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Abstract

A well-known problem in elasticity consists in placing two linearly elastic materials (of different
shear moduli) in a given plane domain €, so as to maximize the torsional rigidity of the resulting rod;
moreover, the proportion of these materials is prescribed. Such a problem may not have a classical
solution as the optimal design may contain homogenization regions, where the two materials are
mixed in a microscopic scale. Then, the optimal torsional rigidity becomes difficult to compute.
In this paper we give some different theoretical upper and lower bounds for the optimal torsional
rigidity, and we compare them on some significant domains.
2000MSC: 49K30, 52A10, 74B05.

1 Introduction

A challenging problem in the theory of elasticity (see [2, 11, 12, 13, 14]) consists in maximizing the
torsional rigidity (in brief: torsion) of an infinitely long elastic rod with given convex cross-section
Q) c IR?, under the constraint that it is made of two different linearly elastic materials in fixed
proportions. This problem may be tackled as an optimal design problem. Let H1_1 and iy ! be the
shear moduli of the two materials, say with 0 < p; < pa; for a given p € (0, 1) the “stronger” material
(with shear modulus p; ') should occupy a region D C Q with |D|/|Q| = p. Here and in the sequel,
| - | denotes the measure of a set: either its two dimensional Lebesgue measure or its one dimensional
Hausdorff measure, depending on the context. The admissible configurations are then described by
all functions y in the class

1
M(Q) = {u: Q — {1, p2} measurable : |Q|/ pw(x)dx = pip + pe(l — p)}
Q

For a given p € M(), the torsion of the corresponding rod is given by fQ u, dx, where u, is the
unique weak solution to the boundary value problem

—div(p(z)Vu) =1 in
u=20 in 01} .

The optimal design problem consists in determining the optimal torsion 7 (2) when p varies in the
class of admissible configurations M (), i.e.

T(Q) = sup{/ﬂuudx : ueM(Q)} . (1)



Alternatively, 7 (€2) can be evaluated by a “double” minimization procedure, that is
T(Q) = =2 inf {J(u, ) : (u,1) € HY(Q) x M)} , (2)

being the functional J defined by

T, 1) = /Q <“<2”"’)|vu|2 —u) d (3)

One should not expect the existence of an optimal p € M(Q) in the maximization problem (1).
Actually, if the integral constraint satisfied by all admissible p is incorporated in the functional J
through a Lagrange multiplier, and the infimum with respect to u is evaluated pointwise, the resulting
functional (which only depends on u) turns out to be of the kind [, (j(|Vu|) — u) dz with j non
convez, see [11, 13]. Thus, only a minimizer for the relaxed problem, obtained by replacing j with its
convexification j**, can be guaranteed. If the Euclidean norm of the gradient of the solution to the
relaxed problem falls into the region where j** # j, this means that minimizing sequences develop an
oscillatory behaviour, and that the original problem (1) does not admit a maximizer. From a physical
point of view, this amounts to say that the optimal design is a composite, layered material obtained
by mixing the two initial materials on a microscopic scale. Murat-Tartar [16] have shown that this
homogenization phenomenon “always” happens. More precisely, if problem (1) admits a maximizer
p whose corresponding region D is simply connected with D of class C', then necessarily € is a
disk: in this case, the optimal design consists in a central disk made of the weaker material and the
complementary annulus made of the stronger material.
In view of these considerations, the optimal design is not easy to manufacture and the optimal torsion
7(Q) is not simple to compute, even by numerical methods. One is then led to find theoretical
estimates. This is precisely the main purpose of the present paper.
A first natural attempt in this direction relies on symmetrization. Inspired by previous results in
[1, 19], in Theorem 4 we prove that

T(Q) < T, (4)

where Q* is the disk of radius R = /|Q|/7; the torsion 7 (2*) is easily written in terms of the
data ||, p1, p2, and p. However, if the domain 2 is “thin” (i.e. very different from a ball), it is not
reasonable to expect the upper bound (4) to be satisfactory.
In order to find alternative estimates, one may start from the physical intuition that the stronger
material should occupy the region closer to the boundary 0€2. This guess is confirmed by the numerical
experiments in [11, 13] where it is shown that, when 2 is a square, the weaker material tends indeed to
concentrate near the center, while the stronger material is placed near 02. Thus, it seems reasonable
to seek an estimate involving the so-called inner parallel sets €, introduced by Steiner in [18] (see
also [17]) and defined by

