CVGMT Preprint Server - http://cvgmt.sns.it/papers/alicic02/

A General Integral Representation Result for Continuum Limits of Discrete Energies with Superlinear Growth

Roberto Alicandro D.A.E.I.M.I Universita’ di Cassino, Via Di Biasio, 03043, Cassino (FR), Italy (alicandr@unicas.it)

Marco Cicalese Dipartimento di Matematica “R. Caccioppoli”, Universita’ di Napoli, Via Cintia, 80126 Napoli, Italy (cicalese@unina.it)

Abstract We study the asymptotic behavior, as the mesh size ε tends to zero, of a general class of discrete energies defined on functions u : α ∈ εZ^N ∩ Ω → u(α) ∈ R^d, of the form

F_ε(u) = ∑ α,β∈εZ N [α,β]⊂Ω

g_ε(α, β, u(α) − u(β)),

and satisfying superlinear growth conditions. We show that all the possible variational limits are defined on W^{1,p}(Ω; R^d) of the local type ∫ Ω f(x, ∇u) dx.

We show that in general f may be a quasiconvex non convex function even if very simple interactions are considered. We also treat the case of homogenization giving a general asymptotic formula that can be simplified in many situations (e.g. in the case of nearest neighbor interactions or under convexity hypotheses).

Keywords: discrete systems, homogenization, Γ-convergence Mathematics Subject Classification (2000): 49J45,74Q99.

1 Introduction

The energetic description of the asymptotic behavior of lattice systems when the mesh size tends to zero turns out to be useful both as a microscopical theoretical justification of theories in Continuum Mechanics and as a powerful means thanks to which a great number of microscopical phenomena can be read in the macroscopical setting. In this paper we describe variational limits of discrete lattice systems in

Figure 1: interactions on the lattice εZ^N

a vectorial and non convex setting when general “atomic” interaction energies are taken into account, that lead to continuum “elastic” theories described by bulk integral energies. We will limit our analysis to square lattices, but more general geometries, e.g. hexagonal lattices, can be easily included in this framework by a change of variables (see for instance [10] Examples 5.1 and 5.2 for details). In mathematical terms, given a fixed open set Ω ⊂ R^N and ε > 0, we consider energies defined on functions u : α ∈ εZ^N ∩ Ω → u(α) ∈ R^d, of the general form

F_ε(u) = ∑ α,β∈εZ^N

[α,β]⊂Ω

g_ε(α, β, u(α) − u(β)),

In the case N = d = 3 we can picture the lattice εZ^N ∩ Ω as the reference configuration of a set of interacting material points (see fig. 1). Here u is the field mapping the reference configuration into the deformed one, thus the total stored energy F_ε(u) is obtained, according to the classical theory of cristalline structures in “hyperelastic” regime, by the superposition of the energy densities g_ε(α, β, u(α) − u(β)) weighing the pairwise interaction between points in the positions α and β in the reference configuration lattice. Note that the only assumption we make is that g_ε depends on the displacement field in α and β through the differences u(α) − u(β). This condition, expressing the invariance under translation of our energies, arises naturally in many situations as for example in frame indifferent models.

It is usually more convenient to group the energy densities as

F_ε(u) = ∑ ξ∈Z^N ∑ α∈R^ξ_ε(Ω)

g_ε(α, α + εξ, u(α + εξ) − u(α)),

where R^ξ_ε(Ω) := {α ∈ εZ^N : [α, α + εξ] ⊂ Ω}. Setting

f^ξ_ε (α, ζ) = ε^{−N} g_ε(α, α + εξ, ε|ξ|ζ)

we can rewrite

F_ε(u) = ∑ ξ∈Z^N ∑ α∈R^ξ_ε(Ω)

ε^N f^ξ_ε ( α, u(α + εξ) − u(α) ε|ξ| ) , (1.1)

thus highlighting the dependence of the energy on discrete difference quotients in the direction ξ.

The aim of this paper is to provide a characterization of all the possible variational limits, as the mesh size ε tends to zero, of a very general class of energies of the form (1.1). Upon identifying u with a function constant on each cell of the lattice εZ^N , we can make the asymptotic analysis precise thanks to the notions and the methods of De Giorgi’s Γ-convergence (see [16], [4], [15]). On the functions f^ξ_ε (α, ·) we make assumptions of two types: a growth hypothesis of superlinear type on nearest neighbors (see 3.2) that ensures that the limit is finite only on W^{1,p}(Ω; R^d), and a decay assumption as ξ → +∞ (see (3.3), (H1), (H2)) that allows to neglect very long-range interactions. Under these conditions, a compactness theorem holds asserting that, up to passing to a subsequence, the energies F_ε have a Γ-limit energy F defined on the Sobolev space W^{1,p}(Ω; R^d) and taking the form

F (u) = ∫ Ω f(x, Du) dx,

(see Theorem 3.1). A similar compactness result for quadratic interactions in planar networks has been observed by Vogelius [23] (see also Piatnitski and Remy [20]).

Note that the decay assumption on the density energies f^ξ_ε as |ξ| → +∞ guarantees that the non locality of our discrete functionals disappears in the limit. If this hypothesis is lifted then we may have non local Γ-limits (see [3]). On the other hand, if growth conditions are removed, the limit may be defined on sets of functions with bounded variation where a different analytical approach is needed (see [22], [5], [14], [1], [3], [8], [10]).

To perform our analysis, we develop the discrete analogue of a localization argument used, for example, in the context of homogenization theory for multiple integrals which allows us to regard our energies and their Γ-limits as functionals defined on pairs function-set and then to prove that all the hypotheses of an integral representation theorem are fulfilled. In order to treat minimum problems with boundary data, we also derive a compactness theorem in the case that our functionals are subject to Dirichlet boundary conditions (see (3.30) and Theorem 3.10).

An interesting special case is when the arrangement of the “material points” presents a periodic feature; i.e., in terms of f_ε, we have

f^ξ_ε (·, z) = f^ξ ( . ε , z ) f^ξ (·, z) Q_k-periodic

where Q_k = (0, k)^N . By adapting the integral homogenization arguments to our discrete setting, we prove that the whole family F_ε Γ-converges to a limit energy of the form

F (u) = ∫ Ω f_{hom}(Du) dx.

Note that in this setting we also include, when k = 1, the situation when f^ξ (α, z) is independent of α. If not only nearest neighbor interactions are present, the formula for f_{hom} highlights a multiple-scale effect also in this case (see [4]). An interesting example showing the effect of nonlinearities of “geometrical” origin is contained in a work by Friesecke and Theil [18], where an interpretation in terms of the Cauchy-Born rule is given.

Here f_{hom} is given by the following homogenization formula

f_{hom}(M) = lim_{h→+∞} 1 h^N min {F_h(u), u|_{∂Qh} = Mα} (1.2)

where

F_h(u) = ∑ ξ∈Z^N ∑ α∈R^ξ (Q_h)

f^ξ ( α, u(α + ξ) − u(α) |ξ| )

and u|_{∂Qh} = Mα means that “near” the boundary of Q_h the function u is the discrete interpolation of the affine function Mx (for more precise definitions see (3.29) and Theorem 4.1 ). This formula generalizes that obtained in [11] in a one dimensional-scalar setting.

In general (1.2) cannot be simplified to a cell problem formula and gives rise to a quasiconvex not convex function even for simple interactions. Indeed, in Section 7 we provide an example of quasiconvex not convex f_{hom} drawing inspiration from Šverák’s construction of a quasiconvex function which is not polyconvex (see [21]).

In Sections 5 and 6 we study some important cases when the formula for f_{hom} can be simplified. For convex interactions a periodicity cell problem formula holds: if f^ξ is a convex function in the second variable for all ξ ∈ Z^N , then (1.2) can be written as

f_{hom}(M) = 1 k^N min {F(u), u Q_k-periodic} where

F(u) = ∑ ξ∈Z^N ∑ α∈{0,1,...,k−1}^N

f^ξ ( α, u(α + ξ) − u(α) |ξ| + M · ξ |ξ| ) ,

(see Theorem 5.1). An analogous result for discrete quadratic forms has been obtained by Piatnitski and Remy [20]. Our result has been used by Braides and Francfort [7] as a step for the derivation of optimal bounds for composite conducting networks in the particular case of quadratic interactions (see Remarks 3.2 and 5.2).

If we consider only interactions along independent directions a reduction to the 1-dimensional case occurs: if k = 1, that is f^ξ does not depend on α, and

f^ξ ≡ 0 ∀ξ ∈ Z^N : ξ ≠ je_i, i ∈ {1, 2, . . . , N}, j ∈ N, (1.3)

where {e_1, e_2, . . . , e_N } is the standard orthonormal base in R^N , then

f_{hom}(M) = N∑ i=1 (f̃_i)(M^i)

being (f̃_i) convex functions defined by a 1-dimensional homogenization formula and M^i the i-th column of M (see Theorem 6.3). Note that here a superposition principle holds, in the sense that the limit energy is obtained by relaxing the energies due to the interactions in every coordinate direction independently and then summing over them.

From the results obtained in the 1-dimensional setting in [11] (see Theorems 6.1, 6.2), we deduce that the limit energy density f_{hom} can be rewritten by a non-asymptotic formula if only nearest and next-to-nearest neighbor interactions along the coordinate directions are considered (see Remark 6.5). In particular, in the case of only nearest neighbor interactions, the only effect of the passage from the discrete setting to the continuum is a separate convexification process in the coordinate directions.

Acknowledgements.

Our attention on this problem was drawn by Andrea Braides. We thank him for fruitful discussions and useful remarks.

2 Notation and Preliminaries

We denote by {e_1, e_2, . . . , e_N } the standard basis in R^N , by | · | the usual euclidean norm and by ⟨·, ·⟩ the scalar product in R^N . We denote by M^{d×N} and M^{d×d}_{sym} the space of d×N matrices and symmetric d×d matrices, respectively. For P ∈ M^{d×N} , Q ∈ M^{N×l} , P · Q denotes the standard row by column product. For x, y ∈ R^N ,

[x, y] denotes the segment between x and y. If Ω is a bounded open subset of R^N , A(Ω) is the family of all open subsets of Ω while A_0(Ω) denotes the family of all open subsets of Ω whose closure is a compact subset of Ω. If B ⊂ R^N is a Borel set, we will denote by |B| its Lebesgue measure. We use standard notation for L^p and Sobolev spaces.

We also recall the standard notation for slicing arguments (see [4]). Let ξ ∈ S^{N−1} , and let Π_ξ = {y ∈ R^N : ⟨y, ξ⟩ = 0} be the linear hyperplane orthogonal to ξ. If y ∈ Π_ξ and E ⊂ R^N we define E^ξ = {y s.t. ∃t ∈ R : y + tξ ∈ E} and E^ξ_y = {t ∈ R : y + tξ ∈ E}. Moreover, if u : E → R we set u_{ξ,y} : E^ξ_y → R by u_{ξ,y} (t) = u(y + tξ).

We also introduce a useful notation for difference quotient along any direction. Fix ξ ∈ R^N ; for ε > 0 and for every u : R^N → R^d we define

D^ξ_ε u(x) := u(x + εξ) − u(x) ε|ξ| . 2.1 Γ- convergence

We recall the notion of Γ-convergence in L^p(Ω; R^d) (see [16],[15],[4]). A sequence of functionals F_j : L^p(Ω; R^d) → [0, +∞] is said to Γ-converge to a functional F : L^p(Ω; R^d) → [0, +∞] at u ∈ L^p(Ω; R^d) as j → +∞, and we write F (u) = Γ- lim_j F_j (u), if the following two conditions hold:

(i) (lower semicontinuity inequality) for all sequences (u_j ) converging to u in L^p(Ω; R^d) we have that F (u) ≤ lim inf_j F_j (u_j );

(ii) (existence of a recovery sequence) there exists a sequence (u_j ) converging to u in L^p(Ω; R^d) such that F (u) = lim_j F_j (u_j ).

We say that F_j Γ-converges to F if F (u) = Γ- lim_j F_j (u) at all points u ∈ L^p(Ω; R^d) and that F is the Γ-limit of F_j . The main reason for the introduction of this convergence is the following fundamental theorem.

Theorem 2.1 Let F = Γ- lim_j F_j , and let a compact set K ⊂ L^p(Ω; R^d) exist such that inf_Lp_{(Ω;R} d_) F_j = inf_K F_j for all j. Then

∃ min

L^p(Ω;R^d)

F = lim_j inf_{Lp(Ω;R d)} F_j .

