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Introduction

In these lecture notes we will explore the mathematics of the space of immersed
curves, as is nowadays used in applications in computer vision. In this field,
the space of curves is employed as a “shape space”; for this reason, we will also
define and study the space of geometric curves, that are immersed curves up
to reparameterizations. To develop the usages of this space, we will consider
the space of curves as an infinite dimensional differentiable manifold; we will
then deploy an effective form of calculus and analysis, comprising tools such as a
Riemannian metric, so as to be able to perform standard operations: minimizing
a goal functional by gradient descent, or computing the distance between two
curves. Along this path of mathematics, we will also present some current
literature results. (Another common and interesting example of “shape spaces”
is the space of all compact subsets of R — we will briefly discuss this option
as well, and relate it to the aforementioned theory).

These lecture notes aim to be as self-contained as possible, so as to be ac-
cessible to young mathematicians and non-mathematicians as well. For this
reason, many examples are intermixed with the definitions and proofs; in pre-
senting advanced and complex mathematical ideas, the rigorous mathematical
definitions and proofs were sometimes sacrificed and replaced with an intuitive
description.

These lecture notes are organized as follows. Section 1 introduces the def-
initions and some basilar concepts related to immersed and geometric curves.
Section 2 overviews the realm of applications for a shape space in computer



vision, that we divide in the fields of “shape optimization” and “shape anal-
ysis”; and hilights features and problems of those theories as were studied up
to a few years ago, so as to identify the needs and obstacles to further devel-
opments. Section 3 contains a summary of all mathematical concepts that are
needed for the rest of the notes. Section 4 coalesces all the above in more precise
definitions of spaces of curves to be used as “shape spaces”, and sets mathe-
matical requirements and goals for applications in computer vision. Section 5
indexes examples of “shape spaces” from the current literature, inserting it in a
common paradigm of “representation of shape”; some of this literature is then
elaborated upon in the following sections 6,7,8,9, containing two examples of
metrics of compact subsets of IR", two examples of Finsler metrics of curves,
two examples of Riemannian metrics of curves “up to pose”, and four examples
of Riemannian metrics of immersed curves. The last such example is the fam-
ily of Sobolev-type Riemannian metrics of immersed curves, whose properties
are studied in Section 10, with applications and numerical examples. Section
11 presents advanced mathematical topics regarding the Riemannian spaces of
immersed and geometric curves.

I gratefully acknowledge that a part of the theory and many numerical ex-
periments exposited were developed in joint work with Prof. Yezzi (GaTech)
and Prof. Sundaramoorthi (UCLA); other numerical experiments were by A.
Duci and myself. T also deeply thank the organizers for inviting me to Cetraro
to give the lectures that were the basis for these lecture notes.

1 Shapes & curves

What is this course about? In the first two sections we begin by summarizing in
a stmpler form the definitions, reviewing the goals, and presenting some useful
mathematical tools.

1.1 Shapes

A wide interest for the study of shape spaces arose in recent years, in particular
inside the computer vision community. Some examples of shape spaces are as
follows.

e The family of all collections of k points in IR".

e The family of all non empty compact subsets of IR". %g

e The family of all closed curves in R". @

There are two different (but interconnected) fields of applications for a good
shape space in computer vision:

shape optimization where we want to find the shape that best satisfies a
design goal; a topic of interest in engineering at large;



shape analysis where we study a family of shapes for purposes of statistics,
(automatic) cataloging, probabilistic modeling, among others, and possi-
bly create an a-priori model for a better shape optimization.

1.2 Curves

We will use formulee of the form A := B to mean that the formula A is defined
by the formula B.

S = {z € R? | |z| = 1} is the circle in the plane. S' is the template for all
possible closed curves. (Open curves will be called paths, to avoid confusion).

Definition 1.1 (Classes of curves) o A C' curve is a continuously dif-
ferentiable map ¢ : St — R" such that the derivative ¢’ () := dyc(0) exists
at all points 6 € S*.

o An immersed curve is a C' curve c such that ¢'(0) # 0 at all points
6eSt.
c: St = ¢(Sh

O = 2
Note that, in our terminology , the “curve” is the function ¢, and not just the
image c(S1) inside R".

Most of the theory following will be developed for curves in IR"™, when this
does not complicate the math. We will call planar curves those whose image
is in IR2.

The class of immersed curves is a differentiable manifold. For the purposes
of this introduction, we present a simple, intuitive definition.

Definition 1.2 The manifold of (parametric) curves M is the set of all
closed immersed curves. Suppose that c € M, c¢: S* — IR™ is a closed immersed
curve.

o A deformation of c is a function h : S* — R™.
o The set of all such h is the tangent space T.M of M at c.

o An infinitesimal deformation of the curve ¢ in “direction” h will yield (on
first order) the curve co(u) + eh(u).

e A homotopy C connecting cq to c¢1 is a continuously differen-
tiable function C : [0,1] x ST — R™ such that co(0) = C(0,0)
and ¢1(0) = C(1,6).

By defining ¥(t) = C(t,-) we can associate C to a path v :
[0,1] — M in the space of curves M, connecting ¢y to cy.

When dealing with homotopies C' = C(t,6), we will use the “prime notation”
C’ for the derivative 9yC in the “curve parameter” #, and the “dot notation” C'
for the derivative 9;C' in the “time parameter” ¢.



1.3 Geometric curves and functionals

Shapes are usually considered to be geometric objects. Representing a curve
using ¢ : ' — R™ forces a choice of parameterization, that is not really part
of the concept of “shape”. To get rid of this, we first summarily present what
reparameterizations are.

Definition 1.3 Let Diff(S') be the family of diffeomorphisms of S': all the
maps ¢ : S* — S that are C' and invertible, and the inverse ¢~ is C1.

Diff(S!) enjoys some important mathematical properties.

e Diff(S!) is a group, and its group operation is the composition ¢,

poy.

e Diff(S') is divided in two connected components, the family Diff™(S?)
of diffeomorphisms with derivative ¢’ > 0 at all points; and the family
Diff = (S1) of diffeomorphisms with derivative ¢’ < 0 at all points.

Diff*(S') is a subgroup of Diff(S').
e Diff(S!) acts on M, the actiorﬂ is the right function composition c o ¢.
The resulting curve c o ¢ is a reparameterization of c.

The action of the subgroup Diff" (S') moreover does not change the ori-
entation of the curve.

Definition 1.4 The quotient space
B := M/Diff(S")

is the space of curves up to reparameterization, also called geometric curves
in the following. Two parametric curves c1,co € M such that ¢y = co 0 ¢ are
the same geometric curve inside B.

For some applications we may choose instead to consider the quotient w.r.to
Difft (S1); the quotient space M/Difft(S1) is the space of geometric oriented
curves.

B is mathematically defined as the set B = {[c]} of all equivalence classes
[c] of curves that are equal but for reparameterization,

[c] := {co ¢ for ¢ € Diff(S")} ;

and similarly for the quotient M/Diff" (S'). More properties of these quotients
will be presented in Section 4.5

We can now define the geometric functionals (that are, loosely speaking
invariant w.r.to reparameterization of the curve).

Definition 1.5 A functional F(c) defined on curves will be called geometric
if one of the two following alternative definitions holds.

IWe will provide more detailed definitions and properties of the “actions” in Section



e F(c)=F(co¢) for all curves c and for all ¢ € Diff(S1).

e For all curves ¢ and all ¢, if ¢ € Diff*(S) then F(c) = F(co ¢), whereas
if ¢ € Diff(S1) then F(c) = —F(co ¢)

In the first case, F' can be “projected” to B, that is, it may be considered as a
function F : B — IR. In the second case, F' can be “projected” to M /Diff*(S).

It is important to remark that “geometric” theories have often provided the
best results in computer vision.

1.4 Curve-related quantities

A good way to specify the design goal for shape optimization is to define an
objective function (a.k.a. energy) F': M — R that is minimum in the curve
that is most fit for the task.

When designing our F', we will want it to be geometric; this is easily ac-
complished if we use geometric quantities to start from. We now list the most
important such quantities.

In the following, given v,w € R"™ we will write |v| for the standard Eu-
clidean norm, and (v, w) or (v-w) for the standard scalar product. We will
again write ¢'(6) := 9yc(9).

Definition 1.6 (Derivations) If the curve ¢ is immersed, we can define the
derivation with respect to the arc parameter

1
852 mag .

(We will sometimes also write D, instead of 0s.)

Definition 1.7 (Tangent) At all points where ¢'(8) # 0, we define the tan-
gent vector
¢(6)
T(0) = ——= = 0sc(0
O = jegy) — *

(At the points where ¢ =0 we may define T =0).

It is easy to prove (and quite natural for our geometric intuition) that Dy and
T are geometric quantities (according to the second Definition [1.5)).

Definition 1.8 (Length) The length of the curve c is

len(c) ::/ |/ (8)]d6 . (1.1)
g1
We can define formally the arc parameter s by
ds =1 (9)|d6 ;

we use it only in integration, as follows.



Definition 1.9 (Integration by arc parameter) We define the integration
by arc parameter of a function g : S* — R” along the curve ¢ by

/Cg(s> ds == /S 9(0)|¢' ()] d6 .

and the average integral

Fatas= o [ato)as

and we will sometimes shorten this as avg,.(g).

The above integrations are geometric quantities (according to the first Defini-

tion .

1.4.1 Curvature

Suppose moreover that the curve is immersed and is C? regular (that means
that it is twice differentiable, and the second derivative is continuous); in this
case we may define curvatures, that indicate how much the curve bends. There
are two different definitions of curvature of an immersed curve: mean curvature
H and signed curvature k, that is defined when c is planar. H and k are extrinsic
curvatures, they are properties of the embedding of ¢ into R".

Definition 1.10 (H) If ¢ is C? regular and immersed, we can define the mean
curvature H of c as
H = 0,0,c = 0,T

where 0y = ﬁ@g is the derivation with respect to the arc parameter. It enjoys
the following properties.

Properties 1.11 e [t is easy to prove that H L T.

e H is a geomelric quantity. If ¢ = co ¢ and H is its curvature, then
H=Ho¢.

o 1/|H]| is the radius of a tangent circle that best approximates the curve to
second order.

Definition 1.12 (N) When the curve ¢ is immersed and planar, we can define
a normal vector N to the curve, by requiring that IN| =1, N L T and N is
rotated w/2 radians anticlockwise with respect to T'.

Definition 1.13 (k) If c is planar and C? regular, then we can define a signed
scalar curvature k = (H, N), so that

0T =kN=H and O;,N=—rT .

See fig. |1 on the following pagel The above equality implies that x is a geometric
quantity, according to the second Definition [1.5




Figure 1: Example of a regular curve and its curvature.

2 Shapes in applications

A number of methods have been proposed in shape analysis to define distances
between shapes, averages of shapes and statistical models of shapes. At the same
time, there has been much previous work in shape optimization, for example im-
age segmentation via active contours, 3D stereo reconstruction via deformable
surfaces; in these later methods, many authors have defined energy functionals
F(c) on curves (or on surfaces), whose minima represent the desired segmenta-
tion/reconstruction; and then utilized the calculus of variations to derive curve
evolutions to search minima of F(c), often referring to these evolutions as gra-
dient flows. The reference to these flows as gradient flows implies a certain
Riemannian metric on the space of curves; but this fact has been largely over-
looked. We call this metric H®, and properly define it in eqn. .

2.1 Shape analysis
Many method and tools comprise the shape analysis. We may list
e distances between shapes,
e averages for shapes,
e principle component analysis for shapes and
e probabilistic models of shapes.

We will present a short overview of the above, in theory and in applications.
We begin by defining the distance function and signed distance function, two
tools that we will use often in this theory.

Definition 2.1 Let A, B C IR" be closed sets.



o uy(z) :=infyca |z — y| is the distance function,

3

o ba(x) :=ua(x) —ugm\ a(x) is the signed distance function.

bp

Tl

2.1.1 Shape distances

A variety of distances have been proposed for measuring the difference between
two given shapes. Two examples follows.

Definition 2.2 The Hausdorff distance

dy(A, B) := (:EBUB(JT)) v (?elg uA(:E)> (2.1)

where A, B C R" are compact, and u(x) is the distance function.

The above can be used for curves; in this case a distance may be defined by
associating to the two curves ci, cy the Hausdorff distance of the image of the
curves

dp(c1(S1), e2(SY) -

If ¢1,co are immersed and planar, we may otherwise use dg(¢é1,é2) where
¢1, ¢o denote the closed region of the plane that is enclosed by ¢y, ca.
Definition 2.3 Let A, B C R" be two measurable sets, let

AAB:=(A\B)U(B\ A)

be the set symmetric difference; let |A| be the Lebesgue measure of A. We
define the set symmetric distance as

d(A, B) = |AAB|

(where it is to be intended that two sets are considered “equal” if they differ by
a measure zero set).



In the case of planar curves ¢, co, we can apply to above idea to define

d(Cl,Cg) = |61A62| .

2.1.2 Shape averages

Many definitions have also been proposed for the average ¢ of a finite set of
shapes ¢1,...,cy. There are methods based on the arithmetic mean (that
are representation dependent).

e One such case is when the shapes are defined by a finite family of M
parameters; so we can define the parametric or landmark averaging

1 N
ep) = 5 D en(p)

where p is a common parameter/landmark.

e More in general, we can define the signed distance level set averaging
by using as a representative of a shape its signed distance function, and
computing the average shape by

_ _ 1 X
¢={xz|b(zr) =0}, where b(z) = ¥ > b, ()

where b, is the signed distance function of ¢,; or in case of planar curves,
of the part of plane enclosed by c¢,.

Then there are non parametric, representation independent, methods. The
(possibly) most famous one is the

Definition 2.4 The distance-based a’uerageﬂ Given a distance dy; between
shapes, an average shape ¢ may be found by minimizing the sum of its squared

distances.
N

€ = arg min Z dar(c,en)?
¢ n=1

It is interesting to note that in Euclidean spaces there is an unique minimum,
that coincides with the arithmetic mean; while in general there may be no

minimum, or more than one.

2.1.3 Principal component analysis (PCA)

Definition 2.5 Suppose that X is a random vector taking values in R™; let
X = E(X) be the mean of X. The principal component analysis is the
representation of X as
n
X=X+> VS
i=1

2Due to Fréchet, 1948; but also attributed to Karcher [Karcher| [1977].



where S; are constant vectors, and Y; are uncorrelated real random variables
with zero mean, and with decreasing variance. S; is known as the i-th mode
of principal variation.

The PCA is possible in general in any finite dimensional linear space equipped
with an inner product. In infinite dimensional spaces, or equivalently in case of
random processes, the PCA is obtained by the Karhunen-Loéve theorem.

Given a finite number of samples, it is also possible to define an empirical
principal component analysis, by estimating the expectation and variance of the
data.

In many practical cases, the variances of Y; decrease quite fast: it is then
sensible to replace X by a simplified variable

k
X = Y—‘r ZKSZ
=1

with k£ < n.

So, if shapes are represented by some “linear” representation, the PCA is
a valuable tool to study the statistics, and it has then become popular for
imposing shape priors in various shape optimization problems. For more general
manifold representations of shapes, we may use the exponential map (defined
in , replacing S,, by tangent vectors and following geodesics to perform the
summation.

We present here an example in applications.

Example 2.6 (PCA by signed distance representation) In these pictures
we see an example of synergy between analysis and optimization, from|Tsat et al.
[2001d)].  The ﬁgure contains a row of pictures that represent the (empirical)
PCA of signed distance function of a family of plane shapes. — The figure[3 o]
[the following page contains a second row of images that represent: an image of
a plane shape (a) occluded (b) and noise degraded (c), an initialization for the
shape optimizer (d) and the final optimal segmentation (e).

@ (b) (© (d) (e) ® (@

mearn first mode second mode third mode

Figure 2: PCA of plane shapes.
(From |Tsai et al.| [2001a] © 2001 IEEE. Reproduced with permission).
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CY (b)

Figure 3: Segmentation of occluded plane shape.
(From|Tsai et al.| [2001d] © 2001 IEEE. Reproduced with permission,).

© (d) (e)

2.2 Shape optimization & active contours
2.2.1 A short history of active contours

In the late 20th century, the most common approach to image segmentation
was a combination of edge detection and contour continuation. With
edge detection [1986], small edge elements would be identified by a
local analysis of the image; then a continuation method would be employed
to reconstruct full contours. The methods were suffering from two drawbacks,
edge detection being too sensitive to noise and to photometric features (such
as, sharp shadows, reflections) that were not related to the physical structure
of the image; and continuation was in essence a NP-complete algorithm.

Active contours were introduced by as a simpler approach
to the segmentation problem. The idea is to minimize an energy F'(c) (where
the variable ¢ is a contour i.e. a curve), that contains an edge-based attraction
term and a smoothness term, which becomes large when the curve is irregular.
To search for the minimum of F(c¢), a curve evolution method was derived from
the calculus of variations. The evolving curve would then be attracted to the
features of interest, while mantaining the property of being a closed smooth
contour.

An unjustified feature of the model of [Kass et al.l [1987] is that the evolution

is dependent on the way the contour is parameterized. Hence
[1993]; Malladi et al| [1995] revisited the idea of [Kass et all [1987] in the new

form of a geometric evolution, which could be implemented by the level set
method invented by |Osher and Sethian| [1988].  Thereafter,
let al.| [1995] Caselles et al.| [1995] presented the active contour approach to the
edge detection problem in the form of the minimization of a geometric energy
that is a generalization of Euclidean arc length. Again, the authors derived the
gradient descent flow in order to minimize the geometric energy.

In contrast to the edge-based approaches for active contours (mentioned
above), region-based energies for active contours have been proposed in
ffard| [1994] [Zhu et al.| [1995] [Yezzi et al.| [1999] |Chan and Vese| [2001]. In these
approaches, an energy is designed to be minimized when the curve partitions
the image into statistically distinct regions. This kind of energy has provided
many desirable features; for example, it provides less sensitivity to noise, better
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ability to capture concavities of objects, more dependence on global features of
the image, and less sensitivity to the initial contour placement.

In Mumford and Shah| [1985} [1989], the authors introduced and rigorously
studied a region-based energy that was designed to both extract the boundary
of distinct regions while also smoothing the image within these regions. Sub-
sequently, [Tsai et al| [2001b| [Vese and Chan| [2002] implemented a level set
method for the curve evolution minimizing the energy functional considered
by Mumford&Shah.

2.2.2 Energies in computer vision

A variational approach to solving shape optimization problems is to define and
consequently minimize geometric energy functionals F'(¢) where ¢ is a planar

curve. We may identify two main families of energies,
e the region based energies:

RZ

F(e) = /Rfm(x) dx + . fout(z) dx

where [ ---dx is area element integral, and R and R*
are the interior and exterior areas outlined by ¢; and

e the boundary based energies:

F(©) = [ o(c(s))ds
where ¢ is designed to be small on the salient features of the image, and
Jo -+ - ds is the integration by arc parameter defined in Note that ¢(z)ds

may be interpreted as a conformal metric on IR?, so minima curves are geodesics
w.r.to the conformal metric.

2.2.3 Examples of geometric energy functionals for segmentation

Suppose I : Q — [0, 1] is the image (in black & white). We propose two examples
of energies taken from the above families.

e The Chan-Vese segmentation energy [Vese and Chanl [2002]

I(z) — avgp.(I) i dx

c

Fle) = /R‘I(x)fang(I)rder/

1
where avgpl = & / I(x)dz is the average of I on the region R.
R

e The geodesic active contour, (Caselles et al. [1995]/Kichenassamy et al.
[1995))

F@z/w$»® (22)
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2.3

where ¢ may be chosen to be

1

o) = NI

that is small on sharp discontinuities of I (VI is the gradient of I w.r.to
x). Since real images are noisy, the function ¢ in practice would be more
influenced by the noise than by the image features; for this reason, usually
the function ¢ is actually defined by

1

@) = NG I

where G is a smoothing kernel, such as the Gaussian.

Geodesic active contour method

2.3.1 The “geodesic active contour” paradigm

The general procedure for geodesic active contours goes as follows.

1.
2.

Choose an appropriate geometric energy functional, FE.

Compute the directional derivative

d
DE(c;h) = aE(c + th)
t=0

where ¢ is a curve and h is an arbitrary perturbation of c.

. Manipulate DE(c; h) into the form

/C h(s) - v(s) ds .

Consider v to be the “gradient”, the direction which increases E fastest.

Evolve ¢ = ¢(t,0) by the differential equation d;c = —v; this is called the
gradient descent flow.

(Note that the directional derivative is the basis for the definition [3.13|of the
2&)

Gateauzx differential, that will be then discussed in Section and (4.

2.3.2 Example: geodesic active contour edge model

We propose an explicit computation starting from the classical active contour
model.

1. Start from an energy that is minimal along image contours:

E(c) = / o(c(s)) ds

where ¢ is defined to extract relevant features; for examples as discussed

after eqn. (2.2).
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2. Calculate the directional derivative:

DE(c; h) /V¢(C) ~h+ ¢(c)(Dsh - Dgc)ds

/V(b(c) +h = (Vé(c) - Dsc)(h - Dsc) — ¢(c)(h - Dysc)ds

/h- ((Vé(c) - N)N — ¢(c)kN) ds . (2.3)

3. Deduce the “gradient”:

VE = —¢kN + (Vé- N)N .

