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ABSTRACT. In this paper we derive a hierarchy of models for electrical conduction
in a biological tissue, which is represented by a periodic array of period € of conduct-
ing phases surrounded by dielectric shells of thickness en included in a conductive
matrix. Such a hierarchy will be obtained from the Maxwell equations by means
of a concentration process  — 0, followed by a homogenization limit with respect
to €. These models are then compared with regard to their physical meaning and
mathematical issues.
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1. INTRODUCTION

In this paper we deal with models of electrical conduction in composite media and,
specifically, biological tissues. The classical governing equation is

—div(AVu + BVuy,) =0, (1.1)

which is derived from the Maxwell equation in the quasi-stationary approximation.
Here, u is the electrical potential. We look at a material which is a mixture of a
conductive phase of conductivity A and a dielectric phase of permeability B; we
extend the conductivity A (respectively, the permeability ) by zero in the dielectric
phase (respectively, in the conductive phase). More precisely, we look at a conductive
phase containing a finely mixed periodic array of conductive inclusions coated by
dielectric shells. The typical structure of the periodic cell we have in mind is given
in Figure 1. This leads to the assumption

A= A(z/e), B = B(z/c0),

where g¢ is the period of the physical structure.

On the other hand, a second small parameter appears in the models we look at, that
is the width of the dielectric shell, which we denote by nyeq, with 1y < 1.

For example, in the case of a biological tissue, the conductive phases are given,

respectively, by the extracellular fluid and the cell cytosol, while the dielectrical
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phase is given by the cell membrane. In this case, the diameter of the cell is of the
order of tens of micrometers, while the width of the membrane is of the order of ten
nanometers, so that ny ~ 1073,

A concentration of capacity is performed to replace the thin dielectric shell with a
two dimensional surface, in order to simplify the model, and, possibly, get a better
understanding of the effect of the geometrical properties of the microscopic structure.
Then a homogenization limit is taken, replacing g with a parameter 0 < € < g9 which
is sent to 0.

Material properties are usually rescaled in concentration processes. In particular, we
will assume that in the dielectric B = na, and « is the ratio between the physical
permeability of the membrane and the constant 79. The reason of this scaling is
explained in Remark 2.1. On the other hand, we note that A and B are physical
properties of the material and, in principle, should not change in the homogenization
limit: a kind of stability which is standard in homogenization theory.

Letting n — 0 yields

—div(AVu.) =0, in 27; (1.2)
AVU™ v = AVUS™ - v, on I (1.3)
a0 [ue] = AVUS™ - v, on I7; (1.4)

e Ot

[us](x,0) = Sc(x), on ¢, (1.5)

where (2¢ denotes the union of the two disjoint conductive phases, I'¢ is the separating

interface, T' is a positive time, 25 = ¢ x (0,7T), I's = I'* x (0,T), and u'"*, u2"*

are the potential in the internal and the external conductive phase, respectively. Let

v be the normal unit vector to I'* pointing into the external conductive phase. We
also denote

[us] = ul™ — u™ . (1.6)

If the dielectric phase has also a conductive behaviour, which can be modeled simply
by letting A = 18 in the dielectric phase (3 is a non negative constant), condition
(1.4) is replaced with

g%[ug] + g[ug] = AV - v, (1.7)
However for the sake of simplicity we consider the case 3 = 0 in the Sections below.
Clearly, (1.2)—(1.5) should be complemented with boundary conditions for u. on 0f2.
Since all our arguments are independent of such boundary conditions, we omit them
in the following (see [2] for the Dirichlet problem).
This model, which has been investigated in [1] and [2] , is a special case (k = 1) of a
hierarchy of models where the equation (1.4) is replaced by

Q a ou €
ga[ua] = AV v, on I, (1.8)
with k& € Z. For example, the case k = —1 is used in [8] in order to obtain, in

the homogenization limit, the well known bidomain model for the cardiac syncithial
tissue, where however, in the left hand side of (1.8) an extra term depending on [u.]

appears, modelling the nonlinear conductive behaviour of the membrane. The case
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k = 0 (more precisely, its stationary version where the term on the left-hand side of
(1.8) is replaced by [[u.]) is considered in [10] in connection with a heat conduction
problem in presence of thermal barrier resistance.

We show that this family of concentrated problems can be derived from equation
(1.1) by means of the unified approach sketched above, when we rescale in e the
physical constant B, i.e., we take B = na/eF~L.

We observe that the homogenized limit equation for the cases k < —2, k=0, k > 2,
do not preserve any trace of the permeability B of the dielectric phase, accounting
for the capacitive behaviour of the dielectric shell. Conversely, the limit equations
for the cases k = —1 and k = 1 keep trace of the permeability 5. However, these two
models differ substantially from a mathematical point of view, since the former is
described by a system of degenerate parabolic equations, whereas the latter consists
of an elliptic equation with memory. These models have been employed to study
electrical conduction in biological tissues in different frequency ranges ([1], [2], [8]).
Our analysis presents a unified derivation of different schemes, thus allowing a com-
parison among their underlying physical assumptions, and could be useful to assess
the viability of each scheme as a model for a specific experimental setting.

