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Introduction

This thesis is devoted to the study of a generalized notion of quasistatic evolution for
a class of rate-independent models in nonlinear elasticity, with nonconvex elastic-energy
functional.

The term rate-independent characterizes those models which are independent of the
rate of the system, in the following sense: if e(t) is a solution of the evolution problem
corresponding to a loading I(¢), and ¢ is a strictly monotone time-reparametrization, then
(e 0 ¢)(t) solves the problem with loading (I o ¢)(t). The notion of evolution we are
interested in is called quasistatic, meaning that we are considering a so slow time scale
that the system is assumed to be in equilibrium at each time instant.

A general framework for the study of these problems is the energetic formulation devel-
oped by Mielke (see [33]). The main advantage of this approach is that it is time-derivative
free and therefore allows to deal with cases in which the evolution is not expected to be
smooth with respect to time.

The energetic approach to rate-independent models has been widely used in the analysis
of many phenomena, like dry friction, elasto-plasticity, delamination or fracture processes,
hysteresis in shape-memory alloys, etc.

In this thesis we focus our attention on the mathematical aspects of a model, originally
proposed in [21], for the study of phase transitions in crystalline materials.

The setting of the problem is as follows: we consider a material whose reference con-
figuration is a bounded region D C R%; the state of the system is determined by the
deformation v: D — R and by the internal variable z: D — Z C R™, which represents
the phase distribution of the material. The stored energy is

W(z,v) := /DW(z(a;),Vv(x)) dx.

From a physical point of view, the energy functional should also depend on the tem-
perature, but this dependence is omitted here since this model deals with isothermal
transformationdl. Changes of the phase distribution of the material dissipate an amount
of energy that is written as

H(znew — Zotd) = /D H(znew() — zoa()) da,

IThe case of temperature-induced phase transformation has been studied in [34], [35].
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6 INTRODUCTION

where H is a norm on Z, z,4 is the old phase distribution and z;,¢,, the new one. Moreover,
we require that the admissible deformations satisfy a prescribed time-dependent boundary
conditionl ¢(t) on dD.

Before dealing with the specific case analyzed in this work, let us describe briefly the
simpler case of W strictly convex with respect to both variables. An energetic solution of
the evolution problem in the time interval [0, 7], with initial datum (zg,vp), is defined as a
pair of functions (z, v), depending on time and space, which fulfils the boundary condition
and satisfies the following properties:

(1) stability condition: for every t € [0,T] we have
W(z(t),v(t))) < W(Z,0) + H(Z — z(t)),

for every pair (Z,0) of functions of x admissible at time ¢, i.e., satisfying the
prescribed boundary condition at time t;

(2) energy equality: for every t € [0,T] we have
W(z(t),v(t)) + Varg(z;0,t) =

— Wizo,v0) + /0 (0(5), Vp(s)) ds,

where Vary is a suitable notion of variation and o (t) is defined by

ow
o(t) = a—F(z(t),Vv(t)).
Clearly, from the energy equality for (0,t), the analogous equality for any interval (s,t)
with 0 < s <t can be obtained.

These conditions have a natural mechanical interpretation. The stability property
guarantees that, unless the boundary condition (or the loading) is modified, it is not
energetically convenient any change of the state of the system, if one takes into account
the energy dissipated when the state is changed. The variation appearing in the energy
equality represents the total energy dissipated in the time interval (0,¢), while o (s) is the
stress of the system, so that the integral term in the energy equality represents the work
due to the change in time of the boundary condition; therefore the energy balance can be
regarded as an energy-conservation law.

The main goal in the study of rate-independent problems is providing a constructive
proof of the existence of an evolution with the above requisitedi.

To this end, the standard method is based on the study of auxiliary incremental min-
imum problems, which are used to construct inductively approximate solutions (see [33]
and references therein). We consider

min {W(z,v) + H(z — 2)} (1)

among all (z,v) admissible at time ¢, for a given zZ. Under suitable regularity and growth
assumptions on W and H, the convexity of W guarantees the solvability of this minimum
problem and the uniqueness of the minimizer. Fixed a partition 0 = 5 < --- < t =

2In this thesis we also consider the more general case of a boundary condition imposed on a subset
of the boundary, and the case of a nontrivial external load depending on time I(t) (see Chapter Bl and
Chapter H).

3The results about uniqueness of the evolution are still very few, see [7], [39], [36].
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T of the time interval, the discrete approximate solution is now constructed with the
following inductive process: (z(tg),v(tg)) coincides with the initial datum (zg,v¢), and,
fixed (z(tj—1),v(ti—1)), we define (2(¢;),v(t;)) as the solution of ([l) with ¢t = ¢; and z =
z(ti—1), fori=1,... k.

The next step consists in the study of the limit of piecewise constant interpolations of
(2(t;),v(t;)) as the mesh size of the partition tends to zero. An a priori bound on these
interpolations, provided by the minimality property, allows to extract a convergent sub-
sequence. Using some technical arguments, it is possible to deduce the required stability
property and energy balance for the limit of the selected sequence of interpolationﬁﬁ.

Coming back to our model, the natural stored-energy density W for a multi-phase
material has a multi-well structure (see [40], [39)], [27], [21], [37], [38]), so that we deal
with a density which does not satisfies any convexity assumption with respect to z (in
addition, all the results in this thesis are proved without any quasiconvexity assumption
with respect to the deformation gradient). This lack of convexity gives rise to many
technical difficulties, making the incremental minimum problems ([l) unsolvable in usual
functional spacesﬁ; it is also responsible for the formation of microstructures (see, e.g.,
M|, 27, [37). In [21], M, [28], suitable regularizing spatial terms are introduced in
the energy functional to overcome this difficulty, either depending on the gradient of the
internal variable, or penalizing phase interfaces.

The aim of this thesis is to study a generalized formulation of the evolution problem
avoiding any artificial regularization.

Following the approach proposed in [I2], we place the problem in a suitable space of
Young measures, where the incremental minimum problems can be solved. Then we adapt
the standard method of approximate solutions to this extended setting.

To specify the main features of the mathematical setting and highlight the motivations,
it is worth pointing out the following facts. Since we assume that W has quadratic
growth, the natural framework of the problem is represented by Young measures with
finite second moment, instead of generalized Young measures considered in [12]; this fact
sensibly simplifies the technical difficulties, making available, e.g., the tool of disintegration
with respect to = (see Theorem [L3]). A Young measure approach has been proposed in
B2, [27], [37], too. The main challenge in the Young measure formulation concerns
the correlations between Young measures at subsequent time instants, which are involved
in determining the total-dissipation energy of the system. In the mentioned papers, the
definition of dissipation proposed by the authors seems to neglect some information: “Our
approach will account only for dissipation losses if the distribution functions associated
with the microstructure changes but not if the distributions stay fixed while the texture
of the micro-pattern changes” ([32]).

In this thesis we follow the approach of [I2], based on the notion of compatible systems,
introduced in [I0]. Roughly speaking, a compatible system is a family of Young measures
indexed on all finite sequences of time instants; we require that if the measure associated
to a time sequence {t1,...,t,} is compared with the one corresponding to a subsequence
{s1...,8m} C {t1,...,tn}, a reasonable projection property is satisfied. The advantage of

4We refer to [Z1], [29], [83] for a complete proof.
In Remark we present an explicit example in which ([{l) has actually no solution.
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this formulation consists in the capability of capturing the mutual interactions, occurring
in passages to the limit, between oscillations at different time instants.

Since we do not need to use generalized Young measures, we are able to rephrase
the definition of compatible system using a probabilistic language. In Chapter B an
alternative formulation of compatible systems in terms of stochastic processes is provided
using a modification of Kolmogorov’s Theorem (see [26]): in Theorem EZZ2Z we prove
that we can associate to any compatible system of Young measures with finite second
moment a suitable stochastic process on a probability space of the form (D x Q, P). The
variation accounting for the total-dissipation energy reduces in this language to the usual
variation of the stochastic process (Z;);c[or], considered as a function from [0, 7] into
LY(D x Q;R™),

The probabilistic language is useful in order to better explain the necessity to deal with
objects accounting simultaneously for more than one time instant: as the joint probability
of two events can be expressed by the product of the probabilities only if the events are
independent, in the same way the knowledge of the probability laws Z4(P) and Z;(P) is
not always enough to determine the probability law (Z, Z;)(P).

Hence we deal with a generalized formulation, in which the quasistatic evolution is
expressed in terms of stochastic processes Z;: DxQ — R™ and Y;: DxQ — RN*4 fort ¢
[0,T]. In case stronger hypotheses allow to describe the evolution with functions z(t): D —
R™ and Vo(t): D — RN*? they can be regarded as special stochastic processes Z; and
Y ; which do not depend on the variable w. In the general case of Z; and Y; depending on
both variables z and w, the stochastic process represent the limit of oscillating functions,
in a suitable topology; the role of the dependence on w is to describe the statistics of these
oscillations (see formula ZZ2).

In Chapter Bl which contains the result of [I7], the definition of a generalized notion
of quasistatic evolution is given in terms of both Young measures and stochastic processes,
and an existence result is proved, in a general framework (Z = R™).

The admissible set in which we look for the evolution is defined as the set of all stochastic
processes (Z, Y¢)iefo,r] on D x 2 with values in R™ x RN*4 which can be approximated in
a suitable way by means of functions on D satisfying the boundary condition. The proof of
a closure property for the admissible set, needed to show the solvability of the incremental
minimum problems, represents one of the most technical points of this chapter: it requires
the usage of an equiintegrability result, in the version proposed by Fonseca, Miiller, and
Pedregal (Decomposition Lemma, see [20]), and a careful diagonalization argument.

A globally stable quasistatic evolution is defined as an admissible process (Z, Yi)ielo,1]
satisfying the following conditions:

(evl) partial-global stability: for every ¢ € [0,T], we have
W(Zt(wvw)7Yt($vw)) dP($7w) < (2)
DxQ

< / W(Zi(2,0) + 5(2), Yy (2,0) + Vi(z)) dP(x,w) + / H () da,
DxQ D

for every Z € L?(D;R™) and every @ € Hi(D;RYN);
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(ev2) energy inequality: for every t € [0,T] we have

W(Zi(x,w),Y¢(x,w)) dP(z,w) + Varg(Z, P;0,t) <
DxQ

§/DW(20(:U),VUO(:£)) da:+/0 (o(s),Vep(s)) ds (3)

where o represents the stress (see Remark BZIT).

A basic tool in the proof of the existence theorem for this notion of evolution is a suit-
able version of Helly’s selection principle for compatible systems of Young measures (see
Theorem ZT0).

The stability condition we are able to prove for the evolution has a global character,
since there is no restriction on the norm of the competitors in the minimality property
(evl); nevertheless, due to hard technical difficulties occurring in the passage to the limit of
the approximate solutions, it is only possible to compare the evolution with its translation
by functions on D, and this does not allow to choose arbitrary random variables Z: D x
Q> R™ Y:DxQ — RV% 55 competitors in @). This is what we mean by “partial-
global”. For the same reason, only an energy inequality for time interval of the form (0,¢)
can be obtained.

An interesting question is the comparison of this existence result with the one obtained
in [21], i.e., can our result be regarded as a limit case of that analyzed by Francfort
and Mielke with a spatial regularization? The answer is yes: under the more restrictive
assumption that W is quasiconvex with respect to the deformation gradient, we show in
Section that the limit of the regularized evolutions converge to an admissible pair
satisfying properties (evl) and (ev2), as the regularization parameter tends to zero. This
provides an easier proof of our existence result in this special case.

As noticed above, the notion of quasistatic evolution presented in Chapter Blis based
on a global minimization procedure. One of the major drawbacks of this approach is the
possibility for the evolution to perform abrupt jumps from one potential well to another
one, without taking into account the barriers separating them. Therefore it would be
preferable to follow a path composed by local minimizers rather than global minimizers.

As observed in [32], in this context it is nontrivial to find a suitable definition for the
term “local”; moreover, the notion of locality should have some physical interpretation.

In the last years, many authors have dealt with this problem: see [I5], [I1], [8], [45],
[24]. They study regularized problems which take into account the contribution of viscous
forces, to obtain in the limit, as the regularization parameter vanishes, an evolution which
does not jump over potential barriers.

In Chapter B, which contains the results of [I8], we follow the same approach, adapted
to the framework of stochastic processes. The property of global stability is weakened and
replaced by a

(evl), stationarity condition: for every t € [0,T]

—dive(t) =0 (4)
¢(t) € 9H(0)
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where o (t) is the stress, {(t) is a dual variable associated to the stochastic process
¢+ (see Remark LG for the definition), and OH is the usual subdifferential of

convex analysis.

Moreover, we want to adopt a selection criterion based on a sort of viscous approximation
among stochastic processes satisfying (), (), and the energy inequality [Bl): we will accept
as a solution of the quasistatic-evolution problem only those stochastic processes which
are attainable as limit of solutions to suitable regularized evolution problems. For this
reason this evolution will be called approzimable.

These auxiliary problems can be solved in usual function spaces, and given a regu-
larization parameter ¢, they consist in finding a pair of functions (z.,v.), satisfying the
boundary condition and absolutely continuous with respect to time, such that the following
equalities hold:

(a) equilibrium condition: for a.e. t € [0, T
—dive(t) — eAv.(t) = 0; (6)
(b) regularized flow rule: for a.e. t € [0,T]
5.(t) = N2(C.(1)) ae.in D,

where N (¢) is an approximation of the normal to K, defined by N3 (¢) := %(C — Px(Q)),
Py being the projection onto K := 90H (0).

An easy computation shows that conditions (a) and (b) for e-regularized problems are
equivalent to the following properties:

(1) equilibrium condition: for a.e. t € [0,T]
—dive.(t) — eAv.(t) =0 (7)
modified dual constraint: for a.e. t € [0,T]
C.(t) —ez(t) € OH(0);

(2) energy equality: for every t € [0,T],
W(z:(t) / H(2:(s))ds + z—:/ |2-(5)]|3 ds +

/O (Ve (5), Vie(s) — Vep(s)) ds = W(z0,v0) +

+ /O (02(5), Vp(s)) ds.

Thanks to the effect of the viscous regularization, we can reproduce the standard argu-
ments of time-discretization and construction of approximate solutions in the framework
of Sobolev spaces, as in the convex case. Indeed, the incremental minimum problem
corresponding to the evolution equations (1), (2) is as follows:

min {W(z,v) +H(z = 2(ti-1)) + 551z — 2(tim1) 3 + o5 Vo = Vot 3}, (8)

among all (z,v) admissible at time ¢;, where 7; is the time step ¢; — ¢;_1; under suitable
regularity assumptions on W, the functional in (H) is strictly convex for 7; sufficiently
small, so that the minimizer exists and is unique.
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The particular structure of these minimum problems allows to prove not only the
existence in Sobolev spaces, but also the regularity with respect to time and the uniqueness
of the solution (z.,v.) to the e-regularized problem.

Unfortunately, in the limit as ¢ vanishes, (z.,v.) may develop stronger and stronger
oscillations in space, since we loose the convexification effect of the regularizations and
come back to the nonconvexity of the original problem. Therefore, in general we cannot
expect to describe the approximable evolution in terms of functions rather than stochastic
processes.

Theorem proves that the limit as ¢ tends to 0 of a suitably chosen subsequence
(z¢,, Ve, ) satisfies the stationarity condition (@), (H), and the energy inequality (@), but also
in this case we are not able to obtain neither a complete energy balance nor a uniqueness
result.

The last part of Chapter El (Section EE7)) provides an explicit example which shows that
the notion of globally stable quasistatic evolution and that one of approximable quasistatic
evolution lead to different solutions. The simplified assumptions considered there allow to
prove that there exists a unique approximable evolution, which lives in function spaces,
and both the internal variable and the deformation gradient are spatially homogeneous.
Theorem shows that this evolution does not fulfil the requirements of the definition
of globally stable evolution, since the stability condition is violated.

We have so far considered a very general setting with Z = R™. If we are interested in
a material with a finite number of phases, it is reasonable to analyze the case in which Z
is a finite set {0, : a=1,...,q}. In Chapter B, which presents the results of [T9], we
consider the quasistatic evolution problem in this particular settingfi.

As in Chapter Bl the lack of convexity of the energy functional requires to study the
problem in the extended framework of Young measures, but the fact that Z is finite makes
it meaningless to consider translations of the internal variable or viscous regularizations.
On the other hand the discrete setting brings significant advantages from a mathematical
point of view; indeed, the Young measure which is going to substitute the internal variable
is a measure on D with values in Z, hence it has finite moments of every order. We will
see in the sequel that this point is crucial in order to improve the notion of quasistatic
evolution with respect to the one considered in Chapter Bl

For this discrete case it seems to be more convenient to use the Young measure for-
mulation instead of the probabilistic one, since the first one lends itself to a more evident
mechanical interpretation.

To motivate this claim, let us recall that every probability measure on a finite set can
be written as a linear combination of Dirac measures; in this sense the finite sequence of
coefficients (whose sum is 1, since we deal with a probability) identifies the measure. In
particular, this holds for the disintegration of any Young measure on D with values in Z.

In the same way, we can deduce that every compatible system on D with time set [0, 7]
and values in Z can be represented by a suitable family of finite sequences of functions on
D with values in [0, 1], in the following way. Given a compatible system p and an index

{t1,...,tn}, to the element p, , is associated a sequence (bf)}l':fgn)(al7___7%)6{17___,(1},1 in

6In this discrete setting we consider the more general case in which the dissipation rate H is a distance
on Z, not necessarily generated by a norm.
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L*>(D;[0,1]) through the relation:

Bty = Z bEl tgn 5(9,117 a,) Torae zeD,
(a1,.,am)
where pj, , represents the disintegration of p;, , , and 5(9(117.“,9%) is the Dirac measure
centered in the vector (fq,,-..,04,).

An analogous representation is proposed for the Young measure substituting the pair
(2, Vv) in the stored-energy functional, but in this case we have to deal with finite se-
quences both of coefficients and of Young measures, since the gradient of the deformation
takes values in the continuous set RV*? (see Lemma EZ33).

In this language, when we deal with a Young measure on D with values in Z which is
representable by a function z, the coefficient b, (x) associated to &g, is given by

ba(z) = {1 if z(z) = 0o

0 otherwise.

In this particular case, the Young measure representation can be interpreted in the follow-
ing way: the material assumes a pure phase distribution, i.e., to every point x is associated
a pure phase ¢ € Z. While in the general case we say that the material has a mized phase
distribution meaning that at each point x we have a mixture of phases 6, with volume
fractions b, ().

The compatible systems describe the evolution of the phase distribution from a statis-
tical point of view: if we consider two time instants s < t, bgtﬁ(x) represents the volume
fraction at « undergoing the phase transition from 6, at time s to g at time t.

Thanks to these remarks, the formulation of a notion of quasistatic evolution in terms
of a family of finite sequences of coefficients b and a family of finite sequences of Young
measures A seems to be the most appropriate one for the discrete case.

The set of admissible pairs (b, A) is described by approximation properties by functions,
in this case taking values in Z x RV*4,

As in Chapter Bl we consider an evolution based on a global minimization process;
indeed we cannot use the viscously regularized problems in the discrete case, since their
solutions may not satisfy the constraint of taking values in Z x RY.

The stability condition in terms of (b, A) is the following:

(evl)y partial-global stability: for every t € [0,T] we have

Z/Dx]RNxd ba(m)W(QQ’F) d()\a)(l’,F) <

< Z/ Mpa(2)bL(2)W (85, F + Vi(z)) dX. (2, F) + ()

xRN xd

+§Hwﬁ,9a> /D Mo ()bl (z) da,

for every @ € H(D;RY), and every measurable function M on D with values in
a special set of g X g real matrices.

The elements of this set are the matrices with nonnegative entries such that the sum of the
entries of each column is 1; in probabilistic language they are called stochastic matrices
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(see, e.g., |2, Part 2]), and their entries Mg, represent the probability of a transition from
phase 6, to phase #3. In our model, Mgz, (x) is the proportion of the volume fraction at
x originally in phase 6, undergoing a phase transition to 63. According to the picture
described so far, the quantity

H(eﬁa ea)MBa($)bg($)
can be interpreted as the energy density dissipated at the point x by the phase transition
from 6, to 63. Therefore, the following expression

OCZ’B:H(Hﬁ’HQ)/DMﬁa(x)bQ(l‘) dx

represents the energy which would be dissipated on the whole domain D, if we performed
the microscopic phase transitions determined by M.

We observe that any other phase distribution (b, ), can be obtained by the action of
a suitable stochastic matrix: indeed, it is enough to choose Mg, () := bs(z) for every
«, 3. Therefore, even though this notion of stability shares the partial character with the
stability condition in Chapter Bl it seems to be better, since the minimality property is
now satisfied with a quite large set of competitors including all possible rearrangements
of the phase distribution.

From the stability property we can deduce a pointwise condition. If we call active at x
the phases 0, for which bl (x) > 0, then the Euler equation for the internal variable can
be written as follows: for a.e. x with active phase 6,, we have

W (0o, F) d / W (05, F) d(\L)(F) + H(8,60),
RNX

for every ( (see Section fl). According to the above physical picture, this condition can
be interpreted as a pointwise optimality condition of the active phases.

Clearly, an Euler equation for the deformation can be derived as well: it is the same
classical equilibrium condition on the stress o we have found in the case Z = R (see
Remark for the definition of o in terms of (b, \)).

The energy inequality expressed in terms of (b, A) takes the following form:

(ev2)y energy inequality: for every t; <ty in [0,7] we have

q
Z/ b2(2)W (04, F) dX2(z, F) + Dissy (b; t1,t2) <
DxRNxd

a=1

<Z/

The dissipation Dissy (b;ty,t2) is defined by

to

bl (2)W (04, F) d)\fxl(a:,F)—i—/ (o(s),Ve(s)) ds.

XRNxd t1

k
Dissp(b;ty,te) == supZZH(Hg,Ha)/ bgglsi(x) dx, (10)
D

i=1 af
where the supremum is taken over all partitions 1 = sg < -+ < s = t9 of the interval
[t1,ta].
As remarked in [M1], Young measures “determine the asymptotic local distribution
of function values but contain no information about the direction, length scale or fine
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geometry of the oscillations”, therefore it is still not clear which should be the right
notion of dissipation energy given in terms of Young measures and solving the lack of
information about micro-patterns highlighted in [32]. Nevertheless, in this discrete setting,
it is possible to show how our definition of dissipation depending on functions biiﬁ’lsi (see
() fills in some gaps of the notions proposed in [32], [27], [87], which only take into
account the contribution of single time instants (be ™' and by in our language). Indeed,
consider the case of a homogeneous phase distribution by ' = 1/q for every a; if we
suppose that the material undergoes a transition from s;_1 to s; just permuting the phases
and leaving the volume fractions unchanged, we have b* = b%~!; hence the dissipation
computed using only b* " and b* is zero, while the dissipation energy computed using
our formula with b*-'% depends on the permutation and it is not zero.

Due to the partial character of the stability condition, we cannot still have a complete
energy balance; nevertheless the energy inequality holds here for any pair of time instants,
and not only for intervals of the form (0,1).

In Theorem we give an existence result for this improved notion of quasistatic
evolution, assuming just suitable continuity and growth hypotheses on the energy density
W and its partial derivatives with respect to the deformation gradientt].

The proof of this theorem follows the classical scheme already mentioned; the new fea-
ture concerns the choice of the solutions to the discretized minimum problems. In the
spirit of [T4], we use the Ekeland Principle to select minimizers satisfying special approx-
imability properties. Then the regularity results for quasi-minima of integral functionals
(see [B] and [22]) are used to prove a uniform bound on the moments of order 2r > 2
of the selected minimizers, and consequently of the approximate solutions. Clearly, the
regularity argument applies only to the “gradient part” of the Young measure substituting
(2, Vv), i.e., to the projection over the set D x RV*? of this measure; this is the reason
why it is fundamental that the “internal variable part” of the measure, i.e., the projection
over D x Z, has equibounded moments of every order.

As a by-product of this selection procedure in the construction of approximate solutions
(bf,AL), we get the continuity of the functional

N = [ S W 00 F) dN e )

Thanks to this continuity property, we are able to obtain in the limit the stability condition
and the energy inequality written above. A technical difficulty in the proof of the stability
condition is the approximation of the right hand-side of (@) by integrals corresponding to
functions satisfying the prescribed boundary condition. This is done by adapting to our
problem the classical Riemann Lebesgue Lemma.

"These assumptions are actually weaker than those in Chapter Bl and Chapter Bl where it is necessary
to require some condition of Lipschitz type on W.



CHAPTER 1

Mathematical preliminaries

In this chapter we fix some notation and recall some results which will be useful in the
sequel.

In the whole thesis D will be a bounded, connected, open subset of R?, for d > 1, while
= will denote a finite dimensional Hilbert space.

1.1. Functions

The Lebesgue measure on R? is usually denoted by £¢, while H* is the k-dimensional
Hausdorff measure; we sometimes use the notation |E| for the Lebesgue measure of a
measurable subset F of R%. The Borel o-algebra on D is denoted by B(D). The symbol
15 indicates the characteristic function of a subset B of R%.

For 1 <p < 400, || - || is the usual norm on LP, while W1?(D;RY) denotes the usual
Sobolev space of all LP functions from an open domain D C R into RN, with L? first
derivatives. We indicate W12(D;RY) with H'(D;RY™). The symbol (-,-) will denote a
duality pairing depending on the context.

Given a function f € L'(D) and a measurable subset £ C D, the mean value of f over
E is denoted by (f)g , i.e.

(e =l [ $@) do = ff(@) da.
E E
We recall the well-known following lemma.
LeEMMA 1.1.1. Let f € L*(D), and consider a finite measurable partition (D;)!_; of D.
The projection of f onto the space
K:={geL*D) : 9\p, s constant for everyi=1,... I}
18
I

P’C(f) = Z(f)DilDi'

i=1

The classical Riemann Lebesgue Lemma (see, e.g., [43], pg. 121]) will be fundamental
for the results in the last chapter.

LEMMA 1.1.2 (Riemann Lebesgue Lemma). Let us consider f € L>(]0,1]4;R™) and
extend it by periodicity to all R%. The sequence f5(x) := f(5) satisfies

fs — f(x) dz  L°°-weakly*,
[0,1]¢
as 6 — 0.

15
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A function f: D x Z — R is said to be a Carathéodory function if f(x,-) is continuous
for a.e. x € D and f(-,§) is measurable for every £ € E. The space of all continuous
functions ¢: D x = — R, such that |¢| > € is compact for every ¢ > 0, is denoted by
Co(D x E). The following classical result (see, e.g., [T6], Section 1.3]) will be very useful
in the next chapter.

LEMMA 1.1.3 (Scorza-Dragoni Lemma). Let A and B be Borel subsets of R? and R,
respectively, with A compact. Consider a Carathéodory function f: D x B — R. Then
for every € > 0, there exists a compact set K. C A such that |A\ K| < e for which the
restriction of f to K. X B is continuous.

The symbol M%:q denotes the set of all stochastic matrices of size g X g, i.e. the set of
all matrices (Mpgq)ga With
o 0 < Mg, <1 for every a, (3,
o > 5 Mpo =1, for every a.

Before concluding this section, we want to to point out some properties and to introduce
some new notations related to the integral functional H: L'(D;R™) — R, defined by

H(z) := /DH(z(x)) dz,

where H: R™ — [0, 400) satisfies the following assumptions:
e H is positively homogeneous of degree one and convex;
e there exists a positive constant A, such that /6] < H(6) < A|6].

From the hypotheses on H, it follows that H is lower semicontinuous with respect to the
weak topology of L?(D;R™) and satisfies the triangle inequality, i.e.

H(Zl + 22) < H(Zl) + H(Zg).
For every € > 0 we define the function H.: R™ — R as
H.(0) := H(0) + §|9|2, (1.1.1)

and the corresponding integral functional H.: L?(D;R™) — R as

H.(2) = / H.(2(x)) da. (1.1.2)
D
The convex conjugate H}: R"™ — R of H, is

HZ(¢) := sup {C0 — H.(0)}.
feR™

Since the convex conjugate H* of H is the indicator function of the convex set K := 0H(0)
(see E4l Theorem 13.2]), using [44l, Theorem 16.4], it can be proved that

H(C) = 51¢ — P (), (1.1.3)
where Pg: R™ — K is the projection onto K. Therefore H is differentiable with gradient
N5 (¢) = 2(¢ = Px(C)). (1.1.4)

In particular Ny, is Lipschitz continuous.
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Let H:: L?(D;R™) — R be the convex conjugate of H.. It can be easily shown (using
a general property of integral functionals, see e.g., [16 Proposition IX.2.1]) that

(0 = [ HEC) da.
so that the gradient OH} is given by

OH:I(()(x) = N (¢(x)), forae. z€ D. (1.1.5)

Therefore OH} is Lipschitz continuous.

1.2. Quasi-minima

The results in the last chapter are based on some regularity theorems concerning quasi-
minima of integral functionals. We now briefly recall the notion of cubic quasi-minimum,
introduced by Giaquinta and Giusti in [22], and the related results.

Given ¢ € H'(D;RY), let G be the functional defined by

G(v) =G(v,D) := /DG(a:,Vv(a:)) dx

for every v € ¢ + H3(D;RY), where G: D x RN*4 _ R is a function satisfying
|Gz, )] < L(FI* +1)
for a suitable positive constant L, for every (z, F) € D x RNV*4,

DEFINITION 1.2.1. Let Q@ > 0. A function v € H'(D;RN*?) is said to be a cubic
Q-quasi-minimum for the functional G if for every cube of side R, Qr CC D, and for
every function w € HY(D;RN*?) with supp(v — w) C Qr, we have

g(U, QR) < Qg(w7 QR)

We restrict our analysis to the particular case of G(F) = 1+ |F|?, since this is the
integrand we will consider; for the reader’s convenience, we recall the statement and
the proof of the Caccioppoli inequality for quasi-minima of the corresponding integral
functional: for our purposes, we need a slightly different statement of the result contained
in 23, Theorem 6.5]; our statement does not involve the L? -norm of the quasi-minimum
but it is valid for every cube Q. The precise result we will use is the following.

