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ABSTRACT. A variational model proposed in the physics literature to describe the onset of pat-
tern formation in two-component bilayer membranes and amphiphilic monolayers leads to the
analysis of a Ginzburg-Landau type energy, precisely,

U — / [W (u) — q|Vul® + |V2u|2] dzx.
Q

When the stiffness coefficient —gq is negative, one expects curvature instabilities of the membrane
and, in turn, these instabilities generate a pattern of domains that differ both in composition
and in local curvature. Scaling arguments motivate the study of the family of singular perturbed
energies

1
u— Fe(u,Q) = / |:7W(u) — ge|Vul? + 83|V2u|2:| dx.
Q LE

Here, the asymptotic behavior of {F.} is studied using I'-convergence techniques. In particular,
compactness results and an integral representation of the limit energy are obtained.

1. INTRODUCTION

In [10], [21], (see also [11, 18]) Andelman, Kawasaki, Kawakatsu, and Taniguchi introduced a
nonlocal variational model for the shape deformation of unilamellar membranes undergoing an
inplane phase separation. A simplified local version of this model (see [18]) leads to the study of
a Ginzburg-Landau energy

/ {W(u) — q|Vu* +|V2u|? | de, (1.1)
Q

where the order parameter v is a real-valued function on a domain Q C R2, W is a nonnegative
double-well potential and ¢ > 0. Here, and in what follows, Vu and V2u denote the gradient
vector and the Hessian matrix of u, respectively. Since the stiffness coefficient —q is negative, one
expects instability of the membrane and pattern formation.

The model (1.1) in the one-dimensional case was independently proposed by Coleman, Marcus,
and Mizel in [4] in connection with the study of periodic or quasiperiodic layered structures. There
is a vast literature of the qualitative properties of local minimizers of (1.1) in this setting (see [2],
[4], 9], [12], [14] [17], [19]).

In this paper we use ['-convergence techniques to characterize the singular perturbation limit of
the family of rescaled energies

1
F.(u,Q) := / [EW(U) — qe|Vul* + 3| V2ul? | da, (1.2)
Q

in dimension N > 1. The limiting functional provides the effective energy on the phase transition
surface. Our analysis will be carried out without any assumption on the sign of ¢. When ¢ = 0, the
problem was already studied in [7] under weaker hypotheses on W. The case ¢ < 0 is easier, and
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may be obtained using simpler techniques (see [9], where |V2u|? is replaced by |Au|?). However,
it is also covered by our arguments, which are developed for the more difficult case ¢ > 0.

Throughout the paper we assume that 2 is a bounded open set of RV with C' boundary and
W: R — [0, +00) is a continuous function satisfying the following conditions for a suitable constant
Co Z 1:

(H1) W(s) =0 if and only if s e {-1,1};
(H2) W(s) > (|s| —1)? for all s € R;
(H3) W(s) < oW (t)+ ¢o for every t € R and every s € R with |s| < [¢].
A prototype for W is
W(s) = (s* — 1)

We begin by stating a compactness result for sequences with finite energy.

Theorem 1.1. Let Q be a bounded open set of RN with C boundary and assume (H1) and (H2).
Then there exists a constant ¢* > 0, independent of Q, such that, if —co < q < ¢*/N, if {en}
converges to zero, and {u,} C H*(Q) satisfies

liminf F; (un, Q) < +oo,

n—+00

then there exist a subsequence {un, } C {u,} andu € BV (Q;{—1,1}) such that u,, — u in L*(Q).

Here and in what follows BV (€;{—1,1}) denotes the set of all functions u of bounded variation
in Q such that u(x) € {—1,1} for LN-a.e. z € Q.

A major difficulty in the proof of the previous theorem is the fact that the energy may have a
negative term. To overcome this problem and to obtain apriori bounds from below, we prove the
following interpolation result that determines ¢* in Theorem 1.1.

Theorem 1.2. Let Q be a bounded open set of RN with C' boundary and assume (H1) and (H2).
Then there exists a constant ¢* > 0, independent of Q, such that for every —oco < q < ¢*/N there
exists €g = €0(Q, q) > 0 such that

q52/ |Vu|? dz < / W (u) dx + 54/ |V2ul|? dx (1.3)
Q Q Q
for every € € (0,20) and every u € H?(Q).

Note that if ¢ < 0, then g9 = co. To state the I'-convergence result, given —co < ¢ < ¢*/N, we
define

1
my = inf {/ LW(U) — qe|Vul® + 53|V2u2} dr : 0<e<1l,ue A} , (1.4)
Q

where @ := (—1/2,1/2)" and

1 1
A= {u € HE .(RY) : u(x) = —1 near z - ey = —3 u(x) =1 near x - ey = 2
(1.5)
u(z) = u(z + ;) for all z € RY | i = 1,...,N—1}.
Here and in what follows {e1,...,ex} is the canonical basis of R, and by “near” we mean “in a

neighborhood of”.
We will show that my > 0 for —oo < ¢ < ¢*/N (see Proposition 3.9 below).
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Theorem 1.3. Let Q be a bounded open set of RN with C* boundary, let —oo < q < ¢*/N, and
assume (H1)—(H3). Then the sequence of functionals F.: L*(Q) — RU {+o0}, defined by

{waﬂ) if u e H2(),
Felu) = . (1.6)
+oo if ue L2(Q) \ H?(),
I-converges as € — 0T to the functional F: LQ(Q) — R U {+00} defined by
Flu) = { my Perq({u = 1}) zfu € BV(Q;{-1,1}), )
+00 ifu€ L%(Q)\ BV(;{-1,1}).

In view of Proposition 8.1 in [5], for every sequence {e,}, £, — 07, and every u € L*(Q), we
have that
I —liminf 7. (u) = inf {limj_nf}"an (un) : {un} C L3(Q), up — u in LQ(Q)} )

n—oo

I' — limsup F, (u) = inf {lim sup Fr, (un) : {un} C L*(Q), up — u in LQ(Q)} .

n—00 n—o0

Thus, also by Theorem 1.1, to prove Theorem 1.3, it suffices to show:

(i) Lower bound: For every u € L?((2), for every sequence {e,,}, €, — 0", and every sequence
{un} C H?(Q) such that u,, — u in L?(Q),

Flu) < liminf Fe, (un). (1.8)

(ii) Upper bound: For every n > 0, every u € BV (Q;{—1,1}), and every sequence {e,},

en — 0T, there exists {u,} C H?(Q2) such that u, — u in L?(2) and
limsup F., (un) < (1 +n) F(u) + 7. (1.9)
Remark 1.4. By standard properties of I'-convergence (see e.g. Corollary 7.20 in [5]), Theorems

1.1 and 1.3 imply that minimizers of F._, up to a subsequence, converge in L? () to a minimizer
of F.

Remark 1.5. As usual (see [15], [20]), one can also impose the constraint [, u () da = m, for some
m e [—LN (Q), LY (Q)]. We omit the details.

This paper can be considered as a first step towards the analysis of the original nonlocal model
mentioned at the beginning of the introduction, which will be studied in forthcoming papers.

This paper is organized as follows. In Section 2 we introduce some of the notation used in
the paper and we give some preliminary results. In Section 3 we prove Theorem 1.2, while in
Section 4 we prove Theorems 1.1 and 1.3. Section 5 is devoted to the study of the properties of
the one-dimensional constant m; defined in (1.4) with N = 1.

Near the completion of this work, we became aware that a detailed analysis of the one-dimensional
case had been obtained independently and at the same time by Cicalese, Spadaro and Zeppieri
in [3].

2. PRELIMINARIES

Throughout the paper, Q is a bounded open set of RY with C' boundary. The symbols £V
and HN~! denote the N-dimensional Lebesgue measure and the (N — 1)-dimensional Hausdorff
measure in RY, respectively. We shall label the first N — 1 coordinates of a point x € RN by a/,
and the N-th one by xy, so that = (z/,zy). Given v € S¥~1 := {z € RV : || = 1}, the symbol
@, denotes an open unit cube centered at the origin with two of its faces normal to v, i.e.,

:LHWN—1} (2.1)

1 1
Q, = {xERN: \x-y|<§, |x~ui\<§,i
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where {v1,...,un_1,v} is an orthonormal basis of RV, If zp € RN and r > 0, then Q,(x¢,7) :=
xo+rQ,. If{v1,...,vNn_1,v} is the canonical basis, we drop the dependence on ey, i.e., Q(zo, ) :=
xo +7(=1/2,1/2)N = 20 + rQ, where @Q is the open unit cube centered at the origin with faces
normal to the coordinates axes. A rectangle in RY is a set of the form R = I; x --- x I, where
I; is an interval of R, ¢ =1,... N.

Given ¥ € C° (RN) with supp ¥ C B(0,1) and fRN U (z) de = 1, for every ¢ > 0 we define

the mollifier
1

V. (2) = ¥ (g) , zERY. (2.2)

Note that supp ¥. C B (0,¢). As usual, given u € L (RN), we define

loc

e (@)= (w0 @) = [ o= p)u) dy (23)
for x € RY. Then u. € C® (RN) and, if u is bounded, then u. — w in L
1 <p < +o0, with

luelloo < llullo s Vel < Cllull /e, [|VPue| o < Cllully /€. (2.4)

(RN ) for every

The space of all bounded Radon measures on § is denoted by M,,(§2). It is identified with the
dual of Cy (£2), the space of continuous functions vanishing on 9€2.

In the sequel, the letter C' will denote a generic constant that may change from line to line.

