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1. INTRODUCTION

Analysis on the Heisenberg group is motivated by its appearance
in several complex variables and quantum mechanics. In addition, as
the simplest non-abelian example, the Heisenberg group serves as a
testing ground for questions and conjectures on more general Carnot
groups and sub-Riemannian spaces. Geometric measure theory and
rectifiability play an important role in these settings in connection with
sub-elliptic PDE’s and control theory. For recent results in the subject
we refer to [3], [5], [12], [13], [15], [18].

This paper is part of a larger program [5], [4] for studying properties
of fractal sets in the sub-Riemannian metric setting of the Heisenberg
group. The results presented here concern the Hausdorff dimensions of
invariant sets associated to self-similar and self-affine iterated function
systems.

Let us recall that the (first) Heisenberg group H = H' is the unique
non-abelian Carnot group of rank two and dimension three. Explicitly,
H = R3 with the group law

(1.1) (x,t) * (2, ¢) = (x + 2, t +t' + 2(x, J2'))
where J : R? — R? denotes the map
J(w1,29) = (—22,21)

and (-,-) is the standard inner product in R?.

The sub-Riemannian nature of H is reflected in the so-called hori-
zontal distribution HH, which is the distinguished subbundle of the full
tangent bundle TH defined by

H,H := span{X,, Y,}.
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Here X and Y denote the left-invariant vector fields in H whose values
at a point p = (r1, z2,t) are

Xp = 8:“ -+ 21’2815, YZD = 8962 — 21’1&5.

Equivalently, H,H can be characterized as the kernel of the canonical
contact form dr = dt + 2x1dxy — 2x2dx; on H at the point p.

The Heisenberg group is equipped with a non-Euclidean metric struc-
ture via the so-called Heisenberg metric. This is the left-invariant met-
ric on H defined as follows:

(1.2) du(p,q) = p™" *qlp,  p.g€H,

where * denotes the group law from (1.1) and |- |y denotes the Heisen-
berg norm given by

(1.3) (&, )l = (" + )11,

Before passing to the main results of this paper, let us begin by
describing an application which served as motivation for our studies.

The relationship between the Heisenberg and Euclidean geometry
on H = R3 is rather intricate. For example, the Hausdorff dimension
of (H,dg) is equal to 4; in fact balls in the metric dy have measure
proportional to the fourth power of their radius. This implies, for
instance, that the Heisenberg metric dy cannot be locally bi-Lipschitz
equivalent with any Riemannian metric.

The following problem asks for an understanding of the relationship
between the Hausdorff measures H$ and Hy on H = R?® associated
with the Heisenberg and Euclidean metrics dy and dg. A version of
this question was posed by Gromov [15, 0.6.C].

Problem 1.4. For fixed a € [0, 3], what are the possible values of
£ = dimg S when S ranges over all subsets of H with dimg S = «a?

Here we denote by H7y;, resp. Hj, the s-dimensional Hausdorftf mea-
sure associated with the relevant metric dg, resp. dg, and by dimg,
resp. dimg the corresponding Hausdorff dimensions.

Problem 1.4 is a fundamental question for understanding properties
of Hausdorff measures with respect to the Heisenberg metric. It asks
which subsets of H are “most nearly Euclidean” (/3 is smallest for fixed
a) and which are “most nearly non-Euclidean” (/3 is largest for fixed
a). Recently, a nearly complete answer to Problem 1.4 was obtained
by Balogh-Rickly—Serra-Cassano [5]. We formulate a slightly different
version of the original statement in [5].
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Theorem 1.5 (Balogh-Rickly—Serra-Cassano [5], Theorems 1.1 and
1.2). Let S C H with dimp S = a € [0,3] and dimy S = 3 € [0,4].
Then

(1.6) max{a,2a -2} =: f_(a) < < fi(a) := min{2a, a + 1}.

Moreover,

(i) for each a € [0, 3] there exists a set S* C H with HE(S*) < oo
and H5H @ (5°) > 0,
(ii) for each o € [0,2)U{3} there is a set S, C H with H%(S,) > 0
and Hi ™ (S,) = H%(S,) < oo, and
(ii") for each o € [2,3) and each 6 € (0,1) there is a set So 5 C H
with HE 2 (Sas) > 0 and Hir ) (Sa.s) = HZX2(Sas) < 0.

The techniques in [5] did not suffice to obtain examples showing the
precise sharpness in the lower bound in (1.6) in the case 2 < a < 3. In
particular there were no examples of sets S with the property that

As a consequence of our main results (which we describe shortly) we
are able to find such examples and complete the solution to Gromov’s
problem 1.4. More precisely, we may record the following theorem.

Theorem 1.7. For each o € [0, 3] there exists S, C H with H%(S,) >
0 and Hg’(a)(Sa) < 00, where f_(a) = max{a, 2a — 2}.

A case of special interest in the above statement is o = f_(«) = 2
The example which figures in this case in Theorem 1.7 is a self-similar
set Qg C H which we term as the Heisenberg square. It is obtained as
invariant set for a certain self-similar iterated function system. Such
systems are the main objects of study in this paper. We describe
this example in more detail later on in this introduction; here we
give a few relevant facts which indicate how the proof of Theorem
1.7 goes. There is a 1-Lipschitz projection mapping 7 : H — R? given
by m(z,t) = z which maps Qg onto the closed unit square @ = [0, 1]2.
Thus H%(Qx) > H%(Q) =1 > 0. On the other hand, the self-similar
construction of Yy gives rise to natural coverings by families of self-
similar copies of (), and using these covers to estimate the Heisenberg
Hausdorff measure yields H% (Qp) < oc.

The case a = 2 is the key to establishing Theorem 1.7 in full gener-
ality. The examples for 2 < a < 3 are constructed as certain “product-
type” sets using the Heisenberg square Q) together with vertical Can-
tor sets.
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With this motivation in mind we turn to the principal objects of
study in this paper, namely, invariant sets for iterated function systems
in (H, dg). Recall that an iterated function system (for short, an IFS)
on a complete metric space (X, d) is a finite collection

F={fi.- fu}

of contraction maps of (X, d) (i.e., Lipschitz maps with Lipschitz con-
stant strictly less than one). The invariant set for F is the unique
nonempty compact set in X which is invariant under the action of the
elements of F.

In [4], we studied regularity and connectivity questions for invari-
ant sets of Heisenberg iterated function systems. The present work is
devoted to the study of the dimensions of such invariant sets.

Throughout this paper, we restrict our attention to the case of affine
iterated function systems (AIFS). That is, we assume that each IFS
consists entirely of affine maps. Moreover, we are interested in affine
contractions of H that arise as lifts of affine mappings of R? as follows.

Let f:R? — R%2. A map F: H — H is called a lift of f if

mol'= fom,

where 7 : HI — R? is the projection map defined above. It is an
important observation that each affine map of H which is Lipschitz
with respect to the Heisenberg metric dy arises as a lift of an affine
map of R?. Conversely, each affine map of R? lifts to affine Lipschitz
maps of H. See Proposition 2.2 of [4] and section 2 of this paper. Such
lifts are not unique, but any two lifts of a given map of R? differ only
by the addition of a vertical constant.

Each AIFS {F\,..., Fy} on H therefore arises as a lift of an AIFS
{fi,..., fur} on R% and conversely, each AIFS on R? can be lifted
to AIFS’s on H. The space of all AIFS’s Fy on H which arise as
lifts of a given AIFS F on R? is naturally parameterized by an M-
dimensional Euclidean space, corresponding to the ambiguity in the
vertical constants mentioned above.

We call the invariant sets for Heisenberg AIFS’s (self-affine) horizon-
tal fractals. This terminology comes from the fact that these objects
are in some sense tangent to the horizontal distribution HH. In this
paper, we study the Hausdorff dimensions of horizontal fractals with
respect to the metrics dy and dg on H = R3.

To give a more concrete feeling for what is going on we describe in
detail our basic example, the so-called Heisenberg square Q. By this
name we denote the invariant set for any horizontal lift of the standard
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planar IFS
(18) f:{f0>f1af2>.f3}a
where
1 1
fo(z) = DA fi(z) = 5(95 +e1),

fa(z) = %(:c—k ex), f3(x) = %(:c +e1 +es).

Here e; = (1,0) and e, = (0, 1) are the standard basis vectors in R
Figure 1.1 shows several versions of the Heisenberg square, correspond-
ing to different lifts Fy of the IFS F from (1.8).

FIGURE 1.1. Heisenberg squares: horizontal lifts of Q = [0, 1]%.