THEOREM 1.2.2. Let v € HY(D;RY) be a Q-cubic quasi-minimum of the functional
G(w) = / (1+ |Vol?) da.
D

Then there exist a positive constant C > 0, depending only on Q, such that

1
][|W|2 dz < C{ (][|W|2m d:n)ﬁ + 1}, (1.2.1)

QRry2 Qr

or every cube CcC D, where m = ——.
[ Y Qr 51 d
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PrOOF. Let R/2 <t < s < R. We consider a cut-off function n € C§°(Qs), with
0<n<1,mn=1onQ and |Vn| < % Let ¢ := n(v — vs), where vy denotes the mean
value (v)g, of v over Q)s; define a function w by w := v—¢, so that w = vs+(1—n)(v—vs).
We have

/ Vol de < / (Vo2 +1) do +/ V62 — [Vol?| da; (1.2.2)
Qs Qs Qs
Since by construction V¢ = Vv on ¢, we have

/ Vo> — |Vo|?| do = / [[Vo|> — [Vo|?*| dx < (1.2.3)
Qs Qs\Qt

< 2{/ |Vo? dx—i—/ |Vw|* dx].
QS\Qt Qs

Moreover, by the quasi-minimum property of v, we have

/ (Yol +1) da gQ/ (V2 + 1) da (1.2.4)
s Qs
therefore (CZZ), (CZJ)), and (CZF) imply
/ |Vo|? dx :/ \Vo|? dx g/ |Vo|? dx < (1.2.5)
Qt Qt Qs
< (Q+2)/ (|Vw|* 4 1) dx—i—2/ |Vo|? da.
Qs Qs\Qt

Using the relation
[Vwl? = (1= n)Vo+ (v —v)Vn|* < (1 = n)°|Vo|* + (s = ) *[o — vy ],
we obtain from ([L2ZI)
|Vol? de < (c+1)(Q + 2){/ |Vo|? dz +
Qs\Qt

Q1

o e
P /QS o — vl dz +1Qu}. (1.26)

Since we have

/ lv — ve|? d < c/ lv —vg|? d,
s QR

/ IVul? do < (e +1)(Q + 2){/ \Vol? dx +
t Qs\Qt

1
(s =)

Now we use the “hole filling” method: we add to both terms of (CZT) the quantity

([CZT) implies

+ / v —vg|?* dz + |Qs|}. (1.2.7)
Q

R

(c+1)(Q+2) [ |Vu?da,
Q¢
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to get
1
Vol dx < 0/ |Vo|? da + 72/ lv —vgl* dz +|Qr|,  (1.2.8)
Q: Q:\Q: (s =1)* Jan
with 1 > 0 := % Therefore, we are in the position to apply the same technical
Lemma as in [23] (see [23] Lemma 6.1]), obtaining
1
/ Vo2 de < c{ﬁ/ o~ onl? da + Q| 1 (1.2.9)
QRry2 Qr
Set now 2, := 224_—dd, we have 2, < d and
2.d
2.) = =2;

hence, by the Sobolev-Poincaré inequality (see [23l formula (3.32)]), we have

2/24 1/m
/ lv — vg|? dz < c</ V| dx) = c</ | Vo2 da:) ,
Qr Qr Qr

which together with ([C2Z9) gives ([C2ZT). O

If we deal with quasi-minima satifying a prescribed boundary condition, the following
result can be proved with similar arguments (see [23] Section 6.5]).

THEOREM 1.2.3. Let V.€ WHP(D;RN), for 2 < p, and let v € V + H(D;RY) be a
Q-cubic quasi-minimum of the functional

Glw) = /D (1+ [Vo(z)?) de,

i.e., for every cube Qr C R%, and every w € H'(D;RYN) such that v — w € H}(DNQg)
we have

/ (1+ |Vol) dz < @ (1+ |Vol?) da.
(QrND) QrND

Then there exist a positive constant C > 0, depending only on Q, such that

1
V(v — V)2 dz < o{( V(v — V)2 dx) "y 1}, (1.2.10)
QRr/2 Qr

for every cube Qr C R%, where m = and v —V is extended to 0 in Qr \ D.

d
2+d
Using Theorem and Theorem [CZ3 we can obtain as in [23] Theorem 6.8] the
following result

THEOREM 1.2.4. Let V. € WIP(D;RY), for 2 < p, and let v € V + H}(D;RY) a
Q-cubic quasi-minimum of the functional

G(w) = /D(1 +Vw(@)[?) da.

Then there exist constants v > 0 and r > 1, depending only on Q and V', such that

/D [Vo|*" dz < ’y{(/D Vol dx)" + 1}. (1.2.11)
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1.3. Measures

In this section we collect some technical tools concerning measures in general, and
Young measures in particular.

We will use the following notation: mp and w= will denote the usual projections of the
product space D x = on D and = respectively; in the case = = = x 5y, 7=, will denote the
projection of D x =1 x 29 on D x E; and 7=, the projection of =1 X Z9 on Z;, for 7 = 1, 2.

We denote by My(D x =) the space of all bounded Radon measures on D x =; this
space can be identified with the dual of the Banach space Co(D x =). We will consider on
My (D x Z) the weak™ topology deriving from this duality.

Let (A, F) be a measure space, Z a finite dimensional Hilbert space, and p € My(D X E);
for every B(D)-F-measurable function f: D x = — A, the image measure, defined by
wu(f~Y(B)) for every measurable set B C A, will be denoted by f(u); for every bounded
measurable function g: D — R, the product gu is defined by

0(a.€) dign)(w€) = [ gl@)ola,6) du(a.©).
Dx= Dx=
for every bounded Borel function ¢: D x = — R.
We recall the following classical result (see, e.g., [46l, Appendix A2]).

THEOREM 1.3.1 (Disintegration Theorem). Let v and p be nonnegative measures in
My(D) and My(D x E), respectively, such that mp(u) = v. Then there exists a measurable
family (u*)zep of probability measures on Z, such that

Fa&)dnte.) = [ ([ @) dvia),

for every bounded Borel function f: DxZ — R. The measures u* are uniquely determined
for a.e. x € D and we will write

Dx=

= /D,ux dv(x). (1.3.1)

The space Y (D; =) of the Young measures on D with values in = is the space of all
nonnegative measures p € My(D x Z) such that

mp(p) = L%, (1.3.2)

Applying the Disintegration Theorem to p € Y (D; =), we deduce the existence of a mea-
surable family of probability measures on =, (u*),ecp, with

u://ﬂdaj.

Fixed p > 1, YP(D;E) denotes the space of all u € Y(D;E), whose p-moment

| it = [ (L an
is finite.

Given &y € =, the measure dg, € M;(E) is defined by

79 dsey(6) = (&),



1.3. MEASURES 21

for every bounded Borel function f: 2 — R; fixed a B(D)-B(Z)-measurable function
u: D — =, the Young measure d,, € Y (D; =) is defined by

/Dxag(aj’g) dby(z,§) = /Dg(iﬂ,u(x)) dx,

for every bounded Borel function g: D x Z — R. In particular d¢, is the Young measure
associated to the constant function u(z) = £, which should not be confused with the
measure Og,.

We say that a sequence puy in Y(D;E) weakly® converges if it converges in the weak™
topology of My(D x =).

REMARK 1.3.2. Since the total variation of a Young measure p is |p|(D x ) = £L4(D),
Y (D; Z) is contained in a bounded subset of the dual of a separable Banach space, therefore
it is metrizable with respect to the weak™ topology.

In this thesis we deal with Young measures with finite p-moment, therefore it is worth
defining the following notion of convergence.

DEFINITION 1.3.3. We will say that ur — p p-weakly™ if the p-moments of ;. are
equibounded and pj — p weakly™*.

We recall that Y (D; E) is not closed with respect to the weak™ convergence, differently
from YP(D; =), for p > 1, which is closed under p-weakly* convergence, as we can deduce
from the following remark.

REMARK 1.3.4. If py is a sequence in Y (D;Z) and pp weakly® converges to some
€ My(D x Z), then for every positive Carathéodory function f on D x Z we have

£, €) du(e,€) < timint [ f(r,€) dun( ), (183

Dx= Dx=

(see [M6l, Theorem 4]). In particular, if a sequence (ug)r C YP(D;E) p-weakly* converges
to a measure u € My(D x E), then p € YP(D;Z); moreover from the previous remark
we can deduce that a sequence in YP(D;Z) with equibounded p-moments has always a

subsequence which converges p-weakly™.
The following lemma is a slight modification of 3], Proposition 6.5, pg.103].

LEMMA 1.3.5. Let 1 < p < oo, and let (ug)r C YP(D;E) satisfy pr — p p-weakly™,
for a suitable p € YP(D;Z). Then, for every Carathéodory function f: D x = — R, with
|f(x,8)] < alz)+b(x)|E]9, for every x € D, § € 2, for suitable 1 < q < p, b a nonnegative

P

function in LP—=4(D), and a a nonnegative function in L'(D), it holds

DxE DxE

In particular, if ux — p p-weakly®, then 7;(ux) — 7;(n) in YP(D;Z;), as k — oo, for
i=1,2.

PRrROOF. It is enough to prove the statement for f > 0.
Let us suppose first that f has compact support and is uniformly bounded by a constant
N. By Lemma , for every € > 0, there exists a measurable subset D, of D, such
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that |D.| < e, D\ D; is compact, and the restriction to D \ D, of f is continuous. Hence
f€Co((D\ D;) x E). Therefore, for every € > 0 we have

/ F(@,€) dug(a,€) — F(@,€) dulz, ),
(D\D:)xE

(D\D:)x=

as k — oo. On the other hand, we have

sgp/ f(z,8) dug(z,6) < Sl}ipNﬂk(De X Z) = N|D.| < Ne — 0,
D:.x=

as € — 0, and the same holds for y. Hence in this case the result is proved.

Let us consider now the case of f uniformly bounded by a positive constant NV, and
such that £ — f(x, &) has compact support K C =, for a.e. z € D. For every ¢ > 0, let Ds
be a measurable subset of D with |Ds| < §, and consider a cut-off function 7s: D — [0, 1],
with 75 p\p; = 1. The function 7;f is uniformly bounded with compact support; hence,
by the previous step of the proof, we know that for every § > 0

|t dinw&) = [ _as(o)@.6) due.).

Dx=

as k — oo. On the other hand, we have

Sllip/ (1= ns(@)) f (2, €) dpir(,€) < sup Npu(Ds x 8) = N|Ds| < No — 0,

DxE

as 0 — 0, and the same holds for pu. Therefore, also in this case we have proved the thesis.
Suppose now that & — f(z,&) has compact support K C =, for a.e. x € D, and that

there exists a function ¢ € L'(D;R) satisfying f(x,¢) < c(x) for every ¢ and a.e. z. Let

fn: D x 2 —[0,00) be defined by

fN(‘Taé‘) = min{f(x7§)7min{N7 C(l’)}},

for every £ and a.e. x, and for every N > 0. It is immediate to see that

Il €) = {N if N <c¢(x) and N < f(x,€) .

f(x,&) otherwise

In particular fx(z,&) < N, for every £ and for a.e. z. Therefore, by the previous step, for
every N > 0 we have

fN($7£) d:uk($7£) - fN(x7£) d:u(x7£)a

DxZ= DxZ=

as k — oo. On the other hand, |f(z,£) — fn(z,€)| < (c(x) — N)T, so that

sup [ 150, = € i, €) < el = N) 1 — 0,
DxE
as N — o0, and the same holds for . Hence we can conclude that the result is true also
in this case.
Finally, let us consider the general case. For every t € R, define a cut-off function
ne € C*(E,10,1]), with supp(n:) € {[§] <t + 1} and nyjg¢<;y = 1. Thanks to the growth
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hypothesis on f, n:(§)f(x,&) < a(x) + b(x)(t + 1)? , for every t; therefore we are in the
hyptheses of the previous case and

[ s i) = [ n©f@ duta.o

DxZ=

as k — oo. To conclude, it is now enough to show that

swp| [ (1= @) (@.€) dla, &) =0 (134)

[0 @58 dute. 6] o

as t — oo.
To this end, let us suppose first that b is a constant function, and consider for every n
the function

ful2,§) = min{f(z, §), min{a(z),n} + b[¢[*},

for a.e. x € D and every £ € =. It is immediate to see that

_ Jn4blg ifn < a(x) and n+b[E]7 < f(x,€)
Fulz,€) = {f(x,ﬁ) otherwise.

Hence |f(z,&) — fn(x,€)] < (a(x) —n)T, so that

Sup/ Nf(@,8) = fal@, O dpw(z,€) < ll(a() —n) Tl — 0,
Dx=

k
as n — oo. On the other hand 0 < f,(x,£) < n + bl¢|?; therefore, we have

0< / (1= () o €) dpin(a,€) < / Fule €) dyup(a,€) <
DxZE {(=,8) : |¢§]>t}
< o [ I+ blel) () < (135)
Dx=

1

< oD [ e de.6);

since the p-moments of u are uniformly bounded, we deduce from ([C3ZH) that

sup /D /D =) fale,) din(a.) =0,

as t — oo, and the same occurs to u. Hence we have shown that (L3 holds for every

positive function bounded from above by a(z) + b|¢]9.
p

Consider now the general case of b € LP—4(D). For every m define
fm(@,€) == min{f(z, &), a(z) + min{b(x), m}|¢|*}
for a.e. x € D and every £ € =. As before, we have

a(z) +ml¢]? if m < b(x) and a(z) +ml¢]? < f(z,€)
f(x,8) otherwise,

fm(x7§) = {
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so that |f(z,&) — fm(x, )] < (b(z) — m)T|£]9. Therefore

sup [ 15, = fnla &) i €) < 160 — ) _o_sup ([ 6P dus(,)+1),
DxZE DxZ=

k p—q k

which vanishes as m — oo, thanks to the uniform bound on the p-moment of p;. On the
other hand 0 < fp,(z,€) < a(z) + m|£|9, so that we can apply the partial result obtained
above to deduce that, fixed m,

sup [ (1= € 0. €) dhr.€) — 0,
Dx=

k

/D><:(1 - nt(f))fm(l',f) d,u(x7§) -0,

as t — 0o, which concludes the proof. O

For every g € LP(D; =), the translation map 7, from D x Z into itself is defined by
Ty(x,€) == (x,& + g(x)). We can deduce from Lemma (L33 the following result.

—

LEMMA 1.3.6. Let (ux)x be a sequence in YP(D; =), such that p, — p p-weakly®. Then
Ty(uk) — Ty (1) p-weakly®, for every g € LP(X;Z).

More in general

LEMMA 1.3.7. Let puy, — p p-weakly™ and (gi)r be a bounded sequence in LP(D;E) with
gk — g strongly in L*(D;=). Then Ty, (ux) — Ty(1) p-weakly*.

PROOF. Since (gi); is bounded in LP(D;E), the p-moments of 7y, (u) are equi-
bounded. We now prove that 7y, (u,) — 74(p) weakly*. Since Co(D x Z) is the closure of
C5° (D x Z) with respect to the norm |||/, thanks to (L32), to prove that 7y, (k) — (1)
weakly™* it is enough to show that

Dx= Dx=

for every f € C3°(D x E).
Let f € C5°(D x =), we have

Fa.§+9(@) dula.©) = | o€+ gule) dun(e, )| <

‘ Dx= Dx=

F(@, €+ g() du(,€) = | f(@.€+g(x)) dunlw,€)] +

<|
Dx= Dx=

+/ F@. €+ 9(@)) — F@.€ + gu(@)] dug (. €).
Dx=

By the Lipschitz continuity of f and (C32), the last line can be estimated by c||g — gk|l1
for a positive constant ¢; Lemma implies now the thesis. O

If we deal with Young measures generated by gradients, the following Lemma, in the
version of Fonseca, Miiller, and Pedregal (J20, Lemma 1.2]), can be very useful.
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LEMMA 1.3.8 (Decomposition Lemma). Let (v;); be a bounded sequence in H'(D;Z).
Then there exists a subsequence (vj, )i of (vj)j, and another sequence (wy)i bounded in
HY(D;Z), such that

LYvj, # wy or Vv, # Vwg}) — 0, (1.3.6)
as k — oo, and (|Vwy|?) is equiintegrable.

Note that condition ([C38) implies that both sequences (Vvj, )i and (Vwy)i generate
the same Young measure, i.e., 6V”ﬂ'k and 0y, converge to the same Young measure.

Using part of the arguments of [20] and a more careful diagonalization argument, it
can be proved the following Lemma.

LEMMA 1.3.9. Let (vj); be a bounded sequence in L*(D;E) such that there exists a
Young measure j € Y2(D7H) with &,, — p weakly*. Then there exists another sequence
(w;);, bounded in L*(D;E), such that

LY{vj # wi}) — 0, (1.3.7)
as j — o0, and (|w;|?); is equiintegrable.

The following theorem (see [B]) gives an important convergence result in case we deal
with equiintegrable sequences.

THEOREM 1.3.10. (Fundamental Theorem for Young measures) Given a Young measure
i, generated by a sequence of functions (u;);, and a function f € C(Z;R) such that the
sequence (f(u;)); is weakly sequentially relatively compact in L*(D), then

fluj) — fu weakly in LI(D)

where the function f, € LY(D) is defined by fulz f_ €) for a.e. x € D. In
particular

/ flu@) do— [ 1) dutr. )

The barycentre of a Young measure p € YP(D;Z) is the function bar(u) € LP(D;E)
defined as

bar(u)(z) := /:f du*(€),
for a.e. x € D. i

LEMMA 1.3.11. Let py be a sequence in Y2(D =), such that py — p 2-weakly*. Assume
that there exists a sequence of functions vy € HY(D;Z) such that Vi, = bar(uy) for every

k. Then there exists a unique function v € H}(D;E) such that v, — v weakly in H* and
Vv = bar(p).

PROOF. Since ||V} <[5, = [€]? duy(z, £) which is bounded uniformly with respect
to k by hypothesis, using Poincaré inequality we can deduce that there exists a subsequence
vk, and a function v € H}(D;E), such that vy, — v weakly in H!. Using the definition
of barycentre and Lemma [[31, we deduce that Vv = bar(u) and hence Vg, — bar(u)
weakly in L2(D; Z); together with Poincaré inequality, this implies that the whole sequence
vy, converges to v weakly in H'. O






CHAPTER 2

Compatible systems of Young measures:
the stochastic process formulation and the discrete case

In this chapter we present the definition of compatible system of Young measures with
finite p-moment and the related notion of variation on a time interval. We propose an
alternative formulation of Young measures and compatible systems using probabilistic
language. Finally, we give a more explicit description of Young measures and compatible
systems with values in a finite set.

The results of this chapter are contained in [I7] and [19].

2.1. Compatible systems of Young measures

In this section we present the definitions and results related to the notion of compatible
system of Young measures.
Let 2 <p < 0.

DEFINITION 2.1.1. A compatible system of Young measures with finite p-moments on
D with time set T and values in [],.Z; is a family g = (pup) of Young measures pup €
YP(D;[],cp E¢), with F varying among all nonempty finite subsets of T', such that the
compatibility condition
~F
Ta(pkr) = Mg (2.1.1)
is satisfied, for every nonempty finite subsets G C F' of T, where ﬁg: D xIl,epZt —
D x HseG Es maps (LE, (&)tEF) in (J}, (68)860)'
The space of all such systems is denoted by SYP(D;]],c,Z¢); in the special case of
= = E, for every t € T we will use the notation SYP(T, D;E).
REMARK 2.1.2. Let Y?(D;Z)T denote the set of all families of Young measures with

finite p-moments on D with values in Z, indexed on the set 7. Given (y;)er € YP(D;E)7

we can always construct a compatible system p € SYP(T, D; Z) satisfying p, = i, for every
t € T. Indeed it is enough to define

wei= [ (8, i) da,
D teF

for every nonempty finite subset F of T'.

)

The space SYP(D;[[,crZ¢) will be equipped with the weakest topology for which
the maps p — pp from SYP(D;[],cp E¢) into YP(D;[],cp Z¢), endowed with the weak™
topology of My(D x [[,crZ¢), are continuous for every nonempty finite subset F' of T'.
We will refer to this topology as the weak™® topology of SYP(D; ][, E¢).

27
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From now on we consider the case in which the time set is an interval [0, 7.
The following two definitions concern different approximation properties with respect
to time.

DEFINITION 2.1.3. A compatible system of Young measures with finite p-moments g is
said to be left continuous if for every finite sequence t1, ..., t,, in [0,T], with t1 < -+ < t,,
the following property holds:

Msl...sm - Utl...tm p_Weakly*
as s; — t;, with s; € [0,7] and s; < t;. We will denote the space of all left continuous
compatible systems by SY?(]0,T], D; Z).

DEFINITION 2.1.4. Given a subset © of [0, 7] with £!([0,7]\ ©) = 0, a family of Young
measures v € YP(D; RM)OT] is said to be O-p-weakly* approzimable from the left if for
every t € [0,T]\ O there exists a sequence s’ in © converging to ¢, with s/ < ¢, such that

v, — vy p-weakly™ (2.1.2)
as j — 0.

REMARK 2.1.5. Note that the notion of p-weakly™ left continuity is much stronger
than ©-p-weakly* approximability from the left: indeed the first one requires that the
convergence condition is satisfied not only for a single time but for every finite sequence
of times, and does not depend on the choice of the sequence s} approximating ¢;.

The following theorem can be considered as a version of Helly’s Theorem.

THEOREM 2.1.6. Let u* be a sequence in SYP([0,T], D;=) such that

sup Var(u*;0,7) < C, (2.1.3)
k
sup sup/ E[Pdpk (z,€) < C*, (2.1.4)
te(0,T] k JDxE

for finite constants C' and C*. Then there exist a subsequence, still denoted by p*, a
set © C [0,T], containing 0 and such that [0,T]\ © is at most countable, and p €
SY*([0,T], D; Z) with

Var(p;0,T) < C, (2.1.5)
Jpyz [EPdp(x,6) < C* for every t € [0,T],
such that, for every nonempty finite subset F' of ©, we have
ko — g p-weakly*. (2.1.7)

The proof of this Theorem follows easily from Theorem 8.10 of [I0], since every Young
measure can be seen as a generalized Young measure and our more restrictive hypotheses
force the limit to be an element of SY?([0,T], D; E).

We define the variation of p € SY?([0,T], D;Z) on [a,b] C [0,T] by

xZk+1

k
Var(p; a,b) := SUPZ/D & — &1l Ay, (%, €0, - - -5 k)
i=1
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where the supremum is taken over all finite partitions a = tg < --- < t = b of the interval
[a,b] (with the convention Var(u;a,b) =0, if a = b).

If H: 2 — [0,+00) is positively homogeneous of degree one and satisfies the triangle
inequality, we can define the H-variation of pu € SY?([0,T],D;Z) on the time interval
[a,b] C[0,T] as

k
VaI"H(IMaa b) = SupZ/D . H(gl _éi—l) du/to...tk(x>£07"' agk)7 (218)
i=1 X=
where the supremum is taken over all finite partitions a = tg < --- < t = b of the interval
[a,b] (with the convention Vary(p;a,b) =0, if a = b).
Adapting the argument in [T0] (Theorem 8.11), it can be proved the following Lemma.

LEMMA 2.1.7. Let pu* be a sequence in SY?2([0,T], D;=). Suppose that there exist a
dense set © C [0,T] containing 0 and p € SY2([0,T], D;Z), such that
ko — pp 2-weakly*
for every nonempty finite subset F' in ©; then

Vary (p;0,7) < lign inf Vary (u*;0,T)

for every positively one homogeneous function H: E — [0,+00) satisfying the triangle
inequality.

DEFINITION 2.1.8. Fix a finite sequence 0 = ¢; < --- < t,,, = T in [0,T]. For ev-
ery p € Y2(D;Z™), it is possible to define the piecewise constant interpolation pP“c €

SY?2([0,T], D;Z) in the following way. For every finite sequence 71 < --- < 7, of elements
of [0, 7] let pry..7,: D xE™ xR — D x Z™ x R be defined by

pT1...Tn(x7£t17 oo agtm) = ($7£7'17 O ang)v

with &, = &, where j is the largest index such that t; < 7;. The compatible system of
Young measures with finite second moments puP"¢ is then defined by

M2 = Py, (1)

LEMMA 2.1.9. Let (u"), be a sequence in SY2([0,T], D;Z1) and (v™), a sequence in
SY2([0,T), D;Z1 x Z3). Assume that they satisfy 7=, (V?) = pl, for every t € [0,T), that

sup sup [ (6. &) dvf(e.61,62) <€, (2.1.9)
te[0,T] n DXx=1xE2

for a positive constant C, and that there exist a subset © of [0,T], containing 0, with
L0, 7]\ ©) =0, and p € SY2([0,T], D;Z1) with

e = My 2-weakly ™,

for every t; < --- < tp, in ©. For everyt € O let (n}), be an increasing sequence of
integers; then there exists v € SY?2([0,T], D; =1 x Za), such that 7=, (v¢) = p,, for every
t € [0,T] and satisfying the following properties:

t t
(1) for everyt € O, there exists a subsequence V:L'” of V:Lk such that

t
ki

v, — v 2-weakly™; (2.1.10)
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(2) for every t € [0,T]\ ©, there exists a sequence s? in ©, converging to t, with
s? <'t, such that

vy — vy 2-weakly*. (2.1.11)

The proof of this Lemma was contained in a preliminary version of [12].

PROOF. Fix t € ©; thanks to [ZI1), we can deduce that there exist v € Y2(D;Z; x
t

. t
Z9) and a subsequence (V:Lk’z)i of (v}*)y, satisfying (ZII0). Thanks to Remark [C34] and
Lemma [[30], for every t € © we have

/D @) dr@&,8) < C (2.1.12)

and 7=, (1)) = .-

Consider now the sets B; defined in the following way:

e if t € ©, B; denotes the collection of all v € SY?([0,T], D;Z; x =) such that
the second moments of vs are bounded by the constant C' appearing in (I3,
for every s € [0, T], and satisfying v; = v?;

e if t ¢ O, B; is the collection of all v € SY?([0,7T], D;=; x Zp), such that the
second moments of vg are bounded by the constant C' appearing in (ZT9), for
every s € [0,T], and for which there exists a sequence s/ in O, converging to t
with s/ < t, such that ng — vy, weakly*.

For every t € [0,T], By # (: indeed, if ¢t € © it comes immediately from Remark
applied to (V)0 € Y2(D;2)0T] defined by v, := 1 for every s € [0,T]; if t ¢ O,
thanks to [ZIIZ), there exist s/, with s/ € ©, s/ — tand s/ <t, and u € Y?(D;Z; x Z3),
such that l/gj — 1 2-weakly®, hence the second moment of p is bounded by C' and we can
apply Remark to (Vs)sefo,r) € Y(D; 2)I0] defined by vy := u, for every s € [0, 7],
and find an element of B;. Using Remark we can see that the set of all Young
measures j for which there exists a sequence s/ — t with s/ < ¢ and ng — p weakly* is
sequentially closed with respect to the weak™ topology (thanks to ([ZIIZ)); moreover we
observe that the set of all v € SY?([0,T], D;Z) with the second moments equibounded
by the constant C' is closed in the weak* topology of SY?2([0,7], D;Z), therefore, using
again Remark [[32 we can conclude that, for every ¢ € [0,7T], B; are closed subsets
of SY?2([0,T),D;Z; x ), endowed with the weak* topology. Moreover the family has
the finite intersection property (for every finite sequence t; < --- < t,, in [0,7], using
Definition ZT.8 we can find an element belonging to By, N--- N By,,) and is contained in
the set of all v € SY?2([0,T], D;Z; x Zp) for which the second moments of v; are uniformly
bounded by the constant C' appearing in ([ZI0); since, thanks to Tychonoff’s Theorem,
this is a compact subset of SY?2([0,T], D;Z1 x Z5), endowed with the weak™ topology, we
can conclude that there exists v belonging to By, for every t € [0,T]. By construction v
satisfies (1) and (2) and from the left continuity of pu we can deduce that 7=, (vy) = py,
for every t € [0,T1], as required. O

2.2. The probabilistic formulation

In the first part of this section we want to point out that Young measures can be
presented using a probabilistic language, and precisely the notion of random variable.
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While for a single Young measure this probabilistic presentation does not introduce rele-
vant simplifications, it will be very useful in the case of families of time-dependent Young
measures.

For simplicity, in this section we assume |D| = 1.

Probability spaces of the form (D x Q,B(D) ® F, P), where 2 is a measurable space,
B(D) denotes the Borel o-algebra on D, F is a o-algebra on 2 and P a probability measure
with the property 7p(P) = L%, will be called (D, £%)-probability spaces.

We can associate to every Young measure p on D with values in = a random variable
Y defined on a (D, L'd)—probability space with values in =, in such a way that

F(.€) dua, €) = / f(@,Y (,w)) dP(z,w), (2.2.1)

DxE DxQ
for every bounded Borel function f: D x = — R. Indeed it is enough to take as €2
the space Z itself, as Y the projection on =, and as P the measure p itself, which is
a probability measure thanks to the assumption on |D| and ([C3Z2). Conversely, given
any Z-valued random variable Y on a (D, £L%)-probability space, formula [ZZI]) defines a
Young measure u, which will be denoted by (7p,Y)(P), since it coincides with the image
of the measure P under the map (7p,Y): D x Q2 — D x E.

We say that a random variable Y on a (D, £?)-probability space (D x €, P) has finite
p-moment if

/ Y (z,w)P dP(z,w) < oc.
DxQ

Hence a Young measure has finite p-moment if and only if the associated random variable
does.

In the particular case of u = §, € YP(D;ZE) with u € LP(D;ZE), for every (D, L%)-
probability space we can associate to d, the random variable Y: D x  — =, defined
by Y (z,w) := u(x) for LI¥-a.e. x € D and for every w € Q; we will denote this random
variable simply by u.

