H2(Y;R) is
not injective, there are maps in W12(B3 )) that are smooth outside the origin, i.e., with only one point
singularity, which cannot be approximated weakly with the D-energy by graphs of smooth maps, even if G,
satisfies the null-boundary condition (2.6), i.e., G, € cart?>!(B3,)), compare [19, Sec. 5.3].
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In the case of constant metrics g, the following link with the standard Dirichlet energy clearly holds
true. For every T € cart®! (B™ x Y), we will denote by T}, := (L' > Idgn )T the Cartesian current in
cart>'(L=1(B") x ) given by the push forward of T by means of the linear map (L1 > Idgn)(2,y) :=
(L~ 'x,y), where L is given by (1.6), i.e.,

TL(@) :=T(L7 ' saldgn)#D), @€ D™*(L7Y(B") x D).
Notice that if T = G, for some Sobolev map up € WH2(B",Y), then
(L7 > 1dga ) 4Gy = Goop
where v : L7Y(B") — Y is given by vr(%) := up(LZ). This yields that the function vy corresponding to
Ty, agrees with up o L.
Proposition 2.11 Assume that the metric g is constant on B™. Let T € cart®! (B™ x ) be such that
(2.4) holds in the whole of D™2(B™ x ). For every Borel set B C B"™ we have
D,(T,BxY)=(detL) -D(T,, L ' (B) x ¥),

where L is given by (1.6). In particular, if T = G, for some ur € WH2(B™,Y), then
1
/ eg(Dur(z))de = (det L) - 5/ | Dur(Z)|? dZ vp(T) = up(LT).
n L—l(Bn)

PROOF: The isomorphism L : R® — R™ induces an isomorphism L# : W12(B" )) — W2(L=Y(B"),))
and an isomorphism map (L1 < Idgn )y between D™2(B™ x ) onto D™2(L~(B") x ). Moreover, it is
easily seen that T € cart®! (B™ x ) if and only if Ty, := (L™! 0 Idgn )47 belongs to cart®!(L=1(B")x))
and
1
eg(G) = (det L) - 3 |GoL* VG e M(N,n).

This yields the assertions. O

3 A density result for the Dirichlet energy

In this section and in the next one we shall prove a density result for the Dirichlet energy. As before,
we assume that for any yo € Y the Hurewicz homomorphism from mo(Y;yo) onto Ha(Y;R) is injective.
Moreover, we assume that the metric g(z) is continuous in X and satisfies the bound (2.7). Finally, we
assume that X satisfies the 1-extension property with respect to ). Alternatively, we may assume that X
is 1-connected, i.e., that m1(X) = 0.

Theorem 3.1 Let T € cart®! (X x Y) be such that

T=Gur+ Y L(T) 7 on DX x ), (3.1)

s=1

where ur € WH2(X,Y) and Ls(T) is an i.m. rectifiable current in R, _o(X), for every s. There exists a
sequence of smooth maps {uy} C CY(X,Y) such that G, — T weakly in Dy 2(X x V) as k — oo and

klim eg(x, Dup(x))de =Dy (T).
Remark 3.2 Since the metric function = — g(x) is continuous in X, whereas
69(37, G) — 69<x0> G)
GJ?

is positively homogeneous of degree zero, it turns out that there exists a continuous function w: Ry — R
satisfying w(t) — 0 if ¢ — 0, such that for every x,z¢9 € X and every G € M(N,n)

leg(2,G) = eg(20, G)| < w(lz — aol) - |G (3.2)

G —
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Remark 3.3 If (X, ga3) = (B", gup), and the metric ¢ is constant on B™, we immediately deduce Theo-
rem 3.1. In fact, setting T, := (L' 1 Idgn )T, by Theorem 2.9 we find a sequence {vx} C C*(L=Y(B"),))
such that G,, — Ty, weakly in D,, o and %fL*l(B") |Dvg|? dz — D(Tp, L=Y(B") x Y) as k — oo. It then
suffices to apply Proposition 2.11, by taking wuy := v, o L™1.

In the case of dimension n = 2, the proof of Theorem 3.1 is an easy adaptation of the one from [13], by
using the continuity of the metric g and Proposition 4.2 below, so we omit to write it. In the case of higher
dimension n > 3, we shall use arguments taken from the density theorem in [18] [20], see also [19], and we
shall adapt the dipole construction to our situation, Theorem 3.8.

To this purpose, for every current T’ € cart®! (X x ))) satisfying (3.1), with Ls(T) € R,,_2(X) for every
s, we will denote by pr the finite Radon measure on X given for every Borel set B C X by

pr(B) = M(y.) - My(Ls(T) N B), (3.3)

so that we have
D,(T,B xY) = Dgy(ur, B) + ur(B) .

For any T as above, we will also denote by F(T') the flat norm
F(T) :=sup{T(w) | w € D"?*(X¥ x Y), F(w) < 1},

where for every w € D™2(X x ))

F(w) :=max{ sup [w(2)l, sup ||dw<z>||}.
zEX XY zEX XY

As |T(w)| < F(T)F(w), we infer that T, = T weakly in D,, 2(X x V) provided that F(T}, —T) — 0.
Moreover, following [9], see also [19, Sec. 4.6], if T € cart®! (X x ) decomposes as in Theorem 3.1, we
can write
T=Gy+8r, Sr= Y LgxR, on D™*(Xx)).
gEH"" (V)

Here, u = ur € WH2(X,Y) and every L, is an i.m. rectifiable current in R,_2(X) with multiplicity
one such that, writing L, = 7(L4, 1, 7,), the (n — 2)-rectifiable sets L, := set(LL,) are pairwise disjoint and
|7q(2)]g(z) = 1 for all x € L,. Moreover, R, € Z5(Y) is an integral 2-cycle of spherical type in the homology
class q. As a consequence, on account of (2.10), the Dirichlet energy of T can be equivalently written for
every Borel set B C X as

Dy(T,B) :=Dy(T, B x Y) = Dgy(u, B) + Z M(R;) - My(Lq L B). (3.4)

g€ H3™" (V)
By (3.3) and (3.4) we then infer that the rectifiable measure ur satisfies
pr =0rH" L Lr,

where Lp is the (n — 2)-rectifiable set L := qungh(y) set(L,), so that H" 2(L7) < oo, and the density

O : L7 — [0, 400) is the non-negative H" 2 Ly-measurable function on L7 given by
Or(x) := M(Ry) it zeset(Ly)-

Finally, by the smoothness and compactness of ) we infer that the function x — 6p(z) is uniformly
bounded on L, and by an isoperimetric theorem, see e.g. [19, Thm. 1.101], there exist an absolute constant
C1, depending on Y and pr, such that

0<C <Op(z) <Cy< o0 Ve e lr. (3.5)

Similarly to [19, Sec. 5.4], the proof of Theorem 3.1 is based on the following
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Theorem 3.4 Let T € cart®>! (X x ) be as in Theorem 3.1. Let € € (0,1/2) and k € N. We can find a
current T € cart®! (X x ) of the type in (3.1), with Ls(T) € Ry—2(X) for every s, such that

D,(T) < Dy(T) + <,

F(T-T)<e* and  pz(X) <5 pr(X).

DN =

PROOF OF THEOREM 3.1: By Theorem 3.4, using a diagonal argument, we find a sequence {Tj} C
cart>! (X x ) that weakly converges to T in D, o with Dy(Tx) — D4(T) as k — oo and such that
p1, (X) = 0. Therefore, T} agrees with the current G,,, given by the integration of forms in D™?(X x ))
over the “graph” of some uj, € Wh2(X,)), see Example 2.4, and hence D, (T}) = D, (uy).