As indicated above, our first result gives the dimensions of Heisen-
berg squares.

Theorem 1.9. Let F be the IFS in (1.8) and let Fy be any horizontal
lift of F. Denote by Q = [0,1]?, resp. Qp, the invariant set for F,
resp. Fg. Then

In fact we have

0<1=H%(Q) <HL(Qy) and H3(Qpy) < co.

The Heisenberg squares have been considered previously. Strichartz
[24] used @y (and versions of this object in more general Carnot
groups) to construct “dyadic-type” Carnot tilings. See also [25]. Part
of Theorem 1.9, namely the equality dimy Qg = 2 can be found in
[24]. However, Strichartz obtained @)y in a different way as the graph
of an L* function and not as a horizontal lift. Due to our different
approach we obtain a more complete statement and a much simpler
proof of Theorem 1.9. In fact, we describe a significantly more general
result from which Theorem 1.9 arises as an easy corollary.
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Let us mention that the Heisenberg square )y is also interesting for
another reason. In [4], we prove the following result: there exists a
horizontal lift Fy of the IFS F from (1.8), so that each selection (3 :
Q — H, B(x) = (z, g(x)), of the set-valued map a(z) = 7~ (z) N Qg,
is a function of bounded variation. Combining this result and Theorem
1.9, we see that there exists a surface S = ¢(Q°) in H with

(1.10) 0 < H%(S) < o0

and ¢ a function of bounded variation. This contrasts with a recent
result of Ambrosio and Kirchheim [1]. According to Theorem 7.2 of [1],
there are no surfaces S = ¢(2) in H, where Q) is a domain in R? and
B = (id, g) is a Lipschitz map from Q to (H, dy), which satisfy (1.10).

As mentioned above, Theorem 1.9 is a special case of more general
results concerning the dimensions of self-similar and self-affine hori-
zontal fractals in H. The results in question are Heisenberg analogs of
theorems of Falconer [10] and Solomyak [23] on the generic dimensions
of invariant sets. To set the stage we recall in brief some results from
[10] and [23]. A more detailed description will appear in section 5.

To a finite collection A of contractive linear maps of R”, Falconer [10]
associates a critical exponent sg(A). In the case when each element of
A is in the conformal group CO(n) = R4 x O(n), the critical exponent
of A is equal to the similarity dimension of A, i.e., the unique value s
satisfying the equation

(1.11) dolAP =1,
AeA

where || - || denotes the operator norm. (It is not required that the
elements of A be distinct.)

In the case of when a self-similar IF'S satisfies the open set condition
(cf. section 2) we have the following remarkable equality of dimensions:

Theorem 1.12. Let F be a self-similar iterated function system in the
plane which satisfies the open set condition and let Fg be a lift of F to
the Heisenberg group. Then

dlmEK:dlmEKH = dlmHKH =S,

where s denotes the similarity dimension for the associated family of
conformal matrices. Moreover,

0 < HL(K) <HEKg) and Hy(Ky) < oo.

Since the IFS F from (1.8) which generates the square in R? satisfies
the open set condition, Theorem 1.9 follows from Theorem 1.12.
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The major question adressed in this paper is what happens in the
absence of the open set condition in the more general setting of affine
maps. The definition of the critical exponent sg(.A) from [10] is more
complicated and will be recalled in section 5. By results of Falconer
and Solomyak in the Euclidean case one still has a dimension formula
which holds in a generic sense. To recall this statement fix a collection
A={A,..., Ay} as above. For each b = (by,...,by) in R™™ define
an AIFS F(b) = {f1,..., fu} on R", where fi(z) = Ajxz +b;, i =
1,..., M. Let K(b) be the invariant set for F(b).

Theorem 1.13 (Falconer, Solomyak). Let A and K(b) be as above.
Then
(i) dimg K(b) < sg(A) for allb € R™; and
(ii) of ||Ail| < 1/2 for each i, then dimg K (b) = min{n, sg(A)} for
a.e. b e R"M,

Falconer proved this result first with 1/2 replaced by 1/3 [10, Propo-
sition 5.1 and Theorem 5.3]. Solomyak [23, Proposition 3.1} observed
that the hypotheses could be weakened as indicated. The constant 1/2
is sharp for generic statements of this type, as was observed by Edgar
in [8]. See also the proof of Proposition 3.1 in [23].

Each lift of an affine map f(z) = Ax + b of R? to the Heisenberg
group is an affine map F(z,t) = Ay(z,t)+b, where 4, is a certain block-
lower triangular matrix defined in terms of A and b and b = (b, 7), 7 an
arbitrary real parameter. See (2.1). For a given b € R* and an AIFS
F(b) on R?, denote by Fg (b, 7) the lifted IFS on H corresponding to a
specific choice of 7 € RM and by K (b, 7) its invariant set. Also, denote
by 3p(b; A) the critical exponent for the family {Ay4,, ..., Ay, }-

From Theorem 1.13 we immediately deduce that

for all b and 7. However, the upper bound in (1.14) is not the correct
value for dimg K (b, 7). In fact, we will prove the following result.

Theorem 1.15. Let F(b), b € R*™ be an IFS of contractive, affine
maps in R? and let Fy(b,7), 7 € RM, be any horizontal lift to H as
above. Then
(i) dimp Ky (b,7) < 35(A) = 55(0;A) for all b € R*M and 7 €
RM: and
(ii) of ||As]| < 1/2 for all i, then dimg Kg(b,7) = min{3,35g(A)}
for a.e. b€ R*™ and 7 € RM.

Observe that there is no contradiction between the almgst sure re-
sults of Theorems 1.15(ii) and 1.13(ii) since the matrices A, ;, depend
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on the auxiliary parameter b € R?™. Thus it cannot be guaranteed
that the almost sure conclusion in Theorem 1.13 is applicable for any
particular choice of the lift Ky (b, 7) in Theorem 1.15(ii).

To study the Heisenberg dimensions of Ky(b,7) we introduce a
Heisenberg critical exponent $y(A) (see section 5) associated with a
family A of contractive linear maps of R?. This quantity differs sub-
stantially from its Euclidean counterpart and represents a major con-
ceptual novelty of this paper. We then have the following

Theorem 1.16. Let F(b), b € R*™ | be an IFS of contractive, affine
maps in R? and let Fy(b,7), 7 € RM, be any horizontal lift to H as
above. Then
(i) dimg Kg (b, 7) < 55(A) for allb € R*M and 7 € RM; and
(ii) if ||Ail| < 1/2 for each i, then dimy Ky (b, 7) = min{4, 5y (.A)}
for a.e. b € R?M and 7 € RM,

From the definitions of sg, Sg, §y (cf. section 5) it is straightforward
to verify that

min{2, sp(A)} < min{3,5(A)} < min{4,55(A)}.

Furthermore, if 0 < sg(A) < 1 then sgp(A) = 5g(A) = sy(A) and if
1< sg(A) <2then sg(A) = 35g(A).

In the self-similar case, the critical exponents sg(A), $g(A) and
Sp(A) all agree and are equal to the similarity dimension of 4. Denot-
ing this common value by s, we have

dimg(K (b)) = min{2, s},
dimg(Ky (b, 7)) = min{3, s},

and
dimy (Kg (b, 7)) = min{4, s}
for almost every b and 7. In particular, if s < 2 then

for a.e. b, 7.
Overview. The structure of this paper is as follows. In section 2 we
collect some additional definitions and recall background material. We
also fix notation which will be in force for the rest of the paper.
Section 3 is devoted to the self-similar case. We prove Theorems
1.15 and 1.16 in this special setting first, in preparation for the general
case. We also discuss the open set condition for horizontal lifts, and
give the proof of Theorem 1.12.



10 ZOLTAN M. BALOGH AND JEREMY T. TYSON

In section 4 we discuss Gromov’s question on the relationship be-
tween dimpg and dimg.

The various critical exponents for a general affine family and its
horizontal lifts are defined and discussed in section 5. Section 6 is
devoted to the proofs of Theorems 1.15 and 1.16 in full generality.

In an appendix (section 7), we sketch the proof of an interesting fact
from linear algebra which arises in connection with inequalities between
the various critical exponents associated with a family of contractive
linear maps.

Acknowledgements. We are grateful to Regula Hofer-Isenegger for
the Maple code which produced the image of the Heisenberg square in
Figure 1.1.

