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On a type of evolution of self-referred and hereditary
phenomena

MICHELE MIRANDA JR. AND EDUARDO PASCALI

Summary. In this note we establish some results of local existence and uniqueness for the
equations

t T
u(z,t) = uo(x) +/ U (/ u(z,s)ds,T) dr, t>0,z €R,
0 0

t 1 T
u(x,t):uo(x)-‘r/ u(—/ u(a:,s)ds,’r) dr, t>0,z€R
0 T Jo
and

1 x+6(s)

t T
u(z,t) = uo(x) +/ u / — u(e, s)deds, 7 | dr,t > 0,z € R.
0 0 25(5) z—5(s)

or, equivalently, for the initial value problem, respectively:

t
gu(z‘,t) =u </ u(x,s)ds,t), t>0,xeR
ot 0

u(z,0) =uo(z), z€R

e} 1 rt
—u(x,t) =u —/ u(z,s)ds,t), t>0,z€R
ot t Jo

u(z,0) =uo(z), z€R

Duny=u( [ o [T e mraca >0,zeR
—u(z,t) =u u(&, T mt], t>0,x¢€
ot 0 26(s) z—6(s)

and

u(z,0) =uo(z), z€R

where ug e § are given functions satisfying suitable conditions.
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1. Introduction

An important class of problems that have interested for a long time the mathe-
maticians are the so called hereditarian problems, that is phenomena carrying on
some memory of the past. Important studies have been developed starting from
Volterra’s works (see [9]), published at the beginning of 20th century.

The fundamental idea of Volterra consisted in recognizing that inside a given
accepted model, that mathematically formalizes a constitutive law of a given phys-
ical phenomenon, it was sometimes necessary to consider also the possible action
due to “memory” of the phenomenon itself. In general, then, Volterra proposed
a further precisation of the used models in order to mathematically express the
constitutive laws of the phenomenon.

Recently, there has been an increasing request of Mathematics in the study of
phenomena for which, at today knowledge, there are not known (or it seems to be
not possible) general principles or universally accepted constitutive laws, although
it is possible to recognize evolutions of such phenomena depending on their past
time history.

Phenomena with evolution depending also on the state of phenomenon has been
studied in the framework of functional differential equations (see [6], [1], [7], [8])-

The proposed equations are one of the possible attempts to model the evolution
of a phenomenon for which it is possible to omit the dependence from constitutive
laws and such that it presents only some kind of self-reference with respect to its
history.

A possible, qualitative, interpretation of the proposed equations can be the

following. The equation
8 t
Eu(m,t) =u (/0 u(x,s)ds,t)

can be interpreted as one of the possible evolutions of reasoning. If x represent a
fact, u(z,t) the reasoning on the fact x at time ¢, the given model assures that the
evolution of reasoning in time of the fact x depends on reasonings at time ¢ over
all reasoning done up to time t¢.

The equation

9 t 1 z+8(s)
&U(l‘,t) =Uu (A T(S) /936(8) U(E,t)dfds,t)

can be viewed again with the previous interpretation, when however we suppose
that in the reasonings up to time ¢ we have also considered facts “close” to xz and
we want “remember” the averages.

The equation
gu(x t)y=u l/t u(x, s)ds, t
at ) - t 0 b )

can be easily interpreted in a similar way, but also as a possible evolution of the
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price u of a product x at time ¢. The evolution depends on the price of the averages
x until time ¢.

2. Some preliminary results

In this section we state and prove some technical preliminary results that we will
use in the sequel. @~ We denote by X the space of continuous functions
u : RX[0, +00) — R; it makes then sense to consider the transformation 7 : X — X,
u +— T'u for which

Tu(w, ) = uo(x) + /Otu (/OTu(x,s)ds,T) ir,

where ug € C(R,R). For this transformation we have the following properties.