3. INTERPOLATION INEQUALITIES INVOLVING W

3.1. The One-Dimensional Case. Let I be an open interval of R, u: I — R, and let € > 0. We
set

F.(u,I):= /I [iW(u) —qe(u)? + 3 (u")?| da, (3.1)
and
Flu,I) = /1 (W) — q()? + (u")?] da. (3.2)

By the change of variable v.(z) := u(ex), we have
F.(u,I) = F(ve,e ). (3.3)
The following two results are due to Gagliardo. For the proof we refer to [8, Lemma 1.1,
Lemma 1.11].
Lemma 3.1. There exists a constant c; > 0 such that
1/8 3/8
sup |u'(z)] < 1 [/ u? d:r} {/(u")2 dm} (3.4)
el I 1

for every bounded open interval I of R and every u € H?(I) with u' vanishing at some point of I.

Lemma 3.2. There exist two constants co > 0 and c3 > 0 such that
1/2

sup u/(2)] < UI u? dm] v [/I(u")2 dm] R M u? da,} (3.5)

for every bounded open interval I of R and every u € H?(I).

The following lemma is a modified version of Nirenberg’s inequality (2.7) in [16], which was
given without proof. For the reader’s convenience, we give here a complete proof.
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Lemma 3.3. There exist two constants cq,cs > 0 such that

/I(u’)2 dr < ey A2 /1 u? dr + e\ /I(u")2 dx (3.6)

for every open interval I of R and for every 0 < X\ < |I| and u € H*(I).

Proof. Step 1: Assume first that u € C> (I) and that I = (0, A) for some A > 0. Fix s € (0, 3))
and t € (%)\, /\). By the Mean Value Theorem, there exists £ € (s,t) such that

rey = wt) —uls)
W (€)==
Hence, by the Fundamental Theorem of Calculus, for all z € (0, \),

W) =il (©+ [y dy == [ a

Since t — s > %7 it follows that

@< S O+ D+ [ W)

and, by Holder’s inequality, we obtain

N 1/2
o' ()] < i<|u<>|+|u<s>|>+w2</o <u”<y>>2dy> .

2

Using the convexity of the function 7 — 7°, we have that

3 A
(0 (@) < 35 () + (w()) 37 [ () dy

By averaging first in s over (0,A/3) and then in ¢ over (2A/3, \), we get

! 34 A %A A 1
(o (2))? < 35 ( J ntas [ <u<s>>2ds> +33 [ )y

4 A A
<% [ wwraes [ w2

Finally, we integrate in  over (0, A), to obtain
34
J@rar< 5 [ww?aes? [w w?Pa. (37)

Step 2: If T has infinite length and v € C* (I), let A > 0 and subdivide I in subintervals of
length A. Then (3.7) holds in each subinterval, and adding these inequalities yields

Jo@rar <3 [wwyason [ o)

On the other hand, if I has finite length, then for 0 < A < |I| let m € N be the integer part of
and divide I into m subintervals of length Ay := |I|. Then by Step 1, (3.7) holds in each of the
m subintervals of I with A; in place of A\. To conclude, it suffices to add these inequalities and to
observe that A < \; < 2.

\1\

Step 8: To remove the additional hypothesis that u € C* (I), one can use standard mollifiers. We
omit the details. (|

We now present the main result of this section: An interpolation inequality involving the double
well potential W.
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Theorem 3.4. Assume (H1) and (H2). There exists a constant ¢* > 0 such that for every
—00 < q < q* the following inequalities hold:

(i) For every open interval I, with |I| > 1,
q/(u’)2 dx < /W(u) dr + /(u”)2 dx (3.8)
I I I

for allw € HE (I).
(ii) For every open interval I,

q/I(u')zda: < /IW(u) dx+/1(u")2dx (3.9)

for every u € HE_(I) such that v’ vanishes at some point of 1.

loc

Proof. It is enough to prove (3.4) and (3.9) for bounded intervals I. Indeed, in the case of an
unbounded interval I, it suffices to subdivide I into subintervals of length one, apply (i) on each
subinterval, and then add all these inequalities. Thus, without loss of generality, we assume that
I =(0,¢), and by density that u € C?(I) and has a finite number M of zeros.

(i) In this case £ > 1. We divide the proof into three cases depending on M.

Case 1. Assume that M = 0 and, without loss of generality, that « > 0 on I. Applying (3.6) to
u — 1, with A =1 </, we obtain

/I(U/)2 dr < C4/I(u —1)%dz + c3 /I(u”)2 dx
< C4/IW(u) dx + cs/j(u”)2dx,

where the last inequality follows by (H2), in view of the fact that u > 0.

(3.10)

Case 2. Assume now that M = 1 and let ¢; be the unique zero of . If £, > 1/2 and {—¥1 > 1/2,
we can repeat the proof of Case 1 on each subinterval (0,¢;) and (¢1,£), taking A = 1/2 in (3.6).
Then

2 16 u”2x
/I(u) dm§4C4/IW(u)dm+4 5/1( 2 da. (3.11)

Consider now the case ¢ < 1/2 and £ — ¢; > 1/2 (the case {1 > 1/2 and £ — ¢, < 1/2 is

analogous). Without loss of generality, we may assume that v < 0 in (0,¢1) and « > 0 in ({1, ¢).
Since ¢ — ¢4 > 1/2, as in (3.11), we obtain

¢ ¢ ¢

1

/ () dx < 4cq | W(u)dx + 165 / (u")? du. (3.12)
04 4 £y

On the other hand, by the Fundamental Theorem of Calculus and Young’s inequality, we have
£y 0y
/ (W) dx < (u/(£1))? +/ (u")? dz. (3.13)
0 0

We apply (3.5) to w — 1 in (¢1,£) to obtain

¢ Vs
sup |u'| < ¢z l/ (u—1)? da:] [/ (u")? dx
[61,L] 01 2

< e [/:(u —1)2 dx] - [/:(u”)2 dx

3/8

y 1/2
+e3(0—0,)73/2 M (u—1)>2 dx]

p 1/2
+ 23/2¢4 l/ (u—1)? dx} ,
£y

os (3.14)
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where we have used the fact that ¢ — ¢; > 1/2. Thus, by Young’s inequality, (H2), and the fact

that v > 0 in (¢4, ¢),
¢ YVar ¢
(u'(@l))2 < 2c2 / (u—1)dx / (u")? da + 2403)/ (u—1)dx
“ “ “ (3.15)

1 ¢ ¢ ¢
< icg W (u) dz + %cg / (u")?dx +2%c2 [ W(u)da.
01 15 4

3/4

Inserting (3.15) into (3.13) and adding the resulting inequality to (3.12) yields the conclusion.

Case 3. Assume now that M > 2 and let ¢ < --- < fpr be the zeros of u in I. We fix
i=1,...,M — 1, and we obtain the estimate in the interval J; := (¢;,f;11). Without loss of
generality, we assume that u > 0 on J;. Since u(¢;) = u(¢;11), the derivative w’ vanishes at some
point of .J;, and so we can apply (3.4) to u — 1 to obtain

1/4 3/4
sup(u/)? < ¢? [/ (u—1)2 dz] [/ (u')? dx}
Ji . J; 5 J; (316)
< fc%/ W (u) dx + fc%/ (u")? dz,
4/, 4,
where we have used Young’s inequality, (H2), and the fact that u > 0 in J;.
If | J;| < 1/2, then by (3.16),

1 1
/ (u')?dx < = sup(u')? < fc?/ W (u) dz + §c%/ (u")? dx. (3.17)
Ji 2 8 Ji 8 Ji

If | J;| > 1/2, then as in (3.11), we get
1
/ (u')? dx < 404/ W (u) dz + 705/ (u")? d. (3.18)

It remains to prove the estimate in the intervals Jy := (0, ¢1) and Jys := (€pr,£). We only treat
the interval Jo. If |Jo| < 1/2, by (3.13) and (3.16) applied to J; we obtain

[ wrar< @ [ @y
Jo . Jo . (3.19)
< 10? J W (u) dz + ZC%/J (u")? da —i—/J (u")? da.
1 1 0
If |Jo| > 1/2, inequality (3.18) holds.
The inequality in the interval I is obtaining by summing the appropriate inequalities among
(3.17), (3.18) and (3.19). We observe that in Case 3 we never used the hypothesis ¢ > 1.

(ii) In view of (i), it suffices to consider the case £ < 1. As before, we divide the proof into three
cases depending on the number M of zeros.

Case 1. Assume that M = 0 and, without loss of generality, that « > 0 on I. We can apply
(3.4) to I and, arguing as in (3.16) and (3.17), we get

1
/(u’)2 dx < sup(u)?® < =} / W (u) dx + §c% /(u”)2 dx.
I I 471 4y

Case 2. Assume that M = 1 and let £; be the unique zero of v in I. Without loss of generality,
we can assume that « > 0 on (0, ¢;) and that «' vanishes at a point of [¢1,£). Since £ < 1, by the
Fundamental Theorem of Calculus,

v/ ¥/
u/2x u/12 uHQQC.
/0< 2 da < 2 <e>>+2/0< 12d
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If w/(¢1) = 0, then the proof is concluded. Thus assume that u' vanishes at a point of (¢1,¢). Then,
by (3.4) applied to w — 1 in ({1, £), arguing as in (3.16), we obtain

1, [ 3, ("
(u’(fl))2 < Zc? W (u) dz + ic%/ (u")? da.
Zl el

Combining the last two inequalities, we conclude Case 2.
Case 3. If M > 2, we can proceed as in Case 3 of Part (i). O

Corollary 3.5. Assume (H1) and (H2). For every open interval I, every 0 < e < |I|, and every
—00<g< ¢,
q52/(u/)2 dx S / [W(U) +54(u//)2] di)’],
I I
for allu € HE (I).

