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ABSTRACT. Carnot groups (connected simply connected nilpotent strat-
ified Lie groups) can be endowed with a complex (FEg,d.) of “intrinsic”
differential forms. In this paper we prove that, in a free Carnot group of
step k, intrinsic 1-forms as well as their intrinsic differentials d. appear
naturally as limits of usual “Riemannian” differentials d., € > 0. More
precisely, we show that L2-energies associated with e~ *d. on 1-forms
I’-converge, as ¢ — 0, to the energy associated with d..

1. INTRODUCTION

In the last few years, sub-Riemannian structures have been largely studied
in several respects, such as differential geometry, geometric measure theory,
subelliptic differential equations, complex variables, optimal control theory,
mathematical models in neurosciences, non-holonomic mechanics, robotics.
Roughly speaking, a sub-Riemannian structure on a manifold M is defined
by a subbundle H of the tangent bundle T'M, that defines the “admissible”
directions at any point of M (typically, think of a mechanical system with
non-holonomic constraints). Usually, H is called the horizontal bundle. If
we endow each fiber H, of H with a scalar product, there is a naturally
associated Carnot-Carathéodory (CC) distance d on M, defined as the Rie-
mannian length of the horizontal curves on M, i.e. of the curves ~ such
that 7/(t) € H,). In the spirit of the present paper, it is worth recalling
that CC-distances can be seen as limits of “Riemannian” distances (see e.g.
[17] and [23]). Basically, this is obtained by penalizing the directions of the
tangent bundle that are orthogonal to the horizontal bundle H.

Among sub-Riemannian spaces, a privileged role is played by Carnot
groups (see below for precise definition and [5] for a general survey), a
role akin to that of Euclidean spaces versus Riemannian manifolds, acting
in some sense as rigid “tangent” spaces to general sub-Riemannian spaces
(rigid because they are invariant under left translations and group dilations).
Roughly speaking, we can always think of a Carnot group G as of the Lie
group (R",-), where - is a (non-commutative) multiplication such that its
Lie algebra g is nilpotent and admits a step x stratification. This means
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that there exist linear subspaces Vi, ..., Vi (the layers of the stratification)
such that

g=Vio..oV, [WV]=Via, Vi#{0}, Vi={0}ifi>n,

where [V1,V;] is the subspace of g generated by the commutators [X,Y]
with X € V; and Y € V;. We refer to the first layer V; as to the horizontal
layer, which plays a key role in our theory, since it generates the all of g by
commutation.

The stratification of the Lie algebra induces a family of anisotropic dila-
tions d) (A > 0) on g and therefore, through exponential map, on G.

It is well known that the Lie algebra g of G can be identified with the
tangent space at the origin e of G, and hence the horizontal layer of g
can be identified with a subspace HG, of TG,. By left translation, HG,
generates a subbundle HG of the tangent bundle T'G and eventually a sub-
Riemannian structure on R™. We stress that Carnot-Carathéodory geometry
is not Riemannian at any scale (see [26]).

The first Heisenberg groups H' provides the simplest example of noncom-
mutative Carnot groups (of step k = 2). It can be identified with R? with
variables (z,y,t). Set X := 0, — %y@t, Y =0, + %x@t, T := 0;. The strat-
ification of the algebra g is given by g = Vi @ V3, where V) = span {X,Y}
and V, = span {T'}.

From now on, we use the word “intrinsic” when we want to stress a
privileged role played by the horizontal layer and by group translations and
dilations.

Starting from de Rham complex (2%, d) of differential forms in R™, we look
for a complex of differential forms that has to be “intrinsic” for G in our
sense. On one side, since the “intrinsic” vector fields are naturally sections
of the horizontal bundle, and hence are vector fields of the first layer of g,
“intrinsic” 1-forms should be their dual forms (for instance, if G = H!, dz
and dy are dual of X and Y, respectively). On the other side, it is not so
evident how to choose a class of “intrinsic” forms of degree 2 or higher, but,
even more, the complex we are looking for can not be merely a subcomplex
of de Rham complex. Indeed, already in H', consider a smooth function f :
H! — R; as we have seen, a “natural” differential would be dg f := (X f)dz+
(Y f)dy. Clearly, this is no more de Rham differential df = (X f)dz +
(Y f)dy + (T £)0 (here 6 = dt + 1 (ydz — zdy) is the so-called contact form of
H'). In addition, if we iterate this “differential”, we get d% f = [X,Y]f dx A
dy , that does not vanish precisely because of the lack of commutativity of
the group or, equivalently, of its Lie algebra. In other words, we do not have
anymore the structure of a complex. In fact, we need a more sophisticated
notion of “intrinsic” exterior differential to obtain a complex of differential
forms that reflects the lack of commutativity of the group. It turns out
that such a complex (Ej,d.) , with Ej C *, has been defined and studied
by M. Rumin in [24] and [22] ([21] for contact structures). Rumin’s theory
needs a quite technical introduction that is sketched in Section 3 to make
the paper self-consistent. For a more exhaustive presentation, we refer to
original Rumin’s papers, as well as to the presentation in [2]. The main
properties of (Ef,d.) can be summarized in the following points:
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e Intrinsic 1-forms are horizontal 1-forms, i.e. forms that are dual of
horizontal vector fields, where by duality we mean that, if v is a
vector field in R”, then its dual form v acts as v%(w) = (v, w), for
all w € R".

e The “intrinsic” exterior differential d. on a smooth function is its
horizontal differential (that is dual operator of the gradient along a
basis of the horizontal bundle).

e The complex (E§,d.) is exact and self-dual under Hodge *-duality.