Proposition 1. Let ug € C(R,R) and let us suppose that
ILy > 0 s.t. Vay,x2 €R,  |ug(z1) — uo(x2)| < Lo|xy — 22 (1)
If for uw € X there exists a continuous function L, : (0,400) — [0,4+00) such that
Ve, xe € R, Ju(zy,t) — u(ze, t)] < Ly(t)|x1 — 2, (2)

then we have that for any x1,x9 € R
1/ [ ?
|Tu(zq,t) — Tu(ze, t)] < |21 — 22| | Lo+ 5 (/ Lu(S)d8> .
0

Proof. First of all, we notice that

Tu(xy,t) — Tu(xza,t) = wo(xy) — ug(xa)

+/0t [u (/OTu(xl,s)ds,T>
_u ( /0 Tu(xg,s)dS,T):| dr.

Therefore, using hypotheses (1) and (2), we obtain that:
|Tu(x1,t) — Tu(xa,t)] < Loz — 2]

+ /Ot L, (7)

Lo|zq1 — 2

+/Ot Lo(7) (/OT Lu(s)]ar — x2|ds> dr
— |o1 — 2] [Lo + /Ot Lo(7) (/OT Lu(s)ds) dr]

dr

/OT (u(zy, ) —u(za,s))ds

IN
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e [y ([ 1) o

= |z1 — 22
1/ [ ?
= ‘.’El — (EQ‘ LO + = </ LU(S)dS) s
2 \Jo
and then the proposition follows. O

A second important property of the transformation 7" is given by the following
proposition.

Proposition 2. Let u,v € X such that

1. there exists a continuous function L, : (0,4+00) — [0,+00) satisfying the
condition

Vo, e € R,)VE> 0, |u(xy,t) —v(z2,t)] < Ly(t)|x1 — z2); (3)
2. there exists a continuous function A, : (0,+00) — [0,400) such that
Ve e R,Vt > 0., |u(z,t) —v(z,t)] < Ayo(t). (4)
Then we get for everyt >0
t T
|Tu(z,t) — To(z,t)] < / <AW}(7‘) + LU(T)/ Auﬂ,(s)ds) dr
0 0
for all z € R.

Proof. We start by considering the following quantity;

Tu(w,t) — To(z, 1) = /Ot {u </07u(x,s)ds,7') e (/OTv(m,s)ds,T)] dr
_ /Ot Lu (/O Qi(x,s)ds,7> — (/OT i(%s)dm)] dr
+/0 {v (/0 u(x,s)ds,7'> o </0 v(x,s)ds,Tﬂ dr.

Therefore, using assumptions (3) and (4), it follows that

Tu(z, £) — To(w, )| < /0 t (AW,(T) + Ly(r) /O . s)|d5> dr

< [ t (Auslr) + 20() [ Aus(5)is)

which finishes the proof. (|
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3. A local existence and uniqueness theorem on time

We denote again by X the space of continuous functions u : R X [0, +00) — R and
by T the transformation of X into itself defined by the formula

Tu(z,t) = up(z) + /Otu (/OT u(z, s)ds,7> dr (5)

for some ug € C(R,R); in this section we will always assume that the following
conditions hold:

1. there exists Lo > 0 such that |ug(z1)—uo(z2)| < Lo|z1—z2| for all z1, x5 € R;

2. |Juplloo < +00.

With this type of initial data, we can state the following theorem that gives
the local existence and uniqueness of solutions of equation (5).

Theorem 3. For any given ug € Lip(R,R) N L= (R, R), there exist o« > 0 and a
unique v = u(x,t) defined, continuous and bounded in R x [0, «], Lipschitz in the
first variable, uniformly with respect to the second one (u is, of course, Lipschitz
in the second variable uniformly with respect to the first one), satisfying

u(z,0) = up(x), (z eR),
or equivalently
t T
u(z,t) = up(z) +/ u </ u(m,s)ds,r) dr, zeR0<t<a.
0 0
Proof. We construct the solution by successive iterations; we start from the initial

datum ug and we consider the sequence (u, ), defined by recurrence as

uy = Ty,

Up41 =TUp, n>1.

