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ABSTRACT. The problem of quasistatic evolution in small strain associative elastoplastic-
ity is studied in the framework of the variational theory for rate-independent processes.
Existence of solutions is proved through the use of incremental variational problems in
spaces of functions with bounded deformation. This provides a new approximation result
for the solutions of the quasistatic evolution problem, which are shown to be absolutely
continuous in time. Four equivalent formulations of the problem in rate form are derived.
A strong formulation of the flow rule is obtained by introducing a precise definition of
the stress on the singular set of the plastic strain.
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1. INTRODUCTION

In this paper we study quasistatic evolution problems in small strain associative elasto-
plasticity. More precisely, we consider the case of a material whose elastic behaviour is
linear and isotropic, and whose plastic response is governed by the Prandtl-Reuss flow rule,
without hardening (perfect plasticity).

This is a classical problem in mechanics and it is usually formulated as follows in a domain
Q C R™. The linearized strain Fu, defined as the symmetric part of the spatial gradient of
the displacement wu, is decomposed as the sum FEu = e + p, where e and p are the elastic
and plastic strains. The stress o is determined only by e, through the formula ¢ = Ce,
where C is the elasticity tensor. It is constrained to lie in a prescribed subset K of the space
M, of nxn symmetric matrices, whose boundary JK is referred to as the yield surface.

Given a time-dependent body force f(¢,xz), the classical formulation of the quasistatic
evolution problem in a time interval [0,7] consists in finding functions wu(t,z), e(t,z),
p(t,z), o(t,x) satisfying the following conditions for every ¢ € [0,7] and every z € 2:

) additive decomposition: Fu(t,z) = e(t,x) + p(t, ),
) constitutive equation: o(t,z) = Ce(t, ),
(cf3) equilibrium: —divo(t,z) = f(¢, ),
) associative flow rule: (£ —o(t,z)):p(t,z) <0 for every £ € K,

where the colon denotes the scalar product between matrices. The problem is supplemented
by initial conditions at time ¢ = 0 and by boundary conditions for ¢ € [0,T], = € 99, of
the form w(t,z) = w(¢,z) on a portion Ty of the boundary, and o(¢,xz)v(x) = g(t,x) on
the complementary portion I'y, where v(x) is the outer unit normal to 9, w(t,x) is the
prescribed displacement on Iy, and g(¢,x) is the prescribed surface force on I';.

For concreteness, we focus on the case where K is a cylinder of the form K = K + RI,
where I is the identity matrix and K is a convex compact subset of M,*", the space of
trace free nxn symmetric matrices. This corresponds to yield criteria, often used for metals,
which are insensitive to pressure, such as the ones of Tresca and von Mises (see, e.g., [14]).
Then condition (cf4) implies that p(t,z) € M" and it is not restrictive to assume that
p(t,x) € Mp*™.

Introducing the normal cone Nk (€) to K at &, the support function

H() :=sup&:(,

CeEK

and the subdifferential 0H (§) of H at ¢, the flow rule (cf4) can be written in the equivalent
forms (see, e.g., [10, Chapter 4]):

(cf4’) normality: p(t,z) € Nk (op(t,z)),
(cf4”) flow rule in primal formulation: op(t,x) € OH(p(¢, z)),
(cf4"") maximal dissipation: H(p(t,z)) = op(t,z):p(t, ),

where op(t,z) denotes the deviator of o(t,x) (see Section 2.1).

In the engineering literature quasistatic evolution problems of the type considered above
are approximated numerically by solving a finite number of incremental variational problems
(see [16], [24], and, more recently, [5], [18], [25]). The time interval [0,7] is divided into k
subintervals by means of points

0=t) <tp<---<til<th=T,

and the approximate solution u}‘c, e};, pﬁ; at time t}; is defined, inductively, as a minimizer
of the incremental problem

min  {Q(e) + H(p —p~") — (L))}, (L.1)

(w.e,p)EA(w(t}))
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where

Qe) := %/Q(Ce(x):e(a:) dx, H(p) ::/QH(p(sc))d:r:7
(L)) = /Q £t 2) ulz) da + /F g(t,2) ulz) dH" (), (1.2)

1
H"™~1 is the (n—1)-dimensional Hausdorff measure, and A(w(t)) is defined, at this stage of
the discussion, as the set of triples (u, e, p), with Eu(z) = e(x)+p(x) for every x € 2, such
that u satisfies the prescribed Dirichlet boundary condition at time ¢, i.e., u(x) = w(t, x)
for every = € I'y. Finally, the stress at time ti is obtained as o} (z) := Cel (z).

Since H has linear growth, problem (1.1) has, in general, no solution in Sobolev spaces.
This is very natural from the point of view of mechanics, due to the phenomenon of strain
localization. In the absence of hardening, solutions can develop shear bands, where shear
deformation concentrates. Seen from a macroscopic perspective, shear bands can be thought
of as sharp discontinuities of the displacement (slip surfaces). They cannot be resolved by
Sobolev functions, but they find a natural mathematical representation if plastic deforma-
tions are allowed to take values in spaces of measures (see [28]).

These remarks lead naturally to a weak formulation of the problem, where the displace-
ment u belongs to the space BD(R2) of functions with bounded deformation, whose the-
ory was developed in [17], [30], [13], [29], and the plastic strain p belongs to the space
My(QUTo; ME™) of My*"-valued bounded Borel measures on QUT.

In accordance to the theory of convex functions of measures developed in [9] and [29,
Chapter II, Section 4], we define the functional H(p) in the weak formulation of problem
(1.1) as

Hp) == /Q HG/lol) di,

where p/|p| is the Radon-Nikodym derivative of the measure p with respect to its variation
Ip|, while A(w(t})) is defined, here and henceforth, as the set of triples (u,e,p), with
ue BD(), e e L* (M), p € My(QUTo;ME™"), and Eu = e+ p on Q, subject to
the relaxed boundary condition p = (w(ti) — u) ©@vH"! on Iy. In the last formula ®
denotes the symmetric tensor product.

Boundary conditions of this kind are typical in the variational theory of functionals with
linear growth (see, e.g., [29] and [8]). The mechanical interpretation of our condition on Ty
is that, if the prescribed boundary displacement is not attained, a plastic slip is developed
at the boundary, whose strength is proportional to the difference between the prescribed
and the attained boundary displacements.

In the case pﬁ:l = 0 the weak formulation of problem (1.1) has been studied in detail in
[30], [2], [13], [29], and [1] at the beginning of the 80’s. With respect to this body of work,
it is important to emphasize a change of perspective. The model we study (Prandtl-Reuss
plasticity) takes explicitly into account the history of plastic deformation. Setting instead
p?;l =0 in (1.1) makes the problem oblivious to the accumulation of plastic strain. This is
the so called Hencky theory of plasticity, in which elastic unloading following plastic loading
is not correctly resolved (see [11] and [28]).

We can rely however on the results of the above mentioned papers to solve problem (1.1)
in the general case (Theorem 3.3), provided a safe-load condition is satisfied. Then we define
the piecewise constant interpolations

up(t) ==y, ex(t):=ey, pe(t):=pi, ok(t):=oy,
where i is the largest integer such that ¢} <t¢.

The aim of this paper is to introduce a weak definition of continuous-time quasistatic evo-
lution in the functional framework u € BD(Q), e € L*(; M), p € My(QUTo; ME"),

o€ L3(%; M%), and to prove that, up to a subsequence, the discrete-time solutions uy(t),
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er(t), pr(t), or(t), obtained by solving the weak formulations of problems (1.1), converge to
a continuous-time solution u(t), e(t), p(t), o(t), provided max;(ti — ¢, ') — 0 as k — oo.

Our definition fits the general scheme of continuous-time energy formulation of rate-
independent processes developed in [22], [23], [19], [20], [21], and [15]. Following those pa-
pers, for every time interval [s,t] contained in [0,7] we introduce the dissipation associated
with H, defined by

N
Dy (p; s, t) —Sup{z j1)):s:t0§t1§~--§tN=t,N€N}.

The general definition proposed in [15] reads in our case as follows: a quasistatic evolution is
a function ¢ — (u(t),e(t), p(t)) from [0,T] into BD(2)xL?(€; M%) x My(Q U Lo; M)
which satisfies the following conditions:

(gsl) global stability: for every ¢ € [0,7T] we have (u(t),e(t),p(t)) € A(w(t)) and

Qe(t)) — (L(1)]u()) < Q) + H(q — p(t) — (LD)o)
for every (v,1,q) € A(w(t));

(gs2) energy balance: the function t — p(t) from [0,7] into M,(2 U To; M7*™) has
bounded variation and for every ¢ € [0,T]]

Q(e(t) + Dr(p; 0,8) — (L(B)[u(t)) = Qe(0)) = (£(0)[u(0)) +
/{ 8)[Eb(s)) — (L(s)i(s)) — (L(s)[u(s))} ds,

where o(t) := Ce(t), dots denote time derivatives, the first brackets (-|-) in the
integral denote the scalar product in L?(; M?yxn’j), while the other brackets (:|-)
are defined as in (1.2).

The main result of the present paper is the proof of the existence of a quasistatic evolution
satisfying prescribed initial conditions (Theorem 4.5), provided a uniform safe-load condition
is satisfied.

A different formulation of the problem in rate form was proposed in [12] and [28], where an
existence result is proved by a visco-plastic approximation. It turns out that our definition is
equivalent to the one considered in those papers (Theorem 6.1 and Remark 6.3). Therefore
the existence result is not new, but our proof is completely different and leads to a different
approximation of the solutions (Theorem 4.8). Moreover it shows that this problem can be
included in the general theory developed in [19] and [15].

Our proof is obtained by considering the discrete-time solutions uy(t), ex(t), pr(t), or(t)
and by showing that they satisfy an approximate energy inequality (Lemma 4.6), which
is similar to [15, Theorem 4.1]. This allows us to apply the generalization (Lemma 7.2)
of the classical Helly Theorem proved in [15, Theorem 3.2], and to extract a subsequence,
independent of ¢ and still denoted py,, such that py(t) — p(t) weakly* in M, (QUIo; M*™)
for every ¢ € [0,T].

Extracting a further subsequence, possibly depending on ¢, we may assume that ug(t) —
u(t) weakly* in BD(Q) and ex(t) — e(t) weakly in L?(£; M’;yxyg) We prove (Theorem 3.7)
that (u(t),e(t),p(t)) satisfies the global stability condition (gsl). Since there exists at most
one (u,e) € BD(Q)xL?(;MZ<") such that (u,e,p(t)) satisfies (qs1) (Remark 3.9), we
have wuy(t) — u(t) and e (t) — e(¢t) for the same subsequence (independent of ¢) for which
pr(t) = p(t).

One of the inequalities in the energy balance (gs2) is then proved by passing to the limit
in the approximate energy inequality obtained for the discrete-time solutions, while the
opposite inequality follows (Theorem 4.7) from the global stability, by adapting the proofs
of [15, Theorem 4.4] and [6, Lemma 7.1].
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The second part of the paper is devoted to the regularity of solutions and to the com-
parison of our definition of quasistatic evolution with other definitions in rate form. We
prove (Theorem 5.2) that, if the data of the problem are absolutely continuous functions
of time, then for every quasistatic evolution the functions t — u(t), t — e(t), t — p(t),
and ¢ — o(t) are absolutely continuous on [0,T] with values in BD(2), L?(Q;MZ<"),
My (QUDo; MIE™), L*(€; MZ"), respectively. Moreover, we establish a pointwise estimate
for the time derivatives of these functions which implies that, if the data of the problem are
Lipschitz continuous on [0, 7], then the same is true for ¢ — u(t), t — e(t), t — p(t), and
t— o(t) (Remark 5.4).

Similar arguments prove that ¢ — e(t) and t — o(t) are uniquely determined by their
initial conditions (Theorem 5.9), while elementary examples in dimension one show that, in
general, this is not true for ¢ — wu(t) and ¢ — p(t) (see [28, Section 2.1]).

These regularity results allow us (Proposition 5.6) to write the energy balance (qs2) as
balance of powers: for a.e. t € [0,7]

{o(®)]e(®)) + H(pE) = (L@)]a®)) + (o) Ewt)) — (LE)]w(?)) -

We then show that our definition of quasistatic evolution is equivalent to four different sets
of conditions, expressed in rate form (Theorems 6.1 and 6.4). One of them can be inter-
preted as the weak formulation, in the spaces BD(2), L*(Q;MZxm), My(Q2UTo; ME"),
L2(Q;MZ), of the four conditions (cf1)—(cf4), considered in the classical presentation of
the problem; another one takes into account the weak formulation of maximal dissipation
(cf4""); the third one coincides with the definition considered in [28]; the last one (The-
orem 6.4 and Remark 6.5) presents a strong formulation of the normality rule in both
forms (cf4’) and (cf4”). This requires a precise representative of op(t) defined |p(t)|-a.e.
on QUTIy. If K is strictly convex, this representative is obtained as limit of averages of

op(t) (Theorem 6.6).

2. NOTATION AND PRELIMINARY RESULTS
2.1. Mathematical preliminaries.

Measures. The Lebesgue measure on R™ is denoted by L™, and the (n — 1)-dimensional
Hausdorff measure by H"~!. Given a Borel set B C R" and a finite dimensional Hilbert
space X, M,(B;X) denotes the space of bounded Borel measures on B with values in
X, endowed with the norm ||u|1 := |p|(B), where |u| € Mp(B;R) is the variation of the
measure p. For every u € My(B; X) we consider the Lebesgue decomposition p = pu®+ p®,
where p® is absolutely continuous and p* is singular with respect to Lebesgue measure £".

If u® =0, we always identify u with its density with respect to Lebesgue measure L£™.
In this way L'(B;X) is regarded as a subspace of M(B;X), with the induced norm. In
particular p® € L'(B; X) for every u € M,(B; X). The indication of the space X is omitted
when X = R. The L” norm, 1 < p < oo, is denoted by || - ||,. The brackets (-|-) denote
the duality product between conjugate LP spaces, as well as between other pairs of spaces,
according to the context.

If the relative topology of B is locally compact, by Riesz representation theorem (see,
e.g., [27, Theorem 6.19]) M;(B; X) can be identified with the dual of Cy(B; X), the space
of continuous functions ¢: B — X such that {|p| > e} is compact for every € > 0. The
weak ™ topology of M (B;X) is defined using this duality.

Matrices. The space of symmetric nxn matrices is denoted by M?yxnlf; it is endowed

with the euclidean scalar product £:¢ := tr(&¢) = Zij &:;Ci; and with the corresponding

euclidean norm |£] := (£:€)Y/2. The orthogonal complement of the subspace RI spanned

by the identity matrix I is the subspace M7,*" of all matrices of M7 " with trace zero.

For every £ € MZX" the orthogonal projection of & on RI is +tr(£)I, while the orthogonal

sym
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projection on MJ*™ is the deviator {p of £, so that we have the orthogonal decomposition

E=¢p+(tré)l.

The symmetrized tensor product a ®b of two vectors a, b € R™ is the symmetric matrix
with entries (a;b; + a;jb;)/2. It is easy to see that tr(a ©b) = a- b, the scalar product of a
and b, and that |a®b|> = $|a|?b]? + 1(a-b)?, so that \%|a||b| <la®b| < lallb].