The first two properties above clearly fit our request for an “intrinsic” the-
ory. Another evidence is provided by Theorem 3.16 in [15], that proves
what we can call the “weak naturality” of the complex under homogeneous
homomorphisms of the group G. (notice homogeneous homomorphisms be-
tween Carnot groups appear naturally as Pansu differentials of maps between
Carnot groups, see [19]). In fact, let 7" be a homogeneous homomorphism
of G (where homogeneous means that T'(6yz) = 0,(Tx)). In exponential
coordinates, T can be identified with linear map T : R™ — R". Suppose
now that also *T is a homogeneous homomorphism. Then the pull-back T#
maps Ej into Ej and the following diagram is commutative:

de Eél de E6L+1 de
T#l T#l
de de de

E} EM

Since the class of homogeneous homomorphisms well reflects both the
group structure and the stratification, the naturality of d. under homoge-
neous homomorphisms shows the intimate connection between the complex
and the Carnot group. On the other hand, the “artificial assumption” on
T is extensively discussed in Remarks 3.13 and 3.17 of [15], and is basically
motivated by the fact that we are working with classes of “true differential
forms” and not with quotient classes.

Recently, Rumin’s theory has been fruitfully used for several questions in
differential geometry, as well as in pde’s theory in Carnot groups.

We stress now that a crucial property of d. relies on the fact that it is
generally a non-homogeneous higher order differential operator. In this per-
spective, let us give a gist of how non-homogeneous higher order horizontal
derivatives appear in d.. We need now the notion of weight of vectors in
g and, by duality, of covectors. Elements of the j-th layer of g are said to
have (pure) weight w = j; by duality, a 1-covector that is dual of a vector
of (pure) weight w = j will be said to have (pure) weight w = j.

This procedure can be extended to h-forms. Clearly, there are forms
that have no pure weight, but we can decompose E(’} in the direct sum of
orthogonal spaces of pure weight forms, and therefore we can find a basis of
Eg given by orthonormal forms of increasing pure weights. We refer to such
a basis as to a basis adapted to the filtration of Eg induced by the weight.

Then, once suitable adapted bases of h-forms and (h+1)-forms are chosen,
d. can be seen as a matrix-valued operator such that, if o has weight p, then
the component of weight ¢ of d.« is given by an homogeneous differential
3



operator in the horizontal derivatives of order ¢ — p > 1, acting on the
components of a.

In order to provide a concrete example of these phenomena, let us consider
again the case G = H'. We remind that X% = dz, Y! = dy, T% = 6 . In this
case

E} = span {dz, dy};
E? = span {dz A\ 6,dy A 0};
E3 = span {dx A dy A 0}.

The action of d. on E} is the following ([21], [13], [3]): let @ = aydx+aady €
Eé be given. Then

dea = (X%00 —2XY oy + Y Xay)dz A6
+ (2Y Xay — Y21 — XY ao)dy A 6.

We see that d. is a homogeneous operator of order 2 in the horizontal deriva-
tives, since 2-forms have weight 3 and 1-forms have weight 1.

In this paper we want to provide another evidence of the intrinsic charac-
ter of Rumin’s complex, in the spirit of the Riemannian approximation, like
in [17] and [23]. More precisely, we want to show that the intrinsic differen-
tial d. is a limit of suitably weighted usual first order de Rham differentials
d.. For this purpose, we notice preliminarily that the usual exterior differ-
ential d acting on a form « of pure weight splits as

da =doa + dia+ - - - + dya,

where dga does not increase the weight, dj« increases the weight by 1, and,
more generally, d;a increases the weight by ¢ when ¢ = 0,1,..., k. Then,
we define the e-differential weighting the different terms of d according to
their different actions with respect to the stratification of the Lie algebra g.
Therefore we set

de = do +edy + - + £7d,..

The issue now is to specify in what sense the d. (that is a first order operator)
converges to d, that is, in general, a higher order differential operator, as it
has already been pointed out. Keep in mind somehow similar phenomena in
elasticity theory, where, roughly speaking, the equations for vibrating plates
(that are 4th-order differential equations) can be seen as limits of usual lower
order equations for elastic materials. In these cases, the natural approach
relies in the use of De Giorgi’s I'-convergence ([9], [8], and see also Section 4
below for precise definitions in our setting) for variational functionals (see,
for instance [7] and the references therein). Indeed, we are able to prove
that the L?-energies associated with e *d. on 1-forms I'-converge, as ¢ — 0,
to the energy associated with d.. We stress that intrinsic 1-forms in groups
appear in several applications, like H-convergence of elliptic operators on
groups ([3], [2]) and Maxwell’s equations in Carnot groups ([4], [14], [15]).

