GRAPHS OF BOUNDED VARIATION, EXISTENCE AND LOCAL
BOUNDEDNESS OF NON-PARAMETRIC MINIMAL SURFACES
IN HEISENBERG GROUPS

FRANCESCO SERRA CASSANO AND DAVIDE VITTONE

ABSTRACT. In the setting of the sub-Riemannian Heisenberg group H", we intro-
duce and study the classes of ¢- and intrinsic graphs of bounded variation. For both
notions we prove the existence of non-parametric area-minimizing surfaces, i.e., of
graphs with the least possible area among those with the same boundary. For min-
imal graphs we also prove a local boundedness result which is sharp at least in the
case of t-graphs in H!'.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper we deal with the problem of existence and regularity for generalized
non-parametric minimal hypersurfaces in the setting of the Heisenberg group H",
endowed with its sub-Riemannian (or Carnot-Carathéodory) metric structure. The
classes of ¢- and intrinsic graphs of bounded variation will be introduced and studied.
We prove existence and local boundedness results for those graphs locally minimizing
the sub-Riemannian area (precisely: the H-perimeter measure). Minimal graphs are
tipically named non-parametric minimal surfaces in order to distinguish them from
the more general parametric ones (see, for instance, [39]).

Let us recall some preliminary facts about the Heisenberg group; we refer to [12]
for a more complete introduction. We denote the points of H" = R?"*! by

P = (x,y,t), r,y € R" teR.
For P = (z,y,t), Q@ = («/,y,t') € H", the group operation reads as
P-Q:=(z+a y+y,t+t —2xy) +2(z,y))

where (-,-) denotes the standard scalar product of R™. The group identity is the
origin 0 and (z,y,t)™' = (—z,—y,—t). In H" there is a one-parameter group of
non-isotropic dilations 6,.(z,y,t) := (rz,ry,r*), r > 0. The Lie algebra b, of left
invariant vector fields is linearly generated by

0 0 0 0 , 0
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and the only nonvanishing commutation relationships between these generators are
[X;,Y;] = —4T, j=1,....,n.

We also use the notation X, :=Y,_, for j=n+1,...,2n.
The group H" can be endowed with the homogeneous norm

[Pl := max{|(z, y)[en, [t]'/*}

and with the left-invariant and homogeneous distance

doo(P, Q) = ”P_1 Qoo

It is well-known that d., is equivalent to the standard Carnot-Carathéodory (CC)
distance, that will be denoted by d.. The Hausdorff dimension of (H",d,) is @ :=
2n + 2, whereas its topological dimension is 2n + 1.

Let © C H™ be an open set and ¢ = (¢1,...,p2,) € CL(;R*"). The Heisenberg
divergence of ¢ is

2n
(1.1) divgy = Zngoj.

j=1

Following the classical theory of sets with finite perimeter a la De Giorgi, the H-
perimeter in 2 of a measurable set £ C H" was introduced in [I1] as

(1.2) |OE|u(Q2) := sup {/ divie dL*™ T p € CHQ,R™), || < 1} :
B

where £2"! denotes the Lebesgue measure on H" = R?"*! which is also the Haar
measure of the group. It is well-known that, for smooth sets, the H-perimeter coin-
cides with (a multiple of) the (@ — 1)-spherical Hausdorff measure, associated with
d, of the boundary, see also Proposition [2.10]

We want to study those graphs of bounded variation that are boundaries of sets
minimizing the H-perimeter measure. A set E C H" is said to be a (local) minimizer
of the H-perimeter in an open set {2 C H" if it has locally finite H-perimeter in {2
and for any open subset €)' € Q

(1.3) |OE|a(Q) < |0F ()

for any measurable F' C H" such that EAF &€ '; we hereafter denote by EAF :=
(E\ F)U (F\ E) the symmetric difference between F and F.

There is a huge variety of results concerning minimal-surfaces type problems (isoperi-
metric problem, existence and regularity of H-perimeter minimizing sets, Bernstein
problem, etc.). A general account of the many facets and contributions in this direc-
tion is far beyond the aim of this introduction and we refer to [45], 59, 49, [58| 21, 23],
48, (56, 91, [10], 40, 411, 25].

We can now introduce the classes of t- and intrinsic graphs of bounded variation
in H". A set S C H" is called t-graph in H" if it is a graph with respect to the non
horizontal vector field T, i.e., if there exists a function v : i/ — R such that

S =A{(zy,u(z,y)) € H" : (z,y) € U}.
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Hereafter, by U we will denote a fixed open and bounded subset of the 2n-dimensional
plane

II:=exp(span{X, : j=1,...,2n}) = {(z,y,t) e H" : t = 0}.
When clear from the context we will canonically identify II with R?", and accordingly
we will write (z,y) instead of (z,y,0). By U x R we will mean the ¢-cylinder

UXR:={(x,y,t) e H" : (z,y) € U,t € R}.
The t-subgraph E! of u: U — R is defined as
(1.4) E' = {(z,y,t) e H" : (x,y) e U,t < u(z,y)}.
For maps u with Sobolev regularity the area functional <% : W (i) — R reads as

(1.5) () = |OF! |y(U x R) :/ Vu+ X*|dC
u

where, following the notation in [17], X* : R?*" — R?*" is defined by X*(x,y) :=
2(—y, z) (see Section [3). The formula (1.5 was proved in [11] for u € C!(U).

Definition 1.1. We say that u € L'(i) belongs to the space BV;(U) of maps with
bounded t-variation if |OFE! |g(U x R) < 4o0.

We say that u € BV, ,.(U) if E! has finite H-perimeter in &’ x R for any open set
Uel.

In Section [3| we will first study the structure of the space BV;(U) and several different
notions of “area” for boundaries OE!, N (U x R) of t-subgraphs of functions u € L*(U).
We will prove that these notions (among them: the perimeter |OF!|g(U x R) and
the relaxed functional 7 of 7) agree on L'(U): see Theorem [3.2, We introduce the
notation

/ Du+ X*| = |0E U x R) = F(u),  ue L\U).
u

It turns out that BV,(U), which is the finiteness domain of these functionals, coin-
cides with the classical space BV (U) of functions with bounded variation in #. In
particular, BV () provides the appropriate framework, chosen for example in [14]
and [55], for the study of area minimization problems for ¢t-graphs.

Theorem 1.2. Let U C R?" be a bounded open set. Then BV,(U) = BV (U).

In particular, each function in BV,(U) can be approximated with respect to the
“strict” metric (see [2, pages 125-126]) by a sequence of C* regular functions: see
Corollary [3.3] Moreover, the space BV;(U) can be compactly embedded in L*(U/) and
the classical notion of trace ujg, on OU is well defined provided U is bounded with
Lipschitz regular boundary: see Theorem and [39, Chapter 2].

In the second part of Section |3 we deal with the existence of t-minimizers.

Definition 1.3. Let ¢4 C II be a bounded open set with Lipschitz regular boundary.
We say that u € BV (U) is a t-minimizer of the area functional (briefly: t-minimizer)

if
/]Du+X*\</]Dv+X*]
u u

for any v € BV (U) such that vjgy = ujou-
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Given a generic open set U C II, we say that u € BVj,.(U) is a local t-minimizer if

/yDu+X*|</ Do+ X
u’ u’

for any U’ € U and any v € L} (U) with {u # v} € U'. Equivalently (see Remark

loc

3.12)), if u is a t-minimizer on any open set U’ € U with Lipschitz regular boundary.

A t-minimizer is also a local t-minimizer (see Remark [3.11)). Moreover, it is easily
seen that a t-subgraph E! that is locally H-perimeter minimizing in U x R must
be associated with a local t-minimizer v € BV (U). Conversely, we will prove in
Corollary that a local t-minimizer v € BV (U) induces a t-subgraph E!, that is a
local minimizer of the H-perimeter in ¢ x R.

Local ¢-minimizers have been widely studied assuming u € Wh1(), the classical
Sobolev space which is strictly contained in BV (). The functional has good
variational properties such as convexity and lower semicontinuity with respect to the
L' topology. On the other hand, it is not coercive and differentiable due to the
presence of the so called characteristic points, i.e., the points on the graph of u where
the tangent hyperplane to the graph coincides with the horizontal plane. Equivalently,
the set whose projection on II is

(1.6) Char(u) :={(z,y) e U : Vu(z,y) + X" (x,y) =0}.

Notice that, if u € W1 (), the set Char(u) must be understood up to a £L**-negligible
set.

Nevertheless, the existence of solutions to the Dirichlet problem with regular bound-
ary conditions was obtained in [53] and [I7], by means of an elliptic approximation
argument, for U satisfying suitable convexity assumptions. The lack of coercivity for
the functional does not allow a first variation near the set Char(u). This and
related questions have been studied in [53] B8] [15] 13, 59, [61] for C? minimizers of
;, and in [I8, [16] for C! regular ones, also in connection with the Bernstein problem
for t-graphs. A suitable minimal surface equation for t-graphs (see ) has been
obtained in these papers; its solutions are called H-minimal surfaces. In particular,
in [I5] a deep analysis of Char(u) was carried out for local minimizers u € C?(U)
together with other regularity properties like comparison principles and uniqueness
for the associated Dirichlet problem. The study of the characteristic set has been per-
formed in [16] for C! surfaces in H' satisfying a constant mean curvature equation in
a weak sense. The much more delicate case of minimizers v € Wh(U) was attacked
in [I7]. Several examples of t-minimizers with at most Lipschitz regularity have been
provided in H' (see [54, (17, 57]). Therefore, at least in the H' setting, the problem of
regularity for t-minimizers is very different from the Euclidean case, where minimal
graphs of codimension one are analytic regular (see [39, Theorem 14.13]).

In the spirit of the previous results, we are able to establish an existence result for
the Dirichlet minimum problem for the functional on the class of t-graphs of
bounded variation.

Theorem 1.4 (Existence of minimizers for a penalized functional). Let U C R*" be
a bounded open set with Lipschitz reqular boundary. Then, for any given ¢ € L*(OU)
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the functional
(1.7) BV(U) 3 ur— / |Du + X*| —I—/ lwou — @|dH> !
u ou
attains its minimum and

inf{/ |Du+ X*|:ue BV(U), wou = 90}
u

— min{/ |Du + X*| +/ lwou — @ldH> ' iu € BV(U)} :
u ou

We remark that the last integral in equals both the Euclidean and sub-Rieman-
nian areas of that part of the cylinder Ol x R between the graphs of u and ¢, hence
it can be seen as a penalization for not taking the boundary values ¢ on OU. See also
Proposition [3.7 and Remark [3.8]
Theorem [1.4] extends the existence results contained in [53] and [I7] in the sense that
formulation allows to consider more general domains 4. We point out that a
minimizer of the penalized functional might not take the prescribed boundary
value ¢: we illustrate this situation by explicitly constructing an example where ¢-
minimizers do not exist, see Example [3.6] In particular, the existence of solutions for
the Dirichlet minimum problem for .7 is not guaranteed even when the boundary ol
and the datum ¢ are very regular: in this sense, Theorem does not extend the
results in [53] and [17].
An existence result for continuous BV t-minimizers, taking the prescribed bound-
ary datum, has been obtained by J.-H. Cheng and J.-F. Hwang [I4] for continuous
boundary data on smooth parabolically convex domains. In the forthcoming paper
[55] existence, uniqueness and Lipschitz regularity of &-minimizers (assuming the pre-
scribed boundary datum) is proved under the assumption that the boundary datum
 satisfies the so-called Bounded Slope Condition: this result, in particular, extends
Theorem [1.4] as well as some related results in [53] and [17].

In the third part of Section [3| we study the boundedness of local t-minimizer; our
main result is the following.

Theorem 1.5 (Local boundedness of minimal ¢-graphs). Let u € BV),.(U) be a local

t-minimizer. Then u € LS. (U).

As a consequence, we obtain a local boundedness result for weak solutions of the
minimal surface equation, see Theorem (3.1

Theorem is sharp at least in the first Heisenberg group H!. Indeed, we are
able to provide a minimal ¢-graph induced by a function u € L{°,(U) \ C°(U): see
subsection It is an open problem whether a similar example can be constructed
also in H", n > 2.

We want to stress also the following consequence of Theorem 1.2} we refer to Section
for the definition of H-regular hypersurface.

Corollary 1.6. Let S be an H-regular hypersurface that is not (Euclidean) countably
H>"-rectifiable; then S is not a t-graph.

We are now going to introduce the notion of intrinsic graphs, i.e., graphs with
respect to one of the horizontal vector fields X;. This is not a pointless generalization:
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without entering into motivations, we recall only that any H-regular hypersurface
is locally an intrinsic graph. For further details we refer to [34]. Without loss of
generality, we will always consider X;-graphs, i.e., intrinsic graphs along the Xj-
direction.
Let us introduce some preliminary notation. If n > 2, we identify the maximal
subgroup

W :=exp(span{Xs,..., X,,,Y1,....Y,, T} = {(x,y,t) e H" : z; = 0}
with R*" by writing (o, .., Tn, Y1, - - - Yn, 1) instead of (0,2, ..., Tn, Y1, Yn,L);
similarly W := exp(span{Y;,T}) = {(0,y,t) e H' : y,t e R} =R, if n = 1. Let w
denote a fixed open bounded subset of W; the intrinsic cylinder w - R is defined by
w-R:={A-seH": Acw,s e R},

where, for A € W and s € R we write A - s to denote the Heisenberg product
A-(s,0,...,0). Inthisway [-J={A-s: Ael,se J}forany I CW, JCR.
Similarly, we will write s+ A to denote (s,0,...,0) - A.

Given a function ¢ : w — R, we denote by ® : w — H" the corresponding X;-graph
map

(1.8) D(A):= A-¢(A) Acw.

A set S C H" is called X;-graph of ¢ : w — R if
S:=0(w)={A-¢(A) : Acw}.

The X;-subgraph and the Xi-epigraph of ¢ are defined, respectively, as

(1.9) Ey={A-s: Acw,s<p(A)},
and
(1.10) E?={A-5: Acw, s> ¢(A)}.

Let Lip(w) be the classical space of Lipschitz functions on w C W = R?". The area
functional @Ay : Lip(w) — R reads as

where V?¢ is the non-linear intrinsic gradient for X-graphs

Xot, ..., Xpd, WO, Yo0,...,Y, if n>
(1.12) V¢¢ ::{ %/;27 , Xn® ¢, Y20 o)) 1f2i§
where
(1.13) W?¢ = Y1 — 2T (¢*) = 8,6 — 20,(¢%).

We agree that, when ¢ is not regular, the differential operators appearing in (|[1.12]) will
be understood in the sense of distributions. The intrinsic gradient V¢ was introduced
and studied in [3], see also [19] [§].

Definition 1.7. We say that ¢ € L'(w) belongs to the class BViy(w) of functions
with intrinsic bounded variation if |0Ey|g(w - R) < 4o00.

We say that ¢ belongs to BViyoc(w) if Ey is a set with finite H-perimeter in o’ - R
for any open set W' € w.
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The class BViy(w) is deeply different from BV (w): for instance, it is not even a
vector space (see Remark [1.2). In spite of these differences, BViy(w) shares with
BV (w) several properties:

e the functional ¢ ~— |0E|u(w - R) coincides with the relaxed one .«7w of Ay
on L'(w), see Theorem

e cach function in BVyy(w) can be approximated by a sequence of C'™ regular
functions (¢,); such that

¢; — ¢in L'(w) and |0Ey, |u(w-R) — |0E|g(w - R),
see Theorem [4.9}

e when w has Lipschitz regular boundary, a trace in generalized sense exists at
least for some large subclass of BViy(w) (see Proposition [.15). This notion
of trace is related to the possibility of extending the set Ey out of w - R
without “creating” perimeter on the boundary dw-R: see Definition [£.11, We
conjecture that any ¢ in BVjy does have a trace in this sense. However, as
shown in Remark .10} any meaningful notion of trace in BViy cannot possess
all the features of classical traces;

e any sequence (¢;); C BViy(w) bounded in the || - || gy, “norm” (see (4.43)))
and such that

(1.14) sup (|0, [ (HL) + |0B% a(H")) < +oc
j

is compact with respect to the L] ,(w - R)-convergence of its subgraphs (Ey, );

(see Proposition [4.18]), where we have set

(1.15) HY = {(z,y,t) e H" : 2y > 0}, H" :={(z,y,t) e H" : 2, <O0}.
Condition ([1.14}) is equivalent to
sup (|0Es, |u(0w - RY) + |0E% (0w - R7)) < +o0,
J

where R* := [0, 4+00), R™ := (=00, 0].

In Section 4| we also attack the problem of the existence and regularity of minimal X;-
intrinsic graphs. In the literature, the regularity problem has been studied assuming
¢ € Lip(w) (see [9, 10]) or ¢ € W' (w) (see [51]), a suitable class of intrinsic graphs
with Sobolev regularity introduced in [5I] (see Definition [2.8)).
The area functional 4y is lower semicontinuous with respect to the L! topology
but it is not convex (see [24] and Proposition [.1)). Furthermore, it is differentiable
and its first variation yields the minimal surface equation for Xi-graphs. A
study of the C? minimizers of @4y was carried out in [22], [7], [21] and [24] also
in connection with the Bernstein problem for intrinsic graphs. First and second
variations for minimizers in Wy;'(w) have been studied in [51]. The regularity of
Lipschitz continuous vanishing viscosity solutions of the minimal surface equation for
intrinsic graphs has been studied in [9, 10]. We have to mention that, in the first
Heisenberg group H!, there are minimizers of .24y whose regularity is not better than
1-Holder: see [51, Theorem 1.5].