Moreover, if (u_j ) is a converging sequence such that lim_j F_j (u_j )=lim_j inf_Lp_{(Ω;R} d_) F_j then its limit is a minimum point for F .

If (F_ε) is a family of functionals indexed by ε > 0 then we say that F_ε Γ-converges to F as ε → 0^+ if F = Γ- lim_j F_{εj} for all (ε_j ) converging to 0. If we define the lower and upper Γ-limits by

F^′(u) = Γ- lim inf_{ε→0+} F_ε(u) = inf{lim inf_{ε→0+} F_ε(u_ε) : u_ε → u},

F^{′′}(u) = Γ- lim sup_{ε→0+} F_ε(u) = inf{lim sup_{ε→0+} F_ε(u_ε) : u_ε → u}, respectively, then F_ε Γ-converges to F as ε → 0^+ if and only if F^′(u) = F^{′′}(u) = F (u). Note that the functions F^′ and F^{′′} are lower semicontinuous (see [15] Proposition 6.8).

2.2 Integral representation on Sobolev spaces

In this section we recall an integral representation result on Sobolev spaces for functionals defined on pairs function-sets (see [13]).

Theorem 2.2 Let 1 ≤ p < ∞ and let F : W^{1,p}(Ω; R^d) × A(Ω) → [0, +∞] be a functional satisfying the following conditions:

(i) (locality) F is local, i.e. F (u, A) = F (v, A) if u = v a.e. on A ∈ A(Ω); (ii) (measure property) for all u ∈ W^{1,p}(Ω; R^d) the set function F (u, ·) is the restriction of a Borel measure to A(Ω);

(iii) (growth condition) there exists c > 0 and a ∈ L^1(Ω) such that

F (u, A) ≤ c ∫ A (a(x) + |Du|^p) dx

for all u ∈ W^{1,p}(Ω; R^d) and A ∈ A(Ω);

(iv) (translation invariance in u) F (u + z, A) = F (u, A) for all z ∈ R^d, u ∈ W^{1,p}(Ω; R^d) and A ∈ A(Ω);

(v) (lower semicontinuity) for all A ∈ A(Ω) F (·, A) is sequentially lower semicontinuous with respect to the weak convergence in W^{1,p}(Ω; R^d).

Then there exists a Carathéodory function f : Ω × M^{d×N} → [0, +∞) satisfying the growth condition 0 ≤ f(x, M) ≤ c(a(x) + |M|^p) for all x ∈ Ω and M ∈ M^{d×N} , such that F (u, A) = ∫ A f(x, Du(x)) dx

for all u ∈ W^{1,p}(Ω; R^d) and A ∈ A(Ω). If in addition it holds (vi) (translation invariance in x) F (Mx, B(y, ϱ)) = F (Mx, B(z, ϱ)) for all M ∈ M^{d×N} , y, z ∈ Ω, and ϱ > 0 such that B(y, ϱ) ∪ B(z, ϱ) ⊂ Ω, then f does not depend on x.

3 Compactness and integral representation

In this section we define the class of discrete energies we are going to consider in the rest of the paper and we prove a general compactness theorem, asserting that any sequence of energies in this class has a subsequence whose Γ-limit F is an integral functional.

In what follows Ω will denote a bounded open set of R^N with Lipschitz boundary. We consider the family of functionals F_ε : L^p(Ω; R^d) → [0, +∞] defined as F_ε(u) = ∑ ξ∈Z^N ∑ α∈R^ξ_ε(Ω)

ε^N f^ξ_ε ( α, D^ξ_ε u(α) ) if u ∈ A_ε(Ω)

+∞ otherwise,

(3.1)

where for any ξ ∈ Z^N and ε > 0 R^ξ_ε(Ω) := {α ∈ εZ^N : [α, α + εξ] ⊂ Ω}, A_ε(Ω) := {u : R^N → R^d : u constant on α + [0, ε)^N for any α ∈ εZ^N ∩ Ω}, and f^ξ_ε : (εZ^N ∩ Ω) × R^d → [0, +∞) is a given function. On f^ξ_ε we make the following assumptions:

f^{ei}_ε (α, z) ≥ c_1(|z|^p − 1) ∀(α, z) ∈ (εZ^N ∩ Ω) × R^d, i ∈ {1, . . . , N} (3.2) f^ξ_ε (α, z) ≤ C^ξ_ε (|z|^p + 1) ∀(α, z) ∈ (εZ^N ∩ Ω) × R^d, ξ ∈ Z^N , (3.3) where c_1 > 0 and {C^ξ_ε }_{ε,ξ} satisfies: lim sup

ε→0^+ ∑ ξ∈Z^N

C^ξ_ε < +∞; (H1)

∀δ > 0 ∃ M_δ > 0 : lim sup_{ε→0+} ∑ |ξ|>M_δ

C^ξ_ε < δ. (H2)

The main result of this section is stated in the following theorem. Theorem 3.1 (compactness) Let {f^ξ_ε }_{ε,ξ} satisfy (3.2), (3.3) and let (H1)-(H2) hold. Then for every sequence (ε_j ) of positive real numbers converging to 0, there exists a subsequence (ε_{jk} ) and a Carathéodory function quasiconvex in the second variable f : Ω × R^{d×N} satisfying c(|M|^p − 1) ≤ f(x, M) ≤ C(|M|^p + 1), with 0 < c < C, such that (F_{εjk} (·)) Γ-converges with respect to the L^p(Ω; R^d)- topology to the functional F : L^p(Ω; R^d) → [0, +∞] defined as

F (u) = ∫ Ω f(x, ∇u) dx if u ∈ W^{1,p}(Ω; R^d)

+∞ otherwise.

(3.4)

Remark 3.2 (quadratic forms) Under the hypotheses of Theorem 3.1, if in addition for any ξ ∈ Z^N and ε > 0 f^ξ_ε (α, ·) is a positive quadratic form on R^d, that is f^ξ_ε (α, z) = ⟨A^ξ_ε(α)z, z⟩ A^ξ_ε(α) ∈ M^{d×d}_{sym}

then, by the properties of Γ-convergence (see [15]), the limit energy density f(x, ·) is a quadratic form on M^{d×N} , that is

f(x, M) = A(x) (M, M) , A(x) ∈ T_2M^{d×N} (3.5)

where T_2M^{d×N} is the vectorial space of all two times covariant tensors on M^{d×N} .

To prove Theorem 3.1 we use a localization technique, which is a standard argument dealing with limits of integral functionals (see for example [6] in the context of homogenization theory). We stress the fact that here this analysis becomes more difficult to perform because of the non locality of our discrete energies.

The first step is to define a “localized” version of our energies: given an open set A we isolate the contributions due to interactions within A as follows. For u ∈ A_ε(Ω), A ∈ A(Ω) and ξ ∈ Z^N , set

F^ξ_ε (u, A) := ∑ α∈R^ξ_ε(A)

ε^N f^ξ_ε ( α, D^ξ_ε u(α) ) , (3.6)

where R^ξ_ε(A) := {α ∈ εZ^N : [α, α + εξ] ⊂ A}.

The function F^ξ_ε represents the energy due to the interactions within A along the direction ξ. Then the local version of the functional in (3.1) is given by

F_ε(u, A) = ∑ ξ∈Z^N

F^ξ_ε (u, A) if u ∈ A_ε(Ω)

+∞ otherwise.

(3.7)

We will prove also the following result.

Theorem 3.3 (local compactness) Let {f^ξ_ε }_{ε,ξ} satisfy (3.2), (3.3) and let (H1)- (H2) hold. Given (ε_j ) a sequence of positive real numbers converging to 0, let (ε_{jk} ) and f be as in Theorem 3.1. Then for any u ∈ W^{1,p}(Ω; R^d) and A ∈ A(Ω) there holds Γ- lim_k F_{εjk} (u, A) = ∫ A f(x, ∇u) dx.

We will derive the proof of Theorems 3.1 and 3.3 as a direct consequence of some propositions and lemmas which are fundamental steps to show that our limit functionals satisfy all the hypotheses of the Representation Theorem 2.2.

In the next two propositions we show that, thanks to hypotheses (3.2) and (3.3), the Γ-lim inf and the Γ-lim sup of F_ε are finite only on W^{1,p}(Ω; R^d) and satisfy standard p-growth conditions.

Proposition 3.4 Let {f^{ei}_ε }_{ε,i} satisfy (3.2). If u ∈ L^p(Ω; R^d) is such that F^′(u, A) < +∞, then u ∈ W^{1,p}(A; R^d) and

F^′(u, A) ≥ c ( ‖∇u‖^p_{Lp(A;Rd×N )} − |A| ) (3.8)

for some positive constant c independent on u and A.

Proof. Let ε_n → 0^+ and let u_n converge to u in L^p(Ω; R^d) and be such that lim inf_n F_{εn} (u_n, A) < +∞. By the growth condition (3.2) we get

F_{εn} (u_n, A) ≥ c_1 N∑ i=1 ∑ α∈R^{ei}_{εn} (A)

ε^N_n |D^{ei}_{εn} u_n(α)|^p − c_1N|A|.

For any i ∈ {1, . . . , N}, consider the sequence of piecewise-affine functions (v^i_n) defined as follows

v^i_n(x) := u_n(α) + D^{ei}_{εn} u_n(α)(x_i − α_i) x ∈ ( α + [0, ε_n)^N ) ∩ Ω, α ∈ R^{ei}_{εn} (A).

Note that v^i_n is a function of bounded variation and we will denote by^{∂vin}_{∂xi} the density of the absolutely continuous part of D_{xi} v^i_n with respect to the Lebesgue measure. Moreover for H^{N−1} -a.e. y ∈ (A)^{ei} the slices (v^i_n)_{ei,y} ∈ W^{1,p} ( (A)^{ei}_y ; R^d ) . For any η > 0, set A_η := {x ∈ A : dist(x, A^c) > η}.

Then, fixed η > 0, it is easy to check that v^i_n → u in L^p(A_η ; R^d) for every i ∈ {1, . . . , N}; moreover, since^{∂vin}_{∂xi} (x) = D^{ei}_{εn} u_n(α) for x ∈ α + [0, ε_n)^N , we get

F_{εn} (u_n, A) ≥ c_1 N∑ i=1 ∫ A_η | | | ∂v^i_n ∂x_i (x) | | | p dx − c_1N|A|. (3.9)

We apply now a standard slicing argument. By Fubini’s Theorem and Fatou’s Lemma for any i we get

lim inf_n ∫ (A_η ) | |∂v^{in} ∂x_i (x) | | p ≥ ∫ (A_η )^ei

lim inf_n ∫ (A_η )^{ei}_y | (v^i_n)^′_{ei,y}(t) |_p dt dH^{N−1} (y).

Since, up to passing to a subsequence, we may assume that, for H^{N−1} -a.e. y ∈ (A_η )^{ei} (v^i_n)_{ei,y} → u_{ei,y} in L^p ( (A_η )^{ei}_y ; R^d ) , we deduce that u_{ei,y} ∈ W^{1,p} ( (A_η )^{ei}_y ; R^d ) for H^{N−1} -a.e. y ∈ (A_η )^{ei} and

lim inf_n ∫ (A_η ) | | | ∂v^i_n ∂x_i (x) | | | p ≥ ∫ (A_η )^ei ∫ (A_η )^{ei}_y | u^′_{ei,y}(t) |_p dt dH^{N−1} (y).

Then, by (3.9), we have

lim inf_n F_{εn} (u_n, A) ≥ c_1 N∑ i=1 ∫ (A_η )^ei ∫ (A_η )^{ei}_y | u^′_{ei,y}(t) |_p dt dH^{N−1} (y) − c_1N|A|.

Since, in particular, the previous inequality implies that N∑ i=1 ∫ (A_η )^ei ∫ (A_η )^{ei}_y | u^′_{ei,y}(t) |_p dt dH^{N−1} (y) < +∞,

thanks to the characterization of W^{1,p} by slicing, we obtain that u ∈ W^{1,p} ( A_η ; R^d ) and lim inf_n F_{εn} (u_n, A) ≥ c_1 N∑ i=1 ∫ A_η | | | ∂u ∂x_i (x) | | | p dx − c_1N|A|

≥ c ( ∫ A_η

‖∇u(x)‖^p dx − |A| ) . Letting η → 0^+, we get the conclusion.