2. DEFINITIONS, NOTATION AND PRELIMINARY RESULTS

Affine maps on H. We start by recalling the following relation be-
tween Lipschitz affine maps of H and horizontal lifts of affine maps of
R?. See Proposition 2.2 of [4]. Let F' : R® — R? be an affine map of
the form

F(z,t)=(Az+t-a+0b,(d,x) +ct+71),
where A is a real 2 x 2 matrix, a,b,d € R? and ¢,7 € R. Then F is
Lipschitz with respect to the metric dy if and only if the relations

a=0, d=-2ATJb, c=detA

hold. Thus every Lipschitz affine map FH — H arises as horizontal
lift of the affine map f(x) = Az + b to H and is given by

Flz,t) = A4, (f) +0,

where

(2.1) Ay = (_g(ﬁ,)TA de(t]A) b= (ﬁ) ’

and 7 is a real constant. The Lipschitz constant of F' as a self-map
of (H,dy) is equal to the Lipschitz constant of f as a self-map of
(R?, dg). Furthermore, F is a similarity with respect to dg if and only
if the above relations hold and A € CO(2) is a conformal matrix; in
this case the Lipschitz constant agrees with the operator norm of the
linear part of f.

For example, choose A = rI,r > 0 (where I denotes the 2x 2 identity
matrix) and b = 0. The lift of f(z) = rz corresponding to 7 = 0 is the
Heisenberg dilation F(x,t) = (rx,r?t). Similarly, choose A = I and
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b € R? arbitrary. Then the lift of f(x) = x + b corresponding to 7 € R
is the left translation by (b, T):

F(z,t) = (b,7) * (z,t) = (x + b, t + 7 — 2(Jb, x)).

Affine iterated function systems. Let X be either R",n = 2,3 or
H. Recall that an affine iterated function system (AIFS) is a finite
collection F of contracting affine maps of X. The invariant set for F
is the unique nonempty compact set K C X which is fully invariant
under the action of F:

K =] r(x).

feF
The existence of invariant sets for iterated function systems follows
from the completeness of the space of compact subsets of X with the
Hausdorff metric. See, for example, [19, 4.13] or [17, Theorem 1.1.4].
It follows from the previous paragraph that, to each AIFS

f(b> = {flv”'ufM}
in R?, where b = (by,...,by) € R*™ and f;(x) = Az + b;, there
correspond horizontally lifted IFS’s on H given by

fH(b,T):{Fl,...,FM}, T:(Tl,...,TM)ERM,

where
(2.2) E@OZ&MG>+@

and A;, and b; are given by (2.1). The space of all lifts Fp (b, 7)
corresponding to a fixed AIFS F(b) depends on the M real parameters
Tlyee-sTM-

Recall that the similarity dimension of A = {A;,..., Ay} is the
unique positive solution s to the equation (1.11). It follows from re-
marks made in the previous paragraph that the Heisenberg similarity
dimension of the family {A14,,..., Amp,, } is equal to the same value

s, regardless of the choice of by, ..., by.

Symbolic dynamics. The dynamical attributes of an iterated func-
tion system are encoded via its representation as a quotient of the
standard sequence space. Let A be an alphabet consisting of the let-
ters 1,..., M. Let W,, = A™ m > 1, (resp. ¥ = AY) denote the space
of words of length m (resp. words of infinite length) with letters drawn
from A. We denote elements of these spaces by concatenation of let-
ters, i.e., w = wywy - - - Wy, € Wy, or w = wywe - -+ € X, where w; € A
for each j. Let W = U,,>1W,, be the collection of all words of finite
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length. For w € W we write ¥, for the set of words in 3 which begin
with w; X, is called the cylinder set with label w.

Assume now that F = {f;}ica is an IFS in a complete metric space
(X,d) with invariant set K. For each finite word w = wy ---w,, let
fw=Jfuw, 0 0 fu, and K, = f,(K). Then K = Uyew,, K,, for each
m and maxy,ew,, diam K,, — 0 as m — oco. We also define K, for
infinite words w = wyws - - - by setting K, = Ny Koy, - In this case
K, consists of a single point in K.

We consider on ¥ the product topology induced by the discrete topol-
ogy on A and we define a map p = pr : ¥ — K by setting p(w) equal
to the unique point in K,,. Then p is a continuous surjection between
compact sets [17, Theorem 1.2.3]. Observe that

(2.3) p(w) = Hm [y, .0, (To), w=wwy - €Y,
where z( is an arbitrarily chosen point in X.
Hausdorff measure and dimension. Let X = (X,d) be a metric

space. For e > 0 we denote by ‘HY the a-dimensional Hausdorff mea-
sure on X, defined as

Hi(4) = lim inf ) ~ diam(A,)",

where the infimum is taken over all countable covers of A by sets
A1, Ag, ... satisfying diam A,, < §. Then the Hausdorff dimension of
AC X is

dimy(A) = inf{a : HG(A) =0} = sup{a: H (A) = oo}

We will use these concepts only in the cases (X, d) = (R?,dg), (X,d) =
(R3,dg), and (X,d) = (H,dy). We write H% and dimg for the Haus-
dorff measures and dimension in R? and R3 and H$ and dimy for the
corresponding objects in H.

Since dg is locally bounded by dg on H = R? [5, Lemma 2.1], we
have the absolute continuity relation

HE < HS,

for the a-Hausdorff measures on H for any o > 0 [5, Proposition 3.2(i)].
Thus

for any set A C HL
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The open set condition. An iterated function system F on a com-
plete metric space X is said to satisfy the open set condition if there
exists a bounded open set O C X so that f(O) C O for all f € F and
f(O)Ng(O)=0forall f.ge F, f+#g.

The relevance of this condition for the computation of the Hausdorff
dimensions of self-similar sets derives from the following result, which
was proved by Moran [20] in 1946 and rediscovered by Hutchinson [16]
in the 1980’s.

Proposition 2.5. Let F be a self-similar IFS in R™ which satisfies
the open set condition. Let K be the invariant set of F. Let A denote
the collection of conformal matrices which arise as the linear parts of
elements of F (counted with multiplicity).

Then the Hausdorff dimension of K s equal to the similarity dimen-
sion s of A. Moreover,

0 < HE(K) < oc.

Schief [22], building on ideas of Bandt-Graf [7], proved the following
(somewhat suprising) converse to Proposition 2.5:

Proposition 2.6. Let F be a self-similar IFS in R™ whose invariant
set K satisfies H3,(K) > 0, where A is defined as in Proposition 2.5.
Then F satisfies the open set condition.

3. THE SELF-SIMILAR CASE

In this section, we discuss relations between the Euclidean dimension
of a planar self-similar invariant set and the Heisenberg dimensions of
its horizontal lifts. In particular, we prove Theorem 1.12 on the equality
of dimensions in the presence of the open set condition. The principal
theorem of this section (Theorem 3.9) states that the Heisenberg and
Euclidean dimensions agree generically. It is a special case of Theorems
1.15 and 1.16.

Throughout this section, we assume that F is an IFS consisting of
similarity maps of the plane, and that Fp is a horizontal lift of F to
H. We denote by K, resp. Ky, the invariant sets of F, resp. Fg.

Since 7 is a 1-Lipschitz map from (R3 dg) to (R?,dg) and 7(Kpy) =
K, we have the following a priori inequality:

Observe that the second inequality follows from (2.4).
The following example shows that we need not always have equality
throughout (3.1). In this example it is the first equality which is strict.
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Example 3.2. Fix r € (%,%) and let fi(x) = rz and fo(x) = e +
r(z —ey), where e; = (1,0). The invariant set for F = { f1, fo} is [0, 1].
The formula in (2.2) gives the horizontal lifts F;, i = 1,2, as
Fy(x,t) = (ro,r’t + 1),
Fy(x,t) = (e1 +r(x —e1), 7%t — 2r(1 — 7)zy + 72),
where = (x1,x2) and 71,75 € R. Choose 7 = 0 and
2r(1—r)
1—2r2°
It is straightforward to show that the open set U = B(0,1) x (0,272)
verifies the open set condition for Fy = {Fj, F5}. The maps F; and

Fy are similarities of H with contraction ratio r. By Proposition 3.3
below,

Ty >

log 2
log1/r
In fact, the Euclidean dimension of Ky is also equal to log2/log1/r.

The proof of this latter fact requires Falconer’s theory of dimensions of
self-affine fractals which will be recalled in section 5.

In the above example we made use of the following proposition, which
extends the Moran—Hutchinson result to the Heisenberg setting.

Proposition 3.3. Let Fy be a self-similar iterated function system in
H which satisfies the open set condition. Assume that Fy is a lift of
F, and define A as in Proposition 2.5. Then the Heisenberg dimension
of Ky s equal to the similarity dimension of A.