We shall prove an existence result for minimal X;-graphs on w with prescribed
“boundary datum”. Let wyp © w be a bounded open set and 6 € BViy(wy) be such
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that

(1.16) |0Eg|u(0wo - RT) + |0E? |(0wy - R™) < 00, |0Fg|u(0w-R) =0.
We consider the problem

(1.17) inf {|0Ey|u(@-R): ¢ € BViy(wy), =0 on wo \ W} .

When ¢ € BViy(w) has a trace in generalized sense, then it possesses an extension
6 € BViy(wo), on a suitable wy 3 w, satisfying (1.16)): if this is the case, the problem
(1.17) can be viewed as that of minimizing area with boundary datum given by ¢.

Theorem 1.8 (Existence of minimal X;-graphs). The problem (1.17) attains a min-
imum in BViy(wo).

Theorem is proved in Section .2} in the subsequent Section [4.3] we obtain a
local boundedness result for minimal X;-graphs.

Theorem 1.9 (Local boundedness of minimal X;-graphs). Let ¢ € L2 (w) be such

loc

that Ey is a local minimizer of the H-perimeter in w - R. Then ¢ € LS. (w).

loc

This result is not the exact counterpart of Theorem [L.5]for minimal ¢-graphs. We do
not know whether the additional (2n + 1)-summability is only a technical problem or
if there exist minimal X;-graphs ¢ ¢ L (w). Moreover, in Theorem [1.5[ we prove the
local boundedness of t-minimizers using the fact that their associated subgraphs are
also H-perimeter minimizing sets. In Theorem we instead require the subgraph F,
to be H-perimeter minimizing: as far as we know, there is no geometric rearrangement,
similar to the one for ¢-graphs given by Theorem [3.15] ensuring that the subgraph of
a minimal intrinsic graph is also H-perimeter minimizing. At any rate, the problem
of further regularity for area minimizing intrinsic graphs is completely open.

Finally, we have to point out that our techniques have been strongly inspired from
the important work [47]; we also refer to [39, [46].
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low regularity which helped us in Section 3.4 We are grateful to G. P. Leonardi for
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for useful discussions on the topic during the RIM Conference on Mathematics held
in Hong Kong in December 2007. We are grateful to G. Alberti, L. Ambrosio and
S. Delladio for valuable discussions concerning Corollary [1.6]

2. PRELIMINARIES

By HD, 82 we denote, respectively, the m-dimensional Hausdorff and spherical
Hausdorff measures associated with the distance d.., while H™,S™ refer to the cor-
responding Euclidean measures. Recall that (see [6])

(2.1) ST < H.

By U(P,r) and U.(P, ) we mean the open balls of center P and radius r, respectively,
with respect to the d, and the CC metric d.; when centered at the origin, balls will
be denoted by U, and U,

Euclidean open balls in R™ will be denoted by B(P,r) and B,. The symbol | - |
is reserved for the norm of elements of R™, while the Euclidean distance between
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two points A, B € R™ is denoted by dist(A, B). For E C R™ we write xg for the
characteristic function of £ and |E| for its Lebesgue measure £ (E) (of course, no
confusion with the norm of a vector will arise). The identification H" = R?"*! is
understood when the previous symbols involve elements or subsets of H".

A real measurable function f defined on an open set 2 C H" is said to be
of class CL(Q) if f € C°) and the distributional horizontal gradient Vgf :=
(Xaf, ..., Xof,Yif, ..., Yof) is represented by a continuous function. The func-
tion f is said to be of class Lipy(Q) if f : (Q, do) — R is Lipschitz continu-
ous. Each function f € Lipy(f2) also admits a distributional horizontal gradient
Vuf = (Xof,.. ., X0, Yaf, . Yof) € (L(Q))* (see, for instance, [30, Proposi-
tion 2.9]).

Given a function f € L'(Q2) we define

Dafl() = sup{ [ Faive: e i), ol < 1} |

We say (see [I1]) that f belongs to the space of functions with bounded H-variation
BVu(Q) if |Duf|(©2) < 4+o00. In this case |Dyf| defines a Radon measure that co-
incides with the total variation of the distributional horizontal derivatives Vg f. A

measurable set has finite H-perimeter in ) if and only if xg € BVg(Q)); moreover,
|OE|m = |Duxg|- A norm in BVj is defined by

[l Bvic) = [l f @) + [Dufl(€2).

The inclusion BVyg(U.(P,r)) C LY(U.(P,r)) is compact (see [37, Theorem 1.28]).
Let us recall the following coarea formula (see [50, Theorem 4.2]).

Theorem 2.1. Let f € Lipg(H") and v € L'(H"). Then

“+oo
/u|VHf|d£2"+1:/ / wdpuy dt
" —oo J{f=t}

where p; := [0{f < t}|m.

We say that a sequence of measurable subsets (E;); of H" converges in L'(2)
(respectively in L,.(©2)) to a measurable set £ C H", and we will write F; — E in
L'(Q) (respectively in L;,.(Q)), if xg, — xg in L'(Q) (respectively in L .(Q)). An
immediate consequence of definition ([1.2) is the L}, (Q)-lower semicontinuity of the
H-perimeter:

Proposition 2.2. Let 2 C H" be an open set and let (E;); be a sequence of measur-
able subsets of H" converging in L} () to E C H". Then

loc

OB |(Q) < liminf |05, | ().
j—00

We also recall the following properties of the H-perimeter measure: they can be
proved as in the classical case (see, for instance, [2, Proposition 3.38]).

Proposition 2.3. Let Q2 C H" be an open set and let E and F' be measurable subsets
of H". Then
(i) spt |0F|g C OF, where spt |0E|g denotes the support of the measure |OE|u;
(i) [0E[a(2) = |0(H" \ E)[u($2);
(iii) (locality of H- perimeter measure) |0E|m(2) = [0(E N Q)|w(2);
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(iv) [0(EU F)[a(Q) + [0(ENF)[u(Q2) < |[0E|a() + |0F[u(S2).
An isoperimetric inequality holds in the Heisenberg group, see [37, Theorem 1.18]:

Theorem 2.4. There is a positive constant c; > 0 such that for any set E with finite
H-perimeter, for all x € H" and r > 0

(2.2) min{|E N U.(z,7)|, |Uc(x,7) \ E|}% < ¢f|0E|u(Up(z, 1))
and
(2.3) min{|E!,|H”\E\}% < ¢7|OFE|g(H").

By Riesz’ representation Theorem, if F has finite H-perimeter in Q then |0F|y is
a Radon measure on ) for which there exists a unique |0F|g-measurable function
vg : Q — R? such that

lvg| =1 |0E|g-a.e. in Q

2.4
(24) / divyge L = —/(gp, vg)d|OElg for all ¢ € CL(Q,R*™).
E 0

We call vg the horizontal inward normal to E (see [29]); the distributional derivatives
Vuxg are represented by the vector measure vg|0E|y.

It is well-known that the H-perimeter measure of a set £ C H"™ does not change under
modifications of E on sets of null 2n + 1-dimensional Lebesgue measure. Let us define
the interior, exterior and boundary (in measure) of E, respectively, by

int,, £ :={P e H": Jp> 0 with [ENU(P,0)| =|U(P,0)|} ,
ext, F:={P e H": Jo >0 with |[ENU(P,o)| =0},
OmE ={PeH": 0<|ENU(P,0)| < |U(P,0)| Vo> 0} .

It is easily seen that int,, E, ext,,E and 0,,FE are stable under replacing the metric
do, with an equivalent one. In particular, we can equivalently define them by means

of CC balls.
Proposition 2.5. Let E C H" be a Borel set and define

(2.5) E:= (Fuint,E) \ ext,, E.

Then E is a Borel set with |EAE| = 0 and its topological boundary OE coincides with
OmE. In particular, |0E|g = |0E|q.

The proof of Proposition [2.5| is perfectly analogous to that of the corresponding
Euclidean result, see [39, Proposition 3.1]. Without loss of generality, in the following
we will always suppose that E coincide with the associated set E in (2.5).

At this point we have to summarize some of the results of [31]. For a set F with
finite H-perimeter it is possible to introduce the reduced boundary OfE as the set of
those points P such that

|OE|g(U(P,r)) > 0 for any r > 0

fU VECZ|6E’H
VT (Pyr)
the limit lim

r=0 |0E|u(U(P,r))

exists and is a unit vector.

It turns out that
(2.6) |0F|u = eSS LOLE,
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where ¢, is a positive constant depending on n. The blow-up properties of E at points
of the reduced boundary (see [31]) ensure that 9};F C E'/2, where for given o € [0, 1]
we set £ to be the set of points with density «

. |ENU(P,r)|
EY = PeH": lim——F——= =
{ =0 UP,7)
The measure theoretic boundary 0, wE was introduced in [31, Definition 7.4]; it co-
incides with H™ \ (E' U E°).
The following result is implicitly contained in [31]:

Theorem 2.6. Let E be a set with locally finite H-perimeter; then
ngl(H” \(E'UE"U El/Q)) =0.

Moreover, |0E|y = c,SL L EY? = ¢,897 L0, yE.
Proof. Since 0, gF = H"\ (E' U E°), one has

SETHH"\ (E*UE U EY?) = SL N0, mE \ EY?) < SEH0.mE \ 04E) =0,
the last equality following from [31, Lemma 7.5]. The second part of the statement
follows from and

S OpE < SYILEYV? < SN0, uFE =S¢ LOyF.
O
We say that S C H" is an H-regqular hypersurface if for every P € S there exist a

neighbourhood Q of P and a function f € C§(2) such that Vi f # 0 and SN Q =
{Q € Q: f(Q) = 0}. The horizontal normal to S at P is

() Tl (P)

Vi f(P)
An H-regular hypersurface can be highly irregular from the Euclidean viewpoint as
it can be a fractal set [43]. This not being restrictive, we will deal only with hyper-
surfaces S that are level sets of functions f € C} with X;f # 0. The importance
of H-regular hypersurfaces is clear in the theory of rectifiability in H". The reduced
boundary of a set with finite H-perimeter is H-rectifiable (see [31]), i.e., it is contained,
up to S 1-negligible sets, in a countable union of H-regular hypersurfaces.
The following equalities

B, NH?| = [ g+ dL2, |H"\ By| = [ ¢~ L2,
|EsAH™ | = [ |¢| dL*",

By AEg,| = [ IXE,, — XE,, | L2 = [ |¢1 — @] AL,
B0 AE | = [g IXBy, — Xme, [ AL = [ fun — uo| AL,

(2.7)

hold for any measurable functions ¢, ¢1,¢s : w — R, uj,us : U — R, where H} and
H" are the half-spaces of H" introduced in ({1.15)) and

(2.8) ¢ = max{¢, 0}, ¢~ = max{—¢,0}.
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The first three equalities in (2.7)) can be easily proved because the smooth map

wx R — H" = R¥+!
(A,s) — A-s

has Jacobian determinant equal to 1.

Given ¢ : w — R, the associated graph map ® : w — H" was defined in ([L.8§]).
Similarly, we agree to denote ®., ®;, etc. the graph maps associated with ¢, ¢;, etc.
The projection myw : H" — W is defined by

(2.9) ww(x,y,t) = (x,y,t) - (—x1,0,...,0) = (0,22, ..., T, Y1, -, Yn, t — 22191
so that (z,y,t) = mw(z,y,t) - 1. Observe that ®~! = 7w |¢(,) and that
mw(P - s)=mw(P), 7mw(s:-P)=s-mw(P)-(—s) VP e H" Vs e R.

It is easily seen that the map mw is open and there exists ¢ = ¢(n) > 0 such that
lmw(P)] s < ¢|P|oo for any P € H™ (see [35, Proposition 3.2 and Remark 4.2]).

An H-regular hypersurface S with v < 0 is locally an X;-graph, see [31]; a char-
acterization of the functions ¢ such that ®(w) is an H-regular hypersurface was given
in [3] (see also [19]). We define

Ciy(w) :={¢ € C°(w) : ®(w) is H-regular and vg,,(P(A)) < 0 VA € w}.

Functions in the class Ciy have been characterized in [§] improving some previous
results obtained in [3, 19]. Moreover, for such functions an area-type formula was
obtained in [3]. We summarize these results in the following

Theorem 2.7. A function ¢ : w — R belongs to Cyy(w) if and only if ¢ € C°(w) and
the distributional derivatives V9¢ are represented by continuous functions. Moreover

(2.10) |0E|u(w - R) = ¢, S /\/1+|V%\2d£2”

The area-type formula (2.10) has been extended to the more general class of in-
trinsic Sobolev graphs.

Definition 2.8. A function ¢ € L?*(w) belongs to the class Wyy'(w) if there exist
a sequence (¢;); C C'(w) and a vector valued map w € L'(w;R*~!) such that, as
J — Fo0,

(2.11) ; — o, gz52- —¢* and V%¢; —w in L*(w).

We say that ¢ € L? (w) belongs to the class VVW L (W) if there exist (¢;); € CY(w)
and w € L}, (w; R?*"~!) such that all the convergences in (2.11]) hold in L} (w).

For a function ¢ € VVW loc( ), the distribution V¢ is represented by a vector valued
map w € L}, (w,R**71) and namely by the function in ([2.11)). It was proved in [51]

that
|0Ey|u(w - R) /\/1+|V¢¢|2d£2"

for any ¢ € W' (w).
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Remark 2.9. As proved in Remark , the classes Ciy and Wév’l are not vector
spaces. By definition, the inclusion Wy~ C L? holds as well as the inclusions of the
corresponding local classes. We also have

Cly C Wyitoer  Lip C Wiyt
see [51, Remark 3.2 and Proposition 3.6]. An example of a function in Cg; \ I/Vi)c1 is
given in [43].

It is well-known that a set £ C R?"*! with locally finite Euclidean perimeter has
also locally finite H-perimeter (see for instance [31, Remark 2.13]). For such a set one
can represent its H-perimeter measure with respect to the Hausdorff measures H?"
and S¢~1. This representation is already well-known when OF is regular (see [11] and
[31]). We denote by 0*E and ng(P), respectively, the classical reduced boundary of
E and the generalized Euclidean inward normal to E at P € 0*F (see e.g. [39]).

Proposition 2.10. Let E be a set with locally finite Fuclidean perimeter. Then E
has locally finite H-perimeter and

(2.12) |0F|n = [np|H>"LO'E = ¢, SY'LO*E,
where nk = ((X1,ng), ..., (Xon, ng)) € R?.
Proof. 1t is well-known that

Xjxe = (X;,np)|0E| = (X;,np)H*"LO*E

holds in the sense of distributions for any j = 1,...,2n, |0F| being the Euclidean
perimeter of E. The first equality in (2.12)) immediately follows. Moreover

(2.13) NS H*"LO*E = |0F|g = c, S LOGF
and thus the second equality in (2.12)) will follow if we show that
(2.14) SCHOREADE) =0.

Notice that, by (2.13)), we have
S ORE\O'E) =0

and (2.14)) follows provided we show that S¢*(9*E \ 95 E) =0
To this aim, notice that from (2.13)) we obtain

(2.15) nh=0  H™ae ondE\OGE.

Since 0*E is locally 2n-rectifiable in the Euclidean sense, there exists a family (.5;) en
of (Euclidean) C' surfaces in H" such that H*"(0*E \ U2,S;) = 0 (whence also
SO E\ U2,S;) = 0 because of (2.1))) and

(2.16) np=ng, HM -ae ondENS;,

ng, being the Euclidean unit normal to .S;. The well-known result by Z. Balogh [5]
ensures that for any j

SL({P € S;: (ns,(P), Xi(P)) = - - = (ns,(P), Xan(P)) = 0}) = 0.

Taking into account the fact that (2.16) holds also S '-a.e. on 9*E N S; (recall
(2-1)), we deduce that S&*({P € 0*ENS; : nfi(P) = 0}) = 0 for any j, ie.,
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SE({P € 0"E : nfi(P) = 0}) = 0. The desired equality S¢(0"E \ 93F) = 0
follows from the fact that (2.15]) holds also S¢ '-a.e. on 9*E \ 93 E. O

Remark 2.11. An immediate consequence of Proposition [2.10]is the negligibility of
the characteristic points of 0*FE

(2.17) S {PedE ny(P)=0}) =0.
The following relationships hold between S&=! and H?".

Lemma 2.12. Let U C II = R?" and w C W = R?" be open sets.
(1) IfU is bounded, there exists a constant C'= C(U) > 0 such that

SO (U x R) < OH*™L(U x R).
(ii) For each s € R one has
n SN (w-s) =H"L(w-s).

Proof. (i) It has been proved in [6] that for any r > 0 there exists ¢ = ¢(r,n) > 0
such that

SCLLU(0,7) < cH*™LU(0,r).
In particular, there exists C'= C(U) > 0 such that
SELU x [-1,1]) S CH™ LU x [-1,1])).
Since vertical translations are isometries in H", we have also
SN WUXh—1,h+ 1) SCH™LWU x [h —1,h+1])

for any h € R. Our claim easily follows.
(ii) Let ¢ : w — R be the constant function taking value s; by Proposition m

cnSL (w-8) = |0Eylgl(w-R) = |n%¢|7'(2” L(w-s).
The statement easily follows noticing that ng, = (1,0,...,0), i.e., |n%¢| =1 O

The following localization estimates for the H-perimeter measure have been proved
in [1I, Lemma 3.5] and [32, Lemma 2.21].

Lemma 2.13. Let E be a set with locally finite H-perimeter; for given P € H" and
r >0 set mg(P,r) :=|ENUP,r)|. Then for a.e. r >0

(2'18) |6(E \ Uc(Pvr))|H<aUc(P7 T)) < m/E(P’ T)
and
(2.19) O(ENU(P,7))|[a(H") < |OE|g(U(P, 7)) +mp(P,r) .