Proposition 3.5 Let {f^ξ_ε }_{ε,ξ} satisfy (3.3) and let (H1) hold. Then for every u ∈ W^{1,p}(Ω; R^d) there holds

F^{′′}(u, A) ≤ C ( ‖∇u‖^p_{Lp(A;Rd×N )} + |A| ) (3.10)

for some positive constant C independent on u and A.

Proof. We first show that inequality (3.5) holds for u smooth and then we recover the proof for any u ∈ W^{1,p}(Ω; R^d) by using a density argument.

Let u ∈ C^∞_c (R^N ; R^d) and consider the family (u_ε) ⊂ A_ε(Ω) defined as

u_ε(α) := u(α), α ∈ εZ^N .

Then u_ε → u in L^p(Ω; R^d) as ε → 0^+. Moreover, for any α ∈ εZ^N , we have

D^ξ_ε u_ε(α) = 1 |ξ| ∫_1 0 ∇u(α + εξs)ξ ds,

so that, by Jensen’s inequality, we get

|D^ξ_ε u_ε(α)|^p = 1 |ξ|^p | | | ∫_1 0 ∇u(α + εξs)ξ ds | | | p

≤ 1 |ξ|^p

∫_1 0 |∇u(α + εξs)ξ|^p ds ≤

∫_1 0 |∇u(α + εξs)|^p ds.

By the regularity hypothesis on u and by Fubini’s Theorem, we easily obtain the following inequalities

ε^N

∫_1 0 |∇u(α + εξs)|^p ds = ∫ α+[0,ε)^N

∫_1 0 |∇u(α + εξs)|^p ds dx ≤ ∫ α+[0,ε)^N

∫_1 0 |∇u(x + εξs)|^p ds dx + c(u) ∫ α+[0,ε)^N

∫_1 0 |x − α|^p ds dx ≤ ∫_1 0 ∫ α+sεξ+[0,ε)^N

|∇u(x)|^p dx ds + c(u)ε^pε^N ,

where by c(u) we denote a constant depending only on u. By (3.3) and the last inequality, we then have

F_ε(u_ε, A) ≤ ∑ ξ∈Z^N

C^ξ_ε ∑ α∈R^ξ_ε(A)

∫_1 0 ∫ α+sεξ+[0,ε)^N

|∇u(x)|^p dx ds

+ (1 + c(u)ε^p) ∑ ξ∈Z^N

C^ξ_ε ∑ α∈R^ξ_ε(A)

ε^N

≤ ∑ ξ∈Z^N

C^ξ_ε ( ∫ A^ε

|∇u(x)|^p dx + (1 + c(u)ε^p) |A^ε| ) ,

where A^ε := A + [0, ε)^N .

Eventually, letting ε → 0^+, by (H1) we get

lim sup

ε→0^+

F_ε(u_ε, A) ≤ C ( ∫ A |∇u(x)|^p dx + |A| )

and the conclusion follows by the definition of F^{′′}. Now let u ∈ W^{1,p}(Ω; R^d) and let (u_n) ⊂ C^∞_c (R^N ; R^d) converge to u in the W^{1,p}(Ω; R^d)-topology. Then, by the lower-semicontinuity of F^{′′}, we obtain

F^{′′}(u, A) ≤ lim inf_n F^{′′}(u_n, A) ≤ lim_n C ( ‖∇u_n‖^p_{Lp(A;Rd×N )} + |A| )

= C ( ‖∇u‖^p_{Lp(A;Rd×N )} + |A| ) .

The next technical lemma asserts that finite difference quotients along any direction can be controlled by finite difference quotients along the coordinate directions.

Figure 2

Lemma 3.6 Let A ∈ A(Ω) and set A_ε := {x ∈ A : dist(x, ∂A) > 2 √ Nε}. Then for any ξ ∈ Z^N and u ∈ A_ε(Ω) there holds ∑ α∈R^ξ_ε(A_ε)

|D^ξ_ε u(α)|^p ≤ C N∑ i=1 ∑ α∈R^{ei}_ε (A)

|D^{ei}_ε u(α)|^p. (3.11)

Proof. Let us fix some notations : for ξ ∈ Z^N and α ∈ εZ^N , set I^ξ_ε (α) := { β ∈ εZ^N : ( β + [−ε, ε]^N ) ∩ [α, α + εξ] ≠ ∅ } ; moreover we will denote by ‖ · ‖_1 the norm on R^N defined as

‖ξ‖_1 := N∑ i=1 |ξ_i|, ξ = (ξ_1, . . . , ξ_N ) ∈ R^N .

Let α ∈ R^ξ_ε(A_ε) and consider {α_h}^{‖ξ‖1}_{h=1} ⊂ I^ξ_ε (α) such that α_{‖ξ‖1} = α + εξ, α_1 = α, α_h = α_{h−1} + εe_{i(h)}, for some i(h) ∈ {1, . . . , N} (see fig. 2). Then, since

D^ξ_ε u(α) = 1 |ξ| ‖ξ‖_1∑

h=1 D^{ei(h)}ε u(α_h) by Jensen’s inequality, we get

|D^ξ_ε u(α)|^p = ( ‖ξ‖_1 |ξ| )_p | | | 1 ‖ξ‖_1

‖ξ‖_1∑

h=1 D^{ei(h)}ε u(α_h) | | | p

≤ ( ‖ξ‖_1 |ξ| )_p 1 ‖ξ‖_1

‖ξ‖_1∑

h=1 |D^{ei(h)}ε u(α_h)|^p.

Since for any h = 1, . . . , N, α_h ∈ R^{ei(h)}ε (A) and all the norms are equivalent in a finite dimensional space, we infer that ∑ α∈R^ξ_ε(A_ε)

|D^ξ_ε u(α)|^p ≤ C N∑ i=1 ∑ β∈R^{ei}_ε (A)

γ^ξ_ε (β) ‖ξ‖_1

|D^{ei}_ε u(β)|^p,

where γ^ξ_ε (β) := #{α ∈ R^ξ_ε(A_ε) : β ∈ I^ξ_ε (α)}.

Hence, the proof is complete if we show that γ^ξ_ε (β) ≤ C|ξ|. To this aim, notice that {α ∈ R^ξ_ε(A_ε) : β ∈ I^ξ_ε (α)} ⊆ εZ^N ∩ Q^ξ_ε(β), where

Q^ξ_ε(β) := {x ∈ R^N : x = y + tξ, y ∈ β + [−ε, ε]^n, t ∈ [−ε, ε]^N }.

Thus, we infer that

γ^ξ_ε (β) ≤ C | |Qξ_ε(β) | | ε^N . Now we use a slicing argument to provide an estimate of | |Qξ_ε(β) | |. By Fubini’s Theorem, we get

|Q^ξ_ε(β)| = ∫ (Q^ξε(β) )^ξ

H^1 ( Q^ξ_ε(β)

)_ξ y dH^{N−1} (y)

≤ H^{N−1} ( (Q^ξ_ε(β))^ξ ) 2( √ N + |ξ|)ε ≤ c(N)|ξ|ε^N ,

where the last inequality holds, since for any ξ ∈ Z^N

H^{N−1} ( (Q^ξ_ε(β))^ξ ) ≤ c(N)ε^{N−1} .

In the next two propositions we establish the subadditivity and the inner regularity of the set function F^{′′}(u, ·). To this end we use a careful modification of De Giorgi’s cut-off functions argument, which appears frequently in the proof of the integral representation of Γ-limits of integral functionals (see [6],[15]). We underline that the non locality of our energies requires a deeper analysis in which a key role is played by hypothesis (H2), which allows us to show that very long range interactions do not lead to non local terms in the limit.

Proposition 3.7 Let {f^ξ_ε }_{ε,ξ} satisfy (3.2),(3.3) and let (H1)-(H2) hold. Let A, B ∈ A(Ω) and let A^′, B^′ ∈ A(Ω) be such that A^′ ⊂⊂ A and B^′ ⊂⊂ B. Then for any u ∈ W^{1,p}(Ω; R^d), F^{′′} (u, A^′ ∪ B^′) ≤ F^{′′} (u, A) + F^{′′} (u, B) .

Proof. Without loss of generality, we may suppose F^{′′}(u, A) and F^{′′}(u, B) finite. Let u_ε, v_ε ∈ A_ε(Ω) both converge to u in L^p(Ω; R^d) and be such that lim sup

ε→0^+

F_ε(u_ε, A) = F^{′′}(u, A), lim sup_{ε→0+} F_ε(v_ε, B) = F^{′′}(u, B). By (3.2) and Lemma 3.6, we infer that sup_{ξ∈ZN} sup_{ε>0} ∑ α∈R^ξ_ε(A_ε)

ε^N |D^ξ_ε u_ε(α)|^p < +∞, (3.12)

sup_{ξ∈ZN} sup_{ε>0} ∑ α∈R^ξ_ε(B_ε)

ε^N |D^ξ_ε v_ε(α)|^p < +∞, (3.13)

where A_ε and B_ε are defined as in Lemma 3.6. Moreover, since (u_ε) and (v_ε) converge to u in the L^p(Ω; R^d)-topology, we have ∑ α∈εZ^N ∩Ω^′

ε^N (|u_ε(α)|^p + |v_ε(α)|^p) ≤ ‖u_ε‖^p_{Lp(Ω;R d)} + ‖v_ε‖^p_{Lp(Ω;R d)} ≤ C < +∞, (3.14) ∑ α∈εZ^N ∩Ω^′

ε^N (|u_ε(α) − v_ε(α)|^p) ≤ ‖u_ε − v_ε‖^p_{Lp(Ω;R d)} → 0^+ (3.15)

for any Ω^′ ⊂⊂ Ω. Set d := dist (A^′, A^c) and for any i ∈ {1, . . . , N} define A_i := {x ∈ A : dist(x, A^′) < i d N }. Let φ_i be a cut-off function between A_i and A_{i+1}, with ‖∇φ_i‖_∞ ≤ 2^N_d . Then for any i ∈ {1, . . . , N} consider the family of functions w^i_ε ∈ A_ε(Ω) still converging to u in L^p(Ω; R^d) defined as w^i_ε(α) := φ_i(α)u_ε(α) + (1 − φ_i(α)) v_ε(α).

Note that, for any ξ ∈ Z^N , we have

D^ξ_ε w^i_ε(α) = φ_i(α + εξ)D^ξ_ε u_ε(α) + (1 − φ_i(α + εξ)) D^ξ_ε v_ε(α) + (u_ε(α) − v_ε(α)) D^ξ_ε φ(α). (3.16)

Figure 3 : α ∈ R^ξ_ε(A_i), β ∈ R^ξ_ε(S^{ε,ξ}_i ), γ ∈ R^ξ_ε(B^′ \ A^c_{i+1})

Fix i ∈ {1, 2, . . . , N − 3}. Given ξ ∈ Z^N and α ∈ R^ξ_ε(A^′ ∪ B^′), then either α ∈ R^ξ_ε(A_i), or α ∈ R^ξ_ε(A^c_{i+1} ∩ B^′), or

[α, α + εξ] ∩ ( A_{i+1} \ A_i ) ∩ B^′ ≠ ∅.

Then, if we set ( A_{i+1} \ A_i

)_{ε,ξ}

:= {x = y + tξ, |t| ≤ ε, y ∈ A_{i+1} \ A_i},

S^{ε,ξ}_i := ( A_{i+1} \ A_i

)_{ε,ξ} ∩ (A^′ ∪ B^′) ,

we get R^ξ_ε(A^′ ∪ B^′) ⊆ R^ξ_ε(A_i) ∪ R^ξ_ε(B^′ \ A_{i+1}) ∪ R^ξ_ε ( S^{ε,ξ}_i )

(see fig. 3). Thus, since D^ξ_ε w^i_ε(α) = D^ξ_ε u_ε(α) if α ∈ R^ξ_ε(A_i) and D^ξ_ε w^i_ε(α) = D^ξ_ε v_ε(α) if α ∈ R^ξ_ε(A^c_{i+1} ∩ B^′), we get by (3.3) and (3.16)

F^ξ_ε ( w^i_ε, A^′ ∪ B^′) ≤ F^ξ_ε (u_ε, A) + F^ξ_ε (v_ε, B) (3.17)

+ C C^ξ_ε ∑ α∈R^ξ_ε(S^{ε,ξ}_i )

ε^N ( |D^ξ_ε u_ε(α)|^p + |D^ξ_ε v_ε(α)|^p + N^p |u_ε(α) − v_ε(α)|^p + 1 ) .