In the more general case of a measure p € YP(D;Z) which is not associated to a

—
—

function, there always exists a bounded sequence of functions uy € LP(D;Z) such that
Oy, — p p-weakly™,
as k — oo (see [43l, Theorem 7.7 pg. 126]). In probabilistic language this means that the
random variable Y € LP(D x ; Z) satisfies the following property:
(mp,ug)(P) — (mp,Y)(P) p-weakly™,

as k — oo, or equivalently

LYz eB up(z) € A}) P{(z,w)eBxQ : Y(z,w)c A})

L1(B) - P(B x Q) ’

as k — oo, for every Borel sets B CC D and A cC R with PO({(z,w) : x €

B, Y(z,w) € A})) = 0. Hence the dependence of Y on the variable w plays the role
of describing the statistics of the oscillations of the sequence uy.

(2.2.2)

As we have seen, if we deal with a single random variable the association to a Young
measure is immediate; more complicated is the case of a stochastic process (Y)ier on a
(D, L%)-probability space in a time set T indeed the family of measures ((7p, Y)(P))ier
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gives an insufficient information on the stochastic process, since in general we cannot go
back to (7p,Y,,..., Y, )(P), for an increasing sequence of time instants t; < --- < t,
just using (7p,Y,)(P),i=1,...,n.

In the second part of this section, using a modification of Kolmogorov Theorem (see [26],
pg. 29]), we want to show that the correct correspondence is between stochastic processes
and compatible systems of Young measures.

Given a stochastic process (Y;)ier on a (D, £4)-probability space, with

Y, € LP(D X Q;Et),

we can define a family of Young measures on D, indexed by the nonempty finite subsets
Fof T, as

pp = (7D, (Yi)er)(P). (22.3)
It is immediate to see that every pp has finite p-moment and that this family satisfies the
compatibility condition (ZITI).
The following remark is technical and will be used to prove the correspondence between
compatible systems and stochastic processes.

REMARK 2.2.1. If p satisfies the compatibility condition, for every nonempty finite
subsets G C F of T there exists a set N of D with £I(N}) = 0, such that
TE(u%) = puE for every x € D\ N&. (2.2.4)

Conversely, if [ZZ4]) holds for a.e. € D, then p satisfies the compatibility condition
ETD.

Hence, up to subsets of D with zero measure, the compatibility condition commutes in
some sense with the disintegration.

In the next Theorem we will show that to every compatible system of Young mea-
sures with finite p-moments we can associate a stochastic process on a suitable (D, Ed)—
probability space.

THEOREM 2.2.2. Given a set of indices T and a compatible system p € SYP(D;],cr Et),
there exist a (D, L)-probability space and a stochastic process (X;)ier with
X, € LP(D x Q; =), (2.2.5)
for every t € T, such that
(7D, (Xt)ter)(P) = pp, (2.2.6)
for every nonempty finite subset F' of T.
PROOF. Let to, be an index such that to ¢ T. Set T := {tso} UT and let Z,__ := D.
We want to construct a system of finite dimensional distributions indexed on 7', satis-

fying the hypotheses of Kolmogorov Theorem.
Let F' be a nonempty finite subset of T'; we distinguish three cases. If t,, € F and

F\ {ts} # 0 we set
Vp = I“I’F\{too}' (227)
If too ¢ F, we set
v =111 = (Bp), (2.2.8)

TEF
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where T p e D xJ].cpZEr = [l,cr Er denotes the usual projection. Finally, if F =
{ts}, We set

v = L% (2.2.9)

The system of finite dimensional distributions v satisfies the following compatibility
condition: for every nonempty finite subsets G C F' of T', we have

rh(vr) = vg. (2.2.10)

Indeed, in the case to, € F and F \ {too} # 0, it follows from compatibility condition for
pif teo € G and G\ {to} # 0, it comes from ([[32) if G = {t~}, and it easily follows
from [ZZR) if to ¢ G.In case t ¢ F, [ZZIM) can be proved using the construction in
(ZZ1) and the analysis of the previous case.

By (ZI0), v satisfies the hypotheses of Kolmogorov Theorem; therefore it is enough to
choose Q := [[,c Z¢, F the product of the Borel o-algebras of =y, for t € T', Xy: Q — =y,
for t € T, the usual projections, and Kolmogorov Theorem guarantees the existence of a
probability measure P on (D x Q, B(D) x F) with np(P) = £% which satisfies ZZ0). O

Using the previous result we will prove that we can associate to a pair of two compatible
systems, connected by a further compatibility condition, a pair of stochastic processes on
the same probability space.

LEMMA 2.2.3. Let V and W finite dimensional Hilbert spaces, pu € YP(D;V) and
veYP(D;V x W) be such that

Ty (v) = p. (2.2.11)
Then for L%-a.e. x € D we have

(Vx)v _ V(:c,v)’

for p*-a.e. v € V, where (v*)? is the disintegration of v* with respect to u* and (@) the
disintegration of v with respect to p.

PRrROOF. It is easy to see, as for Remark EZZ] that there exists a set N C D, with
L4(N) =0, such that for every z € D\ N

my (V') = p”. (2.2.12)
Hence for every bounded Borel function f: D x V x W — R,

L e o= [ ([ fnw ar.u) =

= [ ([ ([ o) dwy @) de) de

On the other hand, thanks to (ZZTT),
[t o) = [ ([ faw) a0 w) i) -
DxVxW DxV w

_ /D ( /V ( /W F a0, w) dv®) (w)) d(v)) de.

This concludes the proof. O
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THEOREM 2.2.4. Let T a set of indices, Vy and Wy finite dimensional Hilbert spaces,
for everyt € T. Let p € SYP(D; (Vy)ier) and v € SYP(D; (Vy x Wy)er). Assume that
7:E-Vt (Vt) = Ky,

for every t € T. Then there exist a (D, L)-probability space (D x Q,B(D) ® F, P) and a
stochastic process (Z,Y t)ier with

Z, € LP(D x O, V),
Y, € LP(D x W),

for every t € T, such that

(7D, (Z1)ier)(P) = pp, (2.2.13)
for every nonempty finite subset F' of T', and
(7TD7Zt7Yt)(P) = Vy, (2214)

for everyt € T.

PrROOF. We want to construct from g and v a unique compatible system and to apply
to it Theorem

Fix a nonempty finite subset I of T'. Denote by (u%)zep, (Vf)zep the disintegrations
with respect to £¢ of pp, and vy, t € F, respectively. As observed in ZZI2), 7y, (V) =
uf, for a.e. x € D, for every t € F. Hence, for a.e. z € D, we can write

vy = / (W) dpd (vr).
Vi

Using the fact that the disintegration is a measurable family, a Dynkin class argument,
and Lemma 223 we can deduce that

(@, (vt)ter) — (tgp(Vf)”t)(B) (2.2.15)

is a Borel measurable function, for every Borel subset B of [],.» W;. In particular for a.e.
x € D the function (v;)ier — (Rter (V) )(B) is Borel measurable; hence, for every Borel
sets A C [[,cp Vi and B C [[,cp Wi, we can define a measure &% on [[,c (Vi x W) by

Pp(A x B) = /A (£ )")(B) duk((vrer) (2.2.16)

for a.e. x € D.
By construction, for a.e. x € D, I} is a probability measure with the properties

T 11 v (V) = s (2.2.17)
teF
Tvixw, (VE) = Vi, (2.2.18)

for every t € F.
The Borel measurability of the function in ZZT0]) guarantees that (0% ).ep is a mea-
surable family of probability measures on [[,. (Vi x W;) and we can define

I~/F ::/ ﬁfy dx.
D
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It is easy to check that, for F' running over all nonempty finite subsets of T, vp €
YP(D;[[,cp(Vi x Wy)) and satisfies the compatibility condition; hence we have o €
SYP(D; (Vi x Wy)er). Moreover, thanks to ([ZZT1) and [ZZIF),

TLepvi(PF) = Bp, (2.2.19)
for every nonempty finite subset F' of T" and
Tvexwe (Pt) = v, (2.2.20)

for every t € T
Applying Theorem to &, we obtain a (D, £L?)-probability space (D x Q,B(D) ®
F, P) and a stochastic process (Z, Y )ier, with (Z4,Y): D x Q — V; x Wy, such that

(7D, (Y, Zi)ter)(P) = Up, (2.2.21)
for every nonempty finite subset F' of T'. Using the construction of (Z;,Y ;) and ZZI9),
(EZZ20)), we can obtain the thesis. O

If the time set is an interval [0,7] C R and Z; = = for every ¢t € [0,7], the notion
of variation of a stochastic process (Y't);c[o,7) on a (D, £L)-probability space, with Y; €
LY(D x Q; =), is defined in the usual way: for every time interval [a,b] C [0,T] we set

Var(Y, P;a,b) := supZ/ Y (x,w) =Yy,  (z,w)] dP(z,w) =
Dx$Q

= Supz ||Ytz - Yti—l ||1’

where the supremum is taken over all finite partitions a = t° < --- < t¥ = b of the interval
[a,b] (with the convention Var(Y, P;a,b) =0, if a = b).

Therefore, if p is the compatible system associated to the stochastic process Y we have
Var(Y, P;a,b) = Var(u;a,b).

Before closing this section, we rephrase the notions introduced in Definition and
Definition 214l in terms of stochastic processes.

DEFINITION 2.2.5. A stochastic process (X)o7 defined on a (D, L£4)-probability
space (D x Q,B(D) ® F,P) is said to be p-weakly* left continuous if for every finite
sequence t; < --- < t, in [0,7T] we have

(7TD7X8{7--- , X %)(P) — (WD,th,... ,th)(P) p—weakly*

S
as j — 0o, whenever s] — t; and s <t; fori=1,...,n.

DEFINITION 2.2.6. Given a subset © of [0, 7] satisfying £'([0,T] \ ©) = 0, a stochastic
process (X¢);e(o,7] defined on a (D, L%)-probability space (D x Q, B(D) ® F, P) is said to
be ©-p-weakly* approximable from the left if for every t € [0, T]\ © there exists a sequence
s in © converging to t, with s/ <t and

(7, X )(P) = (mp, X,)(P) p-weakly* (2.2.22)

as j — 00.
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2.3. The discrete case

Let Z be a finite subset of R™.

The space of Young measures on D with values in Z is indicated with Y (D;Z) and
the space of compatible systems on D with time set A and values in Z is denoted by
SY (A, D; 7).

It is easy to see that pu € Y (D;Z) if and only if its disintegration (u*)zep can be
written as

q
p="> bado,, (2.3.1)
a=1
where b, are functions in L>°(D; [0, 1]) satisfying the condition
q

Z bo(z) =1, forae. ze€ D. (2.3.2)

a=1
In disintegrated form, formula (Z3II) can be written as

q
ut = Z bo(z)dp, for a.e. x € D.
a=1

Therefore Y (D; Z) can be identified with the set of all families b = (b,)?_, in L>°(D; [0, 1])
satisfying condition (Z32).

Set @' := {1,...,q}". If p € SY (A, D;Z), then for every t; < --- < t, in A there
exists a finite family b~ = (bgi:fgn)(al,...,an)eﬂyg in L*>(D; [0, 1]), satisfying the property

Yoo bl (@) =1, foraczeD, (2.3.3)
(alv---yan)Eﬂqn

and such that

Moy, = > BT S, e (2.3.4)

(alrnyan)eﬁ{qn

for every finite sequence t; < --- < t, in A.
The projection property of compatible systems can be formulated in a simpler way
using this language: given any finite sequence t; < --- < t,, in A ;,we have

q
t1..ti—1tiy1..tn t1...ti—1titit1...tn
ba; i faisy.om = E Y AT (2.3.5)
=1
a.e. in D, for every (aq,...,Q—1,Qi+1,...,0p) € szfq"_l and every i = 1,...,n. There-

fore we can identify the space SY (A, D;Z) with the set S(A,D,q) of all families b =
(btl"'t”)t1<,,,<tn, with t; < --- < t, varying in A, such that b'1!n = (bto}l':?gn)(al7___7%)6%71
satisfy properties ([Z33) and [Z31).

Let A =[0,7T]. Using the previous identification, we can rewrite the H-variation of a
compatible system p € SY (A, D; Z) in the interval (c,d) C [0,T] (see (ZIH)) in terms of
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the family b corresponding to p: Varg(u;c,d) = Dissg(b; ¢, d), where

k
Dissy (b;c,d) := supz Z H(03,0.) / nglti (x) dx, (2.3.6)
i=1 af D
where the supremum is taken over all finite partitions ¢ = tg < --- < t = d of the interval
[c,d] (with the convention Dissg(b;c,d) =0, if ¢ = d).

It is easy to see that given a sequence (u*)y = (3¢_, 658, )i in Y(D; Z), p¥ — p =
S0 boby, weakly* in Y (D; Z) if and only if b¥ — b, L>®-weakly*, for every a = 1, ..., q.
Therefore a compatible system p € SY([0,T], D; Z) is left continuous if and only if the
correspondent b € S([0,T], D, q) satisfies the following property: for every finite sequence
t <--- <ty in[0,T]

by, = batn, L-weakly*, (2.3.7)
as s; — t;, with s; € [0,7] and s; < t;, for every (ay,...,a,) € ;'. We denote the set of

all b € S([0,T7], D, q) satistying [31) by S_([0,77], D, q).
DEFINITION 2.3.1. Fixed a sequence 0 = t; < -+ < t,,, = T in [0, T], and given a family
(bal...am)(al,...,am)e%’" in L>(D;[0,1]) with Z(Oq,...,ozm) bay..ar, = 1 a.e. in D, we define

b’ € S([0,T],D,q) as the family corresponding to the piecewise constant interpolation
of the measure p = Z(al...am) bai..amO(ba, ....0ny,), 8 defined in ([ZTH).

More in details, for every finite sequence 71 < -+ < 7, in [0,7] such that for every
Jj=1,...,m there exists t = 1,...,n with t; < 7; <t;41, we have
0 if §; # Bi+1 with t; <1 <71 <tjn
(bpwc)gll“'%” = for some 7 and j

ba,..a,, Otherwise,

for every (B1,...,0,) € 2.

We can reformulate Helly’s Theorem for compatible systems of Young measures (see
Theorem ZT0) in the discrete setting as follows.

THEOREM 2.3.2. Let (b*); be a sequence in S([0,T), D,q) such that Dissy(b*;0,T) <
C, for a finite constant C > 0 independent of k. Then there exist a subsequence, still de-
noted by (b%)y,, a set T C [0,T] containing 0 and at most countable, and b € S_([0,T), D, q)
with Dissg (b;0,T) < C, such that

(b5, ta, — b, L -weakly*, (2.3.8)
as k — oo, for every finite sequence t1 < --- < t, in T, and every (ay,...,an) € .

Now we state a lemma to describe the canonical form of the space Y?(D; Z x RN*4) of
all Young measures on D with values in Z x RV*? and finite p-moments, for 2 < p < +o0.

LEMMA 2.3.3. A measure v is an element of YP(D; Z x RN*?) if and only if it can be
written as

q
v=S ba(0s, ® o), (2.3.9)
=1

[e%
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where (by)L_; is a family in L>°(D;[0,1]) satisfying (Z23Q) and, for every a = 1,...,q,
Ao is a Young measure on D with values in RVN*?% such that

/ bo(2)|F|P dAo (2, F) < 00, (2.3.10)
DxRNxd

for everya=1,...,q.

PROOF. Forevery a =1,...,q, let us consider b, € L>°(D;[0,1]) and a Young measure
Ao € Y(D;RV*) satisfying Z32) and [ZZI0). It is immediate to see that the measure
defined by 33 is an element of YP(D; Z x RV*9),

On the other hand, if v belongs to € YP(D; Z x RV*4) and (v*),¢p is its disintegration,

for a.e. x € D and every a = 1,...,q we define
bo(z) == V5 ({0a} x RVX9): (2.3.11)
let us fix a probability measure w on RV*?: for o = 1,...,q and for a.e. z € D let us

define a probability measure A\Z on RY *d by setting for every B, € B(RV*4)

v¥({0a}xBa) -
A2 (Bg) = { a - iba(2) £0 (2.3.12)
w(Bay) if bo(z) =0
By construction b, is measurable with nonnegative values for every a, Y ¢_ by(z) =
v (ZxRN*d) = 1 for a.e. z € D, and (\%), is a measurable family of probability measures
satisfying (Z300), for every « . It is now immediate to see that the measure 7 whose
disintegration is given by

q
Z x)(dg, @ AL) for a.e. x € D, (2.3.13)

is exactly v. Indeed every Borel subset B of Z x RN*4 can be written as the union of
disjoint sets of the form {,} x B,, for suitable B, € B(RN*?), for a« = 1,...,q; hence we

have
— 2_: =
v ({0

Z ij o) _op)

0

REMARK 2.3.4. The functions b, and the measures b, satisfying the properties de-
scribed in the previous lemma are uniquely determined by v. In particular if we consider
the disintegration of A, (A%)zep, we obtain that A? is uniquely determined for a.e. z in
{r e D : by(x)>0}.

REMARK 2.3.5. Let % =" b%(6p, @ AE), v =" ba(ds, @ Aa) belong to YP(D; Z x
RNV*d) A simple computation shows that a sequence (1) in YP(D; Z x RVX4) p-weakly™*
converges to v € YP(D; Z x RVN*?) if and only if

WENE by p-weakly* (2.3.14)

for every a = 1,...,q.
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We can rewrite Remark [[34] in terms of (by, Ao)q as follows.

REMARK 2.3.6. For every a = 1,...,q, let (b2, \");, be a sequence in L>(D;[0,1]) x
Y (D; RV*9) | satisfying [Z3.2) for every h, and

swp [ @I i F) < C.
h JDxRNxd
for every a, for a suitable positive constant C. Then there exists (b, Ao) € L>(D;[0,1]) %
Y(D;RV*9) for a = 1,...,q, satisfying @32) and Z3I0), and such that, up to a
subsequence,
b — b, L%®-weakly*
WA —~ boda  p-weakly*,

as h — oo.






CHAPTER 3

Globally stable quasistatic evolution

3.1. Introduction

In this chapter we propose an approach to the quasistatic evolution problem considered
in [21], which does not require any assumption on the convexity/quasiconvexity of the
energy functional and does not need any regularizing term.

We adapt the standard construction of approximate solutions via time-discretized min-
imum problems to the more general setting of Young measures.

Given an initial value of the variables (zg,v9) and a partition of the time interval [0, 7]
in which we study the evolution

0=t"<t'<...<th=T,

the approximate solution should be defined inductively by solving the following incremental
minimum problem:

inf {W(z,v) — U(t),v) + H(z — z(t" 1))} (3.1.1)

among all (z,v) which make the energy finite and satisfy the boundary condition at time #'.
As anticipated in the introduction, these problems are not well-posed in Sobolev spaces
and we will present an explicit example in which BII]) has actually no solution (see
Remark BA3]).

To obtain lower semicontinuity and coercivness of the energy functional we place the
problem in a suitable space of Young measures and solve the incremental minimum prob-
lems in this extended setting.

The next step is the study of the convergence of the approximate solutions as the
time step t' — t*~! tends to 0. Up to careful choices of subsequences, we can obtain
the convergence of the approximations to a pair (v, ), with v a time-dependent family of
Young measures with finite second moments and values in R™ x RV*¢ and p a compatible
system of Young measures with finite second moments and values in R™, connected to v
by a suitable projection property.

The main result is Theorem B3 15l which shows that this pair satisfies a global stability
condition and an energy inequality, suitably reformulated in Young measure language (see
Definition B3T4); therefore it can be considered as a solution of the quasistatic evolution
problem in the framework of Young measures.

This result is formulated in terms of stochastic processes too. Thanks to Theorem EZ241
the pair (v, p) representing the solution can be described by a unique stochastic process
(Z1,Y {)iepo,r) With values in R™ x RV*4,

In the last section we give an alternative proof of the main theorem under the special
assumption that the stored energy density is quasiconvex with respect to its second ar-
gument; we use the result in [2T, Section 4] to obtain solutions of spatially regularized

41
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problems, and prove that we can pass to the limit as the regularization parameter van-
ishes, to obtain a globally stable quasistatic evolution in terms of Young measures in the
sense of Definition B3.T41

3.2. The mechanical model

The reference configuration D is a bounded connected open subset of R? with Lipschitz
boundary 0D = I'g UI'y, where I'g is assumed to be a nonempty closed subset of 0D with
H1(Ty) # 0, and I’y = dD\T'y. Without loss of generality, we also assume for simplicity
that

£4D) =1. (3.2.1)

We will indicate the deformation by v and the internal variable by z. We will denote

the stored energy density by W: R™ X RV*d [0, +00) and the dissipation rate density
by H: R™ — [0,4+00). For every 6,0 € R™ and F € RV*?, we will make the following
assumptions:

(W.1) there exist positive constants ¢, C' such that
(0P +|F?) = C < W (0. F) < C(L+ [0 + |F);

(W.2) W(0,-) is of class C?,

oW
- <
oF (H,F)( <CQA+|[0]+|F]),

and
(W (0+6,F)—W(0,F)| <C|lo|(1+ 6] + 0] + | F|);

(H.1) H is positively homogeneous of degree one and convex;
(H.2) there exists a positive constant A, such that §|0| < H(6) < \B|.

Let W be the functional W(z,v) := [, W(z(z), Vv(z)) dz, for every z € L*(D;R™)
and every v € H'(D;R"), and H the functional H(z) := [, H(z(z)) dz, for every z €
LY(D;R™).

Given two distinct times s < t, the global dissipation of a possibly discontinuous func-
tion z: [0,T] — L?(D;R™) in the interval [s,¢] will be

k
Varg (z;s,t) := supz H(z(m) — 2(Ti—1)),
i=1
where the supremum will be taken among all finite partitions s =179 <71 < -+ < T = t.

The external load at time t and the prescribed boundary condition on I'g at time ¢
are denoted by I(t) and (t), respectively; we assume I € AC([0,7]; H(D;R™)*) and
¢ € AC([0,T); H'(D; RY)).

The kinematically admissible values at time ¢ for z and v are those which make the
total energy finite and satisfy the boundary condition, i.e., v = ¢(t) on I'y H? !-a.e.
(in the sense of traces). From the previous assumption it follows that the kinematically
admissible values at time ¢ are contained in L?(D;R™) x A(t), where

A(t) = Hp (p(t)) == {v € HYD;RY) : v =¢(t) H¥ *ae. on Ty}
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3.3. Globally stable quasistatic evolution for Young measures

3.3.1. Admissible set in terms of stochastic processes. Now we describe the
set of admissible stochastic processes in which we look for a solution of our quasistatic evo-
lution problem: the definition takes into account approximation properties with functions
which satisfy the boundary condition.

DEFINITION 3.3.1. Given A C R and w: A — HY(D;RY), we define AY;,(A, w) as the
set of all stochastic processes (Z;,Y)iea on a (D, £4)-probability space (D x Q,B(D) ®
F,P) with

Z; € L*(D x Q;R™),
Y, € L*(D x Q;RV*d),
satisfying the following property: for every finite sequence t; < --- < t, in A there exist
sequences (2F); C L2(D;R™), (vF),, C H}, (w(t;)), for i =1,...,n such that
(apspl) we have

(WD72]f7--- Zk)(P) - (7TD7Zt17"'7Ztn)(P)

rn
2-weakly™ as k — oo;
ki kL
J

(apsp2) foreveryi =1,...,n, there exist a subsequence, possibly depending on 4, (z,”,v,”);,

such that
(7TD7 ij,VUk;)(P) - (7TD7 Zti? Ytz)(P)
2-weakly™* as j — oo.

3.3.2. Admissible set in terms of Young measures. The notion of admissible
set is now presented in terms of Young measures.

DEFINITION 3.3.2. Given A C R and w: A — H'(D;R"Y), we define AY (A, w) as the
set of all pairs (v, ) € Y2(D;R™ x RN*XHA » SY2(A, D;R™) satisfying the following
property: for every finite sequence t; < --- < t, in A there exist sequences (zf)k C
L%(D;R™), (vF);, C H%O(w(ti)), fori=1,...,n such that

(apl) we have

Ok, ok)y = Bty o> (3.3.1)
2-weakly™ as k — oo;
(ap2) for every i = 1,...,n, there exists a subsequence, possibly depending on i,
kK
(2;7,v;”);, such that
O ki _ — Vi (3.3.2)

(2,7, Vv, ;)
2-weakly™ as j — oo.

REMARK 3.3.3. If (v, ) € AY (A, w), then 7gm (v¢) = p,, for every t € A. Indeed,
fixed t € A, by definition there exist (2*);, C L2(D;R™), (v¥), C Hi (w(t)) such that
02k k) — Vi 2-weakly™ and 85 — p, 2-weakly™; in particular rm (8 .k yor)) — Trm (V1)
2-weakly* and this prove the claim.
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REMARK 3.3.4. If (Z4,Y)1ca € AY,p(A, w), we can define (v, pu) € AY (A, w) as
vy := (mp,Z:,Y)(P) foreveryte A
My, = (D, Zyy, ..., Zy,)(P) for every finite sequence t; < --- < t, in A.

On the other side, thanks to Remark and Theorem EZZAL for every (v,p) €
AY (A, w) there exists a stochastic process (Z¢,Y;)iea € AY,p(A, w) such that, for every
finite sequence t1 < --- < t, in A,

(FD?ZH? x '7Ztn)(P) = MKyt
(7D, Z4,,Y,)(P) =vy, foreveryi=1,... n.

REMARK 3.3.5. Thanks to Decomposition Lemmal[[38 and Lemmal[ 3 given (v, u) €
AY (A, w) and a finite sequence t1 < -+ < t,,, in A, we can always choose zf € L*(D;R™)

and vF € Hi (w(t")), for i =1,...,m, in such a way that |2F|? are equiintegrable, satisfy

2 7

Ko ki
B3), and for every i there exists a subsequence (z,”,v,”); satisfying ([B32), such that

Kt
|Vu,”|? are equiintegrable with respect to j. Hence, by Theorem [[310, we can always
assume that

(=%, ... 25))12 — (01, 0)) dpay, g (2,01, ..., 0y), (3.3.3)
DX(R"”)"
N 2
1027, Vv ")z — (6, F)[” dve,(2,0,€), (3.3.4)
DxRm xRN xd
as j — oo, for i = 1,...,m. This allows us to assume, without loss of generality, that
sup ||2F|13 < Oy +1, (3.3.5)
k
ki ki 9
sup ||(z;7, Vu,7)|l3 < C + 1, (3.3.6)
J
with

Cy:= sup / 6> dpy, (z,0),
DxRm

i=1,...,n

Cy:= sup / (0, F)|? dvy,(x,0, F).
DxRmM xRN xd

i=1,...,n
In the following two Lemmas we want to point out some closure properties of AY (A, w).

LEMMA 3.3.6. Let (v, ) € Y2(D;R™ x RVX4)A SY?(A,D;R™), and assume that for
every finite sequencety < --- < t,, in A there exists a sequence (v, /) in AY ({t1,...,tp}, w),
such that

l’l"gl...tn - l‘l’tl...tn 2_weakly*7 (337)

as j — oo, and such that for every i there exists a subsequence, possibly depending on i,
(k) satisfying

(),

as h — oo. Then (v,p) € AY (A, w).

— vy, 2-weakly?, (3.3.8)

%
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PROOF. Fix a finite sequence t1 < - -+ < t, in A. By definition of AY ({¢1,...,t,}, w),
for every j and every i = 1,...,n, there exist (z");, € L2(D;R™) and (v/"*);, € Hp, (w(t;))
satisfying (B3]) for p; and such that for every 7 and j there exists an increasing sequence

. ' R . '
of integers (k;7); for which (z] Gk )i satisfies (B32) for v/; thanks to Remark

» Y4
we can assume, without loss of generality, that

£ < [ 1617 dud (2,0) 41, for every
DxR™
and
k7 12 2 5]
vaz ”2 < ‘(97F)‘ th.(a:,Q,F) + 17 for every la
DxRm xRN xd ‘

hence thanks to (B31) and [B3F]) there exists a positive constant C' such that
|45 < C+1, (3.3.9)

for every 1, j, k, and
]hvki 2
sup Sup |Vv; I3 <C+1,. (3.3.10)

for every i,h,l. Thanks to Remark [[32 we can find a metric d; on Y (D;(R™)") and a
metric dy on Y (D;R™ x RV*?) which induce the weak* topologies of Y (D; (R™)") and
Y (D;R™ x RN*4) | respectively; therefore, for every j we can find an integer x(j) such
that, for every k > k(j) it holds

; 1
dl(a(z%k7“”2%k),ligL_in) < 3} (3.3.11)
analogously, for every i = 1,...,n, there exists an integer x;(j) such that,
1
d2(6(zj’kfyj7vvj_.’kz’j)7th) < ; (3.3.12)

whenever k‘l” > ki(J)-

By taking, if needed, a larger value of k(j), we may assume that ([B3I1) and E312)
are satisfied whenever k > x(j) and k; I > k(j), respectively. Another slight modification
allows us to assume that, for every ¢ = 1,...,n and for every j, there exists k:llljj with

r(j) <kl < k(G +1). (3.3.13)

Let (a(k))r>r(1) be the unique sequence such that x(a(k)) < k < k(a(k)+1), for every
> k(1). This implies

ak) y o 1
dl(6(Z;1(k),k"”’zz(k),k),lJ/tl___tn) < 2 (3.3.14)
which, together with ([B3) and ([B3M), implies that
6(2?(kyk’”wzz(kyk) = Mgyt (3.3.15)

2-weakly™ as k — oo.
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Now, for every i = 1,...,n we can choose an integer (3;(j) in such a way that
Bi(j) = ks (3.3.16)

for every j, so that we have x(j) < (;(j) < k(j + 1), for every j, by B3I3)). This implies
that a(5;(j)) = j and 53;(j) > £(j) so that, by B3I2)
1

do(0, ;.G B V) < =
2( ECORRLION ) ;

Therefore, thanks to (B38) and [3I0) we can conclude that

5(2?@1-(;',2)),@(;',2)yvzxwiu,ﬁ)),mu,ﬁ)) — vy, (3.3.17)
as h — oo, for every i = 1,...,n. Since for every i the sequence (ﬂz(jfl))h is increasing,
EB3TH) and B3T17) show that conditions (apl) and (ap2) in Definition B3] are satisfied.