Let us recall once more our assumption that E coincides with the set E in (2.5]).
In particular |ENU(P,r)| > 0 for all P € E and r > 0.

Proposition 2.14. Let E C H" be H-perimeter minimizing in an open set 2 C H".
Then there ezists a constant C = C(n) > 0 such that

(2.20) |ENU(P,r)| > Cr? forany P € ENQ,0 <71 < dy(P,09).
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Proof. By the equivalence of d., and d.., it will be sufficient to prove that there exists
C = C(n) > 0 such that

(2.21) |IENU(P,r)] = Cr?  forany 0 <r < d.(P,09).

Up to a left translation we can suppose that P coincides with the identity 0. Since
FE is H-perimeter minimizing, we have

0E]a(€) <[O(E\ Ueyr)lu(€)
and so, by subtracting [0E[g(Q\ U.,) = [0(E\ U..)|(Q\ U.,),
0Bl (Uerr) < |0(E\ Uey)|m(OU,) -

For a.e. 7 > 0 one has |0E|g(0U.,) = 0 because |0F|g is a Radon measure. By
(2.18) we achieve for such r

(2.22) |0E|u(Ue,) < mlg(r),

where mg(r) := |E N U.,|. Taking into account (2.22)), (2.19) and the isoperimetric
inequality (2.2]), we obtain

mp(r) @ = |EnU,|"@ < cld(BENU,)|m(Q) < 2¢r mls(r).

Since mg(r) > 0 for any r > 0 we have

1-Q

m(r) Emlp(r) = (M9 (1) > —

26[
and ([2.21)) follows by integration because mg is locally Lipschitz continuous

for a.e. 7 >0

WV

ms(r1) = me(rs)] < [Uep, \ Uers| = e|r? = 73]
O
We will need in the sequel the well-known notion of convolution between functions

in the Heisenberg group (see [28]): for given g € L'(H"), f € LP(H") we set g f €
LP(H™) as the function defined by

22) @ NP)= [ oP-Q QA= [ 9@ P,

The symbol * will be instead used to denote the classical Euclidean convolution ¢ * f
between f and g. Recall that in general f x g # g * f; moreover

V(g f) = g% (Vuf) # (Vug) * f
whenever f,g € WhHL(H"). We will often consider a fixed mollification kernel o €
C2°(Uy) such that
(2.24) / 0dL™ =1, >0 and o(P)=o(P™")

and write 0 (P) := a~9p(81/4(P)) for any o > 0. For any f € LP(H") the mollified
functions g, x f € C>®(H") converge to f in LP(H") as @ — 0. Notice that the
convolution g, % f is well-defined and smooth also for f € L} (H"). Moreover

loc
(2.25) spt (0o * f) C Uy, - sptf
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and

/ Seax NgdL>! = / ) ( / 0(P-Q Q) d@) g(P)dP
(2.26) :/n (/n 0a(Q - P~)g(P) dP) £(Q)dQ

floa* g)dL*
H»
for any f € LP(H") and g € LP (H") with }—17 + 1% =1
Finally, we recall the following calibration result proved in [7, Theorem 2.1] in the
setting of CC spaces.

Theorem 2.15. Let 2 C H" be an open set and E a set with locally finite H-perimeter
in Q. Suppose there are two sequences () and (vy)y such that
(i) Qp is open, Qp, € Qpy1, U, = Q;
(i) v, € CHOR™), |vp(z)| < 1 for allx €Q, heN;
(iii) divgy, = 0 in Qy, for each h;
(iv) vp(x) — vg(x) |OE|g-a.e. © € Q.

Then E is a minimizer for the H-perimeter in Q.

3. EXISTENCE AND LOCAL BOUNDEDNESS OF MINIMAL {-GRAPHS

3.1. Bounded variation for ¢t-graphs. When u is a function in the Sobolev space
WhL(U) it is possible to write

- / L=, Vu(2)) dL¥(2)
u

where £ : R*™ x R*" — [0, +00) is defined by Z((x,y),&) = |§¢ + X*(z,y)|. The
functional <7 is convex since .Z(z,-) : R* — R is convex; .£(z,-) : R* — R is not
strictly convex.

When u € C*(U{) is a local minimizer of <, a first variation of the functional yields
the minimal surface equation for t-graphs

(3.1) div(N(u)) =0 in Une(u).

We have defined
Vu+ X*
|Vu + X*|

where Uy (u) := U\ Char(u) and Char(u) is the set of characteristic points of u defined
in ([1.6). The solutions of are called H-minimal. One is not allowed to deduce
tha is satisfied on U in the sense of distributions even when £**(Char(u)) = 0;
moreover, the size of Char(u) may be large even for u € WH(U) (see [5]). These prob-
lems have been studied with details in [I7] and a suitable minimal surface equation
was obtained.

We are going to study the relaxed functional < : L*(U) — [0, +00] of 7 with
respect to the L'-topology and to give a representation formula on its domain. We

(3.2) N(u) := on Unc(u)
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therefore introduce
o, (u) := inf {li;ninf/ \Vuy, + X*|dL*™ :up € WHU), up, — u in LI(U)} :
In the sequel we will consider also the following [0, +oc]-valued functionals on L'(Uf)

I;(u) := inf {liminf/ |Vuy, + X*|dL*™ : up € CHU),up — u in LI(U)}
u

— 00

Si(u) := sup {/ (—udivg+ (X*,g)) dL? : g € CHU;R™), |g| < 1} .
u

Routine arguments ensure the L'-lower semicontinuity of .2, I; and S; and that they
coincide on CH(U) or WH1(U). Moreover, if u € CHU) or WH1(U)

OE! s x R) = / Vu+ X7 = Fi(u) = L(u) = S,(u),
U

the first equality following from [11].

Remark 3.1. It follows from the definition that S; is the total variation of Du +
X*L?* where Du is the gradient of u in the sense of distributions: it is sufficient to
apply Riesz’ Theorems (see e.g. [2, Teorema 1.54]).

The following is one of the crucial results of this Section.

Theorem 3.2. Let U C R*" be a bounded open set. The equalities

(3.3) 0B, [a(U x R) = o (u) = I(u) = Sy(u).

hold for any uw € L'(U).

Proof. For the reader’s convenience, we divide the proof into several steps.

Step 1: o (u) < I;(u). We may suppose that I,(u) < 4+oo. By definition, there
exists a sequence (uy)r C CH(U) N L' (U) such that

klim up = u in L'(U) and klim / |Vuy, + X*|dL*™ = Li(u) .
—00 —00 Jiy
Since

/|Vuk|d£2"< /|Vuk+X*|d£2"+/|X*|d£2”,
u u u

the sequence (uy,)y is definitely in W () because U is bounded.

Step 2: o (u) > I,(u). We can suppose < (u) < +o0o. By definition there exists
a sequence (ug)y C WH'(U) such that w, — w in L'(U) and [, [Vuy, + X*[dL —
o, (u). By the density of smooth functions in Sobolev spaces, for each given k there
exists a function v, € C®(U) N W (U) such that |uy — vg|wragy < 1/k. On the
other hand

/|Vvk+X*|d£2" < /|Vuk+X*|d£2”+/|V(vk—uk)|d£2"
u u u

1
< /|Vuk+X*|d£2”+— vk
u k

which allows to conclude because v, — u in L.
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Step 3: Si(u) < I;(u). We may assume [;(u) < oo. By definition, for any € > 0
there exists a sequence (uy) of C! functions such that

up — uin L'(U) and hmmf/ |Vug + X < I(u) +
Let g € CL(U,R?"), |g| < 1 be fixed; then

/[—udivg +(X*, g)]dL*™ = klim [—updivg + (X*, g)] dL*"
u = Ju

= lim [ (Vu + X7, g)dC>
k—oo U

< 11m1nf/|Vuk—|—X | dc*
< L(w) +

By taking the supremum on g we immediately conclude.

Step 4: Ii(u) < Si(u). We closely follow a classical argument by Anzellotti-
Giaquinta (see [39, Theorem 1.17]). As before, we can suppose Sy(u) < oco. Fix
e > 0 and consider a sequence of open sets (U;); with U; € U;,1 and U; T U. We
additionally require that

(34)  sup { [ rudivg+ (X gt g € CLUNTRL B, o] < 1} <e
U\t

this is possible thanks to the boundedness of S;(u), i.e., the fact that Du + X*£"
is a Radon vector valued measure on U (see Remark . Set A; :=U; and A, =
Ui \m for © > 2, and consider a partition of the unity in U/ subordinate to the
covering A;, i.e., a family of functions (¢;); such that

i=1

Let ¢ be a standard smooth mollifier with support in B(0,1) C IT = R?", and define

0a(7) == a™*o(a?"z) for « > 0. It is possible to fix numbers ; > 0 such that
spt(gai * (U%)) C A; and

(3.5) /u 00+ () — uihy] dL2" < 27

(3.6) /u lou, * (UVe) — uVs| dL2 < 277

(3.7) /M 100, % (6:X7) — 6, X dL2 < 27

Finally, we set ue := Y o0 0a, * (ut);); condition (3.5)) ensures that u, — u in L'(U)
as € — 0.
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Fix g € CL(U,R*™),|g| < 1; it is a matter of computations that

/ —udiv g dL*" —/ —udiv(¢(0a, * g)) AL + Z/ —u div(¢;(0a, * g)) dL*™
u u = Ju

+ Z / <gu Oa; * (uvwz) - UVim) d£2n
i=1 7U
Thus

/ —udivg + (X7, g)] dC>
U

_ /u = div(t1 (0m *9)) + (X", 61 (0my * g))] AL

2 /u[‘“d”wi(@ai #9)) + (X" il 0a, * 9))] AL

=3 [ 900 0V0) —uV i+ Y [ (X9~ 0u ) AL
i=1 /U i=1 U
== [1+Ig-|-[3—|—[4.
Notice that [1);(0a, * g)| < 1, whence I; < Si(u). Moreover

L= lim [ [—udiv(3L, vioa, = 9)) + (X5 300, ¢i(0a, * 9))] dL* < 2¢;

N—+400 U

this follows from (B.4) and the fact that | SN, 4(0a, * g)] < 2, which in turn is
justified by |g4, * g| < 1 and A; N A; =0 for |i — j| > 2.
Estimate (3.6]) yields I3 < e. Finally, using (3.7)) we obtain

(o)

:OO iX",9 — Ca, L= iX") = 0w X*), g)dL™ < e.
Iy ;/MWX 9= Ca;*9)d Z/MWX) 0a, % (1;X*), g) AL < e

i=1

On taking the supremum among g € C!(U,R*") we obtain
/ |Vue + X*| dL*™ < Si(u) + 4e
u

and the desired inequality follows.
Step 5: |OE!|u(U x R) < I;(u). Fix a sequence (ug), C CH(U) with uj, — u in L
and

Li(u) = liminf/ |Vuy, + X*| dC*.
u

k—o00

By (2.7) we have XE,, — Xt in L' (U x R) and thus

k—o0

OE! |g(U x R) < lilgn inf [0E,, |a(U x R) = lim inf/ |V, + X*| dL*™ = I,(u)

by the semicontinuity of the H-perimeter.
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Step 6: Si(u) < |OE!|lm(U x R). It is enough to prove that, for any fixed g €
ClL(U,R?"), |g| < 1, there holds

(3.8) OF! [(U x R) > / —udivg + (X", g)] dL2".
u

For fixed M > 0 let hys € C°(R) be such that
(3.9)  hy=1on [~M,M], spthy C[-M—1,M +1], 0 < har < 1, || <

We may assume that J := f:]\];{l ha(t)dt = MH ha(t)dt and that J does not
depend on M: it is sufficient to fix a suitable “proﬁle that A must assume on [—M —
1,—M] and [M, M + 1]. We explicitly compute the following integrals: if z := (z,y),
then

u(z)

/ har(B)dt = T +u(z) + M if [u(2)] < M,
Fu(z) u(2)
—00 M
u(z) u(z)

/ hoy(t)dt = / hoy(t)dt if u(z) < —M,
~ulz) —M

/ by (8)dt = if |u(z)| < M,
_5oz)

/ Ry () dt = har(u(z)) if |u(z)| > M.

Define ¢y € CL(U x R, R?") by (2, y,t) := —ha(t)g(2); it follows that

Et

/ / )0s,9;(2) — 2y;hi(t)g;(2)

— har(t) 0y, G5 (2) + 225y () g5 (2) | dt dz
:/u [— (J +u(z) + M)div g(z) + (X*(2), g(2))]dz
+ /{ - [— (J+2M + [ hyg()dt — T — u(z) — M)div g(2)
+(X(2), 9(2)) (har (u(2)) — 1) ]d=
+ /{u< " [— ([“9  hag(8)dt — J — u(z) — M)div g(=)

+(X*(2),9(2)) (har(u(z)) = 1)]dz
=Ry + Sy + T

Since g is compactly supported, Ry = [, [—udivg + (X*, g)] dL*"; inequality (3.8)
will follow if we prove that limpy;_. Sy = im0 Thy = 0.
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Let us rewrite Sjs as
Sn = /{ " [— (M A+ [ b (8)dt —u(2))divg(2) + (X (), 9(2)) (har (u(2)) — 1) ] d=.
We point out the implication

w(z) > M = |M+ [P hy()dt — u(2)| < [u(z) = M| +1 < u(z)] + 1.

which gives the existence of a positive constant ¢ = ¢(U, g) such that

S < c/ (Ju| + 1) dL2"
{u>M}

Since v € L' (U) it follows limy; .o Spr = 0. A similar argument gives limy;_,oo Thy = 0
and the proof is accomplished. 0
From now on, for any u € BV,(U) we will use the notation

/|Du—|—X |

to denote any of the quantities I,(u), Sy(u), o and |OE! |g(U x R).
The following result has been obtained along the proof of Theorem [3.2]

Corollary 3.3. Let U C R*" be a bounded open set. Let u € BVi(U); then there
exists a sequence (uy), C C®(U) converging to uw in L*(U) and such that

/|Du+X*|: lim/|Vuk—|—X*|d£2”
U k—oo u

Other important consequences of Theorem are Theorem and the compact
embedding of BV,(U) in L*(U).

Proof of Theorem[1.3. Tt will be sufficient to show that BV,(U) = BV (U). Recalling
that an equivalent definition for the Euclidean variation of a map u : 4 — R is

|Du|(U) := sup{/ udivgdL*™ : g € CHU,R*™),|g| < 1} ,
u

the result will immediately follow from Theorem [3.2] the definition of the functional
S; and the fact that ¢/ is bounded. O

Proof of Corollary|[I1.6. Reasoning by contradiction we prove that, if S is an H-regular
hypersurface that coincides with the ¢-graph of a map u : f — R defined on some
open bounded set U, then S is (Euclidean) countably H>*"-rectifiable.

Let us prove that u is continuous. For any z € U there exists a neighbourhood 2 of
P =(z,u(z)) € S and f € C(2) such that SNQ = {f = 0}. We may assume that
Q=U" % (a,b) for some a < u(z) < b and some open set U' C U with z € U’; in this
way we have SNQ ={f =0}NQ = {(2",u(z)): 2/ € U'}. Possibly replacing f with
— f, the continuity of f gives

f(z,t) >0Vt e (u(z),b) and f(z,t) <0VteE (a,u(z)).

Again by the continuity of f, it follows that for any ¢ > 0 there exists an open set
U" cU', zeU”, such that

f(Zu(z)+€) >0 and f(2,u(z)—€e)<0 Vel
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ie., u(z) —e <u(z) <u(z)+e for any 2/ € U”. This proves that u is continuous and,
in particular, that E’, is open. By Theorem u is a continuous function belonging
to BV (U). Thus, it is enough to prove that, for any v € C°(U) N BV (U), its graph
S = {(z,u(z)) : 2 € U} is countably H?*"-rectifiable.

First, assume there exists a sequence (Uy,);, of bounded open sets in R?" satisfying
the following properties:

(310) U, e¢UVYh and U = Uz.;luh
(3.11) each U, is finitely, rectilinearly, triangulable according to [26]
(3.12) OEL|(0U, x R) = 0 Vh,

|OE| denoting the Euclidean perimeter of a set £ C R?***!. Then, by the first as-
sumption in (3.10)), (3.12) and [47, Theorems 1.3 and 1.8], we obtain

(3.13) Lon(Sy) = [OE!|(Uy x R) < o0,

for each h, where S; := {(z,u(2)) : z € Uy} and Ly, denotes the 2n-dimensional
Lebesgue area. On the other hand, by , and [26], it follows that, for each
h, Sj, is countably H?"-rectifiable. Because of the second assumption in , we
also obtain that S = U | S;,. Thus, S is countably H?*"-rectifiable.

Finally, we have to prove the existence of a sequence (U, )y, satisfying (3.10)), (3.11)
and (3.12). For each 2 € R®", r > 0, let Q(z,7) denote the (open) cube in R*"

centered at z with sides of length 2r. Such a cube is trivially a finitely, rectilinearly,
triangulable set in R?*". For any 2z € U let r(z) > 0 be such that Q(z,7(z)) C U.
Since |OFL|(U x R) < oo, without loss of generality we can choose r(2) so that

0B, [(0Q(z,7(2)) x R) = 0.

By standard arguments, there exists a sequence of cubes U, := Q(zp,7r(z)) C U such

that (3.10), (3.11) and (3.12) hold. 0

Theorem 3.4. Let U C R?" be a bounded open set with Lipschitz reqular boundary.
Then the inclusion BVy(U) — L'(U) is compact.