If ε|ξ| ≤^d_{2N} , then

S^{ε,ξ}_i ⊆ ( A_{N−1} \ A^′ ) ∩ B^′ =: S_N ⊂⊂ A ∩ B. (3.18)

If ε|ξ| ≥^d_{2N} , then 1 ε^p|ξ|^p ≤ 2^pN^p d^p , and so |D^ξ_ε u_ε(α)|^p ≤ CN^p (|u_ε(α)|^p + |u_ε(α + εξ)|^p) , and the same inequality holds for v_ε. Thus, in this case we get by (3.17) F^ξ_ε (w^i_ε, A^′ ∪ B^′) ≤ F^ξ_ε (u_ε, A) + F^ξ_ε (v_ε, B) (3.19) + CN^p C^ξ_ε ∑ α∈R^ξ_ε(A^′∪B^′)

ε^N (|u_ε(α)|^p + |u_ε(α + εξ)|^p + |v_ε(α)|^p + |v_ε(α + εξ)|^p + 1) .

Let M_δ > 0 be such that lim sup_{ε→0+} ∑ |ξ|>M_δ

C^ξ_ε < δ. Then, by (3.17), (3.18) and (3.19), summing over ξ ∈ Z^N ,for ε small enough we get

F_ε (w^i_ε, A^′ ∪ B^′) ≤ F_ε(u_ε, A) + F_ε(v_ε, B) +C ∑ |ξ|≤M_δ

C^ξ_ε ∑ α∈R^ξ_ε(S^{ε,ξ}_i )

ε^N ( |D^ξ_ε u_ε(α)|^p + |D^ξ_ε v_ε(α)|^p + N^p |u_ε(α) − v_ε(α)|^p + 1 )

+C ∑ M_δ <|ξ|≤^d_{2Nε}

C^ξ_ε ∑ α∈R^ξ_ε(S_N )

ε^N ( |D^ξ_ε u_ε(α)|^p + |D^ξ_ε v_ε(α)|^p + N^p |u_ε(α) − v_ε(α)|^p + 1 )

+CN^p ∑ |ξ|>^d_{2Nε}

C^ξ_ε ∑ α∈εZ^N ∩A^′∪B^′

ε^N (|u_ε(α)|^p + |v_ε(α)|^p + 1) .

Note that, for ε small enough and |ξ| ≤ M_δ we have that R^ξ_ε(S^{ε,ξ}_i ) ∩ R^ξ_ε(S^{ε,ξ}_j ) ≠ ∅ if and only if |i − j| = 1, and^{N−3} ⋃ i=1 R^ξ_ε(S^{ε,ξ}_i ) ⊆ R^ξ_ε(A_ε ∩ B_ε). Thus, summing over i ∈ {1, 2, . . . , N − 3}, averaging, and taking into account (3.12), (3.13), (3.14) and (3.15), we get 1 N − 3

N−3∑ i=1 F_ε(w^i_ε, A^′ ∪ B^′) ≤ F_ε(u_ε, A) + F_ε(v_ε, B) (3.20) + C N − 3

(1 + N^pO(ε)) + C(δ + O(ε))(1 + N^pO(ε)) +C (δ + O(ε))(N^p) For any ε > 0 there exists i(ε) ∈ {1, . . . , N − 3} such that

F_ε(w^{i(ε)}_ε , A^′ ∪ B^′) ≤ 1 N − 3

N−3∑ i=1 F_ε(w^i_ε, A^′ ∪ B^′). (3.21)

Then, since w^{i(ε)}ε still converges to u in L^p(Ω; R^d), by (3.20) and (3.21), letting ε → 0^+, we get

F^{′′}(u, A^′ ∪ B^′) ≤ F^{′′}(u, A) + F^{′′}(u, B) + C N − 3

+ Cδ (1 + N^p) .

Eventually, letting first δ → 0^+ and then N → +∞, we obtain the thesis.

Proposition 3.8 Let {f^ξ_ε }_{ε,ξ} satisfy (3.2),(3.3) and let (H1)-(H2) hold. Then for any u ∈ W^{1,p}(Ω; R^d) and for any A ∈ A(Ω), there holds sup A^′⊂⊂A

F^{′′}(u, A^′) = F^{′′}(u, A).

Proof. Since F^{′′}(u, ·) is an increasing set function, it suffices to prove that sup A^′⊂⊂A

F^{′′}(u, A^′) ≥ F^{′′}(u, A).

To do this, we apply the same argument of the proof of Proposition 3.7. Given δ > 0, there exists A^{′′} ⊂⊂ A such that |A \ A^{′′}| + ‖∇u‖^p_{Lp(A\A′′)} ≤ δ.

Let Ω̃ ⊃⊃ Ω and let ũ ∈ W^{1,p}(Ω̃; R^d) an extension of u. By reasoning as in the proof of Proposition 3.5, we may find v_ε ∈ A_ε(Ω̃) such that v_ε converges to ũ in L^p(Ω̃; R^d) and

lim sup

ε→0^+

F_ε(v_ε, A \ A^{′′}) ≤ C ( |A \ A^{′′}| + ‖∇u‖^p_{Lp(A\A′′)} ) ≤ Cδ. (3.22)

We remark that this extension on Ω̃ is just a technical tool to exploit an analogue of inequality (3.14) and obtain a control of the interactions near the boundary of Ω. Let A^′ ∈ A(Ω) be such that A^{′′} ⊂⊂ A^′ ⊂⊂ A and let u_ε ∈ A_ε(Ω) converge to u in L^p(Ω; R^d), with lim sup

ε→0^+

F_ε(u_ε, A^′) = F^{′′}(u, A^′). Set d := dist(A^{′′}, A^{′c}) and for any i ∈ {1, . . . , N} define

A_i := {x ∈ A : dist(x, A^′) < i d N }. Let φ_i be a cut-off function between A_i and A_{i+1}, with ‖∇φ_i‖_∞ ≤ 2^N_d . Then for any i ∈ {1, . . . , N} consider the family of functions w^i_ε ∈ A_ε(Ω) still converging to u in L^p(Ω; R^d) defined as w^i_ε(α) := φ_i(α)u_ε(α) + (1 − φ_i(α)) v_ε(α).

Now we can set S^{ε,ξ}_i := ( A_{i+1} \ A_i

)_{ε,ξ}

∩ A, so that R^ξ_ε(A) ⊆ R^ξ_ε(A_i) ∪ R^ξ_ε(A \ A_{i+1}) ∪ R^ξ_ε ( S^{ε,ξ}_i ) . Let δ > 0 and let M_δ > 0 be such that lim sup_{ε→0+} ∑ |ξ|>M_δ

C^ξ_ε < δ. Then, by reasoning

as in the proof of Proposition 3.7,for ε small enough, we get

F_ε (w^i_ε, A) ≤ F_ε(u_ε, A^′) + F_ε(v_ε, A \ A^{′′}) +C ∑ |ξ|≤M_δ

C^ξ_ε ∑ α∈R^ξ_ε(S^{ε,ξ}_i )

ε^N ( |D^ξ_ε u_ε(α)|^p + |D^ξ_ε v_ε(α)|^p + N^p |u_ε(α) − v_ε(α)|^p + 1 )

+C ∑ M_δ <|ξ|≤^d_{2Nε}

C^ξ_ε ∑ α∈R^ξ_ε(S_N )

ε^N ( |D^ξ_ε u_ε(α)|^p + |D^ξ_ε v_ε(α)|^p + N^p |u_ε(α) − v_ε(α)|^p + 1 )

+CN^p ∑ |ξ|>^d_{2Nε}

C^ξ_ε ( ‖u_ε‖^p_{Lp(Ω;R d)} + ‖v_ε‖^p_{Lp(Ω̃;R d)} + 1 ) .

Since u_ε and v_ε satisfy (3.12), (3.13), (3.14) and (3.15) with A_ε replaced by A^′_ε and B_ε by (A \ A^{′′}_ε ) then we can choose i(ε) ∈ {1, . . . , N − 3} such that

F_ε(w^{i(ε)}_ε , A) ≤ 1 N − 3

N−3∑ i=1 F_ε(w^i_ε, A) ≤ (3.23)

F_ε(u_ε, A^′) + Cδ + C N − 3

(1 + N^pO(ε)) +

C(δ + O(ε)) (1 + N^pO(ε)) + CN^p(δ + O(ε)).

Then, since w^{i(ε)}ε still converges to u in L^p(Ω; R^d), by (3.23), letting ε → 0^+, we get F^{′′}(u, A) ≤ sup_{A′⊂⊂A} F^{′′}(u, A^′) + C( 1 N − 3

+ δ + δN^p).

Eventually, letting first δ → 0^+ and then N → +∞, we obtain the thesis.

The following proposition asserts that F^{′′}(·, ·) satisfies hypothesis (i) of Theorem 2.2. The argument we use for the proof is still the same exploited in the last two propositions.

Proposition 3.9 Let {f^ξ_ε }_{ε,ξ} satisfy (3.2),(3.3) and let (H1)-(H2) hold. Then for any A ∈ A(Ω) and for any u, v ∈ W^{1,p}(Ω; R^d), such that u = v a.e. there holds

F^{′′}(u, A) = F^{′′}(v, A).

Proof. Thanks to Proposition 3.8, we may assume that A ∈ A_0(Ω). We first prove F^{′′}(u, A) ≥ F^{′′}(v, A). (3.24) Once more we apply the argument used in the previous proposition. Given δ > 0, there exists A_δ ⊂⊂ A such that |A \ A_δ | + ‖∇u‖^p_{Lp(A\Aδ )} ≤ δ.

Let v_ε ∈ A_ε(Ω) and u_ε ∈ A_ε(Ω) be such that v_ε → v in L^p(Ω; R^d) (3.25) u_ε → u in L^p(Ω; R^d) (3.26) and lim sup

ε→0^+

F_ε(u_ε, A) = F^{′′}(u, A),

lim sup

ε→0^+

F_ε(v_ε, A \ A_δ ) = F^{′′}(v, A \ A_δ ) ≤ C ( |A \ A_δ | + ‖∇u‖^p_{Lp(A\Aδ )} ) ≤ Cδ (3.27) Set d := dist(A_δ , A^c) and for any i ∈ {1, . . . , N} define

A_i := {x ∈ A : dist(x, A_δ ) < i d N }. Let φ_i be a cut-off function between A_i and A_{i+1}, with ‖∇φ_i‖_∞ ≤ 2^N_d . Then for any i ∈ {1, . . . , N} consider the family of functions w^i_ε ∈ A_ε(Ω) converging to v in L^p(Ω; R^d) defined as w^i_ε(α) := φ_i(α)u_ε(α) + (1 − φ_i(α)) v_ε(α).

Then, following the same steps as in the proof of Propositions 3.7 and 3.8, we can choose i(ε) ∈ {1, . . . , N − 3} such that

F_ε(w^{i(ε)}_ε , A) ≤ 1 N − 3

N−3∑ i=1 F_ε(w^i_ε, A) (3.28)

≤ F_ε(u_ε, A) + Cδ + C N − 3

(1 + N^pO(ε)) + C(δ + O(ε)) (1 + N^pO(ε)) + C(δ + O(ε))N^p.

Then, since w^{i(ε)}ε still converges to v in L^p(Ω; R^d), by (3.28), letting ε → 0^+, we get F^{′′}(v, A) ≤ F^{′′}(u, A) + C ( 1 N − 3

+ δ + δN^p ) .

Eventually, letting first δ → 0^+ and then N → +∞, we obtain 3.24. Reversing the roles of u and v we obtain the thesis.