Proof. By Theorem 3.4 (i) and (3.3), for every ¢ < |I], ¢ < ¢*, and u € H _(I), we have

1
0= Fluee D)= [ W) —a(ul*+ () dy = = [ [W(w) - 2w + 4] do. (320
e—11 I
This concludes the proof. O

The next corollary extends the previous result to the case of an open set ) C R with a finite
number of connected components.

Corollary 3.6. Assume (H1) and (H2). Let Q be an open subset of R with a finite number of
connected components, and let g = £0(Q2) be the length of the shortest connected component of ).
Then

qu/Q(u')2 dr < /Q [(W(u) +e*(u")?] da (3.21)

for every 0 < ¢ < &g, every —oo < q < q*, and every u € H120C(Q) In particular, Theorem 1.2
holds for N = 1.

Proof. By Corollary 3.5 the inequality holds for each connected component. To conclude it suffices
to add all these inequalities.

Since a bounded open set € of R with C' boundary has finitely many connected components,
Theorem 1.2 holds for N = 1. O

If Q has an infinite number of connected components, then an inequality like (3.21) does not
hold. More precisely, we have the following result.

Proposition 3.7. Assume (H1). Assume also that Q is a bounded open subset of R with infinitely
many connected components. Then for every ¢ > 0 and every € > 0 there exists u € H*(Q) such
that

(]EQ/Q(U’)2 dx > /Q (W (u) +e*(u")?] da. (3.22)

Proof. Fix ¢ > 0 and € > 0. Since W is continuous and W (1) = 0, there exists § > 0 such that
W(s) <qe® for1<s<1+6. (3.23)

Let {I,,} be the family of connected components of Q and, for every n, let a,, < b, be the endpoints
of I,. Since |I,,] — 0 as n — oo, there exists m such that |I,| < § for every n > m. We define
u: @ — R by u(z) :=1if ¢ € I, for some n < m, and by u(z) :== 1+ x — a, if © € I, for some
n > m. Then u € H?(Q). By construction, for every n > m we have 1 <u < 1+ |I,,| <1+ § on
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I,,, hence by (3.23) W (u) < qe? on I,,. On the other hand, W (u) = W (1) = 0 on the intervals I,
with n < m. Therefore

q52/ﬂ( x—qs2z |L.| > Z/ W (u dx—/ (W (u) +e*(u")?] da,

n=m

which concludes the proof of (3.23). O

Remark 3.8. Note that the function u € H?(2) constructed in the previous proof belongs to C>°(£2)
but, in general, not to C°>°(Q). However, if b, < a,.1 for every n (or if a, > b, for every n),
then u belongs to C*°(Q). Indeed, since u” = 0 in Q, it is enough to show that, if {z;} C Qis a
sequence converging to a point of the boundary, then the limits of {u(x;)} and {u'(z;)} exist and
are finite. If {x;} is contained in a finite number of intervals I,,, then there is nothing to prove. In
the opposite case, we have u(x;) — 1 and v/(z;) — 1.

3.2. The N-Dimensional Case. In order to prove Theorem 1.2 for N > 2, we will use slicing
techniques. Given & € SV~ let II¢ be the hyperplane through the origin orthogonal to &, i.e.,

M= {x cRY : z-£ =0}
For every open set  of RV and every y € II¢ we define the slice Qg by
§ . .
Q ={teR:y+tcQ}.
The orthogonal projection Q¢ of Q onto II¢ is given by
. £, 0f
O ={yell*: Q; #02}.
For every function u: Q — R™ and for every y € ¢, we define ugz Qg — R™ by
uf/(t) = u(y + t&).
It is well-known (see, e.g., [13]) that, if u € H%(Q), then for every ¢ € S¥~! and for HN l-a.e.
y € II¢ we have ug € Hz(Qi) and
(u)'(t) = (Vu)§(t) - € for Ll-a.e. t € QF, _—
(ug)n(t) = (V2u)§ ()¢ - ¢ for L1-ae. t € Q.

We turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let ¢ < ¢*/N and fix ¢ € (¢,q*/N). Given £ > 0, £ € SV~1, and y € Qf,
we define 95 ¢ as the union of all the connected components of Q§ with length greater than /, i.e.,

Qf ¢ is given by all points x € © belonging to a segment, with length greater than /¢, parallel to f
and contained in €. Set

Q&0 ={y+1t: ye O teQff)
Note that the slices satisfy
[ 13V
Q& 0); = Q.
Hence, (¢, 5)5 is the union of a finite family of open intervals with length greater than £. Therefore,
for HN"1-a.e. y € Qf, we are in a position to apply Corollary 3.5 to obtain that for every ¢ < ¢,

Nagz/mwg ((ug)l(t))zdt < /mg,e)f, W (u (1)) dt + £* /n(s,@i ((ug)”(t))zdt, (3.25)

Integrating both sides of the previous inequality with respect to y over ¢, using (3.24) and Fubini’s
Theorem, we get

N@?/ (Vu(z) da:</W ) dx + &* /NQ
Q(&,0)
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which implies

Nq~e2/Q(Vu(as)~£)2dx—Nq~52/

A(g,0)
where A(&,0) := Q\ Q(&, ). Note that for every a € RV,

[ (e r a9 = Flafox-a,

where o1 := HN71(SN=1). Averaging both sides of the previous inequality in the variable ¢
over S¥~! and using Fubini’s Theorem, we get for every € </,

2 |Vu(a:)|2dx / / |Vu ’ dx dHN71(€)
Q ON— 1 SN=1 JA(g,0)

/ W(u(z)) do + &* / ‘VQ ‘ dx.
By Fubini’s Theorem

/ / ‘Vu(x)’z de dHN 1 (€) = / |Vu(x)|2HN*1(D(m7€)) dz, (3.27)
sN=1 JA(g,0) Q

where D(z,0) := {£ € SN=1: 2 € A(£,4)}. To conclude the proof, we have to choose £ > 0 such
that HN=1(D(x,)) is small, uniformly in z.

For every z € 9Q and r > 0, let C,.(z) be the right circular cylinder centered at = with height
2r, radius r, and axis parallel to the normal v(x) of 9Q at z. Fix n > 0 such that
Nn )
on-1/"

’Vu )| da:</W x))dx 4 &* /|V2 ‘ dz,

(3.26)

q< Ej(l - (3.28)
Since the boundary of Q2 is of class C*, there exists 7 > 0 such that for every € 9Q the intersection
C,(z) N OQ is the graph of a C! function defined on the basis of the cylinder. By taking r smaller,
if necessary, we can also assume that for every x € 092,

HYN (e e SN € e Thaly), y € Co(x) NON}) <7, (3.29)

where Thq(y) is the tangent space to 092 at z. We observe that r depends on €2 and 7, which, in
turn, depends on q.

We now fix ¢ < /2. In particular, £ depends on © and g. We want to show that HV ! (D(z,)) <
n for every x € Q. Fix ¢ € Q. If D(z,f) = &, then there is nothing to prove. Otherwise, let
& € D(z,?). By the definition A(,¢), and by the characterization of its complement (&, ¢) in
Q, the point = belongs to a segment parallel to £ with length less than or equal to ¢, and with
endpoints on 9. Let xg be one of these endpoints. Note that |z —x¢| < £. If € belongs to D(z, £),
the point x also belongs to a segment parallel to £ with length less than or equal to ¢, and with
endpoints z; and z2 on 9. Since ¢ < r/2, this segment is contained in Cy(xg). Consider the
2-dimensional plane containing = and parallel to the vectors £ and v(z(). Then this plane intersects
Cr(20) NI on a C! curve containing z1 and 2. Then, by the Mean Value Theorem, there exists
a point y on the curve such that £ is tangent to the curve at y and, therefore, £ € Toqa(y). We
conclude that

D(z,0) c {€ €SN €€ Tha(y), y € Cr(z) NN},

hence HN~1(D(z,¢)) < 1. This, together with (3.26), (3.27), and (3.28), gives (1.3) for every
e <. (]

In the proof of Theorem 1.3, we will also need to consider rectangles.

Proposition 3.9. Assume (H1) and (H2). Let Q be an open set that can be written as the
union of finitely many pairwise disjoint open rectangles and of a set of Lebesgue measure zero,
and let g9 = €9(Q) be the smallest side-length of these rectangles. Then (1.3) holds for every
—00 < q< q*/N, every 0 < e < gq, and every u € H*(Q).
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Proof. Assume first that Q is given by a single rectangle R = (ay,b;) X --- X (an,bn). Let
u € H?(R) and let ¢ < ¢*/N. Fix i =1,..., N. Since b; — a; > £, by Corollary 3.5,

Nq€2/ <§u> dx; S/ lW(u)+54 (gg) ] dz; S/ [W(u)+54|V2u|2} dz;.
a; ZT; a; Ly a;

Set R; := (a1,b1) X -+ X (@;—1,bi—1) X (@it1,bi41) X --+ X (an,by), and integrate the previous
inequality over R; to obtain

Nqa2/R(g;)de</R{W(u)+s4yv2u}2} dz.

Summing over ¢ = 1,..., N and then dividing by N, we get

qe’ / (Vu|* do < / [W(u) + 54|v2u|2} dz. (3.30)

R R
Next, if €2 is the union of finitely many pairwise disjoint open rectangles and of a set with Lebesgue
measure zero, we obtain (3.30) in each rectangle and then add all the inequalities. O

4. PROOF OF THEOREMS 1.1 AND 1.3

In this section we prove Theorems 1.1 and 1.3. As we will see below, Theorem 1.1 is a conse-
quence of Theorem 1.2 and standard compactness results for the Modica—Mortola functional.