Proof. Let the sequence (u;); be bounded in BV}. Since
Dult) < [ 1Du+ X7+ [ x| dc>
u u
the sequence is bounded in BV too. The result follows from the compact inclusion
of BV in L. O

Finally, an explicit representation of the t-area functional is available on its finite-
ness domain. Recall that for any u € BV one can decompose the distributional
derivatives Du as Vu £?" + (Du),, where Vu € L'(U) is the approximate gradient of
u and (Du)g is the singular part of the R**-valued Radon measure Du with respect
to L2

Theorem 3.5. For any u € BV (U)

(3.14) /|Du+X*|:/ Vu+ X*| AL + |(Du)|WU).
u u
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Proof. By Remark 3.1, [ |Du + X*| coincides with the total variation of Du +
X*L* = (Vu+ X* E + (Du)s. Since (Vu + X*)L£*" and (Du), are mutually sin-
gular, the total Varlatlon of thelr sum coincides with the sum of their total variations,

and (3.14) follows. O

3.2. Existence of minimal ¢t-graphs. The open set U/ is henceforth supposed to
be open, bounded and with Lipschitz regular boundary. In particular, the notion of
trace ujgy of u € BV (U) on oU is well defined (see e.g. [39, Chapter 2]). If U € Uy
and u € BV (Uy) we denote by U and “\Bw respectively, the inner and outer traces

of u on OU defined according to [39, Remark 2.13].

As the following Example shows, the existence of minimizers with given bound-
ary datum is a delicate matter even for smooth data. In particular, the existence of
minimizers is not guaranteed for the functional . This example was inspired by
similar Euclidean ones that can be found e.g. in [27, [42], see also [39, Example 12.15].

Example 3.6. Let n = 1 and U := {z = (z,y) € I : 1 < |[(x,y)| < 2}; consider
the Dirichlet problem of minimizing the ¢-area functional fu | Du 4+ X*| among those
functions u € BV (U) with boundary datum

(2) = 0 if|z|=2
PEITY Mz =1
We will show that this problem admits no minimizer when M is large enough.

We begin by proving that, if a minimizer exists, then there exists a rotationally
invariant one. To this aim, it is enough to prove that for any u € BV (U) we have

(3.15) /|Da+X*| </|Du+x*|
u u

where, after setting Ry to be the rotation in II = R? of an angle 0, we define the
rotationally symmetric function @ : 4 — R by

i(z) = ]ﬁ “(wo Ry)(2) df = ]f " u(|2] cos 0, || sin 6) d6

Indeed, when u € C'(U) one has
V(uo Ry) = R_go (Vu)o Ry and X*"=R_yj0X"0Ry,
for any 6 € [0,27], the second equality following from X*(z) = 2R /5(2). Therefore

/|Vﬁ+X*|dC2 = /
u u
o

2
< ][ /!R_QO(VquX*)oRg\ L do
0 u

2

V(uo Ry)df+ X~
0
2T

dL?

R_po(Vu+ X")o Ry d@‘ dc?

= / IVu + X*| dL>
u
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and is proved for u of class C!. When u € BV (U) \ C'(U) it is sufficient
to COIlSldel" a sequence (uy) as in Corollary |3.3} ﬂ and to observe that 1, — @ in L',
whence

/|Da+x*|gliminf/|D@+X*|gliminf/|puk+x*|:/|DU+X*|.
U k—o0 U k—oo U U

Moreover, it is not difficult to show that g, = ¢ for any v € BV (U) with way = ¢.
Indeed, let us extend u and @ to take value M on {z : |2| < 1} and 0 on {z : 2 <
2| <3};set Ac:={2:1—€e<|z] <14+eor2—e <|z|] <2+e€}. Reasoning as
before we can prove the inequality

/|Dﬂ|</ Du| Ve (0,1)
Ae Ae

first in case u is of class C'(B(0,3)) and then, by an approximation argument, for
any v € BV(U). This implies that |Du|(0U) = 0 and, in particular, that g = .

We are now going to exclude the existence of rotationally invariant minimizers. Let
u(z) = u(z,y) = v(y/22 + y2) be fixed and consider g € CL(U,R?) with |g| < 1. Let
us decompose ¢ in its radial and angular components g,, g, by

9(2) = 79,(2 )| | + Go(2 )( |y|$)-

Let g.(r,0) := G.(r cos@,r sinf) and go(r,0) := Gg(r cosf,r sinf). Using polar
coordinates, according to which div g = 0,9, + %(8999 + g,), we obtain

/u —udivg+ (X7, g)] dC2

[ L o) @uan5:0) + 2001 0) + 2.,)) + 20gu(r0)]

/ /Qﬂ [ = v(r)0,(rg,)(r, 0) + 2r°gy(r, 0)] db dr .

In particular, v € BV (U) if and only if v € BV (1,2). Integration by parts gives

/u[ udiv g+ (X*, g)] dC?

_ /0 " [ /1 () (7 0) + 2000, 0)] dr + /1 " rar(r.0)d(Do)() db.

On passing to the supremum among functions g € CL(U) with |(7,,7,)| < 1, we
obtain

2
/ |Du+ X*| = 27r/ ry/V'(r)? + 4r2dr + 2m|r(Dv)s|(1,2) =: L(v)
u 1

where, for a given measure 4 on (1, 2), we denote by r the measure ru(l) = [, rdu(r)
Notice, in particular, that a rotationally symmetric function u(z) = v(|z|) belongs to
BV (U) if and only if the associated function v belongs to BV (1,2).

We are going to show that for |[M| > 1 the functional L does not admit minimizers
in the class of functions in BV'(1,2) with trace M at 1 and trace 0 at 2. We start by
proving that any possible minimizer should belong to W'!(1,2). More precisely, for



BOUNDED VARIATION AND LOCAL BOUNDEDNESS OF MINIMAL GRAPHS IN H" 25

any v € BV \ Wh! with that boundary datum we can construct a function w € BV
with the same trace and L(w) < L(v). Recall that

Dv =" dL' + (Dv)s, v € L'(1,2) and (Du), LL".

By hypothesis there exists § > 1 such that |(Dv)s|(d,2) > 0; we can assume that
|(Dv)s|({6}) = 0 (i.e., 0 is not a jump point of v). Define w € BV (1,2) by

w=wvin (1,4), w(r) = /27“ V'(s)ds = —/2 V(s)ds ifr e (6,2).
By construction, the trace of wis M at 1 and 0 at 2 and
Dw = v'L" + (Dw),,
(Dw),L(1,8) = (Dv),L(1,8), (Dw),L(5,2) =0,
(Dw)s({0}) = (Dv)s(6,2).
In particular

|r(Dw)s[(1,2)

AN
=¥ 3
e

£ E &

== B

O')f_}m/@n
+
>
»)

4
=
>

I
<
<

N—
»
—

—_

[\
N~—

and this gives that L(w) < L(v).
Suppose now that v is a minimizer in W1!(1,2); the Euler equation for the func-
tional L gives
/
(3.16) L(T) =C
4r? 4+ v'(r)?

for a suitable C' € R. In particular for a.e. r € [1,2]

ro'(r)

——————| < |r]
4r2 4+ ' (r)?

\C\Z‘

and so |C| < 1. From (3.16) and taking into account that sgn v" = sgn C, we obtain
r
V' (r) =20 ———x.
=

Since v(2) = 0, the solution is given by

v(r) =2C(Vr2 = C? — V4 - C?).

and thus

|M| =[o(1)] < sup
Cel-1,1]

20(V1—C? — V4 —-(C?)

< 0.

This proves that a solution cannot exist for large enough |M].

Our approach to the existence of ¢t-minimizers follows the one outlined in [39,
Chapter 14].
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Proposition 3.7. Let ¢ € L'(0U) and consider an open set Uy D U and a function
ug € BV (Uy) with uolgu = Ugjgyy = P- Then

inf{/ |Du+ X*| :uw € BV(U), u|au=s0}
u

:inf{/ |Du + X*| +/ lwou — @ldH* " s u € BV(U)}
(3.17) u au

=inf { |[0E.|u(U x R) : u € BV (Up), u =1y onlU \U}
— inf {/ |Du+ X*|+ |0((E,AEL) N (U x R))|,(0U x R) : u € BV(U)} :

Proof. The proof of the first equality verbatim follows the one of [39, Proposition
14.3]. The second one follows because, for any u € BV (Uy) with u = ug on Uy \ U,
one has

(3.18) OE! |i5(0U x R) = [w iy — PldH> 1

This is in turn due to the fact that E! is a set with locally finite Euclidean perimeter
on Uy x R and by Proposition [2.10

|OE! |u(0U x R) = / i | dH?™ .
" ELN(OUXR)

Since
np: = Nayuxr = (Nou, 0) H?"-a.e. on O*E. N (0U x R)
one has |nf, | =1 H*"-a.e. on *E, NO(U x R). Therefore

OF! [(0U x R) = H2"(9" L N (0U x R)) = / iy — 0l dH",
ou

the last equality following e.g. from [39, Remark 2.13].

Let us prove the equality between the second and fourth term in . Notice that
F = (ELAE] )N (U x R) is a set with locally finite Euclidean perimeter. Reasoning
as before we have

ng = (ngy,0) H>-a.e. on 0*F N (0U x R)
and by Proposition [2.10

OF [s(0U x R) = H*(@*F N (9U x R)) = / lwon — | dH?" .
au

This concludes the proof. O

Remark 3.8. We point out that the penalization term |, o 10— o|dH?" " is “natural”
from the viewpoint of the geometry of H", its geometric meaning being given by (3.18)).

Remark 3.9. For any ¢ € L'(0U), there exist an open set Uy and a function ug as
in the statement of Proposition [3.7, Moreover, it is possible (see [36]) to choose Uy
bounded with Lipschitz regular boundary and ug so that

UO\MO\H c Wl’l(uO \a) and Uo|ouy = 0.
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With such a choice, in analogy with the terminology that will be introduced in Defi-
nition (4.11 we can consider ugy,\z7 as a trace in generalized sense for any u € BV (U)
with ujay = ¢. We observe (compare with (4.47), (4.48)), (4.49)) that

|8EZO|H(8M X R) = |8E£O|H(8Z/{O X RJr) = |8((Z/{0 X R) \ EZO)|H(81/{0 X Ri) = 0.

We are now in a position to prove Theorem the latter, thanks to Proposition
3.7 has to be understood as an existence result for minimal ¢-graphs.

Proof of Theorem[1.4 As in Remark [3.9] let us fix U, with Lipschitz boundary and
uyg € BV (Uy) such that

— + -
U0|au0 =0 and UO‘au = u0|81/{ = Q.

For v € BV (U) define v, € BV (Uy) by v, := u on U, v, := ug on Uy \ U; it was
proved in Proposition [3.7] that

OF!, a(ty x R)
OB, [5(U x R) + [OF! [u(0U x R) + |0, (@ \ T) x R)

:/|Du—|—X*|—|—/ |u|au—g0|dH2”_1+/ |Dug + X*|.
u ou Uo\U

(3.19)

Consider the family
F={veBV(Uy):v=uoinly \U};

by (3.19), the functional (1.7]) and
(3.20) F 2 v+ |0E |g(Uy x R)
share the same minimizers and it is sufficient to prove that (3.20]) attains its minimum
in F.
Let (vp)n, C F be a minimizing sequence for the functional ([3.20]). The proof will be

accomplished if we show that (vy,), is bounded in BV (i), since in this case (up to a

subsequence) v, — v in L. In particular, v would belong to F and the semicontinuity
of (3.20)) would allow to conclude.

For any h we have

(3.21) |Dun| < |OE! [u(Uo x R) + [ |X*|dL?
Z/{() Z/{O

while by [39, Theorem 1.28 and Remark 2.14]

n—1
< \vh|d£2") <c ( | Duy| —I—/ |vh|dH2"_1) =c [ |Duvy]
Uo Uo OUo Uo

and the boundedness of (v,), in BV (Uy) follows. O

Remark 3.10. It is a routine task to prove that any minimizer u of the functional
(1.7) is a t-minimizer according to Definition

We owe the reader two remarks concerning the definitions of t-minimizers and local
t-minimizers.
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Remark 3.11. Let us prove that, if u € BV (U) is a t-minimizer, then it is also a
local t-minimizer. Let U’ € U and v € L} (U) with {v # u} € U’ be fixed. Then
Vjgu = Uy and thus

(3.22) |OE! |g(U x R) < |OFE! |m(U x R).

Since u = v in a neighbourhood of U \ U’ we have E! = E! in a neighbourhood of
(U\U") x R and thus

0. [a(U\U') x R) = |0F, [a(U\U') x R)
which, together with (3.22)), gives |OF"|g(U’ x R) < |OEL|g(U’ x R), as desired.
Remark 3.12. Let U be a fixed (not necessarily bounded) open set; let us prove
that u € BV,.(U) is a local t-minimizer if and only if w is a ¢-minimizer on any

compact subset of & with Lipschitz regular boundary. Namely, that the following
two conditions are equivalent:

(a) for any U’ € U and any v € L}, .(U) with {u # v} € U’ there holds
(3.23) OB [a(U’ x R) < |0E (U’ x )
(b) for any U" € U with Lipschitz boundary and any w € BV (U") with wa =
Uigyn there holds
(3.24) |OE! |[g(U" x R) < |OFEL, |g(U" x R).

Let us prove that (a) = (b). Let U”,w be as in (b); we choose U’ such that
U" e U' € U and define v € BV,.(U) by

v:=wonlU", vi=uonU\U".
Since
|OE! |u(0U" x R) = /E)u'/ |ur(gu,, — 1,L|:%{,,|al7-(2"_1 = |OE! |g(0U" x R),
where the second equality can be proved similarly to (3.18]), from (3.23)) we obtain
that
|OE![z(U" x R) + |0E.|w(0U" x R) + |0E, |a((U' \U") x R)

<|OE! g(U” x R) + |0E! |g(0U" x R) 4 |0EL|m((U' \ U") x R)

=|0EL lu(U" x R) + |0, |u(0U" x R) + |0E. |u(U' \U") x R)
and (3.24)) follows.

Let us prove that (b) = (a). Let U’,v be as in (a) and choose U” with Lipschitz
regular boundary and such that {u # v} € U" € U'. If vy ¢ BV (U") we have
|OE!|u(U' x R) = 400 and (3.23)) follows; otherwise, set w := vy» € BV (U"). Notice
that wjoyr = u/g,m, thus by (3.24) we obtain
OB, [aU" x R) + [0E, lu(U'\U") x R) <|OE, |[aU" x R) + [0F, [n(U \U") x R)

=|0E,[a(U" x R) + |0, [u((U' \U") x R)

where the last equality is due to the locality of the H-perimeter and the fact that
u = v in a neighbourhood of U’ \ U”. This gives (3.23).
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3.3. Local boundedness of minimal ¢-graphs. We start with the following lem-
ma, which will be used in the sequel in the particular case of ¢-subgraphs.

Lemma 3.13. Let U C II be a bounded open set and let F' C U X R be a measurable
set. Assume that

(3.25) IFAUxR)| < oo

and, for any positive real number k, set Fy := (FU (U x (—o0, —k))) \ (U x [k, +00)).
Then there ezists a sequence (kj); such that k; — 400 and

j—+oo

Proof. If |0F |g(U x R) = +o00 we immediately conclude by noticing that
|0Flm(U x R) > |0F|u(U x (—=k,k)) = |0F|aU x (—k,k)) — +oo.

We assume from now on that |0F|g(U x R) < 4o00; in particular, by Proposition
any of the sets F}, has finite H-perimeter. Since |0F|m(U x (R\ [k, k])) = 0 we
have

-
—|0F |g(UXR) as k—oo

in particular, it will be enough to show that

dim [0F [u(U x {kj, —k;}) =0
j—+oo
for some sequence k; — +o00. By Theorem , this is equivalent to find (k;); so that

(3.27) lim S (F/2 00U x {k;, —k;}) =0

j—too
From the inclusion F N (U x RT) C F we infer, for any k > 0, the implication

.. JFNUWP )| 1
PcF/n k 1 f|—’>—
€ k (Z/{ X { }) - HTIl_}él ’U(P, 7”)’ 2

while the inclusion F' N (U x R™) C Fj gives

_ FnUPr)| 1
PeF”n —k}) =1 FNUB )| <5

Recalling that S¢~'(H" \ (F° U F'/2U F')) = 0 we obtain that the implications
PeFEPnUx{k})= Pec (F»UFYNU x {k})
PeF>nUx{~k}) = P e (FV?UF°)N U x{-k})

hold for any k > 0 and |0F|g-a.e. P € (U x {k,—k}). In particular

SOYE N x {k, —k})
SSEHF' N U {k}) +SETHEF* N U x {k,—k})) + SLHFO N (U x {-k}))
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and, recalling ([3.27), it will suffice to find (k;); so that
i SETHEFYVEN U x {k;, —k;})) =0,
j—+oo
(3.28) Jim SETHFO U x {k;}) =0,
lim SLHF N (U x {~k;})) = 0.
j—+oo
Since |0F |z = c,S%'L F'/? is a finite measure and (U x {k, —k})NUx{K', —k'}) =0
for any k # k', we obtain that
Jim SCHFY2 N (U x {k,—k})) =0;
in particular, the first statement in (3.28]) holds for any sequence k; — oo.
Let us find (k;); satisfying the second and third equalities in (3.28). By Lemma [2.12]
there exists C'() > 0 such that

(3.29) SELWU x {k,—k}) < CU)H*™ LU x {k,—k})
and thus it is enough to find (k;); so that
(3.30) lim (H*™(F' 0 (U x {k;})) + H**(FO N (U x {—k;}))) = 0.