Proof of Theorems 3.1 and 3.3. By the compactness property of the Γ-convergence and by Proposition 3.8, there exists a subsequence (ε_{jk} ) such that, for any (u, A) ∈ W^{1,p}(Ω; R^d) × A(Ω), there holds

Γ(L^p)- lim_k F_{εjk} (u, A) := F (u, A)

(see [6] Theorem 10.3). Moreover, by Proposition 3.4,

Γ(L^p)- lim_k F_{εjk} (u) = +∞

for u ∈ L^p(Ω; R^d) \ W^{1,p}(Ω; R^d). So far, it suffices to check that, for every (u, A) ∈ W^{1,p}(Ω; R^d) × A(Ω), F (u, A) satisfies all the hypotheses of Theorem 2.2. In fact, it can be easily seen that the superadditivity property of F_ε(u, ·) is conserved in the limit. Thus, as an easy consequence of Propositions 3.5, 3.7, 3.8, 3.9 and thanks to De Giorgi - Letta Criterion (see [6]), hypotheses (i), (ii), (iii) hold true. Moreover, as F_ε(u, A) depends on u only through its difference quotients, hypothesis (iv) is satisfied and finally, by the lower semicontinuity property of Γ-limit, also hypothesis (v) is fulfilled.

3.1 Convergence of minimum problems

In order to treat minimum problems with boundary data, we also derive a compactness theorem in the case that our functionals are subject to Dirichlet boundary conditions.

Given φ ∈ Lip (R^N ) and l ∈ N, set, for any ε > 0 and A ∈ A(Ω)

A^l_{ε,φ}(A) := {u ∈ A_ε(R^N ) : u(α) = φ(α) if ( α + [−lε, lε]^N ) ∩ A^c ≠ ∅ ) }. (3.29)

Then define F^{φ,l}_ε : L^p(Ω; R^d) × A(Ω) → [0, +∞] as

F^{φ,l}_ε (u, A) =

F_ε(u, A) if u ∈ A^l_{ε,φ}(A)

+∞ otherwise.

(3.30)

By simplicity of notation we set A_{ε,φ}(A) := A^1_{ε,φ}(A) and F^φ_ε := F^{φ,1}_ε .

Theorem 3.10 Let {f^ξ_ε }_{ε,ξ} satisfy (3.2), (3.3) and let (H1)-(H2) hold. Given (ε_j ) a sequence of positive real numbers converging to 0, let (ε_{jk} ) and f be as in Theorem 3.1. For any φ ∈ Lip (R^N ), let F^φ : L^p(Ω; R^d) × A(Ω) → [0, +∞] be defined as

F^φ(u, A) = ∫ A f(x, ∇u) dx if u − φ ∈ W^{1,p}_0 (A; R^d)

+∞ otherwise.

Then, for any A ∈ A(Ω) with Lipschitz boundary and l ∈ N, (F^{φ,l}_{εjk} (·, A)) Γconverges with respect to the L^p(Ω; R^d)-topology to the functional F^φ(·, A). Proof. For the sake of simplicity we prove the Theorem with l = 1, the proof being the same in the other cases. Let us first prove the Γ-liminf inequality. Let (u_k) be a sequence of functions belonging to A_{εjk ,φ}(A) converging to u in the L^p topology such that lim inf_k F^φ_{εjk} (u_k, A) = lim_k F^φ_{εjk} (u_k, A) < +∞.

Then, from (3.2), we get in particular that

sup_k N∑ i=1 ∑ α∈R^{ei}_{εjk} (A)

ε^N_{jk} |D^{ei}_{εjk} u_n(α)|^p < +∞. (3.31)

Thanks to the boundary conditions on u_k it is easy to deduce that

sup_k N∑ i=1 ∑ α∈R^{ei}_{εjk} (Ω)

ε^N |D^{ei}_{εjk} u_n(α)|^p < +∞.

Then, by reasoning as in the proof of Proposition 3.4, we can prove that u ∈ W^{1,p}(Ω; R^d) and, since (u_k) converge to φ in L^p(Ω \ A; R^d), we get that u − φ ∈ W^{1,p}_0 (A; R^d). By Theorem 3.3 one has lim inf_k F^φ_{εjk} (u_k, A) = lim inf_k F_{εjk} (u_k, A) ≥ F^φ(u, A).

To prove the Γ-limsup inequality, let us first consider u ∈ W^{1,p}(Ω; R^d) such that supp (u − φ) ⊂⊂ A. Let u_k ∈ A_{εjk} (Ω), be such that (u_k) converges to u in L^p(Ω; R^d) and lim sup_k F_{εjk} (u_k, A) = F^φ(u, A).

Then, by reasoning as in the proof of Proposition 3.8, given δ > 0, we can find suitable cut-off functions ϕ_k with supp (u − φ) ⊂⊂ supp ϕ_k ⊂⊂ A such that, set v_k(α) := ϕ_k(α)u_k(α) + (1 − ϕ_k(α))φ(α), then (v_k) still converges to u in L^p(Ω; R^d), v_k ∈ A_{εjk ,φ}(Ω) for k large enough and lim sup_k F_{εjk} (v_k, A) ≤ lim sup F_{εjk} (u_k, A) + δ.

Thus, thanks to the definition of Γ-limsup we have Γ-limsupF^φ_{εjk} (u, A) ≤ F^φ(u, A) + δ.

By the arbitrariness of δ, we obtain the required inequality. In the general case the thesis follows by a density argument, thanks to the lower semicontinuity of Γ-limsup and to the continuity of F with respect to the strong convergence in W^{1,p}(Ω; R^d).

As a consequence of the previous theorem we derive the following result about the convergence of minimum problems with boundary data.

Corollary 3.11 Under the hypotheses of Theorem 3.10 we get that, for any φ ∈ Lip (R^N ), l ∈ N and A ∈ A(Ω) with Lipschitz boundary

lim_k inf{F_{εjk} (u, A) : u ∈ A^l_{εjk ,φ}} = min{F (u, A) : u − φ ∈ W^{1,p}_0 (A; R^d)}.

Moreover, if (u_k) is a converging sequence such that

lim_k F_{εjk} (u_k, A) = lim_k inf{F_{εjk} (u, A) : u ∈ A^l_{εjk ,φ}},

then its limit is a minimizer for min{F (u, A) : u − φ ∈ W^{1,p}_0 (A; R^d)}.

Proof. Let (u_k) be a sequence such that F_{εjk} (u_k, A) < +∞. Then, by (3.2) and by the boundary conditions on u_k, it is easy to show that

sup_n N∑ i=1 ∑ α∈ε_nZ^N ∩K

ε^N |D^{ei}_{εjk} u_k(α)|^p < +∞,

for any compact set K of R^N . By virtue of this property, up to passing to a continuous extension of u_k vanishing outside a bounded open set containing Ω, we get lim_{|h|→0} sup_k ‖τ_hu_k − u_k‖_Lp_{(R}N_{;R}d_) = 0,

where we have set

(τ_hu)(x) := u(x + h), x ∈ R^N , h ∈ R^N .

Then, by Frechét-Kolmogorov Theorem, there exists a subsequence (u_{kn} ) converging in L^p(Ω; R^d) to a function u ∈ L^p(Ω; R^d). Arguing as in the previous proof it is easy to show that u − φ ∈ W^{1,p}_0 (Ω). The thesis follows thanks to Theorem 3.10 and Theorem 2.1.

We can also derive the analogue of Theorem 3.10 and Corollary 3.11 about the convergence of minimum problems with periodic conditions.

Let Q(Ω) be the family of all open N-cubes contained in Ω. For any ε > 0, r > 0, Q = (x_0, x_0 + r)^N ∈ Q(Ω) and φ ∈ Lip (R^N ), set

r_ε = ε ([ r ε ] − 2 ) ,

A^#_{ε,φ}(Q) = { u ∈ A_ε(R^N ) : u − φ̂ r_ε − periodic } , where φ̂ ∈ A_ε(R^N ), φ̂(α) = φ(α) for any α ∈ εZ^N . Then define F^{φ,#}_ε : L^p(Ω; R^d)× Q(Ω) → [0, +∞] as

F^{φ,#}_ε (u, Q) =

F_ε(u, Q) if u ∈ A^#_{ε,φ}(Q)

+∞ otherwise.

(3.32)

Theorem 3.12 Let {f^ξ_ε }_{ε,ξ} satisfy (3.2), (3.3) and let (H1)-(H2) hold. Given (ε_j ) a sequence of positive real numbers converging to 0, let (ε_{jk} ) and f be as in Theorem 3.1. Then, for any φ ∈ Lip (R^N ), let F^# : L^p(Ω; R^d) × Q(Ω) → [0, +∞] be defined as F^{φ,#}(u, Q) = ∫ Q f(x, ∇u) dx if u ∈ W^{1,p}_# (Q; R^d)

+∞ otherwise.

Then, for any Q ∈ Q(Ω), (F^{φ,#}_{εjk} (·, Q)) Γ-converges with respect to the L^p(Ω; R^d)- topology to the functional F^{φ,#}(u, Q).

Proof. To prove the Γ-liminf inequality, let (u_k) be a sequence of functions belonging to A^#_{εjk ,φ}(Q) converging to u in the L^p topology such that lim inf_k F^{φ,#}_{εjk} (u_k, Q) = lim_k F^{φ,#}_{εjk} (u_k, Q) < +∞.

Then, arguing as in the proof of Theorem 3.10 and observing that r_ε → r, we can conclude that u − φ ∈ W^{1,p}_# (Q; R^d) and lim inf_k F^{φ,#}_{εjk} (u_k, Q) ≥ F^{φ,#}(u, Q).

By a density argument it suffices to prove the Γ-limsup inequality for u such that u−φ ∈ W^{1,∞}_# (Q^′; R^d) for any open N-cube Q^′ such that (x_0+δ, x_0+r−δ) ⊆ Q^′ ⊆ Q for some δ > 0. Note that, for such a u, A_{εjk ,u} ⊆ A^#_{εjk ,φ} for k large enough. Then the existence of a recovery sequence is assured by Theorem 3.10.

As a consequence of the previous theorem, by reasoning as in the proof of Corollary 3.11 one can prove the following result.

Corollary 3.13 Under the hypotheses of Theorem 3.12 we get that, for any φ ∈ Lip (R^N ) and Q ∈ Q(Ω) lim_k inf{F_{εjk} (u, Q) : u ∈ A^#_{εjk ,φ}(Q)} = min{F (u, Q) : u − φ ∈ W^{1,p}_# (Q; R^d)}. Moreover, if (u_k) is a converging sequence such that lim_k F_{εjk} (u_k, Q) = lim_k inf{F_{εjk} (u, Q) : u ∈ A^#_{εjk ,φ}},

then its limit is a minimizer for min{F (u, Q) : u − φ ∈ W^{1,p}_# (Q; R^d)}.

4 Homogenization

In this section we will show that if the functions f^ξ_ε are obtained by rescaling by ε functions f^ξ periodic in the space variable, then a Γ-convergence result holds true. This models the case when the arrangement of the “material points” presents a periodic feature (see fig. 4).

Let k = (k_1, . . . , k_N ) ∈ Z^N be given and set

R_k := (0, k_1) × · · · × (0, k_N ).

For any ξ ∈ Z^N , let f^ξ : Z^N × R^d → [0, +∞) be such that f^ξ (·, z) is R_k-periodic for any z ∈ R^d. Then we consider f^ξ_ε of the following form

f^ξ_ε (α, z) := f^ξ ( α ε , z ) . (4.1)

In this case, the growth conditions (3.2) and (3.3) and hypotheses (H1) and (H2) can be rewritten as follows:

f^{ei} (α, z) ≥ c_1(|z|^p − 1), ∀i ∈ {1, . . . , N}, (4.2)

f^ξ (α, z) ≤ C^ξ (|z|^p + 1), (4.3)

where ∑ ξ∈Z^N

C^ξ < +∞. (H3)

In the sequel we will use the following notation: for any x = (x_1, . . . , x_N ) ∈ R^N define [x]_k := ([ x_1 k_1 ] k_1, . . . , [ x_N k_N ] k_N ) . Moreover, for any A ∈ A(Ω), ε > 0, l ∈ N and M ∈ M^{d×N} we denote by A^l_{ε,M} (A) the set defined in formula (3.29) with φ(x) = Mx. By simplicity of notation, we set A^1_{ε,M} (A) := A_{ε,M} (A). Finally for every r > 0 we set Q_r := (0, r)^N .

The following theorem is the main result of this section and its proof is obtained by adapting a homogenization argument to the discrete setting. We remark that a central role is played by Theorems 3.1 and 3.3 and by the convergence of minimum problems with boundary data stated in Corollary 3.11. Moreover, we recall that the following result has been already proven in [11] in the one-dimensional case, where a more straightforward proof is possible.