0

The following lemma consider the case of varying boundary conditions.

LEMMA 3.3.7. Let w’ be a sequence of functions from A into H'(D,R™), such that
wl(t) — w(t) strongly in H', for everyt € A and let (v, ) € Y2(D;R™ x RNX)A
SY?2(A, D;R™). Assume that for every finite sequence t; < --- < t, in A there exists a
sequence (v, pu?) € AY ({t1,... t,}, w’) such that

”gy..tn = Wy, g 2-weakly?, (3.3.18)
as j — o0, and such that for every i there exists a subsequence, possibly depending on 1,
(VIk)y,, satisfying
W), = vy, 2-weakly, (3.3.19)
as h — oo. Then (v,p) € AY (A, w).

PRrROOF. Fixed t; < -++ < ¢, in [0,T], thanks to Lemma [Z7 from B3IJ) we can
deduce that for every i =1,...,n
T2
Vw(t;)—Vwh(t;)
as h — oo, where 72 p is the map defined by 772 g
Vaw(t;)=Vw'h(t;) Vw(t;)—Vwh(t;)
(7,0, F+Vw(t;)— Vwi(t;)). Thanks to Lemma[[Z30it is easy to see that the hypotheses

of Lemma B30 are satisfied with (v79h);, replaced by 72 L (W)y,).
Vw(t;)—Vw'h(t;)

(ijil)ti — vy, 2-weakly*

(x,0,F) :=

O

REMARK 3.3.8. If (v,u) € AY (A, w), for every t € A there exists a unique function
v(t) € Hllo (w(t)) such that Vo(t) = bar(gnxa(v¢)). Indeed, by definition of AY (A, w),
for every t € A there exists a sequence vF € H}, (w(t)) such that g, — Tpvxa(vy),
2-weakly*; thanks to a variant of Lemma [CZTT with Hy replaced by Hf (w(t)), there
exists a unique function v(t) € H'(D;R), such that v* — v(t) weakly in H' and Vo (t) =
bar(Tpyxa(Vt))

Translating the previous remark in terms of stochastic processes we obtain the following
result.
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REMARK 3.3.9. If (Z1,Y)icio,1) € AYsp([0, T, ), for every t € A there exists a unique
function v(t) € Hf (w(t)) such that Vo(t) = bar((mp, Y )(P)).

REMARK 3.3.10. If (v, pu) € AY (A, w), for every t € A we define

o(t,x) ::/ a—I/V(@,F) avi (0, F), (3.3.20)
RmMm xRN Xd (9F

for a.e. € D. For every t € A we have that o (t) € L*(D; RN*?): this comes immediately
from (W.2), [32), and from the fact that vy € Y2(D;R™ x RV*4). In the language of
stochastic processes o (t) can be characterized as the unique element of L?(D; RV*9) such
that

ow

/Da(t,:zt)g(:n) dx = /DXQ 8—F(Zt(:n,w),Yt(x,w))g(:E) dP(z,w), (3.3.21)

for every g € L?(D;RN*?), where (Z;, Y i)te[o,7] is the stochastic process corresponding
to (v, ).

REMARK 3.3.11. Since ¢ € AC([0,T); H'(D;RY)) and 1 € AC([0,T); H*(D;RN)*),
the time derivative ¢ and I are well defined for a.e. ¢ € [0,7] and belong to the space
LY([0,T); H' (D;RYN)) and L' ([0, T]; H'(D; R™)*), respectively. Moreover the fundamental
Theorem of Calculus holds (see, e.g., [6l, Appendice]).

3.3.3. Main result. We are now in the position to define the notion of globally stable
quasistatic evolution of stochastic processes.

DEFINITION 3.3.12. Given ¢ € AC([0,T]; HY(D;RM)), I € AC([0,T); H*(D;RN)*),
20 € L2(D;R™), vy € A(0), and T' > 0, a globally stable quasistatic evolution of stochastic
processes with boundary datum ¢, external load I, and initial condition (zg,vg), in the
time interval [0,77, is a stochastic process (Z¢, Y t)icjo,r] € AYsp([0,T7], ), such that for
every finite sequence t; < --- < t,, in [0,T] we have

(TD,ZS{,...,ZSgL)(P) - (ﬂ-D7Zt17"'7Ztn)(P)

2-weakly*, as sg — t; with sg < t;, and satisfying the following conditions:
(ev0) initial condition: (Zo,Y o) = (20, Vp);
(evl) partial-global stability: for every ¢ € [0,T], we have

W(Z(z,w),Y(z,w)) dP(z,w) <
Dx

< o W(Z(x,w) + 2(z), Y (z,w) + Va(x)) dP(z,w) — (U(t),a) + H(Z),

for every Z € L?(D;R™) and every 4 € H%O(O);
(ev2) energy inequality: for every t € [0,T] we have

k

Vary(Z, P;0,t) := supz H(Z,(z,w) — Zy, ,(z,w)) dP(z,w) < 00,(3.3.22)
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where the supremum is taken over all finite partitions 0 =ty < --- < t; = t, and
the map

t = [(o(t), Vep(t)) — (1(t), v(t))]
is integrable on [0, 7], where o (¢) is the function defined in (B321]) and v(t) that
one defined in Remark B339t moreover

- W(Z(z,w),Y(z,w)) dP(xz,w) — ({L(t),v(t)) + Vary(Z, P;0,t) <

< Wiz0,v0) — {(0), v0) + /0 (0(5), Vp(s)) ds +

¢
- [ @) + i(s).0(s)) .
We now state the main existence theorem in terms of stochastic processes.

THEOREM 3.3.13. Let o € AC([0,T); HY(D;RN)), 1 € AC([0,T); H(D;RN)*), T > 0,
20 € L*(D;R™) and vy € A(0) be such that
W(20,v0) < Wz + 2,00 + @) — (1(0), @) + H(3), (3.3.23)

for every Z2 € L?(D;R™) and every i € H%O(O). Then there exists a globally stable qua-
sistatic evolution for stochastic processes with boundary datum ¢, external load 1, and
initial condition (zp,vo), in the time interval [0,T].

Thanks to Remark B34l we can translate the definition of globally stable quasistatic
evolution of stochastic processes in terms of globally stable quasistatic evolution of Young
measures.

DEFINITION 3.3.14. Given ¢ € AC([0,T); H'(D;RM)), I € AC([0,T); H*(D;RN)*),
20 € L*(D;R™), vy € A(0), and T > 0, a globally stable quasistatic evolution of Young
measures with boundary datum ¢, external load I and initial condition (zg, vg), in the time
interval [0, 77, is a pair (v, u) € AY ([0,T], ), with g € SY2([0,T], D;R™), satisfying the
following conditions:

(ev0) initial condition: vo = 0z, vu);

(evl) partial-global stability: for every ¢ € [0,T], we have

/ W(0,F) dvi(x,0, F) <
DxRmxRNxd

< / W0+ 3(2), F + Vi(z)) dvi(z, 0, F) — (1(t), @) + H(Z),
DxRm xRN xd

for every z € L*(D;R™) and every @ € H} (0);
(ev2) energy inequality: for every t € [0,7] we have that Varg(p;0,t) < oo, (see

EZIX)), and the map
t [{o(t), V() — (), (b)) (3.3.24)
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is integrable on [0, 7], where o (t) is the function defined in (B320) and v(¢) that
one defined in Remark B3.8 moreover

/ W0, F) dvy(x,0, F) — (I(t), v(t)) + Vars (u: 0, ) <
DxRm xRN Xxd
< W(z0,0) — (1(0), vp) + /0 (o(s), Vp(s)) ds +

—/0 [(U(s), @(s)) + (U(s), v(s))] ds,
where Varg(p;0,t) is defined as in (ZI1F]).

Thanks to Theorem 224 to obtain the main theorem it is enough to prove the following
version for Young measures.

THEOREM 3.3.15. Let ¢ € AC([0,T]; HY(D;RN)), 1 € AC([0,T); H'(D;RN)*), T > 0,

20 € L*(D;R™), and vy € A(0) be such that
W(zp,v0) < W(z0 + 2,00 + @) — (1(0), 1) + H(2), (3.3.25)
for every 2 € L?>(D;R™) and every i € H%O(O). Then there exists a globally stable qua-

sistatic evolution for Young measures with boundary datum @, external load 1, and initial
condition (zo,vg), in the time interval [0,T].

REMARK 3.3.16. In the proof of Theorem B3 T0lwe will obtain, in particular, a globally
stable quasistatic evolution (v, u) such that v is ©-2-weakly*™ approximable from the left
(see Definition ZTAI), for a suitable subset © of [0, 7.

3.4. Proof of the main theorem

The proof is obtained via time discretization, resolution of incremental minimum prob-
lems, and passing to the limit as the discretization step tends to 0.

3.4.1. The incremental minimum problem. Let us fix a sequence of subdivisions
of [0,T],0 =1 <tl <... < ") — 7 such that SUP;—1,.. k(n) 7t — 0, as n — oo, where
7ii=tt — =1 for every i = 1,...,k(n).

For every i = 0,1,...,k(n) we set I{, :=I(t}) and ¢, = (t).

We will define (vi,ul) € AY({t),...,t1} ¢) by induction on i: set (v2, ud) :=
0 (29, vup), and for i > 0 we define (v, ul) as a minimizer (see Lemma below) of
the functional

/ W0, F) duy (2,6, F) — (@i o(t)) +
DxRmM xRN xd "

+ fDx(Rm)2 H(0; —0;-1) dllt;';ltgl (z,0i-1,0;), (3.4.1)

in the set A% of all (v,u) € AY({t¥,... i}, ), satisfying
TR (T (3.4.2)
vy =W '), forevery j <i, (3.4.3)

where the function v(t}) appearing in [EZ) is that one defined in Remark B35
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LEMMA 3.4.1. The set Al is nonempty, for everyi > 1.
PROOF. Fixed (vi !, ui=1), we consider the map

TVQ%—V@;“ (2,0, F) — (2,0, F + V¢ (r) — Voit(x)),

and the map pi®: D x (R™)" — D x (R™)"+! defined by
ﬁ(i)(l‘,el, e ,Hi_l) = (ZE, 91, e ,92-_1,9i_1);
0

let v € Y2(D; R™){ftn} be defined by

i—1

v, = (v

" )y, forj <i, (3.4.4)
Vt% = Téwa_vcpi;l((yz_l)ﬁfl)a

and p the unique element of SY2({t%,... ¢\ }, D;R™) satisfying Ko i = ﬂ(i)((uffl)to A1)
It is evident that v and p so defined satisfy the projection properties (BZ2) and ([BZ3).
Moreover it is easy to prove that (v,u) € AY ({t9,... i} ¢): since W(i)(6(207”'7zz’71)) =

(5(20,.“’21'71,,21'71) and Téwg—vwkl(é(sz)) = 6(z,Vv+V30%—V<pifl)’ with v+ (’pil — 90?1—1 € .A(t%)
whenever v € A(t:~1), applying Lemma [Z36] we can obtain the approximation properties

B3) and B332). O

LEMMA 3.4.2. For every i the functional [34-1) has a minimizer over A%,

PRrOOF. Let (", u"), C Al be a minimizing sequence. By the bounds on W and the
assumption on I, using Poincaré inequality we have

¢ / 16 + [FP?] dut (2.0, F) — C'(1 + [Vo" (£)]]2) <
Dx xRNxd n
< fDmexRNXd W(97F) dV%(%HvF) - <l£“’vh(t%)> < C/,

for every h, for positive constants ¢, C’. Since by Remark B.3.8

. 1/2
vl < ([ P dvl (r,0,F)) (3.45)
DxRm xRN xd
we can deduce that

sup [ 0. )P dvh (2.0, F) < O, (3.4.6)
h JDxRmxRNxd "
Since, thanks to Remark
i+1
Lo Wl 80P duly 0000 =S [ 05 el (0.05) =
DX(Rm)erl jZO DxRm
i1
_ Z/ 0,2 v, (2, F,0,),
=0 DxR™ xRN xd "

the projection property [8423) and (BZ0) imply that the second moments of pf, , are
bounded uniformly with respect to h. From this and from [BZ0]) we can deduce that, up
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to a subsequence, there exist i € Y2(D; (R™)™!) and 7 € Y2(D;R™ x RV*9) such that
”ﬁ)...ti — O 2-weakly™*, (3.4.7)
h 5 2-weakly*. (3.4.8)

th

v
Hence defining v g o= (vit1) i for every j < i, Iy := v, and p as the unique element
of SY2({t%,... ,#}, D;R™) such that Py i = fi, we obtain

(0, 1) € Y2(D; R™ x RNyt ot} 5 §y2({£0 4}, D;R™).
Since the hypotheses of LemmaB:38lare satisfied, we deduce that (o, 1) € AY ({t2,...,t}, ).
Moreover, by construction, (¥, ;1) satisfies also the projection properties (BZ.2) and (EZ3),
so we can conclude that (v, ) € A.,.

By ([33) the terms of (BZI]) containing W and H are lower semicontinuous with
respect to the 2-weak™ convergence; on the other hand a variant of Lemma [LITI with
H{ replaced by A(t)), shows that the term of (EZII) containing I} is continuous with
respect to the 2-weak™ convergence, therefore the functional [EZI]) is 2-weakly™ lower
semicontinuous and this implies that (o, 1) is a minimizer for it in A?. O

REMARK 3.4.3. Even if W(0,-): RV*4 — [0,+00) is convex for every 6 € R™, it
may happen that the incremental minimum problems have no solutions representable by
functions.

We give an example in which this happens even for the first time step. By defi-
nition of Al, there exists a solution of the first incremental minimum problem repre-
sentable by function if and only if there exist 2 € L?(D;R™) and v; € A(t}) such that
(8 (20,900)5 0 (21,901)) O (20,21)) Tealizes the minimum of the functional (BZT) on A;,. Con-
sider the following case: D = (0,1)2 and N =m =1, T = 1,1 = 0 and (¢, (r1,22)) :=
(1 —t)xy, for every t € [0,1] and every (z1,x2) € (0,1)2. We consider

W0, (Fi, Fy)) := |F1 — a(0)]* + |Fa* + b(8) + ¢, (3.4.9)

where a is a C! function satisfying a(0) = a(1) = 1 and a(—1) = —1, while b a C* function
such that b(0) := b(#) + || is positive and vanishes only at 0, 1, and —1, and ¢ := — inf b.
It can be easily verified that (W.1) and (W.2) are satisfied by suitable choices of a
and b compatible with the requirements above. Now choose H(#) := |6], zo = 0 and
vo(r1,z2) := x1. It is immediate to check that (zg,vg) satisfy the boundary conditions
and [B3Z0). Moreover, by standard arguments, it can be easily shown that the infimum
of functional in BZI]), for ¢ = 1, is ¢ and cannot be attained by functions which satisfy
the boundary conditions. A minimizer of (ZZ1]) on A} is defined by

1 1
W) =281 10 + 1= 2)801,01,0):
1 1
(1) 0 g = %”5(0,—1) + (1 - %‘)5(0,1)-

Set 7(s) := t!,, whenever ¢}, < s < i1
For every ¢ and n we set

mw= [ SRR A

my RN xd 8F
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and define
on(t,z) = ol (z), (3.4.10)

for a.e. x € D, whenever !, <t < i+l
We define v,, € Y2(D;Rm X ]RNXd)[O,T] by

Wn)s = Wh)i » (3.4.11)

whenever t!, = 77(s), for every s € [0,7]; we define also p,, € SY2([0,7], D;R™) as the

piecewise constant interpolation of ,ulfl("), as in Definition EZT8
Note that (v, p,,) € AY ([0, T], (7" (+))) by construction.

3.4.2. A priori estimates. First of all we want to deduce a discrete version of the

energy inequality for (v, u,,).
Using the competitor defined in the proof of Lemma BTl and the fact that

bar(fgnxa(Tg s _g i1 (Wn)g,))) = bar(Tpuxa (V7)) + Vo, — Ve

for every ¢ and n, we have

/ WO, F) dvi)y (2.0, F) — (I, vl (1)) +
DxRm xRN xd
+/ H(; —0;—1) d(lﬁf@)t;';lti (2,0;-1,0;) <
DX(R"”)Q n
</ WO, F -+ Vigh(o) = Vi (@) vl ) oo (0,0,F) +
DxRm xRN xd n
— (I, vk () + ol — ol +
b HE = 0m) A (i g )@ B, 6),
Dx (Rm)i+1 neen
We deduce that
/ WO, F) dwi)y (2.0, F) — (I, vl (1)) +
D xRm xRN xd
+/ H(0; = 0;1) d(py) i1y (2,051, 0;) <
Dx(Rm)2 "
< / W (0, F) dwi )i (2,0, F) — @7 vl () +
DxRm xRN xd n

+ / (W0, F + Vg, () = Vi, H(2) = W0, F)] dvy ) (2,6, F) +
DxR™ xRN xd "

— (i, vl () + ok, — i) + (1 vl ().
Let us fix t € [0, T] such that tH<t< t%“; using

/ [W(97 F+ VCP%(UU) - V(piz_l(x)) - W(67 F)] d(”iz_l)tﬁjl (LZ', 0, F) =
DxRm xRN xd

:/f (/D OW 9. F 4 (s, 2))V (s, ) dvn)s(z, 0, F)) ds,

:;1 xRm xRN xd oF
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where £"(s,z) := Ve(s,z) — V(7" (s), z), for every s € [0,T] and every = € D, and
L G B R A B

= /t CL1(3), @) + (i(5), 0i (ETY) = (7 (5)) + ()] ds,

i—1
n

and iterating from 0 to j, we obtain

/ W(0,F) d(wn)i(x,0, F) — (1(7"(t)), vn(t)) + Varg (p,; 0,t) <
DxRmxRNxd

T (t)
< W(z0,10) — (1(0), v0) + /0 (n(s), Vp(s)) ds +

")
_/0 [{U(s), vn(s)) + {Us), p(5))] ds + (3.4.12)
T ow ow
+/0 </D><Rm><RNxd [8F (0 Fte ( )) 8F (9 F) VSO( ) d(”n)s(ZE,e,F)) ds +

() |
+ [ el () = (o) s
From (BZTZ), we can deduce the following a priori estimates on (v, &, ).

LEMMA 3.4.4. There exists a positive constant C, such that

sup sup / 10, F)[* d(v,)i(z,0, F) < C, (3.4.13)
n te[0,T] J DxRm xRN xd

sup Varg (p,,;0,7) < C. (3.4.14)

PROOF. Using the fact that sup,cpo 7y [[1() || (z1) fo it M (z1y+ dt, and fo ll(t)|| g1 dt
are finite, the hypotheses on W and the inequality

sup [ (16, F)P d(wa)s(,0,F) < oo
s€[0,T] / DxRm xRN xd

(since v, are piecewise constant interpolations of Young measures with finite second mo-
ments), we can deduce from ([EZTZ) that, for n sufficiently large,

/ (0. )P dlw )0, F) < (3.4.15
DxR™ xRN xd

1/2
<C+C sup (1+5/ (0. F)2 d(v)s(a.0.5))
s€[0,T] DxRmxRNxd

for suitable positive constants C' and ¢ independent of ¢ and n (to estimate the terms in
the third line in (BZI2) we use (BZH), while the term in the fourth line of BZI2) can
be treated using 7p((vy)s) = £ and Holder inequality).

Since this can be repeated for every ¢ € [0,7], we deduce (BZIF). Inequality (BZId)

comes now from [BZIJ) and BZI2). O

We can also deduce the following energy inequality for (v, u,,).
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LEMMA 3.4.5. For every t € [0,T] we have

/ W0, F) d(wn)i(w,0, F) — (" (1)), va(t)) + Vars (g, 0, ) <
DxRm xRN xd
(o)
< W(z0,v0) — (1(0), v0) + /O (on(5), Voo (s)) ds + (3.4.16)

e
_/0 [(i(5), va(s)) + (U(s), @(5))] ds + p,

where p, — 0 as n — oo.

ProoF. Thanks to (BZIZ) it is enough to prove that

(1)
oL ;:/0 (/ [%—I;/(O,F—i-a”(s,x))—88—‘;/(9,F)]ch(s,x)d(un)s(x,H,F)) ds

DxRm xRN xd

and

tend to 0 as n — co. Since ¢ is uniformly continuous on [0, 7] with values in H'(D;RY),
it is immediate to see that p2 — 0 as n — oo. It remains to prove that, fixed § > 0, p} < §

for n sufficiently large.
We recall that, since Vo € LY([0,T]; L2(D;RY*?)), we can find a sequence v; €

C([0,7;C(D; RN)) such that [ [Jv;(t) — V(t)||2 dt — 0, as j — oo
Since 7p((vy)s) = L%, using (W.2), we can deduce for every M > 1 and every s € [0, 7]

{(2,0,F):|0|+|F|>M}
<c [ 20l F)IVelsa) vy dwn)e(e6.F) +
{(2,0,F):|0|+|F|>M}
+C / 21+ [6] + |F D)o, (s, )| d(wn)s(a, 6, F) +
{(2,0,F):|0|+|F|>M}
+Cle™(s) 211V ()23
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therefore, thanks to Lemma B-Z4 for every j we have

() oW . oW .
/ ( / [8—F(9,F +e(s,x)) — a—F(H,F)] Ve(s) d(un)s(x,H,F)) ds <
{(2,0,F):|0|+|F|>M}
) 1/2 [t )
< 80[ sup sup/ |0, F)| d(l/n)s(m,ﬁ,F)] / IV@(s) —v;(s)|2 ds +
s€[0,T] n JDxRmMmxRNxd 0

[0l oo

M

HT sup sup [ (0, )2 d(v)s(a, 0, )L
DxR™m xRN xd

s€f0,T] n

T
+C sup [€"(s)]2 / IV (s)]|2 ds.
s€[0,7T 0

Since s — (s) is continuous from [0, T into H'(D; R™), the term in the last line tends
to 0 as n — oo. Therefore there exist 7 and M such that

(@ oW . oW ,
[ (] [GROF ) - S 6.0)] V60 dva).@6.F)) ds <
{(z,0,F):|0|+|F|>M}

IN
(OIS

, (3.4.17)

for n sufficiently large. -
We now consider the contribution of the integral on {(x,0, F) : || + |F| < M}.
For every M > 0 and r > 0, define

oW oW
wp(r) = sup —O+0, F+F)———(0,F)|.
((6,F)| <0, F7)|<r | OF oF

Thanks to the continuity properties of %—I}/, for every M we have wys(r) — 0 as r tends to
0; moreover it is wys(r) < 2C(M + 1) + Cr.
In particular, for M chosen before, it is immediate that

/ Y [ [aper e - Gpep]ven duno.p) b

{(z.0,F):|0]+|F|<M}

t
[ (] onte.aivets o) d) ds
0 D
by the Dominated Convergence Theorem, we have
lwsr(le™ ()2 — O,
for a.e. s € [0,T], as n tends to oo; since we have the estimate

lwyz (I ($)DlI2IVe(s)ll2 < ClIVR(s)l2(2M +2 + [l ()]2),
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for every s € [0,77] and supycjorplle™(s)[2 — 0 as n — oo, we can apply again the
Dominated Convergence Theorem and obtain

™) oW oW
- n _ - / <
/ ( / [8F (0, F +¢€"(s,x)) 5F (0, F)|Ve(s) d(un)s(x,H,F)) ds <
{(@,0,F):|0]+|F| <M}
< (3.4.18)
2
for n sufficiently large. Therefore (BZI7) and [BZIF]) give the thesis. O

3.4.3. Passage to the limit. Thanks to (B413)), (BZI4), and hypothesis (H.2), we
can apply our version of Helly’s Theorem (Theorem ELTH) to the sequence p,, and obtain a
subsequence, still indicated by u,,, a subset © of [0, 7], containing 0, with £ ([0, T]\©) = 0,
and p € SY?2([0,T], D;R™), such that, for every finite sequence t; < --- < #; in O, we
have

(r)tr o, — [T 2-weakly™. (3.4.19)

For every t € © we choose an increasing sequence of integers n}, possibly depending
on t, such that

tim supl (o (1), V(1)) + (E(t), v (1)) = lim{(erg (£), V() + (§(2), 0, (2))]63.4.20)

n

where v,,(t) is defined as in Remark ([B33). Thanks to (B2Z13) and Lemma T3 there
exists v € Y2(D;R™ x RVNXHOT] such that 7gm(vy) = p, for every t € [0,7], v is
O-2-weakly*-approximable from the left, and satisfies the following property:

(conv) for every t € ©, there exists a subsequence of (I/nz)k, still denoted by (I/n}sc Vs
such that
(I/ni)t — vy, 2-weakly*. (3.4.21)
Note that the map B324]) is measurable on [0, 7] since

(o(1), V(b)) — (Ut), v(t)) = limsup[{os(1), V(b)) — (U(1),va(1))],  (3.4.22)

n

for every t € ©, thanks to (BZ20), (W.2), Lemma [C30 and Remark Moreover,
thanks to Lemma B.Z4]l we have

(on(t), V(1)) — (I(t), va(t)] <
C'MVe@)llz + 1L - ;
therefore, thanks to the hypotheses on I and ¢, and to [BZZ), the map B3Z) is
integrable on [0, 7).

It can be shown that (v, u) € AY([0,7],¢). Indeed, thanks to (BZI) and BZ2T),
we can apply Lemma B3 to get

(v,p) € AY (O, ). (3.4.23)
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Let now t; < --- < t; be a finite sequence in [0,7]. Since p is left continuous and v

is ©-2-weakly*-approximable from the left, for every ¢ = 1,...,1, there exist a sequence,
s] —t; as j — oo, with s/ <¢; and s] € ©, such that

B . = Myt 2-weakly™*, (3.4.24)

v, — vy, 2-weakly®, foreveryi=1,...,n (3.4.25)

as j — oo. If we define 7: {t1,....t;} — H'(D;RY) by I (t;) := cp(sg), for every
i=1,...,n, we have that ¢/ (t;) — ¢(t;) strongly in H'(D;RN), for every i = 1,...,n; if
we define (&7, i?) € Y2(D;R™ x RN*){ttt 5 §Y2({ty,...,1;}, D;R™) by

~j
vy

=V forevery i =1,...,n,
ﬂgl...tl =R s
thanks to (EZZ3)), we have that (&7, /) € AY ({t1,...,t,},’) and
(ﬂj)tl...tl — My 2-weakly™
(07);, = vy, 2-weakly™ for every i = 1,...,1,

as j — oo. Hence we are again in the hypotheses of Lemma B3 and we can conclude
that (v, u) € AY([0,T7], o).

By construction, (v, p) satisfies (ev0).

Now we want to prove that (v, p) satisfies (evl).

Let 2 € L?(D;R™), @ € H%O(O); for every n and for every ¢ = 1,...,k(n), let consider
the pair (7, ft), where U := ((V%)t%,...,(V%)t%—l,q-(g’Vﬁ)((V%)t%)) and fu is the unique
compatible system in SY2({t) ... !}, D;R™) satisfying Po i = ’ZN';H((ufl)t%mt%), with

Tsva) (2,0, F) = (2,0 + 2(x), F + Vi(z))
and B
7;Z+1($7 007 cee ,91) = (33‘,90, s ,07;_1,91' + 2($))

This is an element of AY ({t9 ... !}, ¢) and satisfies (EZ2) and [EZ3), hence we can
use it as a competitor to obtain

/ W (0, F) d(vi,)y, (2,0, F) — (Ii, vi,(£5)) +
D xRm xRN xd
+/ H(0; — 0;-1) d(p),)p0 4 <
Dx (Rm)it1
/ WO+ 2(2). F + V() d) (2.0, F) — 1w} (6) + ) +
DxRm xRN xd

[ HE )~ 6) d g
D x (Rm )i+l
Thanks to the triangular inequality for H (which follows from (H.1)), this implies that
/ W(0.F) ~ W(6+ 2(@). F + Vii(e))] d(wh)y, (2.0, F) <
DxRm xRN xd

H(Z) = {17, @)
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By definition of v,,, for every t € © we obtain
/ (W (0, F) — W(0 + (x), F + Vii(x))] d(vn)i(a.6, F) <
DxRm xRN xd
H(z) = (U(7"(1)), a)
Since

|W(0,F)—W(0+ 2(x), F + Va(z))| <
Cl(|z(@)| + [Va(2)))? + 1] + C(|2(x)| + | Va(x)]) (0] + |F]),

for a suitable positive constant C, and (I/n}sc )t — vy 2-weakly™®, for a suitable subsequence
(¥t )t), we can deduce from Lemma that

/ WO, F) — WO+ 2(2), F + Va(@))] d(v, )u(z, 6, F) —
DxRmxRNxd
/ W(0,F) — W(6 + 5(z), F + Vi(e))] dvi(x,0, F),
DxRmxRNxd

as n — o0o. Since I(7"(t)) — I(t), strongly in H'(D;RN)*, for every t € [0,T], we obtain
(evl) for t € ©.

Let now ¢t € [0,7] \ ©. We can find a sequence s/ — t, with s/ <t and s/ € O, such
that v — v, 2-weakly™; as before we have that

/ W(0,F) — WO+ 3(x), F + Va(e))] dva(z,0,F) —
DxRmxRNxd
/ W(0,F) — W(6 + 5(z), F + Vi(e))] dvi(x,0, F),
DxRm xRN Xxd

as j — oo. Again, since I(s7) — I(t) strongly in H'(D;RY)*, using (evl) for s7, we obtain
(evl) for every t € [0,T].

Now we want to prove (ev2). Fix ¢ € © and let (Vnz )t be a subsequence satisfying
(BZ20) and such that (v, ); — vy 2-weakly* as k — oo; then, thanks to [EZTJ),

weakly* in SY?2([0,7], D;R™); since the term containing I is continuous with respect to
2-weak™® convergence, the term containing W is weakly lower semicontinuous and the
variation is weakly lower semicontinuous thanks to (226 and Lemma EZT7 we have

/ W6, F) dv(x,0, F) — (I(t), v(t)) +
DxRmxRNxd
+Varg (p;0,t) <

< limint [ / W0, F) d(v,)o(w, 0, F) — (U (1)), v, (1)) +
DxR™m xRN xd

+Vary (e ; 0,)].