By Fubini’s theorem and assumption (3.25)) there holds
+0o0
/ [H*"(F 0 (U x {k})) + H*™(FO N (U x {—k}))] dk
0

=|F'NU xRN +|F°N U xR

= [F\N U XR)[+[U xR\ F|

=|FAUxXxR7)| < o0
and the existence of (k;);, k; — 400 satisfying (3.30)) easily follows. O
Remark 3.14. A result analogous to Lemma holds for intrinsic graphs: see
Lemma 4.6, The proofs of the two results are completely analogous: it is sufficient to
replace the symbols “x” and “U”, respectively, by “” and “w”, so that any ¢-product

U X (a,b) becomes an intrinsic one w - (a,b). None of the arguments change except
(3.29) where, according to Lemma [2.12] the constant C(U) has to be replaced by

1/cy.

The following result provides a geometric rearrangement for sets in H” which de-
creases their H-perimeter. An analogous rearrangement exists in the Euclidean set-
ting, see e.g. [47].

Theorem 3.15. Let F' be a set with finite H-perimeter in U x R satisfying
(i) tliin Xr(z,t) =0 and tlim xr(z,t) =1 forae z€U,
(i) |[FAUXRT)| < oo

Then the function

(3.31) w(z) = lim (/ Vil t)dt — )

k—o0 —k
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belongs to BV (U) and
(3.32) |OE! |m(U x R) < |OF |g(U x R).

Proof. We prehmlnarlly observe that w is well defined almost everywhere on ¢/. In
fact, wy(z) = f . XF(z,t)dt — k coincides with wy/(2) for large enough &, k": more
precisely, Whenever

(3.33) kK > 7(2) :=inf{t > 0: xp(z,8) =0Vs >t and xp(z,8) =1 Vs < —t}.
In particular

7(2)
(3.34) w(z) = / Xr(z,t)dt — 7(z) for any z € U.
—7(2)

First, let us assume that there exists M € R* such that
(3.35) UX(—o0o,—M) C F C U X (—o0,M).

This assumption corresponds to the map 7 being uniformly bounded by M; notice
also that w = wj;. We are going to closely follow the approach and computations in
the proof of Theorem [3.2] step 6: let us fix b € CL(R) which satisfies (3.9). By (3-35)

/Xp(z,t)h(t)dt =J+4+w(z)+ M and /Xp(z,t)h’(t)dt =1

for a.e. z € U, where J := f__]y_l h(t)dt. For fixed g € CL(U,R*™), with |g] < 1, set
¢(z,t) := —h(t)g(z). Computations analogous to those in Theorem [3.2] step 6, yleld

|OF |u(U x R) 2/ divyp
= [ [ stenl =)+ 0 s
_/u[ (J+w+ M)divg + (X™, g)]dz

:/L{[—wdivg+<X*ag>]dZ-

Recalling that |OFL |g(U x R) = Si(w), the inequality (3.32) follows by taking the
supremum on ¢ in the previous inequality.
If (3.35) does not hold we consider the sets (F%,); given by Lemma 3.13]

Fy:=FU (U % (—00,—k)) \ (U x [k, +00)) .

Notice that wg(z,y) = ffk Xr, (z,y,t)dt — k for any k > 0. We will prove later that
wy — w in L' (U): assuming this to hold, by semicontinuity we obtain

|OE! |a(U x R) :/ |Dw + X*| < lijminf/ | Dwy,, + X*|
u - Ju
j—oo

We have used Lemma and the fact that any set F}; satisfies (3.35). This would
conclude the proof of the theorem.



32 FRANCESCO SERRA CASSANO AND DAVIDE VITTONE

We prove that wy — w in L'(U) by thedominated convergence theorem, where we
already know that the convergence holds pointwise almost everywhere. Since

k 0
wk(z):/o XF(z,t)dt—/kXHn\F(z,t)dt,

it follows that

wi(z) 20 = Oéwk(z)éﬁlg{te[() k] ¢ (2,t) € F})
SL({teR:(z,t) e F\ (U xR}
w(2) SO = 0< —wp(z )<£lg{t€[ k0] : (2, )¢F})
SL({teR: (2,t) e UXR)\F}).

Therefore

lwi(2)| S L' ({t€R: (2,t) € FA (U xR)})
and then the sequence (wy)y is dominated in L*(/) by Fubini’s theorem and hypoth-
esis (7). O

Corollary 3.16. Let u € BV,.(U) be a local t-minimizer of the area functional. Then
E! is a local minimizer of the H-perimeter in U x R.

Proof. Without loss of generality, we may assume that w € BV (U). Let F C U x R
be such that FAE!, € U x R; in particular FAE!, C U’ x R for some U’ € U. 1t is
clear that F' satisfies hypothesis (i) of Theorem [3.15] Hypothesis (ii) is also verified
because

|FAWU x R7)| < |[FAE!] + |ELAU x R7)| = |[FAE!] +/ |u| L% < +00.
u

Defining 7 and w as in (3.33)) and (3.31]), one has 7(z) = |u(z)| for any z € U \ U":
this is due to the fact that F = E in (U \U') x R. By (3.34]) we get w =u on U\ U’
and

’8EZ|H(M,/ X R) < ]8EL|H(L{” X R) < ](’J?F\H(L{” X R)
for any 4" such that U’ € U” € U. This is sufficient to conclude. O
Proof of Theorem[1.5. By Corollary [3.16, E’ is a local minimizer of the H-perimeter.
Suppose by contradiction that there exists a compact set K C U such that |u|p~x) =
+00. Without loss of generality we may assume that £2"(K N {u > M}) > 0 for any

M > 0.
Given M > 0 we can find z(M) € K such that u(z(M)) > M and

(3.36) LrvnKEn{u>M}) >0

for any neighbourhood V C U of z(M). For instance, it is sufficient to consider a
Lebesgue point for the set K N{u > M}.

Fix a sequence (M;); C RT increasing to +oco rapidly enough, so that the balls
U((zj, M;), R) are pairwise disjoint, where z; := z(M;) and

(3.37) R:=doo(K x R,8U x R) = dist(K,U) > 0
By condition ([3.36]), the point (z;, M;) € E! is such that
|ELNU((25, M;),7)] >0  for any r > 0.
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Proposition ensures that for any j
BL AU (25, M), R)| > R
whence
/ luldC* > |EL N (U x RY)| = +o0,
which gives a Contradictilgn. 0

We stress the importance of and mention that, on the contrary, the distance
doo (W' - R, 0w - R) between “intrinsic cylinders” is in general null for any w’ € w with
w bounded. See Proposition [4.20]

As a consequence of Theorem we obtain a local boundedness result for weak

solutions of (3.1)).

Theorem 3.17. Let u € W2 (U) and define N(u) : U — R*™ by extending the vector
defined in (3.2)) so that N(u) =0 on Char(u). Assume that the equation

(3.38) div(N(u) =0 inld

holds in the sense of distributions. Then E! is locally H-perimeter minimizing in
UXxR andu e L. (U).

Proof. The subgraph E := E! has locally finite Euclidean perimeter in & x R and
-V 1
paent) - (ETHE).D
V14| Vu(2)?
In particular, by Proposition [2.10
Vu+ X~

V14| Vul?

where 7 : H* — 1T is defined by 7pi(z, t) := 2. It follows that |0E|g(Char(u) xR) =0
and

(3.40) vp(z,t) = N(u)(z) for |0FE|g-a.e. (z,t) € 0"EN(U x R).

Define N : R — R* by N := N(u) in 4 and N := 0 in R? \ . Let o. be a
standard family of mollifiers in R?*" with support in B(0, ¢) and define

Ne(z,t) := (0c % N)(2) = (0c ¥ N1, ..., 0c ¥ Nop)(2), 2z€R*™.
It follows that
(3.41) divg(N,) = 0 in {(z,t) : dist(z,0U) < €} .

We claim that E is a local minimizer for the H-perimeter; we are going to use
Theorem m Fix a sequence (£2;); of open sets such that Q, € Q5,1 TU x R. By
(3.41)) there exists a sequence €;, — 0 such that the functions

vh U x R — R*™, vp(z,t) == N, (z,1)

satisfy the assumptions of Theorem Only hypothesis (iv) therein is not imme-
diate; to this aim, notice that for £?*"-a.e. z € U the property

vp(z,t) — N(u)(z) for any t € R

for H*"-a.e. (2,t) € 0*E N (U x R).

(3.39) 0E|zLU x R) = o mn| HX'L(O*E N (U x R))
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holds. Taking into account ([3.40)) and the fact that |0F|y < S2"! < H*", our claim
easily follows. ([l

3.4. A discontinuous minimal t-graph in H!. We are able to provide an example
of a local t-minimizer in H' that is not continuous, thus proving that the regularity
result of Theorem cannot be improved at least in the case n = 1. Let us consider
U :={(z,y) € R? : y > 0} and the discontinuous function

u : U—R

(2, y) — —2zy—1 ifz>0
Y 0 if 2 < 0.

We are going to prove that E := E! is a local minimizer for the H-perimeter in U x R,
which implies that u is a local t-minimizer.
The open set E is a piecewise C*> domain, its Euclidean inward unit normal being

(0,0,—1) if (z,y,t) € 0OEN{z <0}
(=1,0,0)  if (z,y,t) € IE N {x = 0}
L) (1 € OB o > 0}

£/ 1+4(z2+y?)

for H*-a.e. (z,y,t) € OE. Tt follows that the horizontal normal to £ at a point
(z,y,1) is

ng(x,y,t) =

_ eyt [ (7L if o >0
ve(z,y,t) = = _ v x ifx<0
| \/.1’2+y27 \/Z‘2+y2

ni(z,y,1)|
where nl is defined as in Proposition [2.10} in particular, vg is continuous on OF.
Defining

{ (=1,0) if (z,y,t) e x RN {z >0}
V(l‘,y,t) = . y T .
( \/$2+y2’ \/z2+y2> it (x,y,t) €UXRN {:L‘ < O}

and taking into account Theorem [2.15] it will be sufficient to prove that divg v = 0
in the sense of distributions in & x R, i.e. that

(3.42) / (v, Vp)dL® =0
UXR

for any ¢ = (¢1, ¢2) € CLU x R,R?). We have
spt o CR:={(z,y,t) €Q: —a<zr<a,—a<t<aand l/a<y<a}

for a suitable a > 0. Let R, := R\ {(x,y,t) e U x R : |z| < €}. Writing v(z,y,t) =
(vi(z,y), v2(z,y)), by Gauss-Green formula

/V1X901d£3 = / V1%d£3=/ 901V1dH2—/ %‘Pldﬁ?)
. Ox IR« r. 0x

€
01/1

:/ / (§01(67y7t>yl(67y7t) _301(_67y7t)yl(_67y7t)) dtdy_ a_gpl d£3
1/a J —a Re x
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Since v is continuous and smooth in U x R\ {z = 0} we get

(3.43)
/ X1 acd = / 1 X1 dC?® = lim v X1 ack
UxR R 0 JRr,
' a a aV
=lim |:/ / [@1(673/715)”1(67?/’{;) - QOl(—E,y,t)l/l(—E,y,t)} dtdy - / 901_1d£3:|
=0 1/a J—a Re Oz
= — / (,01% d[,g = — / (;Dle/l d£3
UxB)\{z=0}  OF UR)\{z=0}
Analogously we obtain
(344) / 1] YQDQ d£3 = — / QOQYVQ d£3
UXR (UXR)\{z=0}

Equation (3.42)) follows from (3.43)), (3.44]) and the fact that divgr =0 in (U x R) \
{z = 0}.

Remark 3.18. The set E coincides with the intrinsic subgraph Ej of the map ¢ :
{(y,t) e W:y >0} — R defined by

—{4—+yt ift < —1
Py, t) =< 0 if —1<t<0
—ﬁ if t > 0.

Since the horizontal normal vz can be extended continuously to U x R, the boundary
OFE is an H-regular hypersurface (see [52]) and ¢ is of class Ciy.

4. EXISTENCE AND LOCAL BOUNDEDNESS OF MINIMAL INTRINSIC GRAPHS

4.1. Bounded variation for intrinsic graphs. Here and in the following, w will
denote a fixed bounded open subset of W. We will denote by @4y : Wiy'(w) — R the
area functional for Xi-graphs introduced in ([1.11))

(41) Aoy () = / VI [VogPdc.

When ¢ is Lipschitz continuous we can write
H(6) = [ LalA (1), Vo)) AL ()

where Ay : W x R x R*™ — [0, +00) is defined by
2n

1/2
(12)  Lol(A 66) = (1+<Xn+1<A>—4¢T<A>,f>2+ >y <Xj<A>,5>2)

j=2,j#n+1
if n > 2, while

(4.3) Li(A,0.€) = (1+ (Yi(A4) - 49T (A),£)%)

if n = 1. The vector fields X; (j = 2,...,n),Y; (j =1,...,n) and T are tangent to
W = R?" and therefore can be viewed as elements of R?". The scalar products in
(4.2) and (4.3) are the usual ones between vectors in R?".

1/2
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When ¢ € C?(w) is a local minimizer of the functional 4y, the first variation of
the functional <#y gives the minimal surface equation for Xi-graphs (see e.g. [51])

V?. A — —

It was pointed out in [24] that <4y is not convex for n = 1. Indeed, for any o > 0
the function .
ay
)=
satisfies (4.4) on R?, while (see [22]) ¢ is not a local minimizer for @Ay : Lip(w) — R
on a suitable bounded open set w C R2. In particular, 24y cannot be convex on
Lip(w) because the stationary point ¢ is not a minimum. The presence of stationary
points that are not minimizers for o4y is an interesting open question in the case
n > 2. Nevertheless, the nonconvexity of /4y : Lip(w) — R can occur also in the
higher dimensional case.

Proposition 4.1. For any n > 2 there exists a bounded open set w C R?" for which
the functional <y : Lip(w) — R is not convex.

Proof. For A = (z2,...,%n, Y1, ..., Yn,t) € W we set
X*(A) = 2(—ya, ...\, —Yn, T2, ..., T,) € R¥Z,
Define

~ t2
W= {A EW : | X*(A)| <1,y >0t <1,(ys +1)° < Z}

and ¢, ¢, : w — R by

t
P(A) = T ¢s =59, s €R.
Letting
_ X _ t?
A T s e T e

(s A) =1+ gi(A)s* + g2(A)s*(1 — 5)°
it is easy to verify that

) 2 1/2
f(s) :== Aw(os) :/ [1 + | X2 (%) + (Wéf’sgbs)?} ac*

:/ Vg(s; A)dL*™(A).
For our purposes, it will be sufficient to show that

(45) HOREY IR gg((jf;g; A e () <0

for s belonging to some interval I C R. In turn, it is enough to prove that

(4.6)  ¢"(s; A) =2(6g2(A)s*> — 6g2(A)s + g1(A) + g2(A)) <0 Vs€l, A€ w.
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Since g, > 0 on w, inequality (4.6) holds for

1 1 2g(A)) 1 1 2g(4)
w0 “(5(1‘ 35wl §‘§g2<A>)>'

The open interval in (4.7)) contains [ := (%(1 — \/Lg), %(1 — \%)) because

[ g1(A) { 5 o (1 + 1)2} 1
=>0 and su =su X* (A —"p < -
92 Aeg gg(A) Aeg | ( )| t2 4

and (4.5)) follows. O
Following Section , we define the relaxed functional oAy : L'(w) — [0, +o0] as

Fw(qﬁ) := inf {lim inf oy (¢;) : ¢, € W&;l(w), ¢$; — ¢ in Ll(w)}

J—o0

and Iy : L'(w) — [0, +00] as

Iw(¢) := inf {liminf/ Py (¢;) : ¢; € C'(w),d; — ¢ in Ll(w)} :

J—oo

It is known (see [3]) that for any ¢ € Ciy(w)
SH3(6) = Fo(0) = I(9) = [ /T IVOGF dL™ = |OEslulio - B).

The same equalities hold also for ¢ € Wyy'(w): the only non immediate one is that
between Iy(¢) and the others functionals. However, by definition one has Iy(¢) >
oy (9); for the reverse inequality it is sufficient to consider the sequence (¢;); C C*(w)
given by .

We will prove later (see Theorem that BViy(w) is the finiteness domain of the
functionals @4y and Iy and that <4y (¢) = Iyw(p) = |0F4|u(w-R) for any ¢ € BViy(w).
Taking this into account, some remarks on BVyy are in order. We start by noticing
that Cl;, C Wy, and W' C BV,

Remark 4.2. The class BVyy is not a vector space. Consider a function ¢ € Cg, (W)
whose subgraph Ey has not locally finite Euclidean perimeter: such a function can
be easily found taking into account the results in [43]. Consider the set F := Ey 4 =
E,-(1,0,...,0). It is not difficult to show that the distributional derivative Y;xr
satisfies

(Yixr, ) = (Yixe, —4TxE, . ¢ © Ru,..0)

for any p € CL(H"). Here, (-,-) denotes the duality between C! functions and first-
order distributions, while R, . o) is the right translation by the element (1,0, ...,0).
Since T'xg, is not a Radon measure (otherwise E; would have locally finite Eu-
clidean perimeter), Y;xr cannot be a Radon measure, i.e., F' has not locally finite
H-perimeter. In particular, ¢ + 1 ¢ BViy(w) for any w € W, while ¢,1 € BViy(w).
This same example allows to conclude that neither Ciy nor WQ}V’I are vector spaces.
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Remark 4.3. The inclusion BV (w) C BVj(w) does not hold. Consider in fact
¢(A) :==1/]A]*, n — 3 < a < 2n — 1, defined on the Euclidean unit ball B(0,1) C
W = R*. One has ¢ € BV(B(0,1)) while

|0E,|u(B(0,1) - R) > / V1+ [Veo2dL? > / IWo|dL2 = +o00
B(0,1) B(

0,1)

because (see ((1.13)))

é _ U t
Wep(A) = | AJo+2 o 4|A|2a+2’

In particular, ¢ does not belong to BViy(B(0,1)).