Proof of Theorem 1.1. Let —oo < g < ¢*/N, where ¢* is the constant given in Theorem 1.2, and
let o € (0,1) be so small that (¢ +0)/(1 —0) < ¢*/N. Let u € H*(Q) and write

W (u) — qe?|Vul? + | V2ul?

4.1
—(1-0) (W(u) _ AT g2 4 54|v2u\2) + a(W(u) + 2 Vul? + 54|V2u|2>. (4.1)
-0
By Theorem 1.2, there exists €9 = £0(€2, ¢) > 0 such that for every 0 < ¢ < g we have
1
/ {W(u) _ Iy —|—63|V2u|2] da > 0,
QLE l1—0
which implies that
1 1
/ LW(u) — qe|Vul* + 63V2u|2} dx > 0'/ LW(U) +¢|Vul? + 53|V2u2} dz. (4.2)
Q Q
Hence,
1 1
/ LW(U) — qe|Vul* + 63|V2u|2} dax > a/ LW(U) +6Vu2} dz. (4.3)
Q Q

Now consider {u,} C H?(2) such that
liminf F; (un, Q) < +o0.

n—-+oo

By (4.3), and using standard compactness results for Modica—Mortola type functionals (see, e.g.,
[15], [20]), there exist a subsequence {u,, } C {u,} and v € BV (;{—1,1}) such that u,, — w in
LY(Q). In turn, by (H2), for every measurable set E C @ and for all k sufficiently large,

/ lun, |2 de < 267 (E) + 2/ W () dz < C(LN () + ey ).
E E

This implies, in particular, that the sequence {|u,, |*} is equi-integrable. Since {|u,, |} converges
to u in measure, by Vitali’s Convergence Theorem it follows that

kEIJ?oo/Q U, — u|? dx = 0. (4.4)

O
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Proposition 4.1. Assume (H1) and (H2). Then my > 0 for every —oco < ¢ < ¢*/N.

Proof. Let —oo < ¢ < ¢*/N and o € (0,1) be so small that (¢ +0)/(1 — o) < ¢*/N. Arguing as
in the proof of Theorem 1.1, using Proposition 3.9 instead of Theorem 1.2, we obtain that

1 1
/ LW(u) —qa|vu|2+g3|v2u|2] do ZU/ [eW(u)+€|Vu|2} iz > 20/\/W(u)|Vu\dx
Q Q Q
1/2
>20// VW (u(z!,zn) ‘m xN‘dedgc
Q/

1/2

for every u € H?(Q) and every 0 < & < 1, where Q' := (—1/2,1/2)V~1. Since u(z/,+£1/2) = +1
for every u € A and for every 2’ € Q' (see (1.5)), a change of variables shows that

1/2
/ W (u(z',zN)) ‘aau(x’,xN ‘ )| den > / VW(s)ds.
TN

Therefore, the previous inequalities give

1 1
/ LW(U) — qe|Vul? +63|V2u|2] dx > 20/ VWi(s)ds >0
Q -1
for every u € A and every 0 < € < 1. By (1.4) this implies my > 0. O

Next we prove Theorem 1.3. We will use a blow-up argument that will reduce the problem to
the case in which the target function is of the type

(2) 1 if x-v>0, (45)
Upg\T) = .
0 1 if ¢ v <0,

where v € SV~ The lemma below allows us to replace a sequence {v,} converging to ug by
a sequence {w,} of functions still converging to ug, satisfying w, = ug on the faces of cube Q,
orthogonal to v, and without increasing the limiting energy.

Let W, be defined as in (2.2). Then
(ugxT)(x)=1 ifax-v>e, (up*U.)(x) =—-1 ifx-v<—¢ (4.6)
V(u *¥,.) () =0 and V?(uo*V.)(z) =0 if |z -v|>e. (4.7)

Lemma 4.2. Let —0o < q < ¢*/N. Assume (H1)—(H3). For every sequence {en}, €, — 07, and
every sequence {v, } C H?(Q,) converging in L*(Q,) to ug, there exists a sequence {w, } C H*(Q,)
such that w,, — ug in L*(Q,), w, = ug * ¥, near 0Q,,, and

lim inf/ [1W(wn) - q5n|vwn|2 + Ei|v2wn|2} dx
Q

n—-+4oo En

1
gliminf/ L W (vn) — qen|Vo,|? +5,L|V2yn|2] dx.
Q n

n—-+o0o

Proof. For simplicity, we assume that v = ey, the general case being completely analogous. If the
right-hand side of the previous inequality is infinite, then it suffices to take w, := ugp * ¥, . Thus,
by extracting a subsequence (not relabeled), without loss of generality, we may assume that the
following limit exists, that

1
lim {W(vn) — qen|Vun|? + 52V2vn|2] dx = C < 400, (4.8)
Q

n— 400 En

and that v, (z) — ug(x) for LN-a.e. z € Q. Let o € (0,1) be so small that (¢+0)/(1—0) < ¢*/N.
As in (4.2) and (4.8) (using Proposition 3.9 in place of Theorem 1.2), we deduce from (4.8) that
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4 Ll,m -

(iy) =
Ll*m n Al,m,n
Bl,m,n

(ix)

FIGURE 4.1. Geometry of the sets A; , n, Bim,n and Ll,m’n.

for n large enough we have

1
/ LW(vn) + en| Vo |2 + 52|V2vn|2] dx
Q n

(4.9)
1 1 . 1
< 7/ [W(Un) - q<€n|an|2 + 52|Vzvn|2} de < —(C+1).
o Jo Len o
For every [,m € N, with {,m > 4, define
1 . 1 1
Lipm:=<z€@Q: - <dist(z,00Q) < = + — ;.
’ l I m
Let [e,!] be the smallest integer greater than e, '. Then
en/2< [ < en, (4.10)

for £, < 1. Divide L; ., into {5,: 1} pairwise disjoint layers of width ,

m{sﬁl]

: 1 , 1 i . _
Ll(71117n{l'€@l+ <dlSt(l’,8Q)§l+Tn_l_|}, 2:1,..,7{5'”1-‘.

mlen'] [en

Set
Up 1= Ug * ¥,

and note that if v, = u,, for infinitely many n, then there is nothing to prove. Otherwise, without
loss of generality, we may assume that for every n € N, ||v, — | 12(gy > 0 and we have

fen '

>/,

=1 l,m,n

1 n - ~n 2
— W (vn) + €| Vop|* + 3| V20,2 + ‘vN—u| dx
En [ — Unllr2(q)

1 m _~7 2
:/ L W (o) + en[onl? + 23 [V20p 2 4 —10n ZUnl”
Lim En an —un||L2(Q)

1dm§0,

where in the last inequality we have used (4.9), and the fact that vy, %, — ug in L?(Q). Thus,
also by (4.10), there exists ¢, = i.(m,n) such that

1 12
/ _ [W(vn) + en|Vo,|? + sf;|v2vn|2} dx +/ , _Jon — " — Wl” g, < Cep.  (4.11)
rj'y), Len L= [vn = UnllL2(@)
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Construct cut-off functions ¢ ., € C°(Q; 0, 1]) such that

1 by — 1
Olmn =0 on {x € Q: dist(z,0Q) < 7 + 2(1]} = Alm.n,
miéen
] ) (4.12)
Plomn = 1 in {l‘ € Q : diSt(SC,aQ) > -+ Z*l} - Bl,m,na
l m[en ]
and
IVormmlle = O(m/en), ||v290l7m,n”oo = O(m2/52)~ (4.13)
Define

Wi m,n ‘= Pl,mnUn + (1 - @l,m,n)ﬂn~

Note that @ is the disjoint union of A; », n, Ll(i;)n, and By n, and that wy m,,, € H*(Q,). Since

U, Upn — up in L2(Q), we have that

ngrfoo le,m,n — UOHLZ(Q) = 0 (414)
for all I, m > 4. Moreover
1
/ LW(wlm,n) — gen|Vwimn|* + 5%|V2wl7m,n2] dx
Q n
1 . - ~
< / [W(un) + |q| en|Viin|* + 5;3|V2un2} dx
A m,n n
b . (4.15)
+/ . [W(wl,m,n) + |CI| En‘vwl,m,n|2 + Ei|v2wl,m,n 2:| dz
Ly, Len
1
+ / LW(vn) — qen| Vo |* + 82|V2vn2] de =11, + Iy + I3.
Bl,”m,n n
By (H1), (4.6), (4.7), the continuity of W, and (2.4), in this order, we get
1 - - ~
L:/' [VW%}HQ%W%F+§V%J1M
Atmnn{len]<en} LEn (4.16)
C o~ , 11 11
< —L x € Q: dist(r,0Q) < -4+ —, lan| < ep <C|{—+ =
n I m m 1
for all n sufficiently large.
By the continuity of W and (H3), it follows that
(4.17)

W(s) < CW(t) +C

for every t € R and every s € R of the form s = 0t+ (1 — 0) tg, where [tg| < 1 and 6 € [0, 1]. Indeed,
if [t| > 1, then |s| < @[t| + (1 — ) |[to| < |t], and so (4.17) follows from (H3), while if |¢| < 1, then
|s|] <1, and so W (s) < max|,j<; W (7).