3.5. AN ALTERNATIVE PROOF OF THE EXISTENCE RESULT IN THE QUASICONVEX CASE 59
Using (BZ.T8) of Lemma BZ0] we can deduce that

/ W0, F) dus(z,0, F) — (1), v(t)) +
D xRm xRN xd

+Varg(p;0,t) <
t

< W(z0,v0) — (1(0),v(0)) — ; {U(s),¢(s)) ds +

lim inf o V¢ l d
Hlimint [ (o (9. () — ((s), 0, (5))] .

Since supejo,r) SUPy, [[on(s)|l2 and sup,cpo 71 sup;, [[vn(s)[|2 are finite, we can deduce, using
Fatou Lemma, that

lim inf o V¢ l ds <
mint [ (o (5. V(o) — (0(5) g ()] s <

(1) .
< limsup/O [(on(s), V(s)) — (Us), vn(s))] ds <

n

< / lim sup[(ora (s), V@(s)) — (i(5), va(s))] ds.
0

n

Thanks to (BZ22) this implies that
,7_7L7;€ (t) )
timinf [ (o (5), V(5)) = (U5) vy (9] s <
0

< [ e (s). 95 = (i), 0] s

This implies (ev2) for ¢t € ©. '
Let now t € [0,7]\ © and let s/ — ¢, s; <t and [ZI2); it is easy to verify, using
Lemma EET7, that

Varg (p;0,t) < lim inf Varg (u; 0, s7),
j
hence (ev2) for ¢ can be deduced from (ev2) for s.

3.5. An alternative proof of the existence result in the quasiconvex case

In this section we focus on the particular case of W (6,-) quasiconvex, which can be
treated using a spatial regularization depending on the gradient of the internal variable,

as proposed in [21].
We assume that W (0, -) is quasiconvex for every § € R™.

DEFINITION 3.5.1. Let n > 0, p € AC([0,T]; H(D;RY)), 1 € AC([0,T); H*(D; RN)*),
20 € HY(D;R™), vg € A(0), and T > 0. A solution of the n-reqularized problem with
external load I, boundary datum ¢, and initial condition (zp,vp), in the time interval
(0,7], is a pair (2y,v,), with z,: [0,7] — HY(D;R™) and v,: [0,7] — HY(D;R"),
satisfying the following properties:
(ev0keg tnitial condition: (z,(0),v,(0)) = (20,v0);
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(evlheg Kinematic admissibility: v,(t) € A(t) for every t € [0,T7;
(ev2)eg global stability: for every t € (0,T] and (2,9) € H'(D;R™) x A(t) we have
W(z(t), v(1)) = (U(E), vy (1)) + [ V2y ()13 <
< W(2,0) — (U(),0) + 3 V2[3 + H(2 — 2y(1));
(ev3)eg energy inequality: Varg(z,;0,T) < oo, themap t v [(a,(t), Ve (t))—((t), v, (t))]
is measurable on [0, 7], and for every t € [0,T] we have
W(zy (1), 0y (1)) — (UE), vy(8)) + 31V 2y (t)]I3 + Varg (29:0,¢) <

< Wiz0,00) — (1(0), v0) + 3| V202 — /0 (1(s), p(s)) ds +

v/ Hery(5), V(s)) — (i(s), wg(s))] ds,

where o,)(s) := %Vlff (zy(s), Vo, (s)) for every s € [0,T.
The proof of Theorem 4.1 in [21] can be repeated in our case to obtain the following
result.

THEOREM 3.5.2. Letn, ¢, 1, (20,v0), and T be as in Definition[Z220l. Then there exists
a solution of the n-regqularized problem with external load 1, boundary datum @, and initial
condition (zp,vo), in the time interval (0,T]. Moreover there exists a positive constant K,
such that

sup. [z, (t)]l2 < K5, (3.5.1)
te[0,7
sup |lvy(O)||g < K. (3.5.2)
te[0,7

LEMMA 3.5.3. Let @, 1, vy, and T be as in Definition B2, and let (z])y>0 be a family
of functions in H'(D;R™), such that

sup ||zd |2 < M, (3.5.3)
7
sup || Vg3 < M, (3.5.4)
n
for a suitable positive constant M. Then there exists a positive constant K such that the

solutions (zy,v,) of the n-reqularized problems with initial condition (z{,vo) satisfy the
following conditions

sup sup ||zy(t)]2 < K, sup sup||Vo,(t)|2 < K, (3.5.5)
telo,T] n telo,T] n
sup Varg (z,;0,T) < K, sup 2|Vz,(t)|3 < K. (3.5.6)
n te[0,T

PRrOOF. Using the fact that sup,c(o 71 [[L(t)[] (71 fo it M (z1y+ dt, and fo ()| g1 dt
are finite, the hypotheses on W, the hypotheses (BE:{]) and (B0, and the inequalities
EB3R) and BR3), we can deduce from (ev3)e, that, for every n > 0,

c(lzy @13 + Vo (D)]3) = C < C+¢ sup ](||Z17(3)||2 + llog(s)llmn),

s€[0,T
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for suitable positive constants ¢, C' independent of ¢ and 7). Since this can be repeated for
every t € [0,T], Poincaré inequality implies (B00). Inequalities B0) come now from
(ev3)eg and (BERI). O
REMARK 3.5.4. From (BL0]) we can deduce that
MV 2y, (t) — 0
strongly in L?(D;R™*%), for every positive sequence 1, — 0 and every t € [0, T].

DEFINITION 3.5.5. Given an external load I € AC([0,T]; H*(D;R™)*), a boundary
datum ¢ € AC([0,T]; H'(D;RY)), an initial condition (zq,v0) € L*(D;R™) x A(0), and
T > 0, a quasistatic evolution obtained by spatial reqularizations in the time interval [0, T
is a pair (v, u) € Y2(D;R™ x RVXHOT] 5« §y2([0, T], D; R™) with

rm (vy) = p,, for every t € (0,71, (3.5.7)
for which there exist:
e a sequence (%), C H'(D;R™), with

20 — 2z strongly in L?(D;R™), (3.5.8)
e a positive sequence 7, converging to 0, with
Ml V2513 — 0, (3.5.9)

e a subset O of [0,7], with 0 € © and £([0,7]\ ©) =0,

such that v is ©-2-weakly™ approximable from the left and the solutions (z,,,,v,, ) of the
nn-regularized problems with initial conditions (z,vp) in the time interval (0,7 satisfy
the following conditions:

(convl)es for every finite sequence t; < --- < ¢;in ©
O (2 (1), (0)) — Mty .ty 2-Weakly™, (3.5.10)
as n — oo;
(conv2).e, for every t € © there exists a subsequence (z"nfc Y Un, )k of (2, vy, )n, possibly

depending on ¢, with
limsup [(a, (), V() — {U(t), vy, ()] = (3.5.11)

=lim (g, (), Vep(t)) = ((t), vy, (1))

n
and

O(z, , (.Vv, , () — Vi 2-weakly™, (3.5.12)

as k — oo.

In the next theorem we will show that the quasistatic evolution obtained by spatial
regularizations fulfils the requirements of Definition B3 T4l

THEOREM 3.5.6. Letl € AC([0,T); HY(D;RN)*), ¢ € AC([0,T]; H'(D; RY)), (20, v0),
and T > 0 be as in Definition [T, and assume that

W(z0,v0) < W(2,8) — (1(0), 8 — o) + H(Z — z0), (3.5.13)
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for every 2 € L*(D;R™) and every © € A(0). Then a quasistatic evolution obtained by
spatial regularizations in the time interval [0,T] is a globally stable quasistatic evolution
of Young measures with the same data in the time interval [0,T].

PROOF. Let (v,p) € Y2(D;R™ x RN*HOT] 5 §y2([0,T], D;R™) be a quasistatic
evolution obtained by spatial regularizations.

First of all we show that (v, u) € AY ([0, T],¢): thanks to (BERI0) and BEIZ), it is
immediate to see that (v,u) € AY (0O, p); as in the proof of the main theorem, since v
is ©-2-weakly*-approximable from the left and p is left continuous, we are able to prove
that (v,u) € AY([0,7],¢). In particular, for every ¢ € [0,7] there exists a function
v(t) € A(t) such that Vo(t) = bar(Tgnxa(vy)), thanks to Remark

Let 1, and z§ be the sequences appearing in Definition B30, and let (2, ,vy,, ) be the
solutions of the n,-regularized problems in the time interval (0,77]; (ev0) comes immedi-

ately from (evO)c, (BERE), and ELTIA).

Now we prove that (v, p) satisfies (evl).

For ¢t = 0 it comes immediately from B2I3).

For ¢ # 0, we first show that (ev1) holds for test functions Z € H'(D;R™). Let t € ©\0,
(1t )i be the sequence appearing in (conv2)eg, and (Z,u) € H'(D;R™) x H%O(O). By
(ev1)eg, we have

Wiz, (8), 00, () + 5 V2, 01 <
< W(z% (t) + Z, U (t) 4+ @) — (U(t),q) + %HV%LZ (t) + VZ|I2 + H(3).
Thanks to Remark B.5.4,
V2, () + VEHE — SV 2, (O = LI VEIE + {1,y V2, (6),V2), = 0,
as k — oo. On the other hand we have
VV(Znn;c (t) + 2, Ut (t) +a) —W(zy Z(t)’ Up Z(t)) =

= / WO+ 2(2), F + Va(z) = WO, F)] dbz, | 1),vo, , o) (2,0, F);
DxR™ xRN X k

K
since
W+ 2(z), F + Vu(x)) —W(0, F)| < (3.5.14)
Cl(Z(2)| + [Va(e))? + 1] + C(|2(2)| + [Valx))(|6] + [F1),
thanks to Lemma and (BLIZ) we can deduce that
/D WO @) £ Vi) = WO.F) 3, 50, (.0 F) =

k

/ (W (0 + (), F + Vi(z)) — W(6, F)] dvi(x,0, F),
DxRm xRN xd
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and hence we can conclude that

/ W6, F) dvi(z,0, F) < (3.5.15)
DxRm xRN xd

< / WO+ 3(z), F + Vi(z)) dvi(z,0,F) — ((t), @) + H(Z).
DxR™ xRN xd

Using the fact that v is ©-2-weakly*-approximable from the left, it is easy to extend
the previous inequality to ¢ € [0, 7] \ © reasoning as in the proof of the main theorem.

Now we prove that [EEIH) holds also for test functions z € L?(D;R™). Let t € (0,T],
z € L*(D;R™), @ € H} (0), and assume that (Z,), is a sequence in H'(D;R™) with
Z, — 7 strongly in L?(D; R™); then we have

and
/ (W (0 + 2(x), F + Vii(z)) — W(0 + 2u(x), F + Vii(z))] dvi(z, 0, F) — 0,
DxRm xRN xd

thanks to the hypotheses on H, and to (W.2) and ([LC32), respectively; hence (evl) for
test functions Z and % can be deduce from [BRTIH) applied to Z, and .

Finally we prove (ev2).

Thanks to (B2.8) and (L), we have
Wz, v0) + % V25113 — Wizo,v0),

as n — oo; therefore we can argue as in the proof of the main theorem using (ev2)., and
the approximation properties of (v, ). O

THEOREM 3.5.7. Let I € AC([0,T]; HY(D;RN)*), ¢ € AC([0,T]; HY(D;RN)), T >
0, and (20,v9) € L*(D;R™) x A(0). Then there exists a quasistatic evolution obtained
by spatial regularizations with external load 1, boundary datum ¢, and initial condition
(20,v0), in the time interval [0,T].

PrROOF. Fix a sequence (2%}), in H'(D;R™) satisfying (58) and a positive sequence
nn — 0 satisfying ([BR3); let (2,,,v,,) be the solutions of the 7,-regularized prob-
lems with external load I, boundary datum ¢, and initial condition (z(,vp). Thanks
to (BR0), BED), and (H.2), we can apply Theorem to obtain a subset © of [0, 7]
with 0 € © and £([0,7] \ ©) = 0, a compatible system p € SY2([0,7], D;R™), and
a subsequence still indicated by (1,), satisfying (convl)e,. For every ¢t € © we select
a subsequence (%Z )i of (7n)n, possibly depending on ¢, satisfying (B5I1]). Thanks to

BEH), we can apply Lemma to obtain another subsequence still denoted by (77"2 )k

and v € Y2(D;R™ x RN*OT] which is ©-2-weakly*-approximable from the left and
fulfils conditions (conv2)e, and [ERI). O






CHAPTER 4

A vanishing viscosity approach

4.1. Introduction

In the previous chapter we have highlighted that the nonconvexity of the energy func-
tional is responsible for the ill-posedness of the incremental minimum problems used in
the construction of approximate solutions to the quasistatic evolution problem.

Moreover, since the lack of convexity allows the functional to have multiple wells, a
quasistatic evolution driven by global minimizers, if they would exist, could prescribe
abrupt jumps from one well to another one; therefore it is preferable to follow a path
composed by local minimizers rather than global minimizers.

To this end, in the present chapter we propose a notion of quasistatic evolution in which
the stability condition is weakened, it is indeed substituted by a stationarity condition.
Moreover, we propose a selection criterion based on a sort of viscous approximation,
among the evolutions satisfying the stationarity condition and the energy inequality. The
underlying idea is that an evolution obtained in this way does not jump over potential
barriers.

We consider viscously-regularized problems and prove an existence and uniqueness
result for their solutions in H'([0,T]; L?(D : R™) x HY(D;RM)).

Then, we send the regularizing parameter to zero and analyze the limit of the solutions
to the regularized problems, in the framework of Young measures: due to the nonconvexity
of the problem, the regularized solutions may develop stronger and stronger oscillations
in space as the parameter goes to zero, and this prevents the passage to the limit of the
stationarity condition and the energy inequality in the usual function spaces. Therefore,
a weaker formulation of these conditions in terms of Young measures, or equivalently
in terms of stochastic processes, is provided; we prove that the limit of the regularized
solutions satisfies these properties, and hence it can be considered as a solution of our
quasistatic evolution problem.

Finally, we compare the notion of approximable quasistatic evolution considered in the
present chapter with the quasistatic evolution based on global minimization defined in the
previous one. More precisely we study an example in which the approximable quasistatic
evolution is unique and is a classical function which can be described explicitely. Theorem
proves that this evolution cannot be a globally stable quasistatic evolution, since it
does not satisfy the stability condition.

4.2. The mechanical model

The reference configuration D satisfies the same assumptions as in Section As
before, v denotes the deformation, z is the internal variable, W: R™ x RV*d [0, 4+00)

65
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is the stored energy density, H: R™ — [0,+00) the dissipation rate density, and W and
‘H represent the integral functionals associated to W and H, respectively.

We assume that H satisfies the same assumptions (H.1) and (H.2) as in Section B2
while W is required to fulfil condition (W.1) of Section and the following condition,
which is quite stronger than (W.2):

(W.3) W is of class C? and there exists a positive constant M such that
0*wW
(0, F)| <M
8(0’ F)2 ( ) ) —_ Y
for every € R™ and every F € RV*? where % denotes the matrix of all
second derivatives with respect to (the components of) 6 and F'.
The global dissipation Var g (z; s,t) of a possibly discontinuous function z: [0, 7] — L?(D;R™)
in the interval [s,t] is defined as in Section B Note that for =z € H'([0,T]; L?(D;R™))
we have

Varg(z;s,t) :/ H(2(T)) dr (4.2.1)

(see, e.g., [, Theorem 7.1]).

The external load at time ¢ and the prescribed boundary datum on I'y at time ¢ are
denoted by I(t) and ¢(t), respectively; we assume that I € H'([0,T]; H'(D;RN)*), where
HY(D;RM)* is the dual of H'(D;RY), and ¢ € H([0,T]; H'(D;RY)). As before, the
kinematically admissible values at time ¢ are contained in L?(D;R™) x A(t), where

A(t) = Ht (¢(t)) :== {v € H'(D;R") such that v = ¢(t) H* *-a.e. on I'p}.
4.3. Regularized evolution

In this section we give the definition and an existence result for the solution of the
e-regularized evolution problem.

We will assume that the initial condition (z0,v9) € L*(D;R™) x A(0) satisfies the
following condition

(00, V) = (1(0),a) for every @ € Hp(0), (4.3.1)
Co € OH(0), (4.3.2)
where og(x) := %—I}/(zo(x),Vvo(x)), Co(z) == —%—Ig(zo(:n),Vvo(x)), for a.e. z € D.

DEFINITION 4.3.1. Let ¢ > 0,1 € H'([0,T]; H*(D;RN)*), ¢ € H'([0,T]; H*(D;RY)),
(20,v0) € L2(D;R™) x A(0), and T' > 0. Assume that (zg,vo) satisfies (E31]) and [E32).
A solution of the e-regularized problem in the time interval [0,7], with external load I,
boundary datum ¢, and initial condition (zq,vg) is a pair (2., v:) € H'([0,T]; L*(D; R™) x
H'(D;RY)), satisfying the following conditions:

(ev0) initial condition: (z:(0),v-(0)) = (20, v0);

(evl) kinematic admissibility: v.(t) € A(t), for every t € [0,T7;
(ev2). equilibrium condition: for a.e. t € [0,T] and for every @ € Hf, (0),
(o:(t) +eVo(t), Vay = (I(t), u), (4.3.3)
where o (1) := G (2(t), VL (t));
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(ev3) regularized flow rule: for a.e. t € [0,T],
z:(t) = Ni(¢.(t)) ae. in D, (4.3.4)
where (.(t) := — Gy (22 (t), Voe(1)).

REMARK 4.3.2. If I can be written in the form

/ftx dm+/8Dg(tx) B(z) dH (@),

with f(t) € L2(D;RY) and g(t) € L*(OD;RY), for every & € H'(D;RY), then (ev2).
takes the form

—dive.(t) — eAv.(t) = f(t), (4.3.5)

[o-(t) + eV (t)] - v=g(t) H¥ tae. only, (4.3.6)

where v is the outer unit normal to dD. Indeed, choosing first @ € H(D;RY) in (ev2),

we obtain [@Z3H) and this ensures that —dive.(t) — eAd.(t) € L?(D;RY); hence we can
apply integration by parts to get ([EE3.0]).

REMARK 4.3.3. Let us fix ¢ € [0, 7] such that 2.(¢) and v.(t) exist. Then the following
conditions are equivalent

2:(t) = N (¢.(t)) ae. in D, (4.3.7)
Ce(t) € OH(2c(t)), (4.3.8)
C.(t) —ez(t) € OH(2:(t)). (4.3.9)

Indeed, by [CIH), OHZ(¢.(t) = N5 (C.(t)), so that [E3) and 3R are equivalent by
standard property of conjugate functions (see, e.g., [I6l, Corollary 1.5.2]). The equivalence

of (E3ZF) and E3J) comes from the definition of H..

In the following Theorem we prove that the modified flow rule (ev3). can be replaced
by a suitable constraint on ¢, and an energy equality.

THEOREM 4.3.4. Let l, ¢, 2y, vo, €, and T be as in Definition [{-3-).

Then (z.,v.) € HY([0,T]; L?(D;R™) x HY(D;RN)) is a solution of the e-regularized
problem in the time interval [0,T], with external load 1, boundary datum ¢, and initial
condition (z9,vo) if and only if it satisfies the initial condition (ev0), the kinematic ad-
missibility (evl), the equilibrium condition (ev2), and the following conditions:

(ev3) relaxzed dual constraint: {.(t) —ez.(t) € OH(0), for a.e. t € [0,T];
(evd). energy equality: for everyt € [0,T],

Wz (), v (1)) — (I /Hza ds—i—s/ 15.(5)|2 ds +
a/o (Vo(s), Vi (s) — Va(s)) ds = W(z0,v0) — (1(0), v0) +

" /0 (o2(s), Vep(s)) ds — /0 (), ve(3)) + (U(s), p(s))] ds.
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REMARK 4.3.5. Since we are dealing with the e-regularized problem, in the energy
equality there are two extra terms proportional to € and depending on the time derivatives
of z. and Vw,; they represent a sort of viscous dissipation.

PrOOF OoF THEOREM EL3AlL Suppose that (z.,v.) satisfies (evO), (evl), (ev2). and
(ev3)L. As H is positively homogeneous of degree one, by a general property of integral
functionals (see, e.g., [16, Proposition 1X.2.1])

IH(2:(t)) C OH(0) = {¢ € L*(D;R™) : ((x) € OH(0) for a.e. x € D}, (4.3.10)

for a.e. t € [0,T]. Hence from 3] we derive (ev3)..
Since H is positively homogeneous of degree one, we have ((,z) = H(z), for every
z € L?>(D;R™) and ¢ € OH(z). Therefore, by @39,

H(2(t)) = (C(t) — e2e(1), 2(1)), (4.3.11)
for a.e. t € [0, 7.

Choosing @ = v-(t) — ¢(t) in (ev2). and using [E3II]) we obtain

) —
(G (ze(t), Voe()), 2:(1)) + (G (2<(t), Voe(1)), VoL (t) = V(t))) +
—(Ut), 0=(t) — (1)) + H(2:(1)) + (4.3.12)
+el| 2 ()13 + £(Vae(t), Ve (t) — Va(t) =0,
for a.e. t € [0,T]. By integration of [L3I2) from 0 to ¢, we obtain (ev4).
Conversely, suppose that (z., v.) satisfies (evO), (evl), (ev2), (ev3) and (ev4). Then,
by derivation with respect to t of (ev4), we obtain ([L3I2), which gives @3TTl), thanks

to (ev2).. Combining [E3TT]) with (ev3), it immediately follows 3 for a.e. t € [0,T],
and hence (ev3).. O

We conclude by stating the existence theorem for the solutions of the e-regularized
problems, which will be proved in the next section.

THEOREM 4.3.6. Let e, I, ¢, 29, vo, and T as in Definition [[.3.1 Then there exists a
unique solution of the e-regqularized problem in the time interval [0,T] with external load
l, boundary datum ¢ and initial condition (zy,vo).

4.4. Proof of Theorem

The proof is obtained via time-discretization, resolution of incremental minimum prob-
lems, and passing to the limit as the time step tends to 0.

4.4.1. The incremental minimum problem. In this section we study the incre-
mental minimum problem used in the discrete-time formulation of the evolution problem.

Let us fix a sequence of subdivisions of [0,7], 0 =t) <t < ... < 5" — T such that
Tp 1= SUDi—1,.._k(n) 7t — 0, as n — 0o, where 7% 1=t} —ti=1 for every i = 1,...,k(n). We
assume that 7, < 1 for every n, where M is the constant appearing in (W.3).

For every i = 0,1,...,k(n) we set I! :=l(t}) and ¢! = (t!).

For every n, we define (z/,v!) € L?(D;R™) x A(t}) by induction on i: set (29,00) :=
(20,v0), and for i > 0 we define (2%,v') as the solution (see Lemma EZI] below) to the
incremental minimum problem

min {W(z,v) — (', v) + H(z — 251 + Vv — Voit||121(4.4.1)

Iz = 213 +

27’1 27'Z
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among all z € L2(D;R™) and all v € A(t}).

LEMMA 4.4.1. Let e > 0, then for every n and everyi > 0 there exists a unique solution
to @) in L*(D;R™) x A(t).

PROOF. Let (23, v;) € L?(D;R™) x A(t}) be a minimizing sequence. By the bounds
on W and the assumption on I, we have

c(llzel3 + 1Vorl3) = C'(1 + okl gr) < W(zk,vx) = (I, 08) < C (4.4.2)

for suitable positive constants ¢,C’. Since v;, € A(t}), using Poincaré inequality we can
deduce from @ZZ) that (zj,vx)r is a bounded sequence in L?(D;R™) x H'(D;RY).

From the boundedness of the second derivative of W, guaranteed by (W.3), and since
Tn € (0,e/M) by our assumption on 7,, it easily follows that the functional in ZI]) is
strictly convex, and hence weakly lower semicontinuous on L?(D;R™) x H'(D;RY). Now

the existence of minimizers comes from the direct methods of the Calculus of Variations;
the uniqueness is a consequence of the strict convexity of the functional. ]

Now we derive Euler conditions for the minimizers.

THEOREM 4.4.2. Let ¢ > 0, then for every n and every i > 0 we have
H(Z+ 28 — 2070 —H( — 2570 = (1, a) >
> (——( , Vol v),Z) — <a—¥(z ) Vay + (4.4.3)
(z — 2L 1,~>—T%<VU,Z Vol va),
for every z € L*(D;RY) and @ € Ht (0).
Hence we can deduce the following Euler conditions:
—%—‘g(z;, val) — %(z; — zfl_l) S OH(z; — zi_l), (4.4.4)

n

(B (2L, Vul,) + %(VU; — VoY, vay = (L, @)  for every @ € Hp, (0). (4.4.5)

Conversely, conditions [{fZ-4) and [Z-3) imply that (2%, %) is a solution of {F4-1))-
PROOF. Since for every Z € L2(D;R™), @ € HF (0) and s > 0, 2%, + sz € L*(D;R™)
and v! + sii € A(t!), the mlmmahty property of (2%, v?) leads to
Wz, vn) = (s vn) + H(zp, = 2571 + g5 llen — 20 I3 + 55 1 Vo, = Vo I3 <
< VV(ZZ + 83,0 + Su) (I 8 4+ sty 4+ H(2E + 52 — 2071) + (4.4.6)
271 |28 + 52 — 257413 + 2T}; V!, + sV — Vo, b3,

27’1 271

Hence from the convexity of H we can deduce for every 5 € [O 1]

S[H(Z +z- ZZ 1) H(Z;L - )] > W( Zns n) +
—W(z, + 52, v;, + i) — <lz,v2>+<l;,vn+su>+ o= Hz —z 3+ (447)
—o=rlleh + 57— 2B + o5 IVl — Vi3 - voi 3.

Taking the derivative of (A7) with respect to s at s = 0 we obtain ([Z3]). For u = 0,
EZ3) is
H(zn+ 2 = 2571) = Mz — 2 1) 2 (=G (20, Vou) = (e — 201, 2,
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for every Z € L2(D;R™), i.e. (EZD). Taking Z = 0 in ([EZ3) we obtain (ELZH).
Conversely, 24l and ([ZD) imply the minimality of (z},,v} ), thanks to the strict

convexity of the functional. O
REMARK 4.4.3. ([EZZ) is equivalent to
2z — 2 t) = OHI (=5 (=, V). (4.4.8)

Indeed, since OH is positively homogeneous of degree 0, ([EZ2]) can be rewritten as

_%_Ig/(sz VU:L) - (Z:L — Z:;L_l) S 87’((7_%(2; _ Z;—l)%

£
T
which is equivalent to

O (2], Vuh) € O (& (2L — =i 1))

This is equivalent to ([EZX]), thanks to a general duality formula (see, e.g., [16l, Corol-
lary 1.5.2]).

Since A(t},) = ¢, + Hp,(0), for every n and every i = 0,1,...,k(n), there exists
ul, € H%O(O) such that vi = ¢ + ul.
Set, for every n and every i =0,1,...,k(n),

G 1= =G (20, Vit + Vi23,),

n
ol 1= G4, Vil + V)

Let define the piecewise constant interpolations (z,,u,): [0,7] — L2( D;R™) x H%O(O)
and (Cnyan): [O,T] — L2(D;Rm) X L2(D;RN><d) as

Zn(t) = Zim un(t) = uiw Cn(t) = Cﬁw Un(t) = O-:'w fOI’ tf@ é t < tij_la

where we set t-" T = T 4 1. Set 7,(t) := ti, whenever t!, <t < tif1. We introduce
also the piecewise affine interpolations zj : [0,7] — L?(D;R™), uy : [0,T] — H%O(O),
en: [0,T) — HY(D;RN), 152 [0,T] — HY(D;RY)*, defined by

) il
zn (1) = 2+ (0= 6) T
. S
up (t) == uy + (t — t%)t%l ; )
A i i\ Pt =l (4.4.9)
Pn (t) =@yt (t - tn) T tzna
) N A
lﬁ (t) = l:L + (t - t%)tiﬂ_tz

for ¢ <t < tifl,
Observe that, thanks to Remark and to (CIH), we can obtain from [Z4]) that

i i1 .
jz_jg,l = N (¢)). (4.4.10)
Analogously we can deduce from ([ZI]) that
) i i1 i i1 _ L
(o, + (T + ), Vi) = (57 @), (4.4.11)

for every u € H%O(O).
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4.4.2. A priori estimates. Now we obtain an a priori bound on the piecewise con-
stant interpolations, from an energy estimate for the solutions of the incremental problems.

Since ul=' 4 ! € A(t!), from the minimum property of (2%, ul + ¢!) we deduce the
following inequality:

Wzl uly + o) — (Uhul, + oh) + H(z — 2571 +

b oEzlleh — 2B+ o2 IV, — Va4 Vi, — Vi <
WG i i) - i g + (1412

IV — Vi — / " i) i+ pls)) ds +

: 1
n ti

n

— [ @) s+ [ GEET Vi V(). V() s

i—1 i
n tn

Fixed t € [0,T], iterating [EZT2) we obtain
W(zn(t), un(t) + @(ma(t))) — (Ut (L)), un(t) + @(10(t))) + Varm (zn;0,t) +
Tn(t) Tn (t)
w5 [ s @B ds 5 [T v @) ds<
Tn(t)
< Wiz, v0) — (0, v0) +a/0 V()2 ds + (4.4.13)
7n ()
+/0 (%—V}/(zn(s), Vu,(s)+ Ve(s)), Vo(s)) ds +

Tn(t) .
—/0 [(1(s), un(s) + @(s)) + (Us), p(s))] ds,

where we have used the identity

th

ZIVen = verls ==l |, Ve a, (4.4.14)

for every i = 1,...,k(n).
. T T o -
Using the fact that supyefo,ry [1(E)ll 1)<, suprepo,r IV(D)ll2, Jo 1))+ dt and [o V()2 di
are bounded, the growth hypothesis on W, (W.1), and the fact that z,, € L>([0, T]; L?(D; R™)),
w, € L>®([0,T]; H'(D;RY)) (since they are piecewise constant functions), [EZL) leads
to

lzn @)z + [Vun(t)]l2)* < C Sfépﬂ(l + [[zn(s)ll2 + [[Vun(s)ll2),
se|0,

for suitable positive constants ¢ C. Since this can be repeated for every t € [0,7T], we can
conclude that there exists a positive constant C., depending on £ but independent of n,
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such that
T
sup [zn(®)l2 < Cey  Vary(z,:0,T) < C., / 132 ()2 dt < Co; (4.4.15)
tE[O,T] 0
T
sup [[Vun (8)]2 < C-, / |Vad (6)]3 di < C., (4.4.16)
tE[O,T] 0

for every t € [0, 7.