A= (z2,...,yn,t) € B(0,1).

Remark 4.4. The inclusion BV (w) N L>®(w) C BVy(w) holds for any bounded
domain w. In fact, for each ¢ € BV (w) N L>®(w) the reduced boundary 0*Ey Nw - R
is contained in some bounded subset K of w - R. This, together with Proposition
2.10, allows to conclude that [0Es|lglw - R < ¢|/0E4|Lw - R for some ¢ = ¢(K). In
particular, ¢ € BViy(w).

Remark 4.5. Following Section [3.1] one could introduce the functional Sy : L*(w) —
0, 00| defined by

SW(¢) ‘= sup { / [91 + (¢ Yigns1 — 2¢2 Tgn+1) + Z ¢(Xj9j + Yj9n+j)] ac
w =2

0= (g1s- .. gam) € CL(w, B2, |g| < 1}

if n > 2, and
Syy(¢) := sup { / [91 + (¢ Ygo — 2¢° T92)}d52 g =(g1,92) € CL(w,R?),]g| < 1} :

if n = 1. It is natural to ask whether Sy coincides with .4y and Iy on L'(w). This
occurs in W%}V’I: in fact, an integration by parts gives

[ o1+ (6 Y001 =26 Tg0) 4 3" 0(Xs0, + Vigns) 2™ = [ ((1,-7%0), g)ac>
w =2 w

for any g € Cl(w,R?*") with |g| < 1. Defining b € L*®(w, R?") by

V14|V

it will be sufficient to construct a sequence (g;); C CL(w,R?*") such that |g| < 1 and
g; — b in L®(w,R*) weak* o(L>, L'). This can be done with classical tools.

. . . . .. . — 1.1 .
Since Sw is lower semicontinuous and coincides with @4y = Iw on Wy, the in-
equality

(4.8) Sw() < n(9)
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can be easily proved. However, the inequality (4.8]) can in general be strict, as the
following example shows. Consider w := (0,1)?", n > 2 (but this example works also
for n = 1) and the function

frell
(4.9) O(To, ..., Yn,t) = { _11 i i E [(20»’1%)) |

The maps ¢ belongs to BViy(w) because of Remark We have Y ¢ — 2T'¢* = 0 in

the sense of distributions and so
/ [gl + (¢ Yigni1 — 2¢° T9n+1) + Z Cb(ngj + ngnﬂ)} c™

:/ [91 — 42 (ngj(QTQ, e Yn, %) — T gj($2, e Yn, %))]d£2n

j=2

By taking the supremum among g = (g1, . .., g2n) € Cl(w,R?"), |g| < 1 we obtain

(4.10) swww:ﬁ%w+4/ | X*| dcnt

wn{t=1/2}

where we have set

~

X*(Toy oy Ty Y2y oy Yns ) = (—Y2y oo, —Yny T, .. . Ty) € R27—2,

It is easily seen that Ej is an open set whose piecewise smooth boundary 0E; Nw - R
can be written, up to S *-negligible sets, as a (disjoint) union S; U Sy U S3, where

Sy =0((0, 1) x (L,1))

2

Sy =®((0,1)*"' x (0,3))

2
S3 :{<I‘,y7t) r-l<a < 17 (x% s 7yn> S (07 1)2n_17t - % + 2$1y1} :

We have

6,87 (81U Sy) = [0Bfa((w\ {t = 1/2}) - )

w\{t=3}

In order to compute the measure of Ss, it is convenient to see it as the t-graph of the
map u(z,y) := 3 + 221y, defined on the open set

U .= {(ﬁlj’,y) € R2n —1 < T g 1, (.%'2, Ce 7yn) c (0, 1)2n71}.
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In this way
cnSLTH(S3) = / |Vu+ X*|dc*™
U

:/2’(0 —Yay .y yn,2x1,x2,...,xn)|dﬁ2n
412 / / 2| 0 y?a"'7_yn70>$27"'axn)‘dmld‘CQn_l(l‘%"':yn)
012n1
= / |( Yoy yn,xg,...,xn)|d£2"_l
(01)2n 1

4 / X +| A,
wn{t=1/2}

Using (4.10), (4.11) and (4.12) we finally obtain
0B |u(w - R) = ¢, 871 (S1 U S5) + ¢, 8271 (S3) > Sw(9)

as claimed.

The following lemma will be used in the proof of Theorem [£.7} its statement is
perfectly analogous to that of Lemma for t-graphs.

Lemma 4.6. Let w C W be a bounded open set and let F' C w - R be a measurable
set. Assume that

(4.13) |IFA(w-R7)| < o0

and, for any positive real number k, set Fj,:= (F U (w - (=00, —k))) \ (w - [k, +00)).
Then there ezists a sequence (kj); such that k; — 400 and

(4.14) lim [0F) |a(w - R) = [0F|u(w - R).
Jj—+o0

Proof. See Remark O

We can now prove one of the main results of this Section.
Theorem 4.7. Let ¢ € L'(w). Then
(4.15) 0B, |u(w - R) = w(6) = Tw(9) .
Proof. The equality between oy and Iy is rather immediate. We have by definition
2w (p) < Iw(¢); the reverse inequality follows by considering a sequence (¢;); C
W' (w) such that
6 — ¢ in L'w) and  y(65) — For(0)
and another sequence (;); C C'(w) such that
l¢; = ¥iler <1/ and  [dhw(9;) — ()| <1/5.

This gives Iy (¢) < lim;_., . Sy (0;) = Sy (0).
Also the proof of the inequality |0FEs|m(w - R) < Iw(¢) is not difficult. We know
that there exists a sequence (¢;); C C'(w) such that ¢; — ¢ in L'(w) and

(4.16) Iw(¢) = lim \/1 + |Voig;|? = hm |0Eg, |u(w - R).
j—o0
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By (2.7) and the fact that ¢; — ¢ in L'(w) we deduce that Ey, — Ey in L'(w - R).

From the semicontinuity of the perimeter

|0Eg|n(w - R) < liminf [0Fy, [z(w - R)
j—00

which, together with (4.16), gives the desired inequality.

We divide the proof of the remaining inequality |[0Ey|m(w - R) > Iw(¢) into several
steps.

Step 0. We claim that it is sufficient to prove the inequality |0Es|m(w - R) > Iw(¢)
for ¢ bounded. Once this has been done, by Lemma we would get for a generic ¢

0Eslu(w - R) = lim |0(Ey)x, [m(w - R)

where k; — oo is the sequence given as in Lemma (with F' = E,) and

(Ep)k; = (Eg U (w - (=00, =k;))) \ (w- [kj, +00)) .

It is easily seen that (Ey)r, = Ey, where ¢; := max{min{¢, k;}, —k;} and thus we
would have

|0Eg|u(w - R) = jlijgo Iw(or;) = Iw(9),

as desired. We also used the lower semicontinuity of Iy and the fact that ¢, — ¢ in
LY (w).

Step 1. Without loss of generality we may assume that ¢ is bounded and |0Ey|g(w-
R) < +o0. Let us fix a smooth function & : R — (0, 1) such that

0
h'>0, lim h(z) =0, lirf h(z) =1 and / h(z)dr < oo,

and set h(z,y,t) := h(z1). For § > 0 consider y; := (1 — 5;L)XE¢- We are going to
prove that

(417) o= xm — 0 L'(w-R) and |Daxsl(w-R) — |0E,|a(w-R)
as 0 — 0. One has
Ixe, — x5l = 5/.R hxg, AL
<0 / hdL* 46 / XE,| L
wR- wR+F

— 52 (w) /0 h(t) dt + 5/ 6 dL2 = 0(5) .

—o0 wN{¢$>0}
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Moreover, for any ¢ € Cl(w - R, R*") with |¢| < 1 one has

/ (X2, — Xo)divap dL
w-R

/ Shx g, divie L
w-R

=0

/ v divi () AL — / Vo (Vigh, ) AL
wR w-R

(4.18) <S|OE|u(w - R) + 6

/ XE, (2, y, t) o1 (z,y, I (21) dz dy dt‘
w-R

w-R

= 5|0, |u(w - R) + 6L2"(w) .

This proves that x5 — xg, — 0 in BVg(w-R) as § — 0 and, in particular, that (4.17)
holds.
We also observe the following. If M > 0 is such that |¢| < M on w, then

w-(—00,—M)C Es and EsNw-(M,+00)=0,
whence

By (4.18), on taking the supremum over ¢ € Cl(w - (—oo,—M),R*") (resp. on
p € Cl(w - (M, +00),R*™)) we get

| Dixs|(w - (o0, —M)) < §(|0Es|u(w - R) + L (w)) and
| Dirxs|(w - (M, +00)) < §(|0Es|u(w - R) + L7(w)).
Step 2. From now on we fix € > 0 and 0 = d(¢) < 1/2 such that

(4.20)

(4.21) Ixz, = xsler <€ and  [Du(xe, —xs)l(w-R) <e;
Thanks to (4.20)) we may also require that
(4.22) | Duxs|(w - (—o00,—M)) <€ and |Dygxs|(w - (M,+0)) <.
Fix open sets w;, j = 0,1,2,... such that w; € w;;1 and w; T w; we may suppose
that
(4.23) | Dexs|((w\ ws) - R) <e.

For j € N define Ay = ws and A; := wjy5 \ o; if j > 1. We fix a partition of the
unity (¢;); subordinate to (\A;);, i.e., a family of functions such that

U €CR(A), 0<Y; <1, Y ¢j=1 onw.
7=0

Without loss of generality, we may construct 1; so that
(4.24) o = 1/5 on wy and Y; 2 1/5 on wjyg \wjt1, 7=1,2,...

Indeed, it is enough to consider (; € CX(A;,[0,1]) such that ¢; = 1 on wji4 \ W51,
and to set ¢ := Zj ¢;. Since 1 < ¢ < 5 on w, the functions v, := (;/¢ provide a

partition of the unity satisfying (4.24)).
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Finally, define a partition of the unity on w - R by setting

¢j(xa y7t) = ¢j(WW(xv Y, t)) = ¢j(yvt - 21‘1y1) )

so that 1;(A - s) = ¢;(A) for any A € w, s € R.

Fix a smooth mollifier o € C°(U;) satisfying (2.24). Inspired by the classical proof
by Anzellotti-Giaquinta (see [39, Theorem 1.17]) we fix numbers «; > 0 and define
the functions

Uej(P) := 0o, * f5,;(P) = / 00, (P - Q1) f54(Q) AL Q)

B /n 00, (Q) f5,,(Q™" - P) L HQ) .

where f;5; : H" — R is the function defined by f5; :== x5 Ej on w- (—4M,4M) and
f5,; = 0 outside. Several conditions are to be imposed on the «;’s: they will be listed
along the proof, in order to clarify the role played by each of them. Observe that
fs; € L=®(H") N L' (H") and

spt fs; C (spt ;) - [—4M, M| € w - (—o0, —2M).
If aj > 0 is so small that U,, - P C w - (—00,2M) for each P € sptfs;, then
u.; € C*(H") and, by (2.25),
(4.25) spt ue; C Uy, - sptfs; Cw - (—00,2M).
The implication

Q S (wj+4\m) ’ <_OO7_M>aj > 1

_ . — 11— _ 1
— Q@) = (1= HQ),(@) > " > -
holds by (4.24)). Similarly, we have
— 1
Q € wi- (00, —M) = :(@)(@) > 15,
This implies that, for sufficiently small o, one has
1 )
u(P)2 5 VPE (wjgs \Wyip2) - (=3M,—2M], j=1,2,...
(4.26) 1
Ueo(P) = T VP € ws - (—3M,—2M]
On the other hand, by (4.25),
(4.27) ue;(P)=0 VP ew-[2M,3M),Vj € N.

By the uniform continuity of Ej we may assume that
f5,(Q71P) <y (Q71P) < ¢y(P)+e27771 VP € A;-(=3M,3M),¥Q € U(0, o)
whence

(4.28) ue;(P) <, (P)+e27"  VPew-(—3M,3M).
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Let us define u, € C®(w - (—=3M,3M)) by u, := Z;C:)o Uej. One has 0 <u. <1+€
because of (4.28) and the fact that 7% Ej =1 on w-R. Moreover, by (4.26)) and
(4.27))

1
(4.29) U 1—Oonw (=3M,—2M], u.=0o0nw-[2M,3M).

If a; is chosen so that
HUE,j - XéEj||L1(Aj.(_3M73M)) < €27

then

<€
LY (w-(—3M,3M))

(4.30) [tie = Xol| 21 (wr(~301300)) =

Z(“e,j - Xéaﬂ
j=1
We claim that

(4.31) / Vit dC¥' < | Dyxs|(w - (=2M,2M)) + 9e .
(—2M,2M)

By (2.26)), for any ¢ € Cl(w - (—2M,2M)) with |p| < 1 we have

[e.o]

/ udivgp dLT = Z/ (gaj * fg,j)dingo acirt
'(_2Mv2M) j=0 ( 2M2M)
-

= Z f5j Qa (leHQD)) d£2n+1.

If we choose a; < M for any j we have
spt fs; (ga]. * (dingo)) C spt fs5 N Uy, -spt o C A; - (—=3M,3M)

and thus, setting Q := w - (=3M,3M),

/ ucdivyp dL? T = Z/ Xot;divig(0a, * @) AL
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In particular

/ ue divge dL? !
(—2M,2M)

= Z / Xo divea(§;(0a; * ) AL — Z / (Xo Vi), 0oy * p) AL
(4.32) = Z/Xa leH Qa *90)) AL+t Z/ <Qa] Xé VH¢) >d£2n+1
= Z/ X divig (¥ (0, * ©)) AL
j=0 "¢

- Z/Q <Qaj * (X(S VHEJ) - (X6 VHJJ-), g0> d£2n+1
=0

where we used the equality y V}Hﬂj = 0 on w-R. If a; is sufficiently small, we have

|00, * (Xs VEY;) — Xs V|1 ) < €27

whence

(4.33) (0a, * (X6 Vat;) — (xs Va;), ) dL*

< €.

It is a good point to notice that the choice of the «;’s is independent of the particular
function ¢. Since 1;(0a, * ¢) € CLA; - (=3M,3M)), [¥;(0a;, x ¢)| < 1 and A; -
(=3M,3M) C €2, one has

Xa divy (¥ i(0a; % ©)) actt

(4.34)
< Z | Duxs|(Aj - R) < 6|DHX5|((w \ ws) ~R) < Ge

j=1
where we used (4.23]) and the fact that the intersection of more than any six of the
sets A;’s is empty. By (4.32)), (4.33)) and (4.34)) we obtain

(4.35) / ue divigp dC2 < / Xo dive (Vo (0ay * @) AL+ Te.
(—2M,2M) Q

Since spt ¢ C W - (—=2M,2M) and ag < M we have spt(ga, * ) C W - (=3M,3M),
thus spt (0, * ¢) C w - (—3M,3M) = Q. In particular, (4.35)) becomes

/ u divigp L < | Dyxs|(w - (—=3M,3M)) + Te
(—2M,20M)
< Dl (~20,20)) + 9

i.e., (4.31)); in the last inequality we used assumption (4.22)).
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Step 3. For any P,() € w-R and s > 0 one has
Xz,(Q7" - P-5) < xp, (Q7" - P), whence x5(Q7" - P-s) < xs(Q™" - P),
Q71 Pes) =9,(Q - P) > 0.

This implies that u.;(P -s) < u;(P) for any P € w-(—2M,2M) and s > 0 such
that P-s € w- (—2M,2M); in particular it is u.(P - s) < u(P) and

Ue(P - 8) — ue(P)

(4.36) Xju(P) = lim+ <0 VP ew-(—2M,2M).

s—0 S
The monotonicity in (4.36)) can be improved: we claim in fact that the implication
(4.37) Pew-(-2M,2M), u(P)>0= Xju.(P) <0

holds. By definition, if u.(P) > 0 there exists an index k such that
walP)= [ 0 @u(@ " PITQ P ALTQ) >0
U 0,0ék

Let ¢ = ¢(P) > 0 be such that
Xh(Qr-P-s)>¢  forany Q € U(0,a;) and any s € [0,1].
For any s € [0, 1] one has the implication
Q' PEE, = x(Q - Ps)=xs(Q - P)=0
while
Q' Pe E, = Xg(Q_l -P-s)= XEd)(Q_l -P- s)(l — (5%(@_1 -P. s))

<xe, (@' -P)(1—=6(hQ " P) +cs))
=xs(Q - P)— 5chE¢(Q’1 - P)
< (1=des)xs(Q7" - P).