Since |u,| <1 and

le,m,n = Qol,m,nvvn + (1 - @l,m,n)van + (Un - En)v@l,m,n7
v21”[,7)7,,n = wl,m,,nv2vn + (1 - @l,m,,n)vzan + 2vgpl,m,n © (V’Un - van) + (Un - an)VZQPl,m,,ny
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where ® is the symmetrized tensor product, by (4.7), (4.13), (4.17), (2.4), and (4.11) we have

Iy < C/
LG

l,m,n

[0n2+wm>aAvanF—+smVﬂanP}dx
N{lzn|<en}

1
w0 [ S0 0+ e el V| as
Liia Lon

m + [glm?

n

+C/L"'*’ {52|V20n2+

lL,m,n

|vpn, — ﬂn|2] dz
(4.18)
C

—1

< £(1+m2)ﬁN(Ll(f:>2,nm{x€Q: |$N| <En}) -‘r-m

n

1 Cm* .
+C —W(Un)+m25n|an|2+€f’L|V2vn\2} do + = / Uy, — U | d
L

7,G) [sn En )

(i
lL,m,n I,m,n
2 ¢ 4 ~
< C(14+m*)e, + . + Cm* vy — Un||L2(Q)s
where we used also the inequalities m? + |g| < Cm? and m* + |g/m? < Cm®*. Moreover, since
Q\ Bi,m,n can be written as a union of finitely many pairwise disjoint rectangles with the smallest

side-length greater than 1/, by Proposition 3.9 and the fact that —co < ¢ < ¢*/N, for all n
sufficiently large, we have

1
/ [W(vn) — q€n|an|2 + 5%|V2vn|2} dx
Q\Bl,nz,n

En
) (4.19)
= / [W(vn) — qen| V|2 +5§’L|ngn2} dx > 0.
Alm nUL, En
Thus,
1 .
I3 < / LW(vn) — qen|Vun|? + sivzvnﬂ dx
Q n
and, recalling (4.15), (4.16), (4.18), and (4.19), we obtain
1
lim lim lim {W(whm,n) - qEn‘le,m,nP + Ei‘v2wl7m,n 2} da
l—~400 m—+00 n—+00 Q En
(4.20)

1

< lim [W(vn) — gen|Vun|? + 52|V2vn|2} dx.
n—-+oo Q En

In view of (4.14) and (4.20), the result now follows by a standard diagonalization argument. [

Remark 4.3. Using a change of variables with a rotation, it can be shown that for every v € SV =1,

1
my = inf {/ LW(U) — qe|Vul? +53|V2u2} dr : 0<e<1l,ue Al,} , (4.21)

v

where

1 1

A, = {ueHﬁjc(RN): u(z) = —1 near T V=3, u(x) =1 near x-v = 2
(4.22)

u(z) =u(x +ky) forallz e RN i =1,...,N — 1, andkEZ}

and {v1,...,vn_1,v} is an orthonormal basis of RY. Hence, the functions w,, constructed in the
previous lemma belong to A, .

We now turn to the proof of Theorem 1.3.
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Proof of Theorem 1.3. Step 1. We prove inequality (1.8). Let u € L%(f2), let {€,} be a sequence
of positive numbers converging to 0, and let {u,} C H?(Q2) be such that u, — u in L*(Q). If the
right-hand side of (1.8) is infinite, then there is nothing to prove. Otherwise, we can extract a
subsequence, not relabeled, such that u, — v £M-a.e. in Q and

1
lim [W(un) — qen|Vun > + €3|V2u, || dx
n—-+o0o Q En
exists, is finite, and coincides with the liminf of the original sequence. Using Theorem 1.1, we
have that v € BV (€, {—1,1}), and so that we may write

U= XEy — XQ\Eo»
where Perq(Ep) < +oo.

Set f,, = %W(un) — qen|Vun|? + €3 |[V2u,|?. By the previous inequality and Theorem 1.2, the
sequence {f,} is bounded in L!(Q). Therefore, there exist a subsequence (not relabeled) and two
bounded Radon measures i, A such that

Fa LN QBN [ful £V Q2 in My(Q). (4.23)

We claim that A > 0. By the Besicovitch Derivation Theorem (see, e.g., [6, Theorem 1.155]), for
|A|-a.e. zg € Q,

d\ MQ(xo, 7

—(z0) = lim MQUwo) R,

d|Al r=0+ |A|(Q(zo,7))
where |A| denotes the total variation of A. Choose a sequence {r;} satisfying 1(8Q(zo, 7)) = 0.
Then (see, e.g., [6, Corollary 1.204]),

A= M@0 )
d[\| k—+o0 |A|(Q(z0, k)
= lim lim ;/ fn() dz 2 0,
k—+4o00 n—+o0 ‘)\|(Q(£C07rk)) Q(wo,7k) -

where in the last inequality we have used the fact that, by Proposition 3.9, for every fixed k € N,
/. Qzours) fn(x) dx > 0 for all n sufficiently large (depending on k). Since A is absolutely continuous

with respect |A|, this implies that A > 0.
Consider the nonnegative measure
C(B):=H N"YENO Ey)

defined over all Borel subsets E C Q, where 0*Ej is the essential boundary of Fy (see Definition
3.60 in [1]). Since Perq(Ep) < +00, by Theorem 3.61 and (3.62) in [1], we have that

C(Q) =HYN"HQNI*Ey) = Perg(Fy) < +o0,

so that ¢ is a bounded Radon measure. Hence, we may use the Radon-Nikodym and Lebesgue
Decomposition Theorem (see, e.g., [6, Theorem 1.180]) to decompose A as A = g{+ A, where g is a
nonnegative integrable function and A; > 0 is a bounded Radon measure, with A; and ¢ mutually
singular. We claim that

g(xg) > my for HN lae. 29 € QN O*Ey. (4.24)
Assuming that (4.24) holds, the inequality A\s > 0 gives

1
lim [W(un) — q5n|vun|2 + 52|V2un|2} dx
Q

n—-+4oo En

= dim [ fu(2)de > AQ) > / g(z) dHN 1 (2)
Q QNo* Ey

n—-+o0o
> mNHNfl(Q NO*Ey) = my Perq({u = 1}),
which proves (1.8).
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In the remaining of this step we show that (4.24) holds. By Theorem 3.59 and 3.61 in [1], for
HN"Lae. xp € QN I*Ey we have

- £N({.Z‘ € Qu(zo,r)\ Eo: (x —mg) v < O})

r£0+ N =0, (4.25)
LN € Qu(xg,r) N Ey : — v>0
i £ (7 € Qulzom) 0 (2= @0) v }):0, (4.26)
r—0t r
. HNTN(Qu(wo,7) N O*EY)
rlir(r)l+ N =1, (4.27)
where v := v(xg) is the outward normal to Ey at xg. Fix any such zy € Q. In view of the

Besicovitch Derivation Theorem (see, e.g., [6, Theorem 1.155]), we can also assume that

_ A (Qu(xo,7))
9lzo) = I, N (Qu(z0,7) N O*Ep) < feo (4.28)

Then, by (4.27) and choosing 7, — 07 such that ;L(@Ql,(mg,rk)) = 0, we obtain (see, e.g., [6,
Corollary 1.204]),

)‘(QV(an Tk))
r,]cv_l

1 1
= 1l li —_— — " — qen \V4 n 2 3 V2 " 2 d
koo n—rtoo PN -1 /Qu(xm) Ln W (un()) = gen|Vun (2)|* + 0 Viun (@)]*| dz - (4.29)

= 1.
g(xzo) =  lim

3
. . Tk En 2 En 2 2
= lim lim L —q 2|V ) v
) Ln (wn k(@) = @ Von k@) + <Tk) V0,1 (y)] ] dy,

where v, € H?(Q,) is defined by
'Un,k:(y) = un(xO + Tky)
Since u,, — u in L*(Q), by (4.25) and (4.26), we have that

lim hm ||Un,k — UOHLQ(QV) = O7 (430)

k—+oco n—-+4o0

where ug is defined in (4.5). By (4.29), (4.30), and a diagonalization argument we may find a
subsequence {e,, } of {e,} such that

ty = Er 0, Vg 1= Up, k — Up In LQ(QV) as k — +o0,
%
and
= i i _ 2 3 2 2 d 4
g(zg) = lim W (o) — qti|Vog|” + 6| Vv Y. (4.31)
k—+o0 Q. tr

Applying Lemma 4.2 to the sequences {vg} and {t;}, we conclude that there exists a sequence
{wr} € H?(Q,) such that wy, — ug in L*(Q,), {wx} C A, (see (4.22)) and

1

g(zg) = lim —W (vg) — qt|Vor|? + 5| V20, [?| dy
k— 400 Q tr

v (4.32)

1
> liminf/ [W(wk) —qthwk|2+tz|v2wk|2} dy.
k—-+o0 Q. tr
Since each wy, belongs to A, (see Remark 4.3), (4.24) follows from (4.21) and (4.32).
Step 2. We prove inequality (1.9). Given u € BV (Q;{—1,1}), write

U= XE, — XQ\Eo» (4.33)
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where Perq(Ey) < +o0. If min {LN (Ey), LN (Q\ Ep)} = 0, then Perq(Ep) = 0, u is constantly
equal either to 1 or —1, and it suffices to take u,, = u. Hence, in what follows we assume that u is
not constant. By (1.5), for every fixed p > 0 there exist ¢y > 0 and w € A such that

1
/ LW(w) — geo|Vw|? + 68V2w|2} dx < mpy + p. (4.34)
Q L€o

It suffices to show that for every sequence e, — 07T, there exists a sequence {u,} € H?(Q2) such
that u,, — u in L?(Q) as n — +o0 and

1
limsup/ [W(un) — gen|Vu,|* + 62|V2un2} dx
Q

n—-+4oo En
< (mpy + 2p) Perqg({u = 1}).
We divide the proof of (4.35) into three substeps.