4. Write the gradient flow

(Note that the flow of geometric energies moves only in orthogonal direction
w.T.t the curve — this phenomenon will be explained in in Section|11.10)
2.3.3 Implicit assumption of H° inner product
We have made a critical assumption in going from the directional derivative
DE(c;h) = /h(s) -v(s) ds
(&

to deducing that the gradient of F is VE(¢) = v. Namely, the definition of the
gradient E| is based on the following equality

<h(s),VE>=/@@. o) ds,
Chlzh ho=VE

that needs an inner-product structure.
This implies that we have been presuming all along that curves are equipped
with a H-type inner-product defined as follows

<h1, h2>H0 = /hl(S) . I’LQ(S) ds . (24)

C

2.4 Problems & goals

We will now briefly list some examples that show some limits of the usual active
contour method.

3The precise definition of what the gradient is is in section
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2.4.1 Example: geometric heat flow

We first review one of the most mathematically studied gradient descent flows
of curves. By direct computation, the Gateaux differential of the length of a
closed curve is

Dlen(c; h) :/85h~Tds= —/h~Hds (2.5)

Let C = C(t,0) be an evolving family of curves. The geometric heat flow
(also known as motion by mean curvature) is

oC
Z _H
ot
where H := 0,0,C is the mean curvature. In the H° inner-product, this flow is
the gradient descent for curve lengthﬂ
This flow has been studied deeply by the mathematical community, and is

known to enjoy the following properties.

Properties 2.7 o FEmbedded planar curves remain embedded.
o Fmbedded planar curves converge to a circular point.

e Comparison principle: if two embedded curves are used as initialization,
and the first contains the second, then it will contain the second for all
time of evolution. This is important for level set methods.

e The flow is well posed only for positive times, that is, for increasing t
(similarly to the usual heat equation ).

For the proofs, see |Gage and Hamilton| [1986]; |Grayson| [1987].

2.4.2 Short length bias

The usual edge-based active contour energy is of the form

B() = [ oe(s)) ds

C

supposing that g is reasonably constant in the region where ¢ is running, then
E(c) ~ glen(c), due to the integral being performed w.r.to the arc parameter
ds. So one way to reduce E is to shrink the curve. Consequently, when the
image is smooth and featureless (as in medical imaging), the usual edge based
energies would often drive the curve to a point.

To avoid it, an inflationary term vN (with v > 0) was usually added to
the curve evolution, to obtain

0

a—qubnN—VqH-uN,
see Caselles et al.|[1995]; Kichenassamy et al.| [1995]. Unfortunately, this adds
a parameter that has to be tuned to match the characteristics of each specific
image.

4A different gradient descent flow for curve length will be discussed in Remark [10.32
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2.4.3 Average weighted length

As an alternative approach we may normalize the energy to obtain a more
length-independent energy, the average weighted length

wa.(9) = s [ olels)) ds (26)

but this generates an ill-posed H%-flow, as we will now show.

2.4.4 Flow computations

Here we write L :=len(c). Let g : R™ — RF; let

e, (9(0)) = [[ateds =1 [ ate@)@)lao

then the Gdteauz differential is

Dlavg.(g(c))l(c; h)

1
7 /Vg(c) ~h+g(c)(Osh-T)ds — (2.7)
1
fﬁ/cg(c)ds/casfwTds:
= ][Vg(c) “h+ (g(c) —avg,(g(c))) (8sh - T) ds
In the above, we omit the argument (s) for brevity; Vg is the gradient of g.

If the curve is planar, we define the normal and tangent vectors N and T as
by [I.12] and [[.13} then, integrating by parts, the above becomes

Dlavg.(g(c))l(c; h)

A ACREZCREE (2.8)
—(g(c) —ave.(g(c )))(h D?¢)ds =
][ (VQ(C) -N — m(g(c) - avgc(g(c))))(h - N)ds

C

Suppose now that we have a shape optimization functional F including a term
of the form avg,(g(c)); let C = C(t,0) be an evolving family of curves trying to
minimize F; this flow would contain a term of the form

aa—f =... (g(c(s)) — avgc(g)),%N. ..

unfortunately the above flow is ill defined: it is a backward-running geometric
heat flow on roughly half of the curve. We will come back to this example in
Section [I0.8.1} more examples and methods for computing Gateaux differentials
are in Section [£.21
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2.4.5 Centroid energy

We will now propose another simple example where the above phenomenon is
again evident.

Example 2.8 (Centroid-based energy) Let us fiz a target point v € R".
We recall that avg.(c) is the center of mass of the curve. The energy

B(e) = ylavg,(c) o (2.9)

penalizes the distance from the center of mass to v. Let in the following ¢ =
avg,(c) for simplicity. The directional derivative of E in direction h is

DE(c;h) = <5 — 0, D@)(c; h)>
where in turn (by egn. and @)}

D@)(¢;h) = ][h—k(c—é)(Dsh'Dsc)ds: (2.10)

c

][h — Dyc(h-Dyc) — (¢ —¢)(h-Dc)ds

c

supposing that the curve is planar, then
h—Dgc(h-Dsc) =N(h-N)

DE(c; ) = ][@— 0, NY(h+ N) — (@ — v, c—Si(h - N)ds .

The HC gradient descent flow is then

— ==V E(c) =((v—7¢),N)N —kN{(c—7¢),(v—70)) .

The first term ((v—7¢)- N)N in this gradient descent - ?

flow moves the whole curve towards v.

Let P :={w: ((w—7¢)-(v—2¢)) > 0} be the half plane “on
the v side” . The second term —xN{((c—¢)- (v —7))
in this gradient descent flow tries to decrease the curve
length out of P and increase the curve length in P, and
this is ill posed.

We will come back to this example in Proposition [10.20}

17



2.4.6 Conclusions

More recent works that use active contours for segmentation are not only based
on information from the image to be segmented (edge-based or region-based),
but also prior information, that is information known about the shape of the
desired object to be segmented. The work of [Leventon et al| [2000] showed
how to incorporate prior information into the active contour paradigm. Sub-
sequently, there have been a number of works, for example [Tsai et al, [2001a];
Rousson and Paragios| [2002]; (Chen et al.| [2002]; (Cremers and Soatto| [2003];
viv et al. [2004], which design energy functionals that incorporate prior shape
information of the desired object. In these works, the main idea is designing a
novel term of the energy that is small when the curve is close, in some sense, to
a pre-specified shape.
The need for prior information terms arose from several factors such as

e the fact that some images contain limited information,

e the energies functions considered previously could not incorporate complex
information,

e the energies had too many extraneous local minima, and the gradient flows
to minimize these energies allowed for arbitrary deformations that gave
rise to unlikely shapes; as in the example in Fig. [4] of segmentation using
the Chan-Vese energy, where the flowing contour gets trapped into noise.

Figure 4: HY gradient descent flow of Chan—Vese energy, to segment a noisy
square

Works on incorporating prior shape knowledge into active contours have
led to a fundamental question on how to define distance between two curves
or shapes. Many works, for example [Younes| [1998]; [Soatto and Yezzi [2002];
Mio and Srivastaval [2004a]; |Charpiat et al.| [2004]; [Michor and Mumford| [2006];
Yezzi and Mennucci [2004bl, [2005], in the shape analysis literature have proposed
different ways of defining this distance.

However, Michor and Mumford| [2006]; [Yezzi and Mennucci [2005] observed
that all previous works on geometric active contours that derive gradient flows
to minimize energies, which were described earlier, imply a natural notion of
Riemannian metric, given by the geometric inner product H° (that we just
“discovered” in eqn. (2.4])). Subsequently, Michor and Mumford| [2006]; [Yezzil
and Mennucci| [2004b] have shown a surprising property: the H° Riemannian
metric on the space of curves is pathological, since the “distance” between any
two curves is zero.
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In addition to the pathologies of the Riemannian structure induced by H°,
there are also undesirable features of H® gradient flows. Some of these features
are listed below.

1.

There are no regularity terms in the definition of the H" inner product.
That is, there is nothing in the definition of H that discourages flows that
are not smooth in the space of curves. Thus, when energies are designed
to depend on the image that is to be segmented, the H? gradient is very
sensitive to noise in the image.

Therefore, in geometric active contour models, a penalty on the curve’s
length is added to keep the curve smooth. However, this changes the
energy that is being optimized and ends up solving a different problem.

. HO gradients, evaluated at a particular point on the curve, depend locally

on derivatives of the curve. Therefore, as the curve becomes non-smooth,
as mentioned above, the derivative estimates become inaccurate, and thus,
the curve evolution becomes inaccurate. Moreover, for region-based and
edge-based active contours, the H® gradient at a particular point on the
curve depends locally on image data at the particular point. Although
region-based energies may depend on global statistics, such as mean values
of regions, the H® gradient still depends on local data. These facts imply
that the H? gradient descent flow is sensitive to noise and local features.

The H° norm gives non-preferential treatment to arbitrary deformations
regardless of whether the deformations are global motions (not chang-
ing the shape of the curve) such as translations, rotations and scales; or
whether they are more local deformations.

Many geometric active contours (such as edge and region-based active
contours) require that the unit normal to the evolving curve be defined.
As such, the evolution does not make sense for polygons. Moreover, since
in general, an H° active contour does not remain smooth, one needs special
numerical schemes based on viscosity theory in a level set framework to
define the flow.

Many simple and apparently sound energies cannot be implemented for
shape optimization tasks;

e some energies generate ill-posed H® flows;

e if an energy integrand uses derivatives of the curve of degree up to d,
then the PDE driving the flow has degree 2d; but derivatives of the
curves of high degree are noise sensitive and are difficult to implement
numerically, and

e the active contours method works best when implemented using the
level set method, but this is difficult for flows PDEs of degree higher
than 2.
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In conclusion, if one wishes to have a consistent view of the geometry of the
space of curves in both shape optimization and shape analysis, then one should
use the H® metric when computing distances, averages and morphs between
shapes. Unfortunately, H° does not yield a well define metric structure, since
the associated distance is identically zero.

So to achieve our goal, we will need to devise new metrics.

3 Basic mathematical notions

In this section we provide the mathematical theory that will be needed in the
rest of the course. (Some of the definitions are usually known to mathematics’
students; we will present them nonetheless as a chance to remark less known
facts.) We will though avoid technicalities in the definitions, and for the most part
just provide a base intuition of the concepts. The interested reader may obtain
more details from a books in analysis, such as |Apostol [197j)], in functional
analysis, such as|Rudin [1975], and in differential and Riemannian geometry,
such as|do Carmd| (1992, Klingenberg [1982] or|Lang [1999).

We start with a basic notion, in a quite simplified form.

Definition 3.1 (Topological spaces) A topological space is a set M with
associated a topology T of subsets, that are the open sets in M.

The topology is the simplest and most general way to define what are the
“convergent sequences of points” and the “continuous functions”. We will not
provide details regarding topological spaces, since in the following we will mostly
deal with normed spaces and metric spaces, where the topology is induced by a
norm or a metric. We just recall this definition.

Definition 3.2 A homeomorphism is an invertible continuous function ¢ :
M — N between two topological spaces M, N, whose inverse ¢~' is again con-
tinuous.

3.1 Distance and metric space
Definition 3.3 Given a set M, a distance d = dy; is a function
d: M x M —[0,]
such that
1. d(z,z) =0,
if d(x,y) =0 then x =y,

d(z,y) = d(y,x) (d is symmetric)

e

d(z,z) <d(z,y) + d(y, z) (the triangular inequality).
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There are some possible generalizations.
e The second request may be waived, in this case d is a semidistance.

e The third request may be waived: then d would be an asymmetric dis-
tance. Most theorems we will see can be generalized to asymmetric dis-
tances; see Mennucci| [2004].

3.1.1 Metric space

The pair (M, d) is a metric space. A metric space has a distinguished topology,
generated by balls of the form B(z,r) := {y | d(z,y) < r}; according to this
topology, ,, =, « iff d(x,,z) —, 0; and functions are continuous if they map
convergent sequences to convergent sequences. We will assume in the following
that the reader is acquainted with the concepts of “open, closed, compact sets”
and “continuous functions” in metric spaces. We recall though the definition of
“completeness”.

Definition 3.4 A metric space (M,d) is complete iff, for any given sequence
(cn)n C M, the fact that
lim d(em,cn) =0
m,n— 00

implies that ¢, converges.

Example 3.5 e R" is usually equipped with the Euclidean distance

d(z,y) = [ —yl =

and (R",d) is a complete metric space.
e Any closed subset of a complete space is complete.

e If we cut away an accumulation point out of a space, the resulting space
is not complete.

A complete metric space is a space without “missing points”. This is im-
portant in optimization: if a space is not complete, any optimization method
that moves the variable and searches for the optimal solution may fail since the
solution may, in a sense, be “missing” from the space.

3.2 Banach, Hilbert and Fréchet spaces

Definition 3.6 Given a vector space E, a norm || - || is a function
-1l E = [0,00]

such that
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1. |- || s convex

2. if ||z|| = 0 then x = 0.

3. Il = W [lz]) for A € R

Again, there are some possible generalizations.

e If the second request is waived, then | - || is a seminorm.

e If the third request holds only for A > 0, then the norm is asymmetric;
in this case, it may happen that ||z| # || — z||.

Each (semi/asymmetric)norm || - || defines a (semi/asymmetric)distance
d(@,y) = [lz =yl

So a norm induces a topology.

3.2.1 Examples of spaces of functions
We present some examples and definitions.

Definition 3.7 A locally-convex topological vector space E (shortened as
l.c.t.v.s. in the following) is a vector space equipped with a collection of semi-
norms || - || (with k € K an index set); the seminorms induce a topology, such
that ¢, = ¢ iff |len — ¢l —n O for all k; and all vector space operations are
continuous w.r.to this topology.

The simplest example of 1.c.t.v.s. is obtained when there is only one norm; this
gives raise to two renowned examples of spaces.

Definition 3.8 (Banach and Hilbert spaces) e A Banach space is a
vector space E with a norm || - || defining a distance d(x,y) := || — y||
such that E is metrically complete.

e A Hilbert space is a space with an inner product (f,g), that defines a
norm ||f| := /{f, f) such that E is metrically complete.
(Note that a Hilbert space is also a Banach space).

Example 3.9 Let I ¢ R"” be open; let p € [1,00]. A standard example of
Banach space is the LP space of functions f : I — R". Ifp € [1,00), the LP
space contains all functions such that |f|P is Lebesque integrable, and is equipped
with the norm

1l = / @) de .

For the case p = oo, L™ contains all Lebesgue measurable functions f : I —
R™ such that there is a constant ¢ > 0 for which |f(z)| < ¢ for allz € I\ N,
where N is a set of measure zero; and L™ is equipped with the norm

[fllzoe = supess; [f(z)|
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that is the lowest possible constant c.
If p=2, L? is a Hilbert space by inner product

(f.g) = /I (@) - glx) da .

Note that, in these spaces, by definition, f = g iff the set {f # g} has
Lebesgue measure zero.

3.2.2 Fréchet space

The following citations [Hamilton| [1982] are referred to the first part of Hamil-
ton’s 1982 survey on the Nash&Moser theorem.

Definition 3.10 A Fréchet space E is a complete Hausdorff metrizable I.c.t.v.s.;
where we define that the l.c.t.v.s. E is

complete when, for any sequence (c,), the fact that

lim |lep —cnlle =0
m,n—00

for all k implies that c,, converges;
Hausdorff when, for any given ¢, if ||c||x = 0 for all k then ¢ = 0;

metrizable when there are countably many seminorms associated to E.

The reason for the last definition is that, if E is metrizable, then we can define
a distance

= 2 |z — yl
d = —_—
@)= 2 Ty,

that generates the same topology as the family of seminorms || - ||x; and the vice
versa is true as well, see Rudin| [1973].

3.2.3 More examples of spaces of functions

Example 3.11 Let I C R™ be open and non empty.

e The Banach space CI(I — R"), with associated norm

11| := supsup [ fD (1)) ;

i<j tel

where %) is the i-th derivative. In this space fn — f iff f,gi) — f®
uniformly for all i < j.
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e The Sobolev space HI(I — R™), with scalar product
g = [ F0)-g(0) 4+ 7)) 1)

where fU) is the j-th derz’vativ.

e The Fréchet space of smooth functions C°(I — R").

The seminorms are
£ ]lx = sup | f¥) ()]
xzel

where %) is the k-th derivative. In this space, f, — f iff all the deriva-

tives fT(Lk)(x) converge to derivatives f*)(x), and for any fived k the con-
vergence is uniform w.r.to x € I.

This last is the strongest topology between the topologies usually associated to
spaces of functions.

3.2.4 Dual spaces.

Definition 3.12 Given a l.c.t.v.s. E, the dual space E* is the space of all
linear functions L : E — IR.

If F is a Banach space, it is easy to see that E* is again a Banach space, with
norm
|L||g := sup |Lz|.
lzle<1

The biggest problem when dealing with Fréchet spaces, is that the dual of
a Fréchet space is not in general a Fréchet space, since it often fails to be
metrizable. (In most cases, the duals of Fréchet spaces are “quite wide” spaces;
a classical example being the dual elements of smooth functions, that are the
distributions). So given F,G Fréchet spaces, we cannot easily work with “the
space L(F,G) of linear functions between F and G”.

As a workaround, given an auxiliary space H, we will consider “indexed
families of linear maps” L : F x H — G, where L(-, h) is linear, and L is jointly
continuous; but we will not consider L as a map

hi=  (f = L(f, 1))

H— L(F,G) (3.1)

3.2.5 Gateaux differential

An example is the Gdteauz differential.

5The derivatives are computed in distributional sense, and must exists as Lebesgue inte-
grable functions.
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Definition 3.13 We say that a continuous map P : U — G, where F,G are
Fréchet spaces and U C F is open, is Gateaux differentiable if for any h € F
the limit
. P(f+th)—P
pp(fin) = i CIXMZPD g pip oy, s2)

t—0

exists. The map DP(f;-): F — G is the Gdteaux differential.

Note that the Gateaux differential may fail to be linear in h; indeed, any 1-
homogeneous function P is Gateaux differentiable at f = 0.

Definition 3.14 We say that P is C* if DP : U x F — G exists and is jointly
continuous.

(This is weaker than what is usually required in Banach spaces).
The basics of the usual calculus hold.

Theorem 3.15 ([Hamilton, 1982, Thm. 3.2.5]) If P is C! then DP(f;h)
is linear in h.

Theorem 3.16 (Chain rule [Hamilton, 1982, Thm. 3.3.4]) If P,Q are C*
then P o Q is C' and

D(PoQ)(f;h) = DP(Q(f): DQ(f;h)) -

Also, the implicit function theorem holds, in the form due to Nash&Moser:
see again Hamilton| [1982] for details.

3.2.6 Troubles in calculus
But some important parts of calculus are instead lost.

Example 3.17 Suppose P :U C F — F' is smooth, and consider the O.D.FE.

d

S +r_p

gl =rf
to be solved for a solution f: (—e,e) — F.

e if F' is a Banach space, then, given initial condition f(0) = z, the solution
will exist and be unique (for ¢ > 0 small enough);

o but if F' is a Fréchet space, then f may fail to exist or be unique.

See [Hamilton, |1982, Sec. 5.6]

A consequence (that we will discuss more later on) is that the exponential
map in Riemannian manifolds may fail to be locally surjective. See [Hamilton),
1982, Sec. 5.5.2].
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3.3 Manifold

To build a manifold of curves, we have ahead two main definitions of “manifold”
to choose from.

Definition 3.18 (Differentiable Manifold) An abstract differentiable
manifold is a topological space M associated to a model l.c.t.v.s. U. It is
equipped with an atlas of charts ¢y : U, — Vi, where Uy, C U are open sets,
and Vi, C M are open sets that cover M. The maps ¢y, are homeomorphisms.

The composition ¢7* o ¢o restricted to ¢y (Vi N V) is
usually required to be a smooth diffeomorphism.

The dimension dim(M) of M is the dimension of U.
When M is finite-dimensional, the model space (in this
book) is always U = R".

Since ¢ are homeomorphisms, then the topology of M is “identical” to the
topology of U. The role of the charts is to define the differentiable structure of
M mimicking that of U. See for example the definition of directional derivative

in eqn. (3.4)).

3.3.1 Submanifold

Definition 3.19 Suppose A, B are open subsets of two linear spaces. A dif-
feomorphism is an invertible C' function ¢ : A — B, whose inverse ¢~ is
again C*.

Let U be a fixed closed linear subspace of a l.c.t.v.s. X.

Definition 3.20 A submanifold is a subset M
of X, such that, at any point c € M we may find
a chart ¢ : U, — Vi, with V,U, C X open
sets, ¢ € V. The maps ¢y, are diffeomorphisms,
and ¢, maps U NU, onto M N V.

Most often, M = {®(c) = 0} where ® : X — Y; so, to prove that M is a
submanifold, we will use the implicit function theorem.

Note that M is itself an abstract manifold, and the model space is U; so
dim(M) = dim(U) < dim(X). Vice versa any abstract manifold is a submani-
fold of some large X (by well known embedding theorems).

3.4 Tangent space and tangent bundle

Let us fix a differentiable manifold M, and ¢ € M. We want to define the
tangent space T.M of M at c.

Definition 3.21 e The tangent space T.M is more easily described for
submanifolds; in this case, we choose a chart ¢ and a point x € Uy s.t.
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Figure 5: Tangent space

or(x) = ¢; T.M is the image of the linear space U under the derivative
D,¢r. T.M is itself a linear subspace in X. In figure[3, we graphically
represent T.M though as an affine subspace, by translating it to the point
c.

e The tangent bundle T M is the collection of all tangent spaces. If M is
a submanifold of the vector space X, then

TM :={(c,h) | c€e M,he T,M} C X x X .