If (X,908) = (B", gap), by means of Bethuel’s density theorem [2], for every k we find a smooth
sequence {uglk)}h C CY(B™,Y) that strongly converges to uy in the W'2-sense as h — oo. In fact, even if
the second homotopy group m2(Y) is non-trivial, the injectivity hypothesis on the Hurewicz homomorphisms
from mo(Y;y0) onto Ha(Y;R), in conjunction with the null-boundary condition (2.6) for u, and the bound
(2.7) for the energy, allows us to remove the (n — 2)-dimensional singularities, compare [4] and e.g. [19,
Sec. 5.3]. Lower dimensional singularities are removed as in [2]. By the dominated convergence theorem, we
infer that the strong convergence yields Gu;k) — G, with Dg(ug“)) — Dy(uy). Theorem 3.1 then follows
by means of a diagonal argument. '

More generally, if X satisfies the l-extension property with respect to Y, or if m(X) = 0, using
arguments from [21], the hypothesis on the Hurewicz homomorphisms, in conjunction with the null-boundary
condition (2.6) for wg, plays the role of the triviality of m2()), and we find again a smooth sequence
{uglk)}h C CY(X,)) that strongly converges to wuj in the W12-sense as h — oo. More precisely, if the
Hurewicz homomorphisms from m2(Y;y9) onto Ho(Y;R) are injective, it turns out that X has the 1-
extension property with respect to ) if and only if X has the 2-extension property with respect to ),
compare [21, Lemma 6.4] for the case of X =0, and [22] if OX # (. O

In order to prove Theorem 3.4, we need the following.

SLICING PROPERTIES. Let T € cart®! (X x ) be as in Theorem 3.4. Similarly to the case of normal
currents, for every point xg € X and for a.e. radius r € (0,7), where g = ro(x) > 0 is sufficiently small,
in dependence of x, the sliced current

<T? d3307r> = <GUT7 diﬁo’r> + <ST7 dzo,’/’> )

where d,,(z,y) = 6, (z) := distx(zo, x), is a well-defined Cartesian current in cart®*(9B,(zo) x V), where
B,.(xg) denotes the geodesic ball of radius r centered at xg, and 9B, (zp) its boundary. More precisely, see
Example 2.1, we have

(Gupy oy, ) (W) = / (Id u|33T(ZO))#w, w € D"_1’2(8BT(950) x V),
9B, (x0)

where u|pp, (z,) is the restriction of u to dBy(z¢), which is a function in W2(dB,(z¢), ). Also,

<ST7d$07T> = Z <]an 6$0’T> X Rq on Dnil’Z(aBr('rO) X y) .
g€ H3™" (V)

As a consequence, we infer that for every Borel set B C X the Dirichlet energy of (T, dy,,r) on B x ) is
given by

Dg(<T7 dgy,7), BxY) = Dg(uli)Br(zo)v B) + Z M(Rq) 'Mg(<Lq7 §wovT> L B) (3-6)
q€H3P" (V)

where Dy(ujgB, (z0), B) can be written in local coordinates in a way similar to (0.4) (0.5), by using the
distributional derivative D, w.r.t. an orthonormal frame 7 tangential to dB,(xg). For example, in the
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case gog = 0ag, We clearly have
1 o
Dg(ulaBr(mO)7 B) = 5 / |D7u(r,zo)‘2 dH™ L.
8B, (z0)NB
We also let
D,((T,dg,,7)) :=Dg((T,dy,,7),0Br(x0) X V).
Remark 3.5 For future use, we denote by

Ve = {y € R | dist(y, ) < ¢}

the e-neighborhood of ) and we observe that, since ) is smooth and compact, there exists g > 0 such that
for 0 < € < g9 the nearest point projection Il of ). onto Y is a well defined Lipschitz map with Lipschitz
constant L, — 17 ase — 0%, For y € Y and 0 < ¢ < g9 we denote by

By(y,e) =B (y,)NY

the intersection of ) with the closed N-ball of radius e centered at y, so that HE(EN(y,s)) = By(y,¢).
Moreover, we let W(, ) : RY — By(y,¢) be the retraction map given by Uy o) (2) =1l 0§y ), where

2 if 2eB (ye)

§ye)(2) = =~y if zeRN \EN(yaf)

_ (3.7)
|z =y

so that W, . is a Lipschitz continuous function with Lip ¥, .y = Lip Il — 1t as e —» 0T,

The proof of Theorem 3.4 is based on the following local arguments. First, Proposition 3.6, we show how to
“deform” a current T', satisfying suitable energy estimates on the boundary of a ball, into a current satisfying a
bound on the oscillation. Secondly, Proposition 3.7 and Theorem 3.8, we use a local approximation argument.
In the sequel we will denote by ¢ > 0 an absolute constant, possibly varying from line to line.

PROJECTING THE IMAGE OF A CURRENT. For n > 3, we set
B} = B"(0,p), r=(z,7) e R"? xR?, D, := B" ?(Ogn-2,p).
Proposition 3.6 Let 0 < R<d <1 and T € cart>* (B} x Y) be such that

D, (T, do, R), B3\ (Dg x {0})) < co 07(0)R",
Dg(<T, do, R>) < CQT(O) R3 R

lur(z) —y|?dH" ™t < co R}
dBr

(3.8)

for some y € Y and for 0 > 0 small enough. Then there exists an absolute constant ¢ > 0 such that, if
q € Nt s the integer part of co®™, where a(n) := 1/(6(2 —n)) < 0, we can find a Cartesian current
T € cart®!((B% \ B.) x ), where r = R(1 —1/q), such that the following facts hold:

(a) (T, do, R) = (T,do,R) and (T,do,7) = (Yr, >4 W, o)) #(T,do, R), where e, := c- /3, Yp (z) :=
rz/R, and V(. y(2) =1, 0§y, ), see (3.7), so that spt(T,do,r) C OB} X By(y,e5);

(b) T has small energy on BE\ BY, ie.,

D, (T, B\ BY) < chg«T,do,R»; (3.9)

(¢) we finally have

F((T-G,)L(BR\B)xY)<c-—-R"<c¢-g-d" ', (3.10)

|9
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PROOF: We use an argument very similar to the one in Step 3 of [20]. Roughly speaking, using the first
inequality in (3.8), we can find a suitable subdivision of dB% in a grid made of small (n — 1)-dimensional
“cubes” of side R/q. Denoting by X% the union of the k-faces of the grid that do not intersect Dg x {0},
we may and do estimate the energy of the restriction of (T, do, R) to ¥% x Y by co0r(0) RF=2, for every
kE =1,...,n—2. In particular, if ¢'/3 < 1/Cy, see (3.5), the energy of the restriction of (T, dy, R) to
E% x Y is smaller than co?/3. Now, by the above cited isoperimetric theorem, the infimum of the mass of
the nontrivial spherical cycles R, in H3" h(y) is bounded from below by a positive constant. Therefore,
taking o > 0 small, it turns out that the restriction of (T,do, R) to ¥% x ) has no vertical part, hence
agrees with the current carried by the graph of a W2-map w with values into ). As a consequence, by
using the bound (2.7) we obtain that

/ |Dw|g}?|2 dH' < co?/3 l

s ' R

The grid of 9B} being made of ¢"~! cubes of side R/q, we have H'(X}) < cRq¢" 2 and hence, by the
Hoélder inequality,

/ |Dw|2}%|d7{1 < gD 518 < gt/

Sk

provided that ¢ € N is chosen as in the thesis. By using the third inequality in (3.8) and the above formula,
we infer that we may and do assume that the oscillation of wysy is smaller than co'/* and that the image
w(X}) is contained in the geodesic ball By (y,ée,).

Therefore, using the argument of Step 3 of [20], we may and do define the current T satisfying the
above properties. However, since we deal with currents acting on k-forms in Dk2 ie., with two vertical
differentials in the Y-direction, when extending 7' from the 2-skeleton to the 3-skeleton of a partition of
B} \ By in “cubes”, it turns out that 7' has a non-zero boundary of the type 0, x S; for each 3-face
F; of such a cubeulation, where z; is the barycenter of F; and S; is the integral 2-cycle in Y given by
wu[ L [=Y (. yowg[ ], where I; is the 2-face of F} that intersects the boundary 0B%. By the rectangular
inequality, it turns out that the mass of \S; is lower than twice the Dirichlet energy of wr,, which is small
with o, by construction. Therefore, using again the cited isoperimetric theorem, we infer that for o > 0
small the 2-cycle S; is homologically trivial in ), and hence we can find an integral 3-current R; in ) such
that OR; = S; and M(R;) < ¢, M(S5;)%/2. As a consequence, in case of dimension n = 3, by adding the
terms —d,, x R; for each 3-cube Fj, we may and do define the current 7; with no interior boundary, by
paying an amount of energy that is bounded by the energy of the restriction of (T, dy, R) to the 2-skeleton
¥%. In dimension n > 4, for k = 4,...,n, no extra-boundary is produced when extending T from the
(k — 1)-skeleton to the k-skeleton of the cubes of the partition of B} \ B}, as (k — 1)-currents of the type
5. X R, where R € D;,_1()), are always zero when tested on forms in D*~1:2.