Substep 2A. Consider first the case in which u has a flat interface orthogonal to a given direction
v € S¥~1 and Q has Lipschitz boundary that meets this interface orthogonally, i.e.,

(4.35)

1 if(ll?*l’o)'l/>0,
u(z) = (4.36)
-1 if (x—1x9)-v<0,
for every & € RY and some z, € Q, and
the normal v(z) to 9 is orthogonal to v (4.37)
at all points z € 9Q with |(x — xo) - v| small enough.
Consider a rotation R such that Rey = v. For every n, define w,, € HIQOC(RN) by
1 if (z— > =
if (x—mg)-v> 260
T —
wlz) =4 w <M> if |(z — @) V] < 22, (4.38)
En 260
-1 if (x —xg) - v
0 - 260 '

Without loss of generality, we may assume that g = 0, v = ey, and that R is the identity. Using
a change of variables and the periodicity of w in the first IV — 1 coordinates, we can prove that

En
lwnllL2({zeq: jon|<en/(2e0)}) < Cllwllm(Q)g- (4.39)
This inequality, together with (4.36) and (4.38), gives

En En
lw, — UHL2(Q) < C||wHL2(Q)f + [:N({l‘ €N |zy| < }), (4.40)
€0 260

which tends to 0 as n — +o0.

Let Q = {2/ € R¥=1: (2/,0) € Q}). By (4.37) we have {x € Q : |zn| < €,/(2¢0)} =
V' x[—en/(2€0),en/(2¢0)] for n large enough. Setting ¢t := xye€g/en, by (H1), (4.38), and Fubini’s
Theorem, we have

1
Fen W, €2 / - [W(w) - qE%|V1U|2 + €é|v2w|2] <€0z> o
{IGQ \:DN|<En/(2€0)} n o

1/2
/ / [ w) — qeo| Vw|? + €3] V2w |? (,t) dt dx’
’ 1/2 €0 En

for n large enough. Since w is periodic in the first N — 1 variables, the functions

(4.41)

1/2 1/2 1/2
z' W (w(a',t))dt, x n—>/ |Vw(a',t)|* dt, ' |V2w(a', t)|* dt
~1/2 1/2 ~1/2
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F1cURE 4.2. Construction in Substep 2B. Here QN OP = H; U Ho U F is just an
angle and F' is its vertex.

are periodic, and, by Fubini’s Theorem, belong to LllOC (RN _1). Therefore we can apply the
Riemann-Lebesgue Lemma, obtaining from (4.41) and from Fubini’s Theorem that

1
lim F. (w,,Q)=LN"1(Q / {Ww — qeo|Vw|? + €| V2w|?| dx
Jim e ( ) () o L% (w) = geo|Vw|” + | V-w| (4.42)

< (my +p)HY 1 x {0}) = (mn + p) Perg({u = 1}).
where we use also (4.34). This concludes the proof of (4.35).

Substep 2B. Consider now the case in which u has a polyhedral interface, i.e., the set Ey in (4.33)
has the form Fy = PNSQ, with P polyhedral. This means that 0P = HiUH>U---UH UF, where
the sets H; are pairwise disjoint (relatively open) convex polyhedra of dimension N — 1, while the
set F' is the union of a finite number of convex polyhedra of dimension N — 2. In particular, each
set H; is contained in a hyperplane, i.e.,

Hyc{zeRY: (z—ux;) v; =0}, (4.43)

for some x; € RY and v; € S¥~1. We assume that v; is the inner unit normal to 9P on H;. To
simplify the proof, we assume also that

O N OP is the union of a finite number of C' manifolds of dimension N — 2. (4.44)

Fix 0 < 6 < 1 small and let (see Figure 4.2)
Us := {x € Q: dist (ac,F uo9n aP)) < (5}. (4.45)

We can find a finite family Hi, Hj, ..., H} of relatively open subsets of Hy, Ho,..., H, with
(N — 2)-dimensional boundary of class C*°, such that

) —
{meHimQ:dist(x,&QUF)22}CH{CH;CHimQ. (4.46)
Fix 0 <n < d/2. Foreveryi=1,2,...,L let

Qi :={z+tv,:xz € H] |t| <n}, (4.47)

where v; is given by (4.43). We assume also that 7 is so small that the sets Qq,Q9,...,Qp are
pairwise disjoint.
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Since €; satisfies (4.37) for every i = 1,2,..., L, we can now apply the construction of Substep A,
with  replaced by €;, and we obtain a sequence w! € H?(;) such that

wh —u in L?(9) as n — 400 (4.48)
and ‘
lim  F, (wy, Q) < (my + p)HN " (H; N Q). (4.49)
By construction,
wi (z) = u(z) for x € Q; and dist(x, H;) > 25—" (4.50)
€

In order to define u, in €, we extend u to RV by setting u(z) := xp(x) — Xrn\ p(z) for every
r € RY and define #,, := u* U, (see (2.3)). We choose cut-off functions ps € C°(R¥;[0,1]) such
that

0s =0inUs, s =1inRY\ Ups, |[Vslleo <C/5, [|[V30sl00 < C/5°. (4.51)

We define u,, in by setting

oswt + (1 — ), ineach Q;, i=1,...,L,
Up = B 7 (4.52)
Up inA:=Q\(QU---UQyL).

We claim that u,, € H?(Q). By (4.50) and (4.52), for n large enough we have u, = @, in a
neighborhood of {x € 99, : dist(x, H;) = n} (the part of 09; parallel to H;). Note that, by (4.45),
(4.46), and (4.47), the part of 0€2; orthogonal to H;,

D; = {x € 0Q; : dist(z, H;) < n}
is contained in the interior of Us. Therefore by (4.51), u, = U, in a neighborhood of D;. This
shows that u,, € H(Q).
By (4.48) and the fact that @, — u in L?(£2), we have that u,, — u in L*(Q) as n — +oo.
Note that by (4.6) and (4.7), w, is different from +1 only in the region
Ry = {x € Q: dist(z,0P) < max{e,/(2€),&,}}

and so, since A N'R,, C Us for n large enough and HYN~1(OP N Us) < C6, we get

1 - - -
F., (un,A) < / {W(un) + |q| <€n|Vun|2 + 5i|V2un|2] dx < C6. (4.53)
ANR, LEn
Moreover,
1 - - -
Fonlin @) < [ W@ + ol T 4+ 2209702 da
Q;,NUs En
1
+ / [W(un) + gl en|Vun|* + 6%|V2Un2:| dx (4.54)
QiN(Uas\Us) LEn

En

1 . . :
+ / [W(w;) — qen| VWi |2 + 5‘3|V2w;|2} dr =: Ky + Ko + Ks.
Q;\Uazs

Since F'U (02N OP) has dimension N — 2, we have HY~1(H; N Us) < C§. Therefore, reasoning as
in (4.16), we obtain

K, < C6. (4.55)

Next we estimate o and K3. By (4.17) in Q; we have
W(up,) < CW (wh) + C, (4.56)
Vi, = psVw!, + (1 — ¢5) Vi, + (wh, — U,) Vs, (4.57)

V2u, = o5 V2wl + (1 — 05) V2, + 2Vips © (V' — Vi) + (w) — ,)V20s. (4.58)
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Using (H1), Young’s inequality, (4.51) and (4.56), we obtain

1 - 1 3 . .
Ko< C [—W(wib) =+ (\q|sn + 6—3) Vi) + e;?;|v2w;}2] dx
QN(Uas\Us)NRy -En €n 0
+C [(lalen + ﬁ)wa 2+ 31Vl + (lal 5y + i) i, — "] da
QiN(Uzs\Us)" R "2 " " " §2 g4l T
(4.59)
Using (4.38) and arguing as in (4.41) and (4.42), we obtain
1 ; 1 e3 12 12
lim {—W(w” )+ — + (|q|a, + —") Vi * + €3 |V } dz

=100 J0,N(Uss\Us)NRy L0 " en R | "| n| L| (4.60)

< CHN'Y(H; N (Uas \ Us)) < C6,

where we used the fact that w € H? (Q) and the constant C' depends on w, and, in turn, on p.
Using (2.4) and (4.39) we also get

; 3
“n Un | 312,12 En | En i~ 2
/QMUM\U&)QR” [(Iq\en+ 62)\wn| + 2 |V, |2 + (\ql62 + 64)|wn o }dm
C 2 gh P
< {14 2+ 2 ) LN (N (Uzs \ Us) NRy) + C(% + %>||w||2L2(Q) (4.61)
n 62 6 25

€n | €n S AT
S C(l + 572 + 54)(5+C(52 + ﬁ)”’wHL’z(Q),

where we have also used the change of variables that leads to (4.40). Combining (4.59), (4.60),
and (4.61) we obtain
2
67’7/
Ko < C6+ 06—4 (4.62)

for g,, < 1.

Using the change of variables y = ¢gRY (z — xi_) /€n, where R; and z; are the rotation and the
vector that appear in (4.38), the periodicity of w!, with respect to the variables tangential to H;,
and reasoning as in (4.41) and (4.42), we get

lim | VW' |* dx < 05/ |Vw|? dz.
=400 J0,NUss Q
Thus,
1 . , . 4
K3 §/ [W(w;) — qen |Vt |2 +62|V2w;|2} dx+/ |q| €| VW | da
Q iNUas

i n

1 : , .
< / LW(w;) —q€n|Vw;2+Ei|V2w;|2} dx + C.
Q; n

Combining the previous inequality with (4.49), (4.54), (4.55), (4.53), and (4.62), we obtain

L
limsup . (un, ) < limsup Z F., (un,$;) +limsup F. (up, A)

n—-+o0o n—-+o0o i—1 n—-+4oo

L
< (my +p) Y HNTH QN H;) +Co

i=1
< (my +p) HN "1 (2N OP) + C6.