The paper is organized as follows: the problem to be concentrated and homogenized,
together with the relevant geometrical assumptions, is stated in Section 2. The
concentration limit 17 — 0 is performed in Section 3, in a rigorous mathematical way,
yielding the family of concentrated problems (4.1)—(4.4), depending on k € Z. These
problems are then formally homogenized (¢ — 0) in Section 4, with the aim of drawing
a comparison among them. The homogenization limit are rigorously performed for the
case k = 1in [2] and for the case k = —1 in [11]. Finally, in Section 5, the so obtained
models are compared with regard to their physical meaning and mathematical issues.

2. POSITION OF THE PROBLEM

The typical periodic geometrical setting is displayed in Figure 1. Here we give a
detailed formal definition of it.

Let 2 be an open connected bounded subset of RY, and let 2 = (2. Uf2¢, Ul where
(¢

= and £2° . are two disjoint open subsets of {2, and I'® = 042, N2 = 0425 ,NS2. The

int out
region §2¢ . [respectively, {25, ] corresponds to the outer conductive phase [respectively,

to the conductive inclusions], while I'® is the dielectric interface. Let v denote the
normal unit vector to I'® pointing into (25, and [u.] be defined as in (1.6).

For n > 0, let us write {2 as 2 = 257U ['*" U 0I'®", where 2°" and ['®" are two
disjoint open subsets of (2, I'*" is the tubular neighborhood of I'® with thickness
en, and OI'=" is the part of the boundary of I'*"7 which intersects (2. Moreover,
we assume also that 27 = Q207 U Q0 and 01" = (9427 U 00251) N 2. Again,

nt out int out

0k, (2200 correspond to the conductive regions, and I'*" to the dielectric shell. We

assume that, for n — 0 and ¢ > 0 fixed, |I'®"| ~ en|[*®|y_1, 297 — 25, U 2, and
oren — re.

More specifically, let us introduce a periodic open subset E of RY, so that E+z = E
for all z € ZV. For all ¢ > 0 define 2, = 2 Nek, 25, = 2\ eE. We assume

nt out
that (2, E have regular boundary, say of class C'* for the sake of simplicity. We also
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employ the notation Y = (0,1)™, and By = ENY, B, =Y \ E, ' =0ENY. As
a simplifying assumption, we stipulate that |[I" N 9Y |y_1 = 0.

For every n > 0, let Y = E"U I U OI™, where E" and [ are two disjoint open
subsets of Y, I'" is the tubular neighborhood of I" with thickness 7, and 01 is the
part of the boundary of I'” which intersects Y. Moreover, E" = E!' U E], (see

nt out

Figure 1). For n — 0, E" — Eiy U Eou, [T ~ || ny—1 and OI'" — T,

FiGUuRE 1. The periodic cell Y. Left: before concentration; I'” is the

shaded region, and E" = E'. U E . is the white region. Right: after

concentration; I shrinks to I" as n — 0.

Let T" > 0 be a given time. For any spatial domain G, we denote by G = G x (0,T)
the corresponding space—time cylindrical domain over the time interval (0,7).
We start from the problem considered in the Introduction, i.e.,

—div(A"Vu!) =0, in 277, (2.1)
—div(B"Vu!,) =0, in 77 (2.2)
Al - V" = B"Vul, - V", on OI7"; (2.3)
Vul(z,0) = 8!(x), in 7 (2.4)

where u?(t) € H'(£2) at each time level ¢, 87 = V.57, for some S7 € H*(I'*") and
|87 ~ 1/n. Here A" (A in the previous section) satisfies A7(z) = oy in 27,
ANx) = 0oyt in 257 and A"(x) = 0 in I'>"; B" (B in the previous section) satisfies
B"(z) = anin I'*" and B"(x) = 0 in 2°7 (see Remark 2.1 and Subsection 5.1); v"
is the unit normal vector to 0I'®" pointing into 2°" and iy, Tou, @ are positive

constants. We also define o : {2 — R as

0 =0 10 (2

N : 155
ot 0 =0y 1n £2

out*

We note that (2.1)-(2.3) can be compactly written as

—div (A"l + BW!) =0 in O,
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coinciding with (1.1).

Remark 2.1. We are interested in preserving, in the limit  — 0, the conduction across
the membrane ['® instead of the tangential conduction on I'°. To this purpose, we
need to preserve the flux B"Vu, - v and the jump [ul,] across the dielectric shells to
be concentrated. Hence, we must rescale B" = an, instead of scaling B” = a//n in
=" as more usual in concentrated-capacity literature. Il

3. DERIVATION OF THE CONCENTRATED PROBLEMS

For the sake of definiteness, we assume here zero Dirichlet boundary data on the
boundary of 2. However, the argument is essentially local and could be reproduced
once uniform L*-estimates for u? and Vu! are available.