Arguing this way on the cubes of B} \ B}’ that do not intersect Dpr x {0} yields a bound of the energy
of T in terms of R
c E Dg(<T7 do, R>7 BBE \ (DR X {O}))
and hence in terms of the right-hand side of (3.9).

Using a slightly different argument when defining 7' on the cubes of B%\ B that intersect D x {0},
by the second inequality in (3.8) we obtain an extra term in the estimate of the energy of T given by the
right-hand side of (3.9).

By the third inequality in (3.8), by the construction of T, and since 0 < R < d < 1, we obtain the bound
(3.10) of the flat distance, whereas property (a) follows by using the argument of Step 3 of [20]. |

APPROXIMATION ON A BALL. Let y(%) := (r — |Z|) denote the distance of ¥ from the boundary of
the (n — 2)-disk D, and

~ ~y A -2 .

¢s(x) == (Z,05(y(2))Z), we€DpxB, ¢s(y):=min{y,d}, (3.11)

so that Qs := ¢s(D, x §2) is a small neighborhood of the interior of the disk D, x {Og2} in B}. Also, let
= =2 o~ ~

Qs := ¢5(Dy x By jp) ={(7,7) | Z € Dr, p<s5(y(7))/2}, (3.12)
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where in the sequel p := |Z| = \/zp_12 + 2,2, and
Q(r,(g) = Q(g \ (DT X {ORz}) .
In the proof of Theorem 3.4 we shall make use of the following

Proposition 3.7 Let T € cart®>'(B? x V) be such that T = G, + Z Lq xR,. Assume that

g€ H3"" (V)
sptT C B, x By(y,e,), where y €Y and e, = ¢-0*/3, with o > 0 small, and that D, x {0g=} C set(Lg,)
for some qo € ngh(y). For § > 0 small enough, we can find a current T € cart®!((B?\Qs) xY) satisfying
the following properties:

i) O(TL(Br\Qs)xY)=d(TL B xY) —[Qs] x 6, — [0D, x {0g2}] x Ryy;
ii) DQ(T7 (B:L \ 65) xY) < Dg(u7 (B? \ 95)) +cor"T?+ CMT(Q(T,E));
i) F(T —T)L (B"\ Q5) x V) < cor" 2.

PROOF: Let s : Qs \ Qs — Q(r5) be the bijective map

us(@.) = (3 (2 - 20D 5

Similarly to [19, Sec. 5.5], we infer that the current
T := ((1hs) ™" v Idgn ) (T'L (int(Qrg)) X V)

belongs to cart®!(int(€2s \ Q) x V), its underlying W2-function is v := ug o b5 : (s \ Q) — By (¥, e4),
where ur : B® — By(y,&,) is the W2-function corresponding to T, and

pr(nt(Qs \ Q5)) < pr (int(Qp )

Setting then w : (s \ 65) — RN by

w(@) = (%é’&))—l) ~v(x)+<2_%(z’25))> .

by using the bound (2.7) and the fact that the oscillation of v is small with o > 0, we infer that the energy
D, (w, 5\ f~25) is small if 6 and o are small. Moreover, by projecting w into the manifold ), we may and
will assume that w belongs to W12(Qs \ Q5,)).

We then may and do define a current 7' € cart?! (int (2 \ Qs) x V), with underlying W2-function w,
that satisfies the boundary condition

T = (T L Qs x V) —[095] x 6, — [0D, x {0g2}] X Ry,
and, taking § small, the energy estimate
D, (T,int(Qs \ Q) x V) < cor™ 2+ cpur(Qps)) -

We finally set N N
T :=TL (B"\int(Q)) x Y+ T L (int(Q) \ 2s) x V.

Property iii) readily follows, for § > 0 small. ]

THE DIPOLE CONSTRUCTION. We shall finally make use of the following theorem, the proof of which
is postponed to the next section.
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Theorem 3.8 Let C € Z5()) be an integral 2-cycle of spherical type and y € Y be a given point. For
every o > 0 there ewists a function v, € W12(Q5,Y), with § > 0 sufficiently small, such that G,, €
cart?!(int(2s) x V),

eq(0, Dvg) dx < o™ % + ||y - H" *(D,) - M(C), (3.13)

Qs
where T:=e1 N+ Nep_o € Apy_oR"™, and

9G,, = 0[Qs] x 8, + [0D, x {0g=}] x C.. (3.14)
Moreover, ’UU#[[Q(;]] — C weakly in Da(Y), as o — 0T.

We are now ready to give the

PROOF OF THEOREM 3.4: Applying arguments as for instance in the proof of Federer [7, 4.2.19], by [7,
3.2.29] there exists a countable family G of (n — 2)-dimensional C'-submanifolds M; of X such that
pr-almost all of X is covered by G.

Let 0 € (0,1) to be fixed. By the Vitali-Besicovitch theorem, and by the properties of the class
cart>} (X x )), we can find a number t =t, € (1/2,1), a countable disjoint family of closed geodesic balls
B; = E(pj,rj), contained in X' and centered at points p; in Lr, satisfying the properties listed below.
In the sequel we will denote by ¢ > 0 an absolute constant, possibly varying from line to line, which is
independent of o and of the radii r; of the balls B;.

1) pr(X\ Uj Bj)=0.
ii) For every j there is a manifold M, of G such that the center p; of B; belongs to M,.

iii) Since H" 2(Lr) < oo, then

irj"_2 <ec - H"(Lr) < o00. (3.15)
iv) We have
pr(B(pj,ri) \ (B(ps, trj) N M;)) <o - pr(B(pj,rj)  Vj. (3.16)

v) We have M C set(ILy) for some ¢ =g¢; € H3PM ().

vi) All the p;’s are Lebesgue points of u = ugp and of Du, with Lebesgue values u(p;) = z;, and by a
slicing argument

/ lu(z) — z;PdH" ' < c-or;" L. (3.17)
8B(pj,t’l‘j)

vii) Using a blow-up argument at p; in the z-variables, we may and do assume that the current S, :=
[B;] x 6., + [M;] x Ry, has small flat distance from T on B; x Y, i.e.

F((S;—T)LB; xY)<c-o-r,""2. (3.18)

viii) By a slicing argument, we may and will assume that for some R € (trj,2tr;) the current (T',d,,,tr;)
belongs to cart®! and satisfies

D, (T, dy, . tr;), 0B (p;,tr;) \ M;) < — - Dy (T, B(p;, R) \ M;).

J

Moreover, by the construction, and by the bound (2.7), we may assume that both (3.16) and

pr(B(pj, p)) < cOr(p;) p"~?,  Dgy(u,B(p;.p)) < c|Dulp;)]* p" (3.19)

hold true for any 0 < p < 2r;. Therefore, taking r; small so that |Du(p;)|?r;? < o 0r(p;), we readily
obtain that
Dy (T, dp, . trj), 0B(p;,trj) \ M;) < cobp(p)r;" . (3.20)
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ix) Using a similar slicing argument and (3.19), we also may and do assume that

D, (T, dp, tr;)) < cOp(p;)r" > (3.21)

x) By the continuity property (3.2), we may take the radii r; sufficiently small so that for every z € B;

leg(,G) — e4(p;, G| < oGP VG € M(N,n). (3.22)

xi) Since 07 (p;) is the (n — 2)-dimensional density of pur at p;, and p; € set(Ly), we also may and will
assume that
|/~LT(B]’) — M(Rq) cWn—2 rj"_2| <o Wn—2 Tjn_2 . (323)

xii) There exists a bilipschitz homeomorphism v, from X onto itself, with Lipt, <2 and Lipt; ! <2
such that 1, maps bijectively B; onto Bj, with ¢,9p, = Idjsp,;, for all j, and 9, is equal to the
identity outside the union of the balls B5;.

xiii) For every j, ¢o(B(pj,tor;)NM;) = B(pj, p;)N(pj+Tan(M;, p;)) and o (9B(p;, ter;)) = 0B(pj: pj),
where p; € (r;/2,7;) and Tan(M;,p;) is the (n — 2)-dimensional tangent space to M, at p;.