Theorem 4.1 Let {f^ξ_ε }_{ε,ξ} satisfy (4.1)-(4.3) and let (H3) hold. Then, (F_ε) Γ-converges with respect to the L^p(Ω; R^d)-topology to the functional F : L^p(Ω; R^d) → [0, +∞] defined as

F (u) = ∫ Ω f_{hom}(∇u) dx if u ∈ W^{1,p}(Ω; R^d)

+∞ otherwise,

(4.4)

Figure 4: example of periodic structure

where f_{hom} : M^{d×N} → [0, +∞) is given by the following homogenization formula

f_{hom}(M) := lim_{h→+∞} 1 h^N min { ∑ ξ∈Z^N ∑ β∈R^ξ_1(Q_h)

f^ξ (β, D^ξ_1v(β)), v ∈ A_{1,M} (Q_h) } (4.5)

Proof. Let (ε_n) be a sequence of positive numbers converging to 0. Then, by Theorems 3.1 and 3.3, we can extract a subsequence (not relabelled) such that (F_{εn} ) Γ-converges to a functional F defined as in (3.4) and such that, for any u ∈ W^{1,p}(Ω; R^d), A ∈ A(Ω)

Γ- lim_n F_{εn} (u, A) = ∫ A f(x, ∇u) dx.

The theorem is proved if we show that f does not depend on the space variable x and f ≡ f_{hom}. To prove the first claim, by Theorem 2.2, it suffices to show that, set F (u, A) = ∫ A f(x, ∇u) dx,

then F (Mx, B(y, ρ)) = F (Mx, B(z, ρ))

for all M ∈ M^{d×N} , y, z ∈ Ω and ρ > 0 such that B(y, ρ) ∪ B(z, ρ) ⊂ Ω. We will prove that F (Mx, B(y, ρ)) ≤ F (Mx, B(z, ρ)), the proof of the opposite inequality being analogous. By the inner regularity of F (Mx, ·), given by Proposition 3.8, it suffices to show that for any ρ^′ < ρ we get

F (Mx, B(y, ρ^′)) ≤ F (Mx, B(z, ρ)). (4.6)

Let, then, v_n ∈ A_{εn} (Ω) be such that (v_n) converges to Mx in L^p(Ω; R^d) and

lim_n F_{εn} (v_n, B(z, ρ)) = F (Mx, B(z, ρ)). (4.7)

For n ∈ N, define u_n ∈ A_{εn} (Ω) as

u_n(α) := v_n ( α − ε_n

[_{y−z}

ε_n ] k ) + ε_nM

[_{y−z}

ε_n ] k if α ∈ ε_nZ^N ∩ B(y, ρ^′)

Mα otherwise.

Then it is easy to verify that (u_n) converges to Mx in L^p(Ω; R^d). Moreover for n large enough R^ξ_{εn} (B(y, ρ^′)) − ε_n [ y − z ε_n ] k ⊆ R^ξ_{εn} (B(z, ρ)).

Thus, since, by the periodicity hypothesis, f^ξ ( α − ε_n

[_{y−z}

ε_n ] k , z ) = f^ξ (α, z) and

D^ξ_ε u_n(α) = D^ξ_ε v_n ( α − ε_n

[_{y−z}

ε_n ] k ) , we get for n large enough

F_{εn} (u_n, B(y, ρ^′)) ≤ F_{εn} (v_n, B(z, ρ)).

Eventually, by (4.7), we obtain

F (Mx, B(y, ρ^′)) ≤ lim inf_{n→+∞} F_{εn} (u_n, B(y, ρ^′))

≤ lim_{n→+∞} F_{εn} (v_n, B(z, ρ)) = F (Mx, B(z, ρ)).

In order to prove that f ≡ f_{hom}, first note that, by the lower semicontinuity of F in W^{1,p}(Ω; R^d), f is quasiconvex, so that, by the p-growth properties of f, for any A ∈ A(Ω) with Lipschitz boundary and for any M ∈ M^{d×N} there holds

f(M) = 1 |A| min { ∫ A f(∇u) dx : u − Mx ∈ W^{1,p}_0 (A; R^d) }

= 1 |A| min { F (u, A) : u − Mx ∈ W^{1,p}_0 (A; R^d) }

= 1 |A| lim_n inf {F_{εn} (u, A) : u ∈ A_{εn,M} (A)} ,

where the last equality follows by Corollary 3.11. In particular, if x_0 ∈ Ω and r > 0 are such that Q_r(x_0) := (x_0, x_0 + r)^N ⊆ Ω, then

f(M) = lim_n 1 r^N inf{F_{εn} (u, Q_r(x_0)) : u ∈ A_{εn,M} (Q_r(x_0))}.

Without loss of generality, we may suppose x_0 = 0. If we set

T_n := [ r ε_n ] + 1,

then it is easy to show that A_{εn,M} (Q_r) = A_{εn,M} (Q_{εnTn} ) and that for ξ ∈ Z^N R^ξ_{εn} (Q_r) = R^ξ_{εn} (Q_{εnTn} ). Thus

f(M) = lim_n 1 r^N inf{F_{εn} (u, Q(0, ε_nT_n)) : u ∈ A_{εn,M} (Q_{εnTn} )}.

Eventually, through the change of variable β = α ε , v(β) = 1 ε u(εβ), (4.8) we get

f(M) = lim_n

( ε_n r )_N inf { ∑ ξ∈Z^N ∑ β∈R^ξ_1(Q_{Tn} )

f^ξ (β, D^ξ_1v(β)), v ∈ A_{1,M} (Q_{Tn} ) }

= lim_n 1 T^N_n inf { ∑ ξ∈Z^N ∑ β∈R^ξ_1(Q_{Tn} )

f^ξ (β, D^ξ_1v(β)), v ∈ A_{1,M} (Q_{Tn} ) } ,

where the last equality holds since lim_n T_n ε_n r = 1.

Then the thesis will follow by the next proposition.

Proposition 4.2 Let f^ξ satisfy (4.2),(4.3) and (H3) for any ξ ∈ Z^N . Then the limit lim h→+∞ 1 h^N inf { ∑ ξ∈Z^N ∑ β∈R^ξ_1(Q_h)

f^ξ (β, D^ξ_1v(β)), v ∈ A_{1,M} (Q_h) }

exists for all M ∈ M^{d×N} .

Proof. Let M ∈ M^{d×N} be fixed and set F_1(v, A) := ∑ ξ∈Z^N ∑ β∈R^ξ_1(A)

f^ξ (β, D^ξ_1v(β)),

f_h(M) := 1 h^N inf {F_1(v, Q_h), v ∈ A_{1,M} (Q_h)} .

Moreover for any R > 0, set F^R_1 (v, A) := ∑ |ξ|≤R ∑ β∈R^ξ_1(A)

f^ξ (β, D^ξ_1v(β)), f^R_h (M) := 1 h^N inf { F^R_1 (v, Q_h), v ∈ A_{1,M} (Q_h) } . We prove that lim R→+∞

sup_h |f^R_h (M) − f_h(M)| = 0. (4.9)

To this end, since f^R_h (M) ≤ f_h(M) for any h ∈ N and R > 0, it suffices to prove that for any δ > 0, there exist R_δ > 0 such that

f_h(M) ≤ f^R_h (M) + δ, ∀R > R_δ , h ∈ N

Fix δ > 0 and let v^R_h ∈ A_{1,M} (Q_h) be such that 1 h^N

F^R_h (v^R_h , Q_h) ≤ f^R_h (M) + 1 R . (4.10)

By testing the minimum problem defining f^R_h (M) with v(α) = Mα, we get, by (4.3) and (H3), that

f^R_h (M) ≤ 1 h^N

F^R_h (Mα, Q_h) ≤ C|M|^p.

Thus, by (4.10) and (4.2), we obtain that

sup_{h,R} 1 h^N N∑ i=1 ∑ β∈R^{ei}_1 (Q_h)

|D^{ei}_1 v^R_h (β)|^p < +∞.

Then, by arguing as in the proof of Lemma 3.6 and thanks to the particular geometry of the sets Q_h, we deduce that

sup_{h,R} 1 h^N sup_{ξ∈ZN} ∑ β∈R^ξ_1(Q_h)

|D^ξ_1v^R_h (β)|^p < +∞.

Eventually, we have

f_h(M) ≤ 1 h^N

F_h(v^R_h , Q_h) ≤ 1 h^N

F^R_h (v^R_h , Q_h) + 1 h^N ∑ |ξ|>R

C^ξ ∑ β∈R^ξ_1(Q_h)

|D^ξ_1v^R_h (β)|^p

≤ f^R_h (M) + 1 R + C ∑ |ξ|>R

C^ξ .

Thus, it suffices to choose R_δ > 0 such that for R > R_δ 1 R + C ∑ |ξ|>R

C^ξ ≤ δ.

So far, in order to prove the thesis, it suffices to show that for any R > 0 there exists the limit lim_h f^R_h (M). Set f^{R,R}_h (M) := 1 h^N inf { F^R_1 (v, Q_h), v ∈ A^{[R]}_{1,M} (Q_h) } . Using backward the scaling argument exploited in the proof of the previous proposition and thanks to Theorem 3.10 and Corollary 3.11, one can show that, for any subsequence (h_n) ⊂ N it is possible to extract a further subsequence (not relabelled) such that

lim_n f^R_{hn} (M) = lim_n f^{R,R}_{hn} (M). (4.11)

Thus, to complete the proof, it is sufficient to prove that there exists the limit

lim_h f^{R,R}_h (M).

Let h ∈ N and let v_h ∈ A^{[R]}_{1,M} (Q_h) be such that 1 h^N

F^R_1 (v_h, Q_h) ≤ f^{R,R}_h (M) + 1 h . For any k > h define a function u_k ∈ A^{[R]}_{1,M} (Q_k) as follows

u_k(α) = v_h(α − hi) + hMi if α ∈ hi + Q_h, i ∈ { 0, . . . ,

[_k h ] − 1 }_N

Mα otherwise

Note that for any ξ ∈ Z^N , |ξ| ≤ R we have

R^ξ_1(Q_k) ⊆ ( ⋃ i∈{0,...,[^k_h ]−1 }^N

R^ξ_1(hi + Q_h) ) ∪ R^ξ_1 ( Q_k \ ⋃ i∈{0,...,[^k_h ]−1 }^N

(hi + Q_h) )

∪ ( ⋃ i∈{0,...,[^k_h ]−1 }^N ( hi + ( {0, . . . , h + R}^N \ {0, . . . , h − R}^N ))) .

Moreover D^ξ_1u_k(α) = M^ξ_{|ξ|} if α ∈ R^ξ_1 ( Q_k \ ⋃ i∈{0,...,[^k_h ]−1 }^N

(hi + Q_h) ) or α ∈ ⋃ i∈{0,...,[^k_h ]−1 }^N ( hi + ( {0, . . . , h + R}^N \ {0, . . . , h − R}^N )) , and

# ( R^ξ_1 ( Q_k \ ⋃ i∈{0,...,[^k_h ]−1 }^N

(hi + Q_h) )) ≤ k^N − [ k h ]_N

h^N ,

# ( {0, . . . , h + R}^N \ {0, . . . , h − R}^N ) ≤ (h + R)^N − (h − R)^N .

Then, by (4.3) and (H3), we get

f^{R,R}_k (M) ≤ 1 k^N

F^R_1 (u_k, Q_k) ≤ [ k h ]_N 1 k^N

F^R_1 (v_h, Q_h)

+C|M|^P 1 k^N ( k^N − [ k h ]_N h^N + [ k h ]_N (

(h + R)^N − (h − R)^N ) )

≤ [ k h ]_N

h^N k^N ( f^{R,R}_h (M) + 1 h )

+C|M|^P 1 k^N ( k^N − [ k h ]_N h^N + [ k h ]_N (

(h + R)^N − (h − R)^N ) ) . By letting k tend to +∞, we then get

lim sup_k f^{R,R}_k (M) ≤ f^{R,R}_h (M) + 1 h + C|M|^P 1 h^N ( (h + R)^N − (h − R)^N )

Eventually, letting h tendo to +∞, we obtain

lim sup_k f^{R,R}_k (M) ≤ lim inf_h f^{R,R}_h (M),

that is the conclusion.