The rigorous formulation of the problem (2.1)7(2 3) is

/ / A'(z)Vul! - chdxdT—//omVu" Ve,drdr, (3.1)

0 SMUNRSN 0 Iem

where
ul € L*(0,T; H,(£2)),
for all o € C2(2 x (0,T)).
The rigorous formulation of the concentrated problem (1.2)—(1.4) is moreover
T

/ / a(x)VuE-qudxdT:/T/g[uE][gb]TdadT, (3.2)

0 “ch)ut Uth

where
u&‘qut e L2(07T’ H (qut>) ua‘gisnt E L2<O’ T’ H (Qlant))

for all ¢ such that
Oz, € Co (42

int

ure) x(0,7), Pz, € Co((12

out

uI®) x(0,7)).

By an integration by parts, one can derive from (3.1) the energy inequality

/ / |Vul|? dz dT + OsupT / n|Vu! > do < 7, (3.3)
t
to QSTUQST = ren(t)

out int

where v does not depend on 7.
As a consequence, the L?-norm of ud| e _ can be bounded by means of the usual

Poincarée inequality and a standard extension technique. Then, the L?-norm of the
trace of uf, o=, on oI'=" N {2, can be bounded in terms of the L2 -norm of the trace
of u? 5. ~and the bound in (3.3).

Hence, as n — 0, we may assume, extracting a subsequence if needed,

ul — U, weakly in L7 (2 x (0,T)),
where

Ue| e, S Lloc(o T WI (th)) ) Ue| 22, S Ll20c(07T; Wl (qut»
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Moreover, we may also assume

Vu! — Vu,, weakly in L (25, x (0,7T)), L (£

loc i out

% (0,7)).

3.1. Diffeomorphisms. The following fact is well known.

Theorem 3.1. There exists an ng > 0 such that for n < ny, the application

virx (=) =R, wler) =g+ o),

is a diffeomorphism onto its image, which equals (by definition) =",
Locally, we can represent [© as a graph
ry = F(2'), = (x1,...,25_1), (3.4)

perhaps after relabelling the coordinates. In the following we always assume this
representation, i.e., we choose a testing function whose support is contained in the
region where (3.4) is valid. The general case can then be recovered by means of a
standard partition of unity argument.

Let v denote also the normal as a function of the local coordinates; then

v(a') = (~VuF(a'),)g(a)"7,  g(z') =1+ |VaF(a')].

Let us introduce the notation

- e e en en -
v e (=L e ) = (moly), Flmo(y). )
with
mo s I — RN7L pzfe’"—><—5—n,€—n>.
22

We know that, for y € I'®" if we let u(y) be the closest point of I'® to y, then
y — p(y) must be normal to I"°. Since ¢ is a diffeomorphism, (7y(y), F'(mo(y))) is the
only point with this property. It follows that in ="

p(y) = (signed) distance from I°.
Hence
Vo(y) = v(moe(y)), for y = (mo(y), F(mo(y)) € ¢, ie., for p(y) =0,
while in general, by virtue of the assumed regularity of ¢,
Voly) = v(mo() + By(y),  yel™, (3.5)
where we denote by R, a quantity such that

|R,| < m, 0<n<mn.



3.2. Piecewise smooth testing function. Let

p1 € CH((925

int

UrI®) x(0,7)), 2 € CZ (425

out

UI®) x(0,7T)).

Then define for 0 < n <o, y € I'", the functions 3, and J from

(10377('3/) = |p2 (@D(ﬂo(y), 87’]/2), t) - ¥1 (¢(W0(y)v _577/2)7 t) %ﬁgnﬂ

ply) +en/2
en

+ o1 (Y (moly), —en/2),t) = T + o1 (Y(moly), —en/2),t)

where for the sake of notational simplicity we use ¥ to denote the diffeomorphism
written in local coordinates.
The function

¥1 (ya t) ) E QIEH? ,
on(y,t) = 9037,(y,t), ye e,
ey t), Y e 2o,

is an admissible testing function in (3.1).
Owing to our smoothness assumptions, we have

+ T (en) ' Vp(y) + Vi (v(moly), —en/2),t)
= Cy(y) + T (en)"'Vply) = Cyly) + T (en) " w(mo(y)), (3.6)

Vs (y) = (VJ) W

where we have used (3.5) and denoted by C,, any quantity that stays bounded for all
0< n < MNo-

3.3. The limit n — 0. Write (3.1) for ¢,, i.e.,

T
/ / z)Vu! - VgpndxdT—/ / anVu! - Vg, dzdr. (3.7)
0

51U 0 Ien

out int

The left hand side of (3.7) approaches as 7 — 0

/ / x)Vu-Veodrdr,

0 0285, U0,

where

¢1<y, t) ) y € ‘ant )
( ’t) = c F
902(?% t) ) out ?
Indeed, this follows from the local convergence of Vug and the uniform boundedness

given by (3.3).
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The right hand side of (3.7) equals, by virtue of (3.6),

[ [ vz 16ytw7) + Totem wimoto)) by ar

0 I'em

T T
= 77/ / aVu! - Cy(y,7)dydr + %/ / T Vul -v(m(y))dydr =1, + .

0 Ism 0 I'sm

As n — 0, owing to (3.3),

1| < ans //IW"IQdydT //\C Y, T )IzdydT) <n? —0.