Functions with bounded deformation. Let U be an open set in R™. For every u €
LY(U;R"™) let Eu be the M -valued distribution on U, whose components are defined
by Ejju = 2(Dju; + Dyuj). The space BD(U) of functions with bounded deformation is
the space of all uw € L*(U;R™) such that Eu € M,(U;M2X"). Tt is easy to see that BD(U)

sym
is a Banach space with the norm
[ully + [ Eully .

It is possible to prove that BD(U) is the dual of a normed space (see [17] and [30]). The
weak ™ topology of BD(U) is defined using this duality. A sequence wuj converges to u
weakly* in BD(U) if and only if ux — u weakly in L'(U;R") and Euj — Eu weakly* in
My(U; M) . Every bounded sequence in BD(U) has a weakly* convergent subsequence.
Moreover, if U is bounded and has Lipschitz boundary, every bounded sequence in BD(U)
has a subsequence which converges weakly in L™ (=1 (U;R") and strongly in LP(U;R")
for every p < n/(n —1). For the general properties of BD(U) we refer to [29].

In our problem uw € BD(U) represents the displacement of an elasto-plastic body and
FEu is the corresponding linearized strain.

2.2. Mechanical preliminaries.

The reference configuration. Throughout the paper 2 is a bounded connected open set
in R” with C? boundary. We suppose that the boundary 02 is partitioned into two disjoint
open sets 'y, 'y and their common boundary 0o = 0T'; (topological notions refer here to
the relative topology of 9€2). We assume that 'y # @ and that for every z € dT'g = 9T’y
there exists a C? diffeomorphism defined in an open neighbourhood of 2 in R™ which maps
90 to an (n — 1)-dimensional plane and 9Ty = dI'; to an (n — 2)-dimensional plane.

On I'y we will prescribe a Dirichlet boundary condition. This will be done by assigning
a function w € H'/?(I'g;R™), or, equivalently, a function w € H'(R";R"™), whose trace on
Ty (also denoted by w) is the prescribed boundary value. The set I’y will be the part of
the boundary on which the traction is prescribed.

Every function u € BD(Q2) has a trace on 0f2, still denoted by w, which belongs to
LY(OQ;R™). If ug, u € BD(Q), up — u strongly in LY(Q;R"), and ||Euglly — ||Eul1,
then uy — u strongly in L'(99Q;R™) (see [29, Chapter II, Theorem 3.1]). Moreover, there
exists a constant C > 0, depending on €2 and T'y, such that

ullLe < Cllullir, + CllBul1a (2.1)

(see [29, Proposition 2.4 and Remark 2.5]).

We shall frequently use the space M;(Q U T'o;M,*™), which is the dual of Cp(Q U
Do; M7™). The latter space can be identified with the space of functions in C/(€; M7*™)
vanishing on I';. The duality product is defined by

m ::/Q Tidp = Z Tij ditij (2.2)

UTy QU
for every 7 = (1;;) € C(Q;M}*") and every p = (ui;) € Mp(Q U Do; M<™).

The set of admissible stresses. Let K be a closed convex set in M7*™, which will play
the role of a constraint on the deviatoric part of the stress. Its boundary is interpreted as
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the yield surface. We assume that there exist two constants rx and Ry, with 0 < rg <
Ry < o0, such that

{€eMpy ™ [f] <rx} CK C{€e My [¢{] < Rk} (2.3)
It is convenient to introduce the convex set
Kp(Q) :={r € L*(ME") : 7(x) € K for ae. x € Q}.
The set of admissible stresses is defined by
K(Q):={o € L*(M™") :op € Kp(Q)}.

sym
The support function H: MEy"™ — [0, +o00[ of K is given by
H(§) :=sup&:(C. (2.4)
CeEK

It turns out that H is convex and positively homogeneous of degree one. In particular it
satisfies the triangle inequality

H(E+¢) < H(E) + H(C).-
From (2.3) it follows that
rlé] < H(§) < Ril¢] (2.5)
for every & € M"™.
For every p € My(QQUTo; M*™) let u/|u| be the Radon-Nikodym derivative of p with

respect to its variation |p|. Using the theory of convex functions of measures developed in
[9], we introduce the nonnegative Radon measure H(u) € M,(2UTy) defined by H(u) :=

H(p/|p))|pl, ie.,
H(u)(B) = /B H(y1/ |l (2.6)

for every Borel set B C QUT. Finally, we consider the functional H: M;,(QUTo; M7P") —
R defined by

H(p) == H(p)(QUTo) = H(p/|pl) dlpe] - (2.7)

QU
Using [9, Theorem 4] and [29, Chapter II, Lemma 5.2] we can see that H(u) coincides with
the measure studied in [29, Chapter II, Section 4], hence

H(p) = sup{(r|p) : 7 € Co(QUTo; ME ") N Kp(2)} (2.8)

and H is lower semicontinuous on M;(Q U To; M)™) with respect to weak* convergence.
It follows from the properties of H that H satisfies the triangle inequality, i.e.,

HA+ p) <HA) +H(p) (2.9)
for every A\, € My(QUTo; ME™).

The elasticity tensor. Let C be the elasticity tensor, considered as a symmetric positive
definite linear operator C: Mg " — M. We assume that the orthogonal subspaces Mp"*"
and RI are invariant under C. This is equivalent to saying that there exist a symmetric

positive definite linear operator Cp: Mp*" — M}Y*" and a constant > 0 such that
C¢ :=Cpép + r(tré)I (2.10)
for every £ € MZx" . Note that when C is isotropic, we have C& = 2uép + k(tr€)I, where

sym
> 0 is the shear modulus and & is the modulus of compression, so that our assumptions
are satisfied.

Let Q: Mg %' — [0, +00[ be the quadratic form associated with C, defined by
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It turns out that there exist two constants ac and S¢, with 0 < ac < f¢ < 400, such that

aclé® < Q(6) < fel¢l? (2.12)
for every £ € Mg 7. These inequalities imply
CE| < 26cé] .- (2.13)
It is convenient to introduce the quadratic form Q: L?(Q;MZ<") — R defined by
Qe) := [ Q(e)dx (2.14)
Q

for every e € L*(Q; M%) It is well known that Q is lower semicontinuous on L*(€2; M%)

with respect to weak convergence.

The prescribed boundary displacements. For every ¢ € [0,T] we prescribe a boundary
displacement w(t) in the space H'(R™;R™). This choice is motivated by the fact that we
do not want to impose “discontinuous” boundary data, so that, if the displacement develops
sharp discontinuities, this is due to energy minimization.

We assume also that the function ¢ — w(t) is absolutely continuous from [0,7] into
H(R";R"), so that the time derivative ¢ — 1)(t) belongs to L([0,T]; H'(R";R")) and its
strain ¢ — Euw(t) belongs to L' ([0, T]; L*(R"™; MZx")). For the main properties of absolutely
continuous functions with values in reflexive Banach spaces we refer to [4, Appendix].

Body and surface forces. For every ¢ € [0,T] the body force f(t) belongs to the space
L™(Q;R™) and the surface force g(t) acting on T'; belongs to L*°(T';;R™). We assume
that the functions ¢t +— f(t) and ¢t — g(¢) are absolutely continuous from [0,7] into
L"(Q;R™) and L°°(T'1;R™), respectively, so that the time derivative ¢ — f(t) belongs
to LY([0,T); L™(£2;R™)), the weak* limit

s—t s —t ’

exists for a.e. t € [0,7], and t — ||g(t)||oc belongs to L*([0,T]) (see Theorem 7.1).

Throughout the paper we will assume also the following wuniform safe-load condition:
there exist a function t — o(t) from [0,T] into L*(€;MZ") and a constant o > 0 such
that for every ¢ € [0, 7]

—divo(t) = f(t) a.e. on Q, [o(t)v] = g(t) on Ty, (2.15)

and
op(t,x) +£ €K (2.16)

for a.e. z € Q and for every £ € MJ" with |{| < a. In these formulas gp(t,z) denotes
the value of pp(t) at = € Q, and the trace [p(t)v] of o(t)v on I'; is interpreted in the sense
of (2.23) below. We assume also that the functions ¢ — p(¢) and t — pp(t) are absolutely
continuous from [0, 7] into L*(Q;M7X") and L (£; M7 "), respectively, so that the time

sym

derivative t — o(t) belongs to L'([0,T]; L*(Q; M%),
s) — t .
QD( ) QD( ) N QD(t) (2.17)

s—t

weakly * in L>(;M7*") for a.e. t € [0,7], and t — ||6p(t)|lc belongs to L*([0,T]) (see
Theorem 7.1).
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2.3. Stress and strain. Given a displacement v € BD(f2) and a boundary datum w €
H'(R™;R"), the elastic and plastic strains e € L*(Q;MZ¢") and p € My(Q U To; ME*")
satisfy the equalities

Fu=e+p inQ, (2.18)
p=(w—u)OvH" ' onTy. (2.19)

Therefore we have e = E%u — p® a.e. on ) and p® = E°u on 2. Since trp = 0, it follows
from (2.18) that divu = tre € L?(Q2) and from (2.19) that (w —u)-v = 0 H" '-a.e. on
To. The stress o € L?(2;M2X") is defined by

sym
0 :=Ce=Cpep + ktre. (2.20)

The stored elastic energy is given by
Q(e) = / Q(e) dx = {ole). (2.21)
Q

Given w € HY(R™;R"), the set of admissible displacements and strains for the boundary
datum w on I’y is denoted by A(w): it is defined as the set of all triples (u,e,p), with
ue BD(Q), e e L2 (M), p € My(QUTo; M™), satisfying (2.18) and (2.19).

We shall also use the space IIp,(2) of admissible plastic strains, defined as the set of
all p € My(QUTo;ME*™) for which there exist u € BD(Q), w € H'(R";R"), and e €
L2(Q; Mz ) satisfying (2.18) and (2.19), i.e., (u,e,p) € A(w).

We now prove a closure property for the multi-valued map w — A(w).

Lemma 2.1. Let wy be a sequence in H'(R™;R™) and let (ug,er,pr) € A(wy). Assume
that up — us weakly® in BD(Q), ex — eso weakly in L?(Q;M2X"), pr — poo weakly* in

sym

Mp(QUTo; ME™), wy, — weo weakly in HY(R™;R™). Then (too, oo, Poc) € AlWa) -

Proof. Since T'y is open in 0f), there exists a bounded open set U in R™ such that T'y =
UNoQN, and we define Q:=QUU.
For k=1,2,...,00 let 4y € BD(Q) be defined by g = ug a.e. on Q and up = wy a.e.
on U\Q. Then
FEuy = Eup,  on 2,
Eiy = (wg —ug) ©vH*™ 1t on Ty, (2.22)
Fiy = Ewy, on U\Q,

(see, e.g., [29, Theorem 2.1 and Remark 2.3]). Since wy — uy, is bounded in L(I'g; R™) by
the continuity of the trace operator, the sequence FEuy is bounded in Mb(Q;M?yxﬂ). As
fix — Gioe weakly in L'(€;R™), we conclude that @iy — @i weakly* in BD(Q).

For k=1,2,...,00 let ¢, € LQ(Q;M?;("?) be defined by €, = e a.e. on Q and é; = Ewy
a.e. on U\Q, and let py € Mb(Q;M%X") be defined by pr = pr on QUTy and pr =0 on
U\Q. Then &, converges to é, weakly in L%Q;M?f,ﬁ). Since the restrictions to QU Iy
of functions in Cp(Q; ML*™) belong to Co(QUTg; M'5*™), we obtain also that j;, converges
t0 Poo weakly* in M, (Q; ME*™).

As (ug,er,pr) € A(wyg) for k < co, using again (2.22) we obtain Fuy = é + P in Q.
The convergence properties already proved for (ug, éx,pr) show that Ele = €x + Poo in
Q. Consequently, (2.22) for k = oo implies that (tes; €so, Poo) € A(Woes)- O

The traces of the stress. If o € L*(Q; M%) and dive € L?(Q;R™), then we can define
a distribution [ov] on 9Q by

([ov][$)oq = (divolp) + (o] EY) (2.23)
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for every ¢ € H'(Q;R™). It turns out that [ov] € H~Y2(9Q;R"™) (see, e.g., [29, The-
orem 1.2, Chapter I]). We will consider the normal and tangential parts of [ov], defined
by

[ov], = ([ov]-v)v, [ov]t = [ov] — ([ov] -v)v. (2.24)
Since v € C1(OQ;R™), we have that [ov],, [ov]f € H™/2(0;R™). If, in addition, op €
L (MM, then [ov]}t € L>®(0;R™) and

llov)y .00 < J5llon s (2.25)
(see [13, Lemma 2.4]).

Stress-strain duality. Let
¥(Q) := {o € L2(Q;M3) s dive € L™(;R™), op € L=(Q; M*™)}.

sym
If o0 € X(Q), then o € L"(;Mg7) for every r < oo by [13, Proposition 2.5]. For every
u € BD(Q) with divu € L™ (™=1(Q) we define the distribution [op: Epu] on Q by

(lop: Epullp) := —(divelpu) — X{trojpdivu) — (olu® V) (2.26)

for every ¢ € C°(Q). It is proved in [13, Theorem 3.2] that [op:Epu] is a bounded
measure on {) whose variation satisfies

llop: Epu]| < |loplleo|Epul in Q. (2.27)
Moreover
[Wop: Epu]l =¢lop: Epul in (2.28)
for every 1 € C1(Q), and
[op:Epu]®* =0p:Epu a.e. in ) (2.29)

(see [1, Corollary 3.2]). We define the measure [op : Efu] on Q by
[op:Eju] :=[op:Epu)® =[op: Epu]l —op: Efu. (2.30)
By (2.27) we have
llop: ELull < lloplleo| EDul in Q. (2.31)
This shows, in particular, that if 6, u satisfy the same properties as o, u, and op = 6p
a.e.on Q, Eyu= E$a in Q, then [op: Efu] = [6p: E4a) in .
We define

(op|Epu) :=[op: Epul(Q), (op|Epu) == [op: ELul(2), (2.32)
so that (op|Epu) = (op|E4u) + (op|EfHu). If o) — o weakly in L2(Q; M2X"), divoy —

sym

divo weakly in L™(€;R™), and (o%)p is bounded in L (; M3 "), then o, — o weakly
in L™(2;M2X"™) for every r < 400 (see [13, Proposition 2.5]) and

(((or)p: Epullp) — (lop: Epulle),  ([(or)p: Epulle) = (lop: Epullp)  (2.33)

for every ¢ € C(Q) (see [13, Theorem 3.2], whose proof gives the result also in the case of
weak convergence).