The tangent bundle T'M is itself a differentiable manifold; its charts are of the
form (¢r, Doy), where ¢y, are the charts for M.

3.5 Fréchet Manifold

When studying the space of all curves, we will deal with Fréchet manifolds,
where the model space E will be a Fréchet space, and the composition of local
charts ¢)1_1 o @9 is smooth.

Some objects that we may find useful in the following are Fréchet manifolds.

Example 3.22 (Examples of Fréchet manifolds) Given two finite-dimensional
manifolds S, R, with S compact and n-dimensional,

e [Hamilton, 1982, Example 4.1.3]. the space C*°(S;R) of smooth maps
f:S — R is a Fréchet manifold. It is modeled on U = C*°(R"; R).

o [Hamilton, (1982, Example 4.4.6]. The space of smooth diffeomorphisms
Diff(S) of S onto itself is a Fréchet manifold. The group operation ¢, —
¢ o) is smooth.

e But if we try to model Diff(S) on C¥(S;S), then the group operation is
not even differentiable.

e [Hamilton, 1982, FExample 4.6.6]. The quotient of the two above
C*°(S; R)/Diff(S)
is a Fréchet manifold. It contains “all smooth maps from S to R, up to a

diffeomorphism of S”.
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So the theory of Fréchet space seems apt to define and operate on the manifold
of geometric curves.

3.6 Riemann & Finsler geometry

We first define Riemannian geometries, and then we generalize to Finsler ge-
ometries.

3.6.1 Riemann metric, length

Definition 3.23 e A Riemannian metric G on a differentiable manifold
M defines a scalar product (hi, hg)(;‘c on hi,hs € T.M, dependent on
the point c € M. We assume that the scalar product varies smoothly w.r.to
c.

e The scalar product defines the norm |h|. = |h|g,, = w(h,h}G‘ .
Suppose v : [0,1] — M is a path connecting ¢y to ¢;.

1
e The length is Len(vy) ::/ [9(0) [y () dv
0
where 4(v) := 9,7(v).

1
e The energy (or action) is E(v) := / |"y(u)\,2y(v) dv
0

3.6.2 Finsler metric, length

Definition 3.24 We define a Finsler metric to be a function F : TM — R,
such that

e I is continuous and,
e forallce M , v+ Fl(c,v) is a norm on T.M.
We will sometimes write |v]. := F(c,v).

(Sometimes F' is called a “Minkowsky norm”).

As for the case of norms, a Finsler metric may be asymmetric; but, for sake
of simplicity, we will only consider the symmetric case.

Using the norm |v|. we can then again define the length of paths by

1 1
Len® (y) = / Al df = / Fly(t),4(1)) dt

and similarly the action.
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3.6.3 Distance

Definition 3.25 The distance d(cg,c1) is the infimum of Len(y) between all
C' paths v connecting co,c1 € M.

Remark 3.26 In the following chapter, we will define some differentiable man-
ifolds M of curves, and add a Riemann (or Finsler) metric G on those; there
are two different choices for the model space,

o suppose we model the differentiable manifold M on a Hilbert space U, with
scalar product (,)y; this implies that M has a topology T associated to i,
and this topology, through the charts ¢, is the same as that of U. Let
now G be a Riemannian metric; since the derivative of a chart D¢(c)
maps U onto T.M , one natural hypothesis will be to assume that {,)y and
(,)a,c be locally equivalent (uniformly w.r.to small movements of c); as
a consequence, the topology generated by the Riemannian distance d will
coincide with the original topology 7. A similar request will hold for the
case of a Finsler metric G, in this case U will be a Banach space with a
norm equivalent to that defined by G on T, M.

o We will though find out that, for technical reasons, we will initially model
the spaces of curves on the Fréchet space C*°; but in this case there cannot
be a norm on T.M that generates the same original topology (for the proof,

see 1.1.46 in|Rudin| [1973]).

3.6.4 Minimal geodesics

Definition 3.27 If there is a path v* providing the minimum of Len(y) between
all paths connecting co,c1 € M, then v* is called a minimal geodesic.

The minimal geodesic is also the minimum of the action (up to reparame-
terization).

Proposition 3.28 Let £* provide the minimum min, E(v) in the class of all
paths v in M connecting x to y. Then £* is a minimal geodesic and its speed
|£*| is constant.

Vice versa, let v* be a minimal geodesic, then there is a reparameterization
& =7*o0¢ s.t. £ provides the minimum min, E(v).

A proof may be found in Mennucci| [2004].

3.6.5 Exponential map

The action E is a smooth integral, quadratic in 4, and we can compute the Euler-
Lagrange equations; its minima are more regular, since they are guaranteed to
have constant speed; consequently, when trying to find geodesics, we will try
to minimize the action and not the length. This also related to the idea of the
exponential map.
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Definition 3.29 Let ¥ = I'(¥,v) be the Euler-Lagrange ODE of the action
E(y) = fol |¥(v)|?dv. Any solution of this ODE is a critical geodesic. Note
that any minimal geodesic is a critical geodesic.

Define the exponential map exp,:T.M — M as exp.(n) = v(1), where
v is the solution of

{30) =LG@.A), 1O = 3(0) =7 (3.3)

Solving the above ODE (3.3) is informally known as shooting geodesics.
The exponential map is often used as a chart, since it is the least possibly
deforming map at the origin.

Theorem 3.30 Suppose that M is a smooth differentiable manifold modeled
on a Hilbert space with a smooth Riemannian metric. The derivative of the
exponential map exp, : TcM — M at the origin is an isometry, hence exp, is a
local diffeomorphism between a neighborhood of 0 € T.M and a neighborhood of
ce M.

(See [Lang| [1999], VIIT §5). The exponential map can then “linearize” small
portions of M, and so it will enable us to use linear methods such as the principal
component analysis. Unfortunately, the above result does not hold if M is
modeled on a Fréchet space.

3.6.6 Hopf-Rinow theorem

Theorem 3.31 (Hopf—Rinow) Suppose M is a finite dimensional Rieman-
nian or Finsler manifold. The following statements are equivalent:

e (M,d) is metrically complete;
e the O.D.E. can be solved for allce M, neT.M andv € R;
e the map exp, 1is surjective;

and all those imply that, VYx,y € M there exists a minimal geodesic connecting
T toy.

3.6.7 Drawbacks in infinite dimensions

In a certain sense, infinite dimensional manifolds are simpler than their corre-
sponding finite-dimensional counterparts: indeed, by |[Eells and Elworthy| [1970],

Theorem 3.32 (Eells—Elworthy) Any smooth differentiable manifold M mod-
eled on an infinite dimensional separable Hilbert space H may be embedded as
an open subset of that Hilbert space.

In other words, it is always possible to express M using one single chart. (But
note that this may not be the best way for computations/applications).

When M is an infinite dimensional Riemannian manifold, though, only a
small part of the Hopf-Rinow theorem still holds.
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Proposition 3.33 Suppose M is infinite dimensional, modeled on a Hilbert
space, and (M,d) is complete, then the O.D.E. of a critical geodesic can
be solved for all v € R.

But other implications fails.

Example 3.34 (Atkin| [1975]) There exists an infinite dimensional complete
Hilbert smooth manifold M and x,y € M such that there is no critical geodesic
connecting x to y.

That is,
e (M,d) is complete # exp, is surjective,
e and (M, d) is complete & minimal geodesics exist.

It is then, in general, quite difficult to prove that an infinite dimensional
manifold admits minimal geodesics (even when it is known to be metrically
complete). There are though some positive results, such as Ekeland| [1978] (that
we cannot properly discuss for lack of space); or the following.

Theorem 3.35 (Cartan—Hadamard) Suppose that M is connected, simply
connected and has seminegative sectional curvature; then these are equivalent:

o (M,d) is complete
e there exists a ¢ € M such that the map n — exp.(n) is well defined
and then there exists an unique minimal geodesic connecting any two points.

For the proof, see Corollary 3.9 and 3.11 in sec. IX.§3 in [Lang| [1999).

3.7 Gradient in abstract differentiable manifold

Let M be a differentiable manifold, and U the model l.c.t.v.s. . Choose ¢ € M,
and ¢ : Uy — Vj a chart with ¢ € V4, where V7 is an open subset of V.

Definition 3.36 Let £ : M — R be a functional; we say that it is Gdteaux
differentiable at c if for all h € T.M there exists the directional derivative
at ¢ in direction h

’ ) t ’

where ¢ = ¢1(x), h = Dy (x; k).

(3.4)

We suppose that E is C'! near c; this is expressed using the chart, imposing that
DE(¢1(x1), Dg1(x1;h)) is continuous, for 1 € Uy and h € U. By theorem
this implies that DE(c; -) is a linear function from T, M into IR; for this reason it
is considered an element of the cotangent space T."M (that is the dual space
of T.M — and we will not discuss here further).

Suppose now that we add a Riemannian geometry to M; this defines an
inner product (-,-). on T.M, so we can then define the gradient.
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Definition 3.37 (Gradient) The gradient VE(c) of E at ¢ is the unique
vector v € T, M such that

(v,h)e = DE(c;h) VYheT,M .

If M is modeled on a Hilbert space H, and the inner product (-,-). used on
T.M is equivalent to the inner product in H (as we discussed in , then the
above equation uniquely defines what the gradient is. When M is modeled on a
Fréchet space, though, there is no choice of inner product that is “compatible”
with M; and there are pathological situations where the gradient does not exist.

Example 3.38 Let M = C*([—1,1] — R); since M 1is a vector space, then
it s trivially a manifold, with a single identity chart; and T.M = M. Let
E : M — R be the evaluation functional E(f) = f(0), then DE(f; h) = h(0);
let

(f.9) = / oors

then the gradient of E would be 0y (the Dirac’s delta), that is a distribution (or
more simply a probability measure) but not an element of M.

3.8 Group actions

Definition 3.39 Let G be a group, M a set. We say that G acts on M if there
s a map
GxM — M
g,m +— g-m

that respects the group operations:
e if e is the identity element then e - m = m, and

e forany g,h € G,m e M

h-(g-m)=(hg)-m . (3.5)

(where hg is the product of the two elements in the group G).

If G is topological group, that is, a group with a topology such that the group
operation is continuous, and M has a topology as well, we will require that the
action be continuous. Similarly for smooth actions between smooth manifolds.

The action of a group G on M induces an equivalence relation ~, defined
by

my ~ mo iff there exists g such that mi; = g - ms.

We can then define the following objects.
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Definition 3.40 e The orbit [m] of m is the family of all my equivalent to
m.

e The quotient M /G is the space M/ ~ of equivalence classes.

e There is a projection m : M — M/G, sending each m to its orbit 7(m) =
[m].

We will see many examples of actions in Example

3.8.1 Distances and groups

Let dps(z,y) be a distance on a space M, and G a group acting on M; we may
think of defining a distance on B = M/G by

dp([z],[y]) == inf dy(z,y)= inf dy(g-2,h-y) (3.6)
z€(z],y€ly] g,h€g

that is the lowest distance between two orbits. Unfortunately, this definition
does not in general satisfy the triangle inequality.

Proposition 3.41 If dy; is invariant w.r.to the action of the group G,
that is

dy(g-z,9-y) =du(z,y) Vgeg,
then the above (@) can be simplified to

dg([z], [y]) = ;gg du(g-z,y) - (3.7)

and dp 1s a semidistance.

Proof. We write dp(z,y) instead of dp([z], [y]) for simplicity. It is easy to check
that

dp(z,y) = inf dv(g-z,y) = inf du(y,g-z) = inf dy(g™" - y,x) =dp(y, @) .

For the triangle inequality,
d d = inf d . inf d h-y) =
B($7z)+ B(Z>y) _;IEIQ M(g xvz)—’—’?elg M(Z, y)
= inf d . d h-y)> inf d cx,h-y)=d
nf Mgz, 2) +du(z, y)—g};?eg Mm(g-z,h-y) =dp(z,y)
O

Remark 3.42 There is a main problem: is dp([z],[y]) > 0 when [z] # [y] ¢
That is, there is no guarantee, in line of principle, that the above definition
won’t simply result in dg = 0.

33



4 Spaces and metrics of curves

In this section we review the mathematical definitions regarding the space of
curves in full detail, and express a set of mathematical goals for the theory.

4.1 Classes of curves

Remember that S' = {z € R? | |z| = 1} is the circle in the plane.
We will often associate R? = @, for convenience. Consequently,

e sometimes S! will be identified with R/(27) (that is R modulus 27 trans-
lations).

e but other times (and in particular if the curve is planar) we will associate
St={e te R} ={z|z| =1} C C.

We recall that a curve is a map c¢: S — R". The image, a.k.a. trace, of
the curve is ¢(S') = {c(0),0 € S'}.

Definition 4.1 (Classes of Curves)

e Imm(S',R") is the class of immersed curves c, such that ¢ # 0
at all points.

e Imm(S',R") is the class of freely immersed curve, the immersed
curves ¢ such that, moreover, if ¢ : St — S is a diffeomorphism and
c(op(t)) = e(t) for all t, then ¢ =Id. So, in a sense, the curve is “com-
pletely” characterized by its image.

e Emb(S',R") are the embedded curves, maps c that are diffeo-
morphic onto their image c(S*); and the image is an embedded
submanifold of R™ of dimension 1.

Each class contains the one following it. The following is an example of a non-
freely immersed curve.

Example 4.2 We define the doubly traversed circle using the complex no-
tation c(z) = 22 for z € S* C C; or otherwise identifying S* = R/(2m), and in
this case

¢(0) = (cos(20),sin(20))

for 8 € R/(2m). Setting ¢(t) =t + 7, we have that ¢ = co ¢, so ¢ is not freely
immersed.

Vice versa, the following result is a sufficient condition to assert that a curve is
freely immersed.

Proposition 4.3 (Michor and Mumford| [2006]) If ¢ is immersed and there
is a x € R" s.t. ¢(t) = x for one and only one t, then c is freely immersed.
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Remark 4.4 Imm(S',R") , Imm(S',R") , Emb(S*,IR") , are open subset of
the Banach space C"(S' — IR™) when r > 1, so they are trivially submanifolds
(the charts are identity maps); and similarly for the Fréchet space C*°(S* —
R™).

Imm(S*, R") , Imm (S, R") , Emb(S*,R") are connected iff n > 3; whereas
in the case n = 2 of planar curves, they are divided in connected components
each containing curves with the same rotation index (see Prop. for the def-
ingtion).

4.2 Gateaux differentials in the space of immersed curves

Let once again M be the manifold of smooth immersed curves. We will mainly be
interested in the Gateaux derivation of operators O and functions F : M — R*.
By operator we mean any one of these possible operations.

e An operator
O:M—>TM

such that O(c) is a smooth a vector field; examples are the operations of
computing the tangent field T, and the curvature H.

e An operator
O:M—->M

such that O(c) is an immersed curve; examples are all the group actions
listed in Section [£.3]

e An operator
O:M— (T.M — T.M)

such that O(c) is itself an operator on vector fields along ¢; an example is
the derivative Dy;

e Or sometimes
O:M— (T.M —-R")

such as the average along the curve O(c) = avg,(+).

In all above cases, the evaluated operator O(c) is itself a function; for this
reason, to avoid confusion in the notation, in this section we write the Gateaux
derivation as D, ;O instead of DO(c; h).

The charts in M are trivial (as noted in[4.4)), so the definition of Gateaux
differential simplifies to

DenE = 9,E(c+th)|,_, (4.1)

and similarly for an operator.

These rules following are the building blocks that are used (by means of
standard calculus rules for derivatives) to compute the derivation of all other
geometric operators usually found in computer vision applications.
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Proposition 4.5

D.plen(c) = /(Dsh~Dsc) ds:—/(h~D§c)ds , (4.2)
Den(D,O) = —(Dsh-Dyc)(DsO) + Dy(D.1,0) , (4.3)
Dc,h Ods = /DC,hO + 0. (Dsh . DSC) ds , (4.4)

][DCJLO + O.(Dsh - Dsc)ds — ][Ods ][(Dsh - Dgc)ds

Dc,h 7[0(18

The proof is by direct computation.

For example, from (4.5) we easily obtain (2.7)), that is

D, pavg,.(c) = ]Lh + (¢ —avg.(c))(Dsh - Dsc)ds .

C

If C(t,6) is a homotopy, we can obtain a different interpretation of all pre-
vious equalities substituting formally C' for O, 0; for D, and eventually 9,C
for h.

The above proposition helps in formalizing and speeding up calculus on
geometric quantities, as in this example.

Example 4.6 We can Gateaux-derive the “second arc parameter derivative op-
erator Dgs” by repeated applications of , as follows

Dc,h(Dssg) = _(Dsh : DSC)DSSg + Ds[Dc,h(Dsg)] =
- _(Dsh : Dsc)Dssg + Ds[_(Dsh : Dsc)(Dsg) + DS(DC,hg)] =
- Dss(Dc,hg> - 2(Dsh : DSC)DSSg - [Ds(Dsh : DSC)](DSg)

and hence obtain the Gdteaux differential of the curvature
D¢ pDgsc = Dgsh —2(Dsh - Dyc)Dssc — [Ds(Dsh - Dsc)|Dse

and eventually obtain the Gdteaux differential of the elastica energy by
substituting this last equality in

Dc,h/|Dssc|2ds = /2Dssc- (DenDssc) + |Dsscl®. (Dsh - Dsc) ds =

(&

/2Dssc - Dysh — 3(Dsh - Dyc)|Dysc|* ds

c

since (Dssc - Dse) = 0.

Remark 4.7 Most objects we deal with share an important property: they are
reparameterization invariant. In the case of operators, in all cases in which
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O(c) is a curve or a vector field, then this means that for any diffeomorphism
@ € Difft (S1) there holds

O(co)(0) = O(c)(9(9)) - (4.6)
(whereas for ¢ € Diff~(S') there is a possible sign choice as explained in Defi-

nition ,
By considering an infinitesimal perturbation a : S* — R of the identity in
Diff(SY), we obtain the formula

D, ,0(c)(0) = a(0).090(c)(0) for any h(0) = a(0).0pc(0) (4.7
and this last may be rewritten in arc parameter
D¢ r,O(c)(s) = a(s).DsO(c)(s) for any h(s) = a(s).Dsc(s) . (4.8)
Similarly if E : M — R is a reparameterization invariant energy, then
D.pE(c) =0 forany h=a.Dsc . (4.9)
It is also possible to prove that the condition is equivalent to saying that
the operator is reparameterization invariant; and similarly for F.
4.3 Group actions on curves

Let M again be the manifold of immersed curves. An example of group action
that we saw in Definition is obtained when G = Diff(S 1); G acts on curves
by right composition

c,pr—>cog

and this action is the reparameterization.

In general, all groups that act on R™ also act on M; many are of interest
in computer vision. The action of these groups on curves is always of the form
c,A— Aoc, where A :IR" — IR" is the group action on R".

Example 4.8 e O(n) is the group of rotations in R". It is represented by
the group of orthogonal matrizes

O(n) :={AcR™" | AA' = A'A = Id}
The action on v € R" is the matriz-vector multiplication Awv.
e SO(n) is the group of special rotations in R"™ with det(A) = 1.

e R" is the group of translations in R"™. The action on v € R" is the
vector sum vw— v+ 1.

e E(n) is the Euclidean group, generated by rotations and translations.
e R™ is the group of rescalings.

The quotient spaces M/G are the spaces of curves up to rotation and/or
translations and/or scaling (... ).
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4.4 Two categories of shape spaces

Let M be a manifold of curves. We should distinguish two different ideas of

shape spaces of curves.

geometric curves

geometric curves up to

pose
curves up to reparameteriza- curves up 1o reparameteri-
The space of shapes tion P P zation, rotation, translation,
’ scaling,
is modeled as M/Diff(sY) |, | M/Difi(5")/E(n)/R™ |

is well-suited to

shape optimization.

shape analysis.

\Michor and Mumford [2006],

Yezzi-M.-Sundaramoorthi

Sundaramoorthi et al.| [2005,

Srivastava et al|  [2005];

References:

2006, (2007

nucct et al.

b, [2008

|Men-

Mio and Srivastavd [2004b];

Glaunes

Klassen et al| [2004], | Younes

et al. 1200@'; Trouvé an
Younegl 12003/

(1998],  Younes et al| [2008]

The term preshape space is sometimes used for the leftmost space, when both
spaces are studied in the same paper.

4.5 Geometric curves

Unfortunately the quotient

B; = Imm(S*, R™)/Diff(S*)

of immersed curves up to reparameterization is not a Fréchet manifold.
We (re)define the space of geometric curves.

Definition 4.9

B; (S",R") = Imm(S*,IR")/Diff(S*)

is the quotient of Immy(S*,R"™) (the free immersions) by the diffeomorphisms
Diff(SY) (that act as reparameterizations).

The good news is that

Proposition 4.10 (§2.4.3 in Michor and Mumford| [2006]) If Imm; and
Diff(S*) have the topology of the Fréchet space of C> functions, then B; ; is a

Fréchet manifold modeled on C*.

The bad news is that

e when we add a simple Riemannian metric to B; ¢, the resulting metric
space is not metrically complete; indeed, there cannot be any norm on
C> that generates the same topology of the Fréchet space C° (as we

discussed in [3.26));
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e by modeling B; y as a Fréchet manifold, some calculus is lost, as we saw

in Section 3.2.5

Remark 4.11 It seems that this is the only way to properly define the manifold.
If otherwise we choose M = C*(S1 — R"™) to be the manifold of curves, then if
ceM,d &T.M. Hence we (must?) model M on C*> functions.