Kigami [17, Proposition 1.5.8] gave a new proof of the theorem of
Moran—Hutchinson. His proof extends to the Heisenberg setting, as we
now demonstrate.

Kigami’s proof uses the following more general result, which is The-
orem 1.5.7 of [17].

Theorem 3.4. Let F = {f1,..., fu} be an iterated function system in
a complete metric space X. Let K be the invariant set of F. Assume
that there exist r1,...,ry € (0,1) and positive constants Cy, Cy, M
and ro so that the following two conditions hold:

(i) diam f,(K) < Cyry, for each w € W, and
(i) for any p € K and any 0 < r < rg, the number of words
w=wy---wy, €W satisfying the conditions

(3.5) Twy " Twy g > T > Tyt Ta

m
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and
(3.6) dist(p, fu(K)) < Cor

18 at most M.

Then the Hausdorff dimension of K is given by the unique positive
solution s to the equation

(3.7) =1

i=1
Moreover, 0 < H*(K) < oc.

Proof of Proposition 3.3. We verify the assumptions of Theorem 3.4
with r; equal to the Lipschitz constant of F; € Fg.

Let U be a bounded open set in H which verifies the OSC for Fpy.
Without loss of generality diamy U = 1; since K C U by Exercise 1.2
of [17], we conclude that diamy Ky < 1.

By the choice of r;, we have diamy F,,(Ky) < r, for all words w.
This establishes Theorem 3.4(i) with C; = 1.

Next fix p = (x,t) € Ky and 0 < r < 1, and consider a word
w satisfying (3.5) and (3.6) with Cy = 1. Then F,(U) C Bu(p,2r),
where By (p,r) denotes the ball in the Heisenberg metric about p of
radius 7. Since the sets F,,(U) are pairwise disjoint for such words w,

> Fu(U)] < |Br(p,2r)| = 16r*| B (0,1)],

where the sum is taken over all words w satisfying (3.5) and (3.6). Here
|U| denotes the three-dimensional Lebesgue measure of a set U C H.
From (3.5) we see that |F,(U)| > r* . r*|U| and so the number of

min
words w is bounded by
ol

min

M

O

Since the open set condition passes to horizontal lifts (see Proposition
3.14 of [4]), we may record the following corollary stated as Theorem
1.12 to Proposition 3.3.

Corollary 3.8. Let F be a self-similar iterated function system in the
plane which satisfies the open set condition and let Fy be a lift of F to
the Heisenberg group. Then

dlmEK:dlmEKH = dlmHKH =S,
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where s denotes the similarity dimension for the associated family of
conformal matrices. Moreover,

0 < HL(K) <HEKg) and Hy(Kg) < oo.

Generic equality of dimensions for self-similar fractals. In this
subsection, we show that equality holds throughout (3.1) in a generic
sense even in the absence of the open set condition.

Consider a family A = {Ay, ..., Ay} of 2x2 conformal matrices. For
each b = (by,...,by) € R*™  consider the AIFS F(b) = {f1,..., fu},
where f;(x) = Aix+b;, 1 =1,..., M. We view the matrices Ay, ..., Ay
as fixed and b, ..., by as varying.

The following theorem gives an upper bound for the Hausdorff di-
mensions of self-similar lifts. In conjunction with Theorem 1.13, it
implies the generic equality of Heisenberg and Euclidean dimensions.

Theorem 3.9. Let F(b) be a self-similar IFS in R? as above and let
Fu(b,7), 7 € RM be any horizontal lift to H. Then

Hi (K (b, 7)) < oo,
where s is the similarity dimension of A. In particular,
dimg Ky (b, 1) < s.
Corollary 3.10. If ||A;|| < 3 for each i and s < 2, then
dimpg K (b) = dimg Ky (b, 7) = dimy Kg(b,7) = s
for a.e. b€ R?* and all T € RM.

Proof of Theorem 3.9. Without loss of generality assume that the Heisen-
berg diameter of Ky (b) is one.

Since F(b) consists of similarities of R?, Fg(b, T) consists of similar-
ities of H. The value r; := || 4;|| is the common contraction ratio for
fi € F(b) and its lift F; € Fy (b, 7).

Given § > 0, choose m so that ri,ax < 9. Thesets A, :== F,,(Kg(b, 7)),
w € Wy, cover Ky (b, 7) and diamy A, = ry,, < d. Thus

Ho(Ea(b,7) < Y (diamy A,)°

WEWm,
M m
_ s s _
= E Ty = ( E ri> = 1.
weWnm, i=1

Hence H3,(Kg (b, 7)) <1 and dimyg Kg(b,7) < s. O
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Remark 3.11. The theory developed by Falconer in [10] and recalled
in section 5 applies to self-affine systems in arbitrary Euclidean spaces
R™. Each self-similar TFS in R? lifts to self-similar IFS’s in (H, dg)
which are self-affine when viewed as IFS’s on (R3,dg). It is an in-
teresting exercise to use Theorem 1.13 to verify that the Euclidean
dimension of the lifted fractal agrees with the similarity dimension.

4. COMPARISON OF EUCLIDEAN AND HEISENBERG DIMENSIONS

In this section we discuss the application of Theorem 1.9 to the
problem of Gromov. In particular, we will prove Theorem 1.7, whose
statement we now recall:

Theorem 4.1. For each o € [0, 3] there exists S, C H with
HE(S,) > 0 and HE*272 (5 ) < co.

Let us also recall that relevant examples for the cases 0 < a < 2 and
«a = 3 of Theorem 4.1 were previously given by Balogh—Rickly—Serra-
Cassano [5]; see Theorem 1.5.

Proof of Theorem 4.1. By Theorem 1.9, each horizontal lift Q)5 of the
unit square serves as the desired example S5 in Theorem 4.1 in the case
a = 2. Indeed H%(S,) < oo while H%(S2) > H%(Q) = 1.

To treat the case 2 < a < 3, we construct certain product-type sets
over Q. Let p = a—2 and consider a Cantor set C), in the t-axis with
0 < H2(C,) < oo and 0 < H3P(C,) < oo. The construction of such a
set is standard, see e.g. [3, p. 300] or [5, §4]. To wit, choosing s < 1 so
that

2sP =1,

we view (), as the invariant set associated with the system Gy =
{G1, Gy}, where G; and G9 are the \/s-Lipschitz maps of (H, dy) de-
fined by Gy (z,t) = (v/sz, st) and Ga(z,t) = (/sz, 1 + s(t — 1)).

The set S, is defined as the following product of Qg with C):

So i ={(z,t +1t) : (z,t) € Qu, (0,t) € Cp}.

The estimate H%(S,) = Hp"(S,) > 0 is a consequence of the Eu-
clidean product structure of S,, as follows. For x € () define

t, = max{t: (z,t) € Qu}
and @ : Q x C, — Sy,
O(z,(0,1)) = (x,t, + ).
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It is easy to see that ® is a bi-Lipschitz embedding of @) x C), into S,.
Thus it suffices to show that

H(Q x Cp) = Hp(@Q x Cp) > 0.

This follows from [19, Theorem 8.10], since H%(Q) = 1 and H%(C,) >
0.

To show the estimate H2%(S,) = Hi P(S,) < oo we use the
obvious covering of S, by similarity images of () and C,. Fix ¢ > 0

and choose
m > 1+i+10g1/5.
4 2p log 2
Set n = [2pm], where [x] denotes the greatest integer less than or equal
to x, and consider the covering of S, with the sets

Sow = {(w,t +1') : (2,1) € Fu(@Qn), (0,1) € Go(Cp)},

where w and v range over the sets W,,, = {1,2,3,4}" and V,, = {1,2}"
respectively. o
To estimate diam g (S, ), choose (z,t+1') and (Z,t+1') in Sy, with
)

diamy (Syw) = dy((z, t + 1), (Z,t + 1)
and compute
diamp (Sp)* = [T —2/* + (=t + 1 —t' — 2(x, J7))?
<2(|z -2+ (E—t—2(z, JT))* + (I = t')?)

S 2 ((1)4777, +a2n) < 54‘

2
Thus
H?jf;p(Sa) < Z Z diam g (S )* 2P
weWm veV,
1 (1+p)/2

< 21/4 L4m . on ((5)4771 + a2n)

< C(p)22m(1+p) ((%)2771(1—&-]9) + a2m(1+P)p) — 20(]3) < 00
as desired. 0

5. THE SELF-AFFINE CASE I

In this section, we collect some preliminary material on the Eu-
clidean and Heisenberg critical exponents for a family of linear maps,
and Hausdorff-type measures on sequence space defined using these
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quantities. We also give an example of an AIFS in H whose dimension
can be estimated using our theorems.