Q:={xe€Q:do(z)>t}, (5)

being dq the distance function from 0€). In Theorem 5, we obtain a second different upper bound for
7(Q) of the kind
T(Q2) <AQ), (6)

where A(Q2) depends on the Lebesgue measure of the family of the parallel sets {€;};. For many
domains, A(Q) can be computed explicitly; for instance, when 2 is the tangential body of a ball, it
can be written simply in terms of the data ||, u1, 2, and p (see Corollary 11). The proof of (6) is



quite involved and the basic idea is the following: we first minorize J(-, u) for a fixed u, roughly by
neglecting the component of Vu tangential to 0€); second, we proceed with the minimization process
with respect to u, which requires several fine tools of convex geometry.

In Section 5 we compare the upper bounds in (4) and (6), and we show that, depending on the domain
2, we may have both A(Q2) < 7(£2*) and the converse inequality.

With the aim of testing more accurately how sharp is the upper bound A(Q), we consider the class
W(Q) of (measurable) functions which only depend on the distance dn. We already dealt with this
kind of functions in the previous papers [4, 5, 6, 7, 8, 9, 10], where we called them web functions. Here
we consider the spaces

KQ) = H Q) NWQ)  and  Mg(Q) = M(Q) nW(Q),

and we denote by M () the infimum in (2) when the admissible pairs (u, p) vary over K(€2) x M4(Q).
This yields at once the lower bound

() = N(Q) . (7)

By exploiting the strong properties of web functions, in Theorem 9 we write A'(Q) in a quite simple
form in terms of the parallel sets. Notice in fact that the family of level sets of a function u € W(Q)
is precisely the family {9}, so there is a close link between web functions and parallel sets. In view
of this link, it is clear that the quantities N'(Q2) and A(f2) can be compared in a natural way to each
other. By studying how close to 1 is the ratio £(2) := N (2)/A(§2), we test the precision of the upper
bound A(€2). This is done in Section 6, where we also compare the behaviour of the ratio £(2) with
the sharp bound we proved in [6] for the torsion problem with only one material.

The outline of the paper is as follows. In Section 2 we introduce and study the tools of convex geometry
which are needed in order to state our estimates. In Section 3 we prove the two upper bounds (4) and
(6), while in Section 4 we prove the lower bound (7). In Section 5 we compare the two upper bounds

by testing them on simple classes of domains. Finally in Section 6 we estimate how sharp is the upper
bound (6).

2 Notation and preliminary lemmas of convex geometry

Let © € IR? be a convex set. We denote by dg(z) the distance function from the boundary of 2, and
by Rq the inradius of 2, that is, the supremum of dg(z) for x € . Since the functionals 7, A and N
are homogeneous of degree 4 under dilations, we restrict our attention to the class of domains

C= {Q CIR?: Rq =1, Q is bounded and convex} .
Some of our estimates will take a simpler form in the subclass

C= {Q € C : Q is a tangential body of a ball} .

We recall that a convex set  C IR? is said to be a tangential body of a ball B, if through each boundary
point of € there exists a support line to € that also supports B.

Let 2 € C. For t € [0,1], we consider the inner parallel sets defined by (5). In particular, one has
Qo = Q, and ©Q; = 0. Notice that 9, is precisely the level line {dqo(z) = t}. We denote by ||
and |0€| respectively the Lebesgue measure of §); and the one-dimensional Hausdorff measure of its
boundary. As a direct consequence of the Brunn-Minkowski theorem, we have that the maps t — |02



and ¢ — /[ are concave down in [0,1] for every Q € C (see [3]). For Q € C, we have the following
simple formulae (see [6, Section 2.2]):

=107 and (o =11 ®)