We define now a duality between X(Q2) and IIp,(2). Given o € £(Q2) and p € I, (9),
we fix u € BD(Q), e € L*(;MZ¢"), and w € H'(R";R") satisfying (2.18) and (2.19).
Then we define a measure [op:p] € Mp(Q2UTy) by setting

[op:p)l:=0p:p*+[op:Eju] =[op:Epu]l —op:ep onfl,
[op:p] = [ov]}t - (w—u)H" ! onTy,
so that
(lop:plle) = (o Epullg) — (op:enlo) + (ovltlop(w —w)r, (234
for every ¢ € C(Q2), where (-|-)p, denotes the duality pairing between L>(To;R™) and
L' (To; R™). Using the previous remarks, it is easy to see that the measure [op :p] does not
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depend on the choice of u, e, and w. It follows from the definition and from (2.25) and
(2.31) that

[cp:p|* =0p:p* a.e onf, [op:p]® = [op: EHul on QUTYy, (2.35)
llop:pll < lloplleclpl on QUTo, |[op:p]*| < lloplleclp®] on QUT,. '

Moreover (2.28) implies that
[Yop:p] =Ylop:p] in QU (2.36)

for every 1 € C1(Q). Using the definitions we can deduce that

(lop:plle) = (poplp) (2.37)
for every o € CH(Q;M7%") and every ¢ € C(€), where the duality used in the right-

sym

hand side is defined in (2.2). Using the continuity properties given by (2.35) we can prove
by approximation that (2.37) holds also for every o € C(Q;M7?X") and every ¢ € C(Q).

1 sym
Therefore, for every o € C(Q; M) and every p € I, (2) we have
[ep:pl=0p:p on QUTy, (2.38)

where the right-hand side denotes the measure defined by

<mm®:émw:zé%mj (2.39)

for every Borel set B C QUT.
If o — o weakly in L?(Q;M?X"), divoy, — dive weakly in L™(Q;R"), and (o4)p is

sym

bounded in L>(Q; M7}"), then, using (2.23)—(2.25) and (2.33), we obtain

([(ox)p :pll@) — ([on:pll®) (2.40)

for every ¢ € C(€2).
Finally, for every o € £(2) and p € I, (Q2), we define

(oplp) = [op:pl(QUTo) = (op|p®) + (op|Epu) + ([ov]y|w — u)r, =

= (op|Epu) — (oplep) + {[ov]y|w — u)r, ,
where u € BD(Q), e € L*(Q; M), and w € H'(R";R") satisfy (2.18) and (2.19).
We are now in a position to prove an integration by parts formula for stresses o € X(Q)
and displacements u € BD(), involving the elastic and plastic strains e and p.

(2.41)

Proposition 2.2 (Integration by parts). Let o € ¥(Q2), f € L"(;R"™), g € L*(I'1;R"™),
and let (u,e,p) € A(w), with w € H'(R*;R"). Assume that —dive = f a.e. on Q and
[ov] =g on T'y. Then

(oplp) + {ole = Ew) = (flu —w) + (glu — w)r, , (2.42)
where (-|-)r, denotes the duality pairing between L>(T'1;R™) and L'(T1;R™). Moreover
(lop:plle) + (o : (e = Ew)lp) + (o|(u —w) © V) =

= (flplu - w) + {glolu — wr, 249
for every ¢ € C1(Q).
Proof. By [13, Theorem 3.2 and Propositions 3.3 and 3.4] we have
(divolpv) + ([op : Epv]le) + L(troledive) + (olv® V) = (2.44)

= (vl lev)r, + (gl v)r,
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for every ¢ € C1(Q) and every v € BD(Q) with dive € L?(Q) and v-v = 0 H" !-ae.
on T'y. By (2.34) we have
(lop:pll@) + (0: (e = Ew)lp) + (o|(u — w) © Vi) =
= (lop: Ep(u—w)]lp) + 5 (trole div(u — w)) + (o] (u — w) © Vi) — (2.45)
—{[ov]y lo(u — w))r, -
If we apply (2.44) with v = u — w we obtain
(lop: Ep(u—w)lle) + 5 (trolediv (u — w)) + (o(u — w) © Vi) —
—{lov]i | (u — w))r, = (flo(u —w)) + {glpu — w))r, .

Equality (2.43) follows now from (2.45) and (2.46). To obtain (2.42) it is enough to take
©=11in (2.43). u

(2.46)

In order to show the connection between the duality (2.41) and the functional H defined
in (2.7), we need the following approximation result.

Lemma 2.3. Let U be a bounded open set in R™ with the segment property, let K be a closed
convex subset of M2X" and let o € L™(U;M2x"), 1 < r < 400, with dive € L"(U;R")

sym ? sym

and o(x) € K for a.e. x € U. Then there exists a sequence oy € C*(U;Mg)) such that

or — o strongly in L"(U;Mg;0), divoy — dive strongly in L"(U;R"™), and or(z) € K
for every x € U.

Proof. Since U is bounded and has the segment property, there exists a finite open cover
(U;), i =1,...,m, of OU and a corresponding sequence of nonzero vectors y; such that,
if t e UNU; for some 4, then . +ty; € U for 0 <t < 1. Weset Uy := U and 1 := 0.
For i =0,...,m and k =1,2,... the open set U} := {z € U; : x + (1/k)y; € U} contains
UNU;. We define ol (x) := o(z + (1/k)y;) for every z € U. Let (Vi), i =0,...,m, be an
open cover of U such that V; CC U; for every i. Since UNV,; C Ui, for every i and k we
can find a mollifier ¢} of class C2°(R™) such that the convolution o}, * 9}, is well defined
in a neighbourhood of U N'V; and

i i B R R T 1
ok * ¥r. = oillrunv, < T and  |diveoy x ¢ — divog[lrunv < P (2.47)

As K is closed and convex, we have o} x 9. (z) € K for every z in a neighbourhood of
unv;. B
Let (¢i), i=0,...,m, be a C* partition of unity for U subordinate to (V;) and let

O = Z wi(oh * L) .
=0
Then oy, is of class C* in a neighbourhood of U and oy(z) € K for every = in a neigh-
bourhood of U. Since o}, — o strongly in L"(U N V;;MZx") and divoj, — dive strongly
in LY(U NV;; R™), from (2.47) and from the identity

m
dive := Z(gpi divo 4+ o V)
i=0
we deduce that o3 — o strongly in L"(U; My i') and div oy, — div o strongly in L™(U;R").

O
The following proposition provides a variant of (2.8) expressed by using the duality (2.41).

Proposition 2.4. Let p € I, (?). Then
H(p)>lop:p] on QUT, (2.48)
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for every o € B(Q)NK(Q), and
H(p) =sup{{oplp) : 0 € B(Q) NK(Q)}. (2.49)
Moreover, if g € L>®(I'1;R™) and there exists o € L(Q) N K(Q) such that [ov] =g on Ty,
then
H(p) =sup{{op|p) : 0 € Z(QY NK(Q), [ov]=g on T1}. (2.50)

Proof. Let o € £(Q) N KC(£2). To prove (2.48) it is enough to show that

(H(p)le) > ([op :plle) (2.51)

for every ¢ € C(Q) with ¢ > 0 on Q. By Lemma 2.3 there exists a sequence (%) in
C (S ME) N K(Q) such that o — o strongly in L"(Q; M) and divey — dive

strongly in L™(€;R™). By (2.4), (2.6), and (2.37) we have

(H(p)lp) = ([(or)p:pll#)

and (2.51) follows from (2.40). This concludes the proof of (2.48).
By [29, Chapter II, Section 4] we have

H(p) = sup{{opl|p) : 0 € C=(R™"; M) NK(Q), suppoc Ny = D}.

sSym
This equality, together with (2.37) and (2.48), implies (2.49) and (2.50) with g = 0.

Let ¢ € C*°(R) be such that 0 < ¢ <1, ¢(s) =0 for s <1, and ¢(s) =1 for s > 2.
For § > 0 we consider the function vs(z) := ¢(5dist(z,I'1)) defined for every € Q. Let
o € () NK(Q) be such that [ov] =0 on I'y. Then o5 := 50 + (1 —1s)o € Z(Q) NK(Q)
and [osv] = g on T';. Moreover, by (2.36) we have

((05)plp) = (lop : pllvs) + {[ep : plI1 — ¢s) -

Since the right-hand side converges to (op|p) as § — 0, equality (2.50) follows from the
equality already proved for ¢ = 0 and from (2.48). O

3. THE MINIMUM PROBLEM

In this section we study in detail the minimum problem used in the incremental formula-
tion of the quasistatic evolution. The data are the current value py € I, (2) of the plastic
strain and the updated values w € H'(R™;R"), f € L"(;R"), and g € L>(T'1;R") of the
boundary displacement and of the body and surface loads. The total load £ € BD(Q)' is
defined by

(Llu) := (flu) + (glu)r, (3.1)
for every u € BD(Q2). By solving the minimum problem

{Q(e) + H(p — po) — (Lfu)} (3-2)

min
(u,e,p)€A(w)

we get the updated values u, e, and p of displacement, elastic and plastic strain.
For the existence result we will assume the following safe-load condition: there exist
o€ L2(Q;M2%") and « > 0 such that

sym
—divo = f a.e. on Q, [ov] =gon Ty, (3.3)
and
op(x)+&e K (3.4)
for a.e. x € Q and for every §£ € M, with [¢] < a.
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3.1. Existence of a minimizer. We begin by proving two technical lemmas concerning
the safe-load condition.

Lemma 3.1. Let w € HY(R™;R"), f € L*(Q;R"), g € L=(I';;R"™), and let L be defined
by (3.1). Assume (3.3) and (3.4). Then

(Llu) = (ele) + (eplp) — (el Ew) + (L|w) (3.5)
for every (u,e,p) € A(w).

Proof. The result follows from the definition (2.41) of the duality product (op|p) and from
the integration by parts formula (2.42). O

Lemma 3.2. Let f € L"({;R"), g € L®(T;R™), o € L*(Q;MZ5r), and a > 0. Assume
(3.3) and (3.4). Then

H(p) — {enlp) = alplly (3.6)
for every p € Ty, (2).

Proof. By Proposition 2.4 we have

H(p) — (eplp) = sup{(op — oplp) : o € B(Q) NK(Q)} >
> sup{(rplp) : 7 € B(Q), [|Tpllec < a}.
From (2.37) it follows that

H(p) — (eplp) = sup{(rplp) : 7 € CX(EMIN), [7Dlloe < ),

where the duality product in the right-hand side is defined by (2.2). The conclusion follows
now from standard arguments in measure theory. O

We are now in a position to prove the existence of a solution to (3.2).

Theorem 3.3. Let w € H'(R™;R"), po € Up, (), f € L"(4RY), g € L=(T'1;R™), and
let L be defined by (3.1). Assume (3.3) and (3.4). Then the minimum problem (3.2) has a
solution.

Proof. By Lemma 3.1 the minimum problem (3.2) is equivalent to

(u,e,%ierh(m{Q(e) — (ole) + H(p — po) — {eplp — po)} (3.7)

in the sense that these problems have the same solutions. Let (ug,ex,pr) € A(w) be a
minimizing sequence. By Lemma 3.2 we have

H(pr — po) — (ep|Pk — Po) = llpx — poll1
while (2.12) gives

ac 2 1 2
— > = - .
Qew) = (elew) > 5 lewl3 = 5 lell

Therefore, the sequences e, and pj, are bounded in L? (4 Mgyn) and in My(QUTo; M),
respectively. Since Euy = ex + pg in §2, it follows that Euy is bounded in Mb(Q,MQJW’;)
Since (w—uy) ®vH" ' = py, is bounded in My, (To; M7™), the traces of uy are bounded in
LY (Tg; R™). Therefore uy, is bounded in BD(Q) by (2.1). Up to extracting a subsequence,
we may assume that u, — u weakly* in BD(Q), e, — e weakly in L*(Q;MI5"), pp —
p weakly* in M,(QQUTo; ML "). By Lemma 2.1 we have (u,e,p) € A(w). By lower
semicontinuity

Q(e) ~ {ele) < imint{Q(er) — {olex)} (38)
To conclude we just need to show that

H(p — po) — (oplp — po) < likrgicgf{H(pk —po) — (enlpr — po)} - (3.9)
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To this aim, let ¢ € C*°(R) be such that 0 < ¢ < 1, ¢(s) =0 for s <1, and ¢(s) =1
for s > 2. Let § > 0 and v¢;(z) := ¢(3dist(x,T1)) for every z € Q. Since the measure
H(pr —po) — [op: (pr — po)] is nonnegative on QU Ty by (2.48), we have
H(@s(pr —po)) — (lep : (pr — po)llvbs) < H(pk — po) — (ep|px — po) (3.10)
for every § > 0. The integration by parts formula (2.43) gives
(lop: (pr = po)llvbs) = —(o: (er — Ew)[¢s) — (ol (ur —w) © Vips) +
+ (f1s(ux — w)) = ([ep : po]l¥s) -

Passing to the limit as k — oo, and using (2.43) again, we deduce that
{lop = (p = po)llvs) = lim ([op: (P —po)l[ths) - (3.11)
By (3.10), (3.11), and the lower semicontinuity of H, we have

H(¢s(p = po)) = (lon: (p = po)lltbs) < liminf{H(px — po) — (eplpk — po)}-

Passing to the limit as ¢ — 0 we finally obtain (3.9).
As (ug,er,pr) is a minimizing sequence and (u,e,p) € A(w), by (3.8) and (3.9) we
conclude that (u,e,p) is a minimizer of (3.7). O

3.2. The Euler conditions. We now derive the Euler conditions for a minimizer of (3.2)
in the special case p = pg.

Theorem 3.4. Let w € HY(R™";R"), f € L"(;R™), g € L>=(I'1;R"™), and let £ be defined
by (3.1). Suppose that (u,e,p) is a solution of (3.2) with py = p, and let o := Ce. Then
o e L*(;MZsn) and

—H(q) < {oln) = (Llv) = (op|np) + & (tro|dive) — (L|v) < H(—q) (3.12)
for every (v,n,q) € A(0).

Proof. Let us fix (v,n,q) € A(0). For every € € R the triple (u+¢cv,e+en, p+eq) belongs
to A(w), and hence

Qe +en) +H(eq) —e(Llv) > Q(e) for every € € R.
Using the positive homogeneity of H we obtain
Qe ten) + eH(xq) Fe(L|v) > Qle) for every € > 0.
Taking the derivative with respect to € at € = 0, we get
(o) +H(g) — (£l0) >0, —(oln) +H(—q) + (LJv) > 0,
which implies (3.12). O

Proposition 3.5. Let o € L2(Q;M2%"), f € L™(;R?), g € L>=(T';R™), and let L be

sym

defined by (3.1). The following conditions are equivalent:
(a) —H(q) < {oln) — (L]v) < H(=q) for every (v,n,q) € A(0);
(b) o € Z(QNKEKY), —dive = f a.e. on Q, and [ov] =g on T';.
Proof. Assume (a) and let v € HY(Q;R") with v = 0 H" !-a.e. on I'g. Since the triple
(v, Ev,0) belongs to A(0), from (a) we obtain
(o] Ev) = (flv) = {glv)r, = 0. (3.13)

Since this is true, in particular, for v € C*(;R"™), we conclude that —dive = f on £,
hence diveo € L™(2; R™). Using the distributional definition (2.23) of [ov], from (3.13) we
obtain also that [ov] =g on I'y.
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Let n € LQ(Q;M%X”). Regarding —n as an absolutely continuous measure on U Iy,
the triple (0,7, —n) belongs to A(0), thus from (a) we obtain

—H(=n) < (opln) < H(n).
Let us fix £ € My, Since for every Borel set B C  we can take n(z) = 1g(z)&, we
deduce that
—H(-¢) <op(x):£ < H(E) for a.e. x € Q2.
Therefore op(x) € 0H(0) for a.e. z € Q. As O0H(0) = K (see, e.g., [26, Corollary 23.5.3]),

we obtain that op(x) € K for a.e. z € , hence op € L>®(Q;M}*") and o € K(Q).
Conversely, assume (b) and let (v,7,q) € A(0). By Proposition 2.4 we have

—H(—q) < (onlg) < H(q). (3.14)
From the integration by parts formula (2.42) we get

{oplg) = —{oln) + (flv) + (glv)r, ,
so that (a) follows now from (3.14). O

Theorem 3.6. Let w € H'(R™;R"), f € L"(;R™), g € L>®(;R™), let (u,e,p) € A(w),
let o := Ce, and let L be defined by (3.1). Then the following conditions are equivalent:
(a) (u,e,p) is a solution of (3.2) with py =p;
(b) —H(q) < (aln) = (L]v) < H(=q) for every (v,1,q) € A(0);
(c) ceZ(YNKEQ), —dive = f a.e. on Q, and [ov] =g on T';.