More precisely, the main theorem of the present paper reads as follows.
If we denote by W2(G, \'g) the space of differential 1-forms on G with
coefficients belonging to the Folland-Stein space W*?2(G) (see Definition
2.2), we have:
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Theorem 1.1. Let G be a free Carnot group of step k. Ifw € W2(G, \' g),
we set

1
Fe) = 5 [ sl av.

where
de = dgo +edy + - + £"d,.
Then F. sequentially T'-coverges to I in the weak topology W2 (G, /\1 9),
as € — 0, where

/ ldew*dV  if w € W*2(G, E})
F(w) = G

+o00 otherwise.

We remind that the group G is said to be free if its Lie algebra is free, i.e.
the commutators satisfy no linear relationships other than antisymmetry
and the Jacobi identity. This is a large and relevant class of Carnot groups.
We remind also that Carnot groups can always be “lifted” to free groups
(see [20] and [5], Chapter 17). For our purposes, the main property of free
Carnot groups relies on the fact that intrinsic 1-forms and 2-forms on free
groups have all the same weight (see Theorem 3.10). This helps at several
steps of the proofs. Unfortunately, the same assertion fails to hold for higher
order forms (see Remark 3.11).

Finally, another point has to be put in evidence, i.e. the choice of the
topology. Indeed, we prove a I'-limit result with respect to the sequential
weak convergence, and it is natural to ask whether we could get rid off
the restriction “sequential”. This would be possible if we had some kind
of coercitivity of the functionals (see [8], Chapter 8). However, this is not
the case, since our functionals contain only the L?-norm of the differential
and not of the codifferential, where it is well known that, already in the
classical Euclidean setting, the differential alone does not control the W!2-
norms (think of Gaffney’s inequality: see e.g. [25], Corollary 2.1.6). For the
same reasons our convergence result is not meant to derive a convergence of
minima, but only to show in what sense Rumin’s differential can be seen as
the limit of “Riemannian” differentials.

2. CARNOT GROUPS

Let (G, ) be a Carnot group of step k identified to R™ through exponential
coordinates (see [5] for details). By definition, the Lie algebra g has dimen-
sion n, and admits a step k stratification, i.e. there exist linear subspaces
Vi, ..., Vi, (the layers of the stratification) such that

(1) g=Vie.eV, [WV]=Via, V.#{0}, V,={0}ifi>x,
where [V7, V] is the subspace of g generated by the commutators [ X, Y] with
X eViandY € V. Set m; =dim(V;), fori =1,...,kand h; = mi+---+m;
with hg = 0. Clearly, h, = n. Choose now a basis e, ..., e, of g adapted
to the stratification, i.e. such that

€h;_1+1s- -+ €h; is a basis of V; for each j =1,..., k.

We refer to the first layer Vi as to the horizontal layer. It plays a key role
in our theory, since it generates the all of g by commutation.
5



Let X = {Xy,...,X,,} be the family of left invariant vector fields such
that X;(0) = e;. Given (1), the subset Xi,...,X,,, generates by commu-
tations all the other vector fields; we will refer to Xi,...,X,,, as to the
generating vector fields of the algebra, or as to the horizontal derivatives of
the group.

The Lie algebra g can be endowed with a scalar product (-,-), making
{X1,...,X,} be an orthonormal basis.

We can write the elements of G in exponential coordinates, identifying p
with the n-tuple (p1,...,p,) € R™ and we identify G with (R™,-), where the
explicit expression of the group operation - is determined by the Campbell-
Hausdorff formula.

For any x € G, the (left) translation 7, : G — G is defined as

2V TpZ =T 2.
For any A > 0, the dilation §) : G — G, is defined as
(2) N1y oy ) = A2y, My,

where d; € N is called homogeneity of the variable x; in G (see [12] Chapter
1) and is defined as

3) dj

J
hencel =dy = ... =dm; <dm+1=2<...<d, =K.
The Haar measure of G = (R",-) is the Lebesgue measure £" in R".
We denote also by @) the homogeneous dimension of G, i.e. we set

Q=) idim(V).
=1

=14 whenever h;—1 +1 < j < h;,

The Euclidean space R™ endowed with the usual (commutative) sum of
vectors provides the simplest example of Carnot group. It is a trivial exam-
ple, since in this case the stratification of the algebra consists of only one
layer, i.e. the Lie algebra reduces to the horizontal layer.

Definition 2.1. Let m > 2 and x > 1 be fixed integers. We say that f,, .

is the free Lie algebra with m generators z1, ..., x, and nilpotent of step k
if:
i) fm,x is a Lie algebra generated by its elements x1, ..., T, 1.€. fmx =
Lie(z1,...,Tm);

ii) fm is nilpotent of step k;

iii) for every Lie algebra n nilpotent of step x and for every map ¢ from
the set {x1,..., 2} to n, there exists a (unique) homomorphism of
Lie algebras ® from f,, . to n which extends ¢.

The Carnot group G is said free if its Lie algebra g is isomorphic to a free
Lie algebra.

When G is a free group, we can assume { X1, ..., X,,} a Grayson-Grossman-
Hall basis of g (see [16], [5], Theorem 14.1.10). This makes several compu-
tations much simpler. In particular, {[X;, X;], X;, X; € V1,4 < j} provides
an orthonormal basis of V5.