0 Ism 0 I'sm

Let us next change coordinates in I, according to y — (mo(y), p(y)) = (2/,r). The

jacobian matrix of this change of coordinates is given by
o ov(x’
(e, 351) +r afrgi)

J(xlv T) = 2]
(e 1, 8wN 1) 8:}(;0)1
v(z')
where e, is the standard basis in R ~'. Then the jacobian determinant is (recall the

definition of g)
|det J(2',7)| = |det J(2',0)| + R, (2", ) = \/g(a') + R, (z', 1)

Hence
0 7
L= [ [ 2@ [ v n v araar
0 RN-1 _%
T 2
+ %/ / Jr / R, (2", r)Vul(¢(2,r),7) - v(z')drda’ dr = Iy + Ino .
0 RN-1  —cn

Invoking again (3.3), we get from an application of Holder’s inequality

T
| 12| SCU/ /|Vug|d$d7‘§0n%—>0, as n — 0.

0 Iem
8



Finally, by the bound on the traces mentioned above, it follows

Iy =2 / [ [er otz o) - o' —eni2). )

ORNI

\/1 + |V F(2')|? [ug(z/z(:c’, en/2), T) — ug(z/z(:c’, —577/2),7')] da’ dr

Sy N R

0 RN71

2 (P @) — (' F ) | VI G e

-2 / [iolulaoar.

0 I

Collecting the limiting relations above, we see that indeed (3.1) leads to (3.2) as
n — 0.

4. HOMOGENIZATION OF THE CONCENTRATED PROBLEMS

We look at the homogenization limit (¢ — 0) of the problem for u.(x,t) stated in the
Introduction. We give here a complete formulation for convenience (the operators
div and V act only with respect to the space variable x):

—div(ecVu.) =0, in (2. 025 4.1
int out

[oVu.-v] =0, on I'%; (4.2)

%%[u | = oo VU™ v,  onI™; (4.3)

[uc](x,0) = S.(x), on [*. (4.4)

We are interested in understanding how the limiting behaviour of the problem above
when £ — 0 depends on the parameter k € Z.

First, we have to determine the admissible order of S. with respect to €. Multiply
(4.1) by u. and integrate by parts. When, for the sake of simplicity, we look at the
case of Dirichlet boundary conditions u. = 0 on 02, we arrive, for all 0 < t < T, to
the energy estimate

2 o 2
//O'|VU€| dxd7’+ /u8 z,t)d 25k SZ(z)do . (4.5)

Since |I¥|n_1 ~ 1/e, we assume that

S. = O(ek+D/2) (4.6)
9



so that the right hand side of (4.5) is stable as ¢ — 0. In fact (4.5), coupled with
suitable Poincaré’s inequalities, is a main tool in the rigorous proof of convergence of
u. to its limit ([9], [2]).

4.1. The two-scale approach. We summarize here, to establish the notation, some
well known asymptotic expansions needed in the two-scale method (see, e.g., [5], [12]),
when applied to stationary, or evolutive, problems involving second order partial
differential equations. Introduce the microscopic variables y € Y, y = /e, assuming

Ue = U€($,y,t> = Uo(.f(f,y,t) + €u1<$,y,t) + 82“2(x7y7t) +.. (47)

Note that wug, w1, us are periodic in y, and u;, us are assumed to have zero integral
average over Y. Recalling that

div = édivy +div,, V= %vy + V., (4.8)
we compute
Au, = &%Aouo + é(Aoul + Ajug) + (Aoug + Ajug + Asug) + ..., (4.9)
Here
Ag=4,, A =div,V,+div,V,, Ay=A,. (4.10)

Let us recall explicitly that
1
Vu€ = EvaO + (vaO + Vyul) + €<Vyu2 + qul) + ... (411)
We also stipulate
S& = Sé(xv y) = S()(ZE, y) + 6Sl(xv y) + 5252<5(77y) +.o (412)

We consider here only expansions in integral powers of ¢, though (4.6) would allow,
in principle, for an expansion in powers of /e.

4.2. The two extreme cases k = 400, k = —o0. The following two cases, though
they are essentially stationary problems, provide a frame of mind we find helpful to
understand the overall picture of our class of models. Moreover they are strictly con-
nected, from the technical point of view, to the homogenization process we develop.

4.2.1. The Diffraction problem. We look here at the case of perfectly conducting
interfaces, i.e., to (4.1)—(4.4) with S. = 0 and k = 400. More explicitly, we look at
the problem obtained when (4.1), (4.2) are complemented with

[ug] =0 on I,

which is assumed to hold for every ¢ € [0, 7], replacing (4.3) and (4.4). Then, time
plays only the role of a parameter. On substituting in this formulation the expan-
sion (4.7), and applying (4.8)—(4.11), one readily obtains by matching corresponding
powers of e, that ug solves [ug] = 0 on I', and

P —UAyUOZO, n Einta Eout;

oluo : {[avyuo-y] =0, onl.
Hence uy is independent of y, i.e., ug = ug(z, t).
10



Moreover u; satisfies [u1] = 0 on I', and
P : —oAyur =0, in Eing, Eou;
] [oVyuy - v] = —[oVug-v], on .