We then have

(P s) =) ue;(Ps) + / 00 (@)Xs(Q "+ P 5)y(Q1 - P s) AL Q)

j#k U(0,a)
S Zue,j(P) +/ (1 —6¢8) 00, (Q)x5(Q7 - P)Y,(Q7L - P) dL*™ Q)
i#k U(0,ax)

=u(P) —dcsucp(P)
whence Xju (P) < —dcucp(P) < 0.
Step 4. By (4.21)) and (4.30) one has
|2 — XE¢||L1(w~(—2M,2M)) < 2¢;
this inequality yields ||te||1(w-(—20s,200)) < C for small €. Set v := uc/(1 + €); then
ve € CP(w - (—=3M,3M)) and 0 < v, < 1. By Minkovski inequality
(4.38) [0e = X, |21 @-(—2nr200)) < Ve = tellr + [Jue = XB, 10 < (C+ 2)€;

in particular

e—0

(4.39) |0E4|m(w - (—=2M,2M)) < liminf / | Vv | dL*
w-(—2M,2M)
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From (4.19) and (4.21]) it follows that
| Daxs|(w - (=2M,2M)) < |0Eg|u(w - (—2M,2M)) + €
which, together with (4.31]), gives

/ Vit dC* ™ < |0Eg|u(w - (—2M,2M)) + 10e.
w-(—2M,2M)

Therefore
/ |VHU5’ d£2n+1 < / ‘VHue’ d£2n+1
w-(—2M,2M) w-(—2M,2M)
< |8E¢|H(w : (—2M, QM)) + 10e
and recalling (4.39))
(4.40) lim |Vive| dC* = |0E4|u(w - (—2M,2M)) .

€0 Jw.(—2M,2M)
For any ¢ € (0,1) define
Eee={ve>c}N(w-(-2M,2M)) and E} :=FE,Nw-(—2M,2M);

we have
Ve — XE, > € On EQC\E;M, XE, — Ve = 1 —con EiM\EQC.
From (4.38))
(C+2)e> / |UE_XE¢|d£2n+1
w-(—2M,2M)
> c|Beo \ B | + (1= )| E3Y \ |
> min{c, 1 — c}|E;MAE€7C| )

In other words, for any ¢ € (0,1) one has E.. — E, in L'(w - (—2M,2M)) as ¢ — 0.
In particular

(4.41) |0Es|m(w - (—2M,2M)) < lim ionf |0Ecclm(w - (—2M,2M)) .

By Fatou’s Lemma, the coarea formula of [29, Theorem 2.3.5] and ({4.39))

1
O, (- (=20, 2M)) < / lim inf [OF, Ju(w - (—2M, 2M)) de
0

e—0

1
< liminf/ |0Fc c|lm(w - (—2M,2M)) dc
0

e—0

e—0

= lim inf/ Vi | dC?
w-(—2M,2M)
= [0Es|u(w - (—2M,2M))
Using again (4.41)) we obtain that for £Ll-a.e. ¢ € (0,1)
tim inf [OF, ol - (~2M,20)) = |9yl - (~20, 201)).
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In particular there exists ¢ € (0,1/10) and a sequence ¢, — 0 such that, setting
Ek‘ = Eqwéy

lim L2 (Ey A (ByNw - (—2M,2M))) =0

(4.42) hee
lim |0E | (w - (~2M,2M)) = |0Ey|a(w - (~2M,2M))

We have Xjv., <0 on w-(—2M,2M); recalling (4.29)), for large enough % one has

1
Z
Y Z 1 1 ep)10

By the following Lemma [4.8, the boundary dF}, is the X;-graph of a smooth function

br : w — (—=2M,2M). One has ¢, — ¢ in L' (w) because of (4.42)), (2.7) and the fact
that

> conw-(—3M,2M], Ve, (P)=0onw-[2M,3M).

By \ (w- (—2M,2M)) = E \ (w - (—2M,2M))
Eg, N (w+ (=2M,2M)) = Ex N (w- (—2M,2M)).

Therefore
|0E|u(w - R) = |0Fs|m(w - (—2M,2M)) = kh_)rgo |0Ek|u(w - (—2M,2M))

= jm / VIH VG2 dL™ > T(9)

as requested. O

Lemma 4.8. Suppose that a,b € R,c > 0 and v € Cl(w - (a,b)) N C%w - [a, b]) are
such that X;v <0 and

v(A-a)>¢, v(A-b)<0 VA e w.
Assume also that X v(P) < 0 whenever v(P) = c. Then there exists ¢ : w — (a,b)
such that ¢ € Ciy(w) and {v > c}Nw- (a,b) = EgNw - (a,b).

Moreover, if v belongs also to C*®(w - (a, b)), then ¢ is C®(w).
Proof. Define v : wx [a,b] — R by 9(A,s) := v(A-s). By construction, v is continuous
and
(A, a) > ¢, 0(A,b) 0.

In particular, for any A € w there exists s4 € (a,b) such that 9(A, s4) = ¢. Since

@(A,S) =X v(A-s) <0 and @(A, sa) = X1v(A-s4) <0,

Js Os

sa is unique and {s € (a,b) : v(A-s) > ¢} = (a,s4). Define ¢(A) := s4; then
{v>c}Nw-(a,b) = EyNw-(a,b). Moreover, ¢ is of class C because ®(w) = {v = ¢}

is an H-regular surface with I/é(w) = é—:ﬂzl <0.
If vis C*®(w-(a, b)) also ¥ is smooth; the classical Implicit Function Theorem allows
to conclude that also ¢ is C*®(w). O

In the following, for any ¢ € L'(w) we will use the notation

/ VIT DR = |0B,fus(w - R) = For(6) = In(9).



BOUNDED VARIATION AND LOCAL BOUNDEDNESS OF MINIMAL GRAPHS IN H" 49

We also introduce the quantity

(4.43) 165y = 18l + / VI D

With abuse of terminology, we refer to |¢|pv, ) as the BVyy norm of ¢: recall

that BViy is not even a vector space, thus | - | sy, is far from being subadditive or
homogeneous.

We single out the following result, which was obtained along the proof of Theorem
25}

Theorem 4.9. Let ¢ € BViy(w). Then there exists a sequence of smooth functions
¢; : w — R, converging to ¢ in L*(w) and such that

(/\/1+|D¢m2::hm /\/1+|V%¢ﬂ2d£%.
w J—00 w

4.2. Existence of minimal X;-graphs. We want to deal with the problem of min-
imizing the area functional among intrinsic graphs with prescribed boundary datum.
In order to attack this problem, one of the main difficulties comes from the absence
of a trace notion in BVyy, which is also due to the fact that the theory of traces for
BV functions in H"™ is only at an early stage, see [20, 60} [62]. We will introduce (see
Definition a generalized notion of trace which makes sense, at least, for a large
subclass of BV functions (see Proposition [4.15).

The following Remark [£.10] while showing another peculiar difference between BViy
and the classical BV space, underlines one more time the difficulty of defining a trace
for BVyy functions.

Remark 4.10. It is well-known that a function u € BV (U) admits a trace ¢ €
LY(0U) when U C RY has compact and Lipschitz regular boundary. Moreover, we
have @]y < cU)|u] vy for some ¢ = c¢(U) > 0. A geometric interpretation of
o)z is given by the equality (see [39])

ol = [ Ielan™~ =0 G0 x RY) + P °I(0U x B,
Here, &,,&* C RN*! are, respectively, the Euclidean subgraph and epigraph of u in
UxR
G =A{(x,t):x eU,t <u(x)}, E = {(z,t):x €U, t >u(x)},
while |0 &,|, |0 &"| stand for their Euclidean perimeter measures. We have therefore
(4.44) 10 &) (U x RT) 4+ [0 &*|(OU x R™) < cU)|ul sy -

We are going to show that (4.44) admits no counterpart in BViy(w) and more
precisely that in general there is no positive ¢ such that

(4.45) 0B | (0w - RY) + [0E?|2(0w - R™) < cldlpviyw) -

Consider w := (0,1)?" (but the domain could be easily made smooth) and the func-
tions, which were suggested to us by G. P. Leonardi [44],

Ou(Tay o Ty Y1y - vy Yny ) 1= €V 4 %t ifn>2
O(y,t) == e + 5t ifn=1.



50 FRANCESCO SERRA CASSANO AND DAVIDE VITTONE

Easy computations give

|Pr] BV (@) = / || L™ +/ V1 + [V 2dL? = e Jk + O(K?) .

For n > 2 we have instead
0B, (0w - RT)
>, SET {(zy,t) EHM 1y = 1,0 < 21 < d(mw(2,9,1)) })
=H"({(z,y,t) eH" : y1 = 1,0 < z1 < ¢(mw(z,9,t)))})

= / Or(xoy o Ty L yay oo Y, t) L1
wN{y1=1}

The first of the two equalities follows from ¢, 8911 {y; = 1} = H*{y; = 1} (see
also Lemma [2.12)). Similar computations can be carried out also for n = 1; in both
cases we obtain

|0, |z(0w - RT) > e
and our claim follows.

We are now ready to introduce our generalized notion of trace. From now on, w is
supposed to have Lipschitz regular boundary.

Definition 4.11. Let wy be an open bounded set such that w @ wy. We will say that
¢o € BViy(wo \ @) is a trace in generalized sense (briefly: TGS) of ¢ € BViy(w) if,
after defining 6 : wy — R as

(4.46) 0 :=¢ on w, 0 = ¢p on wy \ w,

then

(4.47) |0Ep|m(0w -R) =0,

(4.48) |0Ey (0w - RY) = |0Ey|u(H] \ (wo - R)) < +o0,
(4.49) 10E° |z (0wo - R™) = [0 |g(H™ \ (wo - R)) < +00.

Roughly speaking, ¢y (or, which is the same, ) gives the trace of ¢ on dw - R
because of , which says that xg, takes on Jw - R the same “boundary value”
both from the “outside” (wo \ @) - R and from the “inside” w - R, where it coincides
with xg,. In some sense, xg, € BVi(wo - R) can be thought of as a sort of “tracing
extension” of xp, € BVi(w - R). See also [4] for the problem of the extension of BV
functions in metric spaces.

Remark 4.12. The function 6 is not defined on the £**-negligible set dw and so it
is well defined in L!(wp). It follows from (4.47) that 0 € BViy(wo)-

We will prove later the following

Proposition 4.13. Let ¢y € BViy(wo \ @) be a TGS for both ¢, € BViy(w) and
suppose that ¢1 € BV (wy \ @) is another TGS for ¢, where wy C W is open and
bounded and w € wy. Then ¢y is a TGS also for 1.
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The previous result allows to introduce an equivalence relation among traces in
generalized sense as follows. If ¢y € BViy(wp \ @) and ¢1 € BViy(w; \ @), we set
¢o ~ ¢ if for any ¢ € BViy(w)

oo is a TGS for ¢ <= ¢ is a TGS for ¢.
Equivalence classes are denoted by [¢o]; if ¢ is a TGS of ¢ we write ¢jo., = [¢po] to

underline the fact that, rather than by ¢y, the trace of ¢ is given by the equivalence
class [¢o].

Remark 4.14. In the classical case, when U has Lipschitz regular boundary any
function v € BV (U) admits a (Euclidean) TGS. Namely, there exists Uy © U and
0 € BV (Uy) such that

1065 (0U x R) =0, [0&|(dUy x RY) + |0&°|(0Uhy x RT) < +00.

In fact it is sufficient to consider a smooth compact domain Uy U and to extend
u to 0 € BV (Uy) with 05, = 0 and the inner and outer traces of § on OU are the
same: 65, = 0,5, See [30].

We conjecture that, when 0w is compact and Lipschitz continuous, any function
in BViy(w) admits a TGS. We are able to prove this result for quite large subclasses
of BViy(w). Let us recall that the class Lipw(w) of intrinsic Lipschitz functions in
the Heisenberg group was introduced in [33] in terms of comparison with suitable
intrinsic cones in H"; see also [35] and [62].

Proposition 4.15. Suppose that w has Lipschitz reqular boundary and ¢ belongs to
one of the following classes: W'?(w), BV (w) N L>®(w) or Lipw(w). Then ¢ admits a
trace in generalized sense.

Proof. When ¢ € W'%(w) (respectively ¢ € BV (w) N L®(w)) we fix a bounded
open set wy D w with smooth boundary. As in [30], it is possible to consider ¢y €
Wh2(wo \ @) (resp. ¢g € W (wy \ @) N L>®(wp \ @)) such that

(4.50) G0jow = Plow and  Pojaw, = 0;

here the traces are the classical ones. Define 6 as in (4.46)). The first equality in
(4.50) implies that the Euclidean perimeter |0Ey|(Ow - R) is zero, whence (4.47). The

second equality in (4.50|) gives

|0E|(Owp - RT) = [0E’|(dwy - R™) = 0,
whence (4.48) and (4.49) by Proposition [2.10, Notice that ¢y € BViy(wo \ @) because
W2 (wy \ @) € Wy (wo \ @) (respectively, because of Remark .

Finally, if ¢ € Lipw(w) we can fix wy as before and extend ¢ to 6 € Lipw(wp): see
[35]. In the latter work it is also proved that

(mw) 2 (|0Eg|uL(wo - R)) < cL*™ L wy
for a suitable ¢ = ¢(f) > 0. From this, (4.47)) follows because £2"(dw) = 0. Moreover,

6 is bounded in wy (see [35]) and we have
Eyn{zr; >c}=E'n{xr; < —c} = 0.
In particular
|0FEg|u(0wo - RY) + |0E|m(0wo - R™) < €, S (0w - [—¢, ¢]) < o0
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and also (4.48)) and (4.49)) are satisfied. O

Let us consider the minimization problem (1.17): fix wy © w and 0 € BViy(wo).
Assume that 6 satisfies (4.47), (4.48)) and (4.49); then ¢y := 0|,z is a TGS for

¢ = 0,. In other words, 6 is an extension of ¢ which determines its “trace” ¢,
We are going to show that the infimum in the minimization problem ({1.17]) does not
depend on ¢ but only on the “boundary behaviour” ¢js,, of ¢, i.e, on [¢y].

Proposition 4.16. Suppose that 6 € BViy(wy) satisfies (4.47)), (4.48) and (4.49); set
¢0 1= juo\z- Then the infimum in (1.17) depends only on the equivalence class [¢q)].

Proof. Suppose that ¢9 € BViy(wp \ @) and ¢; € BViy(w; \ @) are both TGS of
¢ € BViy(w). Let ¢ € L' (w) and set

Y onw Y onw
(451) wO T { ¢0 on wo \w and ¢1 T { ¢1 on wi \w

It will be enough to prove that |[0Ey, |u(@ - R) = |0Ey, |u(@ - R); equivalently, by the
locality of H- perimeter (see Proposition , that

(4.52) |0Ey, |m(0w - R) = |0Ey, |u(0w - R).
Let 60y, 61 be defined by
] 9 onw ]9 onw
(453) 90 = { ¢0 on wo \w and 91 = ¢1 on wy \w

By (4.47)), for any € > 0 we can find an open neighbourhood v, C wg Nw; of dw such
that

/ divgep dC*
E

)

<€ and <e Vo€ CllueR,R*™), |p| < 1.

/ divgep dC*
Eo,

It is not restrictive to suppose that v, | dw as € — 0. From the previous inequalities,
for any ¢ € Cl(v. - R, R*") we obtain

/ (XEwO - XEm)diV]HI(P dcett
veR

= '/( ) (XE¢O - XE¢1)diVH<P act
Ve \w) R

< 2e.

/ (XEg, — X5y, )divap AL

Ve

In particular
10Ey, 1 (ve - R) — |0Ey, s (ve - R)| < 2€

and (4.52)) follows as € — 0. O
We owe the reader the proof of Proposition [4.13]

Proof of Proposition [f.13. Define 1,1, 6,61 as in (4.51)) and (4.53)). Our aim is to
prove that (4.47), (4.48), (4.49) are fulfilled with 6 = ;; notice that the last two
of them are satisfied by assumption. It is possible to follow the proof of Proposition

to obtain (4.52)); in particular
0Ey, [1(0w - R) = |0Ey, |a(0w - R) = 0

which is (4.47)). O
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In the spirit of Proposition [3.7], another natural formulation of the minimal area
problem for X;-graphs could be

for a fixed “boundary datum” ¢ € BViy(w). It will be precisely the possibility of
extending ¢ by means of a generalized “trace” that will provide semicontinuity for

this functional (E@ in the proof of Theorem [1.§)).

The problem (4.54) is equivalent to our formulation (1.17)) at least when ¢ admits
a trace in generalized sense and dw is Lipschitz regular.

Proposition 4.17. Let w,wqg C W be bounded open sets with w € wg and Ow Lipschitz
reqular. Let ¢ € BVyw(w) and assume that 6 € BViy(wy) with 0y, = ¢ is an extension
of ¢ such that ¢g := O\ s a TGS for ¢. Then

= inf {|0Ey[u(@ R): ¢ € BViy(wo), ¥ =6 onwy \w}.
Proof. Given ¢ € BViy(w) define V:wy — R as

~ [ v onw
¢'_{9 on wp \w.

It will suffice to prove that

|0E;|u(@ - R) = [0Ey|u(w - R) + [0(EyAEy)|a(0w - R)
or, equivalently, that
(4.55) |0E;|u(0w - R) = |0(EyAEy)|n(0w - R).

Notice that w - R has locally finite Euclidean perimeter; thus it has also locally finite
H-perimeter and SC71(0w - R A % (w - R)) = 0. By Theorem [2.6/ one has

|0(ByAEy) (0w - R) = ¢, 827 (0w - RN (B, AE,)Y?)
=, SE7 ((w-R)V2 N (ByAE,)'?).

Let us define (whenever they exist) the inner and outer density ©;(E, P) and ©,(E, P)
of a set E at P € H" with respect to the intrinsic cylinder w - R respectively by
. |ENUP,r)Nw-R| . |ENUP,r)\w-R|
O;,(F,P) =1 , O.(E,P):=1
(B, P) =l s A R (B P) = i o R
Since Fy, By C w - R it is easy to observe that
(4.57) Pe(w-R)}?*N(E,AE,)Y? <= Pc (w-R)Y? and 6;(E,AFE,, P) =1

and that

(4.56)

(w-R)VNE)=(w-R)'NE,=10.