Proof. The implication (a) = (b) is proved in Theorem 3.4. The converse is true by
convexity. The equivalence (b) < (c) is proved in Proposition 3.5. O

Theorem 3.6 gives immediately a stability result with respect to weak convergence of the
data.

Theorem 3.7. Let wy, fi, gr be sequences in H*(R™;R™), L"(Q;R"™), L>(;R™) re-
spectively, let Ly, be defined by (3.1) with f = fr and g = gi, and let (ug, ek, pr) € A(wg).
Assume that up — use weakly® in BD(Q), ex — ex weakly in LQ(Q;M?;W’Z), Dk — Doo
weakly* in My(Q U To; ME"), w, — wee weakly in H'(R™;R"™), fr — foo weakly in
L™"(;R™), gk — goo weakly® in L=(Q;R™), and let Lo be defined by (3.1) with f = f
and g = goo . If

Q(er) — (Lrlur) < Q(n) + H(q — pr) — (Lilv) (3.15)
for every k and every (v,n,q) € A(wg), then (Uoo, €cos Poo) € A(Weo) and
Q(eoo) = (Losuce) < Q) +H(q — Poc) = (Loo|v) (3.16)

for every (v,n,q) € Alws) .

Proof. First we note that (oo, €00, Poo) € A(Ws) by Lemma 2.1. Let oy := Cey, and o4 1=
Cen . If (3.15) holds, then uk, ek, pr, wk, fr, gr satisfy condition (a) of Theorem 3.6.
By condition (¢) of Theorem 3.6 we have o, € 3(Q) NK(Q), —divoy = fr a.e. on Q, and
[okv] = gi on T'q.

Since e — e weakly in L?(Q; M "), we have that o) — 0o, weakly in L?(Q; MZ57).
As K(9) is closed and convex in L?(Q; M7x"), we deduce that 0o € (). Since —divoy =
fr a.e.on Q and fr — foo weakly in L™(Q;R™), we obtain that —divos, = fo a.e. on
Q, hence o5 € X(Q). Moreover, from (2.23) it follows that [oxv] — [0eor] weakly in
H='2(00;R™). As [o3v] = gr on T1 and gp — goo weakly* in L°(Q;R"), we conclude
that [0ooV] = goo on I'y. Therefore oo, €co, Poos Woo, foo, Joo Satisfy condition (c) of
Theorem 3.6. Inequality (3.16) follows now from condition (a) of Theorem 3.6. O
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3.3. Continuous dependence on the data. We complete our study of the solutions
(u, e, p) of the minimum problem (3.2) in the special case p = pg by proving the continuous
dependence, in the norm topology, of v and e on the data py, w, f, and g.

Theorem 3.8. For i = 1,2 let w; € H'(R";R"), f; € L"(Q;R"), g; € L>®(I'1;R"), and
let L; be defined by (3.1) with f = f; and g = g;. Suppose that (u;,e;,p;) is a solution of
(3.2) with po =p;, w=w;, L=2L;, and let

1/2
wig = [lp2 — p1lli + [[p2 —P1||1/ +lf2 = filln + llg2 — 91lloo,ry + |BEws — Ew:||2.

Then

ez —erll2 < Cruwrz, (3.17)
||EUQ — EU1||1 S 02 w12, (318)
lug —uili < Cs (w12 + ||lwe —wil2), (3.19)

where Cy, Cy, and Cs are positive constants depending only on Ry, ac, Bc, 2, and Ty.
Proof. Let v := (ug —w2) — (u1 —wy), 1 := (e2 — Ewz) — (e1 — Ewy), and q := pa —p1.
Since (v,n,q) € AP(0), by Theorem 3.4 we obtain
—H(p2 — p1) < (Cerln) = (f1lv) = {g1[v)r, ,
(Cez|n) — (f2|v) — (g2|v)r, < H(p1 —p2).
Adding term by term and using (2.5) we obtain
<(C(62 - 61)|€2 - 61> S <(C(62 - 61)‘E’w2 - Ew1> +
+ (f2 = filv) + (g2 — g1lv)r, +2 Ri|lp2 — p1f1 -
By (2.12) and (2.13) this implies

2acllez — e1ll5 < 2 f6cllea — erllz [Bwy — Ewill2 + [[f2 = filln [0]ln/m-1) +

3.20
T 92 — g1lloors l0ll.xs + 2 R o2 — paln - (3:20)

Since the embedding of BD(Q) into L™/ (»~1)(Q;R") is continuous, there exists a constant
Ay, depending only on 2, such that

[0lln/ (1) < Ar[vlls + Ay [[Ev]]y . (3:21)
By (2.1) there exists a constant C' > 0, depending only on  and Ty, such that
ol < Cllvll,r + CllEv]1 - (3:22)
As py —p1 = —vOUH"! on Iy, we have
[ollire < V21lp2 = pillr - (3.23)
Since Ev = (e2 —e1) + (p2 — p1) — (Fwe — Ewy), by the Holder inequality we have also
[Bollr < £7(0)?|lez — el + [lp2 = prlli + £(Q)?|| Ews = Bwr s - (3.24)

By (3.21)—(3.24) there exists a constant As, depending only on 2 and T'y, such that
]/ (n—1) < Az |lea —e1l2 + Az [[p2 — p1lls + A2 || Bws — Ewy 2. (3.25)

Since the trace operator is continuous from BD() into L!'(9€;R™), there exists a con-
stant Bj, depending only on 2, such that

lvll1r, < Billvlli + By ||[Evls (3.26)

From this inequality and from (3.22)—(3.24) we deduce that there exists a constant Ba,
depending only on € and I'y, such that

[vll1,r, < Ballez — eilla + B2 [lp2 — pill1 + Bz [|[Ews — Ewslf2 . (3.27)
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Therefore (3.20), (3.25), and (3.27) imply that

2ac [lez = erll3 < 26c|lea — erll2 [|[Ewz — Bwilla + As || f2 = filln [le2 — exll2 +
+ Ao | fo — filln lp2 — 21l + A2 || fo — filln |Bwe — Ewi |2 +
+ B3 [|g2 — g1lloo,ry lle2 —€1ll2 + B2 |92 — 91lloo,ry |P2 — P11 +
+ B |92 — 91llso.r, |[Ewz — Ewill2 + 2 Ri||p2 — p1ll1,

which yields (3.17) by the Cauchy inequality.
As Fu; =e; 4+ p; in Q by (2.18), by the Hélder inequality we obtain

| Buz — Eug s < £(2)?|le2 — e1ll2 + [[p2 — pl1

so that (3.17) gives (3.18).
Since py — p1 = [(w2 — w1) — (uz — u1)] © v H" ! on Ty, we have

Jug — w1 1,0y < Jlwe —will1,r, + V2 |lp2 — p1ll1 -

The continuity of the trace operator from H'(£;R"™) into L'(9Q;R"™) implies that there
exists a constant M , depending only on €2, such that

lug = wrll1,ry < M lwz = willa + M || Ews — Ewi ||z + V2 |[p2 = pal|1 -
By (2.1) there exists a constant C', depending only on  and T'g, such that
lug —uill1 < Clluz —urllir, + Cl|Buz — Buyll; <
< CM |lwy — willz + CM |Ewy — Ewi||2 + vV2C |lp2 — p1ll1 + C || Eug — Euql)s .
Inequality (3.19) follows now form (3.18). O

Remark 3.9. Theorem 3.8 implies that, if (ui,e1,po) and (usg,es,po) are solutions to
problem (3.2) with the same w, f, and g, then u; = us and e; = es a.e. on Q.

4. QUASISTATIC EVOLUTION

We now consider time-dependent body and surface forces f(t) and g(t) satisfying the
regularity assumptions and the uniform safe-load condition of Section 2.2. For every t €
[0,T] the total load L(t) € BD(Q)" applied at time ¢ is defined by

(L(t)|u) == (f()]u) + {g()[u)r, (4.1)
for every u € BD(2).
Remark 4.1. From the hypotheses of Section 2.2 it follows that the weak™* limit

exists in BD(Q)’ for a.e. t € [0,T], and that
(L)) = (f(O)u) + (g(O)|u)r, (4.2)

for every u € BD(Q). Therefore the function ¢ — (L(t)|u(t)) belongs to L'([0,T]) whenever
t — u(t) belongs to L>([0,T]; BD()).

The properties of g(t) and ¢p(t) mentioned in Section 2.2 imply that o(t) € X(Q) for
a.e. t € [0,T] and

—divg(t) = f(t) ae.onQ,  [6(t)v] = g(t) on Ty,

Moreover, thanks to (2.40), we can prove that for every p € I, () the function s —
(op(s)|p) is differentiable at each ¢t € [0,T] where ¢(t) exists and (2.17) holds, with de-
rivative given by (op(t)|p). This implies that ¢t — (op(¢)|p(t)) is measurable for every
simple function ¢ — p(¢) from [0,7] into M(Q U To; ME*") with p(t) € I, (Q) for a.e.
t € [0,T]. By approximation we conclude that t — (op(t)|p(t)) belongs to L!([0,T])
whenever ¢ — p(t) belongs to L>°([0,T]; My(Q2 U To; M™)) and p(t) € IIp, () for a.e.
te0,T].
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A function p: [0,T] — M(QQUTo; ML ™) will be regarded as a function defined on the
time interval [0, 7] with values in the dual of the separable Banach space Co(Q2UTo; M, ™).
Therefore for every s,t € [0,T] with s <t the total variation of p on [s,t] is defined by

N
Vipis,t) =sup { 3 Ip(t;) = p(t; )l i s=to <t <o <ty =t, NN},
j=1

By (2.8) we can apply to H all results proved in the Appendix with X = M;,(QUTo; M,*"),
Y = Co(QUIo; ME™), and K = Kp(Q)NCo(QUT; ML*™). The H-variation of p on [s, ],
which will play the role of the dissipation in the time interval [s,t], is denoted Dy(p;s,t)
and is defined by

N
Dy (p; s,t) == sup { > Hpt;) = plti1)): s=to <ty < <ty =t N¢ N} . (4.3)
j=1

4.1. Definition of quasistatic evolution. We are now in a position to introduce the

following definition.

Definition 4.2. A quasistatic evolution is a function ¢ — (u(t),e(t),p(t)) from [0,T] into
BD(Q)x L?(Q; M%) x M, (2 U To; M'y*™) which satisfies the following conditions:

sym

(asl) global stability: for every t € [0,T] we have (u(t),e(t),p(t)) € A(w(t)) and
Q(e(t)) — (LB)|u(®)) < Qn) + H(g — p(t)) — (L(H)]v) (4.4)

for every (v,7,q) € A(w(t));

(qs2) energy balance: the function ¢ — p(t)
bounded variation and for every ¢ € [0, T]]

Qe(t)) + Dr(p: 0,) — (L(B)[u(t)) = Q(e(0)) — {L(0)]u(0)) +
/{ 8)[EBb(s)) — (L(s)i(s)) — (L(s)[u(s))} ds,

where o(t) :=

from [0,7] into My(Q U I'o; MH™) has

(4.5)

Remark 4.3. Since the function ¢ — p(t) from [0,7] into M,(QUTo; M}*™) has bounded
variation, it is bounded and the set of its discontinuity points (in the strong topology)
is at most countable (see, e.g., [4, Lemma A.1]). By Theorem 3.8 the same properties
hold for the functions ¢ — e(t) and t +— o(t) from [0,T] into L?*(Q;MZ7x"), and for the
function ¢ — w(t) from [0,7] into BD(2). Therefore ¢ +— e(t) and ¢ — o(t) belong
to L([0, T]; L*(M7<7)) and ¢ — u(t) belongs to L>([0,T]; BD(Q)). As t — Eu(t)

belongs to L'([0,T]; L?(;M™X")) and t +— (t) belongs to L([0,7]; H'(R";R™)), the

sym

integral in the right-hand side of (4.5) is well defined thanks to Remark 4.1

The following theorem gives an equivalent formulation of conditions (gsl) and (gs2), which
uses the function ¢ +— g(t) introduced in the uniform safe-load condition of Section 2.2.

Theorem 4.4. A function t — (u(t),e(t),p(t)) from [0,T] into BD(S2)xL*(Q;Mzx")
XMy (QQUTo; ME™) is a quasistatic evolution if and only if it satisfies the following condi-
tions:

(asl’) for every t € [0,T] we have (u(t),e(t),p(t)) € A(w(t)) and
Qle(t)) — (e(t)le(t)) < Qn) — {e(®)|m + H(g — p(t)) — (en(t)lq — p(t)) (4.6)
for every (v,n,q) € A(w(t));
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(qs2') the function t[»—> p](t) from [0,T] into My(QUTo;M*™) has bounded variation and
for every t € [0,T

Qe(t) + Dreps0.) ~ (e(B)e(t) ~ Bult)) - (en(D)p() =
= Q( ( )) = {e(0)e(0) = Ew(0)) = {en(0)|p(0)) — (4.7)
- [ et6lets) ~ s + @n(slpts) ds + [ tolsmis)ds,
where o(t) := Ce(t).

Proof. The equivalence of conditions (qs1) and (gsl’) follows from Lemma 3.1.
As the functions t — f(t), t — g(t), and ¢ — w(t) are absolutely continuous from [0, 7T

into L™(Q;R™), L>(T';;R"), and H'(R™;R"), respectively, the function ¢ — (L(t )\w&t»
is absolutely continuous on [0,7] and its time derivative is given by t — (L(t)|w(t)) +
(L(t)|w(t)). It follows that
/0 {{L(s)|w(s)) + (L(s)|i(s))} ds = (L(B)w(t)) = (£(0)]w(0)) - (4.8)
By Lemma 3.1 we have
(L(B)]v) = (e(t)ln — Ez) + (ep(t)]g) + (L(?)]2) (4.9)

for every t € [0,T], z € H'(R™;R"), and (v,n,q) € A(z). Taking the derivative with
respect to t, thanks to Remark 4.1 we obtain
(L)) = (8(t)ln — E2) + (op(t)]a) + (L(t)|z)

for a.e. t € [0,7T], for every z € H'(R";R"), and every (v,n,q) € A(z).