From now on, following [12], we also adopt the following multi-index no-
tation for higher-order derivatives. If I = (i1,...,4,) is a multi-index, we
6



set X! = Xfl .-+ Xin By the Poincaré-Birkhoff-Witt theorem (see, e.g.
[6], 1.2.7), the differential operators X' form a basis for the algebra of left
invariant differential operators in G. Furthermore, we set || := 41+ -+,
the order of the differential operator X', and d(I) := dyiy + - -- + dyin its
degree of homogeneity with respect to group dilations. From the Poincaré—
Birkhoff-Witt theorem, it follows, in particular, that any homogeneous lin-
ear differential operator in the horizontal derivatives can be expressed as a
linear combination of the operators X I of the special form above.

Since here we are dealing only with integer order Folland-Stein function
spaces, we can this simpler definition (for a general presentation, see e.g.
[11]).

Definition 2.2. If 1 < s < co and m € N, then the space W"*(G) is the
space of all u € L*(G) such that

X'u e L*(G) for all multi-index I with d(I) = m,
endowed with the natural norm.
We remind that

Proposition 2.3 ([11], Corollary 4.14). If1 < s < co and m > 0, then the
space W (G) is independent of the choice of X1,..., Xm,.

Proposition 2.4. If1 < s < oo and m > 0, then S(G) and D(G) are dense
subspaces of Wi (G).

The dual space of g is denoted by /\1 g. The basis of /\1 g, dual of the basis
X1, , Xy, is the family of covectors {6, -- ,60,}. We indicate by (-, ) also
the inner product in /\1 g that makes 61, --- ,60, an orthonormal basis. We
point out that, except for the trivial case of the commutative group R”, the
forms 6y, - - , 6, may have polynomial (hence variable) coefficients.

Following Federer (see [10] 1.3), the exterlor algebras of g and of /\ g are

the graded algebras indicated as /\ g = EB /\ g and /\ g = @ /\ g

Where/\og—/\ g =R and, forlghgn,
/\hg::span{Xil/\w-/\Xih:1§z’1<~-<ih§n},

h
/\ g:=span{f;, N---ANO;, 11 <ip <---<ip<n}.

The elements of A, g and /\h g are called h-vectors and h-covectors.

We denote by ©" the basis {0;; A+~ A, : 1 <ip < - <ip <n}of
A" g. We remind that dim \" g = dim Ano= (7).

The dual space A'( A 8) of A\, g can be naturally identified with A'g.
The action of a h-covector ¢ on a h-vector v is denoted as (p|v).

The inner product (-, -) extends canonically to A, g and to A" g making
the bases X;, A--- A X;, and 0;; A--- A 6;, orthonormal.

Starting from A, g and A" g, by left translation, we can define now two
families of vector bundles (still denoted by A, g and A" g) over G (see [2] for
details). Sections of these vector bundles are said respectively vector fields
and differential forms.

7



Definition 2.5. If 0 < h < n, 1 < s < oo and m > 0, we denote by

Wg (G, A" g) the space of all sections of A" g such that their components

with respect to the basis ©" belong to Wg*(G), endowed with its natural

norm. Clearly, this definition is independent of the choice of the basis itself.
Sobolev spaces of vector fields are defined in the same way.

We conclude this section recalling the classical definition of Hodge duality:
see [10] 1.7.8.

Definition 2.6. We define linear isomorphisms

*:/\hg%/\n_hg and *:/\hg<—>/\n7hg,

for 1 < h <n, putting, for v =3 ; v; X7 and p =) _; @10y,
*Y = ZI vr(*X7) and x¢:= ZI @r1(x0r)

where

«Xp = (-1)WXp and  #0p = (-1)"Dop
with I = {iy,--,in}, 1 < iy < -2 < i, < ny, X = X Ao AN X,
Or =0, NN, I ={if <--- <@ _,}={1,---,n}\ I and o([) is the
number of couples (i, ;) with i, > i}.

The following properties of the x operator follow readily from the defini-
tion: Vv, w € A\, g and Vo, € N'g

s« xp = (=1)Pr=h)y, w3k = (=1)h=hly,
(4) v Axw = (v, W) X (1. 0, o AN*p = (@, V)01 .. n3,
{xplxv) = (plv).
We refer to dV := 6y, ... , as to the canonical volume form of G.
If v € A\, g we define v¥ € /\hg by the identity (v*|w) := (v,w), for all
w € A\, 9, and analogously we define f € A\, g for ¢ € A'g.

3. DIFFERENTIAL FORMS IN CARNOT GROUPS

The notion of intrinsic form in Carnot groups is due to M. Rumin ([24],
[22]). A more extended presentation of the results of this section can be
found in [2], [15].

The notion of weight of a differential form plays a key role.

Definition 3.1. If a € /\1 g, a # 0, we say that a has pure weight p, and
we write w(a) = p, if of € Vp. More generally, if o € /\hg, we say that o
has pure weight p if « is a linear combination of covectors 6;, A---A6;, with
w(eil) + 4+ w(eih) =p-

In particular, the canonical volume form dV has weight @ (the homoge-
neous dimension of the group).

Remark 3.2. If o, 8 € N\'g and w(e) # w(3), then (a,3) = 0. Indeed,
it is enough to notice that, if w(@;, A--- A 6;,) # w(0;, A--- ABj,), with
i1 <idg < -+- <ipand j; < jo <--- < jp, then for at least one of the indices
¢=1,...,h, iy # jo, and hence (0;; A---Nb;,,0;, N---Nb;,)=0.
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We have ([2], formula (16))
MII]aX

) ANa= @ A

p:M;Lnln

where /\h’p g is the linear span of the h—covectors of weight p and M}Lnin,
M3 are respectively the smallest and the largest weight of left-invariant
h-covectors.