We are going to prove that the sequence (uy), is uniformly convergent to some
function u.. To this end, we notice that

wo(x) + /Ot w0 (/OT uo(x)ds> ir

= ug(x) —I—/O uo(uo(x)7)dT.

uy(x,t)

Therefore we have

Vr € th > Oa ‘ul(xat) - U,O(Z‘)| < HuOHOOt
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On the other hand

t
|’U,1(3?1,t) —ul(xg,t)| < L()|.T1 —LL’2| +/ L()|£U1 —LL'2|LOTdT
0

t
= |z1 — 2] (Lo —|—/ L(Q)Td7’>
0

t2
e |SC1 *IE2| (LO +L85) .

We set
Alvo(t) = ||u0||00t7
12
h®=%+%?

Since |uj(x,t)] < |Juglloo(l + ¢), if @ > 0 is a fixed number, it is possible by
induction to prove that

no
tl
Vn e NVt € [0,a],Vz € R, |uy(z,t)] < HuOHOOZ = < lluolloce;
i!
=0
hence
Vn €N, ||un||L°°(R><[O,a]) < e®[Juolfco-

Let us now consider

us(z,t) — ur (w,t) = /Ot [m (/OTul(x,s)ds,T) — up (/O uo(x)dsﬂ dr.

Using Proposition 2, we obtain that

lus(z,t) — uq(z,t)] < /Ot (AL()(T) + Lo /OT ALO(s)ds) dr;

similarly, using Proposition 1 we have that

|ug(x1,t) — ua(xa,t)| < |z — 29| (Lo + % (/Ot Ll(s)ds>2> .

Therefore, we define

Ao (t) : = /0 t (Al,O(T) Lo /O ’ Al,o(s)ds> i,

Lo(t) = Lo + % (/Ot Ll(s)ds>2

and, for arbitrary n € N

Appin(t) = /Ot (An,n1(7') + Ly—1(7) /OT Amnl(s)ds) dr, (6)
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Lyi(t)=Lo+ % (/Ot Ln(s)d5>2 .

(7)

We notice that A,4+1,, and L,11 are polynomials in the variable ¢, and, by induc-

tion on n, it is possible to prove that

Ve e RyVE>0,Vn €N, |upt1(z,t) — up(x,t)] < Apgrn(t).

For reasons that will be clear in the sequel, we assume h € (ko/(ko + Lo),1). Let

us fix kg > 0 and « > 0 such that

1
(ko + Log)*a® < 2ky and o+ 5(ko +Lo)a? <h<1.

By setting k1 = ko + Lo, we prove that for every 0 <t < « and every n € N

t
Aptin(t) < / (1Ann-1llzoe(0,a) + 17| Ann—1ll £ ([0,a1))dT
0
t
= ||An’n,1HLoc([07a])/ (1+k1T)dT
0

t2
= || Ann-1llze=((0,a0) (t+k1§> )

and therefore
[Ani1nllo 0,01 < Pl AR -1z ((0,0))-

From the definition of L (t), it follows that:
1
0<Li(t)— Lo = 51:3152 < ko,

Hence we obtain

+

0< Lay(t) — Lo =

h
iy
S
U
w
~_

2

SN

N~ N~ N~ N

(Ll(s) — L() + Lo)d8>

N 77 N N
— 5— 5~ —

[e)

2
(Ll(s) — L())dS + Lot)

t 2

IN

YN

Therefore, it is easy to prove by recurrence that
YneN,Vt € [0,a], 0< L,(t)— Lo < ko.

Hence we get
Jk1 >0:Vte[0,a],¥n e N 0< L,(t) < k.

1
kods + Lgt) = 5(/~c0 + Lo)*t? < ko.
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From the previous inequality, for ¢t € [0,q], taking into account (6) and that
Apt1,0(+) are continuous functions, we deduce that

t T
0< Apsrn(t) < / <||An,n_1||m[o,a]>+Ln_1(7> / ||An,n_1|Loo<[o,aDds>dv
0 0

t2
< ||An,n—1||L°°([0,a]) (t + k1 5) .
With our choice of o we can assert:
VneN, |[[Aniinllzeqoa) < PlAnn-1llze(0,a))- 9)
From this follows that

D M Anstnll o (po,a1)
n=0

is convergent and the same holds for the series

oo

Z(un+1(x,t) —up(x,t)), (xeR,te]0,q]).