In the sequel, a major role will be played by the following functions, defined on [0, 1] with values into
R":
|Qt|2 1 1
= , wa(t) == Qs ds Dq(t) := vals)ds . (9)
|0 t ¢

(The function g is defined and continuous in ¢ = 1 by setting 9q(1) = 0). Moreover, we will
extensively use the constants k and 7, implicitly defined by the equations

Yal(t)

2] = |0 (10)

and
Q-] = (1 - p)|Q. (11)

For general Q € C, k(p) and 7(p) cannot be determined explicitly in terms of p; however, we can say
that they satisfy

dk [s]
k: 0 = 1’ k: 1 = 0’ —_— = — 5
() (1) dp |0y
ar |9
7(0)=0, 7(1)=1, iy = 109,

In particular, we have k = 7 if and only if p = 1/2 (same proportion of the two materials).
On the other hand, if we restrict our attention to the subclass C and we use (8), k, 7, and ®q read:

kp)=1-p, 1(p=1-y1-p, <1>Q(t):‘192|(1—t)4 vQeC. (12)

Some useful properties of the above functions are collected in next lemma.

Lemma 1. For all Q) € C, there holds:
(i) the function t — q(t) is Lipschitz continuous and strictly monotone decreasing on [0, 1];
(it) for all t € [0,1),
Ya(t) > 5 ea(t);
(iii) for all t € [0,1),
€| 4

S (1-0) < palt) < 7 Dalt).

Moreover, all the above inequalities turn into equalities whenever () € C.

Proof. By the standard isoperimetric inequality the function g is continuous in ¢t = 1 (recall that we
have set 1q(1) = 0). By the isoperimetric inequality proved in [5, Corollary 3.3], we have

vh) < —S 1 vee),



with equality if © € C. Moreover, g (t) > —2|Q], hence we conclude that 1q is Lipschitz continuous
and monotone decreasing on [0, 1]. Since ¥q(1) = 0 we have that

3 [t 3
dm(t)ZQ/t Q] ds = 5 palt), vt € [0,1).

To prove statement (iii) we observe that, since the map ¢t — +/|€%| is concave and vanishes at t = 1,
we have

1_
iz Vi = Vse1],

again with equality if Q € CA, see (8). Hence,

(1
1

) _ I
nE ds = S (1—1). (13)

1
palt) > / |

By (13) we get

1
va(t)> [ 1= 5)ds = oy parts] = o)1 - 0) - 3 2000,

which yields (iii). O

Next, we recall the definition of piercing function introduced in [6], which is a powerful tool especially
for convex polygons. Given an arbitrary domain 2 € C, for a.e. y € 92 the outer unit normal is well-
defined and will be denoted by n,,. For a.e. x € €2, the point II(x) € OS2 such that |z — II(z)| = do(z)
is uniquely determined. Then we set:

Xa(y) :=sup{k >0 : II(y — kny) =y} for a.e. y € 0. (14)

We clearly have 0 < A\q(y) < 1 on 992. We will also make use of the following extension of Aq to
points x € €:
Aa(x) = Ao(Il(z)) — da(x) for a.e. z € Q. (15)

When  is a convex polygon, the function \q is Lipschitz continuous on Q [5, Lemma 4.3] (this property
has been recently extended to arbitrary C?! domains in IR™ [15]). Clearly, also II is Lipschitzian, with

[VII] =1 a.e. in Q; (16)

hence, applying the coarea formula and recalling (15), when 2 is a convex polygon one has

= | Aaly)dy . (17)
O
Again based on the coarea formula, Lemma 2 below shows how the line integral over 02 of a function
depending on A\ may be replaced by an integral over Q. In view of (15), the variable of integration
may be indifferently dq(x) or Aq(x); this depends on the orientation chosen for the segments starting
from the set where II is multivalued (that is, the set where dg is not differentiable) and meeting 02
orthogonally.