If conditions (gsl) or (gsl’) hold, then by Remark 4.3 the function t — (u(t)
belongs to L°°([07T};BD(Q)><L2(Q Mg ) x Mp(€2 U Lo; ME™). As (u(t),e(
A(w(t)) for every t € [0,T], we have

(LOu(t)) = (&(t)]e(t) — Bw(t)) + (op()lp(t)) + (L) w(t))

for a.e. t € [0,T]. Therefore (4.8) implies that

- -
~ 0
E\./
~
~—
~—
m

/ {(£ + (L(s)[i(s))} ds = (L) [w(t)) — (L(0)[w(0)) +
(4.10)
/ {6(6)le(s) — Buls)) + (6p(s)lp(s))} ds.
The equivalence of conditions (qs2) and (qs2’) follows now from (4.9) and (4.10). O

4.2. The existence result. The following theorem is the main result of the paper.
Theorem 4.5. Let (ug,eo,po) € A(w(0)) satisfy the stability condition

Q(eo) — (£(0)|uo) < Q(e) + H(p — po) — (L(0)[v) (4.11)
for every (u,e,p) € A(w(0)). Then there exists a quasistatic evolution t — (u(t),e(t), p(t))
such that uw(0) = ug, €(0) = e, p(0) =po.
Theorem 4.5 will be proved by a time discretization process. Let us fix a sequence of
subdivisions (¢} )o<i<x of the interval [0,7], with
0=t) <tf<---<ti'<th=T, (4.12)

_opi—1ly
o, Efzz@k ) =0 (419

For i =0,...,k weset wi :=w(ti), fi = f(t}), gi = g(tt), Li := L(t}), and g} = o(t}).
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For every k we define ul, ei, and pi by induction. We set (u?,e?,p?) := (ug,eo,po),
which, by assumption, belongs to A(w(0)), and for i = 1,...,k we define (u,e,pi) as a
solution to the incremental problem

min {Q(e) + Hp—pi) ~ (Lhh)}. (1.14)
(u,e,p)€A(w})
The existence of a solution to this problem is proved in Theorem 3.3. We recall that by
Lemma 3.1 the minimum problem (4.14) is equivalent to
min  {Q(e) — (g} le) + H(p —pj ") — {(ei)nlp — i )} - (4.15)
(u,e,p)€A(w})
Moreover, by the triangle inequality (2.9) the triple (u,el,pi) is also a solution of the
problem

(u,e,p)EA(wy,

min ){Q(e) +H(p = pi) — (Lilu)} - (4.16)

For i = 0,...,k we set o} := Ce} and for every t € [0,T] we define the piecewise
constant interpolations

up(t) ==ul, ex(t):=el, pr(t):=p., or(t):=o0l,
wk(t) = wllg ’ fk(t) = f]é ) gk(t) = g}g ) *Ck(t) = ’CZ; ; Qk(t) = Q}g )

where i is the largest integer such that ¢i < ¢. By definition (uy(t), ex(t), pi(t)) € A(wy(t))
and by (4.16) we have

Q(ex(t)) — (L ()|ur(t)) < Qn) + H(g — pi(t)) — (La(t)|v) (4.18)
for every (v,n,q) € A(wg(t)).

(4.17)

4.3. The discrete energy inequality. We now derive an energy estimate for the solutions
of the incremental problems. Note that a remainder J; is needed because the integral terms
which appear in the right-hand side of (4.19) provide only an approximate value of the work
done by the external forces.

Lemma 4.6. There erists a sequence 8, — 0% such that for every k and every t € [0,T]
Qex(t)) — (ok(t)exn(t) — Bwg(t)) +

+ > ML - — ent)lpk —pp D)} <
o<ty <t (4.19)
< Q(eo) — (0(0)|eo — Ew(0)) —

_/k(g’(s)|ek(s)—Ewk(s)>ds+/k(ak(s)|Eu'1(s)>ds—|—6k,
0 0

where i is the largest integer such that t} <t.

The integrals in the right-hand side of (4.19) can be written as

%

/0 (05 ler(s) — Bun(s)) ds = S (el — b el — Bui ™Y,

j=1
[

/0 “on(s) [ Bi(s)) ds = 3 (of M| Bw] — Bul Y,

j=1

where the sums involve only the values of o(t) and w(t) at the discretization points ti . This
is the main difference between inequality (4.19) and those considered in [15, Theorem 4.1].
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Proof of Lemma 4.6. We have to prove that there exists a sequence d; — 0% such that

Qler,) — (ailek — Bwy) +

+ Y {Hpp — o) = (eR)plpk — pp 1} <

= (4.20)
< Q(eo) — (0(0)|eg — Ew(0)) — _
t th,
= [ @) ents) ~ Bun(s)yds + [ o) Bi(s) ds+ 6y
0 0
for every k and every i =1,...,k.
Let us fix an integer r» with 1 < r < ¢ and let v := ufl — wzfl + wj, and n :=

e; ' — Bw, ' + Ew}. Since (v,n,p} ") € A(w}), by the minimality condition (4.15) we
have
Q(er) — (okler) + H(p = pi ") = {(eR)plpi — P} 1) <
< Qe + Buj — Bup™) — (epley " + Bwp — Bup™),
where the quadratic form in the right-hand side can be developed as

Qe + Buy, — Bwp ™) = Qe 1) + (o | Bwy, — Bwp™') + Q(Bwy — Bwi™"). (4.22)

(4.21)

From the absolute continuity of w with respect to ¢t we obtain

th
wszz_l :/ 1u')(t)dt,
t,

k
where we use a Bochner integral of a function with values in H!(R™;R™). This implies that

th
Ewj, — Ew; ' = / Ew(t)dt, (4.23)
ti !

where we use a Bochner integral of a function with values in L?(R™; Mg%"). By (2.12) and
(4.23) we get
th

o - Bui ) < el [ I1Batoaar) (4.24)

!
From the absolute continuity of ¢ with respect to ¢ we have
th
(o~ ) = (o et = B+ [ ol - Bup . (425)

r—1
ty

By (4.21)—(4.25) we obtain
Q(eg) — (okler, — Buwi) +H(py, — i~ ") = ((eh)plpk — pp ") <

th
sﬁ%ﬂ—@?%?“JMKW—/1@@%*—E%*MH-
t

ty, *

th . ) k ) 2
s [* ortmawas el [ Imsola) < (4.26)
ti " t
th
<) - (e e - Bup ) - [ (@0l - Bup e+
trfl

k
T
tk

ty
+/ <a,§‘1\Ew(t)>dt+wk/ | B (t)||2 dt,
t ! trt
where
ty,
wg 1= fc max / | Ew(t)]|2dt — O

1<r<k =1
- = k
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by the absolute continuity of the integral. Iterating now inequality (4.26) for 1 < r <, we
get (4.20) with 6 == wy, [ || Ew(t)||s dt. O

4.4. Proof of the existence theorem. We are now in a position to prove Theorem 4.5.

Proof of Theorem 4.5. Let us fix a sequence of subdivisions (t%)o<;<x of the interval [0, 7]
satisfying (4.12) and (4.13). For every k let (ul,ei,pt), i=1,...,k, be defined inductively
as solutions of the discrete problems (4.14), with (u?,e?,p?) = (uo, €0, po), and let uy(t),
er(t), pr(t), or(t), wi(t), fu(t), gr(t), Li(t), ox(t) be defined by (4.17).

Let us prove that there exists a constant C', depending only on the constants ac, fc,
and «, and on the functions eg, t — w(t), and ¢ +— p(t), such that

sup |lex(t)]e < C and V(pi;0,T) < C (4.27)
te[0,T)

for every k. As t — w(t) and t — o(t) are absolutely continuous with values in H*(R";R"™)
and L?(Q; MZx"), respectively, the functions ¢ +— [|Ew(t)||2 and ¢ — [o(t)||2 are bounded
on [0,7] and the functions ¢ +— ||Ew(t)|2 and ¢ +— ||o(t)||2 are integrable on [0,7]. This
fact, together with (2.12), (2.13), (3.6), and (4.19), implies that

acllex(®)3 = sup Jlo(®)l2 sup [Bw(®)lz+a Y ok =9 h <
t€[0,7) t€[0,7) oSt <t

T
< Belleall + ez (leolla + |Ew(Oz) + sup [Ew(®)]: | lelds+ @y
€10,
T T
+ sup fen(®lla( [ e()lads+20e [ 1B ads+ sup oft)]z) +
t€[0,T) 0 0 t€[0,T)

for every k and every t € [0,T]. The former inequality in (4.27) can be obtained now by
using the Cauchy inequality. As for the latter, by (4.28) and the first inequality in (4.27)
we deduce that

> bk h <C (4.29)

o<ty <t

for every k and every t € [0,7]. Since t — p(t) is constant on on the intervals [t} ', ¢} [,
the estimate (4.29) is equivalent to the second inequality in (4.27).

By the generalized version of the classical Helly theorem given in Lemma 7.2 there exist a
subsequence, still denoted py, and a function p: [0,T] — M,(QUTo; M*™), with bounded
variation on [0, T'|, such that pj(t) — p(t) weakly* in M, (QUIo; M)*™) for every t € [0,T].

Since, by (4.27), |lex(t)|l2 < C and ||pr(t)]]1 < C for every k and every ¢, arguing as in
the proof of Theorem 3.3 we deduce that uy(t) is bounded in BD(£2) uniformly with respect
to k and t. Let us fix t € [0,T]. There exist an increasing sequence k; (possibly depending
on t) and two functions u(t) € BD(Q) and e(t) € L*(; M) such that ug,(t) — u(t)
weakly* in BD(2) and ey, (t) — e(t) weakly in LQ(Q;M’SL;,?). By (4.18) we can apply
Theorem 3.7 and we obtain that the triple (u(t),e(t),p(t)) is a solution of the minimum
problem

(v,n,qgreliAn(w(t)){Q(n) +H(g —p(t) = (L(t)[v)} . (4.30)

By Remark 3.9 there exists a unique (u,e) € BD(Q)xL?(;M2X") such that (u,e,p(t))

is a solution to (4.30). Therefore, the convergence result holds fOI?‘J the whole sequence, i.e.,
up(t) = u(t) weakly* in BD(2) and e (t) — e(t) weakly in L*(Q;MZx").

Let us show now that the function t — (u(t), e(t), p(t)) is a quasistatic evolution satisfying
(u(0),€(0),p(0)) = (uo, €0,p0). The initial condition is fulfilled, since u(0) = ug, ex(0) =
o, pr(0) = po for every k. In (4.30) we have already proved that (u(t),e(t),p(t)) satisfies
(4.4) for every t € [0,T].
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It remains to prove the energy balance (4.5), or equivalently (4.7). By Theorem 4.7,
proved below, it is enough to establish the energy inequality

Q(elt)) — (a()le(t) — Bw()) + Dr(p;0,2) — lon(0)lp(t)) <
. = 2e0) = {e(0)]e0) = Ew(0)) — (2 (0)[p(0)) — (4.31)
- / {{0(3)]e(s) — Bu(s)) + (op(s)[p(s) } ds + / (0(5)| Ev(s)) ds .

Let us fix ¢ € [0,7]. As in the proof of Theorem 3.3, let 6 > 0 and ¥s(x) =
¢(5dist(z,T1)) for every z € Q, where ¢ € C®(R), 0 < ¢ <1, ¢(s) =0 for s < 1,

r—1

and ¢(s) = 1 for s > 2. Since the measure H(p} —p; ') — [op(t}): (pf — pi')] is nonneg-
ative on QUTy by (2.48), we have

H(s(pp — vy ")) — (ep(tr) : (0 — v Dllvs) < Hpk — o ") — (ep(th) |k — oy ") (4.32)

for every r =1,...,i. Since ¢ + py(t) is constant on the intervals [t; ', 5[, we have
Dy(vspr; 0,1) < > H(s(ph —pp ),
o<ty <t

so that the lower semicontinuity of the dissipation (see (7.3)) gives

Dy (Y5p;0,t) < liminf § H(vs (P — pi ). (4.33)
k—oo
0<t7 <t
It is convenient to write

> (len(th): (ok — v Dllws) = =D _((en(t) — on(ty ™)) :py lvs) +

r=1 r=1

+{[op(t;) : pill¥s) — ([en(0) : po] [¥s) -

Since ¢ + o(t) and t — f(t) are absolutely continuous from [0,7] into L(€;MZ") and
L™(Q; R™), respectively, by (2.43) we have that

(4.34)

i

> (llen(ty) = en(ti™ )y, Hivs) = —/O (0() s (ex(5) — Bwi(5))) ds —

r=1 .
th

-/ 05 (ua5) — () © Vi) ds + | @ stunts) = wis)yas.
Passing to the limit as k — oo and using (2.43) again, we obtain
i ;qm(t;) ool e = [ ooy plolivn)ds. (439
Analogously we can show that
i (lop(th) spl¥s) = len(®): p)]s). (4.36)
Combining together (4.32) (4.36), we obtain that

Dy (vsp; 0,1) — <[Qn(t)¢p(t)]\¢5>+<[QD(0)¢p(0)]|¢a>+/O ([op(s): p(s)l[¢hs) ds <

< likrggfz::l{H(pZ —pi ) — len (D)l — i)}
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and passing to the limit as § — 0™, we conclude that

Dy(p; 0,t) — {en(t)|p(t)) + (2p(0)[p(0)) +/ (0p(s)[p(s)) ds <
i 0 (4.37)
< th_l)ng{H(pz —pp ") = (ep(th)Ipk — Py 1)}
=1
For every s € [0,t] we have o4 (s) = Ceg(s) — Ce(s) = o(s) weakly in L2(Q;M2X"). As

sym

ok (s) is bounded in L*(; Mz ") uniformly with respect to k and s, we can pass to the

limit in (4.19) as k — oo and we obtain (4.31) from (4.37) and from the lower semicontinuity
of Q. g

As in [15, Theorem 4.4] and [6, Lemma 7.1], the energy inequality (4.31) together with
the global stability (qs1’) imply the exact energy balance (qs2’).

Theorem 4.7. Let t — (u(t),e(t),p(t)) be a function from [0,T] into BD()x L*(Q; M2X")

sym
XMy(QU To; MY™) which satisfies the stability condition (qsl’) in Theorem 4.4. Assume
that t — p(t) from [0,T] into My(QUTLo; ME™) has bounded variation. Then for every
t € [0, T we have

Q(e(t)) — (a()e(t) — Bw()) + Dr(p:0.1) — op(t)lp(t)) >
2 0(e(0)) — {0(0)]e(0) ~ Fw(0)) — (en(0)}p(0)) — (438)
- / {&(5)le(s) — Bu(s)) + (6p(s)lp(s)} ds + / (0(s)| Bi(s)) ds

where o(t) := Ce(t). If, in addition, (4.31) is satisfied, then the exact energy balance (qs2’)
holds.

Proof. Let us fix t € (0,T] and let (s%)o<i<k be a sequence of subdivisions of the interval
[0,t] satisfying
0:52<s,1€<~~~<s§_1<5112:t, (4.39)

li —s ) =0. 4.4
Jim gggk( k= Sk ) (4.40)

For every i = 1,...,k let v := u(s}) —w(si)+w(si ') and n = e(s}) — Ew(si)+ Fw(si ).
Since (v,n,p(s})) € A(w(sy ")), by the global stability (4.6) we have
( (s17)) = {e(si Mle(sy™) <
< Qle(s}) — (Buw(sy) — Buw(s; 1)) — (o(sy s 1)\6( i) — (Buw(sp) — Bw(s;™))) +  (4.41)
+H(p(sh) —plsy 1)) — <QD(Sk Dlp(si) —plsy )
The first term in the right-hand side can be written as
Q) - (Bus)) - Bu(si ) = |
= Q(e(s})) — (a(s})| Bu(s)) — Ew(sy ™)) + Q(Ew(sk) Bw(s;7 ).