Setting now for any j
TJ’? = (wtf > ICl]RN)#T’L lnt(BJ) x y’

T¢ belongs to cart®!(int(B;) x V), with underlying function u§ := (up 0 ¢, ")ine(s,) in Wh3(int(By), ),
and pre = thou(pr L int(B;)). Moreover, by (3.20), (3.21), and (3.17) we readily infer that T} satisfies
(3.8), where y = z; € Y is the Lebesgue value of ur at p;, with p; =0, d=1r; and R = pj, i.e,

B;j =By, B(pj,p;)=Bp, B p;) N (p;+Tan(M;,p;)) = Dg x {0} CR*? x R?.
Proposition 3.6 yields a Cartesian current IN“] € cart>' ((B(pj, pj)\B(p;,d;)) xY), where &; := p;(1—-1/q).
Set now B(n) := 1/(12(n — 2)) > 0. Since 1/q < co'/6=2) Ty (3.9), (3.8), and (3.21), taking o > 0
small so that ¢?(") < 1/Cy, see (3.5), we readily obtain that
Dy (T}, B(ps, ps) \ B(p;,6;)) < ¢ a7 p;" 72, (3.24)

whereas by (3.10) B
F((Tj = G=,) = (B(pj, p;) \ Bp;, 6;)) x ¥) <c-o-r;" 7" (3.25)

Setting now y -
T7 = (Y Vi, ) (T7 L B(pj, pj) X V),

d; DR y
where 9;(z) := pj—&—p—; (z — pj), we have spt T'7 C B(p;,d;) x By(zj,¢,), whence T satisfies the hypotheses
of Proposition 3.7, with B(p;,d;) instead of B!, y = z;, and qo = g¢;, that yields a current fj‘-’ €

cart>! ((B(pj, ;) \ ﬁf;) X)), where ?Zf; is defined similarly to (3.12), but in correspondence of B(pj,d;).
Moreover, by applying Theorem 3.8, with B(p;,d;) instead of B! and C' = R,;, we find a suitable
function vf € W1’2(§§,y). Setting then
Tj = chr + Gv;f ,
(3.14) and i) in Proposition 3.7 yield that Tj € cart®!(B(p;,d;) x V) and that
O(T; L B(p;,8;) x ¥) = O(T7 L B(p;,0;) x V). (3.26)

Moreover, according to Remark 2.7, by (3.13) we have

/ﬁ eg(pj, Dv])de < o 0;"? +H"3(Dy,) - M(Ry).
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Therefore, since §; € (1;/2,7;), by (3.23) we obtain that

/~ eg(pj, Dvf)de < cc;'rj"*2 + pr(Bj). (3.27)

Qs

On the other hand, as 0 < o < 1, by (3.22), (2.7), and (3.27) we obtain

/ eg(x,Dv;-T)da:—/ eg(pj, Dvy) dx| <

ﬁg Q(S

§U/ |Dv;’|2dx§ca/ eg(pj, Dvy ) dx
ﬁg 56

< co (ur(Bj) +r;"7?)

where ¢ > 0 is an absolute constant. Therefore, if § > 0 is small, (3.27) yields
/~ eg(z, Dv])dr < cor;"*+ (1+co)ur(B;).
Qs

Finally, using (3.16) to estimate the last term in the right-hand side of ii) in Proposition 3.7, we obtain
D, (T5, B(p;,8;) x ¥) < Dy(ug, B(p;,8;)) + cor;" 2+ (1 + co) ur(B(p;, ;) - (3.28)

We now set _ B _
T7 :=T; +T; +T7 L (B(p;,rj) \ B(pj, pj)) x V.

Property (a) in Proposition 3.6, the definition of TJ‘-’, and (3.26) yield that T;’ belongs to cart®!(int(B;)x ).
Moreover, by (3.24) and (3.28) we obtain that

D,y (T7,B; x ¥) < Dy(T7, B; x ¥) + co’™ r;" "% 4 copre (By). (3.29)

Finally, arguing as in [19, Sec. 5.5, Step 3], by (3.10), property iii) in Proposition 3.7, and by the dipole
construction, Theorem 3.8, we obtain that for ¢, § small enough

F(T7 ~T7)LB; xY) <c-o-1;" 2.

Setting now
T\ = (¢, ! o< Idgn ) 107 L int(By) x V),

by (3.29) we infer that for every j

Dg(Tj(g)Jnt(Bj) xY) < Dg(uT7Bj) (3.30)
+ (1 +co)ur(Bj) +col™ pn=2
whereas
F(T\” ~T)LB; xY) <c-o-r" 2. (3.31)

In conclusion, setting T7 € D,, o(X x Y) by

77 =3 "7 + T (x\ | Jint(B))) x ¥,
Jj=1

j=1
we have T7 € cart®! (X x Y). By (3.30) and the hypothesis >, r;"~? < ¢- H"?*(Lr) we obtain that

Dy (T7) < Dy(ur) + (1 + co) pr(X) + co? ™ H"2(Ly),
so that if o =o(e, k, Lr, pr) > 0 is small, we have

D,(T°) <D, (T) + .
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Moreover, by (3.16), taking o small, the above construction yields that

pre(X) < CZMT(B(P;'%‘)\(B(pjvtrj)ﬂ/\/lj))+MT(X\5T)
< copr(X) < g pr(X).

Also, by (3.31) and (3.15) we have

F(I°-T) < Y F(I” —T)LB; x))
J=1 -
< c-aernd <e,
j=1
if o =0(e,k,Lp,ur) >0 is small. Taking T=T° for ¢ >0 small, the proof is complete. O

4 The dipole construction

In this section we shall prove Theorem 3.8.
Set Q) := D, x Bf/Q, and assume that v € WH2(Q,)) only depends on the last two variables,

u=u(), r=(7,7) e R"2xR2.

By Fubini’s theorem, for every 0 < p < r we have

/ ey(0, Du(x)) dz = H"%(D,) - / eq(0, Du(z)) dz .
D,xB}

/2 Bf/z

Now, writing u :=uo L™, L = L(0), by (1.7) we have
1
eq(0, Du(z)) = §|Dﬂ(z)|2, z:=L'z.

Let {v1,...,v,} C R™ be a g(0)-orthogonal basis given by eigenvectors of the matrix ¢(0), and let

S € M(n,n) be given by Sji- = v} where v; := (vj,...,v}). Since 7 orients the (n — 2)-disk D,, it turns

out that v € WH2(L71(9),)) only depends on the orthogonal directions to ST7. Setting €; := STe;, this
means that

u(z) = F(z"' 2", 2= Zz e (4.1)

for some function F € W2(D, ), where D := L~1({0} x Bf/Q). On the other hand, since 7 = Lz, where
Le M(2,n) is the matrix of the last two rows of L, by a change of variable we find that

=N ~ 1
|, e0.Du@)di = Me)TI- 5 [ |DFPar?, (12)
B D

2

1/2
where |M(2)E| is the 2-dimensional Jacobian of L. In addition, we obtain:
Lemma 4.1 We have |M(2)E| = |7|q4, where g = g(0).

PROOF: Setting «g := (1,...,n—2) € I(n —2,n), we have

M@y LI* = Y MZ(L)?,

[v|=n—2
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whereas by (1.9) and Proposition 1.5
7g = (det L) [An_oL~"(7)[, L =L(0), g=g(0).

Since A, oL~ Y(7) =L te; A--- A L7 te, o, we compute

AnoL7Mr)= > M (L7)e,.

[y[=n—2

Moreover, Lemma 1.1 yields

(det L) M2, (L") = 0(7,7) o (a0, a0) M2 (L),

so that we obtain

Tl = >0 (@etL)? Mg (L= 37 ML)

[y|=n—2 [v[=n—2

and hence the assertion. O

We now make use of following proposition, that was essentially proved in [13], see also [19, Sec. 5.1]. As
before, we let D := L~ ({0} x B ,).