4.4.3. Passage to the limit. To establish the convergence of the interpolations we
need the following Lemma, based on Gronwall’s inequality.

LEMMA 4.4.4. The sequences (zn)n, (Un)n satisfy

sup ||zn(t) = Zm(t)l|l2 — 0,
te[0,7

sup [|un (t) — wm ()| — 0,
t€[0,T
as n,m — o0.

PROOF. From the construction of 2%, u!, and using [EZIW), @ZII), we can deduce

ny -'n’

that, for every z € L*(D;R"), @ € Hf, (0),
(Vul, + Vol Vi) = (Vul ™t + Vil L Va) + (29, 2) — (571, 2) =
j . B _— . L
= —2[{o}, V) — (I, @)] + T (Ng (), 2).
Fixed t € [0,T], for every n, there exists 4 such that ¢! < ¢ < t!; summing for j from 1
to ¢ we obtain

(zn(t), 2) — (20, 2) + (Vun(t) + Ve(1a(t)), Vi) — (Vug + Ve (0), Vi) =
= %i:n{ e (NE(G),2) — (o) + B a) + (4.4.17)
j=1
+ e(Ni(G) = Ng (1), 2) = (o), — oL, Vay + (1, = 11 )] =

=1 [ INRC(6):2) — (0n(s), Vi + {Ura(s) )] ds + R0

where
t
Ry (t) == —%/ o [ (NE(€n(8)): 2) = (on(s), V) + (U(ma(s)), a)] ds +
+ 13 A [eNR () = N(GY), 2) — (od, — o=, Vi) + (1, — 171, @)
j=1
Observe that, since %—Vg, %—I}/ are M-Lipschitz thanks to (W.3),

1€ (s)ll2 < J\N{(l + lznls)ll2 + [[Vun(s) + Vo (rals))ll2), (4.4.18)
lon(s)ll2 < M1+ [lzn(s)ll2 + [Vua(s) + V(ra(s))ll2), (4.4.19)
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for a suitable positive constant M and for every s € [0,7]. Hence from (EZIH) and
(EZTHl), we can deduce that

t ~ ~
/ o 1€ (8)]l2 ds < M.y, (4.4.20)
Tn (T

t
[ lou®ls ds < 816, (1.4.21)
Tn(t)

Since N is 1/e-Lipschitz, and OW /00, OW/OF are M-Lipschitz, thanks to ([EZ20) and
[EZ2T)) we can estimate R, (t) in the following way

Ra(®)] < L8ea(12l2 + | Vidllo), (4.4.22)

for a suitable positive constant (3., depending on € but independent of ¢ and n.
Let n,m be two different indexes. Subtracting term by term the equations correspond-
ing to ([EZIT), we obtain, for every Z € L*(D;R™) and @ € Hy (0),

<zn(t) - zm(t)7 Z~> + (Vun(t) - Vum(t) + VQD(Tn(t)) - V‘P(Tm(t))v Vﬁ> =
=1 /0 [V (Ca(8)) = Nic(Cn(s)),2) — (0as) — 0ra(s), Vi)] ds+  (4.4.23)

+/ (I(1n(5)) = Urim(s)),u) ds + Ry(t) — R (t).
0

Now using again the fact that Ny, 9W/00 and OW/OF are Lipschitzian, and the estimate
[EZX22), we can deduce that

<zn(t) - zm(t)’ Z> + <vun(t) - vum(t) + VQO(Tn(t)) - VSO(Tm(t))v Vﬂ> <
< { [ 1lz006) = 2s)l = [Vaen(s) = Fus (o) o+ (1424)
+ [IVe(Tn(s)) = Vo(rim(s))ll2 + [[1n(s) — lm(s)”(Hl)*] ds +

+ - (ra + 7o) P22 + V),

for a suitable positive constant ~..
Since p € HY([0,T]; H(D;R™)) and 1 € H' ([0, T]; H'(D; RY)*), there exists a positive
constant «, such that

IVe(tr) = Ve(ta)lla < alty — to] /2, (4.4.25)
[8(t1) = Ut | (zrry- < afts — ta] /2, (4.4.26)
for every tq,t9 € [0,T.
It follows that
IV (ru(t)) = Veo(rm(®))ll2 < a((r0)"/? + (7)) (4.4.27)
IL(7(t) = Urm ()l a1y < (7)Y + (1) 3), (4.4.28)

for every t € [0,T] and every n,m.



74 4. A VANISHING VISCOSITY APPROACH
If we choose Z = z,(t) — 2z, (t) and @ = uy,(t) — up,(t), taking into account EEZLZT) and
[EIN), @) gives
12n(t) = 2m(t)ll2 + [[Vun(t) = Vun(t)]2 <

=% /0 [12n(s) = 2m(s)[l2 + [IV2n(s) = Ve (s)[l2] ds + a((a)"/2 + (r)2),

for a suitable positive constant & independent of ¢, m and n.
Applying Gronwall’s inequality we conclude that

sup ||zn(t) — Zm(t)ll2 — 0,
te[0,7

sup [[Vun(t) — Vg (t)|2 — 0,
te[0,T

for n,m tending to co. Since w,(t) — uy(t) € H%O(O), applying Poincaré inequality we
obtain

sup ||wn(t) — wpm(t)|| g1 — 0 (4.4.29)
te[0,7

as n,m tend to oo. O
From Lemma [Z4), we can deduce that there exist
z:[0,T] — L*(D;R™),
w: [0,7] — H'(D;R"),
bounded, such that

sup ||zn(t) — z(t)||2 — 0, (4.4.30)
te[0,7

sup |lwn(t) — w(t)||zr — 0. (4.4.31)
te[0,7

Moreover u(t) € Hy, (0), for every t € [0,T].

Set
¢(t) == —9¥(2(t), Vu(t) + Ve(t)) (4.4.32)
o(t) == ZL(2(t), Vu(t) + V(). (4.4.33)
Thanks to [EZ2ZH) and to the convergence of z,,, u,, we have

sup [|¢,(t) = €()]2 — 0, (4.4.34)

te[0,7
sup |lop(t) —o(t)||2 — 0, (4.4.35)

te[0,7

as n tends to oco.

Thanks to [CZIH) and ([EZIH), we have that (27 ), and (uy ), are bounded sequences
in ([0, T); L2(D;R™)) and H'([0,T]; H'(D;RY)), respectively; hence there exist 2,
such that, up to subsequences, z, — 2 and uj, — @ weakly in H'([0,T]; L?(D;R™)) and
HY([0,T); H*(D;RY)), respectively.
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Moreover using the identities

t
zn (t) = zp(t) +/ 25 (s) ds,
7n(t)

t
Vil (1) = V(1) + / Vil (s) ds,
(1))
for every t € [0,T], we deduce that

sup ||z () — za(t)]l2 — 0,
te[0,7

sup [|[Vub (t) — Vg (t)|2 — 0.
te[0,T

Hence we can conclude that 2 = z, Vit = Vu and the whole sequences z; and uj, satisfy
zp — z weakly in H'([0,T]; L*(D;R™)), (4.4.36)
uy — w weakly in H([0,T]; H(D;RY)). (4.4.37)

It is immediate to see that (evO) follows from the construction of (z,,v,) and from

(E230), EZ3T).

Since u(t) € Hy, (0) for every t € [0,T] also (ev1). is immediate.
We prove now (ev2).. From the construction of u;, and @ZII), it follows that
(on(t) + Ru(t) + e(Vauy () + Ven (1), Vi) = (U7 (1) + Ry, (t), @),  (4.4.38)
for every @ € Hy, (0), where Rl(t) := ojt! — o}, and RL(t) == Uit — 1P for t), < t < it
Thanks to (224,
sup B0y — 0.
te[0,7
Using the fact that Ny, is 1/e-Lipschitz, (W.3), the hypothesis on ¢, and ([EZTH), EZI4),
we deduce that
sup | RE(8)]> — 0.
te[0,7

From [ZT4)) we deduce that fOT [Ven ()3 dt is uniformly bounded with respect to
n and then V¢, — V¢ weakly in L2([0, T]; L?(D; RV*9)).

Thus, t + o, (t)+R%(t)+e(Viy (1)+Ven (1)) weakly converges in L2([0, T); L?(D; RV*9)
tot i o (t)+e(Vu(t)+Ve(t)); t — U1, (t))+RL (¢) strongly converges in L2([0, T]; H' (D; RN )*)
to l(t) as n — +o0.

Therefore from [Z3F) we can obtain (ev2).

Finally we prove (ev3).. From the construction of zj; and @ZIM), it follows that

20 (t) = N (¢, (1)) + RA(t) a.e. in D,
where RZ(t) := N&(CiTY) — N&-(¢2), for ¢, < t < il

Repeating the previous argument we deduce that supco 7y |25, (t)[l2 — 0, as n — +o0,

so that, taking into account ([ZZ3), we conclude that

sup |2 (t) — Ni(¢(8))ll2 — 0. (4.4.39)
te[0,T
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In particular this implies that 25 converges strongly in L>([0,7]; L?(D;R™)) and the
limit must coincide with %, thanks to ([ZZ30]); hence from [EZ39) we obtain
z(t) = Ni(¢(t)), a.e.in D,
for a.e. t € [0, 7.

4.4.4. Uniqueness. It remains to show that the solution of the e-regularized problem
is unique.

Let (z1,v1), (22,v2) be two solutions of the e-regularized problem in the time interval
[0, T] with external load I, boundary datum ¢, and initial condition (zg,vg), and set

Ci(t) == =G5 (zi(t), Voi(t)),
oi(t) == G (zi(t), Vvi(t)),

fori=1,2.
In particular the following equations hold for a.e. ¢t € [0, T1:

zi(t) = Nk (¢i(t)) ae. in D,
(oi(t) +eVoi(t), Va) = (I(t),u) for every u € H%O (0),

fori=1,2.
Hence, for a.e. t € [0, 7], for every z € L?(D;R™), and every @ € Hy, (0), we have

(Vo1 (t) — Voa(t), Va) + (21(t) — 22(t), 2) =
= —L{o1(t) — o2(t), Vi) + (N (1 (1) — N (Ca(1)), 7).
Therefore, by integration and (ev0), we obtain

(Vo (t) — Voa(t), Va) + (z1(t) — z2(t),2) = (4.4.40)
t
/0 [ = 2{o1(s) — o2(s), Vi) + (N (Ci(s)) — N (C(5)), 2)] ds.
We observe that vi(t) — va(t) € Hf, (0), for every t € [0,T]. Hence we can take
Z=2z1(t) — z2(t), & = v1(t) — v2(t), and we derive from EZIM) the following estimate:
121(8) = z2(B)l|2 + [[Vo1 () = Voa(b) 2 <

[ [(165) = 226l + 1901(6) = Voalo)la)] ds,
0

for a suitable positive constant M’ and for a.e. t € [0,T].

Hence Gronwall’s inequality guarantees that z1(t) = z2(t) and vq(t) = va(t), for a.e.
t € [0,T]; since, for i = 1,2, z; and v; are absolutely continuous functions from [0, 7] into
L?(D;R™) and H'(D;RY), respectively, we have the thesis.

4.5. Some properties of the solutions of the regularized problems

In this section we want to point out some useful properties satisfied by the solutions of
the e-regularized problems.

REMARK 4.5.1. In the special case of I = 0, I'g = 909, (t,x) = F(t)x, for F(t) €
H([0, T);RN*) for every ¢ € [0,7] and a.e. x € D, and vg(z) = F(0)x, 29 = 6y € R™,
the solution (v, z.) of the e-regularized problems satisfies the following properties:
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(1) ve=1¢
(2) x — z.(t,z) is a.e. constant on D, for a.e. t € [0,T].

Indeed the Cauchy problem

{ 0 (t) = N (— Gy (6:=(t), F (1))
0-(0) = 0o
has a unique solution 6. : [0,7] — R™, since the right hand side is Lipschitz.

The function (z.(t),v:(t)) = (0:(t),(t)) satisfies conditions (ev0), (evl), (ev2),
(ev3), and (ev4), hence by uniqueness it is the solution of the e-regularized problem.

Using the energy equality, we can prove the following bounds on the solution of the
e-regularized problems.

LEMMA 4.5.2. Let ¢, 1, 29, vo, and T > 0 be as in Definition {{.3-1). Then there exists
a positive constant C', independent of €, such that

T
sup [ze(t)]2 <O, Varg(z:0,T) <, 6/ 12e(s)]5 ds < C',  (4.5.1)
te[0,T) 0

T
sup [[Vo-(t)]2 < C', g/ IVo.(s)|2 ds < C'. (45.2)
te[0,T] 0
PROOF. The proof can be obtained from the energy equality for (z.,v.) reasoning as
in the second step of the proof of Theorem
O

REMARK 4.5.3. From L]l and (2] we can deduce that, for every sequence e, — 0,
we have e, 2., — 0 and e, V., — 0strongly in L2([0, T]; L>(D; R™)) and L?([0, T]; L?(D; RN *4)),
respectively. In particular
enze, (t) — 0 strongly in L?(D;R™), (4.5.3)
exVie, (t) — 0 strongly in L*(D;RY),
for a.e. t € [0, 7.

4.6. Approximable quasistatic evolution

In this section we give the definition of approximable quasistatic evolution in terms
both of stochastic processes and of compatible systems of Young measures. We prove an
existence result and that this evolution satisfies suitable properties of equilibrium, dual
constraint and an energy inequality, so that it can be considered as a solution of our
evolution problem.

4.6.1. Approximable quasistatic evolution in terms of stochastic processes.
Here we give the definition using a probabilistic language.

DEFINITION 4.6.1. Given a boundary datum ¢ € H'([0,T]; H*(D;R")), an external
load I € HY([0,T]; H*(D;RY)*), an initial condition (20, vp) € L*(D;R™)x .A(0) satisfying
E3T) and @T32), and T' > 0, an approzimable quasistatic evolution of stochastic processes
in the time interval [0,7] is a pair of stochastic processes (Z, Yt);c0,7) on a (D, £LY)-
probability space (D x Q,B(D) ® F,P), with Z; € L*(D x ;R™) and 2-weakly™* left
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continuous and Y; € L%(D x Q;RY Xd), for which there exist a positive sequence g, — 0
and a subset © of [0, 7] with 0 € © and £1([0,7]\©) = 0, such that the solutions (2., , v., )
of the gi-regularized problems satisfy the following conditions:

(a) for every finite sequence t; < --- < t, in ©, we have
(s 2e, (t1), -+ 26, (tn))(P) = (D, Zt,s ..., Z4,)(P) 2-weakly™

as k — oo;
(b) for every t € ©, there exists a subsequence (¢ ); of (e)x, possibly depending on
J
t, with

(7 2y, (£), Ve, ()(P) = (mp, Z0, Yi)(P)  2-weakly®,

J J

as j — oo and

limsup[(o., (t), Ve(t)) — (L(t), v, (1))] =

= liml{o,, (). V(1)) — Q1).ve,, (D))

J

(¢) (Z4,Yi)iepo,r) is ©-2-weakly* approximable from the left, for every ¢ € © (ERI))
and (LA hold, and for every t € © \ 0 [(E33)) and E3) hold for every e.

In Theorem (ELG.H]) we will prove that the evolution defined in this way satisfies the
stationarity conditions ), (), and the energy inequality (Bl). Since the proof will be
given using the language of Young measures, we translate the previous definition in terms
of Young measures.

4.6.2. Approximable quasistatic evolution in terms of Young measures. The
definition of approximable quasistatic evolution is now presented in terms of Young mea-
sures.

DEFINITION 4.6.2. Given a boundary datum ¢ € H'([0,T]; H*(D;R")), an external
load 1 € HY([0,T]; H'(D;RYN)*), an initial condition (29,v0) € L?(D;R™) x .A(0) satisfying
E3T) and E32), and T > 0, an approzimable quasistatic evolution of Young measures
in the time interval [0, 7] is a pair (v, u) € Y2(D;R™ x RV*H)0T] x §y2([0,T], D;R™),
for which there exist a positive sequence ¢ — 0 and a subset © of [0,7] with 0 € © and
£1([0, 7]\ ©) = 0, such that the solutions (2., ,v.,) of the g-regularized problems satisfy
the following conditions:

(a) for every finite sequence t; < --- < t,, in © we have

5(z5k(t1),...,z5k(tn)) - Byt 2_Weakly*’

as k — oo;
(b) for every t € ©, there exists a subsequence (¢ ); of (¢)x, possibly depending on
J
t, with

O(ze,, (). Fvs,, (1) — Vi 2-Weakly™, (4.6.1)

J J
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as j — oo and
limsup[(o., (t), Ve (t)) — (L(t), v, (1))] =

= lim[(oc,, (1), V(1)) — (I(D), Veps ®); (4.6.2)

(c) v is ©-2-weakly*-approximable from the left, for every t € © L3 and L)
hold, and for every ¢t € © \ 0 (L33)) and [32) hold for every e.

In the next subsection we will show that an evolution defined in this way, besides
fulfiling the selection criterion mentioned in the introduction, satisfies also the stationarity
condition and the energy inequality. In particular the technical condition (G2l will be
crucial to apply the argument in [I3] Section 7].

Before stating this result, we clarify in which sense the notions of evolution given in
terms of stochastic processes and in terms of Young measures are equivalent, and we make
some technical remarks which will be useful in the proof of the main theorem.

REMARK 4.6.3. As in Section BZ3l, we can deduce that an approximable quasistatic
evolution of Young measures belongs to AY ([0, 7], ¢); analogously, an approximable qua-
sistatic evolution of stochastic processes is in AY;,([0, 7], ¢). In particular, if (v, p) is an
approximable quasistatic evolution, then wpyrm (v¢) = p,, for every t € [0, 7.

REMARK 4.6.4. If (Z,Y¢),c(0,7) is an approximable quasistatic evolution of stochastic
processes, the pair (v, u) € Y2(D;R™ x RVXH01] 5 §y2([0,T], D; R™) defined by
v = (mp, Z,Y:)(P) forevery t € [0,T]
Wy, 4, = (D, Zyy, ..., Zy,)(P) for every finite sequence t; < --- < t,, in [0,77,
is an approximable quasistatic evolution of Young measures.

On the other side, thanks to Remark and Theorem ZZA] given an approx-
imable quasistatic evolution of Young measures (v, u) there exists a stochastic process
(Z+1,Y1)iepo,1) such that

(7D, Z1,Y:)(P) =vy for every t € [0,7]
(D, Z4y,- . Zy,)(P) = py, 4, for every finite sequence t; < ...t in [0,77;

in particular (Z, Yy)c[o,7] is an approximable quasistatic evolution of stochastic processes.

REMARK 4.6.5. If (v, ) € Y2(D;R™ x RV*H0T] 5 §y2([0,T], D; R™) is an approx-
imable quasistatic evolution of Young measures, for every ¢ € [0, 7] there exists a unique
function v(t) € A(t) such that Vu(t) = bar(gnxa(v:)), where bar(Tgnxa(vy)) denotes
the barycentre of the Young measure Tpnxa(vy). This follows from Remark and
Remark

Translating the previous remark in terms of stochastic processes we obtain the following
result.

REMARK 4.6.6. If (Z, Yt)te[o,T] is an approximable quasistatic evolution of stochastic

processes, for every ¢ € [0, T] there exists a unique function v(t) € A(t) such that Vo(t) =
bar((7p, Y)(P)).
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REMARK 4.6.7. If (v, u) € Y2(D;R™ x RVXHOT] » §¥2([0, T], D;R™) is an approx-
imable quasistatic evolution of Young measures, for every ¢ € [0,7] we define

o(t,z) == / W 0, Fy dvr (0, F), (4.6.3)
RmXRNXd 8F

Cla) = [ S 0F) v, F), (4.6.)
Rm xRN xd 89

for a.e. x € D. For every t € [0,7] we have that o(t) € L*(D;RN*%) and ((t) €
L*(D;R™): this comes immediately from (W.3), from 7p(v;) = £¢, and from the fact
that v; € Y2(D;R™ x RV*?). In the language of stochastic processes o (t) and ¢(t) can be
characterized as the unique elements of L?(D;RN*?) and L?(D;R™), respectively, such
that

oW

/Da(t,a:)g(a:) dr = /DXQ 8—F(Zt(az,w),Yt(az,w))g(az) dP(z,w), (4.6.5)
ow

DC(t,:E)h(:E) dr = /DXQ —W(Zt(:n,w),Yt(:E,w))h(:n) dP(z,w), (4.6.6)

for every g € L?(D;RN*9), h € L?*(D;R™), where (Z;, Y)iejo,) is the stochastic process
corresponding to (v, ).

4.6.3. Properties of an approximable quasistatic evolution. The next theorem
shows that an approximable quasistatic evolution of stochastic processes satisfies suitable
properties of equilibrium, dual constraint, and energy inequality.

THEOREM 4.6.8. Let ¢, 1, (z0,v0), €k, and T > 0 be as in the Definition {-0-1). If
(Z1,Y4)ejo,m) is an approvimable quasistatic evolution of stochastic processes, then the
following conditions are satisfied:

(ev0) initial condition : (Zy,Y ) = (20,v0);
(evl) kinematic admissibility : for everyt € [0,T], there exists a unique function v(t) €
A(t) such that Vu(t) = bar((mp, Y:)(P));
(ev2) equilibrium condition : for every t € [0,T] and every u € H%O(O),
(o(t), Va) = (1(t), u);
(ev3) dual constraint : {(t) € OH(0), for every t € [0,T];
(ev4) energy inequality: for everyt € [0,T] the map
t = [ (t), Ve(t) — (A1), v(1))],
where v(t) is the function appearing in (evl), is integrable on [0,T], and we have

o W(Z(z,w),Yi(z,w)) dP(z,w) — (L(t),v(t)) + Varg(Z, P;0,t) <

< W(z0,v0) — (1(0), v0) + /O (0(5), Vep(s) ds +

—/0 [(U(s), @()) + (U(s), v(s))] ds,
where Varg (Z, P;0,t) is defined as in (Z323).
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Thanks to Remark EEGA to prove the previous theorem it is enough to prove the
equivalent version for Young measures.

THEOREM 4.6.9. Let ¢, 1, (20,v0), €k, and T > 0 be as in the Definition {[.6.3).
If (v,p) € Y2(D;R™ x RNXHOT] 5 §y2([0,T), D;R™) is an approzimable quasistatic
evolution of Young measures, then the following conditions are satisfied:

(ev0) initial condition : Vo = 0(z).u0);

(evl) kinematic admissibility : for everyt € [0,T], there exists a unique function v(t) €
A(t) such that

V’U(t) = bar(ﬂ'DXRNxd(Vt)); (467)
(ev2) equilibrium condition : for every t € [0,T] and every u € HE (0),
(o(t), Va) = {I(t), 0); (4.6.8)

(ev3) dual constraint : {(t) € OH(0), for every t € [0,T];
(evd) energy inequality: for everyt € [0,T] the map

t = [{o(t), V(t)) — (U(t), v(t))], (4.6.9)

where v(t) is the function appearing in (evl), is integrable on [0,T], and we have
/ W0, F) duy(w, 0, F) — (I(t), v(t)) + Vary (1 0,1) <
DxRmxRNxd
t
< Wian, o) — (A0 w) + [ (o(s), V(o)) ds +
0

- [ 1) 2l + ((5), 0] s,
where Varg (p;0,t) is defined as in (Z1.3).

PROOF. Let (v, p) be an approximable quasistatic evolution of Young measures.
Condition (ev0) follows immediately from condition (b) of Definition {EE.2) and (evO) ,.
j

Condition (ev1) has been proved in Remark E
We now prove (ev2); we observe that condltlon ( ) and (W.3) imply that

o, (t) = o(t) weakly in L*(D; RV*4), (4.6.10)
i
for every t € ©, where (¢;¢); is the sequence appearing in (b). Hence, for every t € © \ 0
J
ELT) follows from (ev2). ,, EEIM), and condition (c) of Definition ELE2, while for ¢t = 0
J ,
is a direct consequence of 3], (ev0) ,, and EGIM). If t € [0,7]\ O, let s’ < ¢ be
J

a sequence satisfying (Z12); from (EBGR) for s/, we can obtain ([EGIM) for ¢, using the
continuity of the map I: [0,7] — H'(D;RY)*.

We show now (ev3). As for o it is easy to see that

Ce,, (t) = ¢(t) weakly in L*(D;R™), (4.6.11)
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for every t € ©, where (g¢); is the sequence in (b). Thanks to (c), [EGII) implies that
J
Cep (t) —eptze,, (1) — ¢(t) weakly in L?(D;R™), for every t € ©, and thus, since 9H(0) is
3 7N

sequentially weakly closed in L?(D;R™), we obtain from (c) and (ev3),, that
i

¢(t) € OH(0), (4.6.12)

for every t € ©\ 0, while for ¢ = 0 it comes immediately from [E3Z2), (ev0) ,, and ELTI).
J
For t € [0,7]\ ©, [EGTID) follows now easily from (c).
Finally we want to prove (ev4). First of all we observe that if (5k; );j is the sequence
appearing in (b), we have
v, () = v(t) weakly in HY(D;RM); (4.6.13)
J

hence

(o (t), Ve (t) — (1), v(t)) = (4.6.14)
= limksup[wak (1), V(1)) — ({U(t), ve, (1))

for every t € ©, thanks to [GI0), EEITF), and EEZ). Therefore the map EED) is

measurable on [0,7]. Moreover, from Lemma we deduce that

[(o=(8), Vep(t)) — {U(t), ve(1))] < (4.6.15)
< IVl + L)l zrry-s
hence, thanks to the hypotheses on ¢ and I and to [L6.I4), the map [EEI) is integrable
on [0,T7.
Fix t € © and let (g;:); be the sequence appearing in (b); since the term containing
J

W is weakly lower semicontinuous and the variation is weakly lower semicontinuous too,
thanks to condition (a) of Definition LG22l we have

/ W0, F) duy(w, 0, F) — ((t), v(t)) + Vary (11 0,1) <
DxRm xRN xd

< lim inf [W(zgkt (t),ve,, (1) — (U(t), ve,, (1)) + Varg(zc,,;0,1) .
j j i j J

Using (ev4). , and , we deduce that
4

/ W0, F) dvy(x,0, F) — ((t), v(t)) +
DxRmxRNxd
<

Varg (p;0,t)
t

< W(z0,v0) — (1(0), vo) — ; (I(s), p(s)) ds +

+limsup / (0, (), Vp(s)) — (i(5), ve,, (5))] ds.
J 0 J !
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We can deduce, using Fatou Lemma thanks to (EG.IH)), that

timsup [ [l (5). V() — i(s). s (5)] ds <

J J J

<timsup [ [(o2,(5), V() — ((6). v, (5))] ds <
k 0

g/ limsup[{o¢,(s), Vi(s)) — (i(s)yvak(3)>] ds.
0k

Thanks to ([LE2) this implies that

/ W0, F) dvy(x,0, F) — ((t), v(2)) +
D xRm xRN xd

Varg (p;0,t) < (4.6.16)

< Wizo,v0) — {10), vp) — /0 (1(s), p(s)) ds +

+/0 [(o(s), Vo(s)) — (L(s),v(s))] ds.

Let now t € [0,7]\ © and let s/ — t be a sequence satisfying ([Z12); it is easy to verify
that

Varg (p;0,t) < liminf Varg (u; 0, s7),
j

hence (ev2) for ¢ can be deduced from [EEIH) for s/. O

The following result is an existence theorem for approximable quasistatic evolution of
stochastic processes.

THEOREM 4.6.10. Given an esternal load 1 € HY([0,T]; H'(D;RN)*), a boundary da-
tum o € HY([0,T]; H (D;RN)), an initial condition (zg,vo) € L*(D;R™) x A(0) satisfying
#-31) and {-33), and T > 0, there exists an approximable quasistatic evolution of sto-
chastic processes (or of Young measures) in the time interval [0,T)].

ProOOF. Thanks to Remark (64, it is enough to prove that there exists an approx-
imable quasistatic evolution of Young measures. Fixed a positive sequence ¢, — 0, let
(%e,, Vs, ) be the solution of the ej-regularized problem in the time interval [0,77], with
external load I, boundary datum ¢ and initial condition (zp,vp). Thanks to [EZIH) and
(H.2) we are in the hypothesis of Helly’s Theorem for compatible systems of Young mea-
sures (see Theorem EZTH). Therefore, by passing to a subsequence still denoted by (g )k,
we can conclude that there exist © C [0,7], with 0 € © and £([0,7]\ ©) = 0, and
€ SY2([0,T], D;R™), which satisfy condition (a) of Definition EEG.2.

Thanks to Remark L3l we can assume that ([E23]), [EEA) hold for every ¢t € O, by
choosing a subset of O if necessary; analogously we can assume that 33 and 34
hold for every t € © \ 0 and every ¢. For every t € O select a subsequence (6k§ );j of (ek)k

which satisfies (E6.2); thanks to ([EZTHl) and ([EZTIEH), we can apply Lemma to the
sequence of compatible systems ((5(zgkvw,gk))/€ and we obtain a family of Young measures
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v € Y2(D;R™ x RV*4)0.T] which is ©-2-weakly* approximable from the left and satisfies
(LD, for a suitable subsequence of (sk; )j- This proves (b) and (c).
g

4.7. A finite dimensional example

In this section we will propose the complete analysis of the approximable quasistatic
evolution for a concrete case, in which the hypotheses of Remark EE5T] are fulfiled and
hence the internal variable and the gradient of the deformation are functions from [0, 7]
into a finite dimensional space.