Finally, us solves [us] =0 on I', and

82’&1
—oA,uy =0 AN, ug+ 20 . in Fi, Fou
PQ[UQ] : y U2 0 3:Ejayj t t
[oVyus - V] = —=[oV,uy - v], on I

Following a classical approach, one introduces the factorization

ur(@,y,t) = =x"(y) - Vouo(z,1), (4.13)
for a vector function x? : Y — RY, satisfying
—a Ay x;, =0, in Eint, Eout; (4.14)
[o(Vyxiy —en) vl =0, onT} (4.15)
Xzl =0, onl. (4.16)

The components x? are also required to be periodic functions in Y, with zero integral
average on Y. The limiting equation for g is finally obtained as a solvability condition
for Psus], and amounts to

~div ((0—01 + AD)Vmuo) —0, i, (4.17)

where
(AD) = /[U]V ® XD dO', 0o = O-int‘Eint’ + Uout|Eout| . (418)
r
To avoid repetition, we refer the reader to the classical texts (e.g., [5]) for the details

of the proof of (4.17), or to Subsection 4.4 below, where similar calculations are
carried out in a somehow more complex setting.

4.2.2. The Neumann problem. This is the case corresponding to k = —o0, when the
interfaces are perfectly insulating. Here (4.1), (4.2) are complemented with
aoutVu?‘t v=20, on I°,

so that, actually, we are solving two independent Neumann problems in (2;, and in
(2¢ - Of course, this is meaningful if each one of the two phases is connected (see
Remark 5.3). Again, time acts only as a parameter: the problem is in fact essentially
stationary, and the initial condition (4.4) can no longer be assigned.

Reasoning as above, we find for g

Poluo;
aoutvyug‘“ -v=0, onl.

In this case [ug] # 0 on I', but ug is independent of y in each phase, i.e.,

int :
ug™(z,t), in Fiy,
Y, 1) = ] 4.19
u0($ Yy ) {ugut(x,t), in B,y ( )

11



The term wu; solves

Piw];
Oout Vyu™ - v+ 0o Viud™ - v =0, on I

Analogously, us is given by

Polus];
aoutvyug‘“ v+ aouthu‘lm -v=0, onl.

We introduce again the factorization for u;, which is given by

—xN(y) - Voult (z,t) + 0™ (x, t € Eut
(e 3,8) = {—;\f Ezi : Vmugut((w,t)) + a’l?ug(:c,Z) z e EO;, (4.20)
where yV is given by
-0 Ayley =0, in Eine, Fout; (4.21)
[0(VyxY —ep) 1] =0, on [ (4.22)
Uout(va/}Xout —ep) v=0, on [ (4.23)

The components X/,:/ are also required to be periodic functions in Y, with zero integral
average on Y. This implies that only one of the two constants up to which y%, and
XV, are determined by (4.21)-(4.23) is fixed, but this does not affect (4.24) and
(4.25). Note that, in general, [x}] # 0 on I".

In the limit, we obtain (as compatibility conditions for the problem solved by us) two
partial differential equations for the two components of ug, i.e.,

_ div ((aim[Eint][ + AiNm)vxugnt) —0, in Q2 (4.24)
_div <(aout\Eout\] + A{Xn)vxugm) —0, in O (4.25)
where
A{}lft = — /O’iml/ ® Xﬁlft do, Af)\(lt = /aouty R X{)\{m do. (4.26)
I I

4.3. The case k > 2: essentially the same as k = +00. According to (4.6), we
stipulate Sop = 0, S; = 0 in (4.12). If k£ > 2, we should further assume that S, = 0
for every h up to the integer part of (k + 1)/2. The problem for u is given by
Poluo] ;
af)[uo]
ot
It follows that [ug] = 0 for all . Then, Pylug] implies as in Subsection 4.2 that w is
independent of y, i.e., ug = ug(x,t).
Next, one checks that u; solves
Pilu];
a@[ul]
ot

=0, [uly=0=0, onl.

- Goutvyuo v, [u1]|t:0 =0, onl/.
12



Since V,ug = 0, we obtain [uq] = 0 for all times. It is a simple matter to verify that
uy may be represented as

uy (7, y,t) = —xT(y) - Voug(z,t) . (4.27)
The problem for uy amounts to
P2[U2] ;
0
a gf] = Oout Vallo - V + Oout Vyui™ - v, [ug]j—o =S2, on I

The compatibility condition for this problem is obtained integrating the partial dif-
ferential equation by parts as in Subsection 4.4. On using also the expansion (4.27),
we finally get in the limit

—div ((00f + AP)V,u9) =0, (4.28)

where the matrix AP was defined in (4.18). Note that (4.28) is the same limiting
equation we obtained in the Diffraction problem k = 4o00. Moreover, the limiting
problem does not depend on the initial data S;, ¢ > 2, for ¢ > 0: indeed, the
dependence of uy on t is merely parametrical. In other words, the homogenization
limit in the case k > 2 is the same as in the case &k = co.