Proposition 4.2 Let C € Z5(Y) be an integral 2-cycle of spherical type and y € Y be a given point. There
exists a family of Lipschitz functions FY : D — Y such that Fey\af) =y and

1 2 192

= | |DFY*dH* <M(C) +¢.

2Jb
Moreover, the 2-cycle C. := Fsy#[[ﬁ]] in Z5()) does not depend on the choice of y € Y, and C. — C
weakly in Do(Y) with M(C,) — M(C), as € — 0.

As a consequence, taking F = FY in (4.1), by (4.2) and Lemma 4.1 we obtain u. € W12(Q,)) such
that for every p € (0,r]

/ eq(0, Duc) dz < H"*(D,) - 7|40y - (M(C) +¢). (4.3)
D,xBj},

The following lemma is proved in a way similar e.g. to the one in [19, Sec. 5.5], by using the bound (2.7).

Lemma 4.3 Let 0 <6 <1 and u§:=wu.©o %—1 : (~25 — Y, where ¢5 is given by (3.11). Then we have

/ eq(0, Dug) dx < / eq(0, Du.) dzx + c/ eq(0, Du,) dz,
Q D, xB3,, (D:\Dy—5)x B},

where ¢ > 0 is an absolute constant.

PROOF OF THEOREM 3.8: On account of (4.3), we obtain the energy estimate
[ ea(0.Du5)d < (H72(D) M 3D\ Dry) - [rlyoy - (M(C) + )
Qs

and hence, setting v, := u§ for € > 0 sufficiently small, and for ¢ sufficiently small in dependence of € and
of the Lipschitz constant of FY, we get (3.13), whereas (3.14) and the last assertion in Theorem 3.8 trivially
follow. (|
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5 The relaxed Dirichlet energy

In this section, as an application of the density theorem from Sec. 3, we give a representation formula for
the relaxed energy (0.9), Propositions 5.5 and 5.6. Of course, we shall assume that the manifolds X and Y
satisfy the hypotheses of Theorem 3.1.

To our purpose, we may and do consider equivalence classes of Cartesian currents. More precisely, if
T,T € cart®! (X x ), see Definition 2.2, we say that

T~T < Tw)=T(w) YweZ™(Xx)), (5.1)

the forms in Z™2(X x )) being defined as in (2.2). We also say that Ty, — T weakly in Z, o if Tj(w) —
T(w) for every w € Z™%(X x V). It is easily checked that equivalent currents have the same underlying
W12_function, i.e., ~

T~T = ur=uz€W"X,)). (5.2)

Moreover, if T and T are decomposed as in (2.4), then
Tr~T = Lo(T)=Ls(T) € Ruo(X) Vs=1,...,5.

Definition 5.1 Denote by CART?! (X x ) the family of all the equivalence classes of Cartesian currents
in cart®! (X x Y), where the equivalence relation is given by (5.1).

On account of (2.10), we also set:

Definition 5.2 Let T € CART*! (X x ))), one of its representatives being decomposed as in (2.4), where
Ls(T) € Ry—2(X). For every open set 8 C X we define the Dirichlet energy of T by

D, (T, x V) := D, (ur, Q) + ZMg(Ls(T) LQ) - M,
s=1

where My is the mass of the mass minimizing integral spherical 2-cycle in the homology class [vs], i.e.,
M, :=min{M(C) | C € Z3(Y), C € [ys]}. (5.3)

Remark 5.3 For the sake of simplicity, in this section we denote by T an equivalence class of currents.
We also notice that the weak convergence Tj, — T in Z,. is well-defined for Cartesian currents in
CART?!' (X x ) as the weak Z,, 2-convergence of any representative of T} to any representative of 7.

One checks:
i) the class CART?! is closed under the weak convergence in Z,.2 with equibounded Dirichlet energies;
ii) the Dirichlet energy is lower semicontinuous with respect to the weak Z, >-convergence in CART??,

iii) if {Tx} C CART?! satisfies supy, D4(T) < 0o, possibly passing to a subsequence, T}, weakly converges
in 2,5 tosome current 7' in CART*';

iv) if Y = S? or, more generally, ) has dimension m = 2, we have CART?! = cart®!.
A REPRESENTATION FORMULA. Arguing as in Theorem 3.1, we readily prove the following.

Theorem 5.4 For every T € CART?' (X x )) there exists a sequence of smooth maps {uy} C C*(X,))
such that Gy, — T weakly in Z, 2 and Dgy(ur) — Dy(T) as k — oo.

For every u € WH2(X,)), we now denote by
T2 .= {T € CART*!" (X x ) | ur = u} (5.4)
the class of Cartesian current in CART?*' (X x ))) such that the underlying W'2-function ur in the

decomposition (2.4) is equal to u, compare (5.2). As a consequence of Theorems 0.3 and 5.4, we obtain:
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Proposition 5.5 For every u € WH2(X x Y) the class T,>' is non-empty. Moreover, for every open set
QC X we have _
D,(u,Q) =inf{D,(T,Qx V) | T € T>'} < . (5.5)

PRrROOF: Let {ux} C C*(X,Y) be such that up — u weakly in W2, see Theorem 0.3. Since by (2.7)
~ 1
C / |Dug|*dz < Dy(up) < = / | Duy,|? d
X C Jx

the relaxed energy f)g(u) is always finite. By closure-compactness, possibly passing to a subsequence
Gu, — T weakly in 2,5 to some current 7 € CART®' (X x )) such that up = u, whence T,>! is
non-empty. As to the second assertion, since ﬁg(u) < 00, by closure-compactness, for every ¢ > 0 we find a
sequence {uz} C C*(X,Y) such that u, — u weakly in W2, with energies D, (uy,) < Dy(u)+¢ for every
k, such that the graphs G,, weakly converge in Z, 5 to a current T € 7,21, Since by lower semicontinuity

D,(T,Q xY) < likminng(uk,Q), D, (ur, Q) =Dy(Gy,, 2 x V),

we readily obtain the inequality “>” in (5.5). Moreover, by applying Theorem 5.4, for every T € T,>! we
find a sequence {uy} C C*(X,Y) such that G,, — T weakly in Z,5 and D,(uy) — Dy(T) as k — oc.
Since the weak convergence G,, — T yields the convergence uy — ur weakly in W12-sense, and ur = u,
we find that ﬁg(u,Q) < Dy(T,Q2 x V), which yields the inequality “<” in (5.6), by the arbitrariness of
T eT>. O

As a consequence, on account of Definition 5.2 we immediately obtain the following

Proposition 5.6 For every u € WY2(X,)) and every open set 2 C X we have

D,(u,Q) = D,(u,Q)+ mf{i: My -M,(Ls(T)LQ) | T € 7;}1}

s=1

= /Qeg(x,Du)d:rJrinf{iMs'/

= L.NQ

(5.6)
0u(a) |ral(a)ly dH™ | T € T} ,

where My is given by (5.3) and Ls(T) = 7(Ls,05,7s) € Rp—2(X) in the decomposition (2.4) of T, for
s=1,...,5.

Remark 5.7 If the second homology group Hy()) is trivial, e.g., if ) is 2-connected, from (5.6) we readily
infer that in any dimension n

D, (u,Q) = /Qeg(x,Du) dr  Yue W (X xY).