Since the elements of the basis ©" have pure weights, a basis of /\h’p g is
given by ©"P := " N /\h’pg. In other words, the basis ©" = U,0"? is a
basis adapted to the filtration of A" g associated with (5).

We denote by QP the vector space of all smooth h—forms in G of pure
weight p, i.e. the space of all smooth sections of /\h’p g. We have

Mmax
(6) o= @ ot
p=Mmin

The following crucial property of the weight follows from Cartan identin-
tity: see [24], Section 2.1:

Lemma 3.3. We have d(\"Pg) ¢ N"™Pg, ie., if o € N'"Pg is a left
invariant h-form of weight p with da # 0, then w(da) = w(a).

Definition 3.4. Let now a = > yrgnp @ 08 € Q"P be a (say) smooth form
of pure weight p. Then we can write

do =dopa+ dia+ - +dga,

where
h
doov =) odo]
oheohp

does not increase the weight,

dio = Z i(Xjai)Qj A 9?

ore@hr j=1
increases the weight of 1, and, more generally,
dia=) ) (Xja)b; A6},
oheohr X;EV;

when ¢ = 0,1, ..., k. In particular, dy is an algebraic operator.

Definition 3.5 (M. Rumin). If 0 < h < n we set
El := ker dy Nker 8y = ker dy N (Im do)*~ € Q"

In the sequel, we refer to the elements of E(’} as to intrinsic h-forms on
G. Since the construction of Eg is left invariant, this space of forms can be
seen as the space of sections of a fiber subbundle of /\h g, generated by left
translation and still denoted by Eg. In particular E(f} inherits from /\h g the

scalar product on the fibers.
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Moreover, there exists a left invariant orthonormal basis Z} = {¢;} of Ef!
that is adapted to the filtration (5).

Since it is easy to see that E} = span {61,...,0,,}, where the 6;’s are dual
of the elements of the basis of V;, without loss of generality, we can take
§=0jforj=1,...,m.

Finally, we denote by N ,f“in and N;"* respectively the lowest and highest
weight of forms in E(})l.

Definition 3.6. If 0 < h < n, 1 < s < oo and m > 0, we denote by
Wg' ’S(G,ESL) the space of all sections of E{)‘ such that their components
with respect to the basis = belong to W& (G), endowed with its natural
norm. Clearly, this definition is independent of the choice of the basis itself.

Moreover, as in Proposition 2.4, D(G,Eg) and S(G,E{f) are dense in
WE*(G).

Lemma 3.7 (2], Lemma 2.11). If 8 € A" g, then there exists a unique
a e N"gn (kerdo)t such that

didoa = dj3.  We set «:=dy'p.

Here djj : /\thl g— /\h g is the adjoint of dy with respect to our fized scalar
product. In particular

a=dy'8 if and only if doo — B € R(dp)™*.
In particular
i) (kerdo)t = R(dy');
ii) dy'dy = Id on (kerdo)*;
iii) dodyt —Id: A" g — R(do)*.

The following theorem summarizes the construction of the intrinsic dif-
ferential d. (for details, see [24] and [2], Section 2) .

Theorem 3.8. The de Rham complex (2%, d) splits in the direct sum of two
sub-complezes (E*,d) and (F*,d), with
E :=kerdy' Nker(dy'd) and F :=R(dy")+R(ddy").
We have
i) Let Il be the projection on E along F (that is not an orthogonal

projection). Then for any o € Eg’p, if we denote by (Ilga); the
component of llpa of weight j, then

(Iga)y, =«
(7) (Mpa)pinrr = —dg (D de(pa)prriie)-
1<0<k+1

Notice that o — (IIga)pti41 s an homogeneous differential operator
of order k + 1 in the horizontal derivatives.
i) g is a chain map, i.e.

dllp = llgd.

10



iii) Let Ilg, be the orthogonal projection from Q* on Ef, then
(8) U, = Id = dy'do — dody !, Ty = dy'do + dody
Notice that, since do and dal are algebraic, then formulas (8) hold

also fOT covectors.
iV) HEOHEHEO = HEO and HEHEOHE = HE

Set now
de =Tg,dllg: B} — EMY h=0,...,n—1.
We have:
v) d? = 0;

vi) the complex Ey := (Ef,d.) is exact;

vii) with respect to the bases Zf the intrinsic differential d. can be seen
as a matriz-valued operator such that, if o has weight p, then the
component of weight q of d.« is given by an homogeneous differential
operator in the horizontal derivatives of order ¢ —p > 1, acting on
the components of «.

Remark 3.9. Let us give a gist of the construction of £. The map dy td
induces an isomorphism from R(dg 1) to itself. Thus, since dy 'dy = Id on
R(dy'), we can write dy'd = Id+ D, where D is a differential operator that
increases the weight. Clearly, D : R(dy') — R(dy'). As a consequence
of the nilpotency of G, D¥ = 0 for k large enough, and therefore the Neu-
mann series of d, 'd reduces to a finite sum on R(dy 1). Hence there exist a
differential operator

N
P = Z(—l)ka, N € N suitable,
=1

such that

Pdy'd = dy'dP = Idg ).