4.5.1 Research path

Following Michor and Mumford| [2006] we so obtained a possible program of
math research:

e define
B = B; ;(S",R") = Imm,(S*, R") /Diff(S*)

and consider B as a Fréchet manifold modeled on C*°,
e define a Riemann/Finsler geometry on it, study its properties,
e metrically complete the space.

In the last step, we would hope to obtain a differentiable manifold; unfortu-
nately, this is sometimes not true, as we will see in the overview of the literature.

4.6 Goals (revisited)

We formulate an abstract set of goal properties on a metric (hy, h2>G‘C on spaces
of curves.

1. [rescaling invariance| For any A > 0, if we rescale ¢ to Ac, then

<h‘la h‘2>G‘)\C = Aa<hla hQ>G‘C
(where a € R is an universal constant);

2. [Euclidean invariance] Suppose that A is an Euclidean transformation,
and R is its rotational part; if we apply A to ¢ and R to hg, hy, then

(Rhy, Rha)g,,. = (h1, ha)a,, ;

3. [parameterization invariance]

the metric does not depend on the parameterization of the curve, that is
[7l[z = [[h][c when &(t) = c(¢(t)) and h(t) = h(p(1)).

If a metric satisfies the above three properties, we say that it is a geometric
metric.
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4.6.1 Well posedness

We also add a more basic set of requirements.

0. [well-posedness and existence of minimal geodesics]

e The metric induces a good distance d: that is, the distance between dif-
ferent curves is positive, and d generates the same topology that the atlas
of the manifold M induces;

e (M,d) is complete;

e for any two curves in M, there exists a minimal geodesic connecting them.

4.6.2 Are the goal properties consistent?
So we state the abstract problem:

Problem 4.12 Consider the space of curves M, and the family of all Rieman-
nian (or, Finsler) Geometries F' on M.
Does there exist a metric F' satisfying the above properties 0,1,2,37
Consider metrics F that may be written in integral form

F(e,h) = /f(c(s),@sc(s), . .,8&0(5)7 h(s),...,0%h(s)) ds

what is the relationship between the degrees i, j and the properties in this section?

All this boils down to a fundamental question: can we design metrics to satisfy
our needs?

5 Representation/embedding/quotient in the cur-
rent literature

5.1 The representation/embedding/quotient paradigm
A common way to model shapes is by representation/embedding;:
e we represent the shape A by a function w4

e and then we embed this representation in a space F, so that we can
operate on the shapes A by operating on the representations u 4.

Most often, representation/embedding alone do not directly provide a sat-
isfactory shape space. In particular, in many cases it happens that the repre-
sentation is “redundant”, that is, the same shape has many different possible
representations. An appropriate quotient is then introduced.

There are many examples of shape spaces in the literature that are studied
by means of the representation/embedding/quotient scheme. Understanding the

40



basic math properties of these three operations is then a key step in understand-
ing shape spaces and designing/improving them.

We now present a rapid overview of how this scheme is exploited in the
current literature of shape spaces; then we will come back to some of them to
explain more in depth.

5.2 Current literature

Example 5.1 (The family of all non empty compact subsets of ]RN) A
standard representation is obtained by associating each closed subset A to the
distance function ua or the signed distance function ba (that were defined in
Definition . We may then define a topology of shapes by deciding that
A, — A when uy, — ua uniformly on compact sets. This convergence coin-
cides with the Kuratowski topology of closed sets; if we limit shapes to be compact
sets, the Kuratowski topology is induced by the Hausdorff distance. See section
G2

Example 5.2 Trouvé-Younes et al (see|Glaunés et al| [2005], Trouvé and Younes
[2005] and references therein) modeled the motion of shapes by studying a left
invariant Riemannian metric on the family G of diffeomorphisms of the space
RY ; to recover a true metric of shapes, a quotient is then performed w.r.to all
diffeomorphisms Go that do not move a template shape.

But the representation/embedding/quotient scheme is also found when deal-
ing with spaces of curves:

Example 5.3 (Representation by angle function) In the work of Klassen
et al| [2004]; \Srivastava et al| [2005];|Mio and Srivastava| {20041, smooth planar
closed curves ¢ : S — R* of length 21 are represented by a pair of angle-
velocity functions ¢ (u) = exp(¢(u) + ic(u)) (identifying R* = €) then (¢, )
are embedded as a subset N in L*(0,2m) or W12(0,2m). Since the goal is to
obtain a shape space representation for shape analysis purposes, a quotient is
then introduced on N. See Section[S8.2.

Example 5.4 Another representation of planar curves for shape analysis is
found in|Younes [1998]. In this case the angle function is considered mod(rw).
This representation is both simple and very powerful at the same time. Indeed, it
1s possible to prove that geodesics do exist and to explicitly show examples

of geodesics. See Section[8.3

Example 5.5 (Harmonic representation) A. Duci et al (see |Duci et al.
12003, 12006]]) represent a closed planar contour as the zero level of a harmonic
function. This novel representation for contours is explicitly designed to possess
a linear structure, which greatly simplifies linear operations such as averaging,
principal component analysis or differentiation in the space of shapes.

And, of course, we have in this list the spaces of embedded curves.
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Example 5.6 When studying embedded curves, usually, for the sake of math-
ematical analysis, the curves are modeled as immersed parametric curves; a
quotient w.r.to the group of possible reparameterizations of the curve ¢ (that
coincides with the group of diffeomorphisms Diff(S1)) is applied afterward to all
the mathematical structures that are defined (such as the manifold of curves, the
Riemannian metric, the induced distance, etc.).

It is interesting to note this fact.

Remark 5.7 (A remark on the quotienting order) When we started talk-
ing of geometric curves, we proposed the quotient B = M /Diff(St) (the space of
curves up to reparameterization); and this had to be followed by other quotients
w.r.to Euclidean motions and/or scaling, to obtain M /Diff(S')/E(n)/R*. In
practice, though, the space B happens to be more difficult to study; hence most
shape space theories that deal with curves prefer a different order: the quotient
M/E(n)/R" is modeled and studied first; then the quotient M/E(n)/R™ /Diff(S*)

is performed (often, only numerically).

6 Metrics of sets

We now present two examples of Shape Theories where a shape may be a generic
subset of the plane; with particular attention to how they behave w.r.to curves.
6.1 Some more math on distance and geodesics

We start by reviewing some basic results in abstract metric spaces theory.

6.1.1 Length induced by a distance

In this subsection (M, d) is a generic metric space.

Definition 6.1 (Length by total variation) Define the length of a contin-
uous curve vy : [a, B] = M, by using the total variation

n tq ¢ ty to
Leny :=sup Y _d(y(ti—1),v(t:)) -
=1 tO t2 t5
where the supremum is carried out over all finite subsets T = {tg,- - ,t,} C
[a, 8] and tg < -+ - < ty,.
Definition 6.2 (The induced geodesic distance)
d?(z,y) := inf Len® ~ (6.1)
v

the infimum is in the class of all continuous v in M connecting x to y.

Note that d9(z,y) < oo iff 2,y may be connected by a Lipschitz path.
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6.1.2 Minimal geodesics

Definition 6.3 If in the definition there is a curve v* providing the min-
imum, then v* is called a minimal geodesic connecting x to y.

Proposition 6.4 In Riemann and Finsler manifolds, the integral length Len(y)
that we defined in Section coincides with the total variation length Len® ~
that we defined in Definition[6.1 on the previous pagd As a consequence, d = d9:
we say that d is path-metric.

In general, though, it is easy to devise examples where d # d9.

Example 6.5 The set M = S' c R? is a metric space, if
associated with d(x,y) = |x —y| (that is represented as a dotted
segment in the picture); in this case, d9(xz,y) = | arg(z) —arg(y)]
(that is represented as a dashed arc in the picture).

6.1.3 Existence of geodesics and of average

Proposition 6.6 If for a p > 0 the closed ball

DI(z,p) :={y | d’(z,y) < p}
is compact, then x and any y € D9 may be connected by a geodesic.

Proposition 6.7 If for a x € M and all p > 0, D9(x, p) is compact, then the
distance-based average (that was defined in erists.

The proofs may be found in [Duci and Mennucci [2007].

6.1.4 Geodesic rays
More in general,

Definition 6.8 a continuous curve v: I — M (where I C R is an interval) is
a geodesic ray if for eacht € I there isae >0 s.t. J=[t—e,t+e] CI and
v restricted to J is the geodesic between y(t — ) and y(t + ¢).

A critical geodesic in a Riemann smooth manifold (modeled on a Hilbert
space) is always a geodesic ray, as in this example.

Example 6.9 The multiply traversed full circle v(t) = (0,cos(t),sin(t)) with
t € R is a geodesic ray in the sphere S2.

6.1.5 Hopf-Rinow , Cohn-Vossen Theorem
Definition 6.10 o We recall that (M, d) is path-metric if d = d9.

e Moreover, (M,d) is locally compact if small closed balls are compact.
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Theorem 6.11 (Hopf-Rinow , Cohn-Vossen) Suppose (M, d) is locally com-
pact and path-metric; the following statements are equivalent:

e forallx € M,p >0, the closed ball

D(x, p) :={y | d(z,y) < p}

is compact;
e (M,d) is complete;
e any geodesic ray v : [0,1) = M may be extended on [0,1];

and all imply that any two points may be connected by a minimal geodesic.

Note that the above theorem cannot be used in infinite dimensional differen-
tiable manifolds, since the the closed balls are never compact in that case (see
Theorems 1.21, 1.22 in Chapter I in Rudin|[1973]).

6.2 Hausdorfl metric

Let = be the collection of all compact subsets of R . (This is sometimes called
the “topological hyperspace” of ]RN). Let A,B C RY compact non-empty.
We already defined the distance function ua(z) := infyca |z — y|, and the
Hausdorff distance of two sets A, B as

dip(A, B) = (gsctelguB(x)> \Y% (:gguA(x))

We now list some known properties.

Properties 6.12 e dy(A,B) = sup |ua(z) — up(x)]
z€RN

e (E,dy) is path-metric;

e cach family of compact sets that are contained in a fized large closed ball
in RN is compact in (2,dg); so

e any closed ball D(A, p) := {B | du(A, B) < p} is compact in (Z2,dy), and
moreover

e by Theorem minimal geodesics exist in (2, dpr).
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Figure 6: Fattening of a set

6.2.1 An alternative definition

Let D,.(x) be the closed ball of center z and radius > 0in R™, and D, = D,.(0).
We define the fattened set to be

A+ Dy i={z+y|zecAlyl <r}= ] Dr(x)={y | ualy) <r}.
€A
Note that the fattened set is always closed, (since the distance function w4 (x)

is continuous).

Example 6.13 In figure [§ we see an example of a set A fattened to r = 1,2;
the set A is the black polygon (and is filled in), whereas the dashed lines in the
drawing are the contours of the fattened sets. H

We can then state the following equivalent definition of the Hausdorff dis-
tance:

dy(A,B)=min{6 > 0| AC (B+Ds),BC (A+ D)} .

6.2.2 Uncountable many geodesics

Unfortunately dg is quite “unsmooth”. There are choices of A, B compact that

may be joined by an uncountable number of geodesics. In fact we can consider

this simple example.

Example 6.14 (Duci and Mennucci [2007]) Let us set
A={r=0,0<y<2} SN

B={r=20<y<1}) S S
: | B \‘

Ci={z=10<y<3}u{y=0,1<z<t} | [ \
with 1 <t </5/2; NN /

SThe fattened sets are not drawn filled — otherwise they would cover A.
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and in the picture we represent (dashed) the fattened sets A + D\/g/2 and

B+ D, . Note that dy(A,B) = V5 while dy (A, Cy) = dy(B,Cy) = v/5/2:
so Cy are all midpoints that are on different geodesics between A and B.

6.2.3 Curves and connected sets

Let again Z be the collection of all compact subsets of RY. Let Z, be the
subclass of compact connected subsets of RY. We now relate the space of
curves to this metric space, by listing these properties and remarks.

e =, is a closed subset of (E,dy);

e =, is the closure in (E,dpy) of the class of (images of) all embedded curves.

e =, is Lipschitz-path-connected ﬂ

e for all above reasons, it is possible to connect any two A, B € E. by a
minimal geodesic moving in =..

e So, if we try to find a minimal geodesic connecting two curves using the
metric dg, we will end up finding a geodesic in (2., dg); and similarly if
we try to optimize an energy defined on curves.

e But note that =. is not geodesically convex in =, that is, there exist two
points A, B € E. and a minimal geodesics £ connecting A to B in the
metric space (2, d), such that the image of ¢ is not contained inside Z..

e We don’t know if (2., dp) is path-metric.

6.2.4 Applications in computer vision

Charpiat et al.| [2004] propose an approximation method to compute len” )
by means of a family of energies defined using a smooth integrand; the approx-
imation is mainly based on the property || f||zr —p || fllze, for any measurable
function f defined on a bounded domain; they successively devise a method to
find approximation of geodesics.

6.3 A Hausdorff-like distance of compact sets

In [Duci and Mennucci| [2007] a LP-like distance on the compact subsets of RY
was proposed. (Here p € [1,00).)

To this end, we fix ¢ : [0,00) — (0,00) , decreasing, C!, with o(|z|) € LP.
We then define va(x) = p(ua(z)), where uy is the distance function. We
eventually define the distance

d(A,B) := |lva —vgllrr - (6.2)

"That is, any A, B € Z. can be connected by a Lipschitz arc v : [0,1] — E
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Figure 7: Example of a minimal geodesic

Remark 6.15 This shape space is a perfect example of the representation/
embedding/quotient scheme. Indeed, this shape space is represented as N. =
{va | A compact} and embedded in LP. Given v € N., we recover the shape
A={v=¢"Y0)} (that is a level set of v).

Example 6.16 A simple example (that works for all p) is given by p(t) = e,
so that va(z) = exp (—ua(x)); in this case, A = {v =1}.

The distance d of eqn. enjoys the following properties.
Properties 6.17 e [t is Euclidean invariant;
e it is locally compact but not path-metric;
e the topology induced is the same as that induced by dg;
e minimal geodesics do exist, since D9 := {B | d9(A, B) < p} is compact.

The proofs are in [Duci and Mennucci [2007]. We present a numerical computa-
tion of a minimal geodesic (by A. Duci) in Figure

6.3.1 Analogy with the Hausdorff metric, P vs L

We recall that di (A, B) = |jua(z) — up(z)||p~ ; whereas instead now we are
proposing d(A, B) := |[va—vg||rr - The idea being that this distance of compact
sets is modeled on LP, whereas the Hausdorff distance is “modeled” on L°°.
(Note that the Hausdorff distance is not really obtained by embedding, since
uag € L™). LP is more regular than L°°, as shown by this remark.
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Remark 6.18 Given any f,g € LP with p € (1,00), the segment connecting
f to g is the unique minimal geodesic connecting them. Suppose now that the
dimension of L>°(Q, A, u) is greater than 1. Given generically f,g € L, there
is an uncountable number of minimal geodesics connecting themﬂ

(For the proof see 2.11 & 2.13 in [Duci and Mennucci| [2007]). The above result
suggests that it may be possible to shoot geodesics in the “Riemannian metric”
associated to this distance.

6.3.2 Contingent cone

Let again N, = {v4 | A compact} be the family of all representations. Given a
v € Ng, let T,N. C L? be the contingent cone

T,N. = {limt,(v, —v) |ty > 0,v, € Ng,v, = v}

= {)\hmvn_v |)\ZO,UH%U} ’

- flon —oll L

where it is intended that the above limits are in the sense of strong convergence
in LP.

T, N, contains all directions in which it is possible “in the LP sense” to in-
finitesimally deform a compact set. For example, if ®(z,t) : RY x (—¢,¢) - RY
is smooth diffeomorphical motion of RY, and A; := ®(A, t), then v, is (locally)
Lipschitz, so it is differentiable for almost all ¢, and the derivative is in T N..
This includes all perspective, affine, and Euclidean deformations. Unfortunately
the contingent cone is not capable of expressing some shape deformations.

Example 6.19 We consider the removing motion; let A be compact, and sup-
pose that x is in the internal part of A; let Ay := A\ B(x,t) be the removal of
a small ball from A. The motion va, inside N, is Lipschitz, but the limit

iy A=A
m ———————
t=0+ |lva, —vall 1

does not exist in LP. (Morally, if p =1, the limit would be the measure 0, ).

6.3.3 Riemannian metric

Let now p = 2. The set N, may fail to be a smooth submanifold of L?; yet
we will, as much as possible, pretend that it is, in order to induce a sort of
“Riemannian metric” on N, from the standard L? metric.

Definition 6.20 We define the “Riemannian metric” on N, simply by

(h, k) := (h, k)2

8“Generically” is meant in the Baire sense: the set of exceptions is of first category.
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Figure 8: Polar coordinates around a convex set

for h,k € Ty,N. and correspondingly a norm by
|hl := /(h, h)
where T, N, is the contingent cone.

Proposition 6.21 The distance induced by this “Riemannian metric” coin-
cides with the geodesically induce distance d9.

The proof is in 3.22 in [Duci and Mennucci| [2007].

To conclude, we propose an explicit computation of the Riemannian Metric
for the case of compact sets in the plane with smooth boundaries; we then pull
back the metric to obtain a metric of closed embedded planar curves. We start
with the case of convex sets.We fix p =2, N = 2.

6.3.4 Polar coordinates of smooth convex sets

Let Q € R? be a convex set with smooth boundary; let y(8) : [0, L] — 9 be
a parameterization of the boundary (by arc parameter), v(6) the unit vector
normal to 02 and pointing external to 2. The following “polar” change of
coordinates 1 holds:

¢:RY % [0,L] > R*\Q , (p,0) = y(0) + pr(6) (6.3)

see figure [§| We suppose that y(f) moves on 9 in anticlockwise direction; so
v = JOsy, Ossy = —kv; where J is the rotation matrix (of angle —w/2),  is the
curvature, and Jsy is the tangent vector.

We can then express a generic integral through this change of coordinates as

[ t@de= [ [ st i)l dpds
R2\Q R+ JOQ
where s is arc parameter, and ds is integration in arc parameter.

6.3.5 Smooth deformations of a convex set

We want to study a smooth deformation of 2, that we call €);; then the border
y(0,t) depends on a time parameter t. Suppose also that x(6) > 0, that is, that
the set is strictly convex: then for small smooth deformations, the set ; will
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still be strictly convex. We suppose that the border of 2; moves with orthogonal
speed «; more precisely, we assume that (9;y) L Osy, that is, (0:y) = av with
a = a(t,f) € R. Since this deformation is smooth, we expect that it will be
associated to a vector h, € T}, N., defined by h, := 0;vq,. We now show briefly
how to explicitly compute it.

Suppose that x is a fixed point in the plane, z ¢ €, and express it using
polar coordinates x = ¥(p, 0), with p = p(t), 0 = 6(t). With some computations,
p' = —a. Now, for x & Q4, ug, () = p(t) hence we obtain the explicit formula
for hy

he i= 000, () = —'(ug, (@)

whereas ho () = 0 for z € €.

6.3.6 Pullback of the metric on convex boundaries

Let us fix two orthogonal smooth vector fields a(s)v(s), 5(s)v(s), that represent
two possible deformations of 0€2; those correspond to two vectors hq, hg € Ty Ne;
so the Riemannian Metric that we defined in [6.20] can be pulled back on 99, to
provide the metric

@p) = [ ha@hsade= [ o s =
= [ [ @ wrasmeas] a@seas

that is,
(a, B) = /8 (a+br(e)a(s)8(s)ds (6.4)

with

ar:/ ' (p)?dp br:/ (' (p))?pdp .
Rt R+

6.3.7 Pullback of the metric on smooth contours

If 2 is smooth but not convex, then the above formula holds up to the cutlocus.

Definition 6.22 The cutlocus (a.k.a. the external skeleton) is the set of
points x & § such that there are two (or more) different points y1,y2 € Q of
minimum distance from x to ), that is,

|z =] =[x = 2| = ua(@) .

We define a function R(s) : [0, L] — [0, co] that measures the distance from 052
to the cutlocus Cut; in turn, we can parameterize Cut as

Cut = {¢(R(s),s) | s € [0,L], R(s) < oo} ;
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Q
(The arrows represent the distance R(s) from y(s) € 0Q to the cutlocus).

Figure 9: Smooth contour and cutlocus.

R(s) is locally Lipschitz where it is finite (by results in [Itoh and Tanaka|[2000],
Li and Nirenberg| [2005]). The “polar” change of coordinates ¢ (defined in (6.3))
is a diffeomorphism between the sets

{(p,s) s €[0,L],0 < p < R(s)} <> R?\ (QUCut) .

See fig. [9]
The pullback metric for deformations of the contour 952 is

R(s)
(k) = /d ) [ / (& (0)*(1+ pri(s)) dp| a(s)B(s) ds

6.3.8 Conclusion

In this case we have found (a posteriori) a Riemannian metric of closed em-
bedded planar curves, and we know the structure of the completion, and the
completion admits minimal geodesics. On the down side, the completion is not
really “a smooth Riemannian manifold”. For example, it is difficult to study the
minimal geodesics, and to prove any property about them. Anyway, the fact
that N, is locally compact and the regularity property of LP? spaces suggest
that it may be possible to “shoot geodesics” (in some weak form). Unfortunately
the topology has too few open sets to be used for shape optimization: many
simple energy functionals are not continuous.