By fixing ¢ sufficiently small, we have that (1.9) holds.
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Substep 2C. We now consider the case in which the set Ey in (4.33) is an arbitrary set of finite
perimeter in . Since € is bounded and has C'' boundary, by first approximating Ey with smooth
sets (see Remark 3.43 in [1]) and then with polyhedral sets, we may find sets Ej C Q of the form
Ey = Py N Q, where Py is a polyhedral set satisfying (4.44), such that HN~1(0E, N 9Q) = 0,
XE, — XE, in L*(Q), and Perq(Ey) — Perq(Ey) as k — +oo. By applying Substep 2B to each
function uy := xg, — Xq\E, the result follows by the lower semicontinuity of the I'-upper limit
(see, e.g., Proposition 6.8 in [5]). O

5. THE ONE-DIMENSIONAL CELL PROBLEM

This section is devoted to the study of the property of the constant m;, defined in (1.4) with
N = 1, which is the effective interface energy density in dimension one. In Subsection 5.1, we
prove that the infimum in my; is realized when ¢ — 0. Precisely, we show that m; coincides with
the constant

m* = inf{/ W) = ) + ()] do: we BE(R), lim u(z) = il}. (5.1)
R r— oo
We also prove that the infimum in (5.1) is attained and that m* is continuous as a function of ¢
(see Theorem 5.5). This implies, in particular, that when ¢ — 0 the constant m* reduces to the
effective energy density per unit area obtained in [7]. In Subsection 5.2, we prove that, under the
additional assumption that the double well potential W is even, minimizers of (5.1) have only one
Zero.

5.1. Properties of m;.
Theorem 5.1. Let ¢ < ¢* and assume (H1) and (H2). Then m; = m*.
We begin with a preliminary result.

Lemma 5.2. Let ¢ < ¢* and assume (H1) and (H2). For everyn > 0 there exists § > 0 such that

iy l+1
/ [W(v) - q(o")? + (v")?] da + / [W(w) - q@w)? + @' de<n  (52)
—r—1 ¢
for every £ > 1/2 and every ag, a1,bg, b1 € R with
lag + 1| < 8, Ja1| <6, |bo—1|<d, |b1] <, (5.3)
where v and w are the polynomials of third degree such that v(—¢ —1) = —1, v'(—¢ — 1) = 0,
v(—=f) = ag, v'(=£) = a1, w(l) = by, W' () =by, wl+1)=1, and w'({ +1) = 0.

Proof. Since W is continuous and W (+£1) = 0, the result follows from a straightforward computa-
tion. We omit the details. (]

Remark 5.3. Fix o € (0,1) so small that (¢ + 0)/(1 — ¢) < ¢*. Reasoning as in the proof of
Theorem 1.1, but using Theorem 3.4 (i) in place of Theorem 1.2, we have that

/ W) — q()? + ()] dz > o / W) + ()2 + (u)?] da (5.4)
I I
for every interval I with |I| > 1 and every u € HZ (I).

We now turn to the proof of Theorem 5.1.

Proof of Theorem 5.1. Setting £ = 1/(2¢), in view of (1.4), (1.5), and (3.3), we may write

¥/
— 3 . B "o o
e /_ W) = a)? + @] da,
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where

Al = {u € H2 (R): u(z) = —1 near x = —¢, u(z) =1 near x = E}. (5.5)

Given any u € A, set 4(x) := —1 for z € (—o0,£), 4(z) := u(z) for z € [~£, /], and @(x) := 1 for
x € (¢,+00). Since 4@ € HZ (R), it is admissible in the minimum problem for m*, hence
0

m® < [ W@ -l + @) do = [ W) =) + ()] do

—¢
Taking the infimum over all u € A and £ > 1/2 gives m* < m;.

To prove the converse inequality, fix n > 0 and let v € H2 _(R) be such that u(zr) — +1 as

loc
T — oo and

/ [W(u) —q(u')* + (u”)z} dr <m* +1. (5.6)
R
Fix o € (0,1) so small that (¢4 0)/(1 — o) < ¢* as in Remark 5.3. Then, by (5.4),

/R [W () + () + ()] de < 210,

o
which implies that v’ € H(R), since W > 0. By Morrey’s Theorem (see [13, Theorem 11.34]),
it follows that u/(x) — 0 as x — Zoo. Let 6 > 0 be the number given in Lemma 5.2. Since
u(z) — £1 and u/(z) — 0 as x — +o0, there exists £ > 1/2 satisfying
lu(=0) + 1] <6, [/ (=0)] <6, |ull)—1]<d, |u'(f)|<?é.
Let v and w be the polynomials of third degree such that v(—¢ — 1) = =1, o/(—£ — 1) = 0,
v(—=0) = u(=2), V(=) = ' (=L), w) = u(?), w' ) = '), wl+1) =1, and w'({ + 1) = 0.

Define
-1 forx < —0—1,

v(z) for —L—1<z< -,
u(x): =4 u(x) for —€<ax<Y,
w(z) forl<ax<l+1,

+1 forx > ¢+ 1.

Since @ € HZ(R), it belongs to A“*2, and so
¢

£+1
/ ) - @)? + @] de = / W) — q(u)? + (u")?] da

—¢

l+1
/ —q(v')?* + (v”)ﬂ dx + /£ [W(w) —q(w')? + (w")ﬂ dx

—/_E[W( W) — g(w'? + (u")?] i + 1,

where in the last inequality we have used Lemma 5.2. Since by Theorem 3.4 (i),

</_/ /+oo> — q(u')? + (u")?] dz > 0,

m; < / [W(u) — q(u)* + (u")?] dz +n < m* + 20,
R

by (5.6). Asnp — 07, we get m; < m*. O

we have that

Remark 5.4. It follows from the proof of the previous theorem that

m* = inf {/R [W(u) —q(u')* + (u”)z} de :ue HE (R), lim u(x)=+1, lim o/(z)= 0} .

z—+o0 r—+o0

To highlight the dependence on ¢, in what follows we write m; for the constant defined in (5.1).
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Theorem 5.5. Assume (H1) and (H2). Then for every q < q* the minimum problem (5.1)
defining mj has a solution and the function q — myj is continuous from (—oo,q*) into (0,+00).

Proof. We recall that mj > 0 for every ¢ < ¢* by Proposition 4.1 and Theorem 5.1. Fix ¢ €
(=00, ¢*) and a sequence {g,} C (—o0, ¢*) such that ¢, — g¢.
Step 1. We show that

limsupm, < mg. (5.7)
n—-+o0o

Let n > 0 and let v € H?

loc

(R) be such that u(z) — £1 as * — fo0 and

/ [W(u) —q(u)* + (u")z] dz < my +1.
R
Since u is also admissible for the minimum problem defining my _, for every n we get
g, < [ (W) - a2 + (7]
Taking the limit as n — +o00, and using the fact that v’ € L2(R) (see (5.6)), we deduce that

limsupm; < / [W(u) —q(u')* + (u”)z} dr < mj +1.
R

n—-+oo
It now suffices to let n — 0.

Step 2. It remains to show that

léguug m; > m; (5.8)

and that the minimum problem (5.1) defining m} has a solution. For every n let u,, € HZ (R) be
such that u,(z) — £1 as * — +oo and

/R W () — qu()? + ()] do < m?, + % (5.9)

Since uy,(x) — +1 as ¥ — =00, each function u, must vanish at some point. By translation
invariance, we may assume that u,(0) = 0 for every n.

We claim that there exist a subsequence of {u,}, not relabeled, and a function u in HZ_(R)
such that {u,} converges weakly to u in HZ_(R) and

/ [(W(u) — q(u)* + (v)?] do < liminf m . (5.10)
R n—-400 "
Fix o € (0,1) so small that (¢ + 0)/(1 — o) < ¢*. Since ¢, — g, for all n sufficiently large we have
that (¢, +0)/(1 — o) < ¢*. Hence, by (5.4), (5.9) and (5.7), in this order, we have that
m’+1
J )+ ()7 (%) do < P2 (5.11)
R

g

for all n sufficiently large. Since W > 0, by extracting a subsequence, not relabeled, we may
assume that {u} } converges weakly in H!(R) to some function w.

Moreover, in view of (5.11), (H2), and the Rellich Compactness Theorem, by using a diagonal
argument we may find a subsequence of {uy},, not relabeled, converging weakly in HIZOC(R) to a
function u € HZ_(R), with v/ = w £'-a.e. in R. In particular, u’ belongs to H!(R). We may also
assume that (¢, +0)/(1 — o) < ¢* for all n.

Using the facts that ¢, — ¢ and that, for every fixed k, {u,}, converges to u weakly in
H?((—k,k)) and strongly in H'((—k, k)), we have

k k
/ W) — q(e)? + (u)?] da < HTEE/ W () — gn(u)? + ()] de. (5.12)
—k —k
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Since by Theorem 3.4 (i),

—k 400
([ )t = + w2 do o
—o0 k
from (5.7), (5.9), and (5.12), we deduce that

k
/ [W(u) — q(u)* + (u")?] dz < lim inf/ (W (un) = gn(up,)® + (u)))?] do = lim inf m} .
_k n—+oo [Jp n—-+oo n
Using the facts that W > 0 and «/, " € L?*(R), and applying Lebesgue’s Monotone Convergence
Theorem to the sequence {x(_ k)k)W(u)} and Lebesgue’s Dominated Convergence Theorem to the
sequences {X(sz,k) (u’)Q} and {X(,k,k) (u”)z}, we may let &k — 400 in the previous inequality to

obtain (5.10).