Let consider the cased = N =m =1, D = (0,1), and I'g = {0,1}. We assume H = |-|,
1 =0, and

W (0, y) == 5wy —al8)* + (1 —n(y)y*] + b(d) for every 6,y € R, (4.7.1)

where a € C%(R) is bounded with its first and second derivative and a(f) = 6 if |9| < 2,
n € C2(R) is a cut off-function with n(y) = y if |y| < 7+ 5V(2), and b is a C? function
satisfying the following properties, for every 6 € R (see Figure 1):

(b.1) b(#) > ch? + d, for suitable positive constant c, d;

(b.2) b(0) + 160+ 1] > 2, for every 0 # —1;

(b.3) b has a local minimum at —1, with b(—1) = 2, a global minimum at 1, with
b(1) < 1, and a local maximum in 0, and there are no other local extrema,

(b.4) 5b” + 1 is bounded and has exactly two zeros, —1 < 6; < 0 < 0y < 1, with
b'(01) <V (2).

Ay | 91 (92 T 0

FIGURE 1. The function b

It is immediate to verify that such a W satisfies hypotheses (W.1) and (W.3).

Let us fix T such that 6460, +5b'(01) < T < 8+5¥(2); we will study the approximable
quasistatic evolution in the time interval [0, 7] with (¢, z) := (t — 1)z for every t € [0, T]
and every z € [0, 1] (which corresponds to the boundary condition v(¢,0) = 0 and v(¢,1) =
t — 1), and initial condition (zq,vg) = (—1, ¢(0)).
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THEOREM 4.7.1. Let W, 1, H, ¢, T, and (zy,vo) satisfy the assumptions at the begin-
ning of this section. Then the unique approximable quasistatic evolution corresponding to
this data is given by

v(t,z) = @(t,z) for everyt € [0,T7;
-1 for0<t <5
z(t,x) = 2(t) =< 21(t) forb<t<t (4.7.2)
2o(t) forti <t <T

where t1 := 6+ 601 +5b'(601), for every t € [5,t1] 21(t) is the unique solution in the interval
[—1,601] of the equation

tt—1-0(t) b 0t) =1, (4.7.3)
and for t € (t1,T) z is the unique solution of {.7.3).

PROOF. We are in the case of Remark LBl hence the solution (v, z.) of the e-
regularized problem is

v.(t,7) = (L, ), (4.7.4)
ze(t,x) = z:(t), (4.7.5)
where z. is the solution of the Cauchy problem
Ze(t) = 1[ = Wo(za(t),t = 1) — Py 1y( — Wo(z(t),t — 1))] (4.7.6)
2¢(0) = —1, o

where P_; ) is the projection on the interval [~1,1]. By the upper bound on T', =Wy (0, t—
1) takes the form

9(t,60) == Lt —1-0) — ¥ (6),
for every t € [0,T] and for every |#| < 2. Hence the equation in ([ZZ0) becomes

g(t7 Zs(t)) -1 if g(t7 Ze(t)) >1
5.t =40 it g(t, 2 (1) < 1 (4.7.7)
g(t,z(t)) +1 if g(t 2 () < -1

until |z.(t)| < 2. For every ¢ let t. be the greatest time in [0, 7] such that |2-(¢)| < 2 for
every t € [0,t]. In particular z(t.) = 2. Since 0 < g(t,—1) = £t < 1 for ¢ € [0, 5], we have
ze(t) = —1, for every t <5 and every e. In particular we have ¢(5,2:(5)) =1 and ¢. > 5.
It is easy to see that g(t,z:(t)) > 1 for t > 5. Indeed let U, be the open set {t € (5,t.) :
g(t,z-(t)) < 1} and let (o, B) be any connected component of U.. Since g(a, z:(a)) = 1,
there exists 0 < J. < f— a such that 0 < g(¢, z:(t)) < 1 for every t € (o, a+ 0 ); therefore
Ze(t) = 0 for every t € (a, v + 0¢), in particular z.(¢) = z.(«). Since g(-, z:()) is strictly
increasing (indeed %(t,@) = 1), we have 1 = g(a, z () < g(t, 2:()) = g(t, 2:(t)) for
every t € (a,a + ), which contradicts g(¢,2-(t)) < 1. Hence Uz = () and g(t,2:(t)) > 1
for every t € [5,t.]. Thanks to the upper bound on T" we have ¢g(T,2) < 1, but, if t. < T,
we have 1 < g(t.,z:(t:)) = g(t-,2) < g(T,2) which contradicts ¢g(7,2) < 1. Therefore
te =T for every ¢, and g(t, 2-(t)) > 1 for every t € [5,T].
Hence we can conclude that, for ¢ € (5,77, z. is the unique solution of the equation

ez:(t) = g(t, z:(t)) — 1. (4.7.8)
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Note that
dg

%(t,ﬁ) = —2(1+5b"(9)),

for every t and . Therefore from (b.4) we know that dg/d6 has exactly two zeros #; and
0y with —1 < 01 <0 < 6y < 1.

First of all we want to show that there exists a unique solution z1(t) € (—1,6;) to the
equation

g(t,2(t)) =1, (4.7.9)

for t € (5,t1) where t; = 6 + 61 + 5 (01). Note that g(t1,61) = 1; since g(-, ) is strictly
increasing for every 6, we have g(t,—1) > ¢g(5,—1) = 1 = g(t1,61) > g(t,01) for every
t € (5,t1); hence for every t € (5,t1) there exists a unique z;(t) € (—1,0) solving L)
(because %(t, -) never vanishes on (—1,6;)). By the Inverse Function Theorem the map
t + 21(t) is C! and we can deduce that limtét; z1(t) = 01 (indeed if not, let 8* be this
limit; we have —1 < 0* < 0; and g¢(t1,6*) = 1, which contradicts the fact that g(¢;,-) is
strictly decreasing on (—1,61)).

It is easy to see that for ¢ > ¢; the equation L) has a unique solution: indeed we
can write

g(t,0) — 1= 5(t —1) —¥(0),
where (6) := £0-+V/(0)+1; since, for every t > t1, 1(0) < 1p(61) = $(t;—1) < 2(t—1), for
every 0 < 0, and limg_ 4 1(0) = 400, we deduce that the zeros of (¢ — 1) — (6) exist
and are contained in (62, +00); since in this interval % never vanishes, we can apply again
the Inverse Function Theorem to obtain the existence of a unique continuous function
z9: (t1,T] — R solving 3.

We want now to show that z; is the unique approximable quasistatic evolution in [5, ¢1].
First of all we observe that, since z.(5) = 21(5) = —1 and €2, (t) > 0 = g(t, 21(t)) — 1 while
eze(t) = g(t,z-(t)) — 1, by the comparison principle z1(t) > z.(t) for every t € [5,¢1).Let
now fix n > 0 and ¢ € (5,¢1); if we show that there exists g such that for every e < g
we have z.(t) € [21(t) — n, 21(t)] for every t € (5,1), we can conclude that z(t) = z1(¢) on
(5,t). Let

Cp = t?[é% g(t,z1(t) —m) — 1
m = t%?,}% Z1(t);
we have m < 400 by continuity of 21, and ¢, > 0 because g(t, z1(t) — 1) > g(t, z1(t)) = 1.
Therefore we can find g > 0 such that eg m < ¢,, and for every € < g9 we have z,(5) —7n <
2e(5), e21(t) < g(t, z1(t) —n) — 1 while e2.(t) = g(¢t, z-(t)) — 1, hence z.(t) > z1(t) — n for
every t € (5,1).

Since z is left continuous by definition we can conclude that z(t) = z1(t) for every
te[5,t1].

Finally we show that z must coincide with z5 on (¢1,7].

As |z:(t)] < 2 for every t € [0,T] and every e, condition (ev3) satisfied by z can be
written as

g(t, (1)) € [-1,1]. (4.7.10)
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Since we have proved that g(¢, z:(t)) > 1, for every t > t1, it follows that z satisfies (L),
for ¢t > t1. As this equation has a unique solution zo defined on (¢1,7), we can conclude
that z(t) = z9(t) for every t € (t1,T]. O

We prove now that the approximable quasistatic evolution described in Theorem EE7T]
does not fulfil the requirements of the definition of globally stable quasistatic evolution
given in Definition B3 12

THEOREM 4.7.2. The datum (—1,¢(0)) is stable for the considered problem, but the
approzimable quasistatic evolution described in Theorem [{.7-1] does not satisfies partial-
global stability, i.e. there exists t € [0,T], Z € L*((0,1)), and @ € H}(0,1) with

W(z(t),t — 1) / W(z (x),t — 1+ @' (x)) do + ||Z||:. (4.7.11)

PRrROOF. First of all we have to verify that the initial condition satisfies the minimality
condition requested in Definition B23 T2l To this aim we have to check that

1
Wi(-1,-1) < / W(=1+ Z2(z), -1+ 4/ (z)) dz + || Z||1,
for every zZ € L%((0,1)) and @ € H}(0,1); this is immediate because W(—1,—1) = 2, while

/W 1+ 3@), -1+ @ (2)) da + |Fh >

> /0 b(—1+ 2(2)) + |5(@)] do > 2,

thanks to assumption (b.2).
Let now consider t e (4,5, 2=2,and u = 0. We have W(z(t),t — 1) = lio(t2 + 20),
while thanks to (

/W (z),t =1+ @ () dz+ ||Z]1 =
w1 t—l)+2—10(t— 22 +b(1)+2< (-2 +3=

& (2 — 4t +34) < 15(¢% + 18).






CHAPTER 5

Globally stable quasistatic evolution in the discrete case

5.1. Introduction

In this chapter we analyze the particular case in which Z is a finite set {0, : a =
1,...,q}, representing the different phases (or phase variants) of the crystal, and the
internal variable z: D — Z represents the phase distribution of the material.

As before, v denotes the deformation, the stored energy of the system can be written
as

W(z,v) := /DW(z(w),Vv(x)) dx,

while the energy dissipation associated to a phase transition is represented by

/ Hznow(@), 2oa(x)) da,
D

where H is a distance on Z, z,4 is the old phase distribution and z,¢, the new one. We
require that the admissible deformations satisfy a prescribed time-dependent boundary
condition ¢(t), which we impose on the whole boundary 9D to avoid some technical
difficulties; for the same reason, we neglect any contribution due to external forces.

Also in this case, the lack of convexity of the energy functional gives rise to many tech-
nical difficulties, making unsolvable in usual functional spaces the incremental minimum
problems. We follow the same approach of Chapter B, and set the problem in a suitable
space of Young measures, where the incremental minimum problems can be solved.

The discrete setting allows to describe more explicitly Young measures and compatible
systems, as explained in Section The aim of the present chapter is to prove an
existence result for the quasistatic evolution in a time interval [0,7], defined as a pair
(b, A) = (b, (At)iepo,r]) satisfying an admissibility condition and suitably reformulated
stability condition and energy inequality. The notion of evolution considered here seems to
be better than the one proposed in Chapter Bt the partial-global stability is a minimality
condition with respect to a quite large class of competitors and the energy inequality
involves any pair of time instants.

The proof of the existence theorem (Theorem A7) follows the classical scheme of
time-discretization, resolution of incremental minimum problems, and passage to the limit
of the approximate solutions.

The new feature concerns the choice of the solutions to the discretized minimum prob-
lems: the regularity results for quasi-minima of integral functional are used to prove a
uniform bound over the moments of order 2r > 2 of the selected minimizers, and conse-
quently of the approximate solutions (bf“ /\fl) As a by-product of this selection, we get

89
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the continuity of the functional
BX) = [ S )W (6, F) ANl ),
D xRN xd o
which is crucial in order to prove the existence result.

5.2. The mechanical model

The reference configuration D satisfies all the assumptions in Section B2 except for
condition ([BZTl), which is not necessary here.

We indicate the deformation with v and the internal variable with z. We denote the

stored energy density by W: Z x RV*4 — [0, +00), while the dissipation rate density
will be a metric on Z2, denoted by H: Z? — [0,400). The energy density W satisfies
the assumption (W.1) of Section B2 while (W.2) is substituted by the following weaker
condition:
(W.4) W(8,-) is of class C? and
ow
e (O,F)‘ <C(1+|F)).
The integral functional associated to W and H are denoted by W and H, respectively.
Given two distinct times s < ¢, the global dissipation of a function z: [0, 7] — L>*(D; Z)
in the interval [s,t] will be

k
Varg(z; s,t) := sup Z H(z(1:), 2(Ti-1)),
i=1
where the supremum will be taken among all finite partitions s =7 <71 < -+ < T = t.
The prescribed boundary datum on 9D at time t is denoted by ¢(t); we assume ¢ €
AC([0, T); WEP(D; RN)), with 2 < p < +oo0.
The kinematically admissible values for the deformation at time ¢ are contained in A(%),
where A(t) := (t) + Hi (D; RY).

5.3. Admissible set in terms of Young measures

DEFINITION 5.3.1. Given A C R and w: A — H'(D;R"), we define the admissible
set for the time set A and the boundary datum w, Ad(A,q,w), as the set of all pairs
(b,A) € S(A, D, q) x (Y(D;RVN*4)9)4 such that property E3I0) (for p = 2) is satisfied
by b’ AL, for every a and t, and the following condition holds: for every finite sequence
t) < -+ <ty in A, for every i = 1,...,n, and every k € N, there exist a measurable

partition (ng)glzl of D and a function v¥ € w(t;) + H}(D;RY) such that:
(1) for every (a1,...,an) €

1 -1 — plitn [ weakly*, as k — oo;

D&f DuF al..on

(2) for every i = 1,...,n there exists a subsequence (k:;) j» possibly depending on i,
such that

1 g, — blidl 2-weakly*, as j — oo

IR

for every a =1,...,q.
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The following remark compares the notion of Ad(A, ¢, w) with the notion of admissible
set in terms of Young measures AY (A, Z, w), as defined in Section

REMARK 5.3.2. Given A C R and w: A — HY(D;RY), let us consider (b,\) €
S(A,D,q) x (Y(D;RN*H9)A " with (b, X" satisfying 3I0) for p = 2, and (v,pu) €
Y2(D; Z x RN*HA » SY (A, D; Z) defined by

q
vy, = Z bl (69, @ Ali), for every t € A
a=1
Myt = Z bf;l'jfgné(@al,m’@an) for every t; < --- <t in A.
(a1yeeeym)

Then (b, ) € Ad(A, g, w) if and only if (v, u) € AY (A, Z, w), i.e. for every finite sequence
t;] < .-+ < t, in A there exist sequences (zF), € L>®(D;Z2), (vF)y C w(t;) + H(D;RY),
for i =1,...,n such that

(appl)z; we have

5(257.“725) — py, g, weakly™, (5.3.1)
as k — oo; ‘
(app2); foreveryi =1,...,n, there exists a sequence of integers (k;;) j» possibly depending
on %, such that
0 i i —Uyp 2-weakly™, (5.3.2)
(Zi ’ ,Vvi J)

as j — 0.

ti

k
., we can define z;" by

Indeed, given (ng)a satisfying the approximation property for b

zf () = 0, whenever z € Dfl’k, or equivalently, given zf satisfying the approximation

property for v4,, we can consider D5F = {reD : 2Fx)=0,} fora=1,...,q.

The closure properties of Ad(A,q,w) are described by the following lemma, which is
the formulation in our discrete setting of Lemma B3.71

LEMMA 5.3.3. Let (w?); be a sequence of functions from A into H'(D,R™), such that
wl(t) — w(t) strongly in H', for everyt € A and let (b,\) € S(A, D, q)x (Y (D; RN*d)7)4
with (b', \') satisfying (Z31I0) for p = 2, for every t € A. Assume that for every finite
sequence t; < --- < t, in A there exists a sequence (b°,N) € Ad({t1,...,tn},q, w?) such
that

(b7 )a, e, — bla,  L*-weakly *, (5.3.3)
as j — oo for every (au,...,qn) € i, and such that for every i there exists a sequence

of integers (jﬁ)h, possibly depending on i, satisfying
((B7h)l (NIR)EY = BlXL | 2-weakly™, (5.3.4)

a’tar

as h — oo for every o =1,...,q. Then (b,\) € Ad(A, q,w).

The following lemma will be used in order to provide a class of competitors for the
discretized minimum problem in Section B2l
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LEMMA 5.3.4. Let 0 <t < -+ < typ, < T be a finite sequence in A. For every
Jj=1,...,m, consider v; € w(t;) + 6( :RY) and a measurable partition (D3)%_, of
D. Let M: D — ML, z — (Mg (2))ga be a measurable map, and @ an element of

HE(D;RYN).
Let (v, p) € Y2(D; Z x RN {ttm} 5 SY2({t1, ...ty }, D; Z) be defined by

= Mgalpgpd(o, von+va),
075

vy, = Z 1Dg5(6a,ij) for every j < m,

a=1

Boan = D, Mgalpy o Ippet - 1opdio,, 0,00
alv"'vamflyavﬁ

Then (v,p) € AY ({t1,...,tm}, Z, w).

PROOF. Let us consider first the particular case of M: D — M%?q constant.
Fix a € {1,...,q} and define a measure v on D x Z x RV*? by

Vi, =Y Mpalpgd(o,vin):
B

where U, := vy, + 4. Consider a measurable partition (S§)g of the unitary cube [0, 1]4,
with |S§‘| = Mg, for every [ (it is possible to find such a partition since 0 < Mg, < 1
and Zﬁ Mp, = 1, by the hypotheses on M). Let us define now a measurable function
72:[0,1]¢ — Z by setting

Z%(z) =0p for ae. x € SF,

for every 8 =1,...,q, and extend it by periodicity to all R, For every § > 0, the function
z¢: R? — Z defined by 2§ (z) = Z%(%), for a.e. w € R?, is §-periodic. By Lemma [[LT.2
we have

Lizera ; 22 (z)=05} — Mpq L°-weakly*,

as 0 — 0. Let now ¢ € Co(D x Z x RVX4) = Cy(D x RV*4)Z: we have

q
Lo (@), 25 (1), Vi (2)) = Log (2) 3 (. 05, Vom(2) L pucra 0 (0120, (7).
B=1
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for a.e. z € D, and the function z — 1pm(2)¥(z, 03, Vi, (z)) is in L'(D) for every S.
Hence we can deduce that

/ (@0, F) d(1pg 8 s vi,)) (@0, F) =
DxZxRNxd
_ / 1o (2)0(z, 5(2), Vig(z)) do =
D

- 6—0
=3 [ 100 00005 Vi @) i oy ) e =2
B
S [ Mool (@)0(a.05. Vi, (2) =

:/ W(@.0,F) dw )(z.0, F).
DxZxRNx*d

Defined Z5: D — Z by Zs(w) := z§(z) if z € D!, we can conclude that &z, 5,.) — Vi,
2-weakly™, as § — 0.
We observe that

Botn = D, Mgalpy oo lppt 1opdio,, .0, .00 =

QL 5eeey O — 1,03

Z Mﬁangl(s(zl,...,szl,Gﬁ)7
aB

where 27 (x) := 6, whenever x € DZ‘,, for 7 =1,...,m — 1. Hence we can apply the same
argument used for vy, to py, 4 and deduce that 0, . .., 5y — My, 4, Weakly™ as
8 — 0. Hence it is enough to consider a sequence §¥ — 0, and, for every k, z;‘? = zj for
7 <m, zﬁl = Zsk, fu;? = v; for j < m, and fuﬁl = ¥y, to obtain the required approximation
properties considered in Remark

Consider now the case of Mg, in C*(D). Fixed a positive parameter ¢, consider a finite

family (QE) 61 of disjoint cubes in R?, with diameter ¢, covering D, and set

(Mpa): == (Mga)qinp = 1ginpy | Mpal@) da,
c QenD
for every ¢ = 1,...,1(¢), and every a, (3. For a fixed «, we can define a measure v2 on
R? x Z x RN*? by setting

q

I(e)
v = Z Z (Mpo): 1Qz 1pm0 (05, Vom)-

Letusfixi=1,...,I(¢) and reproduce the arguments used in thQ constant case: consider a
measurable partition ((S2)5)s of the unitary cube [0, 1]¢, with |(S2)3| = (Mpa)z, for every 3
(it is possible to find such a partition since Zﬁ(Mga)i = @%D' meD Y5 Mpa)(z) do =
1, by the hypotheses on M), and define (3*):: R? — Z as the l-periodic measurable
function satisfying

(29)(x) =05 for ae. x € (S;)%‘,
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for every 3 =1,...,q. For every d > 0, consider the function (2‘”); 5 R? — Z defined by
(20‘);5(:17) 1= (2%)(%), for a.e. z € R%. Fixed &, we obtain as before that

1D3L6(2?5,6m) — V? 2—Weakly*, (535)

as 0 — 0, where Z2;: R? — Z is the function defined by Zls = ZZISI) lo: (50‘)276.
Now we want to show that v — v§ 2-weakly* as e — 0
For every ¢ € Co(D x Z X RNXd), we have

/ Ve, 0.F) dvp, (2,0.F) ~ | U0, F) dve (2,6, F)| =
DxZxRNxd DxZxRNxd
I(e)

|32 [, 0060 - 10103010 05, V0t i

Since for every z € D there exists a unique i, = 1,...,I(¢) with € Q% we have

[Mpa(x ZlQl (Mo)el = [Mf, () — (Mpa)Z| < IV Mpallce,
for every x € D' and every = 1,...,q. Therefore we have
/ Ol b.F) v, (2,6.7) - [ U0, F) (2,0, F)| <
DxZxRNxd DxZxRNxd

<D IIVMpallool¥lloo| DI,
B
(5.3.6)
which tends to 0 as € — 0.
Since Y(D; Z x RN*4) is contained in a bounded subset of the dual of a separable

Banach space, it is metrizable with respect to the weak™ topology. Let us denote by d a
metric inducing on Y (D; Z x RV*?) the weak* topology, so that we have

o dv2, vy ) —0ase—0;
o for every fixed €, d(1ppd(zo, vi),ve) — 0 as d — 0.
Applying, as before, the same argument to p;, , , we deduce, using a diagonalization
argument, that there exist sequences d; — 0 and g, — 0 such that
(1) for every a, 1pmd(za 5 Vo va) — VP 2-weakly™ as k — oo;
€k» k’ m
(2) for every a, we have
Ippdea,  ampe )= Y. Mgalpy o lpmot 1ppdien,. 0, 00)
Q1 5eey O —1,8
weakly™®, as k — oo.
Now it is enough to define Z. 5: D — Z, by Z. 5 := > 1pm 22 ‘5> to prove the thesis.

It remains only to treat the general case of Mg, € L>(D). We can reproduce the
same construction proposed in the C'-case; the only difference is that we have to use an
approximation argument to show that v2 — v§ . Indeed it is enough to consider, for



5.3. ADMISSIBLE SET IN TERMS OF YOUNG MEASURES 95

every 3, a sequence (Mf,), in CcY(D), with Mps — Mg, strongly in LY (D), as n — o0,
and let (Mga)?;. 1= (Mp,)qinp- For every ¢ € Co(D x Z x RN*) we have

|/ w(a,0.F) dv, (0.0.F) - [ Y(a,0,F) dug (2,0, F)| <
DxZxRNxd DxZxRNxd

< ‘/WZMﬁa(x)w(x,eﬁ,vfam( da:—/ ZMﬁa Y(x, 05, Vi, (z)) dr +

)
Z 1@"” Z Mﬁa) ¢(w 0ﬁ7vvm( dx +/m Z 1Q1 Z(Mga)élb(x,@ﬁ,V@m(x)) dw‘ +

o

Da i=1 [ 3
+‘/ ZMEQ(:E)TZJ(:E,%,V@m( ) du _/ ZlQl Z Mga (2,08, Vi, ()) dx‘ <
& & Dgi=1 Ié;
I(e) '
= ‘Z / m [(Mﬁa N Mﬁa Z 1Ql Mﬁa Mga)é]¢(x¢957Vﬁm($)) dl“ +
B o

+‘Z/ (Mg (= Zl@ )(M,) ()]w(:v,eﬁ,wm@))dx\.

77L

We know that

‘M,Ba Z 1Q1 M,Ba ’ - ‘M,Ba( ) (Mga)?‘ < HVM,[?Q”OOE?

for every x € D" and every 3 =1,...,q. On the other hand, using Lemma [[T], we can
deduce that

| 100 = M) Z 1:(0)(Mao = M| do < [ Mo = M, (0)]

o

Let us fix n > 0; choosing 7 such that Y5 [|Mga — M, [l1[¥]le < 1/2, we have

|/ vla,b.F) g, (2,6.7) - [ 0,0, F) w2 (e,0,F)| <,
DxZxRNxd DxZxRNxd

for every e <&, :=n(2)4 HVMELOC”OO”wHOO’D‘)_I; therefore we obtain that v2 — v¢ as
€ — 0 and we can prove the thesis as in the previous case.
O

REMARK 5.3.5. If (b,\) € Ad(A, q,w), for every t € A there exists a unique function
v(t) € w(t) + HY(D;RY) such that Vo(t) = Y, bl bar(A}); moreover, for every t € A,
the function o (t) representing the stress and defined by

q
=3 b () / OW 9. F) dALY(F) for ae. w € D
RN xd aF

belongs to L2(D; RN *4),
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5.4. Definition of quasistatic evolution and main result

First of all we give the definition of quasistatic evolution in the discrete setting.

DEFINITION 5.4.1. Given ¢ € AC([0,T]; W'P(D;RN)), for 2 < p < +o00, T > 0, 2 €
L>(D; Z), and vg € A(0), a quasistatic evolution of Young measures with boundary datum
¢ and initial condition (zg,vg), in the time interval [0, T, is a pair (b, X\) € Ad([0,T], q, ),
with b € S_([0,T], D, q), satisfying the following conditions:

(ev0) initial condition: defined D® := {z € D : zy(z) = 04}, we have b2 = 1po and

(A)r = 09y (z) if T € DY, for every o;
(evl) partial-global stability: for every ¢ € [0,T], we have

; /D b (@) ( W (0o, F) d(AL)*(F)) dz <

RN xd

<y /D Mo ()b, () (

a76:1

W (0, F + Vi(z)) dAL)*(F)) dz +

RN xd
q
3 H(05,00) / M (@)bl(z) da,
a,B=1 D
for every @ € H}(D;RY), and every measurable map

M: D — Mg z — (Mpa(2))gas
(ev2) energy inequality: if o is the function defined in Remark (233), then the map
t— (o(t), Ve(t)) (5.4.1)

is integrable on [0, 7], and for every t; < ty € [0,7] we have

3 / b2 () ( W (6, F) d(A2)"(F)) d + Dissp (b; t1, ) <
a=1"D

RN xd
égémw(

where Dissg(b;t1,t2) is defined by (230]).

W (80, F) d(AD)*(F)) da + / H(0(s), Vp(s)) ds, (5.4.2)

RN xd t1

THEOREM 5.4.2. Let p € AC([0,T); H*(D;RY)) and T > 0. Assume that the partial-
global stability condition is satisfied by (z9,v0) € L*°(D;Z) x A(0) . Then there exists
a quasistatic evolution of Young measures with boundary datum @ and initial condition
(20,v0) in the time interval [0,T].

5.5. Proof of the main theorem

The proof is obtained via time-discretization, resolution of incremental minimum prob-
lems, and passing to the limit.
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5.5.1. The incremental minimum problem. The first step of the proof consists
in the definition of an approximate solution via an inductive minimization process.

Let us fix a sequence of subdivisions of [0,7], 0 = t) <t <--- < ") — T such that
SUP;—1,... k(n) Tn — U, a8 n — 00, where 7, =1}, — ti=l for every i = 1,...,k(n).

For every i = 0,1,...,k(n) we set o}, := o(t},).

We define (b, AL) € Ad({t%,...,t}},q, ) by induction on i: set

(bo) (5‘ )oc = 1DO 5Vv07

where DO := {z € D : z(z) = 0,}; for i > 0 we define (b}, \})) as a pair satisfying the
following properties:
(min) (b%, X)) is a minimizer of the functional

S [ @[ W00 P AN () do+

RN xd

+ZH (03,00 / (1) da, (5.5.1)

over the set A7 (bl !, /\’_1) of all (b,A) € Ad({tY,... .}, q, ) satisfying
Zbao .= (bi~ 1) fn a.e. in D, for every (ap,...,ai—1) € &7 (5.5.2)

agal

)\tn _ ( )\z 1)
(reg) there exist constants 7 > 1 and > 0, both independent of i and n, such that

z n 2r i ”33‘
Z/deb (P AN (@, F) <

for every j < i and every «; (5.5.3)

a

<l (D) waeIee a e o) ] (5.5.4)

a=1

The existence of such a pair (b}, \!,) is proved in Lemma below.

LEMMA 5.5.1. For everyi > 1 and every (LN € Ad({t0, ... 171 g, ), the set
Al ("1 XY s nonempty.