7 Finsler geometries of curves

We present two examples of Finsler geometries of curves that have been used
(sometimes covertly) in the literature.
7.1 Tangent and normal
Let v,T € ]RN, let
N=T*={weR" :w-T=0}

be the space orthogonal to T'. Usually T will be the tangent to a curve CEI

9There is a slight abuse of notation here, since in the definition N = T given for planar
curves in [1.12} we defined N to be a “vector” and not the “vector space orthogonal to T
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Definition 7.1 We define the projection onto the normal space N = T+
v :RY - RY | ayv=0v-—(u,T)T
and the projection on the tangent T
mr:RY > RY | mpu= (0, T)T
s0 TNV + v = v and |7nv]? + |Trv]? = |v]2.

7.2 L metric and Fréchet distance

If we wish to define a norm on T,M that is modeled on the norm of the Banach
space L=(S' — RY), we define

F>(c,h) := ||nnh|Le = sup |[rnh(0)]
0
where N = (D,c)*. This metric weights the maximum normal motion of the

curve. (The réle of mn will be properly explained in §11.10). This Finsler metric
is geometric. The length of a homotopy is

1
Len (C) ::/ sup |7y, C(t,0)|dt .
0

0eSt

Definition 7.2 (Fréchet distance)
dy(co,c1) 1= igf sup [c1(@(u)) — co(u)|
where u € S' and ¢ is chosen in the class of diffeomorphisms of S*.

This distance is induced by the Finsler metric F*°(c, h).

Theorem 7.3 dy(cy,c1) coincides with the infimum of the length Len, (C') for
C' connecting co to (a reparameterization of) c1.

For the proof, see theorem 15 in Mennucci et al.| [2008].

7.3 L' metric and Plateau problem

If we wish to define a geometric norm on T.M that is modeled on the norm of
the Banach space L'(S! — IRN), we may define the metric

FY(eh) = mhlls = [ Iaxh@)le ©))ds
the length of a homotopy is then

Len(C) = / / N B, C(E 0)]|C (1, 0)] dt 6
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Figure 10: Examples of curves of different rotation index.

which coincides with
Len(C) = / 10,C(t,0) x pC(t,0)| d0

This last is easily recognizable as the surface area of the homotopy (up to
multiplicity); the problem of finding a minimal geodesic connecting ¢y and ¢; in
the F'! metric may be reconducted to the Plateau problem of finding a surface
which is an immersion of I = S' x [0,1] and which has fixed borders to the
curves c¢g and ¢;. The Plateau problem is a wide and well studied subject upon
which Fomenko expounds in the monograph [Fomenko| [1990].

8 Riemannian metrics of curves up to pose

A particular approach to the study of shapes is to define a shape to be a curve up
to reparameterization, rotation, translation, scaling; to abbreviate, we call this
the shape space of curves up to pose. We present two examples of Riemannian
metrics.

8.1 Representation by angle function

We consider in the following planar curves ¢ : S' — IR? of length 27 and
parameterized by arc length.

Proposition 8.1 (Continuous lifting, rotation index) If ¢ € C! and pa-
rameterized by arc parameter, then &' is continuous and |'| =1, so there exists
a continuous function o : IR — R satisfying

€'(s) = (cos(a(s)), sin(a(s))) (8.1)

and «a(s) is unique, up to adding the constant k2w with k € Z.

Moreover a(s+2m) — a(s) = 2nl, where I is an integer, known as rotation
index of €. This number is unaltered if £ is homotopically deformed in a smooth
way.

See the examples in Fig.

The addition of a real constant to «(s) is equivalent to a rotation of £. We
then understand that we may represent arc parameterized curves £(s), up to
translation, scaling, and rotations, by considering a suitable class of liftings
a(s) for s € [0, 27].

The use of the angle function for representing (possibly non-closed) planar
curves dates back to|Zahn and Roskies| [1972].
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8.2 Shape Representation using direction functions

Klassen, Mio, Srivastava et al in Klassen et al.[[2004];|Mio and Srivastava||2004b)]
represent a close planar curve ¢ by a pair of velocity-angle functions (¢, «)
through the identity

c(u) = exp($(u) +ic(u))

(identifying R? = €), and then defining a metric on the velocity-angle function
space. They propose models of spaces of curves where the metrics involve higher
order derivatives in [Klassen et al.| [2004].

We review here the simplest such model, where ¢ = 0.

In Klassen et al.| [2004] two spaces of closed planar curves are defined; we
present the case of “Shape Representation using Direction Functions”;

Definition 8.2 let L? := L?([0,27] — R); ® : L?> — R? is defined by

B1(a) = /Ozﬂ a(s)ds , By(a) = /Ozﬂcosa(s)ds, By(a) = /O%sina(s)ds.

and the space of (pre)-shapes is defined as the closed subset S of L?,
S:={aeL?| ®a)= (2100} ;

the condition ®1(«) = 272 forces a choice of rotation, while ®; = 0,®3 = 0
ensure that a represents a closed curve.
For any a € S, it is possible to reconstruct the curve by integrating

&(s) = /OS (cos(a(t)), sin(a(t)))dt (8.2)

This means that « identifies an unique curve (of length 27, and arc parameter-
ized) up to rotations and translations, and to the choice of the base point £(0);
for this last reason, S is called in [Klassen et al. [2004] a preshape space.

Inside the family of arc parameterized curves, the reparameterizationﬂ of £
is restricted to the transformation &(u) = &(u — o), that is a different choice of
base point for the parameterization along the curve. Inside the preshape space
S, the same operation is encoded by the relation &(s) = a(s — so).

To obtain a model of immersed curves up to reparameterization, rotation,
translation, scaling we need to quotient S by the relation a ~ &, for all possible
sp € IR. We do not discuss this quotient here.

We now prove that S\ Z is a smooth manifold. We first define Z.

Definition 8.3 (Flat curves) Let Z be the set of all o € L?([0,27]) such that
a(s) = a+ k(s)m where k(s) € Z and k is measurable, a = 2w — [k € R, and

{k(s) = 0mod 2}| = [{k(s) = lmod 2}| ==

10We are considering only reparameterizations in Difft(S1).
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e 7 is closed (by thm. 4.9 in [Brezis [1986]).

e S\ Z contains the (representation o by continuous lifting of) all smooth
immersed curves.

e 7 contains the (representations « of) flat curves &, that is, curves £ whose
image is contained in a line.

Example 8.4 An example of a flat curve is

—(s) = s/V2 s € [0,7] oo /2  s€[0,7]
51(5)52(){(277—3)/\/5 s € (m2n)’ {3%/2 s € (m, 2m)

Proposition 8.5 S\ Z is a smooth immersed submanifold of codimension 3 in
2.

Proof. By the implicit function theorem. Indeed, suppose by contradiction that
V&, V&y, VO3 are linearly dependant at a € S, that is, there exists a €
R3, a #0 s.t.

ay cos(a(s)) + ag sin(a(s)) + a3 =0

for almost all s; then, by integrating, ag = 0, therefore ay cos(a(s))+az sin(a(s)) =
0 that means that o € Z. O

The manifold S\ Z inherits a Riemannian structure, induced by the scalar
product of L?; (critical) geodesics may be prolonged smoothly as long as they
do not meet Z.

Even if S may not be a manifold at Z, we may define the geodesic distance
d9(x,y) in S as the infimum of the length of Lipschitz paths ~ : [0, 1] — L? going
from = to y and whose image is contained in SE since d9(z,y) > ||z — yl|r2,
and S is closed in L?, then the metric space (S, d?) is metrically complete.

We don’t know if (S, d?) admits minimal geodesics, or if it falls in the same
category as the Atkin example

8.2.1 Multiple measurable representations

We may represent any Lipschitz closed arc parameterized curve ¢ using a mea-
surable a € S.

Definition 8.6 A measurable lifting is a measurable function a : R — R
satisfying . Consequently, a measurable representation is a measurable
lifting o satisfying conditions ®(a) = (27%,0,0) (from Definition .

We remark that

1Tt seems that S is Lipschitz-arc-connected, so d9(z,y) < oco; but we did not carry on a
detailed proof
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e a measurable representation always exists; for example, let
arc: St — [0,2n)

be the inverse of
a — (cos(a),sin(a))

when a € [0,27). arc() is a Borel function; then ((arc o &')(s) +a) € S,
for a choice of a € R.

e The measurable representation is never unique: for example, given any
measurable A, B C [0, 27] with |A| = |B|,

a(s) +2ml4(s) — 2mlp(s)
will as well represent &.

This implies that the family A¢ of measurable o € S that represent the same

curve £ is infinite. It may be then advisable to define a quotient distance d
as follows:

d(&1,&) = inf d(a, 8.3
(&1,&) wend™ca, (a1, a2) (8.3)
where d(aq, as) = ||ag — azl|r2, or alternatively d = d9 is the geodesic distance
on S.
8.2.2 Continuous vs measurable lifting — no rotation index

If £ € C', we have an uniquﬂ continuous representation « € S; but note
that, even if £1,& € O, the infimum may not be given by the continuous
representations o, ag of &1,&. Moreover there are rectifiable curves £ that do
not admit a continuous representation «, as for example the polygons.

A problem similar to the above is expressed by this proposition.

Proposition 8.7 Forany h € Z, the set of closed smooth curves € with rotation
index h, when represented in S using the continuous lifting, is dense in S\ Z.

It implies that we cannot properly extend the concept of rotation index to S.
The proof is based on this lemma.

Lemma 8.8 Suppose that € is not flat, let T be one of the measurable liftings
of &. There exists a smooth projection m : V. — S defined in a neighborhood
V C L? of T such that, if f € L> N C* then w(f) is in L> N C*°.

This is the proof of both the lemma and the proposition.

12Indeed, the continuous lifting is unique up to addition of a constant to a(s), which is
equivalent to a rotation of &; and the constant is decided by ®1(a) = 272
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Proof. Fix ag € S\ Z. Let T = T,,S be the tangent at «p. T is the vector
space orthogonal to V¢;(ag) for i = 1,2, 3. Let e; = ei(s) € L2 N C° be near
Voi(ag) in L2, so that the map (z,y) : T x R* — L2

3

(@,y)—»a=ag+z+ Y _ ey (8.4)
=1

is an isomorphism. Let S’ be S in these coordinates; by the Implicit Function
Theorem (5.9 in Lang| [1999]), there exists an open set U’ C T, 0 € U’, an open
V' c R3, 0 e V', and a smooth function F : U — IR? such that the local part
S" N (U" x V') of the manifold S’ is the graph of y = F(z).

We immediately define a smooth projection w : U’ x V' — S’ by set-
ting ©'(x,y) = (z,F(x)); this may be expressed in the original L? space; let
(z(a),y(a)) be the inverse of (8.4) and U = x~1(U’); we define the projection
m: U — S by setting

3
m(a) = ap+x + ZeiFi(l‘(a))
Then

m(a)(s) —a(s) = Zei(s)ai , a;:= (Fi(z(a)) —yi(a)) € R (8.5)

i=1

so if a(s) is smooth, then 7(«)(s) is smooth.

Let o, be smooth functions such that a,, — « in L2 then 7(a,) — ag; if
we choose them to satisfy o, (27) — a,(0) = 27h, then, by the formula (8.5)),
m(a)(2m) — w()(0) = 27h so that 7(ay,) € S and it represents a smooth curve
with the assigned rotation index h. O O

8.3 A metric with explicit geodesics

A similar method has been proposed recently in [Younes et al.| [2008], based on
an idea originally in [Younes| [1998]. We consider immersed planar curves and
again we identify R? = C.

Proposition 8.9 (Continuous lifting of square root) If ¢ : [0,27] — C is
an immersed planar curve, then & is continuous and & # 0, so there exists a
continuous function o :— C satisfying

€' (0) = a()? (8.6)
and « is uniquely identified up to multiplying by +1.

If the rotation index of & is even then a(0) = a(27), whereas if the rotation

index of € is odd then o(0) = —a(27).
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We will use this lifting to obtain, as a first step, a representation of curves
up to rotation, tramslation, scaling. To this end, let £ be an immersed planar
closed curve of len(§) = 2 (not necessarily parameterized by arc parameter);
let @ be the square root lifting of the derivative £'. Let e, f be the real and
imaginary part of «, that is, & = e +if. The condition that £ is a closed curve
translates into fo% (e+if)?df = 0 (where equality is in ©), hence we have two
equalities (for real and imaginary part)

2m 2m
/ e — f2d0 =0, / efdf =0
0 0

while the condition that len(£) = 2 translates into

27 27 27
/ |§’|d0:/ |e+if|2d¢9:/ 2+ f2)do=2.
0 0 0

With some algebra we obtain that the above conditions are equivalent to

27 27 27
/ e?dh =1, f2do =1, / efdf =0.
0 0 0

Let L? = L?([0,27] — R); let S C L? x L? be defined by

2 2 27
S::{(e,f)|/0 e2df=1= ; fzde,/O efd@zO.}

S is the Stiefel manifold of orthonormal pairs in L2. S is a smooth manifold,
and inherits the (flat) metric of L? x L2. What is most surprising is that

Theorem 8.10 (2.2 in [Younes et al.| [2008]) Let 06¢ be a small deformation
of &, and de,df be the corresponding small deformation of the representation
e, f. Then

2
/|D56§|2ds:/ (6e)> + (6£)*do
¢ 0

that is, the (geometric) Riemannian metric in M is mapped into the (flat and
parametric) metric in S.

It is then natural to “embed” closed planar curves (up to translation and
scaling) into S.

8.3.1 Curves up to rotation represented as a Grassmanian

We note that rotation of £ by an angle 7 is equivalent to rotation of the frame
(e, f) by an angle 7/2. So the orbit of all rotations of £ is associated to the plane
generated by (e, f) in L?: the space of curves up to rotation/translation/scaling
is represented by the Grassmanian manifold of 2-planes in L. A theorem
by Neretin then applies, that provides a closed form formula for critical and
minimal geodesics. See section 4 in |[Younes et al.| [2008].
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8.3.2 Representation

The Stiefel manifold is a complete smooth Riemannian manifold; it contains the
(representation of) all closed rectifiable parametric planar curves, up to scaling
and translation. So with this choice of metric and representation, we obtain
that the completion of the Fréchet manifold of smooth curves is a Riemannian
smooth manifold. There are two problems left.

e The quotient w.r.to reparameterization. This is studied in
[2008|, where it is proven that unfortunately geodesics in the quotient

space may develop singularities in the reparameterizations at the end times
of the geodesic.

e But there is also the quotient w.r.to representation.

8.3.3 Quotient w.r.to representation

As in the previous section, we may define a measurable square root lifting; this
lifting will not be unique. Indeed, let (e, f) be the square root representation of
&, that is £ = (e +if)?; choose any function a : S — {—1,1} arbitrarily (but
measurable); then (ae, af) represents the same curve. So again we may define
a quotient metric cf(fl, &) as we did in eqn. l} similar comments to those at
the end of Section hold.

9 Riemannian metrics of immersed curves

Metrics of “geometric” curves have been studied by Michor and Mumford [20006,
12007, 12005] and |Yezzi and Mennucci [2005, 2004a,b]; more recently, Yezzi-M.-
Sundaramoorthi |Sundaramoorthi et al| [2005, 2006, [2007d}b, [2008d]b)); [Men-]
[nucci et al| [2008] have studied Sobolev-like metrics of curves and shown many
good properties for applications to shape optimization; similar results have also
been shown independently by | Charpiat et al.| [2004, |2005, |2007).

‘We now discuss some Riemannian metrics on immersed curves.

e The HO metric

(b1, ho) o = /<h1(8),h2($)>ds .

C

e Michor and Mumford| [2006|’s metric

(e, ho) g = /(1 + Alke[2)(hy, ha) ds .

e [Yezzi and Mennuccil [2004b] conformal metric

(1, ha) o = ¢(c)/<h1,h2>ds .

C
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e (Charpiat et al. [2005] rigidified norms

e Sundaramoorthi et al.| [2005] Sobolev type metrics

(e, ho) e = ][<h1,h2>ds +len(c)2" 7[<agh1,agh2>ds

C c

(1. ho) o = ( ][hl ds, ][hg ds) +len(e)*" ][<agh1, Ohy) ds .

We will now present a quick overview of all metrics (but for the latter, that
is discussed in the next section).

9.1 HY
The H? inner product was defined in eqn. (2.4)) as

<h1, h2>H0 = /hl(s) . hQ(S) ds 3 (91)
(&

it is possibly the simplest geometric inner product that we may imagine to

apply to curves. We already noted that the minimizing flows implemented in

traditional active contour methods are “gradient flows” only if we use this H°

inner product.

We will show in Sec. that the H%-induced distance is identically zero. In
|Yezzi and Mennucci [2004b| there is a result that shows that the distance is non
degenerate, and minimal geodesics exists, when the shape space is restricted to
curves with uniformly bounded curvature.

9.2 H4
Michor and Mumford| [2006] propose the metric H4

L

(1, ha) s = / (1 + Alrel?)(hy, ho) ds
N 0

where k. is the curvature of ¢, and A > 0 is fixed.

Properties 9.1 e The induced distance is non degenerate.
e The completion M (intended in the metric sense) is
BV? c M C Lip

where BV? are the curves that admit curvature as a measure and Lip are
the rectifiable curves.

e There are compactness bounds.
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9.3 Conformal metrics

Yezzi and Mennucci [2004b] proposed to change the metric, from H® to a con-
formal metric

<h17h2>H3) = ’ll)(C) /<h17h2> dS

where 1 (c) associates to each curve ¢ a positive number. Then the gradient
descent flow of an energy E defined on curves C(t,-) is

oC
e v 4 — _
o= VYE(C) =

1
¥(0O)
where VE(C) is the gradient for the H® metric. This is equivalent to a change

of time variable ¢ in the gradient descent flow. So all properties of the flows are
unaffected if we switch from a H° to a conformal- H° metric.

VE(C)

Properties 9.2 Consider a conformal metric where 1(c) depends (monotoni-
cally) on the length len(c) of the curve.

o Ifu(c) > len(c), the induced metric is non degenerate;

o unfortunately, according to a result by [Shah| [2008], when ¥(c) = L(c)
very few (minimal) geodesics do exist (only “grassfire” geodesics, moving
by constant normal speed).

9.4 “Rigidified” norms

Charpiat et al|Charpiat et al.|[2005] consider norms that favor pre-specified rigid
motions. They decompose a motion h using the H® projection as

h = hrigid + hrest

where h ., contains the rigid part of the motion; then they choose A large, and
construct the norm

1R]12,.. = Al Ho-

rigid

h

rigid

Ho + |

hrcst

Note that these norms are equivalent to the H°-type norm; as a result the
induced distance is (again) degenerate.

10 Sobolev type Riemannian metrics

In this part we discuss the Sobolev norms, with applications and experiments.

What follows summarizes |Sundaramoorthi et al| [2007d, |2008d)b]; |Mennucci
et al| [2008].
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10.1 Sobolev-type metrics

Recently in [Sundaramoorthi et al.| [2005, |2006, 2007aybl |2008alb]; [Mennucci
et al. [2008] Yezzi-M.—Sundaramoorthi studied a family of Sobolev-type metrics.
Let D, :—Iﬁl,lag be the derivative with respect to arc parameter. Let j > 1 be

an integei | and

(hi, ha) gy = 7[<Dgh1,pgh2>ds (10.1)
where fc -+ ds was defined in Let A > 0 a fixed constant; we define the

Sobolev-type metrics

(hi,ho) s = ][<h1,h2>d3+)\L2j (h1, ha) g (10.2)

(&

(hi,h) gy = <][h1 ds, ][h2 ds> + AL (B, ha) (10.3)

where L = len(c). Notice that these metrics are geometric:

e they are easily seen to be invariant w.r.to rotations and translations, (in
a stronger sense than in page indeed in this case

<h1ah2>AC = <h1ah2>c 9 <Rh17Rh2>C = <h17h2>c
for any Euclidean transformation A and rotation R);

e they are reparameterization invariant due to the usage of the arc param-
eter in derivatives and integrals;

e they are scale invariant, since the normalizing factors L? make them
0-homogeneous w.r.to rescaling of the curve.

For this last reason, we redefine the H° metric to be

<h1,h2>HO - ][hl hads (10.4)

c

so that it is again 0-homogeneous.This is a conformal version of the H® metric
defined in eqn. (2.4)), so a gradient descent flow is a time reparameterization of
the flow for the original H® metric; and the induced distance is again degenerate.

When we will present a shape optimization energy F and we will minimize
F using a gradient descent flow driven by the H? or H7 gradient of E, we will
call the resulting algorithm a Sobolev active contour method (abbreviated
as SAC in the following).

131t is though possible to define Sobolev metrics for any j € IR,j > 0; see Prop. 3.1 in
Sundaramoorthi et al.| [2008a].
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10.1.1 Related works

A family of metrics similar to H’ above (but for the length dependent scale
factorﬂ was studied (independently) in [Michor and Mumford| [2007]: the
Sobolev-type weak Riemannian metric on Imm(S?!, R?)

7
(h, Ky = / S (Dih, Dik)ds ;
€ 4=0

in that paper the geodesic equation, horizontality, conserved momenta, lower
and upper bounds on the induced distance, and scalar curvatures are computed.
Note that this metric is locally equivalent to the above metrics defined in equa-
tion , .