We claim that u(z) — £1 as ¢ — +oo. Fix 0 < p < 1 and let
Ty i=sup{x <0: |u, +1| < pin (—o0,z)},
Yyp :=inf{x >0: |u,— 1| < pin (z,+00)}.
Note that, since u,(0) = 0 and u,(z) — £1 as * — +oo, then —oco < z, < 0 < y,, < +00. We
claim that
{yn — @, } is bounded. (5.13)

If not, then there exists a subsequence, not relabeled, satisfying y,, — x, — +00. Using (5.4), we
obtain

Tn

[ ) = + @ ez o [ () + (6] ds

— 00 — 00

> 5 VG > G { [ VTG, [ W)

—1—

(5.14)

Similarly, we get
1+p

/y+°°[w(un) — qn(uly)? + (u)?] da > ;min{ 1;\/st,/1 \/st} : (5.15)

Let K > 0 be the minimum between the two numbers in the right-hand side of (5.14) and (5.15).
Fix n € (0, K) and let § > 0 be as in Lemma 5.2. For every n we define
Ay ={z € [zn,yn] : Jun(z) — 1] >0, |u,(x) + 1] > §},
By = {x € [0, yn] : |uy ()] > 0}
By (5.11) we obtain

m*+1 m*+1
L£YA,) < —%— and £Y(B,) <2 ,
ows 062

where ws := min{W(s) : [s — 1| >, |s + 1| > ¢} (note that ws > 0 by (H1), (H2), and by the
continuity of W). Since y,, — x,, — 400, for n large enough there exists z, € (z, + 1,y, — 1) \
(A, U B,,). Without loss of generality, we may assume that |u,(z,) — 1| < § and |ul,(z,)| < d. By
Lemma 5.2 and the fact that ¢, — ¢, we obtain a function v,, such that v, € Hﬁoc (R), vp, = uy in
(=00, zn), Uy is a polynomial of third degree in [z, 25, + 1], v, = 1 in (2, + 1, +00), and

/ (W (0n) = gu(vy)? + (v))?] da
R

Zn zZn+1
— [ W) = )+ ok [ W)~ e + @] do

—00 n



26 M. CHERMISI, G. DAL MASO, I. FONSECA, AND G. LEONI

*

for all n sufficiently large. Since v,, is admissible for m* | in view of the previous inequality,

/_ (W (un) = gn(up,)® + (up)?] do > m} —1. (5.16)
We write
/ (W (un) — gu(e)? + (ul1)?] di = / "W ) — ()2 + (u))?] e
R —00

Yn Too
+ / W (1) — gu(u)? + (u1)?] di + / (W (un) — gu(e)? + (u0)?] de.

n n

Since y, — 2, > 1, by Theorem 3.4 (i) the second term in the right-hand side of the previous
inequality is nonnegative. Therefore, using (5.15) and (5.16), we deduce

[ W) = au(u o+ ()] do = g, — -+ K

R

for all n sufficiently large. Since 1 < K, this contradict (5.9) for all n sufficiently large, and
concludes the proof of (5.13).

Since z, < 0 <y, there exists a constant 0 < ¢, < 400 such that —{, <z, <0 <y, </, for
every n. It follows from the definition of ¥, that |u, (z) — 1| < p for every x > £, and for every

n. Letting n — oo and using the fact that {u,} converges strongly to u in H{ (R), we have that
lu(z) — 1| < p for every x > {,. Since this result holds for every 0 < p < 1, we have shown that

u(xz) — 1 as  — +o00. In the same way we prove that u(z) — —1 as © — —oc.

Hence, u is admissible for m}, which, together with (5.7) and (5.10), implies that

m’ < / [W(u) — G(u)* + (u")?] do <liminf m! <limsupm; < m.
R

q n—too dn ntog q

*

7 is continuous at ¢ and that u is a solution of the minimum

This shows that the function ¢ — m

problem (5.1) defining my. O
Remark 5.6. It follows from the previous theorem that
=

where
mg = inf {/ {W(u) + (UJ”)Q} dz: u e HE (R), 1irﬂr:1 u(z) = :tl}
R r— o0
is the effective energy density per unit area obtained in [7].

5.2. The One-Dimensional Case with W Even. In this section, we assume that W: R —
[0, +00) is an even continuous function satisfying (H1) and (H2). Define

+oo
Py :inf{ / (W () — g(u')? + (u")?] da = w € H ([0, +00)), lim u(z) =1,

o (5.17)
u(0) =0, u(z) >0 for all x > O},
and
+oo
p := inf { / (W (u) — q(u)* + (u")?] dz : w € H ([0, +00)),
’ (5.18)

lirf u(z) =1, u(0) = 0},
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where HZ ([0, +00)) is the space of all functions u: [0,+00) — R such that u € H?((0,T)) for

every T' > 0. We have the following characterization.

We have the following characterization.

Proposition 5.7. Let ¢ < ¢* and let W: R — [0,+00) be an even continuous function satisfying
(H1) and (H2). Then the minimum problems (5.17) and (5.18) have a solution and

2py =2p =m". (5.19)

Proof. Fix o € (0,1) so small that (¢ +¢)/(1 — o) < ¢*. Then, for every admissible u for (5.17),
by (5.4), (H2), and the fact that u > 0,

+o0 +oo
/ [W(u) —q(u)? + (u")?] da > 0/ [(u—1)*+ («)? + (u")?] da,
0 0

therefore u—1 € H?(0,00). Reasoning as in Step 2 of the proof of Theorem 5.5, it follows if {u,,} is
a minimizing sequence of the infimum problem in (5.17), then it admits a subsequence converging
in H2.(0,00) to a minimizer u of the same problem.

We claim now that 2py > 2p > m™*. The first inequality is a direct consequence of (5.17) and
(5.18). In order to verify that 2p > m*, let n > 0 and let u be an admissible function for (5.18)
such that

+oo
[ W - g+ ] e <pota
0
We define

w(z) =

—u(—2x) ifx <0,
{ u(x) if x> 0.
Then w is an admissible function for (5.1), and so.
m”* < 2p + 2n.
Letting n — 0T we conclude that m* < 2p.

It suffices to prove that m* > 2p,. Let 7 > 0 and let u be an admissible function for (5.1) such
that

/ [(W(u) — q(u)® + (u")?] do < m* + . (5.20)
R
Since u(z) — £1 as ¢ — +oo, the function v must vanish at some point. By translation invariance,

we may assume that ©(0) = 0. Let 27 and z2 be the smallest and the largest zero of u, respectively.
Then, 21 < 0 < x9, and by Proposition 3.4 (ii),

T2
/ (W) — gy + (u")?] d > 0 (5.21)
T1
Define w(z) := —u(—x + x1) and v (x) := u(z + z2) for x > 0. Since v and w are admissible
functions for py and W is even, we obtain from (5.20) and (5.21)
x1 —+oo
m* +n> / [W(u) —q(u)? + (u”)Q] dz + / [W(u) —q(u)? + (u")ﬂ dx
—0o0 xr2

+o0 +oo
- / [W(w) - qw')? + (w")?] do + / [W(v) - q(')? + ("] de > 2p..
0 0

Letting n — 0% we deduce that m* > 2p, .
Since p4 = p and the minimum problem (5.17) for p4 has a solution, so does problem (5.18)
for p. O

Proposition 5.8. Let g < ¢*, let W: R — [0,400) be an even continuous function satisfying
(H1) and (H2), and let u be a minimizer of (5.18). Then u > 0 in (0,400).
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Proof. We argue by contradiction. Assume that « in not strictly positive in (0, +00). Let x; the
last zero of u. Define w(x) := u(z + 1) for £ > 0. Since w is admissible for the infimum problem
defining p, we obtain

+o0
p= /0 (W (u) — q(u)® + (u")?] dz

x1 —+o0
— [ V@ o + @] da [ W) - g+ @] do

0 0
2/0 (W () — q()? + (u")?] dz + p.

Since u(0) = u(z1) = 0, we are in a position to apply Proposition 3.4 (ii) to get that
/0 " W) = gy + (")?] de = o. (5.22)

If o € (0,1) is such that (¢ +0)/(1 — o) < ¢*, then by (4.1),

(1-0) /Ow [W(u) _ AT ey (u”)2] do + a/Owl [W(u) + ()2 + (")?] da = 0.

l1—0

Since the first term in the left-hand side of the previous equality is nonnegative by Proposi-
tion 3.4 (ii), both terms should be zero. This means that u should be constantly equal to 1 or —1
in (0,21), which contradicts the fact that «(0) = u(x;) = 0. O

As consequence of the previous proposition we conclude that minimizers of (5.1) have exactly
one zero.

Proposition 5.9. Let ¢ < ¢*, let W: R — [0,400) be an even continuous function satisfying
(H1) and (H2), and let u be a minimizer of (5.1). Then there exists xo € R such that u > 0 in
(xg,+00), u <0 in (—o0,z0), and u(zg) = 0.

Proof. Since u(x) — +1 as  — oo, the function u vanishes at some point. By translation
invariance, we may assume that u(0) = 0. Let w(x) := —u(—=z) for z > 0. Since both w and u are
admissible functions for p and W is even, we have

+oo +oo
m* — /0 [W(w) _ q(w/)Q + (w”)Q] dz +/0 [W(u) — q(u’)2 + (u//)ﬂ dx ,

+oo +oo
/0 [W(w) — g(w')? + (w")?] dz > p, / W (u) — g(u)? + (u")?] d > p.

Since, by Proposition 5.7, 2p = m*, we must have

+oo +oo
/ [(W(w) — q(w')? + (w")?] dz = p = / W (w) — qlw')? + (w")?] de,
0 0

which implies that both u and w are minimizers for p. By Proposition 5.8, we get u > 0 in (0, +00),
and w > 0 in (0, +00), that is, u < 0 in (—o0,0). O
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