Lemma 2. Let Q € C be a polygon, and let g : [0,1] — IR be a Lipschitz continuous function such
that g(0) = 0. Then

/8 o0a()dy = /Q ¢ (do(x)) dz = /Q ¢ Oval)) da

Proof. Since g(s) = [; ¢'(0) do, we have

/mg““(y))dy_/m l/om(y)g’(a) da] dy—/Qg/(dQ(x))dx,

where the second equality follows from the coarea formula and (16).

On the other hand, g(s) = [; ¢'(s — o) do, hence, using (15),
Aa(y) ) .
| statnay= [ | [ 400t - a)do| dy = [ g00) dr,
o0 o0 0 Q
and the proof is complete. O

Applying the above lemma, we may give integral representation formulae for the functions ¢ and ®q
in terms of the piercing function Aq:

Lemma 3. Let Q € C be a polygon. Then the following identities hold for every t € [0,1):

@Q(t):/Q Ao(z) dx, Po(t) = ;/Q Ao(z)? dz .

Proof. To obtain the first identity it is enough to observe that, since €) is a polygon, we may apply

(17) to obtain 1 1
/Qt Aq(z) dx = /t </an Aa(y) dy) ds = /t 1] ds . (18)

By Lemma 2 (applied on ), using (18) and (17), we have

/Qt)\g(m)2d:c:/tl </893)\Q(y)2dy>ds:/tl (/SQAQ(x)dJJ) ds:2/t1 </sl|ﬂg|da> ds

and the proof is complete. O

3 Two upper bounds for the torsion

3.1 Upper bound via symmetrization

For any ) € C, we denote by Q* the disk having the same measure as (). Then we have

Theorem 4. For every () € C, there holds:

o QP20 —p%  (1-p)?
T <T(OQ) = +
(@) < T(@)=—| m »




Proof. Let p € M(Q) and u € WOLOO(Q). Then also |u| € WOI’OO(Q) and

J(u, p) = J(lul, ) - (19)

We may so restrict our attention to nonnegative u € T/VO1 Q).
For any f € L'(Q2) denote by f* (resp. f.) its spherical decreasing (resp. increasing) rearrangement
on *. Then,

[ r@Vu@Pds= [ @IV (20)
Let F, (V) := [{x € Q : |Vu(z)| <9} and M := |Vu||s. Then, [1, Theorem 4] yields
/ w< L /M[|Q|3/2 _ E(9)¥?]dy . (21)
o 3T

The radius of the ball Q* is given by R = 4/ @; define over Q* the radial function

R
u(y) = / |Vul.(t)dt y € QF,
1]

so that uw is a dome function (radially symmetric, non-increasing and concave) such that |Vu(y)
|Vul.(y) for a.e. y € Q*. Therefore, we may apply again [1, Theorem 4] to obtain

1 M
U= —— QP2 — F,(9)3% do . 22
RSy MO (22)
Summarizing, by (19)-(20)-(21)-(22), we infer

*(y) 2 . / v 9 ] N
J > YV — dy > n — |V — = —-T(Q
(Uvﬂ) /* |:u : ’ U(y)‘ ’LL:| Y=z (V,U)EM(IQ*%XH(%(Q*) . [2| U‘ 7):| 2 ( )

for all (p,u) € M(Q) x Wol’oo(Q). By a density argument we infer that
—2J(u, ) <T(QY)  Y(p,u) € M(Q) x HY(Q) . (23)
The right hand side of (23) equals

QP2r2p—p*  (1-p)?

H[p P p)} vaec,

Sy 1 2
see e.g. (1.7) of [19], or notice that 7 (%) = M (2*) and use (35) below (taking care to apply it with
the obvious modifications required by the fact that Ro- = /|Q|/7). O

3.2 Upper bound via one-dimensional optimization

We now prove a different kind of upper bound for 7(£2), in terms of the constant k and of the functions
©Q, QQ
Theorem 5. For every () € C, there holds:
2 1 1
T(9) < AQ) i= —a(0) + (— — — ) {20a(k) + K2|%| + 2kpa(k) }
H2 B 2
where k is defined in (10) and pq, ®q are defined in (9).



We first give some lemmas as preliminary steps, by restricting our attention to polygons.