Charpiat et al in|Charpiat et al|[2005] [2007] studied (again independently)
some generalized metrics and relative gradient flows; in particular they defined
the Sobolev-type metric

][<h1, h2> + <Dsh1, Dsh2> ds .

c

10.1.2 Properties of H’ metrics

This is a list of important properties that will be discussed in the following
sections.

e Flow regularization: Sobolev gradient flows are smoother than H? flows.

e PDE order reducing property: Sobolev gradient flows are lower order than
H° flows.
e SAC does not require derivatives of the curve to be defined for many

commonly used region-based and edge-based energies.

e Coarse-to-fine deformation property: a SAC automatically favors coarse-
scale deformations before moving to fine-scale deformations; this is ideal
for visual tracking.

e Sobolev-type norms induce a well-defined distance on space of curves;

e moreover the structure of the completion of the space of immersed curves
w.r.to H' and H? norm is fairly well understood. So they offer a consistent
theory of shape optimization and shape analysis.

4 Though, a scale-invariant Sobolev metric is proposed in [Michor and Mumford| [2007] in
§4.8 as a sensible generalization.
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10.2 Mathematical properties

We start summarizing the main mathematical properties, that were presented
in [Mennucci et al|[2008] mostly. We first of all cite this lemma.

Lemma 10.1 (Poincaré inequality) Pick h : [0,I] — R", weakly differen-
tiable, with h(0) = h(l) (so h is periodically extensible); let h = %fol h(z)dx;
then

1
sup [h(u) — b < %/ W ()| de . (10.5)
u 0

This is proved as Lemma 18 in Mennucci et al.| [2008]; it is one of the main
ingredients for the following propositions, whose full proofs are in [Mennucci
et al.| [2008].

Proposition 10.2 The H7 and H’ distances are equivalent:

1+ (2m)%9 A
di; <dgi < W i

whereas dy; < dgw for j < k.

Proposition 10.3 The H’ and H? distances are lower bounded (with appro-
priate constants depending on \) by the Fréchet distance (defined in .

Proposition 10.4 ¢+ len(c) is Lipschitz in M with H? metric, that is,
|len(cg) — len(cy)| < dgs(co,c1)

Theorem 10.5 (Completion of B; w.r.to H') let dy be the distance in-
duced by H'; the metric completion of the space of curves is equal to the space
of all rectifiable curves.

Theorem 10.6 (Completion of B; w.r.to H?) Let E(c) := [|D?c|*ds be
defined on non-constant smooth curves; then E is locally Lipschitz in w.r.to
dgz.  Moreover the completion of C*(SY) according to the metric H? is the
space of curves that admit curvature D?c € L?(S').

The hopeful consequence of the above theorem would be a possible solution to
the problem it implies that the space of geometric curves B with the H?
Riemannian metric completes onto the usual Hilbert space H2. [P] This result
in turn would ease a (possible) proof of existence geodesics.

Concluding, it seems that, to have a complete Riemannian manifold of ge-
ometric (freely) immersed curves, a metric should penalize derivatives of 2nd
order (at least).

15The detailed proof has not yet been written...
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10.3 Sobolev metrics in shape optimization
We first present a definition.

Definition 10.7 (Convolution) A arc-parameterized convolutional kernel K
along the curve ¢ of length L is a L-periodic function K : R — R. Given a
vector field f : S* — R"™ and a kernel K, we define the convolution by arc
pam,meterflﬂ formally as

(f % K)(s) = /K(s _8)f(3)ds . (10.6)

By defining the run-length function!: R — R
(1) ::/ |/ (z)| d
0

we can rewrite the above eqn. (10.60) explicitly in 6 parameter as
2m
(f % K)(0) = / K(1(0) — 1(r)) ()| (7)]dr . (10.7)
0

Recall the definition [3:37] of gradient VE by means of the identity
(VE,h). = DE(c;h) VheT.M .

Let f = ViyoE, g = Vi1 E be the gradients w.r.to the inner products H® and
H': by the definition of gradient, we obtain that

<fa h>H0,c = <gvh>H1,c Vh € TCM

that id]
][h-fds: 7[h~g+)\L2(Dsh-Dsg)ds Vh

(&

by integrating by parts this becomes

/h.(f—g+AL2D§g)ds:o Vh

C

then we conclude that
Vio E = Vi E — AL2D*(Vi E) . (10.8)

With similar computation, for H! we obtain that

Vo = ][ V. Eds — \L2D2(V. E) . (10.9)

c

16Note this definition is different from the eqn. (13) in [Sundaramoorthi et al. [2007a].
L7We use the definition 1} of HO.
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— A=0.01
— A=0.04
A=0.08

Figure 11: Plots of K (left) and Ky (right) for various A with L = 1. The plots
show the kernels over one period.

Given VgoE, both equations can be solved for Vi1 E' and Vg E, by means
of suitable convolution kernels K, K, that is, we have the formulas

VinE=VipoEx Ky , VpE=VpExK)y ;

The kernels K \, K are known in closed form:

cosh ( ==
Ky(s) = (ﬁL> , for s€]0,L], (10.10)
2Lv/Xsinh (517
2
Kx(s) = % <1 G _g‘;/L) i 1/6> , selo,L). (10.11)

and Ky, K, are periodically extended to all of R. See Fig.

The above idea extends to any j: it is possible to obtain Vg, E and Vg, E
from VyoE, by convolution. But there is also a way to compute Vi, E without
resolving to convolutions, see Prop. [10.10

The bad news is that, when shape optimization is implemented using a level
set method (as is usually the case), the curve must be traced out to compute
gradients@ This in particular leads to some problems when a curve undergoes
a topological change, since the Sobolev gradient depends on the global shape
of the curve; but those problems are easily bypassed when the optimization
energy is continuous across topological changes of the curves: see Sec. 5.1 in
Sundaramoorthi et al.| [2007a].

18Though, an alternate method that does not need the tracing of the curve is described in
Sec. 5.3 in |Sundaramoorthi et al.|[2007a] — but it was not successively used, since it depends
on some difficult-to-tune parameters.
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10.3.1 Smoothing of gradients, coarse-to-fine flowing

In Sundaramoorthi et al.| [2008a] it was noted that the regularizing properties
may be explained in the Fourier domain: indeed, if we calculate Sobolev gradi-
ents Vi E of an arbitrary energy F in the frequency domain, then

0 VwE()
Vi BO) = T S T €7 (10.12)
and
0 — @(1)
Vi BO) = B ), Vg B() = e frleZV0), (1013

It is clear from the previous expressions that high frequency components of
Viyo E(c) are increasingly less pronounced in the various forms of the H7 gradi-
ents. So H7 and H7 gradients are much smoother than H° gradients. Note that
using a SAC method smooths the gradients, so it induces smoother minimization
flows, but it does not smooth the curves themselves.

The above phenomenon may be also explained by the following argument.
The gradient satisfies the following property.

Proposition 10.8 If DE(c) # 0, the gradient VE(c¢) is the vector v in T.M
that provides the maximum in

DE(c)(v) _ sup |DE(c)(h)| (10.14)
vl ner.an{oy NPl ’ '

Thus, the gradient is the most efficient perturbation, 7.e., it maximizes

change in energy by moving in direction h

cost of moving in direction h

By constructing || - || to penalize “unfavorable” directions, we have control
over the path taken to minimize E without changing the energy E. |E|

Since higher frequencies are more penalized in H' than in H?, this explains
why a SAC prefers to move the curves in a coarser scale w.r.to a traditional
active contour method.

10.3.2 Flow regularization

It is also possible to show mathematically that the Sobolev-type gradients reg-
ularize the flows of well known energies, by reducing the degree of the P.D.E.,
as shown in this example.

19In a sense, the focus of research in active contours has been mostly on the numerator in
eqn. (10.14) — whereas we now focus on the denominator.
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Example 10.9 (Elastica) In the case of the elastic energy

E(e) = //<;2ds:/|D§c|2 ds

Vi E = LD,(2D3c + 3|D%c|* Dyc)

the H gradient i{™|

that includes fourth order derivatives; whereas the H'-gradient is
2
AL

that is an integro-differential second order P.D.E.

D?c + 3L(|D%c|?Dyc) * (DK ) (10.15)

A practical positive outcome of this phenomenon will be shown in Section[10.9.1

10.4 H is faster than HY

We will now show that the metric H* (that is metrically equivalent to H', by
Prop. [10.2)) leads to a simpler calculus for gradients; with benefits in numerical
applications as well.

We recall that avg,(f) := ﬁ [ f(s)ds.

Let E(c) be an energy of curves. Gradients are implicitly defined by the
following relations

DE(c;h) = (h,VigoE) o = (b, Vi E) yr = (h, Vin E) gn =~ V.
As we saw in equations ([10.8]) and (10.9)), the above leads to the ODEs

Norm ‘ ODE
H' | VgpoE = Vi E — AL?D%(Vi1 E)
H' | ViwE = avg, (Vi E) — AL?D%(Vz E)

The second ODE is much easier to solve.

Proposition 10.10 Let f = Vo, g = Vg E, then g is derived from f by the
following closed form formulas

95 = 00)+50'0) = 57 [ =97~ avg (1) s
O = —5 [ s = am()as
L ~
o0 = [ IR,
where K was defined in ,

20We use the definition (10.4) of H?; the directional derivative was computed in
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Proof. The ODE
f =ave.(9) - A\L*D3g

immediately tells that avg,(f) = avg,.(g); so we rewrite it as
AL2D2g = —f + avg.(f)

and we simply integrate twice! Moreover, exploiting the identity

/OS (/Oth(r)dr) dt:/Os(s—r)h(r)dr7

and with some extra computations, we obtain the result. O

In the end we obtain that the H! gradient need not be computed as a convolu-
tion; so the H! gradient enjoys nearly the same computational speed as the H°
gradient; moreover the resulting gradient flow is more stable, so it works fine in
numerical implementations for a larger choice of time step discretization. For
these reasons, H' Sobolev active contours are very fast.

10.5 Analysis and calculus of H' gradients
We write h € T.M as h = avg,.(h) + h; this decomposes

T.M =R" & D.M (10.16)

with
DM = {h . S' 5 R™ | avg,(h) = 0} .

If we assign to IR™ its usual Euclidean norm, and to D.M the Hg nor
then o
1717 = lavec(A)ln + AL AIIS,, -

This means that the two spaces R" and D.M are orthogonal w.r.to H7.
A remark on this decomposition is due.

Remark 10.12 In the above, R™ is akin to be the space of translations and
D.M the space of non-translating deformations.

That labeling is not rigorous, though! since the subspace of T.M of defor-
mations that do not move the center of mass avg,(c) is not D.M, but rather

{h:/ch—i— (c—avgc(c))<DSh-T>ds:0} ,

as is easily deduced from equation (@

21 Hg was defined in 1} Note that Hg is a seminorm on T. M, since its value is zero on
constant fields; but H(]J is a norm on D.M, by Poincaré inequality lj
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The decomposition ([10.16)) is quite useful in the calculus when analytically
computing H' gradients and proving existence of flows. Indeed, let f = Viyo E,
g = Vg1 E/; decompose

f=aveg(f)+f , g=avg.lg) +7 -

To solve
f=avg.(g) — AL’Dg

we have to solve two equations:

avg.(g) = avg.(f) AL2D%j=—f
R" © D.M.

We will now show how to properly solve these coupled equations.
We will need to define some useful objects.

Definition 10.13 We define the projection operator

h.: .M — D.M

h = h— fhds (10.17)

Definition 10.14 When we consider the derivation with respect to the arc
parameter as a linear operator

D.: DM — DM

h o D.h (10.18)
then it admits the inverse, that is the primitive operator
P.: DM — DM (10.19)

Proof. The proof is just based on noting that, for any smooth h € T.M, h €
D.M iff there is a smooth k € T.M with h = Dsk. Vice versa, two primitives

differ by a constant, hence when h € D.M there is exactly one primitive k in
D.M such that h = D.k. O

Example 10.15 The tangent vector field Dgc is in D .M, and its primitive is
P.Dsc = ¢ — avg.(c) .

Proposition 10.16 Fiz a curve ¢, let L =len(c). We can extend the primitive
operator by composing it with the projection; the resulting composite operator
can be expressed in convolutional form as

PJII.h=KF xh (10.20)
for any continuous h € T,M ; where the kernel K is
1
KP(s) = —% +5 Jorselo,D) (10.21)

and KT (s) is extended periodically to s € R (note that KT (s) jumps at all
points of the form s =nL,n € Z).
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The above properties lead to this theorem, that can be used to shed a new
light to what was expressed in [10.10|in the previous section.

Theorem 10.17 Let f = Vo E, g = Vg1 E; the solution of
f = avg.(9) = AL*Dg

can be expressed as

1 1
) = 3z PePellef = avgo(f) = 1z K * KT % f -

Corollary 10.18 In particular, the kernels defined in egn. , (10.21) are
related by

g9 = avg.(f

~ 1 1
Ky=—-—-—KF+«KF
ANTL T Lt *he
By deriving,
1
D,KF =6y — I (10.23)
where dg is the Dirac’s delta; so we obtain the relations
~ 1
D,Ky=—-—=K”"
AT AR
- 1 1
D, K - —
VARV

We also recall this Lemma.

Lemma 10.19 (De la Vallée-Poussin) Suppose that f : St — R" is inte-

grable and satisfies
/k -fds=0
C

for all k € DM smooth; then f is almost everywhere equal to a constant.
For the proof, see Chapter 13 in [Ambrosio et al|[2007], or Lemma VIIL.1 in
Brezis [1986].
We now compute the gradient of the centroid energy ([2.9).
Proposition 10.20 (Gradient of the centroid-based energy) Let in the fol-

lowing again, for simplicity of notation, © = avg,(c) be the center of mass of the
curve. Let

1
E(c) = §|6—U\2 .

The H' gradient of E is

VinE(c)=¢c—v+ épcﬂc (Dsc{(e¢ —v),(c—7))) . (10.24)
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Proof. We already computed the Gateaur differential of E; but this time we
prefer to use the first form of eqn. (2.10)), so as to write

DE(¢;h)=(c—v)-h+ ][<6— v,¢ —¢)(Dsh, Dsc)ds .

Let f = Vi1 E(c) be the H' gradient of E. The equality
DE(¢:h) = (b, ) Vh
becomes

(e—v—f,h) + ][Dsh-((E—v,c—E)Dsc—)\LzDsf) ds =0, Vh.

Since h is arbitrary, using de la Vallée-Poussin Lemma, we obtain that

f=¢—v , M?D,f=Dy{c—v),(c—2)+a, (10.25)

where the constant « is the unique « € IR™ such that the rightmost term is in
D.M. In conclusion we obtain (10.24]). O

We similarly compute the gradient of the active contour energy.

Proposition 10.21 (Gradient of geodesic active contour model) We con-
sider once again the geodesic active contour model|Caselles et al.| [1995],
Kichenassamy et al.| [1995] (that was presented in Section where the energy
18

B0) = [ ole())ds
with ¢ : R? — R™ appropriately designed. The gradient with respect to H' is
Vi E(c) = Lavg (Vé(c)) — /\LLPCPCHC(W(C)) + )\LL'PCHC(QMC)DSC) . (10.26)
Proof. Let us note E| (recalling eqn. ) that
Vo E = LV¢(c) — LDs(¢(c)Dsc) | (10.27)

so the above equation (|10.26)) can be obtained by the relation in Theo-
rem [I0.17

Alternatively, we know that
Ble:h) = L 7[ Vo(c) - h+ d(c)(Dsh - Dac)ds ;

let f = Vi1 E(c) be the H' gradient of E; the equality
DE(c;h) = (h,f)gn Yh

22WWe use the definition 1b of HO.
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becomes

/(LV¢(C) —avg,(f)) - h+ Dsh - (Lo(c)Dyec — AL?Dyf)ds =0

(&3
imitating the proof of the previous proposition, we obtain ((10.26]). O O
We remark a few things.

e Note that the first term in the formula (10.26)) is in IR™ while the other
two are in D M.

e Using the kernel K that was defined in (10.10)), we can rewrite
~ 1
Vi E(c) = LKy % (V(c)) + EPcr[c(qb(c)DSc) (10.28)

e The formula for the gradient does not require that the curve be twice
differentiable: we will use this fact to prove an existence result for the
gradient flow, in Theorem [10.31

10.6 Existence of gradient flows

We recall this definition (that was already presented informally in the introduc-
tion).

Definition 10.22 (Gradient descent flow) Given a differentiable energy E :
M — R, and a metric {,)., let VE(c) be the gradient. Let us fix moreover
co: St =+ R", cg € M. The gradient descent flow of E is the solution
C = C(t,0) of the initial value P.D.E.

{ 8,C = —VE(C)
C(0,0) = co(6)

We present an example computation for the geodesic active contour model
on a radially symmetric “image”.

Example 10.23 Let
C(t,0) =r(t) (cos,sinf) , ¢(x)=d(|z|)
with r,d : R — R™; the energy takes the form

B(C) = /C H(C(t, 5)) ds = 27 r(t) d(r(t))

Then C is the H' gradient descent iff
1

() = =5z (dr) +r@) d'(r(1)) -
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whereas C is the H® gradient descent iff
r'(t) = —2a(d(r(t)) + r()d (r(t))) ,

where we use the definition of H.
Note also that

E(C) =1r'(t) (d(r(t)) + r(t)d (r(t))) -

Proof. Indeed,

ds = r(t)dé
1
Ds = @ 6
len(C) = 2mr(t)
P(C) = d(r(t)
Vélz) = l%d’qxp for = # 0
Vo(C) d' (r(t))(cos ,sin 6)
avg.(Vo(C)) 0
PJcVe(0) PNo(C) =r(t)d (r(t)) (sinh, — cos )
PPIVH(C) = —r(t)*d (r(t)) (cosh,sinb)
d(C)DsC = d(r(t))(—sinb, cos )
P(d(C)DsC) = r(t)d(r(t)) (cosb,sin )
Vi B(C) = Lave,(V6(C)) ~ 13 PoPelle (VO(C)) + 1= PeTle(9(C)D,C) =

1

on (d(r(t)) 4+ r(t)d'(r(t))) (cosf,sin ) ;

whereas for the H° gradient descent we use the formula (|10.27))

VigoE LV¢(C) — LDs(¢(C)DsC) =

2m(r(t)d' (r(t)) + d(r(t))) (cos 0,sin 0)

O

We will show in the following theorems how to prove that H'! gradient flows
of common energies are well defined; to this end, we will provide a detailed proof
for the centroid energy E discussed in the previous section, and for the
geodesic active contour model [Caselles et al.| [1995]; Kichenassamy et al.| [1995]
(that was presented in Section ; those proofs illustrates methods that may
be used for many other energies.
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10.6.1 Lemmas and inequalities

Let us also prepare the proof by presenting some useful inequalities in three
Lemma.

Definition 10.24 We recall from that C° = C°(St — R™) is the space of
continuous functions, that is a Banach space with norm

llello :== sup |e(9)] .
0€[0,27]

Similarly, Ct = C*(S' — R") is the space of continuously differentiable func-
tions, that is a Banach space with norm

llelly = llello + lI<'llo
where /() = 95(0) is the usual parametric derivative of c.

Lemma 10.25 o We will use repeatedly the two following inequalities. If
ai,as, by, by € R then

IN

la1by — asbs| M;b?‘kh—az\-l-%h—bﬂ

b1 |+b2| |+|az| ©
a a a a
I5r — 521 < I |ay — az| + Sorbal b1 — by

e The length functional (from C* to R) is Lipschitz, since
len(cy) — len(co) < 27||c) — chllo ; (1)
o if hi,hyo : S' — R"™ are continuous fields, by (@)
[ s [ hatsyds < wlliulo+ fhellolch - &l +
c1 c2
+ 7w(lletllo + llezllo) b — hallo 5 (iii)
o similarly
£ ) ds— £ ha(s)ds| < Al o+ I~ halle (@0
cy c2
where ) . .
o 27 (lPallo + [lhzllo) (i€t flo + llcallo) ()
' len(cg) len(cq) ’
e Let then I1. be the projection operator (as in definition ); note that

(I1.h) = h'; from all above inequalities we obtain that

[Te, hy —Tleyhallo < Al — cbllo + 2[[h1 — hallo

[Te,hy = Meyhalln = [[Te,hy — Heyhallo + [[(Tey ha)" — (eyha)[lo <
< Alch = chllo + 2[lh = hallo + A — Rallo
< Afler = eafln + 2[[hy = hally (vi)
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We will now prove the local Lipschitz regularity of the operators P.(h), D.(h)
(that were defined in @ in both the two variables h and c¢. Unfortunately
to prove the theorem [10.29] we will need to also compare the action of P, for
different values of ¢; since P.h is properly defined only when h € D.M (and in
general D, M # D., M), we will actually need to study the composite operator

Pl h.