4.4. The case k = 1: a limiting equation with memory. According to equation
(4.6), we assume Sy = 0 in (4.12).
As a consequence, and reasoning as in Subsection 4.2, we find for wuy,

PO[UO] )

Oluo]
o )
ot
It follows (see [3]) that [ug] = 0 for all times, and

out
Oout Vyug" -V = [to) =0 =0, on I

Uy = U()(LU, t) .
Next we find for u;
Pilw];
_ O]
= X )
ot
We want to represent u; in a suitable way, in the spirit of (4.13), though the represen-

tation formula must be more complicated here. Let s: I" — R be a jump function,
and consider the problem

out
Oout VyUi' -V + Oout Vall

out |
0

[U1]j4=0 = Si(z,y), on .

—0 Ay v = 0, in Eint7 Eout; (429)
oV,u-v] =0, on I; (4.30)
0
aa[v} = oot V0" v, on [} (4.31)
[v](y,0) = s(y), on I, (4.32)

where v is a periodic function in Y, such that fy v = 0. Define the transform 7 by

T(s)(y.t) =v(y,t), yeY,t>0,
13



and extend the definition of 7 to vector (jump) functions, by letting it act compo-
nentwise on its argument.
Introduce also the function y! : Y — R defined by

&X,ll =T (aout(eh — Vyxf) . 1/) ) (4.33)

Straightforward calculations show that u; may be written in the form

ul(xa Y, t) = _XD(y) ' quO(JZ', t) + T(Sl(x7 ))(y7 t)
- /quo(:z;, )Xy, t —7)dr. (4.34)

The term wusy in the expansion of u, satisfies
Polua];
_ 0wy
= X )
ot
Let us find the solvability conditions for this problem. Integrating by parts the

partial differential equations solved by us, both in Ej and in E,., and adding the
two contributions, we get

)

int Eout

out out
Oout Vyls " V4 Oous VaUg - -

[Uo]jt=0 = S2(z,y), onI.

82U1
oAy ug(x,t) + 20 }dy
{ " 90y,

— / {goutvyugut o Umtvyuiznt . y} do = /[vaUQ -v]do = — /[Uvmul -v]do.
T T T

Thus for oy defined as in (4.18), we get

00 Ay ug =2 /[Uvmul -v]do — /[avxul -v]do = /[avxul -v|do. (4.35)
r r T

We use next the expansion (4.34); namely, we recall that, in it, only the terms 7(...)
and y! have a non zero jump across I". Thus we infer from the equality above

o0 Ay ug = /[avxul : V] do=— /[U]Xf(y)’/j dUUOIhwg’ (‘I'? t)
Ir r
t

b [T M0 00— [t ) [ bt = vy
r J J
We finally write the partial differential equation for ug in 2 x (0,7) as
t
—div ((Uof + AP)V ug + /Al(t — 7)Vauo(z, 7)dr — }“) =0. (4.36)

0
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The constant matrix AP is the same as in the limiting equation of the Diffraction
problem (case k = +00; see (4.18)). The matrix A® is defined by

AL(t) = / o]y ® X' (y, 1) do, (4.37)

The matrices AP and A' are symmetric, and ool + AP is positive definite [2]. The
vector F is defined by

Fo / 0T (S1(2, )] (v, v do (4.38)

4.5. The case k = 0: a threshold case. According to equation (4.6), we let Sy = 0
in (4.12).
The problem for uq is given by

Po [Uo] ;
Tout Vo™ v =0, [uo]ji=0 =0, on I.

It follows that ug(x,-,t) solves two independent homogeneous Neumann problems
in Eiy and Eoy, as in Subsection 4.2.2, so that ug(z, -, t)|g,, and ug(x,-, t)|g,, are
independent of y, and (4.19) holds.

The problem for u; is given by

Pifua];
" 4.39
8[925] > [ul]\tZOZSI(xay)7 on I ( )

On integrating by parts the partial differential equation in P;[uy], and using also
(4.19), we have

t t
Oout Vol -V + 0ot Vol -V =«

|| (&%[uo]) = /aoutvyu;’ut -vdo + / Oout Voud™ - vdo = 0. (4.40)
T T

Hence, recalling [ug]=o = 0, we have [ug] = 0 on I" for all . As a consequence, in
(4.19) the two components are actually equal, and ug = ug(x,t). Then, the problem
for u; may be written as

{ Paul; (4.41)

out out
Uoutvyul v+ Uoutvmuo V= 07 [ul]\tzo = Sl (fﬂ, y) , on r.

Apart from the initial data S7, this is the same problem satisfied by u; in the Neumann

problem (k = —o00). Then we may represent u; as in (4.20), where ull = ud"* =: uj

and V' was defined in (4.21)-(4.23). The initial data for [u;] can not, in general, be
satisfied, suggesting the onset of an initial layer as ¢ — 0. One condition on the two
functions u™ and u$"* follows from the requirement that the integral average of u; is

zero. A second condition will be found in (4.44) below.
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The problem for uy is given by

Polus];
O]
ot ’

Since at this stage the terms containing uy and u; in the problem for usy are regarded
as known, this reduces to two independent Neumann problems in Fi,; and in Egy,
respectively, so that two independent compatibility conditions will be enforced in the
following.