Lemma 6. For every polygon € C, there holds

Aa(y) (Aa(y) —1)?
T = nd) /dQ {/0 puly —tny) dt} - 2

Proof. We follow the approach developed in [6, Theorem 3] with several modifications.

Assume that 2 has N sides and denote them by Fi,..., Fy. For simplicity, for all j = 1,...,N we
denote by F}; the open segment, namely the j-th side of Q without its endpoints. The piercing function
Aq introduced in (14) is defined in every point of 0 except for the N vertices. Moreover, n, = n;
is a constant vector on F;. We take a partition of {2 into IV open subpolygons P, ..., Py defined as

follows:
Pi={y—tn; : ye F;, 0<t<Xay)}.

Each polygon P; may also be seen as the (open) epigraph Z; of the function Aq on F}j, namely
Zi ={(y,t) : y€ Fj, 0<t<Xa(y)}.
We now fix p € M(Q). For all j € {1,..., N} let
HY(Pj):={ve H(P;) : v=0o0n F;}, HNZ;):={ve HY(Z;) : v(y,0) =0Vy € F}}

and consider the functional
J;(v) :/P <“(2””)|vu|2 —v) dr  Wve HNP;) .
)

Note that
Aa(y
o= [ [ MO oty — )P oy =) | ey e AR @9

For any u € C}(Q) let u; denote the restrictions of u to P; (j = 1,..., N) and set

ui(y,t) = uj(y —tn;)  V(y,t) € Z; .

ou}
Since uj; € C' N HL(P;), we have uj € C'NHX(Z;) and —L = —Vu; - nj so that
E)t

*

u
S nt)| < Vw7

Therefore we get
Ji(ug) = Liwi)  (j=1,..,N) VueClQ) (26)

//AQ [ —tn])<g:>2_v] dtdy Vv e H(Z)) .

For all y € F}; define now the functional

e (y) — tn.
Lo - | ' [Mww —g<t>] it |

where

2



that we wish to minimize over the space G := {g € H(0, A\a(v)), g(0) = 0}. We have

L2 a(y) — 1)
/ i

g ) =5 p(y — tny)

geg 2 (27)

To see this, we solve the Euler equation corresponding to (27), that is, [u(y — tn;)¢'(t)]’ = —1. This
gives
c—s

g(t) = ge(t) == /o (g —smy) ds

for some ¢ € IR. By Fubini’s Theorem we then have

1 220 (c— )2 —2(c—t)(Maly) —t)
/0 dt .

By differentiating with respect to ¢ we see that I,(g.) attains its minimum for ¢ = Aq(y) and (27)
follows. By (27) we get at once that

, 1 o) Ma(y) —1)° 1.
Ii(v) > 2/F / (y — iny) dt dy Yv e H,(Z;) .

This, combined with (26), yields

N

N Aa(y) )\Q )
U ): Jj(Uj)Z Ij >—f dt dy
)= 2 i) = 3t Z/ =

Aa(y)
/ / AQ Qaly) —)* dtdy  YueCHR) .
o9 —tny)

The arbitrariness of p € M() and a densfcy argument then imply

Aa(y) )\Q ) L
J(u,p) > —= dt dy V(u, p) € Hy(£2) x M(Q) .
oQ - tny)

This proves (24). O

Our next goal is to compute the maximum appearing in the right hand side of (24). Since the function
t — (Aa(y) — t)? is decreasing on [0, Ao (y)], one expects this maximum to be achieved at a function
p such that, for every y € 99, the set {t € [0, \a(y)] : pu(y — tny) = w1} is an interval [0, £(y)], with
0 <{(y) < Aq(y). In view of this feeling, we are led to consider the class of functions

L:= {E 100 — IR' : ¢ measurable , {(y) € [0, \q(y)] Vy € 92, and / Uy)dy = p\Q]} :
o0

Before computing the right hand side of (24), we prove the following elementary result in the class L.

Lemma 7. For every polygon 2 € C, the minimum problem

win{ [ Do) - d0)Pay s ce 2} (2)

is solved by the function {(y) := max{0, A\o(y) — k}, being k = k(p) the constant implicitly determined
by the equation (10).