Singular value functions and critical exponents. Let n > 2 be
an integer. For a contracting linear map A : R" — R" denote by
1>ay >+ > a, > 0 the singular values of A, defined as the lengths
of the principal semi-axes of the ellipsoid A(B"(0,1)), or equivalently
as the positive square roots of the eigenvalues of A”A. The singular
value function p*(A) is defined for s > 0 as

(5.1) ©*(A) = arag - - - g, ™ 0<s<n,

where m is the integer such that m — 1 < s < m,
¢°(A) =1,
and
O (A) = (a1 0a,)*™, s>n.

Given a collection A = {A;,..., Ay} of linear maps in R™, define
the critical exponent sg(A) as the unique nonnegative solution s to the
equation

1/m
(5.2) lim ( > @(A@) =1,
T \weWn
where A, = Ay, -+ Ay, and w = wy - w,, € W, = {1,..., M}™.
This critical exponent is the value which appears in the theorem of
Falconer and Solomyak from the introduction. If each element of A is
conformal, sg(A) is equal to the similarity dimension of A.

Recall that each lift of an affine map f(x) = Az + b of R? to H is
an affine map F(z,t) = Ay(x,t) + b, where 4, and b = (b,7), T € R,
are defined as in (2.1). For fixed b € R** and an AIFS F(b) on R?
we denote by Fy (b, 7) the lifted IFS on H corresponding to a specific
choice of 7 € R™ and by Kpy(b,7) its invariant set. Also, denote
by 3p(b; A) the critical exponent for the family {Ay,,,..., Ays,, ), as
defined above, and abbreviate §g(A) := 5g(0;.A).

We now recall the statement of Theorem 1.15 from the introduction.

Theorem 5.3. Let F(b), b € R*™ be an IFS of affine maps in R? and
let Fr(b,7), T € RM, be any horizontal lift to H as above. Then

(i) dimg Ky (b, 7) < 3p(A) for allb € R*M and 7 € RM™; and
(i1) if ||Asl| < 1/2 for all i, then dimg Ky (b,7) = min{3,5p(A)}
for a.e. b € R?M and 7 € RM.,
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If ay, ap are the singular values of A then the singular values of the
3 x 3 matrix Ay are aq, ag and aj s, as can easily be seen from (2.1). It
follows that 55 (A) is the unique nonnegative solution s to the equation

1/m
(5.4) Tim ( > ¢S<Aw>> =1,

’LUEWm

where ¢° is the modified singular value function

of, 0<s<1,
s—1
. oo, 1<s<2,
5.5 5(A) =
( ) SO ( ) ai@—lag—l’ 2 <'s S 37
af5/3a§8/3, 3 < s,

and ¢(A) = 1. Note that ¢* = @* for 0 < s < 2.
For 55(A) < 3, the estimate

(5.6) 5p(A) < 5p(b; A),

clearly follows from (1.14) and Theorem 5.3(ii) for a.e. b € R?. In
fact, (5.6) holds without restriction. This is a purely linear algebraic
fact, which can be proved using a minor adaptation of a theorem of
Golub [14] on singular values of rank one perturbations of diagonal
matrices. For further details, see the appendix.

Next, for a contracting linear map A of R? as above with singular

values 1 > a1 > ay > 0, define the Heisenberg singular value function
P(A), 0 < s <4, as

af, 0<s<1,
(5.7) 3 (A) = { alFTV 2TV <5 <3,
alay?, 3<s<4,

and ¢°(A) = 1. Note that ¢* = ¢ for 0 < s < 1 and @* < ¢* for all
0<s<3.

Given a family of linear maps A = {Ay, ..., Ay} on R?, we define the
Heisenberg critical exponent §(.A) as the unique nonnegative solution
s to the equation

1/m
(5.8) Tim ( > wS(Aw)> = 1.

WEW
We now restate Theorem 1.16 from the introduction.

Theorem 5.9. Let F(b), b € R* be an IFS of affine maps in R? and
let Fr(b,7), 7 € RM, be any horizontal lift to H as above. Then
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(i) dimg Kg (b, 7) < 55(A) for allb € R*M and 7 € RM; and
(ii) if ||Asl| < 1/2 for each i, then dimy Ky (b, 7) = min{4, 5y (.A)}
for a.e. b € R*M and 7 € RM.

The singular value functions defined in (5.1) and (5.7) should be
interpreted as follows. In the Euclidean case, the image of a cube () of
side length 1 in R™ under A is a rectilinear parallelpiped with sides of

length o, ..., a,. The singular value function
s ay Om—1
Ay = S
Qi O

has the following interpretation: the term (ay /) - - - (m—1/ a4, ) counts
(roughly) the number of cubes @' of side length «,, needed to cover
A(Q) and the term o represents the sth power of the diameter of such
a cube Q. .

In the Heisenberg case, the image of Q C R?® = H under a lift A of
A is a (skewed) parallelpiped, whose base is a rectangle with sides of
length o and as and which has Euclidean height a;jas and Heisenberg
height \/aj0. In this case, the singular value function

1 . Oflg, O <s S 17
P(A) = \/311—(12(,/@10(2)5, 1<s<3,
(“)2as, 3<s<4,

has a similar interpretation: the terms 1, ay/y/araz and (o /ap)? count
the number of Heisenberg cubes @' of the appropriate size needed to
cover A(Q) and the final term af, (y/a1az)®, or a3 represents the sth
power of the (Heisenberg) diameter of such a cube @’.

Measures of Hausdorff type on X. Fix s > 0. Following Falconer
[10, Section 4], we define certain measures of Hausdorff type on sym-
bolic space Y. A collection A of finite words is called a partition of X
if 3 is the disjoint union of the cylinder sets >, w € A.

Let A be a finite collection of linear maps in R”, n = 2,3. Form € N

and S C X let
pa(S) =it Y (A,

weA
SN #0

where the infimum is taken over all partitions A of ¥ with words of
length at least m. Next, let

M5(8) = lim M, ().

Then M7, is an outer measure on X. The Borel subsets of ¥ are M7,-
measurable, so M, restricts to a Borel measure on . The technical
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term for M$; is the Method II measure constructed from the premeasure
T(Xw) = ¢*(Ay) on the net {3, : w € W}. See Rogers [21] for the
relevant definitions and vocabulary. N

In a similar manner, we define Mj,, and M3, by replacing ¢* in

the above equation with °. Then M3, is again a Method II Borel net
measure on X.

By Proposition 4.1 of [10], the Euclidean critical exponent sg(.A)
defined via (5.2) is also equal to

inf{s : M%(3) =0} =sup{s: M(X) = oo}.
In a similar manner, we show the following result.

Proposition 5.10. The Heisenberg critical exponent §y(A) defined via
(5.8) is equal to

inf{s : M5, (X) = 0} = sup{s : M5 (%) = oo}

The proof is completely analogous to the proof of [10, Proposition
4.1] and will be omitted. The relevant features of the singular value
function v* which are necessary for the proof are:

(i) ¢¥*(A,) is submultiplicative in w: ¥*(Ayw) < V% (Ay)*(Aw),
(ii) ¥°(Ay) is decreasing in s.
These properties are easily proved using the definition of v°.

The following technical result on Method II net measures will be used
in the proof of Theorem 1.16. The case p = M3, 7(X,) = ¢*(Ay) is
Lemma 4.2 in [10], but the result holds for any Method II net measure

w1 on X satisfying the assumptions. In particular, it holds for p = M3,
T(Xy) = ¢¥*(Ay). Compare Theorem 54 of [21].

Lemma 5.11. Let j1 = sups-q ts be a nonatomic Method 11 net mea-
sure on % of infinite total mass, defined from a finite premeasure T on
the cylinder sets {¥,, : w € W}. Assume that ps(C;) — 0 as j — o0
for every d > 0 and every sequence Cy D Cy D -+ of compact subsets
of ¥ with p(N;C;) = 0.

Then there exists a compact subset Cy C X so that 0 < u(Cp) < oo
and there exists a constant C < oo so that

(5.12) w(ConNiy) <C1(¥y)
for allw e W.

The following example shows that the second inequality could be
strict in (3.1) for self-affine fractals.
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Example 5.13. Fix integers n > p > 2 and consider the planar AIFS

F =A{fi1, - fap}, where fij(x1,22) = ((x1 + i)/, (22 + j)/p). The
invariant set for F is the unit square Q = [0,1]?, viewed as the self-
affine set obtained by gluing together np rectangles with sides of length

1/n and 1/p. In this case A;; = (1/n 0 ) and b;; = (z/n) For

0 1/p Ji/p
w € W, ={1,...,np}™, the singular values of A, are p~™ and n~"™.