Lemma 10.26 Let II. the projector from T.M to D.M (that we defined in
eqn. ). Let c,c1,co be Ct immersed curves, and h, hy,hy be continuous
fields; then

[PeIlchllr < (27 + 2)[I¢[lo]|2]lo (10.29)
and
||7)61H01 hl - P02H02h2||1 < Vi ||C/1 - C/2H0 + (1030)
+  Qllh2 — hollo
where

Q= (1/2+m)(lcxllo + licillo) -
and similarly P is the evaluation
P =p([lhillo, h2llo, lIcillo, llcallo, 1/(len(cr) len(cz)))
of the polynomial
p(x1, T2, T3, 24, 75) = (T 4+1/2) (21 +20) +27° (0123 + 2024 (13 +24)25 (10.31)
(that has constant positive coefficients).
Proof. Fix ¢; immersed, and h; € T,,, M for i = 1,2; let L; = len(c;); let
ki := Pe, 11, hi(s)

for simplicity. We rewrite this in the convolutional form
ka(s) = / Ki(s — §)hi(5) ds (10.32)
Ci

when integrals are performed in arc parameter, and the kernel (following ((10.21)))
is

s 1
-7 +5 for s € [0, L;]
and K; is extended periodically. By substituting and integrating on only one
period of K,

KZ(S) =
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We can then prove easily (10.29): indeed by the convolutional representation
(110.32])

len(c)

len(c)
(PILh) ()] < [|h]o /

1
+ 2' ds <len(c)||h|lo

and instead, deriving and applying from lemma [10.25

|(PeIleh)'(0)] = [TLh(0)] ¢ (6)] < 2{[Rlollc[lo -

To prove ((10.30)), we write (10.32]) in 6 parameter, as was done in the Defi-
nition [I0.7} we need the run-length functions l; : R — R

li(r) = / ()| da

so that, setting s = I;(7) and § = [;(f) we can write
[T (1 L) = L(9) /
o= [ (- oo o

We can eventually estimate the difference |k1(7) — ko(7)| by using e.g. the
inequality

|A2B2C2 — A131C1| < |AlBl| |CQ — Cl| + |A102| |BQ — Bl| + |BQCQ| |A2 — A1|

on the difference of the integrands

1 Io(r) —12(6) , 1 l(r) —1:(0) /
(3- T)w\cg(e)n ~(5- T)@@Icl(ﬁ)\

B C B C
pé 2 2 pe 1 1

to obtain that the above term is less or equal than

12(9) —12(7') l1(9) —ll(T)

[hallo ez = ¢illo + llcsllo I1ha = Rollo + [[hz2llollcallo
Lo L

since |A;| < 1/2. In turn (since the formulas defining k; (1), k2 (7) the parameters
are bound by 7 — 27 < 0 < 7) then

ZQ(T) —lg(@) ll(T) —11(9)

Ay — Ay = - -
| 2 1| L2 Ll ‘ L2 Ll
Li+Ly, , i llo + lleallo
— ——— = | — Lo <
<7 I.L, i —callo+m TiLo 1Ly 2| <
/ /
c el il

LiLo

7

Jo lb(@)[da [ e (x)|da| _



(by equations and (i) in lemma |10.25)). Summarizing

ki(r) — k < 2 (|Ih Bl 1 ap2 Nello +leallo | o
|k1(7) —kao(7)| < 27 ||hallo + [lh2]lollcalo 4m I L ;= chllo +

+ 2mlicyflo [[h2 — hollo -
If we derive, k;(0) = h;(0)|c;(0)], so

kO POl ) g 031+ 12O EIAO s ) g ).

Symmetrizing we prove (10.30)).

[R5 (0)—k5(0)] <

O

Lemma 10.27 Conversely, let c1,ca be two C' immersed curves, and hy,ho
be two differentiable fields; then (by using once again eqn. (@) from the lemma

Do, hi—Deyhallo < llealls + lleafls

2e2

where e = min(infg1 |c}|,infg1 |c]).

lhill1 + [|h2]ls

hi—h
|1 —hall1+ 5.2

H01—02||1 (1035)

10.6.2 Existence of flow for the centroid energy ([2.9))

Theorem 10.29 Let us fit v € R", let E(c) = %|avg.(c) — v|*; let the initial
curve co € CY, then the H' gradient descent flow of E has an unique solution

C =C(t,0), forallt € R, and C(t,-) € CL.

Results of a numerical simulation of the above gradient descent flow are
shown in figure [12 on the following page}

Before proving the theorem, let us comment on an interesting property of
the above gradient flow.

Remark 10.30 The length of the curves len(C(t,-)) is constant during the evo-
lution in t.

Proof. Indeed it is easy to prove that 0; len(C(¢,-)) = 0: the Gateaux differential

of the length of a curve c is

Dlen(c;h) = /(Dsc - Dsh)ds ;

C

substituting the value of D;C(t,-)) from eqn. (10.25),
d¢len(C(t,-)) = D(len(C))(8:C)

= % / <DsC= (DsC{(avg,(C) —v), (C — avg,(C))) + a)> ds =
= é <(avgc(0) - v),/(C’ — avg,(C)) d3> T /(DSO a)ds = 0.

O
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C(0,0) = co(0) = (cos(8),sin(0)(1 + 2cos(6)*))

t —=2 t =68 t =4

I v VA [¥/

C(0,0) = co(8) = (cos(8),2sin(h))

t =2 t =68 t =64 t ==

Two numerical simulation of the H' gradient descent flow of the centroid energy
E(c) Llavg,(c) — v|?, for two different initial curves co. The constants were set

=3
to A = 1/(47?), v = (2,2). Steps for numerical discretization were set to At = 1/30,

A0 =7/64 (on [0,2r]). Note that plots for t < 0 are shown in a smaller scale.

Figure 12: H' gradient descent flow of the centroid energy. See [10.20|and [10.29
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We now present the proof of the theorem [10.29

Proof. We will first of all prove existence and uniqueness of the gradient flow for
small time, using the Cauchy—Lipschitz theorenﬁ in the space M of immersed
curves, seen as an open subset of the C' Banach space (see Definition [10.24)).
To this end we will prove that ¢ — Vg1 E(c) is a locally Lipschitz functional
from C1 into itself. Afterward, we will directly prove that the solution exists for
all times.
So, let us fix c1,ca € C* N M that are two curves near co. Let us fix e > 0
by
€= il(}f lco(0)]/2 .

By “near” we mean that, in all of the following, we will require that ||c; —coll1 <
e, fori=1,2. We will need the following (easy to prove) facts. (In the following,
the index i will represent both 1,2).

e infy [c}(0)| > ¢, so all curves in the neighborhood are immersed.
o Setting ag := ||col[1 + €, we have ||¢;||1 < ap.
e By equation mn lemma
len(cg) — 27l|co — ¢ifl1 < len(e;) <len(co) + 27||co — ¢il|1
and in particular
27e < len(c¢;) < len(cg) + 27e .

Let fi = Vi1 E(c;) be the gradient, whose formula was expressed in (10.24).
We decompose f; using the relation T.M = R"™ & D.M, as done previously:

fi:avgci(fi)emn s fi:f_a‘vgci(fi)eDCiM

and obtain
fi = avg.(c)—v
. 1
fi = )\—L?’Pciﬂcihi, where

hi == Dsci((avg,, (ci) —v), (c; — avg,. (ci))) , (10.36)

by rewriting in the notation of this proof.
We will then exploit all the inequalities in the lemmas to prove that

[f1=Fal Sarlles —eall , IIfi = falli < asller = ealh
for two constants a1,as > 0 and all c1,co near cy; this effectively proves that

If1 — fal < (a1 + a2)|lc1 — e2ll1

24A k.a. as the Picard—Lindelsf theorem

80



that is, Vg1 E(c) is a locally Lipschitz functional.
The first term is dealt with equation in lemma whence we obtain

_ _ . 2a2
Fi-Tol =14 alds— £ cls)dsl <alle - ol with ar = 2
c1

co

By repeated applications of the inequalities listed in lemma we prove

that, in the designed neighborhood, the following inequalities hold
[he = hallo < asllez —eallx
[hil] < aq
for two constants az,aq > 0. So we can choose constants P,Q > 0 such that the
inequality (10.30) holds uniformly in the neighborhood, and then
||P61H61h1 - P62H02h2H1 < P Hcll - 0/2”0 + Q ||h2 - thO <
< (P +Qaz)ller — ezl

By using @) and from lemma once again, we can conclude that
Ifi = f2lli < azller — e2lly

for a constant ay > 0. The Cauchy-Lipschitz theorem is now invoked to guaran-
tee that the gradient descent flow does exist and is unique for small times. Let
then C(t,0) be the solution, that will exist fort € (t~,t1), the mazimal interval.

In the following, given any g = g(t,0) we will simply write ||g|lo instead of
lg(t, )llo = sup l9(¢,0)]
and similarly

lgllx = ligllo + |dogllo = sup(lg(t, )] + 0oy (£, 0)]) ;

we will also write len(C') = len(C(t,-)) for the length of the curve at time t.

We want to prove that the mazimal interval is actually R, that is, tT =
—t~ = oo. The base and rough idea of the proof is assuming that t+ or ¢t~
are finite, and derive a contradiction by showing that VE(C) does not blow up
when t \(t~ ort /tt.

More precisely, we will show that, if t— > —oo then

limsup [|[VE(C)|1 < oo (*%)

Nt
this implies that the flow C(t,-) admits a limit (inside the Banach space C1) as
t — t~, and then it may continued (contradicting the fact that t~ is the lowest

time limit of existence of the flow). A similar result may be derived whent / t+
(but we will omit the proof, that is actually simpler).
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One key step in showing that (xx) holds is to consider the two fundamental

quantities
1) = inf [9,C(1,0) . N(t) :=Cll

and prove that
liminfI(¢) >0 , limsupN(t) < oo

when t— > —o0 and t \(t™. E We proceed in steps.

e By remark|10.30, we know that len(C) is constant (for as long as the flow
is defined), and then equal to len(cp).

e At any fized time, by ,
|C — C| <len(C)/2 =len(cp)/2 (10.37)
where C' is the center of mass of C(t,-); and then
IC| < |C=TC|+ |v—Cl|+|v] <len(co)/2+ V2E(C) + |[v]  (10.38)
e During the flow, the value of the energy changes with rate

2E(C) = IV E©)|F =

— 9 1 . —5
_|C_'U| _W C<C_'U7C_C> ds

using , we can bound
0. E(C)| < E(C)(2+1/X)

so from Gronwall inequality we obtain that E(C) does not blow up; con-
sequently by , ICllo does not blow up as well.

o Let

H := D,C{([C —v),(C-0)) ,

from the above we obtain that H does not blow up as well, since

[H(t, )]0 < len(co)y/2E(C) (10.39)

o The parameterization of the curves changes according to the law

o _ 2H-D,C
0u1og(0yCF*) = 2(D.0,C, D,C) = Jy o
SO
2,/2E(C)
2 < V177
|0¢ log (|06 C|7)| < Men(co)

25 Actually, by tracking the first part of the proof in detail, it possible to prove that all other
constants a1, az, as, as, P,Q may be bounded in terms of these two quantities I(t), N(t)
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this proves that
liminf I(t) >0

N
and
lim sup sup |99C' (¢, 0)| < o0 .
Nt 6
(As a consequence, OpC(t,0) # 0 at all times: curves will always be im-
mersed,)

e So by
[PellcHlly < (27 +2)[|C]|o|| H [lo

does not blow up as well.
e Since both ||Cllo and [|09C||lo do not blow up, then |C||1 does not blow up.
e Decomposing F' = —0,C = Vi E(C) (as was done in ) we write

1F]: = y |Pcllc H ||y

1
len(cg)?
and from all above ||F||y does not blow up; but also
[F| = lavec(C) — o] < V2E(C)

as well; but then ||V E(C)|1 itself does not blow up, as we wanted to
prove.

O

10.6.3 Existence of flow for geodesic active contour

Theorem 10.31 Let once again
B() = [ dlel)ds

be the geodesic active contour energy. Suppose that ¢ € C’llo’c1 (that is, ¢ € C*
and its derivative is Lipschitz on compact subsets of R™), let the initial curve
be co € C*; then the gradient flow

dc

— =-VmE(

dt H? ( )
exists and is unique in C* for small times.

Proof. We rapidly sketch the proof, that is quite similar to the proof of the

previous theorem. We show that V1 E(c) is locally Lipschitz in the C ! Banach
. . 11

space (see Definition [10.24). Indeed, since ¢ € Cy_., the maps

oc?

¢ — Voo
¢ +— ¢(c)Dsc
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are locally Lipschitz as maps from C* to C?; so (using Lemmas|10.25|and [10.26))
we obtain that

¢ avg.(Vo(c))
is loc.Lip. from C! to R", and

¢ = PPI(Ve(c))
c = PCHC(¢(C)DSC)

are locally Lipschitz as maps from C! to C'; combining all together (and using

the Lemma again)
1 1
Vi1 E(c) = Laveg,.(V¢(c)) — EPC'PCHC(V(b(C)) + E7>ch(q>(c)Dsc)

is locally Lipschitz as maps from C! to C'; so by the Cauchy-Lipschitz theorem,
we know that the gradient flow exists for small times. O

Remark 10.32 (Gradient descent of curve length) Of particular interest
is the case when ¢ = 1, that is E = L, the length of the curve. In this case,
we already know that the H® flow is the geometric heat flow. By the H*
gradient instead reduces to

(10.40)

So the H' gradient flow constitutes a simple rescaling of the curve about its
centroid (!).

It is interesting to notice that the H' and H' gradient flows are well-posed
for both ascent and descent while the H® gradient flow is only well-posed for
descent. This is related to the fact that the HO gradient descent flow smooths
the curve, whereas the H' gradient descent (or ascent) has neither a beneficial
nor a detrimental effect on the regularity of the curve.

10.7 Regularization of energy vs regularization of flow /metric

Imagine an energy F minimized on curves (numerically sampled to p points).
Suppose it is not satisfactory in applications (it may be ill posed, or not robust
to noise). We have two solutions available.

e Add a regularization term R(c) and minimize E(c)+eR(c) by H° gradient
descent. The numerical complexity of computing Vo R is of order O(p).

e Minimize E(c) by H' gradient descent. The numerical complexity of com-
puting Vi1 E using the equations in Prop. [10.10]is of order O(p).

The numerical complexity of the two approaches is similar; but in the second
case we are minimizing the original energy. This can bring evident benefits, as
shown in the following example (originally presented in the 2006 IMA conference
on shape spaces).
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Example 10.33 We consider a region-based segmentation of a synthetic noisy
image, where the energy is the Chan-Vese energy

E(c):/c (I—u)ZdA—f—/c (I —v)2dA

in out

plus the regularization terms alen(c) for H® flows.

When flowing according to —VgoE + axN and a small value of o > 0, we
obtain the following evolution of the curve, where the curve gets trapped in a
local minima due to noise.

For a larger value of o, the regularization term forces the curve away from
the square shape.

When evolving using —Vg1 E, the curve captures the correct shape on coarse
scale, and then segments the noisy boundary of the square further.

10.7.1 Robustness w.r.to local minima due to noise
The concept of local depends on the norm.

Definition 10.34 A curve ¢y is a local minimum of an energy E iff e > 0
such that if ||h||c, < € then E(co) < E(co + h).

Note that Sobolev-type norms dominate H%-type norm:

1Pl 20 < NlAllsoneres

and the norms are not equivalent. As a result the neighborhood of critical points
in Sobolev-type space is different than in H° space.

We present an experimental demonstration of what “local” means (originally
presented in [Sundaramoorthi et al.| [2008a]).

Example 10.35 1. We initialize a contour in a noisy image.
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2. We run the HY gradient flow on energy
E(c¢) = Ecp(c) + alen(c),

where E., is the Chan-Vese energy. Let’s call the con-
verged contour cy; it is shown in the picture on the right.

3. We adjust ¢y at one sample point by one pixel, and call the modification
é. Note: &y is an H (but also “rigidified”) local perturbation of cq.

4. We run and compare H, “rigidified,” and Sobolev gradient flows initial-
ized with ¢g.

The results are in Figure[13 As we can see, the SAC evolution can escape
from the local minimum that is induced by noise. Surprisingly, in the numerical
experiments, the same result holds for SAC even without perturbing the local
minimum: this is due to the effect of numerical noise.

Many other examples, on synthetic and on real images, are present in [Sun-
daramoorthi et al.| [2007al [2008aljb].

HO

“Rigidified’
(Translation

favored)

Sobolev
Active
Contours

Figure 13: Comparison of minimization flows when initialized near a local mini-
mum; see Example 10.35\ (From |Sundaramoorthi et al.| [2008a] © 2008 IEEE. Reproduced

with _permission).
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10.8 New shape optimization energies

Most of what follows was originally presented in|Sundaramoorthi et al.| [20070,
20080).

There are many useful active contour energies that cannot be optimized
using H° gradient flow. There are mainly two reasons why this happens.

e Some energies result in ill-posed H® flows.

e Some energies result in high-order PDE and are difficult to implement
numerically.

In many cases, we can optimize these energies using Sobolev active contours
and avoid ill-posed problems and reduce order of PDE.

We remark that other gradients (e.g. the “rigidified” active contours of
Charpiat et al|[2005]) cannot be used in the examples we will present: the
minimization flows still are ill posed or high order. Similarly global methods
(e.g. graph cuts) cannot deal with these types of energies.

10.8.1 Average weighted length

A simple example that falls in the first category is the average weighted
length energy that we presented in equation (2.6)) in the introduction:

Ei(c) = f¢(c<s>> ds = avg, () ;

this energy was introduced since it does not present the short length bias (that

was discussed in §2.4.2)).
Let Ly = [ ¢ds and L = len(c) so that Ei(c) = Lg/L, then the gradient is

1 Ly
By =—-VL,—-2VL.
VE = 2VLs— 25V

We already presented all the calculus needed to compute the H° and H'
gradients of E (see Section and Example [10.21)); let us summarize all the
results.

e In the case of H? gradient descent flow, the second term is ill posed , since
Ly/L? > 0 and VoL is the driving term in the geometric heat flow.

This is also clear from the explicit formula
ViroBa(c) = [Vo - N — k(9 — ave, ()] (10.41)

since avg,(¢) is the average value of ¢, therefore ¢ — avg,.(¢) is negative
on roughly half of the curve; so the second term tries to increase length on
half of curve using a geometric heat flow (and this is ill posed); whereas
the first term V¢ does not stabilize the flow.
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e In the case of the Sobolev gradient, we saw in the proof of Theorem [10.31
that the gradients Vg1 L, and Vg L are locally Lipschitz in C*, so, by us-
ing Lemma we conclude that the gradient V. E; is locally Lipschitz
as well, hence the gradient flow is well defined.

10.8.2 New edge-based active contour models

The average weighted length idea can be used to build new energies with inter-
esting applications in tracking.
Let us call

Eqa(c) = /(b(c(s)) ds

the traditional edge-based active contour energy.
When using a Sobolev—type norm, we can consider non-shrinking edge-based
models, as in the following examples.

Example 10.36 Let us consider the enerqgy

Eew(c) = /¢(c(s)) (L7 + aLk?(s)) ds

where
e the first term is edge-detection without shrinking bias (nor regularity),

e and the second term is a kind of elastic regularization (that will be
discussed also in the next section) that is moreover relazed near edges;

the length terms render the whole energy scale invariant.
The frames in Figure|14 on the following pagel show initialization and final
results obtained with different norms and energies.

Example 10.37 Let us consider a length increasing edge-based model. In
this case, we maximize the energy

Bucle) = [olels)ds—a [ (5)s

where ¢ > 0 is high near edges. We compare numerical results with a typical
edge-based balloon model

Epar(c) = / B(c(s)) ds — a /R o(x) dz

where R is the area enclosed by c. See figure|15 on the next pagéd.
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Initial E01d7 HY Eolda Sobolev Enewa Sobolev

Figure 14: Comparison of segmentations obtained with different energies, as ex-
plained in Example@ (FromlSundaramoorthi et a,l‘l IQOOSb]/ © 2008 IEEE. Reproduced

with permission).

Figure 15: Left to right we see the initial contour, the minima of Ep, for a =
0.2,0.25,0.4 using H°; the maximum for Ej,. with o = 0.1 using H' flowing.
See Example (From lSundaramoorthi et al.l 12008171/ © 2008 IEEE. Reproduced with

permission).
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10.9 New regularization methods

Typically, in active contour energies a length penalty is added to obtain regu-
larity of the evolving contour:

E(¢) = Eqgatal(c) + alen(c) .

It is important to note that this length penalty will regularize the curve
only if the curve evolution is derived as a H® gradient descent flow. If another
curve metric is used to derive the gradient descent flow, then a priori the length
penalty may have no regularizing effect on the curve regularity (cf. [10.32).

10.9.1 Elastic regularization

We can now consider an alternative approach for regularity of curve:

E(c) = Egata(c) + alen(c) //<L2 (s)ds
c

where o > 0 is a fixed constant. This energy favors regularity of curve, but this
regularization does not rely on properties of the metric; and the regularization
is scale invariant. Note that the H? gradient flow of this energy is ill posed.

The numerical results (originally presented in|Sundaramoorthi et al.|[2007Db])
are in Fig.[I6] In all frames, the final limit of the gradient descent flow is shown;
between different frames, the value of « is increased.

Egata(c) + alen(c)

(H° gradient descent)

Edata( ) +

alen(c) [ K*(s)ds
(Sobolev gradient

descent) Q@JQ\Q J>\\5 P@ ”\Jb @w&lh

Figure 16: Elastic regularization. (From |Sundaramoorthi et al| [2008b] © 2008 IEEE.

Reproduced with permission).
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11 Mathematical properties of the Riemannian
space of curves

In this section we study some mathematical properties, and add some final re-
marks, regarding the Riemannian manifold of geometric curves, when this is
endowed with the metrics that were presented previously.

11.1 Charts

Let again
M = M; ; = Immy(S*,R")

be the space of all smooth freely-immersed curves.