Similarly, we have Ey C H" \ (w - R) and, noticing that (w-R)Y/? = (H" \ w - R)Y/2,
we get
(w-R)V?NE), =90.
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In particular, by Theorem [2.6]
sy S (@ RIPANEIUES) = 827 (@ B) PN (B U B))
=897 ((w-R)V2\ (EY UE?) =0.

Notice also that
if Pe(w

(
it Pe(w
if P e (
if Pe(w

R)2 N EY, then ©,(Ey, P) =0,
20 B}, then ©;(E,, P) = 1,
20 EY, then ©;(Ey, P) =0,
20 B)/?, then ©;(E,, P) =1

7~

R
R

‘R)
-R)
w-R)
‘R)
whence
(4.59)  ©;(Es, P) € {0,1} and ©,(Ey, P) € {0,1} for 8¢ -ae. P € (w-R)Y2,
We also point out the implications
©,(Ey, P) =0,(Ey, P) € {0,1} = ©,(E,AE;,P) =0,
{©:(E4, P),0,(Ey, P)} ={0,1} = ©,(E,AE,,P)=1.
Therefore, by (4.56)), (4.57)), (4.59) and (4.60) we obtain
[0(EyAE)|u(0w - R)

=, S ({P € (w- R)'/? . ©,(E,AE,, P) = 1})
(461) =, 89" ({p € (w R SQQESLQQ ggﬁl&m P) € {0.1} }>

59! ({P € (W R)V2: [©i(Ey, P) =1 and ©;(E,, P) = 0] or })

[0i(Ey, P) =0 and ©;(Ey, P) = 1]

We now use the fact that |0Ep|u((w - R)Y?) = |0Ey|u(0w - R) = 0, which implies
(see Theorem that

(4.60)

(4.62) P e Ef UE) for 8¢ '-ae. Pe (w-R)Y2
This in turn implies that for S 1-a.e. P € (w-R)Y?2
(4.63) ©,(E4, P) = ©,(Ey, P) = ©,(Ep, P) = @O(E{E’ P) e {0,1}.

Indeed, the first and third equalities in (4.63|) are clear. The second one can be
obtained noticing that, if P € (w - R)"2, then

=0 U] e U(P,r)] U (P, r)]
(4.64) g [BeNU(B ) Nw Rl E, N UL ) \w-R|
r—0 2)U(P,r)Nw-R| 2[U(P,r)\ w-R]

—(O:(P.1) +6,(P.r)).

By (4.62), the left hand side in (4.64) must be either 0 or 1 for S '-a.e. P € (w-R)"/?,
thus 1(0;(P,7)+6,(P,r)) € {0,1} for S¢'-a.e. P € (w-R)"2 This is possible only
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if ©;(Fy, P) and ©,(Ejp, P) are both 0 or both 1, which gives the second equality (as
well as the last inclusion) in ([#.63) for S -a.e. P € (w-R)Y2.

Combining (4.61)) and (4.63)) one gets
0(EyAE) (0w - R)

B . 12 (©i(Ez P)=1and 6,(E; P)=0) or
= oSz ({P € (w R (@i(Eg, P) =0 and G)o(E:;, P)=1) })

D52 ({Pew B :per))
P
= [0Ezu(0w - R)
and (4.55)) follows. O

Proposition 4.18. Letw C W be a bounded open set and (¢;); be a bounded sequence
in BViw(w); assume that

(4.65) sup {|0Ey, [a(HY) + [0E% |a(H") } < +oo.
J

Then there ezists ¢ € BViy(w) such that, up to a subsequence,
(4.66) ¢; — ¢ L7-a.e. onw and Ey — Ey in L, (w-R).
In particular

Proof. Since
|0(Ey, NHL) | (H") + [0(E N H2) | (H")
< 0B, m(HL) + [0B% |s(H) + 26,827 (w)
we have

(4.68)  sup|0(Ey, NHY)|[(H") < 400 and sup|0(E% NH")[u(H") < +oc.
J J

Moreover, by (12.7)),
(4.69) sup {|Ey, NH}| + |[E% NH" |} < ¢
J

because ||¢;]11(w) is bounded uniformly in j.

For any i € N let r; > 0 be such that w- [—4,4] C U.(0,r;). Using (4.68), and
the compact inclusion BV (U,(0,7;)) < L*(U.(0,7;)), for any fixed i there exists a
subsequence (¢;,); and a set E; C U.(0,7;) N (w - R") such that

Ey, NH} — E; in LYU.(0,7;)) as £ — oo.

j
Using a diagonal argument we can actually suppose that there exists E* C w - R*
such that (up to a subsequence which we do not relabel)

(4.70) Ey,NH} — E* in L, (w-RY).

loc

Notice that £+ = E4 NHY for a suitable ¢ : w — R*. Indeed, let i € N be
fixed; since Ey, — E* in L'(w-(0,1)), by Fubini Theorem we obtain that, for £*"-a.e.
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A € w, the sequence (s +— XEcbjﬁHi(A - 8)); converges to s — yp+(A - s) in L*(0,4).
In particular, for £?"-a.e. A € w
(RT).

(4.71) the sequence (s XE%QHZ(A‘S))]. converges to s — yp+(A-s) in L,

Since
Vs € RT XE¢iji(A 's) = X[o,¢j+(A))(5)7
where qzﬁj is the function defined in ([2.8)), the convergence in (4.71]) holds (for a fixed
A € w) if and only if s — xp+(A-s) is (L'-a.e. equivalent to) a characteristic function
X0,g+(a) for some ¢*(A) > 0 such that lim;_ ¢ (A) = ¢7(A). In particular,
E* = Egz NHY (up to negligible sets) and ¢ — ¢* L*"-a.e. on w. By ([@.70) we
have also
(4.72) Ey NH} — Ege NHY in Ly, (w - RT).
Since for any ¢ € N one has
|EIJr N UC(O, Tz)l = hrn |E¢] N Hﬁ N UC(O,T’Z'>|
j—o0

we have
/¢+ L =|EY| < liminf | B, NH}| = hminf/ 0] AL < supll; o) < oo,
" Jj—o0 J—00 w J

Le., ¢ € LY (w).

With similar considerations, involving £% N H" and ¢; in place of, respectively,
Ey, NHY and ¢j, one can prove that (possibly after a further subsequence) there
exist

E-Ccw-R™ and ¢ €L'(w),¢” >0
such that £~ = E¢-¢7) N H" and
E%NH" — E- in L, (w-R7) and ¢; — ¢~ L -ae. onw.
Therefore we have also
(4.73) Ey NH = (w-R)\E¥ - (w-R)\E~ = E_s NH" in L, (w-R7),

where the equalities have to be understood up to negligible sets. Setting ¢ :=

¢T — ¢~in L' (w), by (#.72) and (4.73) we obtain (4.66). The map ¢ belongs to

BViy(w) because of the lower semicontinuity of [0F|u(w - R) with respect to the L},
convergence of sets (see Proposition , which gives also (4.67)). U

Proof of Theorem [1.8 Let (1;); C BViw(wp) be a minimizing sequence for (1.17). We
claim that

(4.74)  sup|0(Ey, NHY)|[u(H") < 400 and sup|d(E¥ NH")[u(H") < +o0.
; )

J

We have in fact, by Proposition [2.3 Theorem and Lemma [2.12]
|0(Ey, N HY )| (H")
= [0(Ey; NH})[m(0wo - RT) + |0(Ey, NHY)|m(wo - RT)
= [0Ey|u(0wy - RY) + |0Ey, [u(wo - (0, 400)) + [0(Ey, NHY) |u(W)
< |0Eg|w(0wp - RY) + [0Eg|a((wo \ @) - (0,400)) + [0Ey, (@ - R) + ¢,82 7 (wo),
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whence [0(E£y, N H)|u(H") can be bounded uniformly in j. Similar computations

can be carried out also for |9(E¥7 NH" )|y (H"), and ([4.74)) follows.
By the isoperimetric inequality (2.3) we obtain the bound

(4.75) sup {|Ey, NHY |+ |EY NH"|} < ¢
J

for some ¢ > 0. Using (12.7))
/ [y AL = | By AH" | = | By, NHY |+ |E% NHY| < c.
wo

Therefore, the sequence (¢;); is bounded in BViy(wp); moreover we have
|0y, | (HY) + [OE™ |es (HZ)
<|0(By, NHL)|s(H") + [0(EY WHZ ) [(H") + 2¢,52 " (wo)

and thus (4.65)) holds because of (4.74). We can now apply Proposition and get
the existence of ) € BViy(wp) such that, up to subsequences, ¢; — ¢ L*"-a.e. on w

and Ey, — Ey in L, (wo - R); in particular, ¢ = 6 on wy \ @. By (4.67) we obtain

loc
|0Ey|u(@ - R) = [0Ey|u(wo - R) — [0Ey|u((wo \ W) - R)
< liminf {|0F,,. -R) — |0F, w) R
(4.76) iminf {|0Ey, [a(wo - R) = [0Eyli((wo \ @) - R)}
j—00

i.e., ¢ is a minimum for the problem ((1.17]). U

We single out the following result, implicitly obtained along the proof of Theorem
[1.8] The assumptions on wy given in Definition are understood.

Proposition 4.19. Let the sequence (¢;);>1 C BViw(w) be bounded in the BVyy norm;
assume that, for any j, ¢jjo. = [¢o] for a fived TGS ¢o : wo\w — R. Then there exists
¢ € BViy(w) such that, up to subsequences, ¢; — ¢ L*-a.e. on w and Ey, — Ey in
L} .(w-R). Moreover, the function 0 : wy — R defined by 0 := ¢ on w, 0 := ¢y on

loc

wo \ @ belongs to BViy(wy).
Proof. For any j > 1 define 0; € BViy(wp) by
6, :=¢jonw, O; :=¢yonwy\w.
We have
0By, [n(HY) < [0Ey, [n(w - R) + [0Eg[u((wo \ @) - RT)
+ |0E o 1(Owo - RY) + ¢, 827 (wo)

and, since similar computations can be carried out in order to bound |9E% |y(H"),

we get (4.65). The boundedness of (6;); in BViy(wo) can be easily achieved and
Proposition provides a function § € BViy(wg) such that, up to subsequences,
0, — 0 L?"-a.e. on wy. Notice that § = ¢y on wy \ @. The function ¢ := 0., is the
desired one. O
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4.3. Local boundedness of minimal X-graphs. In the proof of Theorem (see
(3.37)) we used the fact that for any K € U one has

(4.77) Ri=doo(K xR,0UxR) > 0.

In general the inequality in :4.77) is not strict for intrinsic cylinders. This is stated in
the following Proposition [£.20] where the open set w C W is not necessarily bounded.

Proposition 4.20. Let w,w’ be two open subsets of R*™ with ' @ w. Then the
following conditions are equivalent:

(1) doo(W' - R, 0w - R) > 0;
(i) the Euclidean distance between Ow C W = R*" and the open strip

Yi={(xa,...,Yn,t) € W: 3t € R such that (za,...,yn,t) €'} CW

18 not zero.
Proof. The implication (iz) = (i) follows immediately by observing that

doo (@ yn, ) -8 (@2y o Yns £) - 8) 2 (2 — @2, 4l — yn)| = dist(Z, Ow)
for any (z4,...,y,,t') € W', (x2, ..., Yn,t) € Ow, 5,5 € R.

Concerning the reverse implication, we will provide the proof only for n > 2, the
case n = 1 being analogous. By contradiction, we assume that for any € > 0 there
exist A = (xg,...,Yn,t) € Ow and A" = (z,,...,y,,t') € W such that

lz; — il < e and |y; —y,| <e, i=2,...,n, j=1,...n.
Since w' is open, it is not restrictive to suppose y; # y;. Choose
2N (e — )
4(y1 — )

and consider the points
P:=A -s€idw-R, Q=A -s5ed R
It is a matter of fact that
Q=Pr- (O,x’2 — Ty T — Ty Yy — Y1y Yy —yn,()),
whence do (P, Q) < v/2n — 1e and doo (W' R, Ow-R) < v/2n — 1e. By the arbitrariness

of ¢, this contradicts assumption (7). O

It is easy to see that, when the open set w is bounded, there is no nonempty subset
w' C w for which condition (ii) in Proposition is satisfied. In particular, the
distance doo(w' - R, dw - R) is always zero: the two intrinsic cylinders w’ - R and dw - R
get closer and closer at infinity. The following Lemma allows to control how fast
these cylinders get close at infinity.

Lemma 4.21. Let w C W be a bounded open set. Then there exists ¢ = c¢(w) > 0
such that
dist(A, Ow)

5]

doo(A-s,0w-R) > ¢ VAew, Vs eR,|s| > 1.
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Proof. We accomplish the proof only for n > 2. Let A € w,s € R,|s| > 1 be fixed;
set P:=A-s € w-R and d:= dist(A,0w). We have to prove that, for a suitable
¢ > 0 that will be determined later, U(P,cd/|s|) C w-R. Namely, that

P-(z,y,t) €ew-R forany (z,y,t) € U(0,cd/|s|)

or, equivalently, that mw(P - (x,y,t)) € w for any such (z,y,t). Therefore, it will be
sufficient that

dist(A, mw(P - (z,y,t))) <d for any (z,y,t) € U(0,cd/|s|).
Setting A = (0, %o, ..., Yn,t), by , one has
mw(P - (z,y,t))
=(0,Ta, ..., Yn,t) - s (x,y,t) —(s+ x1)
= (0, To+ T, .., Yn + Y, t +1 — 4dsy; — 2x1y; + 2 2?22(33]@]- — ngfj)) )
Setting M := sup 4., |A| and using d < 2M, we have
dist(A, mw(P - (z,y,t)))
<o+ ynl + [t —dsyr — 2y + 23575 (2;9; — y;75)]
(2n — 1)cd
5]
<(2n— l)cd+g+4cd+2g+4(n— 1)Mﬁ

5]

N

+ [t + 4slyi| + 20z ] + 2 357 o (12595] + [y75])

<ed(2n — 1+ 2eM + 4+ 4eM + 4(n — 1)M)

where we also used that |s| > 1. It is then sufficient to choose ¢ > 0 so small that
c(2n+346cM +4(n—1)M) < 1/2. O

We also need to recall the following result, which extends |35, Lemma 4.3].

Lemma 4.22. Suppose that P € H",a > 0,7 > 0 and E C H" are such that
[ENU(P,r)| = ar? ; then L2(mw(ENU(P,r))) = $r97%

Proof. For any A € W = R*" we define I(A) :== L' ({seR:A-se ENU(P,r)});
let us prove that

(4.78) LMY ENUPT)) = / I(A)dL*™(A),

mw(ENU(P,r))

then the thesis easily follows being [(A) < 2r. Let us introduce a change of variables
in order to apply the classical Fubini Theorem for the splitting H® = W - R. Let
W R2n+1 — H" = R2n+1 be defined by \1’(517 . af?n—&—l) = (0752, . a€2n+1> . 51. It is
easy to see that U satisfies the following properties:

ov
(4.79) V is a diffeomorphism and detﬁ_f =1,

(4.80) if Uo:= We,—0y, then Uy : R* — W = R*" is the identity map,

where %—? denotes the Jacobian matrix of U.
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If F C H", denote F':= U~'(F). By (&.79)
(4.81) LY ENUP)) = LY ENU(PT).

Set w := mw(E NU(P,r)) and notice that & = w. For a fixed A € R*" define

—

Ly={seR: (s,A) e U HENU(P,r))=ENU(P,r)}.
From (4.79), (4.80) and Fubini Theorem

(482)  C(ENT(PF) = / £Y(L) L2 (A) = / I(A) L2 (A).

Equalities (4.81)) and (4.82]) give (4.78)). O

We have now all the tools to prove our local boundedness result for minimal intrinsic
graphs.

Proof of Theorem[1.9. Up to a localization argument, it is not restrictive to assume
¢ € L9 (w). We reason by contradiction: assume there exists a compact set K € w
such that |¢]r=x) = +oo. Without loss of generality we assume that £2"(K N
{¢ > M}) > 0 for any M > 0. Given M > 0 we can find A(M) € w such that
#(A(M)) > M and

(4.83) LoVNKn{g>M})>0

for any neighbourhood V of A(M). For instance, it is sufficient to consider a Lebesgue
point A(M) for the set K N {¢p > M}.

For j € N consider the sequence 4; := A(2/) € K. By the point P; :=
A; - 27 is such that |Eg N U(Pj,r)| > 0 for any » > 0. Lemma ensures that
U(Pj,c277d) C w- R, where ¢ = ¢(w) and d := dist(K, dw). By Proposition one
has |E, NU(P;,c277d)| = 32799 for some 3 > 0. By Lemmam

L (mw(Es NU(P;, c277d))) = 9—i(@-1)

for some x > 0. In particular, for large j (precisely: for those such that 2/ — c277d >
2971 we will have mw(E, NU(P;,c277d)) C {¢ > 277"} and so

£ ({¢ > 2771) > x279@7Y

where k > 0 depends only on n, K and w. This implies that
/ |¢|Q—1 d£2n > 21—Q,€
wn{¢p>21-1}

for any large j and contradicts the hypothesis ¢ € L9 (w). O

Theorem is not the exact counterpart of Theorem or of the classical Eu-
clidean one (see for instance [39, Theorem 14.10]). We are presently not aware whether
the additional Ll%c_l summability is only a technical problem, or if it can be relaxed
into the weaker L} . assumption.
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