PrROOF. Fixed (b1, Xi71) € Ad({t,...,ti"1}, ¢, ), we consider the map
n n

T2, oot @ F) o (o, F + Vi (a) - Vi (a):
let b be the unique element of S({t\, ... ,#}, D q) satisfying
) i—1 ! 3 L — oy
ottt o= 4 (O sl i o = ooy (5.5.5)
o 0 otherwise;
for every (ag,...,q;) € JZ{ZZ_I, define A € ((Y(D;RN*d)a){tn.tn} by

)\ = (AT 1)07 if 7 <, for every «,

- i—1
X;;L = Tgw gt (X Dyin . (5.5.6)
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It is immediate to see that (b, X) satisfy the properties (22)) and ([Z23]). By construction

G4 . o . .
bin Afn € Y2(D; RV*D) for every o and ever =0,...,7: indeed for j < 7 it is obvious,
a Mo ; ) y yJ J
while for ¢ we have
o (0.t
ba - Z bao...ai,la -
(0...cj—1)
i—1\t0 ..t i—1\th !
Z (bl )OZ)...O!I',QO! = (bl )O! ?
(vg...ctj—2)

for every a, therefore

[ei@( [ PR ) do=
= [ @( [ 1P+ V) - Ve @ dhE ) do <
D RN xd

- i—1 . i—1 . .
< [ @0 @( [, PP aANE ) do+ 1968+ V6 < o
D RN xd

for every a. It is now easy to prove the approximations properties (1) and (2) of Definition
B3 for (b, A) defined by (ERH) and (BEH). Suppose that for every k and every j =
0,...,i —1, (D""H%F), is a measurable partition of D and (v'~!)7* is a function in
o+ H}(D;RYN), which satisfy conditions (1) and (2) for (b""*, A’"!). Then (Dg;k)a and
vk defined by

DIk .= (DHYIR for j <
Di,k o (Di—l)i—l,k
[ «
vk = (IR for j <
ik = (i LyimbR i il
for every v and every k, satisfy (1) and (2) for (b, A). O

LEMMA 5.5.2. There exist constants v > 0 and r > 1, such that for every n, every
i=1,...,k(n), and every (bz'_l,)\z_l) c Ad({t0,... ,ti=1 q,¢), the functional 21) has
a minimizer over AL (b1 XYY which satisfies (5-0.4)-

PROOF. Let (bh , )\h)h be a minimizing sequence. By the bounds on W we have
X [ @@ ([P AN ) de-C < (557)
o D RN xd
< b" fjl x
> [ @i

for every h, for a positive constant C’ independent of h. Moreover, we have

0 7
sup 1(B")tn [l < 1,

W (0, F) d((N")i2)" (1)) < €,

RN xd

aQ...q; =

for every (ay, .. : ,a;) € /% . Therefore, we can deduce that there exist (b(a,...a,))(a0...a:) €
(L>=(D;[0,1]))7"" satisfying ([Z33) and

0 i
Ot = bag .  LO-weakly*,
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as h — oo, up to a subsequence. In particular,

(bh)f} - Z L>°-weakly*. (5.5.8)
(0...aj—1)
From (BE25.1), we can deduce using Remark EZZf and (58] that there exists A € Y (D; RV *d)
satisfying with Z(ao,. 7 bag...c;1a condition [ZZIM)(with p = 2), such that

.. aifl)
") (Ao — Z bog...c;_1ara  2-weakly™,
(0...aj—1)
as h — oo, up to a subsequence.
We now define
)\ = (AT 1) , for every j < i and every a,
)\Zl = \q for every a,

and b as the unique element in S({t%,... ¢}, D, q) satisfying

bt = bag..a; forevery (ap...q;) € &fz‘il

It is immediate to see that the hypotheses of Lemma are satisfied by (b, A), hence
(b,A) € Ad({t%,...,t}},q,¢). Moreover (b, ) satisfies (E52) and (E53), by construc-
tion; hence (b, \) € AL (b1, AT71).

The term of (L) containing W is 2-weakly* lower semicontinuous, while the one
containing H is L°°-weakly* continuous; therefore, the functional ([EERJ]) is lower semi-
continuous with respect to the convergence we are considering, this implies that (b, A) is
a solution of our minimum problem.

0 1

Now we want to construct from (b, A) a new minimizer (b, A) satisfying property ([E54).
Let us set

q _
Z bl )t (99, © (AL)I),
()0 i = Z (b1, aﬁ(eao, ay)"

(@0,wsxi)
From the definition of A% (b=, X'71) it follows that (v!,pul) € AY({t2,...,t1},Z, »);
in particular there exist sequences ( ;kl) (2% )k in L®(D; Z), and (v° )k in A(t])
satisfying

(5(zi71 Z:L,k) ([J,n) i1y Weakly*,

n,k >’

8, — (V%)t;‘l 2—Weakly*,

n, k’vvn k)

as k — oco. Thanks to Lemma 3R we can assume, without loss of generality, that
(V! |*)k are equiintegrable; hence by Theorem we may assume that

sup [ Veh, 413 < / FP? )y (.6, F) + (5.5.9)
k DxZxRNxd

[ Wit pta). Vol sla) dz WO, F) dw) (x,60,F).  (55.10)
D DxZxRNxd
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Denote by I, the minimum value of (EEI) over A% (b1, A1), Thanks to (EEI0), we
can deduce that

tim | /D Wz (), Vol o (2)) di + /D H( 4 (2), 2i (@) da] =
- / W0, F) d(w) s (x,0, F) +
DxZxRNxd

—I—/ H(Qi,ei_l) d(lj’ib)tiflti (l‘,@i_l,ei) = IriL. (5.5.11)
DxZz2 o
Now we want to consider the following auxiliary minimum problem, for every k:
It o= inf  [W(z . (2), Vou(x)) da:—i—/H(sz (@), 20 (@) do. (5.5.12)
" veplh+H D ’ D ’ ’

For every k, we choose @;k € ¢ + H(D; RV*?) such that

/ W(zilk(a;), V@;k(az)) dx +/ H(zilk(a;), 2l @) de < T, + £ (5.5.13)
D D ’ ’

Using v/, as competitor in (EEIJ), we can easily deduce, from (EEI3) and the growth
hypothesis on W, that

IVor k13 < CQ+ [V, k]13),

for a suitable positive constant C, independent of n. Hence, thanks to (F53), supy, Va7, 1 1I5

is bounded; in particular there exists 72, € Y?(D;Z x RN Xd) such that, up to a subse-
quence, 6(zi IR v} 2-weakly® as k — oo. Thanks to Lemma [[38 we can assume,

up to a subsequence, that |V% .|? is equiintegrable in k.

Since Tpxz(7y,) =3 a(b;)Zn dp,,, by Remark 2234 there exists a family of Young mea-

sures A, = ((A%)4)q such that it holds
q

7= > (bl (8, ® (N)a): (5.5.14)

a=1

since 7}, € Y2(D; Z x RV*d), (b;)g" (N9)q satisfies (ZZI0) for p = 2. We have

/ W(0,F) d7i (2,0, F) + | H(00i1) d(pi) s, (2,0 1,0;) <
DxZxRNxd Dx 22 nom

< limkinf [/[)W(Z;Lk($),V@;k($)) dx + /[)H(z;k(:n),z;_kl(:n)) dZE} <

< limkinf[lfl,k +1/k] < (5.5.15)

glimkinf[ / W (z, i (@), Voy, 1 (2)) da + / H (2, (2), 2 () dw} = I,
D D ’

The construction of 7/ implies that the pair (b, X), with

i—1

Xi= (Al A ) =
= (ATYE L (Y N,
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is an element of Ad({t%,... !} q, ); moreover it satisfies the “memory properties” (5.2
and (EE3), required to be in A% (b1, A1), Hence

[721 < / W(@,F) dz?;(a;,H,F) + H(@i,ei_l) d(ll,il)tiflti (x,@i_l,Hi);(5.5.16)
Dx ZxRNxd DxZ?2 o

we can deduce from (E5IH) and (E5I6) that (b, A) minimizes (&5 over A% (b*1 A1),
‘Now we want to apply Ekeland Principle in order to construct a more regular sequence
(171’17 )k which, together with z,, » generates v,
We define ﬁ;k as the function @;k — ¢! € H}(D;RM). Consider the functional &
defined on the Banach space VVO1 1(D;RN) by

E(u) = Jp W . (2), Vi (x) + Vu(z)) do if u € H{(D;RY);
. +00 otherwise;

This functional is strongly lower semicontinuous with respect to the VVO1 1 topology, it

is positive and not infinite everywhere: hence we apply Ekeland’s Principle (see [16]

Corollary 6.1, p.30]) to Wol’l(D; R") endowed with the norm [Jul|y,11 := [|[Vul|1; we deduce
0

that there exists ﬂfl . € HY(D;RY) satisfying the following properties:
1

/ W (zh (@), Vo, () + Vil () do < I, . + 7 (5.5.17)
D
i i 1
||Vun,k - Vun,k”l < ﬁ; (5518)
| Wit sla), Vi a) +va:;,k<:c>> d < (5.5.19)
D
| W sla), Do)+ Valo) + 2 [Va = Vit i) da
D f
for every u € H}(D;RY).
In particular these properties imply that
sup |V 15 < O(1+ sup [V 4ll3), (5.5.20)

for a suitable positive constant C' independent of k, n, and i, and
Ot i Ventvas,) = P 2weakly”,

as k — oo.

Using the growth hypotheses on W, it is easy to deduce from EEI9) that, for k
suﬂi(nently large, vy, ;. is a Q-quasi-minimum of the functional F: H YD;RY) - R deﬁned
by Fv) = [p(1+ |Vv( )|2) da, for a suitable positive constant @ independent of k, n, and

. We can now apply Theorem [CZ4 and conclude that there exist two constants v > 0
and r > 1, both independent of k, n, and ¢, such that

/|Vv |2Td$<’7 14 ( /|ank )|2dzn)},
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for every k. In particular, thanks to (B520), we have
/ ]Vfu ()" da:<fy{1+HankH } <

<3|+ Va5 ). (5.5.21)

for a suitable constant > 0 independent of k, n, and i. Thanks to the equiintegrability
of [Vy, 4|2, using Theorem [[3I0 we can deduce that

q ) .
S @I e <
a1 DXRNXd
< liminf/ Vol (x)]* dx <
k D ’
<31+ (tim / \V@fhkﬁ da)"] =

=1+ ( Z/ (z)|F|? d\i (z, F))").

xRN X d
This concludes the proof. O

Using the minimization process described so far, it is possible to construct inductively
(b, ALY, for every i = 1,...,k(n) and every n.

Set 77(s) := !, whenever ¢}, < s < tit! where we set tn(n) =T+ %

For every i and n we set

@)=Y [ O T 0 F) AN (P,
and define

on(t,x) = ol (z), (5.5.22)

for a.e. x € D, whenever !, <t < i+l
For every v = 1,...,¢q, we define (A,)q € Y (D;RN*)0T] by

(M) = )i (5.5.23)
whenever !, = 77(s), for every s € [0,7]; we define also b, € S([0,T], D;R™) as the

piecewise constant interpolation of bE (see Definition ZZ3T]).
Note that (b, A,) € Ad([0,T],q,%(7"(-))) by construction.

5.5.2. A priori estimates. Set

q .
Z (89, ® (AL,

i \t0 i
(un)t%...tﬁl = Z (b )tao tala(eao, 0a;))

(a0;--i)
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for every i = 1,...,k(n), and

(Mn)to...tm = Z (bn)g?o':fg}na(ea()7---70(¥m)’

(O‘Ov--yam)

for every t € [0,T] and every toy < - -+ < ty, in [0,T].

As in Section BZZ2l we want to deduce a discrete version of the energy inequality for
(b, An). We briefly recall the arguments for the reader’s convenience.

Using the competitor defined in the proof of Lemma BE51], we have

/ WO, F) dw'), (2,0, F) +
Dx ZxRNxd "
+ / H(O; — 0i1) (1) gorys (3, 001,0) <
Dx(Z)2 "
gy/ W (0, F) dwi "), (2,0,F) +
DxZxRNxd "

+/ [W(HvF + V(P;(x) - V(P;_l(x)) - W(67F)] d(”iz_l)tﬁjl (LE,H,F).
DxZxRNxd

Let us fix t; < t in [0,7] such that t, < t; < ¢ttt < ), <t < 5", for suitable
l,j=0,...,k(n); using

/ [W(07F + V(,D%(JI) - V(‘Dil_l(flf)) - W(HvF)] d(”;_l)tffl(xﬂevF) =
DxZxRNxd

f oW
:/ </ —(97F+6"($,$))V¢(S,SE) d(Vn)s(x,e,F)) dS,
it DxZxRNxd OF

n

where €"(s,x) := V(s,z) — Ve (1"(s),z), for every s € [0,7] and every z € D, and
iterating from [ to j, we obtain

/ W (0, F) d(wn)ey (2,0, F) + Varg (s, t1, t2) <
DxZxRNxd

n (tz)

g/ WWIMM%@@D+/ (on(s),Vp(s)) ds+  (5.5.24)
DxZxRNxd

Tn (tl)

T"(tQ) 8W . 8W .
—l—/Tn(tl) ( / [8—F(9,F+6 (s,2)) — 8—F(9,F)} V(s) d(un)s(;pﬁ’F)) ds;
DxZxRNxd
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in particular for ¢t; = 0 we have

/ W (0, F) d(v)iy (2,0, F) + Varg (1,0, t2) <
DxZxRNxd

7" (t2)
< W(z0,v0) + /0 (on(5), Vp(s)) ds + (5.5.25)
" (t2)
+/0 ( / [%—‘;/(9,}7—1—6"(3,36)) - %—‘;/(H,F) Vo(s) d(l/n)s(az,H,F)> ds.
DxZxRNxd

From [52Z0), we can deduce the following a priori estimates on (v, iy, ).

LEMMA 5.5.3. There exists a positive constant C, such that
sup sup / (0, F)" d(wy)i(z,0, F) < C, (5.5.26)
n te0,17] J DxZ xRN xd
sup Varg (p,,;0,7) < C. (5.5.27)
n

PROOF. Using the fact that fOT ll(t)|| 1 dt is finite, the hypotheses on W and the
inequality

sup / 12 d(w)s(2,0, F) < oo,
s€[0,T] J Dx ZxRNxd

(since v, are piecewise constant interpolations of Young measures with finite second mo-
ments), we can deduce from ([h29]) that, for n sufficiently large,

/D L CATE A (5.5.28)
X Z X x

. 1/2
<CuCoswp (14ef P dw,)o(.0.5)) "
s€[0,T] DxZxRNxd

for suitable positive constants C' and ¢ independent of ¢ and n.
Since this can be repeated for every t € [0,7], we deduce

sup sup / (0, F)2 d(va)(x, 0, F) < C,. (5.5.20)
n te[0,7) J Dx ZxRNxd

Inequality ([226]) comes now from (h29) and ([0A), while inequality ([B27) follows
from (029) and (BL2Z). O

Using LemmaBE5 3 and adapting the proof of Lemma BZH, we can deduce the following
discrete version of the energy inequality: for every ¢1 < tg in [0, 7]

/ W (0, F) d(wn)ey (2,0, F) + Varg (s, t1, t2) <
DxZxRNxd

7" (t2)

< / W0, F) d(wn)e, (.0, F) + / (o0(5),V(5)) ds + pn, (5.5.30)
DxZxRNxd

T (t1)

where p, — 0 as n — oo.
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5.5.3. Passage to the limit. Thanks to ([27), we can apply Helly’s Theorem
(Theorem Z37) to the sequence (b,), and obtain a subsequence, still indicated with
(by)n, a subset T of [0,T], containing 0, with £'([0,7]\ 7) =0, and b € S_([0,T], D, q),
such that, for every finite sequence t; < --- < ; in 7, we have

(bn)tlmtl — plr-t L°-weakly™*, (5.5.31)

«aq...00 aq...0

as n — oo, for every (ai,...,oq) € #/}!. Denote by p the element of SY_([0,7],D; Z)
corresponding to b.

Let 77 be a dense countable subset of 7 containing 0. Thanks to (E2226]) and Remark
30 we can find with a diagonalization process a subsequence of (A )y, still indicated
by (An)n, and At = (AL), € Y(D; RV*4)4 for every t € 7', such that

/ bl (x)|F|*" d\ (2, F) < C, (5.5.32)
DxRNxd

and

(bu)l, (A, — B, 2r-weakly*, as n — oo, (553

«

for every t € 7'. Note that the family of coefficients b appearing here is the same as in
(ER3T), because Tpxz((vn)i) = (w,): for every t € [0,T] and thanks to Remark EZ37
moreover, by construction of (v,, u,,) we have

b = (bn)o = 1o, (5.5.34)
AN = ((A,)?)* = Ovuy(z) forae e DY, (5.5.35)
(5.5.36)

where D0 :={zx € D : z(x) = 04}
For every t € T \ 7', let us choose an increasing sequence of integers n!, possibly
depending on ¢, such that

limsup(o,(t), Ve(t)) = li]?1<0'n}f€ (t), V(t)) (5.5.37)

n

(this choice is crucial in order to apply the argument in [I3], Section 7]). Again by (520
and Remark 230 we can extract a further subsequence, still denoted by (Anz )k, satisfying

(E537) and such that there exists A’ € Y (D; RY*4)4 with
/ b ()| PP dAL(z, F) < C, (5.5.38)
DxRNxd
(bni)ta()\ni)ta — bl AL 2r-weakly*, as k — oo. (5.5.39)
Note that, thanks to (W.4), we have
lim sup(ora(t), V@ (1) = (0 (1), Vb)), (5.5.40)

where

o(t,x) = Zbg(x) /]RNxd %—I}/(HQ,F) d()\ta)l‘(F),
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for every ¢ € 7. This implies that the map (4]l is measurable on [0,7]; moreover for
every t € 7' we have

limsup(oy, (), Vo (1)) = lim(a, (1), V(1))

n

The family v will denote the element of Y7 (D; Z x RV*47 corresponding to (b, A).
Let t € 0,77\ 7, and fix a sequence s; in 7 converging to t with s; < ¢; by (Eh32), and

[(ER3R), we have
sup / b () / FP7 A (F)) de < O
1 D RN xd

J

for every j: again by Remark EZ36 we can find a subsequence, not relabeled, and \! €
Y (D; RV*4) such that

/ bl (x)|F|*" d\ (2, F) < C, (5.5.41)
D xRN xd

and
b — ngg 2r-weakly™, as j — oo. (5.5.42)

Note that, since mpxz(v) = p, for every ¢t € T, the left continuity of b defined in (E531]
ensures that the family of coefficients appearing in (E542)) is the same as in (ER3T]).

In this way we have defined A € (Y (D; RN*)9)0T] and consequently v € Y?"(D; Z x
RN*d)0.T] Tt can be shown that (b, X) € Ad([0,T], ,cp) using Lemma B33 and adapting
the argument in Section

By construction (b, A) satisfies (ev0).

5.5.4. Stability. Fix nand i =1,...,k(n). Let
M:D — ngq
x = (Mﬁa(x))ﬁow

beameasurable map, and let @ € HE(D;RY). We define (7!, ii!,) € Y2(D; Z xRN *d){tn ot}
SY({t2,.... 4}, D, Z) by

(Vi) = v, )tj if j <
ZMﬁa (b1 (G, © Tva(A)E):

. 7
to tz . § :Mﬁa b ao al 10{6(9010,...,9042.71,9‘5)7

where 7gg: D x RN*? - D x RNXd is the map sending (z, F') into (x, F' + Vu(z)).
LEMMA 5.5.4. The pair (D%, i) is in AY ({t2,... 8}, Z, o).

Proor. Consider (Vi ul) € A_Y({tn, ot} Z ) for every j = 0,...,i, there exist
a sequence (v} );, contained in ¢(#,) + Hg(D;RY), and a sequence ((D3)x)a, indexed by
k., of measurable partitions of D, such that
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(1) we have
2 L8y LDa )0 g b)) = (K )eg,.4i,  weakly™,
QO yeeey O
as k — o0o; |
or every j = 0,...,1, there exists a subsequence J, possibly dependent on 7,
2) f =0 th ist b K b devendent on
such that
q .
Z J (ea,VU )4 (Vj’L)t% 2-Weakly*,
a=1 it
as | — oo.

In particular, by Lemma this implies that
> Mpalipg ), 1

(D& )
QO — 1,043

10 100 g by 8) = (B )igs, weakly®, as k — oo
Z Mgal(Dy),,

JONEREE — (Ph)y, 2-weakly*, as | — oo;

q
Z (D), 9a,w Pl (),
a=1 l

2-weakly*, as | — oo, for every j < i.

Thanks to LemmaB3d, the pair (0, @*) € Y2(D; ZxRN*d){tntn} x SY2({10 ... #}, D; Z)
defined by

- Z Mﬁal(Dé)k(s

(85,Vvi +Vi)

tjl = Z 1 (DL) vl for every j < 1,
~k ._ )
(u )t%"'til T Z Mﬁal(Dgo)k """ 1(Délll)k ’ 1(Da)k6(9a07---76ai,1ﬂﬁ)’
Q05 0—1,05/3
is an element of AY ({t%,...,t\}, Z ), for every k. Therefore, the thesis can be deduced
using Lemma O
Set

i tO e i to R
(B o s —ZMﬁab

OCO OG— 10“

()\n)ﬁ = (AL ) " for every j<i,
Sivtig D ]\/fﬁoz(fc)(b%)a"(96)%%(95)((()\Z
(Ap)g)" = — if ) Mg )in(z) > 0
’ 5 Mo () (b)) () 2 M

for a.e. z € D, for every 3, and every («p,

. ,ai_l) S ‘Q{q where TVu(gc) RAxd _, RNxd
is the map defined by F — F + Via(z), for a.e. 2 € D; since (b, \,,) is the element
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corresponding to (&y,, ' jit), we immediate deduce from Lemma B.5.4] that (i);, :\Zn) belongs
to AL (b1, A1), The minimizing property of (b, X!,) implies that

> [ w@( [,
+ 2 H (Ot [ @ @) do <

W (0 F) d(A)0)7(F)) dor +

W (0 F) d(AL))7(F)) dar +

RN xd
+ZH 03,0, / b, );ﬁlti (x) du;
in other words
S [ @E@( [ WieaF) a8 () do <

<3 [ M@ Gt [ W0 P+ V) AN ) b+ (5549

RN xd

<ZH 02.0) | Maol) G5 (@) do = 30 H(0u,07) | )85 (2)
ay

(
ayB b

Since Zﬁ Mpq(z) =1 for a.e. x € D and every a, we can deduce, using the triangular
inequality, that

S HO.0) [ Maa(o) O 0) do = 37 H (0 0,) [ )8 o) do =
oy

afy
<> H(b,0, /Mﬁa ) (b, i (a (z) do = H(ba, 0, /Mga ) (b)) () da <
afy apy

<N " H(05,00) | Msa(z) D () de =S H(05,00) | Mpa(x)(bi)5 (z) da.
%ﬁ: 5 /D 5 %: Z 5 /ﬁ

Hence we deduce from (BEZ3) that
W (0o, F) d(X)5)(F)) dar <
RN xd

2 [ Mae@@E@( [ Wl F T3 dN)E)E)) d +

+ 2 (05,00 [ Mo @)t (o) do,
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for every n and i = 1,...,k(n); we can rewrite the previous inequality in the following
form

>/ <bn>g<x>( W (B0, F) d(An)0)(F)) do <

RN xd

<Z/ My () (b )l () [ W0 F 4 V(@) d((0)L) () do + (5.5.4)

+§H<eﬁ,9a> /D Ma(@) (ba)l () da,

for every t € 7 \ {0} and every n. From (B531) we can deduce that
S H(0,60) / M) (bl () dor — ZH 05, 0 / M ()bl (2) dr, (5.5.45)
af D

as n — oo, for every t € 7\ {0}. Consider (&y); := 3", 5 Mpa(bn)4 (6, @ (An)5), for every
€ (0,T7]; we have

sup sup / |(9,F)|2T d(vy)e(z,0,F) =
n te(0,T]J DxZxRNxd

= s [ S0 @) [ 08P ) e <

n ¢€(0,T)

< sup |0 +q sup sup /D S @) ([ 10 I A () do =

n te(0,T]

= K + g sup sup / ](H,F)]% d(vp)i(z,0, F),
n te(0,T] J DxZxRNxd

for K := sup,, |0.|*"; therefore we can deduce from (F5.20) that

sup sup (0, F)" d(Ba)e(a,0, F) < K +qC.
n t€[0,7] J DxZxRNxd

In particular for every t € 7 \ {0}, we deduce from (ER33) and [EA239) that

(Zt ) = 4 _ZMﬁa (0g, ® AL)  2r-weakly™, (5.5.46)

as k — oo, where (b,\) is the pair defined by E231), BE23F), and (BE3J). Since
W (0, F + Vi(z))] < C(1+ |Vi(x)|?) + C|F|?, we can use Lemma [[33H to deduce from

(ERE) that

> [ Maa@ )o@ [ W05+ V(o) ()7 (F)) o —

—’%;/L)Mﬁa(x)bé(w)( RNxdW(eﬁ,F—FVﬂ(a;)) d(Ag)””(F)) dr,  (5.5.47)
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as k — oo. Analogously, we deduce that

S [ @@ ([ WO F) A6 (F)) do

bt
=X fee( ],
as k — oo; therefore using (hZ4), (BEEAR]), (A1), and (Z2Z0]), we can deduce imme-

diately (evl), for every t € T \ {0}, while for t = 0 it is an obvious consequence of (ev0)
and the hypothesis on the initial datum (zg,vp). For ¢t € [0,T]\ 7, (evl) can be easily
proved using (BE542) and (evl) for t € 7, as in Section

W (0o, F) d(Ag)r(F)) dz, (5.5.48)

5.5.5. Energy inequality. Let t; < t2 be two time instants in 7; choose any t €
(t1,t2) NT". Let (A,1)x and (X,2)x be two sequences satisfying (E537) and (B539) for
t1 and to respectively. We have

> (.,
< limkinf [Z /D(bnz)ff(fn)(

W (0o, F) d(A2)(F)) da + Disspr(bitr, ) <

W (0 F) d(A2)2)(F)) dav + Diss (b2, 12)] +

RN xd
+DiSSH(b; tl, t);
using (B230), we can deduce that

[ re (L.
< %:/Dbg(m)<

" (t2)
+ lim sup/ (on(s),V(s)) ds + Dissg(b;t1,t);
noJr()

since sup, sup,, ||oy(t)||2 is finite, we have by Fatou Lemma

W (0o, F) d(A2)"(F)) da + Disspr(b;t1, ) <

W (0o, F) d(NL)"(F)) da +

RN xd

7" (t2) T
lim Sup/ ® <0n(8)7 VQO(S» ds < /0 lim Sup[l[T”(t),T”(tz)](s)<0n(8)7 VQO(S»] ds =
n (¢ n

1)
— [ 0. 99(5)) ds.
t
Hence we have

Z/DbZ(‘/”)(/RMW(HQ’F) d(xg)x(F)> dx + Dissg (b t, 1) <
< Z/Dbg(x)<

W (0o, F) d(xg)x(F)) dz + Dissg (b t1,t) +  (5.5.49)

RN xd

+ / “(o(s), Ve(s)) ds:
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we now apply the same argument to the time interval [¢1,¢], i.e.,
> [ vt
~JD

<timgint [ 3 [ k@) [ W0 F) d(0n)2)*(F) do-+ Dissi(buits. 0] <

W (8o, F) d(,\g)x(F)) dz + Diss (b t1,1) <

RN xd

RN xd

< timinf [ /D )@ ( [ W0a ) d(A)2)*(F)) de+ (5.5.50)

RN xd

t

W (0, F) dOND)(F)) di + / (o(5), Voo (s)) ds.

t1

< %:/Dbf;(x)< -
From (ERZ9) and ([(E220) we obtain
2. /D b2 (@) ( [ W(Ba. F) dA2)(F)) do + Dissp(bitr, 1) <

< %:/Dbg(x)<

We have proved (ev2) for t; < ty in 7. Using (BRZ2) and the left continuity of b, the
same argument as in Section proves (ev2) for t; < to in [0,T].

RN xd

t2

W (0o, F) d(,\g)r(F)) dz + / (o (5), Vip(s)) ds.

RN xd t1

5.6. Euler conditions
In this section we derive the Euler equations for the partial-global stability condition.

THEOREM 5.6.1. Let (b,\) € L>(D;[0,1))? x Y/(D; RN* satisfy (ZFA) and (ZZ10)
with p = 2. Assume that (b, \) satisfies

o;/[)ba(x)< RN xd Wb, ) d)‘g(F)> dr <

=S | Mia(aipao)(

a?/BZ]‘

W (03, F + Vii(z)) dAf;(F)) dr+  (5.6.1)

RN xd

+ 30 Ht0) [ Mia(ohale) d.

for every i € H}(D; RN) and every measurable map M: D — qujq, and denote by o the

stress, 1.e.,

q
o(x) == O;ba(x) /wad %—‘;/(ea,F) dNE(F),  for a.e. x € D.
Then the following conditions are satisfied:

(ec); equilibrium condition: divo(t) = 0;
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(ec)2 optimality of active phases: for every o, = 1,...,q and every t € [0,T], we
have

[ W60 F) = W (00, ) () < H(83,00),
RN xd
for a.e. x € D with b, (x) > 0.

REMARK 5.6.2. We say that a phase 0, is active at x if b, (x) > 0. Hence the condition
(ec)2 can be rephrased as follows: if 0, is active at z, then 6, is a minimizer over Z of the
functional

01— W (0, F) d\Z(F) + H(6,0,)

RN xd

This is the reason why we call (ec)s optimality of active phases.

REMARK 5.6.3. Note that from (ec)s it descends immediately that

3" Myaba(2) /R W (B0, F) ~ W (B, F) ~ H(63,00)] dNL(F) <0,
o,

for a.e. x € D and every stochastic matrix M € qujq.

PrROOF OF THEOREM 611 Let (b, \) satisfy the prescribed hypotheses. Choosing in
(BEI0) the map M associating to every x € D the identity matrix I, we obtain

Z/Dba(x)[/RM (W (0a, F + Vii(x)) = W (6o, F)] d)\a)x(F)] dx >0,

for every @ € H}(D;RY), which implies immediately (ec);.
Let us denote by (ev)?yzl the canonical basis of the vector space R?. Fixed o, in

{1,...,q}, define M € M%jq by
Me, =e, for every v # «
Mea = €3.

Let us choose now in (E60) % = 0 and M := (1 —14) + M14, for any measurable subset
A of D: we obtain

/A bo(2)| /R W (Oa F) - W65, F)] aN(F)] do <

< /A H(03,00)ba(x) d; (5.6.2)

By the free choice of A among all measurable subsets of D, from ([EG2) we deduce imme-
diately (ec)s. O
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