Then

1/m np'=s, 0<s<1,

lim < > WA@) = qnB=)2p=9)/2 1 <5< 3,

weWn n*=sp~t 3<s< A4
Thus

2logn

dimp Kp(7) < 8p(A) =1+ m

for any Heisenberg lift Fp(7) of F. Note that 55(A) = 2 only in the
self-similar case n = p.
From (5.5) it easily follows that §p(A) = sg(A) = 2. Thus

dlmE KH(T) =2
for all 7.

Remark 5.14. In a subsequent paper [11], Falconer derived lower
bounds for dimg K (b) which hold for every b. Let s_ = s_(Ay,..., Ay)
be the unique nonnegative solution to the equation

1/m
(5.15) Tim ( > @S(A;l)_1> =1.

weWm,

Then [11, Proposition 2] reads as follows:

Proposition 5.16. If F satisfies the disjointness condition f;(K (b)) N
fi(K(b)) =0 for every i # j, then

(5.17) dimg K (b) > s_.

Note that the open set condition does not suffice to imply (5.17); see
[11, Example 2] for an example of an AIFS F in R? such that s_ > 0
but K (b) is a single point.

The claim regarding the Euclidean dimension of the horizontal lift
in Example 3.2 may be proved using Proposition 5.16.
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6. THE SELF-AFFINE CASE 11

In this section, we give the proofs of Theorems 1.15 and 1.16. To
simplify the exposition, we will present the proofs of the first parts of
both theorems together, followed by the proofs of the second parts. In
each case, we present in detail the proof for the Heisenberg dimension
(Theorem 1.16) and only sketch how this proof should be modified for
the Euclidean dimension (Theorem 1.15).

Proofs of the first parts in Theorems 1.15 and 1.16. Fix b € R? and
7€ R™ and let s > 55(A). We will show that

(6.1) M (Ku(b, 7)) < CM3(D)

for some absolute constant C'. Since //\/lvﬁi(Z) = 0 by Proposition 5.10,
this suffices to complete the proof of Theorem 1.16(i).
Let 0 < a < 1 be so that

du(Fi(p), Fi(q)) < adu(p,q)

forpge Handi=1,..., M. Let B= By(0, R) C H be a Heisenberg
ball centered at the origin of radius R, chosen so large that F;(B) C B
for all 7. Given 0 > 0, choose m so large that a™ < 9.

Let A be an arbitrary partition of ¥ by words of length at least m.
By the choice of m, diamy F,,(B) < ¢§ for all w € A. For each w € A,
we may write Fy,(x,t) = Ay, (,t) + by, where Ay, and b, are given
by the formulas in (2.1). Denoting by «; 1 > «; » the singular values of
A;,i=1,..., M, the singular values of A,, are a1 > ay 2, where

m
=1

for any word w of length m.

In what follows we fix a word w and write a; = a5, 7 = 1,2. Let Q,,
be a rectangle containing w(F,,(B)) = f,(7(B)) with sides of length
3Ray and 3Ras. Observe that b, = f,(0) € Q.. Then F,,(B) C Quw,

where 0
N T e w)
w — 1)
¢ {(‘” V5 4 20w Jby) — 1 < R2a1a2}

is a parallelpiped with base @,, € R* and (Euclidean) height 2R*a; a.
If (x,t) and (2/,t") are elements of @, then

(6.2) 7' — 2| < diam Q,, < 3v2Rq,
and
(6.3) [t —t —2(x, J2')| < 2R*cycp + 2/(2’ — z, J(by — 2))|.
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We distinguish three cases according to the value of s.

Case 1 (0 < s <1). From (6.2) we have that |z — 2’| < CRay. Since
by, € @, we obtain likewise that |b, — x| < CRay. Using (6.3) we
deduce
[t —t — 2(z, J2')| < CR%*a2.
Using this and (6.2) in (1.2) we obtain
diampg Qw < CRo;.
The sets Q,, w € A, cover Kg(b,7) and we obtain
trors(Ku(b,7)) < C(R,s) Y af = C(R,s) Y 4" (Ay)
weEA weEA

by the choice of m.
Observe that in this estimate the dependence of b does not appear
at all; this will also happen in the other cases.

Case 2 (1 < s < 3). In this case we divide Qw into at most K :=
201 /y/0n 0 smaller parallelpipeds ]5] whose base is a rectangle P; in R?
with sides of length 3R,/a1a; and 3Ray, and whose (Euclidean) height
is still 2R20é10é2.

Our task is to estimate the Heisenberg diameter of such a paral-
lelpiped P;. Let (x,t) and (2/,t') be elements of P;. Then

|2’ — z| < 3V2 Ry/ajon
and (by (6.3))

[t —t —2(zx, Jo')| < 2R*aqa + 2|{2’" — 2, J (b, — 7))|.
Observe that the expression |(z'—z, J(b, —x))| equals twice the area of
the planar triangle with vertices 2/, x, b,, which lies in Q),,. This yields

(' —x, J(by — 1))| < 2010,

and so
diamH]E’j < CRy/ajan
using (1.2).
The sets Pj, 7 =1,..., K, associated with each Qu, w € A, cover
Ky (b, 7) and we obtain

trom(Kn(0,7)) < C(R,s) Y ) (Vaias)” < C(R,s) Y ¢°(Ay)

weA j=1 weA

by the choices of m and K.



26 ZOLTAN M. BALOGH AND JEREMY T. TYSON

Case 3 (3 < s < 4). As in the previous case we begin by dividing
Qw into at most N := 2a; /ay smaller parallelpipeds P whose base is
a square P; in R? with side length 3R, and whose (Euchdean) height
is at most 4OR2a1a2. Explicitly, let ¢,; be the center of the square P;

and let ]5] be the set of points (z,t) € Q. for which z € P; and
(6.4) |t + 2(x — by, Jeuj) — Tw| < 40R%a 0y
Observe that
N ~
cUp
j=1
Indeed, (z,t) € Q, and 2 € P; imply that
[t 4+ 2(x — by, Jewj) — Tw| < |t +2(x, Jby) — Tw| + 2|(z — by, J(cu; — ))|
< R*onan + 2(3V2Ra1 ) (3V2Ray)
< 4OR2OK1042.

Next we show that we can cover pj by at most 2N Heisenberg balls
of the form By (pjx, CRos) with centers

Dk = (Cuwj, tik),

where
(6.5) tie = Tw + 2(by, JCuj) + 20k R%a3,
for k = ..., N.

Indeed, 1f (2,t) € P; then z € Pj and 50 |z — ¢yj| < CRay.
By (6. 4) there exists an integer k: € [—N, N] such that

20 - (k — 1) R*a3 <t + 2(x — by, Jw;) — 7, < 20 - kR*a;
Using (6.5) this implies that for large enough C' > 0 we have
[t — tix + 2(x — cuj, Jew;)| < CR*ad
and so
it —tix + 2(x, Jew;)| < CR%a3
From (1.2) we deduce
du((x,t), (cwj tjk)) < CRagy,

as required.
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The balls; By (pjk,CRas), 5 =1,...,N, k= —N,..., N, associated
with each @, w € A, cover Ky (b, 7) and we obtain

Hircrs(Ku(b,7) SC(R8) DY D a3

weA j=1 k=—N

< C(R,5) ) 4*(Au)

weEA

by the choices of m and N.

In all cases, we have shown that

Hirons(Kn(b.7)) < C(R,8) Y ¢ (Ay).

weEA

Taking the infimum over partitions A followed by the limit as m — oo
yields (6.1). This completes the proof of Theorem 1.16(i).

For Theorem 1.15(i) only a few modifications need to be made in the

above reasoning. In case 1, the Euclidean diameter of Q,, is at most
CRoy and so

My ons(Ku(b,7) < C(R,8) Y af <C(R,8) > ¢ (Aup,)-

wEA weEA

Case 2 must be split into two subcases: either 1 <s<2o0r2<s<3.
In the former case we divide @), into at most N = 2«4 /s parallelpipeds
whose base is a square of side length 3Ras and estimate

My ons(Ku(b,7) S C(R,9) Y Y a3 <C(R,5) Y " (Aug,)-

weA j=1 weEA

In the latter case we divide @w into at most P = 2/a;ay parallelpipeds
whose base is a square of side length 3Ry and estimate

Hions(Ku(,7)) < C(R,5) Y Y (aaz)” < C(R,5) Y ¢ (Aup,).

weA j=1 weA

As before, these estimates suffice to complete the proof of Theorem
1.15(1).