We set @ := Pdgl. Then Ilg is given by
g =1d—Qd—dQ.

From now on, we restrict ourselves to assume G is a free group of step s
(see Definition 2.1 above). The technical reason for this choice relies in the
following property.

Theorem 3.10 ([15], Theorem 5.9). Let G be a free group of step k. Then
all forms in E(l) have weight 1 and all forms in Eg have weight k + 1.

In particular, the differential d. : E& — Eg can be identified, with re-
spect to the adapted bases E(l) and E%, with a homogeneous matriz-valued
differential operator of degree k in the horizontal derivatives.

Moreover, if £ € /\2’pg with p # k + 1, then Ilg,§ = 0. Indeed, 115 ¢ has

weight p, and therefore has to be zero, since Ilg,€ € /\2’“+1 g.

11



Remark 3.11. Theorem 3.10 might suggest that in free groups all forms in
Ej have pure weight. Unfortunately, this assertion fails to hold, at least
in this naif form. Indeed, A. Ottazzi showed us a counterexample for EJ
in the free group of step 2 with 3 generators. Actually, this is a general
phenomenon, due to the fact that, denoting as usual by ) the homogeneous
dimension of the group, in this case n = 6 (even), so that Eg = *ES’, but
Q = 9 (odd), yielding a contradiction with w(*a) = w(a) when a € EJ,
since w(*a) = @Q —w(w). Clearly, this situation occurs whenever n is even

and @ is odd.

Lemma 3.12. If G is a free group of step kK > 2, then

N7 g cdo(\"9) € R(do),

or, equivalently,
022 C do(QM?) C do(QY).

Proof. Since a basis of /\2’2 g is given by covectors 6 of the form 6 = 0; A 0;,
with 6; = XE, 0; = XE, X, X; € V1,1 < j, we need only to prove that
do([Xi, X;]%) = —0; A 6.
Thus, if X,Y € g, we are left to show that
(do([Xi, XX AY) = =(0: A O;| X AY).

Since dg preserves the weights, we may assume that X A'Y has weight 2.
Therefore, without loss of generality, we can take X = X, Y = Xj, with
X, Xy, € V1. Therefore

(do([Xs, X)X A Xn) = (d([Xi, X)) | X A Xn)
= —([ X3, X511 Xk, X)) = —([ X3, X;], (X, Xn]).-

On the other hand, as pointed out in Definition 2.1,

hd <[Xi’X]']’ [XkaXhD =0if {Z’j} 7é {k,h},
o ([X;, X;],[ Xk, Xu]) = 1if (4,5) = (k, h), and
b <[Xi’Xj]’ [XkaXhD =—1if (Z’]) = (hv ]{3),

whereas

s 80, 10 = e (o G ).

This achieves the proof of the lemma.

4. I'-CONVERGENCE
Definition 4.1. Let X be a separated topological space, and let
F., F: X — [—00,+09]

with & > 0 be functionals on X. We say that {F.}.>0 sequentially T-
converges to F' on X as € goes to zero if the following two conditions hold:
12



1) for every u € X and for every sequence {u., }reny with e — 0 as
k — o0, which converges to u in X, there holds

(9) liminf £, (ue,) = F(0);

2) for every u € X and for every sequence {ej}reny with e — 0 as
k — oo there exists a subsequence (still denoted by {ej}ren) such
that {u., }ren converges to u in X and

(10) limsup F;, (ue,) < F(u)

k—o0

For a deep and detailed survey on I'-convergence, we refer to the mono-
graph [8].

We recall the following reduction Lemma. The proof is only a minor
variant of the one given in [18], Lemma IV (see also [1]), hence we shall
omit such a proof.

Lemma 4.2. Let X be a separated topological space, let Fy, F: M —
[—00, +00] with h € N; consider D C M and x € M. Let us suppose that

1) for every y € D there exists a sequence (yp)hen C M such that
yn — y in M and limsup Fj,(yn) < F(y);

h—o0
2) there exists a sequence (xp)peny C D such that v, — x and limsup F(xp) <

h—o0
F(z);
then there exists a sequence (Tp)peny C M such that limsup Fp,(Zy) < F(x).

h—o0
To avoid cumbersome notations, from now on we write systematically
lim._, 0 to mean a limit with ¢ = &, where {ej}ren is any sequence with
e — 0 as k — oo.
5. INTRINSIC DIFFERENTIAL AS A ['-LIMIT

Let € > 0 be given. If w € W%2(G, \' g), we set

1
FE((_AJ) = @'ﬁ/@‘dewpd‘/’

where
de = do +edy + - + £7d,..

We stress that F.(w) is always finite, since the coefficients of d;w contain
horizontal derivatives of order 7 < k of the coefficients of w.

Theorem 5.1. Let G be a free Carnot group of step x. Then
F. sequentially T-coverges to F in the weak topology W™2(G, \' g),

as € — 0, where
/ ldew|?dV  if w € W™2(G, E})
Fw)=4Je
400 otherwise.