Remark 4.3 In formula (4.5) we can replace A_{1,M} (Q_h) by A^l_{1,M} (Q_h) for any fixed l ∈ N, the proof being exactly the same.

Remark 4.4 The function f_{hom} in Theorem 4.1 also satisfies

f_{hom}(M) = lim_{h→+∞} 1 h^N inf { ∑ ξ∈Z^N ∑ β∈R^ξ_1(Q_h)

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) ) ,

v ∈ A_{1,#} (Q_{h−2} ) } , (4.12)

where, for every k ∈ R,

A_{1,#}(Q_k) := {v ∈ A_1(R^N ) : v k-periodic}.

This characterization can be proved by arguing as in the proof of Theorem 4.1 and Proposition 4.2 taking into account Corollary 3.13 and recalling that, since f_{hom} is quasiconvex, there holds

f_{hom}(M) = 1 r^N min { ∫ Q_r

f_{hom}(M + ∇ψ) dx : ψ ∈ W^{1,p}_# (Q_r; R^d) }

= 1 r^N min { F (Mα + ψ, Q_r) : ψ ∈ W^{1,p}_# (Q_r; R^d) } .

As a consequence of Theorem 3.10, Corollary 3.11 and Theorem 4.1 we immediately derive the following result about Γ-convergence and convergence of minimum problems for homogeneous functionals subject to Dirichlet boundary conditions. Theorem 4.5 For any φ ∈ Lip (R^N ) and l ∈ N let F^{φ,l}_ε be defined by (3.30) and let F^φ : L^p(Ω; R^d) × A(Ω) → [0, +∞] be defined as

F^φ(u, A) = ∫ A f_{hom}(∇u) dx if u − φ ∈ W^{1,p}_0 (A; R^d) +∞ otherwise.

(4.13)

Under the hypotheses of Theorem 4.1, F^φ_ε (·, A) Γ-converges with respect to the L^p(Ω; R^d)-topology to F^φ(·, A) for any A ∈ A.

Corollary 4.6 Under the hypotheses of Theorem 4.5, for any φ ∈ Lip (R^N ), l ∈ N and A ∈ A(Ω)

lim_{ε→0} inf{F_ε(u, A) : u ∈ A^l_{ε,φ}} = min{F (u, A) : u − φ ∈ W^{1,p}_0 (A; R^d)}. Moreover, for any (ε_j ) converging to zero as j tends to infinity, if (u_j ) is a converging sequence such that lim_j F_{εj} (u_j , A) = lim_j inf{F_{εj} (u, A) : u ∈ A^l_{εj ,φ}},

then its limit is a minimizer for min{F (u, A) : u − φ ∈ W^{1,p}_0 (A; R^d)}. An analogous result about the convergence of minimum problems with periodic conditions follows by Theorem 3.12 and Corollary 3.13.

5 The convex case: a cell problem formula

In this section we will see that in the convex case the function f_{hom} can be rewritten by a single periodic minimization problem on the periodic cell R_k. Set

k̂ :=^N ∏ i=1 k_i,

I_k := N∏ i=1 {0, . . . , k_i − 1} and A_{1,#}(R_k) := {u ∈ A_1(R^N ) : u is R_k − periodic}

Theorem 5.1 Let (f^ξ_ε )_{ε,ξ} satisfies all the assumptions of Theorem 4.1 and in addition let f^ξ_ε (α, ·) be convex for all α ∈ εZ^N , ε > 0 and ξ ∈ Z^N . Then the conclusion of Theorem 4.1 holds with f_{hom} satisfying

f_{hom}(M) = 1 k̂ inf { ∑ ξ∈Z^N ∑ β∈I_k

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) ) , v ∈ A_{1,#} (R_k) } ,

for all M ∈ M^{d×N} . Proof. Set

f(M) := 1 k̂ inf { ∑ ξ∈Z^N ∑ β∈I_k

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) ) , v ∈ A_{1,#} (R_k) } . We first prove that f_{hom}(M) ≤ f(M). (5.1) With fixed δ > 0, let v ∈ A_{1,#} (R_k) be such that 1 k̂ ∑ ξ∈Z^N ∑ β∈I_k

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) ) ≤ f(M) + δ.

For n ∈ N, since in particular v ∈ A_{1,#}(Q_{nk̂}), we get

f^#_{nk̂+2}(M) ≤ ∑ ξ∈Z^N ∑ β∈R^ξ_1(Q_{nk̂})

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) )

≤ n^N k̂^{N−1} ∑ ξ∈Z^N ∑ β∈I_k

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) ) , where the last inequality follows by the periodicity of v, (f(·, z)) and by the fact that Q_{nk̂} is union of n^N k̂^{N−1} periodicity cells. Eventually, by Remark 4.12, we get

f_{hom}(M) ≤ lim sup_n 1 (nk̂ + 2) N f^#_{nk̂+2}(M) ≤ 1 k̂ ∑ ξ∈Z^N ∑ β∈I_k

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) ) ≤ f(M) + δ,

and inequality (5.1) follows, by letting δ tend to 0. Let us prove that

f_{hom}(M) ≥ f(M).

For any R > 0, set

f^R_{hom}(M) := lim_{h→+∞} 1 h^N inf { ∑ |ξ|≤R ∑ β∈R^ξ_1(Q_h)

f^ξ (β, D^ξ_1v(β)), v ∈ A^{[R]}_{1,M} (Q_h) } , f^R(M) := 1 k̂ inf { ∑ |ξ|≤R ∑ β∈I_k

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) ) , v ∈ A_{1,#} (R_k) } . By (4.9) and (4.11)we easily derive that lim R→+∞

f^R_{hom}(M) = f_{hom}(M).

Analogously one can prove that lim R→+∞

f^R(M) = f(M).

Thus it suffices to prove that for any R > 0

f^R_{hom}(M) ≥ f^R(M). (5.2)

For n ∈ N, let u ∈ A^{[R]}_{1,M} (Q_{nk̂}) and let v ∈ A_{1,#}(Q_{nk̂}) be such that

v(α) = u(α) − Mα, ∀α ∈ Q_{nk̂}.

Moreover set

I^n_k := N∏ i=1 {0, . . . , n ∏ j≠i

k_j − 1}.

Then, we get 1 (nk̂)^N ∑ |ξ|≤R ∑ β∈R^ξ_1(Q_{nk̂})

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) )

= 1 (nk̂)^N ∑ |ξ|≤R ∑ β∈{0,...,n k̂}^N

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) ) − O( 1 n )

= 1 k̂ ∑ |ξ|≤R ∑ β∈I_k 1 k̂N−1 nN ∑ γ∈I^n_k

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β + N∑ i=1 γ_ik_ie_i) ) − O( 1 n )

≥ 1 k̂ ∑ |ξ|≤R ∑ β∈I_k

f^ξ β, M ξ |ξ| + 1 k̂N−1 nN ∑ γ∈I^n_k

D^ξ_1v(β + N∑ i=1 γ_ik_ie_i)

− O( 1 n ),

where in the last inequality we have used the convexity hypothesis on f^ξ . Eventually, set

v_n(β) := 1 k̂N−1 nN ∑ γ∈I^n_k

v(β + N∑ i=1 γ_ik_ie_i).

It is easy to show that v_n ∈ A_{1,#}(R_k) and so, by the previous inequality, we get 1 (nk̂)^N ∑ |ξ|≤R ∑ β∈R^ξ_1(Q_{nk̂})

f^ξ ( β, M ξ |ξ| + D^ξ_1v(β) )

≥ 1 k̂ ∑ |ξ|≤R ∑ β∈I_k

f^ξ ( β, M ξ |ξ| + D^ξ_1v_n(β) ) − O( 1 n )

≥ f^R(M) − O( 1 n ). Passing to the inf with respect to u ∈ A^R_{1,#}(Q_{nk̂}), we get

f^{R,R}_{nk̂+2}(M) ≥ f^R(M) − O( 1 n ), and then, letting n tend to +∞, we obtain (5.2).

Remark 5.2 (quadratic forms) Under the hypotheses of Theorem 5.1, if in addition for any ξ ∈ Z^N f^ξ (α, ·) is a positive quadratic form on R^d, that is

f^ξ (α, z) = ⟨A^ξ (α)z, z⟩ A^ξ (α) ∈ M^{d×d}_{sym},

then, thanks to Remark 3.2, the limit energy density f_{hom}(·) is a homogeneous quadratic form on M^{d×N} and formula (3.5) becomes

f_{hom}(M)= A_{hom} (M, M) = 1 k̂ inf { ∑ ξ∈Z^N ∑ β∈I_k

⟨A^ξ (β) · ( M ξ |ξ| + D^ξ_1v(β) ) , ( M ξ |ξ| + D^ξ_1v(β) ) ⟩, v ∈ A_{1,#} (R_k) }

with A_{hom} ∈ T_2(M^{d×N} ).

If N = d = 1 and only nearest-neighbor interactions are taken into account, that is f^ξ ≡ 0 if ξ ≠ e_1, f^{e1} (α, z) = a(α)z^2, with a : Z^N → (0, +∞) k-periodic, the previous minimum problem can be easily solved (see [9])giving the analogue in the discrete setting of a well known homogenization result for integral functionals (see [6]). In fact, in this case

A_{hom} = 1 k k−1∑ β=0 1 a(β) −1

is the harmonic mean of a(·).

Remark 5.3 Note that if R_k = (0, 1)^N , that is f^ξ does not depend on the space variable α, in Theorem 5.1 we obtain

f_{hom}(M) = ∑ ξ∈Z^N

f^ξ ( M ξ |ξ| ) . 6 Interactions along independent directions and reduction to the 1-dimensional case

In this section we first recall some results proven in the 1-dimensional setting in [11], where a non-asymptotic formula defining the limit energy density f_{hom} is provided when only nearest and next-to-nearest neighbor interactions are considered.

Then in Theorem 6.3 we will show that, if only interactions along the coordinate directions are taken into account, the N-dimensional problem can be reduced to a 1-dimensional one.

The following two theorems have been proven in [11] in the case d = 1. Their proof in the case d > 1 is the same.

Theorem 6.1 (nearest-neighbor interactions) Let Ω = (0, l) ⊂ R and let F_ε : L^p(Ω; R^d) → [0, +∞) be defined as

F_ε(u) := l−2∑ i=1 εf ( u(ε(i + 1)) − u(εi) ε ) if u ∈ A_ε(Ω)

+∞ otherwise,

with f : R^d → [0, +∞) satisfying f(z) ≥ C(|z|^p − 1). Then the conclusions of Theorem 4.1 hold with f_{hom}(z) = f^{∗∗} (z).

Theorem 6.2 (next-to-nearest neighbor interactions) Let Ω = (0, l) ⊂ R and let F_ε : L^p(Ω; R^d) → [0, +∞) be defined as

F_ε(u) := l−2∑ i=1 εf^1 ( u(ε(i + 1)) − u(εi) ε ) + l−3∑ i=1 εf^2 ( u(ε(i + 2)) − u(εi) 2ε )

if u ∈ A_ε(Ω)

+∞ otherwise,

with f^1, f^2 : R^d → [0, +∞) satisfying f^1(z) ≥ C(|z|^p − 1). Then the conclusions of Theorem 4.1 hold with f_{hom}(z) = f̃^{∗∗} (z),

where f̃(z) = f^2(z) +^1_2 inf{f^1(z_1) + f^1(z_2), z_1 + z_2 = 2z}.

Back to the general N-dimensional setting, we consider now energies of the form

F_ε(u) = N∑ i=1 F^i_ε(u, Ω) if u ∈ A_ε(Ω)

+∞ otherwise,

(6.1)

where, for any i ∈ {1, . . . , N}, F^i_ε : A_ε(Ω) × A(Ω) → [0, +∞] is defined as

F^i_ε(u, A) := +∞∑ k=1 ∑ α∈R^{kei}_ε (A)

ε^N f^k_i (D^{kei}_ε u(α)) (6.2)

with f^k_i : R^d → [0, +∞) satisfying

f^1_i (z) ≥ c(|z|^p − 1), f^k_i (z) ≤ C^k_i (|z|^p + 1)

and_N ∑ i=1 +∞∑ k=1 C^k_i < +∞.

This is a particular case of the model considered in Section 4, with f^ξ ≡ 0 if ξ ≠ ke_i, f^{kei} (0, z) = f^k_i (z), i ∈ {1, . . . , N}, k ∈ N, and R_k = (0, 1)^N .