28 ZOLTAN M. BALOGH AND JEREMY T. TYSON

Proofs of the second parts in Theorems 1.15 and 1.16. As is typical
with problems involving the computation of Hausdorff dimension, ob-
taining lower bounds is the more difficult case. Following the technique
employed by Falconer in the Euclidean case (Theorem 1.13), we use
potential-theoretic arguments to obtain almost sure lower bounds.

We begin with a simple lemma which illustrates a geometric inter-
pretation of the Heisenberg singular value function. Compare Lemma
2.2 of [10].

Lemma 6.6. Let 0 < s < 4, s # 1,3. For each R > 0 there exists a
constant C' depending only on R and s so that

dp C
6.7 _
(67) /BH(o,R) | Au(p) 5 = ve(A)

where, for p € H, By(p,r) denotes the ball in the Heisenberg metric
dy of radius v and |plg = dg(p,0).

In the proof of Lemma 6.6 the following fact (whose proof is an easy
exercise) will be used several times.

Lemma 6.8. Let F' : R — R be an even function which is decreasing
forT>0. Let ce R and h > 0. Then fccj: F(r)dr < f_hh F(r)dr.

Proof of Lemma 6.6. From the expression for A, in (2.1) we observe
that the integrand in (6.7) equals

(6.9) (|Az|* + (tdet A — 2(Ax, Jb))?) "/,
where p = (:c t). Choose coordinates in the base space R? so that
|Az|> = a22? + a2z, Writing b = (p,q) in these coordinates, we

express (6.9) in the form

—s/4
((a%xf + a3x3)? + (oot + 20421 — 2a2x2p)2) s

Make the change of variables y; = oyz; /R, i = 1,2 and

_arant + 200219 — 20000p
= I

in the integral in (6.7) to obtain

dr dy
6.10
( ) a1a2 / / (Jy|* +72) (Jy|*+ 72)/%

where E = {y : (y1/on)* + (y2/2)* < 1},
I, = {7 |7+ uys —vy1| < araz}
and (u,v) = (2/R)(p, q)-

As before we distinguish three cases according to the value of s.
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Case 1 (0 < s < 1). The integral in (6.10) may be estimated from
above by
C(R,s) /al dy, _ C(R,s)
——(ag) (¢ — = :
atad (@2)(e102) o Ui ¥s(A)

Case 2 (1 < s < 3). The region of integration in (6.10) may be written
as UyeEIy = Pl U Pg, where

P ={(y,7) € Uyepl, : yil + (7 4+ uyy — vy1)2 < 204%@%}

and

Py =A{(y,7) € Uyerly : y1 > Jonan}.
Write the integral in (6.10) in the form (R*~*a;%ay?)(I; + I1), where

I = / (gl + 72 *dydr . j=1,2.

Bj

For the first term, we use Lemma 6.8 to estimate

2\/W alao
L < / / dyz/ ?J1 +7 )_8/4
—2/araz iz
2y/araz a1o
< COQ/ diy, / dr(yt 4+ 72)7%/4.
0 0

(Note that |y1| < 2y/aqas for any (y,7) € Py.)
Making the following Heisenberg change of variables y; = r+/cos ¢,
7 =1r?sin ¢ (cf. the polar coordinates in [6]) we find

VLT
I = CO@/ r? S dr = Ca§3‘s)/2ag5—s)/2_
0

Similarly, we obtain the estimate

o0

I, < Cag(a1a2)/ gt dy, = Ca§3—8)/2ag5‘5>/2.
Jaraz

Returning to (6 10) we see that
/ / dr dy C(R,s)
4 2 < s
afas I, (Jy[* +72) P(A)

Case 3 (3 < s < 4). This is similar to the previous case. We write
UyEEIy = P1 U Pg, where

P ={(y,7) € Uyerly : [y|* + (7 + uys — vy1)* < 4o}

as desired.
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and

Py ={(y,7) € Uyepl, : yl + (7 +uys — vy1)? > s},
and decompose the integral in (6.10) as before into I; and I, terms. In
this case, another application of Lemma 6.8 gives

200 20 2a2
L S/ dyl/ dy2/ T (lyl* + 7%,
—2a 202 —2az

and making the change of variables for integration in Heisenberg polar
coordinates y; = r/cos @ cos 0, y, = ry/cos psinf, T = r?sin ¢ yields

200
I < C/ 3= dr = C’o/zl_s.
0
In a similar manner we obtain the estimate

I, < C’ag/ r?Sdr = Cay*

2

// dy dr < C(R,s)
ajas 1, (Y[t 4 72)s/4 = aps(A)

as desired. O

and hence

Next, we consider products of matrices indexed by words in . We
use the following notation: for an IFS F(b) in R? with horizontal lift
Fu(b) we write

pH(Z;) DI KH((;)
and
pe(b) : ¥ — K(b)

for the canonical surjections from X to the invariant sets. Thus

ﬂ&«~wwmm

and
w) = () fur 00 fu, (K©®)),
m=1
where w = wywy - -+ € ¥ and f;(x) = Az + b;, Fi(x,t) = fllbl (x,t)+ b;.
Observe that
(6.11) pH(Ba w) = gun + Awhbwl ) sz + Awhbwl : Aw%bwz : Bwa T+

For w and w’" in ¥ denote by w A w’ the maximal finite word which
is a subword of both w and w’.
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Lemma 6.12. Assume that ||A;|| < 1/2 for each i. For 0 < s < 4,
s # 1,3, and R > 0 there exists a constant C' = C(R, s) so that
/ db ._¢
By (0,R)M dH(pH(B, w),pH(l;, w’))s - ¢S(Aw/\w’)

for allw,w" € X. Here By (0, )M = By(0,R) x ...x By (0, R) C R3M
and b=by,..., by € R3M,

Proof. Write w Aw' = o € W and set w = av and v’ = av’, v,v" € X.
Then

db
(613) /BH(O’I%)]w dH(pH(Z;aw)ypH(B, w/))s

db
B /BH(O,R)M \Aa,ba (pH(i?, v)~lx pH([;v U’))\?{'

By the choice of «, v; # v|. Without loss of generality we may assume
vy =2 and | = 1.
With (6.11) in mind we make the change of variable

7 oN—1 P by — by + E(b
q:pH(b>'U) *pH(bvv): (Tl_TQ‘FF(T)—(‘—)C\;(b))’

(6.14)  b2=D2

where £ : R*M — R? E(b) = Ey(b) +- -+ Ep(by) and F: RM - R
are linear maps and G : R?» — R is a quadratic map.
We claim that

(6.15) 1B <1
for some v = 1,2 and

(6.16) I|1F|| < 1.
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Taking (6.15) and (6.16) for granted observe that the preceding
change of variables is invertible. Consequently we obtain

db
/BH(O,R)M A (pr (b, w), pr (b, w'))s

- 1
<C dq/ dby - - - dbpy —————
Bu(0,+M)R)  JBu(O,R)M-1 | Aaba (@)1
< C(R,s)
¥3(Aa)
by Lemma 6.6.
It remains to describe the maps F, F, G explicitly and show (6.15)

and (6.16).
Using (6.11) a direct computation yields

prr(b,0) " % prr(b,0) = ()75) :

where
(6.17)
X = pE(b7 U/) - pE(b; U)
- bv’l - bvl + (Avﬁ bv’2 - Avl bvg + Avﬁ Avé bv’g - Avl Avg bvg + - )
(see equation (3.7) in [10]) and
(6.18)
T = (Tv’l —Ty,) + (AviTvé — Ay o) + ()\v;)\vg%g — Aoy AT ) + - -
— 2 ((Aybuy, Jbyr ) — (Avy by, Ty ) +--+)
-9 (<bvi’ Jby,) + <Avibv§7 Jby,) + <bvi’ JA, by,) + - ) ’
where \,, = det 4;. Observe that the last term in equation (6.18) is
the contribution to T" from the term —2(pg(b,v), Jpr(b,v)).
We may choose v equal to either 1 or 2 and an index 2 < m < oo so

that the following conditions hold: (i) for each k < m, both v, and vy,

are not equal to v, and (ii) if m < oo, then v, # v and v),, # v.
From (6.17) and (6.18) we have

X :bl —b2+E(b) = bl —b2+E1(bl)+EM(bM)

and
T=m—mn+F()+G(0),

where the F; are linear maps on R?” with values in R?, F' is a real-
valued linear map on R, and G is a real-valued quadratic map on
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R*M 'With the choice = max;—; || 4i|| we find

.....