13



Proof. Let w® — w as ¢ — 0 weakly in W52(G, \'g). We want to show
that

(11) F(w) < liminf F.(w®).

e—0

In particular, it follows that w € W*?2(G, E}) provided lim inf._o F.(w®) <
0.
Keeping in mind (6), we write

wc‘:wi_i__‘_wi’

with wi € QY i =1,..., k. Reordering the terms of d.w, according to their
weights, as in (6), we have the following orthogonal decomposition:

dg(,uE = (dgwg + Edlwi)
+ (dgw§ + 5d1w§ + 52d2wi)
4+ -
+ (dows, + ediwi_q + -+ " tdy_1w)
+ (ediwy, + -+ + €%dw])
.
(12) + (5“_1d,€_1w2 + Eﬁdnwi_l)
+ edwr,
p—1
- Y S
2<p<k 1=0
+ (ediwf + -+ - + e"dyw?)
K
fOY Y e
Kk+2<p<2kK i=p—kK

Therefore we can write

p—1
R = 30 5 et fav
1=0

2<p<k
(13) 4 20-5) / dros + -+ + Lk ||> dV
G
K
Y / IS e | av.
Kk+2<p<2k G impr

Without loss of generality, we may assume liminf. g F:(w:) < oo. This
implies that, if 2 < p < k, then, if € € (0, 1),

p—1
(14) e Zeidiw;,i is uniformly bounded in L%(G, A®g)).
i=0

Moreover, again if € € (0, 1),

(15) e " (diws + -+ + " dwf)  is uniformly bounded in L*(G, A 9)).
14



In particular,

p—1
(16) Zeidiw;_i — 0 in L*(G, /\2 g))
i=0

as € — 0, since we can write (16) as
p—1
(17) dowy, + € Z ai’ldiwf,,i —0
i=1
as ¢ — 0. By assumption, we know that w$ — w, weakly in L*(G, A g) for
p > 1, and therefore
(18) dows — dow, in L3(G, \' g),

since dy is algebraic.
Combining (17) with the boundedness of {w®} in W*2(G, A\' g) and with
(18), it follows that

19) dowp =0 forp=2,...,k

(
(obviously, (19) holds also for p = 1 since do(A"' g) = {0}). Hence w €
ker dy = E}, and therefore w = w;.

Recall now that, by definition, d.w = Ilg,dlIgw. But, by Theorem 3.10,
I1g, vanishes on all 2-forms of weight p # xk+1. Therefore, the full expression
of d.w reduces to

(20) d,(w) = HE(J(zﬁ:dg(HEw)mg).

/=1
Let us show now that
(21) dj(llpw)s+1-¢ = lim e w1,

in the sense of distributions for £ =1,...,x, j =0,...,¢, i.e.
@) [ 0 dV = (G av

ford =1,...,k,7=0,...,¢ and for any ¢ € D(G, /\2 g). Notice (IIgw)xi1-¢ €
Wt2(G, A' g), by Theorem 3.8 i), so that (21) follows straightforwardly if
we prove that

e—0

(23) e w1 T (Hpw)ey1—e
in the sense of distributions for £ =1,...,k, j =0,...,£. Indeed, denoting
by &; the formal adjoint of d; in L*(G, \* g),

/<5Z_”djwi+1—4790> av = /<5€_HW2+1—4753'90> av

e—0

0 [((Tpw)sr e, 60) AV = — / (d;(Tpw)s 1, ) V.

In order to prove (23), weset p:=k+1—¥, p=1,...,k. Thus, formulae
(23) and (21) become

(24)

(25) 7P S0 (Mpw),
15



in the sense of distributions, and
(26) e Pdjs S0 di(Mpw),

in the sense of distributions, respectively.
To prove (25) and (26), we argue by iteration in p.
Step 1 (p = 1): the proof is trivial, since, by assumption,

(27) w‘i: — W1 = (HEw)1

weakly in L2(G, \?g) as € — 0.
Step 2 (p = 2): by (14), we have

(28) dow§ + ediws = O(¢") in L2(G, A\ g).

Remember now that, by Lemma 3.7, ii), dy ldOaJ; = w5, since w5 has weight
2 and hence is orthogonal to Q"' = ker dy. Thus, keeping in mind that dy !
is algebraic, it follows from (28) that

1
(29) —wi +dy i = 0(") i L2(G, A\ g)

Moreover, since d; is an homogeneous differential operator in the horizontal
derivatives of order 1 < k and, again, d Lis algebraic, then

(30) dytdiw§ — dytdiw;  weakly in L2(G, \? g).
Combining (29) and (30), we obtain
(31) e lws — —dydiwr = (pw)a,

weakly in L2(G, \?g), as € — 0. This proves (25) for p = 2.
Step 3: suppose (25) and (26) have been proved for p =1,...,¢ — 1 < &,
with ¢ > 1. Let us prove the assertion for p = q. We argue as follows: using
(14) with p = ¢, we get

1
(32)

1 1
d0w2+5q72 dlwgfl 4+ .4 gdq_zwg + dq_luﬁ
= O(E’“q*l) =o0(1)
as ¢ — 0. Remember now that, by Lemma 3.7, ii), dgldowg = w¢, since

q’
w, has weight ¢ and hence is orthogonal to Qb = ker dy. Thus, keeping in

mind that d; ! is algebraic, it follows from (32) that

1 1 1. -
(33) Wit e iy e Zdg g awh + dg g 1w

=o(1)
as € — 0. Hence, by the inductive hypothesis and keeping in mind (7),

1 _
(34) o170 —dy* (dl (HMpw)g—1 + - + dg—2(Tlpw)2 + dq_l(HEw)l)
= (lpw)q

in the sense of distribution, as ¢ — 0.
This achieves the proof of (23) and hence of (21).