First, integrating by parts the partial differential equation for uy both in Fj; and in
FEout, adding the two contributions, and using (4.20), we obtain

out

out
Oout Vylly UV + Oout Vgl -

vV=ua« [uz]ji=0 = S2(z,y), onI.

—div ((UOI + AN)quO) =0. (4.42)

The matrix AV is defined as

AN = /[au @xV]do, (4.43)

r

that is, as matrix AP, with x? formally substituted with x. Note instead the
definition (4.26) of the limiting diffusion matrices in the Neumann problem. Thus, we
may see the case k = 0 as a threshold case in our sequence of problems: the insulation
provided by the interface is sufficient to modify the limiting diffusion matrix, with
respect to the Diffraction case, but it is not strong enough to force the existence of
two different limit phases, as in the Neumann problem.

Second, on integrating the evolution equation for us over I', and using again the
elliptic differential equation for us, we obtain the second compatibility condition

/ (_ o] - %qu0> do + |F|(a%[ﬂ1]>

r

out
= Uout|Eout| Ax Up — /Uoutvxul -vdo

r (4.44)
= out | Eout| Ay uo + /Uoutvx<Xé\{1t - Vaug) - vdo — /Uoutvmﬂ(lmt -vdo
r T

— div ((oout\Eout\I 1AV )qu()) ,

out

where the matrix AV was defined in (4.26). Equation (4.44) governs the evolution
of [u;] on I'. The choice of the initial data for [t;] is connected to the appearence of
an initial layer. We observe that, differently from the case k = —1, equation (4.44)

is not used to derive the homogenized problem for wuy.

4.6. The case k = —1: a limit degenerate parabolic system. Recalling (4.6),

we remark that no one of the terms Sy, Si, ..., needs to vanish.
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The problem for uyg is

{ Poluol: (4.45)

Uoutv uout V= O, [U0]|t:0 = So, on I

As a consequence, uy is independent of y, separately in Ej,, and in Eqy, so that (4.19)
is in force. It follows that the initial data [ug]j;—o = Sp must be independent of y, or
an initial layer must occur.

The term wu; solves the same problem (4.41) as in case k = 0. Moreover, the rep-
resentation (4.20) for u, is still valid. The argument exploited in Subsection 4.5 to
infer that [ug] = 0 for all times can not be repeated in the present case, since it relies
on the formulation (4.39) which is no longer valid. Indeed, u. does approach in the
case k < —1 two different components u"* and u", as ¢ — 0 (clearly, in the two
different compartments (2, and (2¢ ., respectively).

A further difference with the case k = 0 appears in the problem for us, which is now
given by

Polus];

” 4.46
a[at] , uslj=0 = So(x,y), on I (4.46)

However, as in the case k = 0, this scheme reduces to two independent Neumann
problems for us, in Ejy; and in FE,., so that we have to enforce two independent

compatibility conditions. Calculations similar to the ones outlined above, starting
from (4.46), yield

— v (G| B 1+ A Vot + (Gom| Bl + AN Vg™ ) = 0. (4.47)

int

Oout Vyus™ - v+ oo Voul™ - v =«

The matrices A%, and AV, were defined in (4.26). This equation should be compared
with the limiting equations (4.24)—(4.25) obtained for the Neumann problem k =
—oo: in that case, u® and ug™ solve two independent equations.

As in case k = 0, we get the second compatibility condition by integrating the
evolution equation for uy over I', and using again the other equations of (4.46). We

find
8 out int out out
‘F’Oé_< — Ug ) - aout‘Eout‘ A Uy Uoutv Uy - vdo

r

= Oout| Bou| Ap ud™ + / Oout Va X{)\(lt Vud™) - vdo — / ot Vo US" - vdo

r r
— div ((oout\Eout\I + AN )V, uout) .
(4.48)

Equations (4.47) and (4.48) constitute a system of degenerate parabolic equations
for the unknowns uJ*(x,¢) and ud"(x,t). They are complemented with the initial
condition
ud™(z,0) — ud®(z,0) = Sp(x), on 2, (4.49)
which follows from the second of (4.45).
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4.7. The case k < —2: essentially the same as k = —oco. The expansion of S, is
the same as in the case k = —1.

The problems for ug and for u; are the same as in the case k = —1. Then, the
representation (4.19) for ug, and (4.20) for u; are still in force.

The problem for us in this case reduces to

{ Palu; (4.50)

Oout Vyus™ - v + ot Vaui™ v =0, [Ug]j4=0 = S, on I,
i.e., to the same scheme obtained in the Neumann problem k = —oo. Therefore
we obtain in the limit the two independent differential equations (4.24)-(4.25). In
other words, the homogenization limit in the case £ < —2 is the same as in the case
k = —o0.