IIEUHSZ L+ Z 2t < ——

k=2 k=m+1 _1_77

S

and

1Pl <) 2 =
k=1

(Observe that it is only necessary to ensure the invertibility of £ and
F in order to perform the change of variables (6.14) in (6.13). No
restriction on G is needed.) The restriction n < 1/2 guarantees (6.15)
and (6.16) and completes the proof of the lemma. O

To obtain the lower bounds for the dimension in Theorems 1.15(ii)
and 1.16(ii) we use the following well-known connection between Haus-
dorff dimension and measures with finite energy:

If A is a subset of a complete metric space X = (X, d)

which supports a Borel measure v with 0 < v(A) < oo

whose s-energy [ [ d(z,y)™* dv(z)dv(y) is finite, then

dim A > s.
For the case X = R" see e.g. [19, Theorem 8.7] or [9, Corollary 6.6].
The general case is similar.

The following lemma is the Heisenberg version of Lemma 5.2 in [10].

Its proof is entirely analogous to the proof of the result from [10] and
will be omitted.

Lemma 6.19. Let u be a Borel measure on ¥ with 0 < p(X) < oo for

which R
L /BH<0,R)M I ZZEZ: (w>> pH(g ; =

for some t < 4 and some R < oco. Then
dimH KH(b, ’7') Z t
for almost every b = (b,7) € By (0, R)M c HM.

Proof of Theorem 1.15(ii). Fix R > 0. Let ¢ be a real number so that
0 <t < min{4,55(A)}, t # 1,3. We will verify the assumptions of
Lemma 6.19 for such choice of t. .

Fix s so that t < s < min{4,55(A)}. Then M3 (¥) = oco. By
Lemma 5.11, there is a compact set Cp C ¥ and a constant €' < 00 so
that 0 < M$;(Cy) < oo and

(6.20) 1(Ew) < CP*(Ay), weW,
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where 1 is the Borel measure on X given by u(A) := M3, (CoN A). By
Lemma 6.12,

! ‘/ / /B< dH foif Lfiiiai»

o [t
b w/\w

and by the definition of the cyhnder sets 2, and (6. 20) we obtain

I<CZZ“ CZ“t

aEWz;é]
Pe(A
scy 3 VR

From the definition (5.7) of the Heisenberg singular value function, we
see that

P(Ay) < wt(Aw)al (Aw)s_t

for all contractive linear A,. The submultiplicativity of the singular
value function gives

a1(Ay) < ar(Ay,) 1Ay, ), wW=wr Wy

Fix a < 1 so that a;(A4;) < a for all i. Then
Yo(Ay) < a™CTVY(Ay)

and

I<CZ TN p(By) < Cp(E) < oo
weEWnm,
since a < 1, t < s and u(X) = M3 (Cy) < co. By Lemma 6.19
we conclude that dimy Ky (b,7) > t for almost every b = (b,7) €
By (0, R)M. Letting R — oo gives the result for almost every b € HM,
and letting ¢ / min{4, $y(A)} through values in (0,4) \ {1, 3} finishes
the proof. O

For the Euclidean case (Theorem 1.15(ii)) the derivation is very sim-
ilar. It uses the following modified versions of Lemmas 6.6 and 6.12.

Lemma 6.21. Let 0 < s < 3 be nonintegral. For each R > 0 there
exists a constant C' depending only on R and s so that

/ dp < C
Bro,R) (D)5 ¢ (As)
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Lemma 6.22. Assume that ||A;|| < 1/2 for each i. For 0 < s < 3
nonintegral and R > 0, there ezists a constant C' = C(R,s) so that

alb~ < ~C’

/BE(O,R)M |pH(B> ’LU) - pH(b> 'LU,)|% N @s(AwAw’,bwAw/)
for all w,w’ € 3.

The proofs of these lemmas are easy variations on the earlier proofs
for the Heisenberg versions.

With these lemmas in hand the remainder of the proof proceeds in
a manner similar to the previous case. We omit the details.

7. APPENDIX: EIGENVALUES OF RANK ONE PERTURBATIONS
OF BLOCK DIAGONAL MATRICES

This appendix is devoted to discussion and a sketch of an elementary
proof of (5.6) using only techniques from linear algebra. The key result
(Theorem 7.4) concerns deformation of the singular values of block
diagonal matrices under rank one perturbations. We begin with a
classical theorem of Golub.

Theorem 7.1 (Golub [14]). Let D € R™*" be a diagonal matriz, with

diagonal entries \y > Ay > +-- > \,. Let w = (wy,...,w,) € C" be a

complex n-tuple with nonzero entries, and let w ® w be the associated
rank one matriz whose (i, j)th entry is W;w;. Finallly, let € # 0 be real.
Then the eigenvalues of the Hermitian matriz P(e) = D + ew @ w
are the solutions to the equation
1+e€ Z

i=1

Corollary 7.2. If € > 0 then the eigenvalues X} > --- > X of P(e)

interlace with the eigenvalues of D in the following sense:

(7.3) Ay <A <0< A < AL

For extensions and further discussion of Golub’s theorem, see An-
derson [2].
Assume that the conditions in Corollary 7.2 hold and assume also
that A\, = 0. Then P = AT A, where
an
Q2

A= N
Jewr ews -+ \Jew,
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and «; denotes the positive square root of \;. The values aq, ..., a,,_1,0
are the singular values for A = v/D. Denote by ol = \/)\7, 1=1,...,n,
the singular values for P. Then (7.3) implies the following inequality
between the singular value functions for A and A:

P'(A) <p*(A),  0<s<n
This gives some indication of how Theorem 7.1 may be applied in the
context of Falconer’s theory. For the specific application to (5.6), how-
ever, we require a version of Golub’s result for block diagonal matrices.
As we are interested in applications to the first Heisenberg group, we
give the following result only in the case n = 3.

Theorem 7.4. Let A € R?*2 with distinct singular values 0 < cs < oy,
let b € R? and let € # 0. Set

D= <‘§ 8) eRY w=w(Ab) = (~2(Jb)TA det A),

and

- A
A(e) =D+ Vees@w = (—2ﬁ(Jb)TA Vedet A) >

where e3 = (0,0,1).
Let X\ be a complex number which is not equal to one of the eigen-

values \y = ai, Ay = a3 for ATA. Then X is an eigenvalue for
P(e) = Ay(e)T Ay(e€) if and only if X solves the equation
(det A)? Ch Cy
. F\) =1 =
(7.5) (A) —i—e{ ) +)\1—)\+)\2—)\ 0,
where
4N (JAT Jb? — Xa|b)?)
C) =
Al — Ao
and
4Ny (A1 [b2 — | AT Jb|?)
Oy = .

A1 — Ao

Observe that Cq,Cy > 0.

The proof of this theorem is by direct computation of the character-
istic polynomial of P(e). We omit the details.

A modified version of Theorem 7.4 holds in the orthogonal case A\ =
A2; we omit the details. More general versions are presumably true for
block diagonal matrices in higher dimensions, but we do not pursue
this here.

We now sketch the application of Theorem 7.4 to the proof of (5.6).
Choose € = 1. Then the matrix Ay(e) is precisely the matrix A, from
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the introduction. We assume that b # 0. As before, denote by A} >
Ny > N the eigenvalues of P(1) = AT'A,.
If Jb is not an eigenvector for AT A, then C; and C, are both positive.

Consequently, we may conclude as in Corollary 7.2 that the eigenvalues
of P(1) and D interlace:

0 <Ay <A< Ay <A <AL

If |[ATJb| = au|b| then C) = 0, Cy = 4)5|b|> > 0 and
0< AL <A<\, <\ <AL

Similarly, if |ATJb| = a;|b| then Cy = 0, C; = 4\;]b|> > 0 and
0< A <A< A<\ <AL

In all cases, we find that

(7.6) M<N, and A <N
The function F'(A) in (7.5) is equal to
det(P(e) — \I) det(P — \I)

det(D— M) (=N (A1 = A) (N2 — A)
From the expression for F'(A) in (7.5), the product of the eigenvalues
of P(1) is

(7.7) NN, = (det A)? = A2A2,
3

Since the singular values of Ay are ay, ay and ajae, it follows from
(7.6), (7.7) and the definition of the singular value function in (5.5)
that . .

" (Ag) < ©°(Ap)
for all s > 0. Thus the critical exponents satisfy the inequality

$p(A) < 3p(b A)
as desired. This concludes the proof of (5.6).
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