So far, we have used the equiboundedness of the first sum in (13) for ¢
close to zero. We proceed now to estimate the liminf of the second term in
(13).
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To this end, we take j = ¢ in (21)and we sum up for £ = 1,..., k. We
obtain

1 K
(35) oy (dwi T ) — D de(lpw) i
(=1

as € — 0 in the sense of distributions. On the other hand, the limit
1 de(Ilgw)1—¢ belongs to L%(G, /\2 g) (since dy(Ilgw),t1—¢ is an ho-
mogeneous differential operator in the horizontal derivatives of order x, by
Theorem 3.8, i) and Definition 3.4), and

1
(36) {w—_l(dlwi +-F 6”_1d,4w‘-f)} . is equibounded in L2(G, A g),
e>

as € — 0, by (15). Combining (36) and (35) we obtain that the limit in (35)
is in fact a weak limit in L2(G, A?g). Thus, by (20), (13) and taking into
account that IIg, is an othogonal projection, we obtain eventually

o) = [ IMey (3 dilTg)a o) | av
G =1
</ I3 (Mo

<hm1nf€ (1= / |drw?, + - 8""1d,§wiH2dVSlimi(l)afFa(wE).
e—

This proves (11).
We prove now that, if w € W”’2(G,E(1)), then there exists a sequence
(we)eso in WH2(G, /\1 g) such that

i) we — w weakly in W52(G, A\' g);
i) Fo(we) = F(w) as e — 0.

By Lemma 4.2, without loss of generality we may assume w € D(G, E}).
We choose

(37) we =w+e(llgw)g 4 - + "1 (Ipw),

I we write the identity d?> = 0 gathering all terms of the same weight, we get

K P
0=>"> dp jd;.

p=0 7=0
and therefore

p

(38) de_jdj:O forp=0,...,k
=0

since these terms are mutually orthogonal when applied to a form of pure
weight. In particular,

(39) d3 =0, dody = —didy, dody = —dady— d3,

17



Thus,

_ 1 - gi—1 DAL
Rl = o [[1a(2 e W) av
1 =
(40) = 5 </GHHEO(d€(;a YMpw)))|?dV

+/G [hn (da(; e pw);)) | dV) :

Arguing as in (12), we can write

de ( Z Eiil (HEOJ)Z)
=1

p—1
= Z €pilzdi(HEw)p_i
=0

2<p<k
+ Eﬁ(dl(HE(,U),ﬁ + .-+ d,.;(HEw)l)

+ Z S Z di(Mpw)p—;

rk+2<p<2k 1=p—K
=1+ I+ Is.
Now, by Theorem 3.10,
IIg,I: = 0.

Let us prove that
(41) Ny, I =5, = 0.
To this end, we have but to prove that

p—1
(42) Zdia_[EW)p—i S Eg for2<p<k+1.

i=0

Recalling that E2 = ker dy N R(dp)*, we prove by induction that

i) d() (d[)(HEw)p + dl(HEw)p—l —+ -+ dp_l(HE(,U)l) =0

ii) do(HEw)p + dl(HEw)p,l + -+ dp,l(HEw)l S R(do)J‘,
for 2 < p < Kk + 1. Obviously, by our choice of w € E}, (42) holds also for
p=1.
Step 1 (p = 2): by Lemma 3.12, dodaldl(HEw)l = di(Ilgw)1, since dy (Tpw)1 €
022, Hence we can write

do(lgw)s + di(llpw); = do((HEw)g + daldl(HEw)l) =0,

by (7). Trivially, i) and ii) hold.
Step 2 (if p then p +1): first of all, we notice that p < k + 1 (since
p+1<k+1). Hence, by (42) and by Theorem 3.10, we get in particular

(43) do(HEw)j + dl(HEw)j,1 + -+ djfl(HEw)l =0 forj<p<k-+1.
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Now, using (39), we get
do (do(Mgw)ps1 + di(Mpw)y + - + dp(pw)1)
= —dldo(HEw)p — (deo(HEw)p,1 + d%(HEw)pfl)
— e — (dpdo(HEw)l + dpfldl(HEw)l + -+ dldpfl(HEw)l)
p—1 p—1i
== &Y dilgw)ps1—ij =0
i=1 =0

by (43), and the assertion i) holds for p + 1.
In order to prove ii), we remind that, by (7),

(HEW)p = —d(?l (dl(HEw)p—l R dp—l(HEw)l)’
so that, by Lemma 3.7, iii),
do(Mgw)p = —(d1(Mpw)p—1 + - -+ + dp—1 (Hpw)1) + &,
with ¢ € R(dp)*. This proves ii) and eventually (42).
Coming back to (40 we get,

Fulwe) = ¢ / M, Bl aV + / | Is]2 av

_ / g, (e (g + -+ d(pw)s ) |2 AV

/ u 1S di(Tpw)p 2 dV;

I{+2<p<2f$ i=p—K

observing that the second term in previous expression goes to zero as € — 0,
we get lim._ Fr(w:) = F(w) in D(G, E}). This achieves the proof of the

theorem.
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