5. DISCUSSION

5.1. e-Scaling of the dielectric constant. As remarked in the Introduction, we
rescale in € the dielectric constant B" as follows

B”:;Z—i, keZz (5.1)

in order to derive the concentrated equations (4.1)—(4.4) from the equation (1.1).
We point out that different choices of k keep different physical quantities constant
in the homogenization limit ¢ — 0. For instance, according to (5.1), the following
physical quantities are preserved:

e the permeability of the dielectric phase, in the case k = 1;

e the capacity of the dielectric shell per unit of area, in the case k = 0;

e the total capacity of the intracellular phase with respect to the extracellular
phase, or equivalently the total capacity per unit of volume, in the case k = —1.

5.2. Comparison among the models. Following the analysis in the previous sec-
tions, we obtained five models, which can be classified according to different criteria.
As a first criterium, we could divide the models corresponding to k < —1 from the
ones corresponding to k£ > 0. The former are known as bidomain models since they
involve two unknown macroscopic functions u™ and ug"*; while the latter involve only
one macroscopic function ug and henceforth they are known as monodomain models.
A similar classification can be found in [4] in the case of static interface conditions.

A second criterium takes into account the mathematical structure of the involved cell
functions and divides the models corresponding to k& < 0 from the ones corresponding
to k > 1. The former involve the cell function xP, while in the latter we find V.
Accordingly, we note that in the first class the model £ = 1 is the most general,
since it formally gives model k > 2 for & — +o00; while in the second class the most
general model is kK = —1, since it formally gives models k£ = 0 and £ < —2 on letting
o — 400 or a — 0, respectively. Because of the different nature of y? and x*¥ no
continuous passage from one class to the other seems possible.

The last criterium, which is the most physical one, corresponds to single out the
models which preserve in the limit the membrane properties (i.e., the constant «).

They are just two: the model £ = 1 and the model £ = —1, which, remarkably, were
18



the most general of their own class in the previous classification. These models are
also the only ones able to take into account the influence or the initial data.

5.3. Geometry of the problem. In the cases k > 1, the matrix ool + AP, obtained
by means of the cell function x? and involved into the homogenized equations (4.17)
and (4.36) is positive definite for any geometry (see [2]). On the contrary, for £ <0,
the matrices involved into the limiting problems depend on the cell function x*
and may degenerate depending on the geometry of the media. Indeed, if either one
of the phases (2, or (2, is not connected, it can be easily verified that the matrix
Tint | Bin | +A{\nft or Oout | Eout | —|—A{)\{m respectively, may degenerate or even vanish. For
example, in the geometrical setting displayed in Figure 1, we have oy, | Eing| I + AL, =
0. In a layered material, the two limiting diffusion matrices would degenerate along
the direction orthogonal to the layers.

However, in the case k = —1, the two matrices cited above appear simultaneously
in the homogenized equation (4.47). Hence the limiting problem is meaningful if at
least one of the two matrices above does not vanish. Analogously, in the case k = 0,
the homogenized equation (4.42) is not trivial when at least one of the two matrices
is not zero, since their sum gives the matrix defining the elliptic operator in (4.42).
On the other hand, in the cases k < —2, both matrices in (4.24) and (4.25) may
not degenerate in order to obtain a meaningful limit problem. This is the case, for
instance, when both phases are connected.

5.4. Some simplified cases. Many papers in the literature, devoted to the study
of reconstruction of the interior of the human body from exterior electrical measure-
ments, rely on the study of the Dirichlet-Neumann map for an elliptic equation. This
fact corresponds, in the Maxwell equation (1.1), to set B = 0 and to have A different
from zero in the membrane. The choice B = 0 amounts to neglect the effect of the
displacement currents. Nevertheless, experimental data show that, for sufficiently
high frequency range, displacement currents play a relevant role; i.e., memory effects
appear (see [7]). This justify the study of models (4.36) (see [1] and [2]) and (4.47)
(see [8], [11] and [6]).
However, taking into account, for instance, problem (4.36), it is worthwhile noticing
that, for some simple geometries, it reduces to the study of an equation for the
Laplacian. This occurs, for example, when the periodicity cell is invariant with
respect to rotations of /2, since the relevant matrix A” and A*(¢) are scalar multiples
of the identity, which we denote by a® and a'(t), respectively. In this case, assigning
the current flux A on the boundary corresponds to the equation
t
—(o0 + ap)% — /al(t — 7‘)%(% 7)dT = h(z,t), (5.2)
0

which can be solved with respect %, thus obtaining a standard Neumann boundary
condition. Accordingly, the study of the inverse problem reduces to the standard
study of the Dirichlet-Neumann map, with a relevant physical difference; i.e., the
value of the normal derivative is not given by h(x,t) itself, but it can be obtained

by means of a clever use of the Laplace transformation and its inverse applied to h
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and a!. This implies that the value of the normal derivative at time ¢ is influenced
by the flux values at previous time and this fact in itself produces the appearance of
physically relevant memory effects.

On the other hand, for general geometry, when we can not assume B = 0 (as in the
case of high frequency range) the study of the inverse problem for equation (4.36) is
still an open problem.

1]
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