n=0
If now we consider X, = X NC(R x [0, a]), we get that
Ju e X,:  u, — u uniformly in R x [0, a].
We notice that, since for every = and for every ¢ € [0, o] we have
i (2,8) = 1 (9,8)] < Lu(t)]z — y| < krl — v,

also
|U(£C7t) - ’U,(y7t)| < k1|x - y|

holds for each = and for each t € [0, &]. Therefore

un(/otun(:r,T)dT,t> u</0tu(x,7)d7,t)‘
un(/ot un(x,T)dT,t) —un</0tu(x,7')d7',t)‘
un(/otu(x,r)dT,t> —u</0tu(x,7)dr,t>‘

t
< k:l/ [tn (2, 7) — u(x, 7)|dT + [|un — ullco
0
«

<

+

<k / ftn (27, 7) — (z, 77 + i — ]loe — 0
0

uniformly with respect to z and t. Moreover, we get that Tu = u, i.e.

uw(z,t) = up(z) + /Otu</07(x,s)ds,7>dr, Yz € R,Vt € [0, .
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Consequently, we can differentiate with respect to ¢ and conclude that u satisfies,
for all t € [0,a] and for all z € R

%u(x,t) —u (/Otu(x,f)dﬂ t)

u(z,0) = up(x).
Moreover, we consider @ = @(z,t) (an element of X,) such that
Tu = u.

Since

Ta(z,t) — Tu(z,t) = /Ot {u (/0 (e, s)ds,T) - (/OT (e, s)ds,T)
u (/OTu(x,s)ds,T) —u (/OTu(m)dm)] dr,

if z € K with K compact and ¢ € [0, ], then we have that
t T
Tu(z,t) — Tu(z,t)| < / (Iu_u||L°°(KX[O,a])+Lu(T)/ Iu—U|L°c(Kx[o,a])> dr
0 0

t
= |- u||Loo(K><[07a])/ (1+ Ly(r)r)dr
0

t
< @ = ullLo (5 x[0,00) / (1+ ky7)dr
0

t2
1@ = ull Lo (ke x[0,0]) (t + k1 5)

hlld — ull oo (5 x[0,0])
which ends the proof. O

IA

Using the same proof of the previous theorem, it is possible also to prove the
following result.

Theorem 4. For any given ug € Lip(R,R) N L>* (R, R), there exist « > 0 and a
unique u = u(x,t) defined, continuous and bounded on R x [0,a], Lipschitz in the
first variable (uniformly with respect to the second one — u is, of course, Lipschitz
in the second variable uniformly with respect to the first one), satisfying

0 1 [

—_ = — <t<
87fu(ac,t) u<t/0 u(x,7),t> reR0<t<
U(IL’,O) = UO(x)a z € R,

or equivalently

t 1 T
u(z,t) = up(x) —|—/ u (;/ u(z, s)ds,7> dr, zeR0<t<a.
0 0
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In this case formulae (6) and (7) become

AHLn(t):/Ot (An,n_l( b L / A ds)d
Loir(t) = Lo+ /O t (Ln(f)% /0 Ln(s)ds) ,

and they imply (8) and (9) with 0 < ¢ < «, for a suitable & > 0. Therefore,
repeating for Theorem 4 the proof of Theorem 3, we obtain the result.

4. An equation with averaged memory

Let again X be the space of continuous functions u : R x [0,+00) — R and let us
consider the transformation

t T 1 z+0(s)
Tu(z,t) = up(z) —l—/o u (/0 55(5) /x—é(s) u(f,s)dﬁds,r) dr (10)

with ug and § given real continuous functions.

Remark. Given a continuous and bounded function f : R — R, there holds:

/ £)de - /Ws €)de| = / F(€)de + / " feae
_/ dg y+6 dg
" T+

/ " peae+ / F(e)de

-4 y+4
< 2[fllsolz —yl.