Now, arguing as in (4.25) and in the proof of the last inequality in (4.26), from the previous
equality and from (4.41) we obtain that there exists a sequence wy — 07 such that

Qe(sy 1)) = (e(sy Hle(sy ") = Bw(si ) — (en(sy lp(si ) <
< Qle(si)) + Hp(si) — plsi 1) = e(si)le(st) — Bw(st)) — (en(si)lp(si)) +
+/0 (o(s)le(si) —Ew(52)>d8+/ (0n(s)lp(st)) ds —

[ otz ds o [ IBuolads.

i—1
k
On [0,t] we define the piecewise constant functions
en(s) ==e(sp), Ewi(s) = Ew(sy), pi(s):=p(s,), Tu(s):=o(sp),
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where i is the smallest index such that s < si. Since S, H(p(sk) — p(si 1)) < Du(p;0,1),
iterating the last inequality for 1 < ¢ < k we obtain
Q(e(0)) — ((0)|e(0) — Ew(0)) = (en(0)|p(0)) <
< Q(elt)) + Drelpi0,8) ~ (o(Dlelt) ~ Bw(t)) ~ {on(D)lp(t) + )

+/0 <g’(s)\ék(s)—Em(s)>ds+/o <9’D(8)Im(8)>d8—/0 (@ (s)[Enir(s)) ds + O,

where 0 = wy fOT |Ew(s)|l2ds. By Remark 4.3 the set of discontinuity points of the
functions s — p(s), s — e(s), and s+ o(s) is at most countable and ||, (s)|1, |[€x(s)]2,
and ||ox(s)||2 are bounded uniformly with respect to s and k. Therefore (4.40) implies
that p,(s) — p(s) strongly in M,(QUTo;ME ™), ex(s) — e(s) and 7 (s) — o(s) strongly
in L*(;Mzy¢r) for ae. s € [0,t]. Now, (4.38) follows from (4.42) by the dominated
convergence theorem. O

4.5. Convergence of the approximate solutions. For every k let (u};,ez,p};), i =
1,...,k, be defined inductively as solutions of the discrete problems (4.14), starting from
(uP, e2,pY) = (ug,e0,p0), and let ug(t), ex(t), pr(t), ox(t) be defined by (4.17). Let
t— (u(t),e(t),p(t)) be a quasistatic evolution. Assume that

pr(t) — p(t) weakly™ in M, (Q U To; MB*™) (4.43)

for every t € [0,T]. The following theorem shows, in particular, that stresses and elastic

strains of the approximate solutions converge strongly in L?(£; M) -

Theorem 4.8. Assume that the plastic strain of the approzimate solutions satisfies (4.43).
Then ey (t) — e(t) and o1(t) — o(t) strongly in L?(Q;M2X"). Moreover,

Jim Y0 {H(pg - )~ (en(tR)Ipk — i)} =
O<ti=t . (4.44)
= Dn(p; 0,1) — (on(t)|p(t)) + (2p(0)[p(0)) +/0 (0p(s)lp(s)) ds
for every t € [0,T].

Proof. By the discrete energy inequality (4.19) for every ¢ € [0,7] we have

Qler(t) + Y {H@k —pi ") — (en(t)lpk —pf )} <

o<ty<t

< Q(eo) — (e(0)leo — Ew(0)) + (or(t)]ex(t) — Ewg(t)) — (4.45)

f/Wmm%@wa@»M+/Vm@WM@MHwh
0 0

where d; — 0 and i is the largest integer such that t}; < 't. By the energy balance (4.7) we
have also

Q(e(t)) + Dw(p; 0,t) — (en(t)|p(t)) + (2p(0)[p(0)) +/O (0p(s)|p(s)) ds =
= Q(eo) — (0(0)[eo — Ew(0)) + (o(t)[e(t) — Ew(t)) — (4.46)
—/ (o(s)|e(s) — Fw(s))ds Jr/ (o(s)|Ew(s))ds.
0 0

In the proof of Theorem 4.5 we have already seen that ex(t) — e(t) and oy (t) — o(t) weakly
in L2(Q;M?X"), and that |ex(t)]|2 and |jog(t)||2 are bounded uniformly with respect to ¢

sYym
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and k. Moreover, g (t) — o(t) and Ewy(t) — Ew(t) strongly in L*(€; M7 "). Therefore
the right-hand side of (4.45) converges to the right-hand side of (4.46). This implies

timsup { Qen(t) + Y- {H0h —pi™") — {en(h)iok —pi )} } <

o<ty <t

< Q(e(t) + Dr(p; 0,8) — (en (B)[p(t)) + (en(0)[p(0)) +/0 (¢ (s)lp(s)) ds
By the lower semicontinuity of @ and by (4.37) we obtain (4.44) and
) —

Qex(t)) — Qle(t)),

which gives the strong convergence of ej(t), and, consequently, of o (t) = Cey(t). O

(
)

5. REGULARITY AND UNIQUENESS RESULTS

In this section we prove that every quasistatic evolution ¢ — (u(t), e(t), p(¢
continuous with respect to time, and that the functions ¢ +— e(t) and t — o(
determined by their initial conditions.

)) is absolutely
t) are uniquely

5.1. Regularity. For the general properties of absolutely continuous functions with values
in Banach spaces we refer to [4, Appendix] for the reflexive case and to the Appendix of the
present paper for the case of the dual of a separable Banach space.

If t — q(t) and t — v(t) are absolutely continuous from [0,7] into M;(Q2U To; ME*™)
and BD(Q), respectively, we define

e e 4(8) —a(t) oy e V(8) —o(t)

G) = w lim T 0 =t fim = (5-1)
By Theorem 7.1 ¢(t) and v(¢) are defined for a.e. ¢ € [0,T7], the function ¢ — H(q(¢)) is
measurable, and

Dalai0.8) = [ Hi(s) ds (5:2)
for every ¢ € [0,T].

Remark 5.1. If we apply (7.5) to the absolutely continuous function ¢ — ¢(t), with X =
My(QUTo;ME™), Y = Co(QUTo; MY ™), and K = {p € Co(QUTo; ME™) : [l¢o]leo < 1},
for a.e. t € [0,T] we obtain

(0l = im | 22200

By the definition of weak* convergence in BD(Q) it follows from (5.1) that for a.e. ¢ €
[0,T] we have (v(s)—v(t))/(s—t) — ©(t) strongly in L'(Q;R") and (Ev(s) — Ev(t))/(s —t)
— Eu(t) weakly™ in M;(Q;Mgx) as s — t. If we apply (7.5) to the absolutely contin-

uous function t — Fo(t), with X = Mp(Q;M23")| Y = Co(Q;M2XM), and K = {p €

sym sym

Co(Q; M%) 2 |lo|loo < 1}, for a.e. ¢ € [0,T] we obtain

s’t/m
) Ev(s) — Ev(t)
|Bs@)ll = limy || =222
This implies that for a.e. t € [0, 7] the trace of ¥(t) is the strong limit in L!(9Q; R™) of the
traces of (v(s) —v(t))/(s —t) as s — ¢ (see [29, Chapter II, Theorem 3.1]). In other words
the time derivative of the trace of v(t) is the trace of the time derivative of v(t). Therefore,
using (4.1) and (4.2), we can prove by a standard argument that

d

Z{LD(®) = (LOo(0) + (L@)[61)) (5-4)

(5.3)

for a.e. t €[0,7T].
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The next proposition deals with the absolute continuity of the functions ¢ +— e(¢),
t — p(t), and ¢ — u(t) from [0,T] into L?(Q;MZ<"), My(Q2UTo; M7*™), and BD(Q),
respectively.

Theorem 5.2. Let t — (u(t),e(t),p(t)) be a quasistatic evolution. Then the functions
t—e(t), t — p(t), and t — u(t) are absolutely continuous from [0,T] into L*(Q;M2X1)

sym

My(QUTo; MY™), and BD(Q), respectively. Moreover, for a.e. t € [0,T] we have

@Iz < Crllle(®)ll2 + oo llco + [ Ew(B)]]2) (5:5)
()l < Ca(lle@)l2 + [1ep (B)llo + | Ew(E)]2) (5.6)
1EW(t)]1 < Cs(l[e@)ll2 + 12 (Bl + |1 Ew(E)]2) (5.7)
la@ll < Callle®ll2 + [lop Ol + [[Ew(@)]l2 + [l (#)]2) , (5.8)

where Cy and Cy are positive constants depending on Ry, ac, Bc, «, sup,|o(t)|z,
sup, |le(t)||2, and sup, ||p(t)||1, while Cs depends also on Q and Cy also on Q and T'y.

Proof. Since H(p(t2) — p(t1)) < Dx(p;t1,t2), by the energy equality (4.7) we obtain, after
an integration by parts,

3(o(ta)le(ta)) — 5(o(t1)]e(t1)) + H(p(t2) — p(t1)) <
< (o(t2)le(t2)) — {o(tr)[e(t1)) + (ep(t2)|p(t2)) — (op(t1)|p(t1)) — (5.9)
) 2{<é(8)|€(8)> + (0p(s)[p(s)) — (o(s) — o(s)|E(s))} ds

for every t1, ta € [0,T] with t; < t3. Consider now the functions v := u(tz) — u(t1) —
(w(te) —w(t1)), n:=e(ta) —e(t;) — (Bw(te) — Ew(t1)), and the measure ¢ := p(t2) —p(t1).
Since (v,n,q) € A(0) and (u(t1),e(t1),p(t1)) is a solution of the minimum problem (3.2)
with pg = p(t1) and £ = L(t1), by Theorem 3.4 and Lemma 3.1 we obtain

— (o(t1)le(t2) — e(tr)) + (e(tr)le(t2) — e(t1)) + (ep(t1)[p(t2) — p(ta)) +
+ (o(t1) — e(t1)|[Bw(tz) — Bw(t1)) < H(p(t2) — p(t1)),

so that (5.9) implies
3(o(t2)le(t2)) — 3o (t)le(tr)) — (o(tr)le(t2) — e(tr)) < (e(t2) — oltr)le(t2)) +
+ (ep(t2) = ep(t)[p(t2)) — (o(tr) — o(t1)|[Bw(tz) — Ew(t1)) —

ta

— [ {a(s)le(s)) + (an(s)[p(s)) — (o (s) — o(s)|Eni(s))} ds .

ty1

Therefore,

L(Ce(ts) — e(tr))le(ta) — e(tr)) < / “(o(s) — o ()| Bui(s)) ds +

+/t 2{<é(5)|6(t2) —e(s)) + (ap(s)lp(t2) — p(s)) — (e(s) — o(t1)|Eni(s))} ds .
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By (2.12) and (2.13) we obtain

aclelta) — et < 20 [ le(s) = eltr) [ B ds +

t1

+ / () lle(t2) — e(s) 2 ds + / Nan ()l 1p(t2) — p(s)]ls ds + (5.10)
+ [ lets) et B () ds.

t1

By Lemma 3.2 we have that for every t; < s <9

allp(tz2) = p(s)lly < H(p(t2) — p(s)) — (ep(t2)|p(t2) — p(s)) ,
therefore, inequality (5.9) with ¢; = s implies

allp(tz) = p(s)lh < 5(o(s)le(s)) — 5(o(t2)le(t2)) +
+ (e(t2)le(tz2) — e(s)) + (e(t2) — o(s)le(s)) + (en(t2) — en(s)|p(s)) —

*/2{<é(t)|6(t)>+<£>D(t)lp(t)>*(U(tFQ(t)\Ew(t»}dt-

We observe that sup, ||o(t)||2, sup; [lop(t)]leo, sup; |le(t)||2, and sup, ||p(t)]]1 are finite (see
Remark 4.3 for e(t)). In the rest of the proof C' will denote a positive constant, whose value
can change from line to line, depending on these suprema and on the constants ac, fc, a.
The previous inequality implies that

[p(t2) = p(s)lly < C(lle(t2) —es)ll2 + [le(t2) — o(s)ll2 + llen(t2) — en(s)lleo) +

4+ [0+ a0 @) + B0} de.
Therefore, for every t; < s < to
Ip(t2) =p()l < Clet) = e(@)lla+C [ Lot} + 20Ol + 1 B0 |2}t (511

By (5.10) and (5.11), using |le(t2) — e(s)]|2 < |le(t2) — e(t1)||2 + |le(s) — e(t1)||2, we deduce
that

le(t2) = e(t1)ll3 < Clle(t2) — e(t1)l2 t ()2 + ()|} ds +
+ C/f ez + 120() e + [ Bis)l2} lels) — e(tr) 2 ds +

20 [ 66 a + lep(o) e + 1Bz} )’

By the Cauchy inequality we have

Jetz) — e < [ ) o) — et + ([ i) as)’

where
¥(s) == C(lla(s)ll2 + [1op ()l + [[Eir(5)]]2) -
We can apply now a version of Gronwall inequality, proved in Lemma 5.3 below, which gives

t

lle(ta) —e(t)ll2 < g (s ds < C ) )l + 160(5) oo + | Bi(s) 2} ds. (5.12)
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This implies that ¢ — e(t) is absolutely continuous from [0, 7] into L?(Q; MZx") and that
é(t) satisfies (5.5).

Using the absolute continuity of ¢ — e(t) and (5.5), inequality (5.11) with s = ¢; yields
the absolute continuity of ¢ — p(¢) and (5.6).

From the decomposition Eu(t) = e(t) + p(t), it follows that ¢ — Fu(t) is absolutely
continuous from [0,7] into M,(;ME5R) and Eu(t) = é(t) + p(t) for ae. t € [0,T].
Inequality (5.7) is an easy consequence of this decomposition. It remains to prove that
t +— u(t) is absolutely continuous from [0,7] into L'(£;R"™) and satisfies (5.8). By (2.1)
there exists a constant C' > 0, depending on Q and Iy, such that

[u(ts) —u(t1)lly < Cllulte) — ulty)l1r, + C [[Bu(tz) — Eu(ty)]ls - (5.13)

Using (2.19) and the continuity of the trace operator from H!(Q;R") into L'(9Q;R™), we
obtain that there exists a constant M , depending on €2, such that

[ultz) = ult)ll1r, < V2[p(t2) —p(ta)]1 + (5.14)
+ Mlw(ts) —w(tr)]l2 + M| Ew(ts) — Bw(ti)]2 - '

Ast— w(t), t — Fu(t), and t — p(t) are absolutely continuous from [0, 7] into H'(2;R"),
My(Q;M27m), and M, (QUTg; MY™), respectively, inequalities (5.13) and (5.14) imply that

sym

t — u(t) is absolutely continuous from [0,77] into L*(Q;R") and (5.8) is satisfied. O

Lemma 5.3. Let ¢: [0,T] — [0, 4+00[ be a bounded measurable function and let ¢: [0,T] —
[0, +o0[ be an integrable function. Suppose that

o7 < [ o was+ ([ wisas) (515)
for every t € [0,T]. Then

o) <5 [ us)as (5.16)
for every t € [0,T7].