Proof. First notice that, by strict convexity, problem (28) admits a unique solution £. Such function
¢ must solve, for some t € IR, the variational inequality

LR +e0-7)

> 2
R >0 VieLl, (29)

e=0

where

B0 = [ Da) - )P dy+t] [ tw)dy-pio] .
[2}9] oN
By straightforward computations, (29) can be rewritten as
/ [~ 3002+ -Ddy>0 VieLl.
[2}9]
It is immediately checked that the above inequality is satisfied by the function ¢, with k as in (10)
(and t = 3k?). O

We can now compute the right hand side of (24).

Lemma 8. For every polygon 2 € C,

oW (Ao(y) —t)? _
ug\%(fl) /BQ {/0 1y — tny) dt} dy = ASY). (30)

Proof. The maximum in the right hand side of (24) is unchanged if it is computed for p varying
in M'(2), being M'(Q) the class of functions p € M(Q) such that, for every y € 99, the map
t+— p(y — tny) is pointwise defined on [0, A(y)]. Then, let us write M'(Q) =J{M; : £ € L}, where

Mei={pe M(Q) : [{t€0,20()  ply—tny) = m} =Ly) Yyeon},

and let us first compute the maximum when the class of admissible functions is restricted to M, for
a fixed £ € L. Tt is straightforward that a solution is the function @ defined by

pr o if ¢ € [0, 4(y)]
Ay — tny) =

pe ift € (L(y), A\a(y)] ,

so that

Aa(y) (Aa(y) —1)? 1 1 s (1 1 B 3
ue%%}((ﬂ)[‘m{/o w(y — tny) dt} W=3 /89{M1>\Q(y) <u1 M2)(A9(y) W) }dy' (81

Now, we maximize the right hand side above when ¢ varies over the class £. The optimal ¢ is the
function ¢ found in Lemma 7. By plugging it into (31), we obtain:
1¢1 1 1
AQ:f{— )\Qy3dy—<—>/ min{ o (y), k)3 dy b . 32
@ =3{ [ de@’dy— (o= =) | minAay) k)P dy (32)

Let us compute the first integral in (32). Using Lemmas 2 and 3 we have
/ Aa(y)?dy = 3/ Ao(z)? dz = 6 Bq(0). (33)
o0N Q

10



The second integral in (32) can be computed in a similar way:

| minaa().kpPay =3 |

do(z)*dz = 3/ do(z)? dx —3/ do(z)* dx
Q\Qy Q Q

:3/9619(95)261:3—3/Qk[k+dgk(m)]2dz (34)

— 600(0) — 3 [k2\9k| + 2kpa (k) + 2 %(k)]
=6 (P (0) — Po(k)) — 3k2|Qk| — 6kpq (k).
Substituting (33) and (34) into (32) we obtain (30). O

We are now in a position to give the

Proof of Theorem 5. If ) € C is a polygon, the required estimate follows immediately from Lemmas
6 and 8. For a general Q2 € C, consider a sequence {P.} C C of convex polygons such that Rp. = 1,
P. D Q, and P. — § in Hausdorff distance as ¢ — 0. Then, as ¢ — 0, k(P.) — k(Q2), and ¥p., pp., Pp.
converge uniformly on [0, 1] respectively to ¥q, ¢q, Pq; thus, A(P:) — A(2). On the other hand, any
pair (u, u) € H3 () x M(Q) can be embedded into H}(P:) x M(P:) by extending u to 0 over P: \ Q,
and by considering any p. € M(P:) such that p. = p in Q. Hence, by letting ¢ — 0, we obtain
T(Q) <T(P.) <A(P.) — A(f2), and the proof is complete. O

4 A lower bound for the torsion by means of web functions

In this section we prove the following lower bound for 7(2), in terms of the constant 7 and the
function ¥q:

Theorem 9. For all Q € C we have

T 1
ﬂmzmmFLAwww+;/mmw,

where the constant T = 7(p) is defined in (11) and the function g is defined in (9).