Let us now suppose that
L uol| oo (r,r) < 4003
2. there is Ly > 0 such that |ug(x) — uo(y)| < Lolx — y| for every x,y € R;
3. 0 : R — [0,400) is chosen in such a way that Vt > 0, fo 6(s)ds < +o0.
We consider the sequence of functions (uy,), defined by recurrence,

t T z+8(s)
ui(z,t) = up(x) —|—/0 Ug </0 %(s) /5( ) uo(ﬁ)d§d$> dr
t T z+8(s)
un+1($,y) = ’U,()(Z‘) +/0 Unp </(; 1(8) / _s(s) n(f,S)dde,T) dr
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Remark. |uj(z,t)| < ||uolleo(l 4+ t) and in general (taking into account the defi-
nition of u,) we can prove by induction that

n

Vt >0,z €R, |uy(z,t)] < ||u0||ocz
=0

ti
E.

Therefore, given a > 0, we can conclude that

n i

(0%
V€N, tnll=®xo,a) < [tollo Y o < el
i=0

‘We notice now that

Ve e RyVE> 0, |ui(x,t) —up(z)] < [Juglloot = A1(2).

T 1 z+5(s)
Uo (/0 T(S)/wé(s) ud{)d&ds)
T 1 y+46(s)
—ug (/0 T(S)/ya(s) ud{)dfds)] dr,

we get, from the previous remark, that

ur(z, 1) — ur(y, t)]
) y+0
0 ( |t [ uO(f)dé“)

t T
§L0|$—y\+/Lo/
0 0

t T 1
< Lglz — L — 02| — yldsd
<Dofe=sl+ [ Lo [ grsluolele — yldsir

t T 1
L+uoo/L/—dsdT)z = Lq(t)|x — vy,
(20+ ool [ 2o [ isdsar) o=yl = Latole

where we have set

Then, since

wn(2,1) — un () = o) — up(y) + /

dsdr

t T 1
Ll(t) =Ly+ ||UO||OO/0 LOA @dsdT

Keeping in mind that

t T z+5(s)
us(x,t) = ug(x) —|—/O Uy (/0 251(5) /_5( : ul(f,s)d5d5,7'> dr,

we have that

t T 1 z+8(s)
e t) ~ w0 = [ lul ( L 5w/, m(@s)dsds,r)
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T 1 z+5(s)
oo [ Ly )
T 1 w+6(s)
ol [t L )
T 1 z+6(s)
—ug (/0 T(S)/za(s) udf)dfds)]dr

Therefore we have

|ug(, 1) — ua (1)

R R
gA( +m/ )m-@o

Moreover, we obtain

lug(w,t) — uz(y,t)] < |uo(w) — uo(y)|

t T 1 z+5(s)
/0 Uy (/0 —25(5) /1_5(3) uﬂf,s)d&dsm) dr

t T 1 y+48(s)
_/0 Uy (/0 %05 /y_a(s) ul(f,s)dfds,7> dr

¢ o 2+6(s)
L0|x—y|+/0 LI(T)/O 2(s) /x uy (&, s)d§

—4(s)
y+3(s)
—/ (€, 5)de
Yy

—4(s)

+

IN

dsdr

IN

t T 1
Lolz —y| + / Ly(7) / 5—||U1||Loo(Rx[o,a])|93 — yldsdr
0 o 0(s)

t T 1
Lo+ e%f|u oo/L 7'/ —d5d7>x
(£0+ e lalle= [ 2a(r) [ psdsr ) o=

= La(t)x =y,

La(t) = Lo + ¢ Juo|| 1 /Ot (Ll(r)/OTwls)ds) dr.

It can be easily proved by induction that

IN

where

Vz € R>O <t< oz,Vn € N7 |un+1(x7t) - un(xat” < An+1(t)7
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Ve,y e R,0<t<a,Vn €N, |upt1(2,t) — tni1(y,t)] < Lpp1(8)|z —yl,

where we set
t T
Aniq(t) = / <An(7') + Ln_l(T)/ An(s)ds) dr 0<t<aq
0

0
T T 1
Ln+1(t):L0+||u0Hooe°‘/ Ln(T)/ L) 0<t<a
0 o 6(s)

If we set ¢* = foa ﬁds, we can choose a* € |0, a] and My > 0 in such a way that
for every 0 <t < o*

[luollooe®c™ Lot < My;  |Jupl|oce®c™ (Mo + Lo)t < My;
1
<t+ §(M0 + Lo)t2> <h<1.