THE SINGULAR SET. To write more explicitly the formula (5.6), we recall the following facts from [11,
Sec. 5.4.2] or [19, Sec. 4.3]. In the sequel we shall denote by 7 : X x Y — X and 7 : X x Y — ) the
orthogonal projections onto the first and second factor, respectively. Following Sec. 2, we set

Definition 5.8 Let u € WY2(X,Y). For every s = 1,...,5, we set Ps(u) = 74 ((0G,) L_7"0%) €
D, —3(X), and Ds(u) := 7y (G, L7#0°%) € Dyy_a(X), so that, in local coordinates

Ps(u)(¢) = O0G.(F¥o® A7)

= Gu(%#as/\w#d(b):/ u¥ o Ado
X

for every ¢ € D"3(X), and similarly

Ds(u)(7) = Gu(7F 0 Any) = / u o Ny Vy e D" 3(X).
X
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It turns out that Ps(u) does not depend on the representative in the cohomology class [0°], and that for
every open set Q2 C X
Ps(u)L Q= (0Ds(u)) L Vs=1,...,5

Moreover, since by Bethuel’s theorem [2] the so called class R$°(X,)) is strongly dense in W12(X,)), it
turns out that
Ps(u) =0 Vs=35+1,...,5

Therefore, the homological singular set of w is well-defined by the current P(u) € 1)“,3(2(;stph(;)i;R))7
where H3P"(V;R) := H3”"(Y) @ R, given by

ZIPS sl

and it satisfies dP(u) = 0. In general, P(u) # 0.
Example 5.9 If ) =S?, we let ws: denote the volume 2-form on S2,

wse = yrdy? Ady® + y2dyd A dyt + >3dyt A dy?
so that

R

The current Ps(u) simply reduces to the (n — 3)-current 47 P(u) := 74 ((0G,) L 77 ws2) € D,,_3(X), i.e.,

P(u)(4) = ﬁaeu( #uge AT ) = i/ #wse A do

4
for every ¢ € D"73(X), and Ds(u) to the (n — 2)-current 47 D(u) := m4(Gy L T ws2) € Dy—_2(X), ie.,
1
ID)(U)(’}/) 7G ( ws2 A 71— Z wSz Ny

for every v € D""2(X), so that for every open set Q C X
P(u)L Q= (0D(u))LQ. (5.7)

In the particular case n = 3, the above can be stated in terms of the so called D-field of Brezis-Coron-Lieb,
see [6], defined by
D(u) := (U Ugy X Ugqgy U+ Upgy X Ugyy U Uy, X Ugy)

where
ut o ow? ol
U Ug, X Uy, = det uglcl ufﬂ “i,
1 2
Uy, Uy Uy,

It turns out that the vector D(u)(x) is tangent to the naturally oriented level lines {z € X | u(z) = u(z)},
if w is smooth. More precisely, when normalized, the vector D(u)(x) orients the slices of [ X ] by the map
u at u(x) € S2. Moreover, by (5.7) we have

P(u)=0 <= divD(u)=0 on X.
In higher dimension n > 4, the smooth (n — 2)-vector field D(u) can be defined as the dual to u#ws2,
(n, D(u)(z)) dx = uwg (x) A Vne A" 2(R").
More precisely, D(u) may be identified with xu#ws2, where x is the Hodge operator. Of course, we have

1

[ oeD@yde vy e ).

D(u)(y) =

Moreover, the (n — 2)-vector D(u)(z) is tangent to the naturally oriented level (n — 2)-surfaces {z € X |
u(z) = u(x)}, if u is smooth. Finally, we have:
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Proposition 5.10 For every u € W12(X,S?) and every open set 2 C X
(P(u)L Q) x [S*] = (OD(u) Q) x [S?] = (0G,)LQ x S?.
Also, defining the differential du®ws2 in the weak sense, we have

Plu)L=0 < (ODu)L2=0
— (G )LOxS?*=0 <+—= dufwe=0 in Q.

MINIMAL CONNECTIONS. Let Q C X be an open set. Extending the well-known definition for the
standard mass, we set:

Definition 5.11 Let 0 <k <n —2. For every I' € Dy(2) we denote by
mZQ(F) =inf{My(L) | L € Rp4+1(Q), (OL)LQ=T}

the integral g-mass of T' relative to Q. In case m] o(T') < oo, an i.m. rectifiable current L € Ry11(Q) is an
integral minimal connection for the g-mass of I' allowing connections to the boundary of Q if (OL)LQ =T
and My (L) = m] o(T). Finally, we denote by m; o(T') the standard integral mass of T' relative to Q.

Now, if T € cart®! (X x )) is decomposed as in (2.4), the null-boundary condition (2.3) reads as
OL(M))LQ=—-Ps(u)LQ  Vs=1,...,5,

i.e.,, Ls(T) yields (up to the sign) an integral connection of Ps(ur). As a consequence, we infer that for
every u € WH2(X,))

T2 = {Gu +Y Lox s | L € Ry a(X), (OL)LQ=—-P,(u)LQ Vs, VQCX Open}. (5.8)
s=1

In particular, as 7,>! is non-empty, see Proposition 5.5, it turns out that for every u € W12(X,))
m]o(Ps(u) <oo  Vs=1,...,5, VQCX open.

On account of (5.8), by Proposition 5.6 we readily obtain the following formula, already obtained in [14]
in the case of the standard Dirichlet integrand e4(G) := 3 |G|?, i.e., when g is the Euclidean metric.

Corollary 5.12 For every u € WH2(X,)) and every open set Q C X we have

Dy (u, Q) = Dy(u, Q) + Y M, - mi o (Ps(u)),

s=1

where M is given by (5.3) and m](Ps(u)) is the integral g-mass of the singular set Ps(u) allowing
connections to the boundary of €2, see Definitions 5.8 and 5.11.

THE CASE OF CONSTANT METRICS. Assume now that the metric ¢ is constant on X. Arguing as in
the proof of Proposition 2.11, it turns out that an integral minimal connection Lg for the g-mass of Pg(u),
allowing connections to the boundary of (2, is also an integral minimal connection for the mass of Pg(u),
and

m o (Bu() = C(g) - mi(Bs(w))  ¥s=1,...,5,

where the constant C(g) > 0 is given by the formula
M,(L) = C() M(L) VL& Ry 5(A). (5.9)

BOUNDARY DATA. Let , Q be open sets in X such that Q cC Q and Y Q—Y bea given smooth
Wh2_function. For X = W12, C1, let

X, (Q,Y) ={ueX(Q,)) |u=¢ on Q\Q}.
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For u € Wé’Q(QJ}), let

f)g,g,(u,fl) = inf{likm inf Dg(uk,ﬁ) | {ur} C C:o((NZ, V),
up — u  weakly in W12(Q,))}

denote the relaxed energy functional with prescribed boundary data. Moreover, let

CARTZ'(Qx Y) = {T € CART*'(QxD)|
(T—G,)L (Q\Q) xY =0}.

Similarly to Theorem 5.4, it can be shown that for every T € CARTZ’I(Q x V) there ezists a sequence

of smooth maps {uy} C C’é(ﬁ,y) such that Gy, — T weakly in Z, 2 and Dg(uk,ﬁ) — Dg(T,ﬁ x V) as
k — o0o. As a consequence, setting

T2 = {T € CARTZ (2 x V) | ur = u},
arguing as in Proposition 5.5 we obtain that for every u € Wé’Q(ﬁ, V)
Dy, (u,Q) = inf{Dy(T,Q x V) | T € T2}}.

Since every Cartesian current T € 721 can be written as in (2.4), this time on forms in Zn2(Q x V),
where ur = u and Ls(7T) € R,—2(R2), similarly to Proposition 5.6 we obtain that for every u € W$’2 (Q,)

Dy () = Dg(uaﬁ)‘*‘mf{ZMs-Mg(Ls(T))|Te7ﬁg}

s=1

= /- eg(z, Du(x)) dr + inf{z M - / 0s(x) |7s(2)|g dH"? | T € 7;2,7%;}
s=1 Ls

Q

where M is given by (5.3) and Ls(T) = 7(Ls,0s,7s) € Rp—2(Q), for s=1,...,3.

For 0<k<n-—2and T € Di(Q) with sptT C Q, we let

m? () := inf{M,(L) | L € Rgs1(Q), sptLcQ, OL=T}

(3

denote the integral g-mass of T'. Also, in case mJ(I') < oo, an i.m. rectifiable current L € Rj41(Q2) is said
to be an integral minimal connection for the g-mass of T' if sptL C Q, 0L =T, and My(L) = mJ(T).
Finally, we denote by m;(I") the standard integral mass of T, i.e., when ¢ is the Euclidean metric or,
equivalently, M, (L) = M(L).