Since K(2) x My(Q) € HY(Q) x M(Q), we clearly have 7(Q) > —2  min _ J(u, ). Therefore,

K(Q)xMq(Q)
Theorem 9 follows immediately once we prove
Lemma 10. For all 2 € C we have
0 min  J(uypu) = /qu () dt + /1¢ (t) dt (35)
— min U, ) = — — .
c@Mae) " T Sy Y o ) 8

Proof. We first fix 1 € Mg(€2) and compute F(p) := min{J(u, p) : u € K£(Q)}. Since all the functions
involved are web functions, by the coarea formula this problem is equivalent to evaluate

(! t
win [ osu] (“S 08 - y(0) at, (36)
0
where the unknown function y varies over the space

K = {y € ACic[0,1) : y(0) =0, t — [0Q|[y/ (t)]* € L'(0,1)},

11



and with the convention u(t) := u(x) if t = do(x). (Here ACioc[0,1) denotes the set of measurable
functions y: [0,1] — IR such that y is absolutely continuous on [0, 7] for every 0 < r < 1.) Integrating
by parts the term in y(t) (see [4], Lemma 5.6), the minimum problem (36) can be rewritten as

L
min / {5100ty (1 — ity (1)} .
0

yeK

A minimizer satisfies the corresponding Euler equation, that is [09|u(t)y’(t) = || for a.e. t € [0, 1],

and therefore it reads . 0|
y(t) = / — " _ds.
W= ), 109Iu6)

b1 |
F(p)=—= / — dt .
2 Jo n(t) 0S|
We now have have to minimize F' over My(Q2). This is straightforward. Indeed, by Lemma 1 (i) the
minimum of F' on My(Q) is attained by the function

This yields

wr ift €0, 7]
alt) =
o ift e (r,1]
where 7 is determined by (11). Then (35) follows. O

5 Which upper bound is better?

In order to compare the two upper bounds for 7 (€2) obtained in Section 3, we focus our attention on
two simple classes of domains. First we show that, within C, the estimates simplify according to the
following corollary:

Corollary 11. For all 2 € CA, we have:

T(Q)ggﬂmin{g [;_F(ljl_;)pm_&/ﬁ_i_gp)} , 2| [2pu_1p2 N (1 ;2ﬂ)2}}.

Proof. By using (8), (9), (10), and (12), one can compute that

Q] 11 1 1
AY)=—|—+(———)p6-8/p+3p)| -
(@ =5 [t (o= )o(6 = 8v5 -+ 30)|
Then the result follows by Theorems 4 and 5. O

Notice that the minimum in the above corollary can be attained alternatively at one of the two
quantities in brace. Indeed, it is clear that, as |Q2| — 400, the first term is smaller; on the other hand,
the second one is smaller for |QQ] — 7 and p — 0.

The second simple class we consider is the one of rectangles. For a > 1, let Q, := (—1,1) x (—a,a).
The constants k(p) and 7(p) are given by

a+1—+/(a+1)2—4a(l-p) a+1—+/(a+1)2—4dap

9 ’ T(,O) = B) .

k(p) =
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Moreover,

4(a —t)%(1 —t)?

t) = .

¥Qu (1) 1+a—2t

Then, N (Q.), A(Qa), and 7 (Q) can be explicitly computed by using respectively (35), the definition
of A(Q) in Theorem 5, and the expression of 7(Q2*) in Theorem 4. Lengthy but straightforward
computations show that, for any p, u1 and pe, there holds

. N(Qa) . T(Qa) (M
ARy CF wmd m oy S BT T

Therefore, as a — +o0, the estimate provided by Theorem 5 becomes sharp, while the symmetrization
estimate provided by Theorem 4 becomes useless. In particular, if a > 1, say a > a(p, 1, p2), the
estimate of Theorem 5 improves the estimate of Theorem 4.

When p = 1/2 and p1/p2 = 1/2, Figure 1 shows the plots of N (Q.)/A(Q,) for a € [1,3] and
a € [1,40], whereas Figure 2 shows the plot of A(Q,)/7(Q}) for a € [1,6]; in particular, we have
a(1/2, p, u) ~ 1.55.