Proof. Let us fix to € [0,7T] and let vy := (foto Y(s)ds)?. For every t € [0,tg] we define
V() := fot #(s)9(s)ds. Then V is absolutely continuous on [0,to], ¢(t)? < V(t) + o for
every t € [0,t], and V(t) < ¢(t)(V(t) +70)"/? for a.e. t € [0,%(]. Integrating between 0
and to we get 2(V(to) +0)/2 < 2v0/% + foto P(s)ds = 3];0 (s)ds. By (5.15) we have
B(to) < (V(to) +70)'/2, so that the previous inequality gives 2 ¢(to) < 3f0t° P(s)ds. O

Remark 5.4. Estimates (5.5)—(5.8) imply that, if ¢t — w(t), t — o(t), and ¢t — op(t)
are Lipschitz continuous from [0, 7] into H'(R™;R™), L*(;Mzx"), and L>(Q; ML "),
respectively, then the functions ¢ — wu(t), t — e(t), t — p(t) are Lipschitz continuous from
[0, 7] into BD(S2), L*(Q;M7X"), and M, (U To; ME "), respectively.

sym
The following lemma will be crucial in the rest of the paper.

Lemma 5.5. Let t — u(t), t — e(t), t — p(t) be absolutely continuous functions
from [0,T] into BD(Y), L?*(S;R™), and My(Q2 U Lo; MY™), respectively. Assume that
(u(t),e(t),p(t)) € A(w(t)) for every t € [0,T]. Then (u(t),é(t),p(t)) € A(w(t)) for a.e.
tel0,T].

Proof. Tt is enough to apply Lemma 2.1 to the difference quotients. O

Thanks to the following proposition, we can differentiate the energy balance (4.5) and
obtain a balance of powers: the rate of change of stored energy plus the rate of plastic
dissipation equals the power of external forces.
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Proposition 5.6. Let t — (u(t),e(t),p(t)) be an absolutely continuous function from [0,T)
into BD(Q)x L?(; M7y x My(Q U To; ME*™) and let o(t) := Ce(t). Then the following
conditions are equivalent:

(a) for every t € [0,T]
) + Dr(p; 0,) — (L(B)|u(t)) = (e(0)) — (£(0)[u(0)) +
/ {{o(s)|[Bir(s)) — (L(s)i(s)) — (L(s)lu(s))} ds;
(b) for a.e. t €0,T)]
{o(®)]e®)) + H(pE) = (o (O Ew(t)) — (LE)|w(t)) + (L(B)]at));
(c) for a.e. t €[0,T)
{o(t) = o(®)[e()) + H(p(t) = (ep(®)[p(t)) + (o(t) — e(t)|[Ew(t)) ;
(d) for every t € [0,T)

t

Q(e(t))+/ {H(p(s)) — (en(s)Ip(s))} ds =
00+ [ lefs)6l6) +{016) ~ o) B s
Proof. Using (5.2) and (5.4) we obtain (b) by differentiating (a) and (a) by integrating (b).
Similarly we obtain (d) by integrating (c) and (c) by differentiating (d). The equivalence
between (b) and (c¢) follows from Lemmas 3.1 and 5.5. O

Condition (d) of Proposition 5.6 allows us to prove an estimate of sup, |le(t)||2 and
sup, ||p(t)||1 in terms of the data of the problem.

Proposition 5.7. Let t — (u(t),e(t),p(t)) be a quasistatic evolution. Then

sup |le(t)2 < Cl{||€(0)||2+ sup |lo(t)l|2 +
te[0,T] te[0,T]

+/OT ||@<t>2dt+/0T | B> dt }

sup |p(®)[L < Hp(0)||1+02{||e(0)||§+ sup |lo(t)[l3 +
te[0,T] te[0,T

([ newna) ([ iEaona)’}.

where C1 is a positive constant depending only on ac and B¢, while Cy depends also on «.

(5.17)

and

(5.18)

Proof. By Theorem 5.2 the function ¢ — (u(t), e(t), p(t)) is absolutely continuous from [0, T']
into BD(€2)x L (Q; MZx<7)x My(Q2 U To; M™). As ¢ +— (u(t),e(t),p(t)) satisfies (qs2) in

Definition 4.2, it satisfies conditions (a) and (d) of Proposition 5.6. After an integration by
parts, we obtain from (d)

/ (M) — {on()H(s))} ds — (a(b)le(t)) =
— Qe / {{o(s) — o(s)| Bub(s)) — (6(s)|e(s)} ds — (2(0)](0))
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By (2.12), (2.13), and (3.6) for every t € [0,7] we have

t
o«cHe(t)II%a/ Ip(s)llds < Belle(0)l5+2 sup lo(t)ll2 sup [le(t)]2 +
0 t€[0,T] t€[0,T]

T
+ sup le(t ||2/0 {26c[|Ew(s))ll2 + [[o(s)ll2} ds + (5.19)

tel0,T

T
+ s o0l / | Bi(s)l|2 ds

tel0,T

which implies (5.17) and (5.18) by the Cauchy inequality. O

Remark 5.8. Let t — (u(t),e(t),p(t)) be a quasistatic evolution. By Proposition 5.7,
estimates (5.5)—(5.8) are satisfied with constants C,...,Cy; depending only on the data
of the problem. More precisely, C; and Cy depend on Ry, ac, fBc, «, sup,|o(t)|s,
fo llo(t)]|2 dt, fo ||Ew t)||2dt, ||e(0)]|2, and ||p(0)||1, while C3 depends also on €, and Cy
also on (2 and

5.2. Uniqueness of stress and elastic strain. We now prove that ¢t — e(t) (and, conse-
quently, ¢t — o(t)) is uniquely determined by its initial condition.

,n(t),q(t)) be two quasistatic evolu-

)
) = n(0), then e(t) = n(t) for every
t

Theorem 5.9. Let t — (u(t),e(t),p(t)) and t — (v(t
0) =
) for every t € [0,T].

tions and let o(t) := Ce(t) and 7(t) := Cn(t). If e(
t €10,T]. Equivalently, if o(0) = 7(0), then o(t) = 7(
Proof. By Theorem 5.2 the functions ¢ +— (u(t),e(t),p(t)) and t — (v(t),n(t),q(t)) are
absolutely continuous. By condition (c) of Proposition 5.6 we have

(o(t) = e()[é(t) — B (t)) + H(p(t)) = (en(t)[p(1)) , (5.20)
(r(t) = o)l (t) — Eir(t)) + H(q(t)) = (ep(t)]g(t)) - (5.21)
From the global stability condition (4.4) and from Theorem 3.6 it follows that for every
€ [0,T] we have 7(t) € 2(Q) N K(Q), —divr(t) = f(t) a.e. on Q, and [7(t)v] = g(t)
on I'y. By Lemma 5.5 we have (u(t),é(t),p(t)) € A(w(t)) for a.e. t € [0,T]. Therefore
Proposition 2.4 gives H(p(t)) > (tp(t)[p(t)). By (5.20) this implies
(o(t) = e(t)[é(t) — B (t)) + ([7p(t) — en(®)][p(t)) < 0.
As div(7(t) — o(t)) = 0 a.e. on  and [(7(t) — o(t))v] =0 on I'; by (2.15) and Theorem 3.6,
this inequality is equivalent to
(o(t) = T(t)]é(t) — Eu(t)) < 0.
in view of the integration by parts formula (2.42). Analogously from (5.21) we obtain
(r(t) = o(B)ln(t) — Ew(t)) <0.

Summing these two inequalities we get

(Cle(t) = n(®)]e(t) —n(t)) <0,

hence

(CLelt) — n(e))le(t) (1)) < 0.

If e(0) = n(0), we have (C(e(0) — 1(0))|e(0) — n(0)) = 0, so that for every t € [0,7]
(C(e(t) —n(t))]e(t) —n(t)) <0, which is equivalent to e(t) = ( ) by (2.12). O
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6. EQUIVALENT FORMULATIONS IN RATE FORM

Let t — (u(t),e(t),p(t)) be a quasistatic evolution. Suppose for a moment that p(t) €
L2(Q;My*™), and denote the values of p(t) and op(t) at z € Q by p(t,z) and op(t,z),
respectively. We recall that the normal cone Nk (&) to K at § € M}E" is defined in
the following way: if § € K, then Ng (&) is the set of matrices ¢ € M}™ such that
C:(€—¢&) <0 for every € € K; if {y ¢ K, then Nk (&) := @. In this section we want to
prove that

p(t,z) € Nk (op(t,z)) for a.e. z € Q, (6.1)

which represents the classical formulation of the flow rule.

6.1. Weak formulation. By the definition of Ny it is easy to see that (6.1) is equivalent
to saying that

(op(t) = 7p|p(t)) = 0 (6.2)
for every 7 € X(Q) N K(Q) with [rv] = g(¢) on T';. Indeed, the fact that (6.1) implies
(6.2) is straightforward, while to prove the converse implication it is enough to consider test
functions of the form 7 =&+ (1 —p)o, with p € CX(2), 0< p <1, and £ € K.

Note that the variational inequality (6.2) makes sense even if p(t) is only a measure, since
in any case p(t) € Ip,(©2) by Theorem 5.2 and Lemma 5.5, so that the duality product
(op(t) — mp|p(t)) is well defined by (2.41). We will regard (6.2) as the weak formulation of
inclusion (6.1) when p(t) € My(QUTo; ME™).

The following theorem collects three different sets of conditions, including (6.2) and ex-
pressed in terms of the time derivatives p(t), é(t), and 4(t), which are equivalent to the
conditions considered in Definition 4.2.

Theorem 6.1. Let t — (u(t),e(t),p(t)) be a function from [0,T] into BD()x L?(Q; M2X"m)

sym

XMy(QUTo; ME™) and let o(t) := Ce(t). Then the following conditions are equivalent:
(a) t— (u(t),e(t),p(t)) is a quasistatic evolution;
(b) t (u(t),e(t),p(t)) is absolutely continuous and
(b1) for ever y t € [0,T] we have (u(t),e(t),p(t)) € A(w(t)), o(t) € E(Q) NK(Q),
= (t) a.e. on §, and [o(t)v] = g(t) on Ty,
(b2) for a.e. t € [0,T] we have

H(p() = (op(t)[p(t));
(¢) t— (u(t),e(t),p(t)) is absolutely continuous and
(cl) for every t ([O, T] we have (u(t),e(t),p(t)) € A(w(t)), o(t) € Z(Q) NK(Q),
= f(t
€ [0,

—divo(t) ) a.e. on 2, and [o(t)v] =g(t) on Ty,
(c2) for a.e. t T we have

(op(t) = Tplp(t)) = 0
for every T € L(Q) NK(Q) with [Tv] = g(t) on T'y;
(d) t— (u(t),e(t)) is absolutely continuous and

(d1) for every t € [0,T] we have o(t) € X(Q)NK(Q), —divo(t) = f(t) a.e. on §Q,
and [o(t)v] = g(t) on 'y,

(d2) for a.e. t € [0,T] we have

(1 —a(t)|e(t)) + (divr — divo(t)]a(

for every 7 € B(Q) NK(Q) with [tv] = g(t) on Ty, where {-|)sq denotes the
duality pairing between H~/?(0S%;R™) and H'/?(0Q;R™),

(d3) for every t € [0,T] p(t) = Eu(t)—e(t) on Q and p(t) = (w(t) —u(t)) ©vH"?
on I'y.

€
f
[0

t)) = Al(r = a(@®)]l(t))aa



34 GIANNI DAL MASO, ANTONIO DESIMONE, AND MARIA GIOVANNA MORA

Note that in conditions (b) and (c¢) the duality products (op(¢)|p(t)) and {(op(t)—7p|p(t))
are well defined by (2.41), since p(t) € IIr,(2) by Lemma 5.5, and o(t), 7 € £(Q).

Proof of Theorem 6.1. We first prove that (a) < (b). We already proved in Theorem 5.2
that every quasistatic evolution is absolutely continuous. Moreover, Theorem 3.6 shows that
(b1) is equivalent to the global stability condition (gsl) of Definition 4.2. By Proposition 5.6
it only remains to prove that, for an absolutely continuous function t +— (u(t),e(t), p(t))
satisfying either (b1) or (gsl), condition (b2) is equivalent to the balance of powers

(e@)e(t)) +H(B() = (o(®)|Ew(t)) — (L(E)|w(t)) + (L[E)|a(t)) (6.3)
for a.e. t € [0,T]. Since (u(t),é(t),p(t)) € A(w(t)) for a.e. t € [0,T] by Lemma 5.5,
condition (b2) is equivalent to (6.3) in view of the integration by parts formula (2.42).
We now prove that (b) < (c). It is enough to show that, if (bl) is satisfied, then
(b2) & (c2). Condition (c2) is equivalent to
{op(t)[p(t)) = sup{{rp[p(t)) : T € () NK(Q), [rv] = g(t) on T'1}.
Since o(t) € L(2) N K(Q) and [o(t)v] = g(t) on T'; by (bl), the opposite inequality is
trivial, so (¢2) is equivalent to
{op@)]p(1)) = sup{{rp|p(t)) : 7 € X(Q) N K(Q), [rv] = g(t) on T'1}.
This last condition is equivalent to (b2) by Proposition 2.4.

Finally, we prove that (c) < (d). We observe first that (d3) and the absolute continuity
of t — (u(t),e(t)) imply that also ¢ — p(t) is absolutely continuous and (u(t),e(t),p(t)) €
A(w(t)) for every t € [0,T]. It remains to prove that, if (c1) is satisfied, then (c2) < (d2).

By (2.23) we have

([(r —o@)v][i(t)oe = (divT — divo(t)|w(t)) + (1 — o(t)|[Ew(t)) .
Therefore (d2) is equivalent to
(1 —o(t)|e®) — Ew(t)) + (divrT — divo(t)|u(t) —w(t)) > 0. (6.4)
Since (u(t), é(t),p(t)) € A(w(t)) for a.e. t € [0,T] by Lemma 5.5 and [(T — o(t))v] =0 on
T’y , condition (c2) is equivalent to (6.4) thanks to the integration by parts formula (2.42). O

Remark 6.2. By Proposition 2.4 the measure H(p(t)) — [op(t):p(t)] is nonnegative on
QUTy, so that (b2) of Theorem 6.1 implies

H(p(t)) = [op(t):p(t)]  on QUTy. (6.5)

Remark 6.3. Condition (d) of Theorem 6.1 is the weak formulation of the quasistatic
evolution problem for perfectly plastic materials, proposed in [12] in a slightly different
form, and analysed in [28].