We already remarked in Remark [4.4] that, if the topology on M is strong
enough then the immersed curves are an open subset of all functions. We
moreover represent both curves ¢ € M and deformations h € T.M as functions
S1 — IR™; this is a special structure that is not usually present in abstract
manifolds: so we can easily define “charts” for M.

Proposition 11.1 (Charts in M, ;) Given a curve ¢, there is a neighborhood
U. of 0 € T.M such that for h € U,, the curve c+ h is still immersed; then this
map h — c+ h is the simplest natural candidate to be a chart of ®.: U, — M.
Indeed, if we pick another curve ¢ € M and the corresponding Uz such that
Us:NU, # 0, then the equality ®.(h) =c+h=¢+ h= (bg(il) can be solved for
h to obtain h = (¢ — ¢) + h.

The main goal of this section is to study the manifold
B = B, ; := M/Diff(S")

of geometric curves. Since B is an abstract object, we will actually work with

M in everyday calculus. To recombine the two needs, we will identify an unique
family of “small deformations” inside M, that has a specific meaning in B. A
common choice is to restrict the family of infinitesimal motions h to those such
that h(6) is orthogonal to the curve, that is, to ¢/(9).

Proposition 11.2 (Charts in B; y) Let II be the projection from M to the
quotient B. Let [c] € B: we pick a curve ¢ such that II(c) = [c]. We represent
the tangent space TiqB as the space of all k : St — R" such that k(s) is
orthogonal to ¢'(s).

We choose Uy C T1gB a neighborhood of 0; then the chart is defined by

Ui : U =B, VYg(k) :=(c() + k()

that is, it moves c(u) in direction k(u).

If Ujg is small enough, then this chart is a smooth diffeomorphism; and, if
we pick another curve ¢ € M and the corresponding Uz such that U MU # 0,
then the equality }

Vi (k) = Vg (k)
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can be solved for k (this is not so easy to prove: see|Michor and Mumford, [2000],
or 4.4.7 and 4.6.6 in|Hamilton [1982]).

11.2 Reparameterization to normal motion

In the preceding proposition we decided to use “orthogonal motion” as distin-
guished chart for the manifold B. This choice leads also to a “lifting”.

Lemma 11.3 Given any smooth homotopy C' of immersed curves, there exists
a reparameterization given by a parameterized family of diffeomorphisms @ :
[0,1] x ST — S, so that setting

C(t,0) == C(t, B(t,0)) ;

we have that 8,C is orthogonal to dyC' at all points; more precisely,

Wfatc =0 5 WNatC = WNatC
(where the last equality is up to the reparameterization ® ).

For the proof, see Thm. 3.10 in [Yezzi and Mennucci |[2004b] or §2.5 in [Michor
and Mumford| [2006).

This explains what is commonly done in the level set method, where the
tangent part of the flow is discarded.

It is unclear that this choice is actually the best possible choice for computer
vision application. Consider the following example.

Example 11.4 Suppose that c¢(0) = (cos(d),sin(6)) is a planar circle. Let
C(t,0) = c(0) + vt be an uniform translation of c. Let C be as in the pre-
vious proposition; the Figure shows the two motions.  The two motions C
and C' coincide in B but are represented differently in M. Which one is best?
Both “translation” and “orthogonal motions” seem a natural idea at first glance.

C C

The dotted line represents the trajectory of a point on the curve.

Figure 17: Translation of a circle as a normal-only motion, by Prop. [T1.3]
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11.3 The H° distance is degenerate

In §C in |[Yezzi and Mennucci| [2004b], or §3.10 in Michor and Mumford| [2006],
the following theorem is proved.

Theorem 11.5 The H-induced distance is degenerate: the distance between
any two curves is 0.

This results is generalized in [Michor and Mumford| [2005] to L2-type metrics of
submanifolds of any codimension.

Here we will sketch the main idea of the proof for a very simple case: it is
possible to connect two segments

co(uw) = (u,0) , ci(u)=(u,1)

with a family of “zigzag” homotopies C*(t,0) so that the H® action is in-
finitesimal when k& — oco. A snapshot of the curves along the homotopy, for
t=0,1/8...1 and k =5, is in Fig. [18

t=1/2
t=1/4 :
t=1/8 :
t=o0 7\ 1/A\} .
. eley
Sagl| oY
/RS 0
t=1 W
t=17/8 : :
t=3/4
t=1/2

case t € [1/2,1]

Figure 18: Zig-zag homotopy

In the following, let C = C* for k large. We recall that the H® action is

1 1 1
E(C)=/ /|8t0|2dsdt=/ / 18,C205C| 46 dt ;
0 C 0 0
and we also define
1 1 1
]EL(C)z/ /\ﬂNatC\stdt:/ / N CRl0,Cld0dt (11.1)
0 C 0 0

(this “action” will be explained in Sec. [11.10). The argument goes as follows.

1. The angle « is (the absolute value of) the angle between 9pC and the
vertical direction (that is also the direction of 9;C'). Note that

o o= «a(k,t), and
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e at t = 1/2 it achieves the maximum «(k, 1/2) = arctan(1/(2k)), and
also

o |0pC| =1/sin(w).
2. Now
|TnO:C|2|0pC| = |0;C|?|0pC | sin’(x) ~ sin(a)
so if k is large, then the angle « is small and then E, (C) < e ~ 1/k.
3. We now smooth C' just a bit to obtain C, so that E, (C) < 2e.

4. We then apply Prop. to C to finally obtain C, that moves only in the
normal direction, so

E,(C)=E,(C)=E(C) < 2

as we wanted to show.

11.4 Existence of critical geodesics for H’

In contrast, it is possible to show that a Sobolev-type metric does admit critical
geodesics.

Theorem 11.6 (4.3 in Michor and Mumford| [2007]) Consider the Sobolev
type metric

(Kl = [ (hF) + (D21, DIE) ds

with n > 1. Let k > 2n + 1; suppose ¢, h are in the (usual and parametric)
H* Sobolev space (that is, ¢, h admit k-th (weak)derivative, that is square inte-
grable). Then it is possible to shoot the geodesic, starting from ¢ and in direction
h, for short time.

In §4.8 in Michor and Mumford| [2007] it is suggested that the theorem may
similarly hold for Sobolev metrics with length-dependent scale factors.

11.5 Parameterization invariance

Let M be the manifold of (freely)immersed curves. Let (hj, ha). be a Rieman-

nian metric, for hy, he € T.M; let ||h||. = \/(h, h). be its associated norm. Let
E(y) := fol 14(v)[I3,,y dv be the action.
Let C : [0,1] x St — S! be a smooth homotopy. We recall the definition

that we saw in Section [£.6] and add a second stronger version.
Definition 11.7 A Riemannian metric is

e curve-wise parameterization invariant when the metric does not de-
pend on the parameterization of the curve, that is |h|z = ||h|l. when

&(t) = c(p(t) and h(t) = h(p(t));
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] x

e homotopy-wise parameterization invariant if, for any ¢ : [0,1
t,0) =

St — S smooth, ¢(t,-) a diffeomorphism of S for all fired t, let C(t,
C(t,p(t,0)), then E(C) =E(C).
It is not difficult to prove that the second condition implies the first. There
is an important remark to note: a homotopy-wise-parameterization-invariant
Riemannian metric cannot be a proper metric.

Proposition 11.8 Suppose that a Riemannian metric is homotopy-wise pa-
rameterization invariant; if hy, hy € T.M and hy is tangent to c at all points,
then (h1,ha). = 0. So the Riemannian metric in this case is actually a semi-
metric (and || - ||c is not a norm, but rather a seminorm in T.M ).

Proof. Let C(t,u) = c(p(t,u)) with ¢(t,-) be a time-varying family of diffeo-
morphisms of S1. So E(C) = E(c) = 0, that is

1
/ |00 dt = 0
0

so ||c'9:¢||. = 0; but note that, by choosing appropriately ¢, we may represent
any h € T, M that is tangent to ¢ as h = ¢’0;¢. By polarization, we obtain the
thesis. 0

11.6 Standard and geometric distance

The standard distance d(cg, c¢1) in M is the infimum of Len(vy) where v is any
homotopy that connects cg,c; € M (cf. Definition .

We are though interested in studying metrics and distances in the quotient
space B := M/Diff(S1).

We suppose that the metric G is “curve-wise parameterization invariant”;
then G’ may be projected to B := M/Diff(S'). So in the following we will use
a different definition of “geometric distance”.

Definition 11.9 (geometric distance) dg(co,c1) is the infimum of the length
Len(C) in the class of all homotopies C' connecting the curve co to any repa-
rameterization ¢y o ¢ of ¢1.

This implements the quotienting formula that we saw in Definition (in
this case, the group is G = Diff(S1)): so we will use dg as a distance on B.

At the same time, note that in writing dg(co, c1) we are abusing notation:
dg is not a distance in the space M, but rather it is a semidistance, since the
distance between c and a reparameterization c o ¢ is zero.

11.7 Horizontal and vertical space

Consider a metric G (curve-wise parameterization invariant) on M. Let II
once again be projection from M := Immf(Sl) to the quotient B = B; y =
M /Diff(S?).

We present a list of definitions (see also the figure |19 on the next page).
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Definition 11.10 o The orbit is O.= [c] = {co¢ | ¢} =TT 1({c}).
o The vertical space V. is the tangent to O,:
V,:=T.0, C T.M

that can be explicitly written as

V.= {h=0b(s)c(s) | b: S* = R}
i.e. all the vector fields h where h(s) is tangent to c.
o The horizontal space W, is the orthogonal complement inside T, M
W, .=Vt
Note that W, depends on G, but V. does not.

Figure 19: The action of Diff(S') on M. The orbits O, are dotted, the spaces
W, and V, are dashed.

The figure 20] may also help in understanding. The whole orbit O, is pro-
jected to [¢]. The vertical space V, is the kernel of DII,, so it is projected to
0.

11.8 From curve-wise parameterization invariant to homotopy-
wise parameterization invariant

In the following sections, we just aim to give an overview of the theory; we
will not dwelve in depicting the most general hypotheses such that all presented
results do hold for a generic metric G; we will though, case by case, present
references to how the results can be proven for the metrics discussed in this
paper, and in particular the Sobolev-type metrics.

We suppose that this theorem holds.

Theorem 11.11 Given any h € T, M, there is an unique minimum point for
min ||z —h
min |1z hllg

and the minimum is called the horizontal projection of h.
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Figure 20: The vertical and horizontal spaces, and the projection II from M to
B.

This theorem is verified when G is a Sobolev-type metrics, see §4.5 in [Michor
and Mumford| [2007]; and it is trivially verified by H°.
Definition 11.12 The horizontally projected metric G- is defined by

(h k) gr = (h, k)ae (11.2)
where h, k are the projections of h,k to W,.
Proposition 11.13 Equivalently the norm ||h||gr can be defined by

Bl = inf 12+ belo (11.3)

where the infimum is in the class of smooth b: S* — IR.
Proof. Indeed by the projection theorem,

inf |2+ bc' | = 1l

where £ is the projections of h to W,. By polarization we obtain (11.2). O

It is easy to prove that G is curve-wise parameterization invariant, but more-
over

Proposition 11.14 G* is homotopy-wise parameterization invariant.
Proof. Let C(t,0) = C(t, p(t,0)), then

2C =9,0+C"y
so at any given time ¢

[0:C(t,)lgr = 0:.C + C'¢' || gr = 10:C | g+
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by eqn. (11.3), where the terms RHS are evaluated at (¢, ¢(t,-)); since G is
curve-wise parameterization invariant, then

10:C (¢, ) = 18:C(t, )l -

Consequently,

Corollary 11.15 G is homotopy-wise parameterization invariant if and only if
1Plle = [Ih + bl
for all b.

Summarizing all above theory, we obtain a method to understand /study/design
the metric G on B, following these steps:

1. choose a metric G on M that is curve-wise parameterization invariant
2. G generates the horizontal space W = V+

3. project G on W to define G+ that is homotopy-wise parameterization
invariant.

11.8.1 Horizontal G+ as length minimizer

As we defined in to define the distance we minimize the length of the paths
v :[0,1] — M that connect a curve ¢y to a reparameterization c; o ¢ of the curve
c1. Consider the following sketchy example.

Example 11.16 Consider two paths v1 and 2 con- Cox
necting co to reparameterizations of cy. Recall that the
space W, is orthogonal to the orbits, the space V. is tan-
gent to the orbits. The path v1 (that moves in some -
tracts along the orbits, with 41 € V) is longer than the W -

path ~s. oo -

Do .'c,oq)

The above example explains the following lemma. | :
Vi
C

Lemma 11.17 Let us choose G to be a curve-wise parameterization invariant

metric (so, by Prop. it cannot be homotopy-wise parameterization invari-

ant).
1. Let C(t,0) = C(t,¢(t,0)) where ¢(t,-) is a diffeomorphism for all fived t.
Minimize ~
min E¢(C)
%)

Then at the minimum C*, 8,C* is horizontal at every point, and

Eg(C*) = Eq. (C*) .
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2. So the distance can be equivalently computed as the infimum of Leng. or
of Leng; and distances are equal, dgr = dg.

In practice, when computing minimal geodesic (possibly by numerical methods),
it is usually best to minimize E¢, since it also penalizes the vertical part of the
motion, and hence the minimization will produce a “smoother” geodesic.

The proof of the above lemma is based on the validity of “the lifting Lemma”:

Lemma 11.18 (lifting Lemma) Given any smooth homotopy C of immersed
curves, there exists a reparameterization given by a parameterized family of
diffeomorphisms ® : [0,1] x S — S, so that setting

C(t,0) :== C(t, ®(t,0))
we have that 8,C is in the horizontal space We at all times t.
For the metric H?, this reduces to lemma in this paper; for Sobolev-type
metrics, the proof is in §4.6 in Michor and Mumford| [2007].
11.9 A geometric gradient flow is horizontal

Proposition 11.19 If E is a geometric energy of curves, in the sense that
1s invariant w.r.to reparameterizations ¢ € Difﬁ(Sl); then VE is horizontal.

Proof. Let ¢ be a smooth curve; suppose for simplicity (and with no loss of
generality) that it has len(c) = 27 and that it is parameterized by arc parameter,
so that |¢/| = 1 and ¢ = Dse. Let b : S' — IR be smooth, and define ¢ :
R x S' — S! by solving the b flow, that is the ODE

at¢(ta 0) = b(¢(t7 9))

with initial data $(0,0) = 6. Note that, for all ¢, ¢(t,-) € Diff"(S'). Let
C(t,0) = c(o(t,8)), note that

9 C(t,0) = b(o(t, 9))Cl(¢(t7 0))
then E(C) = E(c), so that (deriving and setting ¢ = 0)
HE(C)=0=(VE(c),bd)

and we conclude by arbitrariness of b. O

11.10 Horizontality according to H°
Proposition 11.20 The horizontal space W, w.r.to H® is

We:={h:h(s) L (s)Vs}

that is the space of vector fields orthogonal to the curve.
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So Prop. [11.19| guarantees that the HO gradients of geometric energies have
only a normal component w.r.to the curve — and this couples well with level
set methods.

The horizontal version of HY is
<h1, h2> = /7rNh1 - myhs ds (11.4)
HO,L c

where mhy(s) is the component of hy (s) that is orthogonal to ¢’ (as was defined
in Section [7.1)); note that the action of this (semi)metric was already presented
in eqn.

So a good paradigm is to think at the metric H? as

J.h1 - hads on M,
fCﬂ'Nhl'ﬂ'NthS on B.

Remark 11.21 The horizontal space W, is isometric (thru DI, ) with the tan-
gent space T, B: this implies that we may decide to use W, and Il. as a “local
chart” for B. If the metric is G = H°, this brings us back the chart|11.2; with
other metrics, this process instead defines a novel choice of chart.

The same reasoning above holds for the H# metric (from Sec. [9.2)), and for
the Finsler metrics F'! and F*° (from Section ; in this latter case, we already
presented the horizontally projected version of the metrics.

For all above reasons, it is common thinking that “a good movement of
a curve is a movement that is orthogonal to the curve”. But, when using a
different metric (as for example, the Sobolev-type metrics) the above is not true
anymore.

11.11 Horizontality according to H’

Horizontality according to H’ is a complex matter. To study the horizontally
projected metric, we need to express the solution of

irgf |+ bc || prs

in closed form, and this needs (pseudo)differential operators: see [Michor and
Mumford| [2007] for details. We just remark that in this case, “a good movement
of a curve is not necessarily a movement that is orthogonal to the curve.”

11.12 Horizontality is for any group action

In the above we studied the horizontality properties of the quotient B = M /Diff(S!).
But the theory works in general for any other quotient. So we may apply the
same study and ideas to further quotients (such as B/E(n)).
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11.13 Momenta

What follows comes from §2.5 in [Michor and Mumford| [2007].

Consider again the action of a group G on a Riemannian manifold M (as
defined in Sect. . Most groups that act on curves are smooth differentiable
manifolds themselves, and the group operations are smooth: so they are Lie
groups. In our cases of interest, the actions are smooth as well.

We want to study some differentiable properties of the action g - m; using
the rule , we see that we can restrict to studying the case e-m, where e € G
is the identity element.

11.13.1 Conservation of momenta

Given a curve ¢ € M, and a tangent vector £ € T.G (where T.G is the Lie
algebra of G), we derive the action, for fixed ¢ and e “moving” in direction &;
the result of this derivative is a ( = (¢, € T.M (depending linearly on £). This
direction ( is intuitively “the infinitesimal motion of ¢, when we infinitesimally
act in direction & on c”.

To exemplify the above process, we provide a simple toy example.

Example 11.22 (Rotation action on the plane) The group of 2D rotations
G =IR/(2m) (the real line modulus 27, with the + operation) acts on the plane,
as follows
GxR*> — R?
gm = g-m=Rsm

R, = < Cf)Sg —sing > .
sing cosg
Since T.G = R, there is only one direction in the tangent to G, hence the
derivative in direction £ = 1 is just the standard derivative d/dg; similarly
TRR? = R?; by deriving the action in point g =e =0 (the identity element), we
obtain that

with

Cl,m =Jm

J::<(1) —01)_

Note that Jm is the vector (normal to m) obtained by rotating m of an angle /2
counterclockwise. The physical interpretation is that, when rotating the plane in
counterclockwise direction with speed & = 1, each point m will move with velocity
¢=Jm.

with

In the above toy example, the result ¢ is vector; but in the case of immersed
curves M, since ¢ € T.M, then ¢ = () : S* — R" is a vector field.

We then recall a very interesting condition by Emmy Noether
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Theorem 11.23 Suppose that the Riemannian metric {-,-). on M is invariant
w.r.to the action of G: this is equivalent to saying that the action is an isometry.
Let ~(t) be a critical geodesic: then

<C£77(t)a’.Y(t)> (11.5)

v(t)
is constant in t (for any choice of £ € T.G).

The quantity is called “the momentum of the action”.

As an alternative interpretation, note that the vectors ¢ that are obtained
by deriving the action are exactly all the vectors in the vertical spaces V. of
the corresponding action G (since ¢ are infinitesimal motions inside the orbit).
Recall that h € T.M is horizontal (that is, h € W,) iff it is orthogonal to V.
(¢,h) = 0 for all ¢ € V.. So, as corollary of Emmy Noether’s theorem, we
obtain that

Corollary 11.24 if a geodesic is shot in a horizontal direction %(0), then the
geodesic will be horizontal for all subsequent times.

The following are examples of momenta that are related to the actions on
curves (that we saw in Example 4.8)).

Example 11.25 e The rescaling group is represented by R, that is one
dimensional, so there is only one tangent direction € = 1 in RT. The
action is l,c — lc, so there is only one direction, that is { = c.

e The translation group is represented by R", that is a vector space, so the
tangent directions are & € R"™; the action is £,¢— &+ ¢; then ( =& (and
note that this is constant in 0).

e The rotation group is represented by orthogonal matrizes, so we set G =
O(n); the group identity e is the identity matriz; the action is matriz-
vector multiplication A,c(0) — Ac(0); the tangent T.G is the set of the
antisymmetric matrizes B € R"*"; then ( = Be.

e The reparameterization group is G = Diff(S'); a tangent vector is a scalar
field € - ST — R; the action is the composition ¢,c — co ¢; we in the end
have that

¢(0) = £(0)c'(9)

(where ¢’ = Dyc) that is,  is a generic vector field parallel to the curve.

For the H' metric, this implies the following properties of a geodesic path ~(t).

Proposition 11.26 e Scaling momentum:

(v, %) 1 = avg.(7y) - avg.(¥) + AL? 7[ D,v - Dsyds = constant.
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e Linear momentum: avg,(¥) is constant, since, for all ¢ € R",

(&%) g1 = & - avg.(¥) = constant;
since £ is arbitrary, this means that avg.(¥) is constant in t.

o Angular momentum: for any antisymmetric matriz B € R™*",

(Bv,%) g1 = (Bavg,.(v)) - avg,(§) + AL? ][(BDSF)/) - (Ds%) ds = constant.

e Reparameterization momentum: for any scalar field & : S' — R, setting
C(97 t) = 5(9)7/(97 t)
we get

(A i = avg.(&Y) - avg.(§) + AL? ][ Ds(&4') - D%y = constant;
integrating by parts,
avg.(&y') - avg.(¥) — AL® ][ (&Y') - Dssiy = constant;
since € is arbitrary, this means that

7, : avgc("y) - /\L27/ ' Dss;y

is constant in t, for any 0 € S*.
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