0. 82
0.8 0. 95
0.78 0.9
0.76 0.85
0.74 0.8
0.72 0.75
1.5 2 2.5 3
0.68 / 10 20 30 40

Figure 1: the plots of N (Qa)/A(Qq), when p = py/us = 1/2, for a € [1,3] and for a € [1,40]

0.8

0.6

0.4

Figure 2: the plot of A(Qq)/7T(Q%), when p = 1 /p2 = 1/2, for a € [1, 6]
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6 An estimate of the estimates

In view of the results of Section 5, it is reasonable to wonder how sharp are the estimates given in
Theorems 5 and 9. We are so led to estimate from below the quotient

In order to obtain such estimate, a lower bound for A'(2) and an upper bound for A(2) are needed,
preferably written in terms of similar quantities. To combine these bounds in a nice form, we introduce
the parameter

0:=—¢€(0,1
12 ( ]
and the function Bolt)
Q
t) .= te|0,1
gQ() (I)Q(O) 5 E[ ) ]

Then we prove
Theorem 12. For all 2 € C, if the constants k and T are defined as in (10) and (11), we have:
3 1—(1-6)éa(7)

T E am o
with equality for Q) € C.
Proof. By (35) and Lemma 1 (ii), we obtain
N(Q) > 3/T¢Q(t)dt+3/l palt)dt
2p1 Jo 2pe Jr
with equality for 2 € C. Then, recalling the definition of the function ®q, we get:
N@) = 5000 § (- = o) @alr). (39)

We now estimate the term k2| | + 2kpq (k) appearing in the definition of A(Q). By using Lemma 1
(iii) we obtain

k(2 + k) 4k(2 + k)

k2 |Q| + 2kpqa(k) < k) < "= Dq(k
0]+ 2bpah) < M pntt) < T waih),
with equality for (2 € C. Then,
2 1 1 2k(2+ k)
A< — 0+2<—>[1+]@ k vQeC. 39
@ < 2 000)+2 (- ) |14 7 2ah) 39
The lower bound (37) follows now combining (38) and (39). O

The statement of Theorem 12 deserves several comments.
We first point out that within the subclass C not only (37) becomes an equality, but it may be further
simplified. Indeed, thanks to (12), we get

3 1-(-00-p?
40+ (1—0)p(6 —8\/p+3p)

£(Q) > E(p,0) : vQecC. (40)

14



Since E(p, 0) is independent of €, (40) can be rewritten as
inf{€(Q) : Qe C} > E(p,0) . (41)

This inequality should be compared with Theorem 1 in [6], where we dealt (in the larger class C)
with the optimal shape problem in the left hand side of (41) in the limit situation § = 1 (case of one
material). In that case we found that the value of the infimum is 3/4 (and it is not attained). In this
respect, notice that E(p,0) < 3/4 for all p, 6, and that %—g > 0.

Finally, let us analyze the estimate (37) in some “extremal cases”.

(i) Case of one material. If § = 1, that is when only one material is present, Theorem 12 reduces to

the above mentioned uniform estimate proved in [6] for the torsion.

(ii) Case of very different rigidities. If § — 0T, that is when the rigidities of the two materials are

quite different from each other, (37) behaves in opposite ways in two limit cases p — 1~ and p — 0F.

(ii.a) Case of very different rigidities with prevalence of the strong material. If p — 1, we have k — 0
and 7 — 1, so that {n(k) — 1 and £q(7) — 0; therefore, the r.h.s. of (37) tends to 3/4.

(ii.b) Case of very different rigidities with prevalence of the soft material. If p — 0, we have k —
1 and 7 — 0, so that n(k) — 0 and &q(7) — 1. Moreover, using De L’Hospital rule, one has
limg_,q % > (. Therefore, the r.h.s. of (37) tends to 0, and the estimates N'(Q) < 7(Q2) < A(Q)
are not meaningful.

Acknowledgement. The authors are grateful to Andrea Cianchi for raising their attention on the
paper [1] and for fruitful discussions.
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