For every u € W;’Q(ﬁ,y) and s = 1,...,3, setting Ps(u) := 74 ((0G,)L770%) € Dn,g(ﬁ), ie., by
Definition 5.8, with € instead of X, we infer that sptP,(u) C ©Q, as u = ¢ on Q\ Q, with P,(u) = 0
for s =3 +1,...,5. Moreover, if T € 72] the i.m. rectifiable currents L.(T) € R,_2(Q) have support
sptLs(T) € ©Q and boundary OLs(T) = — Ps(ur). Therefore, similarly to Corollary 5.12 we find that

]59,90(117 Q) = D, (u, Q) + Z Mg -mi(Ps(u)) Yu € W;’Q(QJ}) )

s=1

Moreover, if the metric g is constant on (), again we have that an integral minimal connection Ly for the
g-mass is also an integral minimal connection for the mass, and

md(Ps(u)) = C(g) - mi(Ps(u))  Vs=1,...,3,

where the constant C(g) > 0 is given by the formula (5.9).
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THE CASE n = 3 AND ) = S2. Let T' € Di(X) be such that I' = (9D)LQ for some current
D € Dy41(Q) with finite g-mass; moreover, let I' € Dy (Q), with support in Q, be such that I' = 9D for
some D € Dy11(Q) with spt D C Q. By Federer’s theorem [8], if k=0 we have

mio(l) =miqgl),  mi[l)=ml),
where
mI o) = f{My(D) | D€ Dyn(0), (9D)L 0 =T}
md(T) = inf{My(D)|D € Dy+1(Q), sptDCQ, 0D=T}

denote the real g-mass of T' relative to € and the real g-mass of T', respectively. Moreover, for every k we
have

mi o) =F3(T),  mi(l) =F(I),
where F§(T) is the flat g-norm of T' relative to §
F§(T) :=sup{T'(€) | £ € D*(Q), [|dé(2)]lg() <1V € Q}

and Fg(f) is the flat g-norm of T'

FS(T) := sup{T(€) | € € DHQ) , max{[E(@) lyce, 4@y} < 1 Var € T}
Assume now that n =3 and ) = S2 Taking I' = P(u)L Q for some u € WH%(X,S?), by Example 5.9

we infer that the integral g-mass m{ o(P(u)) of P(u) relative to Q@ agrees with

Ly(u) = i sup{/ﬂD(u) -Dodzx | ¢ € C°(Q), ||d¢(x)|\q(m) <1lVze Q} .

Similarly, taking I = P(u) for some u € W;’Q(ﬁ, V), if the boundary 9 is smooth we infer that the integral
g-mass m?(P(u)) agrees with

1
Ly(u):==— sup {/ D(u) - D¢ dx — D(<p)~V¢dH2},
4 6D (@) L/ f)9]
where v is the outward unit normal to 92 and
D) = {6 € C(@) | max{[[6(z) o). [d6(@) |y} < 1V € ).

This was proved in [6] in the case of the Euclidean metric and X = B? or S*, where L,(u) is called the
length of the minimal connection of the singularities of w.

Remark 5.13 We finally notice that for any v € Wé’Q(ﬁ, Y) we clearly have
D,(u,Q) <D, ,(u,Q),

and that the strict inequality may occur, in general. For example, in the case of a constant metric g, the
strict inequality holds if for some s =1,...,5 we have

mifz(Ps (u)) < m;(Ps (u)) )
i.e., if the mass of an integral minimal connection L € Rn,g(ﬁ) of Ps(u) allowing connections to the
boundary of €, i.e., such that (L)L Q = P(u), see Definition 5.11, is strictly lower than the mass of an
integral minimal connection Le Rn,g(ﬁ) of Ps(u), i.e., such that sptz cQ and 0L = Ps(u). This happen
e.g. if @ CR® and Ps(u) =64, —d,_ for some points ay € Q such that the line segment connecting them
is not contained in 2.
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6 The case of W1/2-maps

In this section we shall briefly consider the analogous problem for manifold constrained W1'/2-maps. We
refer to [12] [16] [19, Ch. 6] for details on the definitions and properties involved.

For the sake of simplicity, in the sequel we let X™ = B™ or S™, the unit sphere in R"*!. Moreover,
Y = Y™ is a smooth compact boundaryless connected oriented Riemannian submanifold of RY. We shall
also assume that the first homology group Hy()) is torsion-free. Setting

W22, Y) = {ue WY2(X,RY) |u(z) € Y for ae. z € X},

see [1], every map u € W'/2(X,)) is the trace on X x {0} of Sobolev functions U in W2(C"+! RN), say
T(U) = u, where C"*! is the cylinder
cntli= X x [0,1].

Moreover, the classical norm ||uH%2(X) + |ul1/2,x is equivalent to the standard Dirichlet integral D(U) :=

D(U,C™1) of the extension U = U(x,t) := Ext(u) of u, i.e., of the harmonic function that minimizes
D(U,C™*!) among all functions in W12(C"*1 RY) such that T(U) = u.

THE ENERGY ON MAPS. As above, we assume that for every o € X' the metric g(z) on X satisfies the
bound (2.7) and is continuous in X. We equip C"*! with the metric § given by the product of the metric
g on X times the Euclidean metric on [0,1]. This yields that gog = ggo and

9o =9aps In+1)8 =0, GJnt1)(nt1) =1, a,f=1,...n.
The Dirichlet energy of a map U € W12(C"*t1 RY) is then given by

D, (U) = /c e, DU, 0) dudt, (6.1)
where this time the quadratic integrand ey : X x M(N,n+1) — RT is defined by

2¢4(z,G) = g7 (2)6;; LG, \/detg(z), we€X, GeM(N,n+1).

Therefore, if g is the Euclidean metric on X, the energy (6.1) agrees with the standard Dirichlet integral
D(U).

GRAPHS OF W'/2-MAPS. To any map u € W/2(X,Y) we can associate an (n,1)-current G, in
Dy1(X x Y), compare Sec. 2. If u is “smooth”, G, agrees with the current carried by the graph of w.
Moreover, if U := Ext(u), by Stokes’ theorem, and by a density argument, we infer that

(-1)"1'9Gy =G, on DX x {0} xD). (6.2)

Definition 6.1 We say that an i.m. l-cycle C € Z1(Y) is an integral flat cycle if there exists an i.m.
rectifiable current R € Ro(RY) such that OR = C.

It turns out that an element ¢ in H;(Y,0;Z), the relative integral homology, see [8], is an equivalence class
of integral flat 1-cycles of ), where

C~7 <— 3IWeRyY):C—-Z=0W.

In each homology class ¢ in H1(),0;Z) there exists a homological mass minimizer, i.e., an integral flat cycle
C € Z,()) with finite mass such that

M(C) =inf{M(C) | C € Z:(Y,0;Z), [C] =~} < 0.
Moreover, Hi(Y,0;Z) is isomorphic to H;()), that is assumed to be torsion-free. Therefore, we may and
will denote by [Y1], ..., [¥s] a family of generators of Hi(Y,0;Z), i.e., the 7,’s are integral flat cycles, and by
[61],...,[c%] a dual basis in H}5(Y) so that J5(6") = ds.. We will then denote by R the i.m. rectifiable
current of least mass among all currents in Ro(R?Y) such that R, is in the homology class 7. Notice that
a priori the mass of OR, is not finite. Moreover, for s =1,...,5, we set

M, :=M(R,) = inf{M(R) | R € Ro(RY), 0R € [7,]} < 00. (6.3)
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Definition 6.2 Let T € D, 1(X x V). We say that T is in & jo-graph(X x V) if

OT =0 on Z" b (X x)) (6.4)
and T can be decomposed as
5
T =Gup +Sr, Sr:=>Y Ls(T) X7, on Z2"1(X x V) (6.5)
s=1

where up € WY2(X,Y) and the Ls(T)’s are i.m. rectifiable current in R, _1(X).

Remark 6.3 Currents in & jo-graph(&’ x ) are defined in a homological sense, compare Remark. 5.3, as
the decomposition (6.5) does not depend on the choice of the representative ¥; in the homology class [¥s].

Definition 6.4 Let T' € & /-graph(X x V) be such that (6.5) holds. We define its extension T := Ext(T)
m Dn+1,2(C”+1 X RN) by

5
T— (=1t (GUT +3 La(T) Rs> . Urp:=Ext(ur). (6.6)
s=1

Remark 6.5 From Definition 6.4 and (6.2) we infer that the boundary of T over X X {0} x Y is equal to
T on ZW1(X x ).