The following theorem shows that, in this case, the homogenization formula defining f_{hom} can be rewritten as a sum of N one-dimensional homogenization formulas.

Theorem 6.3 Let F_ε be defined by (6.2). Then the Γ-convergence result stated in Theorem 4.1 holds with f_{hom} satisfying

f_{hom}(M) = N∑ i=1 f̃_i(M^i) (6.3)

for any M = (M^1, . . . , M^N ) ∈ M^{d×N} , where f̃_i : R^d → R, i ∈ {1, . . . , N}, is defined by the following 1-dimensional homogenization formula

f̃_i(z) := lim_{h→+∞} 1 h inf +∞∑ k=1 h−k−1∑

j=1 f^k_i ( v(j + k) − v(j) k ) , v ∈ A_{1,z}((0, h))

Proof. We first prove that

f_{hom}(M) ≥ N∑ i=1 f̃_i(M^i).

To do this, by the definition of f_{hom}(M), it suffices to show that for any i ∈ {1, . . . , N}, u ∈ A_{1,M} (Q_h) we have 1 h^N

F^i_1(u, Q_h) ≥ f̃_i(M^i) + O(h). (6.4)

We use a slicing argument. For i ∈ {1, . . . , N}, set

m^i_h(z) := 1 h inf +∞∑ k=1 h−k−1∑

j=1 f^k_i ( v(j + k) − v(j) k ) , v ∈ A_{1,z}((0, h)) . By simplicity of notation, we prove (6.4) for i = 1. Given u ∈ A_{1,M} (Q_h), we may write

F^1_1 (u, Q_h) = ∑ β∈{1,...,h−1}^{N−1} +∞∑ k=1 h−k−1∑

j=1 f^k_1 ( u(j + k, β) − u(j, β) k ) (6.5)

Since for any β ∈ {1, . . . , h − 1}^{N−1} the function v(j) := u(j, β) − M̃β belongs to A_{1,M} 1 (0, h), where M̃ := ( M^2, . . . , M^N ) , from (6.5) we get 1 h^N

F^1_1 (u, Q_h) ≥ 1 h^{N−1} # ( {1, . . . , h − 1}^{N−1} ) m^1_h(M^1) ≥ m^1_h(M^1).

We then easily infer inequality (6.4).

We now prove that

f_{hom}(M) ≤ N∑ i=1 f̃_i(M^i). (6.6)

With fixed η > 0, for any i ∈ {1, . . . N} let v^i_h ∈ A^2_{1,M i} (0, h) be such that 1 h +∞∑ k=1 h−k−1∑

j=1 f^k_i ( v^i_h(j + k) − v^i_h(j) k ) ≤ m^i_h(M^i) + η, (6.7)

and set

u_h(α) := N∑ i=1 v^i_h(α_i), α = (α_1, . . . , α_N ).

Note that u_h ∈ Mα + A_{1,#}(Q_{h−2} ). Moreover by the analogue of (6.5) applied to F^i_1(u_,Q_h) for any i ∈ {1, . . . , N} and by (6.7), we easily deduce that 1 h^N N∑ i=1 F_1(u_h, Q_h) ≤ N∑ i=1 m^i_h(M^i) + Nη.

Eventually, by the characterization of f_{hom} given by formula (4.12), letting first h tend to +∞ and then η tend to 0, we get (6.6).

Remark 6.4 Note that formula (6.3) highlights that a superposition principle holds, in the sense that the limit energy is obtained by relaxing the energies due to the interactions in every coordinate direction independently and then summing over them.

Remark 6.5 (a)(nearest-neighbors) By Theorem 6.1, if f^k_i = 0 for all k ≠ 1, then formula (6.3) can be rewritten as

f_{hom}(M) = N∑ i=1 (f^1_i )^{∗∗} (M^i);

(b)(next-to-nearest neighbors) By Theorem 6.2, if f^k_i = 0 for all k ≠ 1, 2, then formula (6.3) can be rewritten as

f_{hom}(M) = N∑ i=1 (f̃_i)^{∗∗} (M^i),

with f̃_i(z) = f^2_i (z) + 1 2 inf{f^1_i (z_1) + f^1_i (z_2), z_1 + z_2 = 2z}.

7 An example of quasiconvex not convex limit energy density

In the following we provide an example of vector-valued discrete interaction energies defined in the plane whose continuous counterpart has an energy density which is a quasiconvex (not polyconvex) function. Our example draws inspiration from Šverák’s construction of a quasiconvex function which is not polyconvex (see [21] ). Let N = d = 2, p > 1 and define f_i : R^2 → [0, +∞), i = 1, 2, 3, as

f_i(z) =

1 + |z|^p if z ≠ ±^{ξi}_{|ξi|}

0 otherwise,

where ξ_1 = e_1, ξ_2 = e_2, ξ_3 = e_1 + e_2. Let F_ε be defined as

F_ε(u) = 3∑ i=1 ∑ α∈R^{ξ i}_ε

ε^2f_i ( D^{ξi}_ε u(α) ) ,

then the conclusions of Theorems 4.1, 4.5 and Corollary 4.6 hold with f_{hom} given by f_{hom}(M) = lim_{h→+∞} 1 h^N min {^3∑ i=1 ∑ β∈R^{ξ i}_1 (Q_h)

f_i(D^{ξi}_1 v(β)), v ∈ A_{1,M} (Q_h) }

Theorem 7.1 f_{hom} is not convex.

Proof. By testing the minimum problem defining f_{hom} with the identity function and its opposite, we immediately obtain that f_{hom}(I) = f_{hom}(−I) = 0 where I is the identity matrix in M^{2×2} . The claim is proven if we show that f_{hom}(0) > 0. We argue by contradiction. Without loss of generality we may assume that Theorem 4.5 hold with A = Q_1. Were f_{hom}(0) zero, there should exist a sequence u_n ∈ A_{εn,0}(Q_1) such that u_n → 0 in L^p(Q_1; R^2) and lim_n F_{εn} (u_n) = 0. (7.1) Set T^+ := {(x_1, x_2) ∈ R^2 : 0 ≤ x_1 ≤ 1, x_1 ≤ x_2 ≤ 1} T^− := {(x_1, x_2) ∈ R^2 : 0 ≤ x_1 ≤ 1, 0 ≤ x_2 ≤ x_1}, we consider the family of piecewise affine functions v_n : Q_1 → R^2 defined as follows

v_n(x) = u_n(α) + D^{e1}_{εn} u_n(α)(x_1 − α_1) +D^{e2}_{εn} u_n(α + ε_ne_1)(x_2 − α_2) if x ∈ α + ε_nT^− u_n(α) + D^{e1}_{εn} u_n(α + ε_ne_2)(x_1 − α_1) +D^{e2}_{εn} u_n(α)(x_2 − α_2) if x ∈ α + ε_nT^+.

Note that v_n|_{∂Q1} = 0. Moreover it is easy to check that F_{εn} (u_n) = ∫ Q_1

f̃(∇v_n) dx. (7.2)

where f̃ : M^{2×2} → [0, +∞) is defined as

f̃(ζ) := f_1(ζ_1) + f_2(ζ_2) + f_3 ( ζ_1 + ζ_2 √ 2 ) ζ = (ζ_1, ζ_2) ∈ M^{2×2} .

In particular, by (7.1) lim_n ∫ Q_1

f̃(∇v_n) dx = 0 (7.3)

Since we have f̃(ζ) ≥ c(|ζ_{11} − ζ_{22}|^p + |ζ_{12} + ζ_{21}|^p), by (7.1) and (7.2) we obtain lim_n ∫ Q_1

(|∇_1v^1_n − ∇_2v^2_n|^p + |∇_1v^2_n + ∇_2v^1_n|^p) dx = 0. (7.4)

Since Δv^1_n = div(∇_1v^1_n − ∇_2v^2_n, ∇_1v^2_n + ∇_2v^1_n) Δv^2_n = div(∇_1v^2_n + ∇_2v^1_n, −∇_1v^1_n + ∇_2v^2_n), using the L^p estimates for the Laplace operator (see [19]) we obtain that ‖∇v^i_n‖^p_{Lp(Q1;R2)} ≤ ‖Δv^i_n‖^p_{W −1,p (Q1;R2)} ≤ ∫ Q_1

(|∇_1v^1_n − ∇_2v^2_n|^p + |∇_1v^2_n + ∇_2v^1_n|^p) dx

for i = 1, 2. Then, by (7.4) and the previous estimates, ∇v_n converges to 0 strongly in L^p(Q_1; M^{2×2} ), so that

lim_n ∫ Q_1

f̃(∇v_n) dx = f̃(0) |Q_1| > 0.

Hence we reach a contradiction.

Remark 7.2 In the particular case 1 < p < 2, thanks to the growth hypotheses on f_i, f_{hom} is a quasiconvex not polyconvex function (see [6], Remark 6.9).

References

[1] R. Alicandro, M. Focardi and M.S. Gelli, Finite difference approximation of energies in fracture mechanics, Ann. Scuola Norm. Sup. Pisa Sc. Fis e Mat. 29 (2000), 671-709.

[2] L. Ambrosio, N. Fusco and D. Pallara, Functions of Bounded Variation and Free Discontinuity Problems, Oxford University Press, Oxford, 2000.

[3] A. Braides, Non local variational limits of discrete systems, Comm. Contemporary Math. 2 (2000), 285-297.

[4] A. Braides, Γ-convergence for Beginners. Oxford University Press, Oxford, 2002.

[5] A. Braides, G. Dal Maso and A. Garroni, Variational formulation of softening phenomena in fracture mechanics: the one-dimensional case, Arch. Rational Mech. Anal. 146 (1999), 23-58.

[6] A. Braides and A. Defranceschi, Homogenization of Multiple Integrals, Oxford University Press, Oxford, 1998.

[7] A. Braides and G. Francfort, Bounds on the effective behaviour of conducting networks, Manuscript 2003.

[8] A. Braides and M.S. Gelli, Continuum limits of discrete systems without convexity hypotheses, Math. Mech. Solids 6 (2002), 395-414.

[9] A. Braides and M.S. Gelli, From discrete to continuum: a variational approach, Lecture Notes SISSA, Trieste, 2000.

[10] A. Braides and M.S. Gelli, Limits of discrete systems with long range interactions, J. Convex Anal. 9 (2002), 363-399.

[11] A.Braides, M.S. Gelli and M. Sigalotti, The passage from non-convex discrete systems to variational problem in Sobolev spaces: the one-dimensional case, Proc. Steklov Inst. 236 (2002), 395-414.

[12] H. Brezis, Analyse fonctionelle, Masson, Paris, 1983.

[13] G. Buttazzo, Semicontinuity, Relaxation and Integral Representation in the Calculus of Variations, Pitman, London, 1989.

[14] A. Chambolle, Finite differences discretizations of the Mumford-Shah functional, RAIRO-Model. Math. Anal. Numer. 33 (1999), 261-288.

[15] G. Dal Maso, An Introduction to Γ-convergence, Birkhäuser, Boston, 1993.

[16] E. De Giorgi and T. Franzoni, Su un tipo di convergenza variazionale, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 82 (1988), 199-210.

[17] E. De Giorgi and G. Letta, Une notion générale de convergence faible pour des fonctions croissantes d’ensamble, Ann. Scuola Norm. Sup. Pisa Cl. Sci.4 (1977), 61-99.

[18] G. Friesecke and F. Theil, Validity and failure of the Cauchy-Born Hypothesis in a 2D mass-spring lattice, J. of Nonlinear Science, 12 (2002), 445-478.

[19] C. B. Morrey, Multiple Integrals of the Calculus of Variations., Springer Verlag, Berlin, 1966.

[20] A. Piatnitski and E. Remy, Homogenization of elliptic difference operators, SIAM J. Mth. Anal.33 (2001), 53-83.

[21] V. Šverák, Quasiconvex functions with subquadratic growth, Proc. R. Soc.

London 433 (1991), 725-733.

[22] L. Truskinovsky, Fracture as phase transition, In “Contemporary reserch in the mechanics and mathematics of materials”, R. C. Batra - M. F. Beatty (eds.), CIMNE, Barcelona, (1996), 322-332.

[23] M. Vogelius, A homogenozation for planar polygonal networks RAIRO-Model.

Math. Anal. Numer. 25 (1991), 483-514.