6.2. Strong formulation and precise definition of the stress. Let us return to the
classical formulation (6.1) of the flow rule, which makes sense if p(t) € L?(; ME*"). It can
be written equivalently in the form

p(t, )
p(t, )]
When p(t) € My(QUTo; M7™), we can consider the Radon-Nikodym derivative p(t)/[p(t)]

of p(t) with respect to its variation |p(t)|, which is a function defined [p(t)|-a.e. on QUTY.
We notice that

€ Nk (op(t,x)) for L"-a.e. x € {|p(t)] > 0}. (6.6)

p(t) p(t,x) )
g T) = = for L™-a.e. x € {|p(t)] >0
51 = bt 2)] {8 > 0}
when p(t) € L*(Q;M}*"). It is tempting to consider the inclusion
H(t
P ) e Ni(on(t2) (6.7)

p(0)]
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as a pointwise formulation of the flow rule in the general case p(t) € M;(Q U To; ME*"™).
There is, however, a problem due to the fact that the left-hand side of (6.7) is defined |p(t)]-
a.e. on QU Ty, while the right-hand side is defined only £™-a.e. on . This difficulty is
overcome in Theorem 6.4 below, by introducing a precise representative 6p (¢, x) of op(t, x),
defined almost everywhere with respect to the measure p(t) := L™+ |p(¢)|. A delicate point
in the choice of this representative is the fact that it must also satisfy an integration by parts
formula (see Remark 6.5). If K is strictly convex, this representative is essentially unique
and can be obtained, in €2, as limit of the averages of op (see Theorem 6.6).

Theorem 6.4. Let t — (u(t), e(t), p(t)) be a function from [0, T] into BD(2)x L*(£Y; Mgn)
X My (QUL; MY ™), let o(t) := Ce(t), and let p(t) :== L™+[p(t)|. Then t — (u(t),e(t),p(t))
s a quasistatic evolution if and only if

(e) t— (u(t),e(t),p(t)) is absolutely continuous and

(el) for every t € [0,T] we have (u(t),e(t),p(t)) € A(w(t)), o(t) € B(Q) NK(),
—divo(t) = f(t) a.e. on Q, and [o(t)v] = g(t) on Ty,

e or a.e. t € |0, there exists op(t) € U Lo such that
2) f 0,7T] th Y ijzt)QI‘M%X" h th

6p(t) =op(t) L"-a.e. on ), (6.8)

et (A gy D) Y
o(0:5(0)] - (600 ) O] on QUT,, (6.9)
ég; (z) € Nk (op(t,x)) for |p(t)|-a.e. x € QUTy, (6.10)

|
where 6p(t,x) denotes the value of 6p(t) at the point x.

Remark 6.5. Assume that t — (u(t),e(t),p(t)) is absolutely continuous. If (el) holds,
then we can prove, using (2.43), that condition (6.9) of Theorem 6.4 is equivalent to the
following integration by parts formula: for every ¢ € C1(Q2) we have

{(pap(®)[p(t)) = —(o(t)|p (e(t) — Ew(t))) — (a(t)](a(t) —w(t)) © Vo) + (6.11)
+ (FB) (a(t) — (1)) + (g(B)]e (u(t) —w(t)r, , '

where the duality product in the left-hand side is defined by (2.2).
As p(t)/Ip(t)] =1 |p(t)]-a.e. on QUTy, and Nk (&) = {0} if £ is in the interior of K,
we deduce from (6.10) that for a.e. t € [0,7]

op(t,x) € 0K for |p(t)]-a.e. z € QUTy. (6.12)
Using [26, Theorem 23.5] we can prove that condition (6.10) is equivalent to

(t

6p(t,z) € 8H(|];Et;|(x)) for [p(t)|-a.e. 2 € QUTy . (6.13)

Since 0H is positively homogeneous of degree 0, this is equivalent to the fact that both
the following inclusions are satisfied:

op(t,x) € OH (p*(t)(x)) for L™-a.e. x € {|p*(t)| > 0}, (6.14)
. p(t) s
Gp(t,z) € 8H<W(x)) for [p*(t)|-ae. z € QUT,. (6.15)

Proof of Theorem 6.4. Assume that ¢ — (u(t),e(t),p(t)) is a quasistatic evolution. Then
t — (u(t),e(t),p(t)) is absolutely continuous by Theorem 5.2 and condition (el) is satisfied
by Theorem 6.1.
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Let A(t) € © and B(t) C QUTy be two disjoint Borel sets such that A(¢t)UB(t) = QUT
and [p®(t)|(A(t)) = L™(B(t)) = 0. We define

op(t,x) :==op(t,z) for L™-a.e. x € A(t), (6.16)
op(t,x) = 80H<|2E3|(x)) for |p°(t)|-a.e. z € B(t), (6.17)

where d¢H (§) denotes the element of H (£) with minimum norm. Then (6.8) follows from
the definition of 6p(t) on A(t) and (6.15) follows from the definition of 6p(t) on B(¢). To
prove (6.14), it is enough to show that

op(t,xz) € 0H(p*(t)(x)) for £™-a.e. x € {|p*(t)] > 0}. (6.18)

Taking the absolutely continuous parts in (6.5) we obtain H (p®(t)) = op(¢) : p*(t) L™-a.e. on
Q. Since for L£™-a.e. x € Q we have op(t,xz) € K = 0H(0) (see, e.g., [26, Corollary 23.5.3]),
we obtain op(t,x):& < H(E) for every & € M"™. Therefore for L"-a.e. z € Q we have
op(t,x): (& —p*(t)) < H(E) — H(p*(t)(z)) for every & € ME*™, which implies (6.18).

To prove (6.9), we begin by proving the equality on A(t). Since |p*(¢)] =0 on A(t), we
have [op(t):p(t)] = op(t) : p®(t) on A(t) by (2.35). As 6p(t) = op(t) L™-a.e. on A(t) and
p(t) = p®(t) on A(t), we conclude that

. ‘a . (t .
o0(t):5(0)] = o) 5 (1) = (60(): D) ] onA®).  (6.19)
p(?)]
To prove the equality on B(t), we rely on (6.5). Using the definition (2.6) of H(p(t)), the
proof of (6.9) will be complete if we show that
i) i)

H(m) =oplt)i o BW)ae on B(). (6.20)

But this equality follows from the definition of 6p(t) on B(t), using the Euler identity
H(¢)=(:¢ for every ¢ € M)"™ and every ¢ € OH ().

This concludes the proof of (e2).

Conversely, assume (e). By (6.13), using again the Euler identity, for a.e. t € [0,T] we
obtain ® ®

Pt . p(t .
H( |p(t)\) =onlt)i gz IpW)lae on QUTY.

From the definition (2.6) of the measure H(p(t)) and from (6.9) we deduce that H(p(t)) =
(op(t)|p(t)) for a.e. t € [0,T]. Therefore t — (u(t),e(t),p(t)) is a quasistatic evolution by
Theorem 6.1. O

For every r > 0 and every ¢ € [0,T] we consider the function ¢”(t) € C(Q;Mz5")
defined by
1

o'(t,x) = BN /B(x,r)ﬁQ o(t,y)dy. (6.21)

Since K is convex, we have ¢"(t,z) € K for every x € Q.

If K is strictly convex, i.e., s& + (1 — s) & is an interior point of K for every 0 < s < 1
and every pair of distinct points &1, & € K, then H is differentiable at all points £ # 0
(see, e.g., [26, Corollary 23.5.4 and Theorem 25.1]) and we keep the notation 0H (§) for the
gradient. Under this hypothesis, for a.e. ¢t € [0, T the function 6p(t) is uniquely determined
wu(t)-a.e. on QUTy by (6.8) and (6.13) as

op(t) =op(t) L™-a.e. on (1, (6.22)
Gp(t) = 8H(|§8> 1p(t)]-a.e. on QUTy. (6.23)
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The following theorem shows that, under the same hypothesis, 6p(t) can be obtained in
Q as the limit of o}, (¢t) as r — 0. This confirms the intrinsic character of the precise
representative introduced in Theorem 6.4.

Theorem 6.6. Assume that K is strictly convex. Let t — (u(t), e(t),p(t)) be a quasistatic
evolution, let p(t) == L™ + |p(t)], let o(t) := Ce(t), and let 0" (t) and 6p(t) be defined by
(6.21) and (6.23). Then o' (t) — Gp(t) strongly in Ly, (Q;Mp") for a.e. t €[0,T].

Proof. This proof is inspired by the proof of [1, Theorem 3.7]. Since o, (t) — op(t) strongly
in L' (€M™ and [|o’;(t)]|oo is bounded uniformly with respect to r, it is enough to prove
that o', (t) — 6p(t) strongly in L‘ (t)l(U'M”X") for every open set U CC 2. Let us fix U.
Since 0" (t) — o(t) strongly in L*(U;MZx"), dive”(t) — divo(t) strongly in L™(U;R™),

and o, (t) is bounded in L (U; M7™), by (2.40) we have

([op () :p()]le) — (lon(t) : p(t)]]#) (6.24)
for every ¢ € Co(U) and for a.e. t € [0,T]. By (2.38) we have [ol,(t):p(t)] = o' (t) : p(¢)
on U, where the right-hand side is defined by (2.39). By (6.5) we have also [op(t):p(t)] =
H(p(t)) on U. Therefore the definition (2.6) of H(p(t)) and (6.24), together with the
boundedness of o, (t), imply that
p(t) p(t) .
oh(t): —%+ — H|—% weakly™ in LS.\ (U 6.25
b0 51~ (o) v b @) (029
for a.e. t €[0,7].

Let us fix ¢ € [0,7] such that (6.12), (6.23), and (6.25) hold. Since o’,(¢) is bounded
in Li’p“’(t)‘(U;I\/JI%X")7 there exists a sequence 7; — 0 such that o (t) — o* for some o* €

Lf;(t)‘(U;M%X”). From (6.25) we deduce that
*& = & )(t)|-a.e. on
oD H(|p(t)|) p(t)]-a.e. on U. (6.26)

Let us fix £ € M". Since UTD' (t,z) € K = 9H(0) for every x € U, we have o (t):¢
H(E) |p(t)]-a.e. on U. As 0j3(t):& — o*: & weakly* in L5y (U), we have also 0*:¢
H() |p(t)|-a.e. on U. Takmg (6.26) into account, we get

: ( ) <|th§|) |p(t)]-a.e. on U . (6.27)

In view of the dlfferentlablhty properties of H , this implies

IAIN

8H<| Et;) |p(t)]-a.e. on U .

By (6.23) we deduce that o* = 6p(t) |p(t)|-a.e. on U. Since the limit does not depend on
the sequence r;, we conclude that

op(t) = 6p(t) weakly™ in L%, (U; Mp*"). (6.28)

As 6p(t,xz) € OK for |p(t)|-a.e. z € U by Remark 6.5 and o, (¢,z) € K for every z € U,
the strict convexity of K can be used to improve the weak* convergence in (6.28) and to
obtain strong convergence in L‘lﬁ(t)l(U;M%X”) (see, e.g., [31]). O

7. APPENDIX

Let X be the dual of a separable Banach space Y. Let K be a bounded closed convex
subset of Y containing the origin as an interior point and let H: X — R be its support
function, defined by

H(z) := sup(z|y).
yer
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Since K is a bounded neighbourhood of the origin, there exist two constants ay and Gy,
with 0 < apy < By < +00, such that

apllz)lx < H(z) < Bullz|x for every z € X . (7.1)

Given f:[0,T7] — X and a,b € [0,T] with a < b, we denote the total variation of f on
[a,0] by

N
V(fiab) i=sup { 3 IF(t) — fltia)lxa=to <t < <ty =b, NeN},
1=1

and we define the H-variation of f on [a,b] as

N
Vi(fra.) = sup { S H(f(t) ~ f(tia) s a=to <t <<ty =b NeN}. (12)

From (7.1) it follows that
anV(f;a,0) < Vi(fia,b) < BrV(f;a,b).
Since H is weakly* lower semicontinuous, we have

Vi(f0,b) < liminf Vig( fy; 0,b) (7.3)

whenever f(t) — f(t) weakly* for every t € [a,b].
We now prove a theorem about weak* derivatives of absolutely continuous functions with
values in X and their relationships with the notion of H-variation.

Theorem 7.1. Let f:[0,T] — X be an absolutely continuous function. Then the weak™ -

limit
f(t) = w”-lim w (7.4)
exists for a.e. t € [0,T], and
H(f(1) = IEH(W) (7.5)

for a.e. t € [0,T]. Moreover, the function t — H(f(t)) is measurable and

n(f;a,b) / H(f (7.6)
for every a,b € [0,T] with a <b.

Proof. Let F be the linear span over Q of a countable dense set in Y. For every y € F
the map ¢ — (f(t)|y) is absolutely continuous on [0,T7]; therefore, there exists a set NN, of
measure zero such that the limit
— f(t
s—t s—1t

exists for every ¢ € [0,T]\N,. Let V(t) := V(f;0,t). Since the function ¢t — V(¢) is
non-decreasing, it is differentiable for every ¢t € [0, T\ M , where M is a set of measure zero.
Let N be the union of M with the sets N, for y € F. Then, £!(N) = 0, the derivative
D, (t) exists for every y € F and every t € [0,T]\N, and

) = Ol _

Dy (1)] = lim BT <V@®)lyly (7.7)
for every y € F and every t € [0,T]\N. Now, for t € [0,T]\N consider the linear map
y € F +— Dy(t). This map is continuous by (7.7); therefore, there exists a vector in X,
which we call f(t), such that

Dy(t) = {f(t)ly)
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for every y € F. Using the density of F and (7.7) it is easy to show that the vector f(t)
satisfies
: — f(t
(FOly) = tim =IO

for every y € Y and every ¢ € [0,T]\ N, so that (7.4) is satisfied.

We note that the function t ~— H(f(t)) is measurable, since the map t — (f(t)|y) is
measurable for every y € Y and H(f(t)) = SUP,erc, (f(t)|y), where K is a countable dense
subset of K. Moreover, if a =ty <t; <--- <ty_1 <ty =b is a subdivision of [a,b], then

()= ol = [ GO [ Hio

for every 1 <i < N and every y € K, hence

M)~ fta) < [ M)

for every 1 < ¢ < N. Summing over ¢ and taking the supremum over all subdivisions, we
obtain

Vil fia,b) < / H(F(8) dt (7.8)

To show the converse inequality, note that the function ¢ — Vy(f;0,t) is non-decreasing;
therefore, it is differentiable for a.e. t € [0,T] and

b
/ %VH(f;OJ)dthH(f;a,b). (7.9)

Let ty € [0,7] be a point where both f and Vpy(f;0,-) are differentiable. Since H is
positively homogeneous of degree 1, we have

H(f(t) - f(to)) . Vi (f;0,t) — Vr(f;0,20)
t—to - t—to

for every t # ty. Passing to the limit as ¢ — tg and using the weak*-lower semicontinuity

of H, we get

f@) — f(to)

H(f(to)) < lig%EfH(M) < nmsupH( —

t— tO t—to

) S %Vﬁ(fv()?t) ¢

=to

for a.e. ty € [0,T]. We now integrate the first and the last term in the previous inequality
from a to b and we obtain (7.6) and (7.5) from (7.8) and (7.9). O

We conclude this appendix with a lemma which generalizes the classical Helly Theorem for
real valued functions with uniformly bounded variation, as well as its extension to reflexive
separable Banach spaces (see, e.g., [3, Chapter 1,Theorem 3.5]).

Lemma 7.2. Let f;: [0,7] — X be a sequence of functions such that fi(0) and V(fx;0,T)
are bounded uniformly with respect to k. Then there exist a subsequence, still denoted fy,
and a function f:[0,T] — X with bounded variation on [0,T], such that fi(t) — f(¢)
weakly* for every t € [0,T).

Proof. It is enough to apply [15, Theorem 3.2] with Y = X | R(t) = V(t) equal to the
corresponding unit ball, and 7 equal to the weak* topology. O
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