THE &,-ENERGY. If T e Dpy12(C" x RY) satisfies (6.6), where Lg(T) = 7(Ls, 05, 7s), arguing as in
Sec. 2 we infer that its Dirichlet energy is given by

D, (T) = / ey, DU (z,8)) dadt + 3" My - My (L (T)) (6.7)

cntt s=1
where M, is given by (6.3), with D,(Gy) = Dy(U) if T = Gy for some U € Wh2(C"t1 RN). In fact,

since Ly C X x {0}, the orienting (n —1)-vector 7, € A,_1R"*! does not depend on the t-direction, whence
I7s(%)|g(z) = |7s(2)|g(x), and the g-mass of L(7T") agrees with its g-mass,

M, (Lo(T)) = / 172(2) gy AH™ = My (La(T))

s

Remark 6.6 If g is the Euclidean metric, the energy of T agrees with the Dirichlet energy

1 G
D(T)zﬁ/c DU dwdt + 37 M. - M(L.(T)).
n+1 s=1

Moreover, see Remark 0.4, in the simple case n =2 the g-norm of the tangent vector 74(x) is given by
[ms(2)[5 = 7o(2)" (cof A(2))7s(z),
where A € M(n,n) is given by (0.12).

Definition 6.7 Let T' be in & /o-graph(X x V), so that (6.5) holds. The E4-energy Ey(T) of T is defined
as the Dirichlet energy Dg(f) of the extension T := Ext(T), see (6.6) and (6.7).

Therefore, if eg4(z, G) = 1|G[?, the E-energy &,(T) reduces to the £; jo-energy studied in [16]. Moreover, if
T =G, for some u € W'/2(X,Y) and U = Ext(u), we let

Ext(Gy) = (=1)""'Gu, &u) = Ey(Gu) = Dy(Gu) = Dy(U),
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see (6.1), and by the bound (2.7) we have
D,(U) ~D(U) = uf1/2 -
Finally, for every open set 2 C X we let

EJT, 2% Y) = D, T, Qx[0,1] xRN), T :=Ext(T)
Eg(u, ) = Dy(U,Qx[0,1]), U := Ext(u) .

Definition 6.8 A current T € D, 1(X x V) is said to be in cart’’?(X x V) if T belongs to the class
E1/o-graph(X x V) and the & jo-energy £1,2(T) of T is finite, see Definitions 6.2 and 6.7.

We also say that Ty, — T weakly in Z, 1 if Ti(w) — T(w) for every w € Z™1(X x V).

DENSITY RESULTS. It is well-known that if n = 1 maps in C*(X',)) are dense in W1/2(X',)), compare

e.g. [5]. For n > 2, let RY7,(X,)) be the set of all maps u € W1/2(X,Y) which are smooth except on a

singular set 3(u) of the type
¥(u) = Uz reN,
i=1

where ¥; is a smooth (n — 2)-dimensional subset of X with smooth boundary, if n > 3, and ¥; is a point if
n = 2. In [15] we proved that in any dimension n =2 the class R77,(X,Y) is dense in W/2(x,Y). On
account of the dominated convergence theorem, we then obtain:

Proposition 6.9 For every u € W'Y/2(X,)) there exists a sequence {uy} C RY9,(X,Y) such that up — u
weakly in W2 and £,(uy) — E,(u) as k — oco.

We recall that if the first homotopy group of the target manifold is nontrivial, m () # 0, there exist
functions u € W/ 2(x,Y), for n > 2, which cannot be approximated strongly in W1/2 by smooth maps

in W1/2(X,Y). In [15] we showed that the converse holds true. As a consequence, by the dominated
convergence theorem, in any dimension n > 2 we obtained the following.

Proposition 6.10 Let 7 ()) = 0. For every u € WY2(X,Y) there exists a sequence of smooth maps
{up} € CH(X,Y) such that uj, — u weakly in W2 and E,(ux) — E,(u) as k — oo.

Finally, we have:

Theorem 6.11 Let n > 1 and let m(Y) be commutative. For every T € cart'/?(X x Y) there exists a
sequence of smooth maps {ur} C C*°(X,Y) such that G, — T weakly in Z,1 and

klim Eq(ur) = E4(T).

This theorem was proved in [16] in the case of the £; jo-energy, i.e., when ey4(z, G) = |G|?. In the case of
dimension n = 1, the commutativity hypothesis on the first homotopy group can be removed, compare [19,
Sec. 6.6]. However, even in the case of dimension n = 2, and ey(z,G) = 1|G|?, if 71(Y) is non-commutative
there exist currents T in cart!/ 2(B? x Y) of the type T = G, which cannot be approximated weakly in
Z,1 by graphs of smooth maps uy, : B> — Y such that &/5(G.,) — €1/2(G.), compare [16].

PROOF OF THEOREM 6.11: Since the metric § is continuous in C"*!, we infer that (3.2) holds true, this
time for every G € M(N,n +1). The proof can be obtained by an adaptation of the one given for the &; /o-
energy in [16], by using arguments similar to the one in the proof of Theorem 3.8 for the dipole construction.
For this reason, we omit any further comment. O

THE RELAXED &,-ENERGY. We now introduce the relazed &;-energy with respect to the weak W1/2-
convergence, defined for every u € W'/2(X,)) and every open set Q C X by

Eg(u, Q) = inf {lim inf & (u, ) | {ur} € CH(X, ),
up — u  weakly in WY2(X,)}.
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Moreover, for every u € W'/2(X,)) we denote by
TY? .= {T € cart*(X x V) | ur = u}
the class of Cartesian current in cart'/2(X x ))) such that the underlying W'/2-function ur in the decom-

position (6.5) is equal to wu.
By the strong density of smooth maps, in case of dimension n =1 we clearly have

Eg(u,Q)zé'g(u,Q)z/ eq(z, DU (z,t)) d dt Vue WXl y),
Qx[0,1]

where U = Ext(u). In dimension n > 2, as a consequence of Theorem 6.11, using Theorem 0.3 and the
closure-compactness of the class cart/? (X x )), and arguing as in the proof of Proposition 5.5, we obtain
the following

Proposition 6.12 Under the hypotheses of Theorem 6.11, for every u € Wl/Q(X,y) and every open set
QC X we have B
Eg(u, Q) = nf{E/(T, Q2 x V) | T € TV?} < 0.

By Definition 6.7 we then obtain:
Proposition 6.13 For every u € W1/2(X,y) and every open set Q) C X we have

E,(u, Q) = / eq(x, DU (2,t)) da dt + inf{z M, M, (Ls(T)LQ) | T € 71}/2} ,

Qx[0,1] s=1
where U := Ext(u), M, is given by (6.3), and Ls(T) € Ry—1(X) is given by the decomposition (6.5) of T,
for s=1,...,5.
Remark 6.14 If the first homotopy group m1()) is trivial, e.g., if J = SP for some p > 2, by the Hurewicz
theorem we have H;()) = 0. As a consequence, we readily infer that in any dimension n

E,(u, Q) = E,(u, Q) Yue WV2(x,)).

In order to write more explicitly the relaxed energy, for every u € W1/ 2(X,Y) and every s we set
Ps(u) := —m4((0G,) LT#5%) € Dy_2(X), so that

P, (u)(¢) = / w5 Ado, ¢ €D 2(X). (6.8)

X
By the null-boundary condition (6.4), we infer that for every T € T./? and every open set 2 C X we have
OLs(T)HLQ=(—-1)" Ps(u)LQ Vs=1,...,5.

Remark 6.15 Notice that m{,(Ps(u)) < oo for every map u € WY2(Xx,Y) and every open set Q C X,
see Definition 5.11. Moreover, by the definition of the metric § it turns out that when minimizing the g-mass
Mj (L) among all i.m. rectifiable currents L in R,_1(C""!) such that (L)L (2x{0}) = Ps(u)L €, there
exists a solution Ly such that spt Ly C X x {0}, so that Mg(Ls) = My(Ls).

Similarly to Corollary 5.12, using Definition 5.11 with k& = n — 2 we then obtain the following formula,
that goes back to [16] in the case of the Euclidean metric g, i.e., when &£ = &/, and mfﬂ =m;.q.

Corollary 6.16 For every u € W'Y/2(X,Y) and every open set Q C X we have

€91, ) = Eg(u, @) + Y~ M, - mi o (Pa(u))
s=1
where M, is given by (6.3) and Ps(u) by (6.8).

We finally mention that the case with prescribed boundary data can be treated in a similar way.
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