holds. Since

T T 1
0<Li(t)— Ly < |Ju Ooea/ <L/—ds)d7'
1(t) = Lo < [uol| R AT
S HUO||oo€aC*/ LodT S Mo,
0
and also
T T 1
0< Lo(t) — Lo < ||u0||ooea/ (Ll(r)/ —ds) ir
0 o 0(s)

< [[uofloe™c” /OTLl(T)dT < [[uofloe™c” /OT(Ll(T) ~ Lo+ Lo)dr
< Juollwe™c™ (Mo + Lo)t < Mo,
we get then that
0<t<a*,VneN, 0 < Ln(t) < Mo+ L.

Keeping in mind the formula defining A,,, we obtain, by the choice of a*, that

) < [ t (Am + o+ Lo) | ' An<s>ds) dr <

IA

AN

1
Anllmioary (1+ 500+ L) < Wi

In conclusion, the series
oo

>l Anll L 0,07

n=0

is convergent and then we deduce that the sequence (uy,) is uniformly convergent to
a function @ € X satisfying T'(@) = @. Arguing in the same way as in the preceding
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section, we can prove that if there exists a continuous function v = v(z,t) with
Tv=w, then u =v.

We have then proved the following theorem.

Theorem 5. Let ug € Lip(R,R) N L®(R,R) and § : R — [0,+00) be given
functions such that for any t > 0

t
——ds < +00.
/0 4(s)

Then there exist o > 0 and a unique v = u(z,t) € X, with x € R and t € [0,q],
continuous and bounded, Lipschitz in the first variable (uniformly with respect to
the second one — w is of course Lipschitz in the second variable uniformly with
respect to the first one) such that

Outrtr=u( [ g [ e macant) el
—u(z,t) =u — u(&, s)déds,t | t € |0,a],x € R
ot 0 20(5) Ju—s(s) S8)a

u(z,0) = uo(x) x € R.

t T z+6(s)
(@, 1) = uo(x) + /0 u< /0 251(5) / o u(@s)dfdm) dr,

forx e R,0<t<a.

that is,

5. Some open problems

The previous results and the proposed type of equations can be investigated and
generalized in many different ways. In what follows, we give some of the problems
whose investigation seems to be interesting; some of them are suggested by well
known applications of Mathematics.

A. We notice that the results contained in the theorems are a consequence of the
fact that the equations we have considered allow the initial datum ug to develop
maintaining, for a short time interval, the Lipschitzian character; a first problem
would be to establish results of existence (and almost surely of non-uniqueness)
for the equations with the only assumption that ug is a uniformly continuous and
bounded function. The following step would be to consider the function ug only
continuous and bounded. Moreover, it is not hard to establish some existence
lemma for large time.

B. When the existence in large is guaranteed, we can consider the following prob-
lem. Assume that the datum ug is in L!'(R) and let u = u(z,t) be a solution of the
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equation. Is it true that u = u(-,t) € L'(R) for almost every ¢ > 0? Furthermore,
if the answer is positive and

/ |u(z,t)|dx #0, ae. t>0,
R

we can consider the following intriguing question: to study the behaviour of the
real function
_ Jput(z,t)dx

o) = T Tl Dlde

C. Other problems would be given by generalizing the equations, considering them
as particular cases of equation of the type

0
au(z,t) =u((u,z,t,A),t), NAER
where v is a given function. For instance, one can consider the equation

%u(x,t) —u (/Ot or)ulz, t — 7)dr, t) , t>0.

D. Much harder problems seem to arise when considering the equations of the
second type with d(s) = 4, for every s € [0, 4+00):

8 t 1 $+(5
Eu(x,t):u /0%/96_5 u(g, s)déds,t |, t>0,6>0.

In this case it would be interesting to consider the problem of studying the limit
of the solutions as § — 0 or as § — oo.

E. If we consider systems of equations, it would be interesting to study systems
of the type

Gyl t) = utoet) [ e s)ds.

9 t
av(x,t) = v(u(x,t)/o v(z, s)ds, t),

or other analogous problems.
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