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Abstract

Fixed a bounded open set  of RY, we completely characterize the weak* lower semicontinuity

of functionals of the form
F(u, A) = esssup f(z,u(x), Du(zx))
z€A

defined for every u € W'°°(Q) and for every open subset A C 2. Without a continuity assumption
on f(-,u,&) we show that the supremal functional F' is weakly® lower semicontinuous if and only if
it can be represented through a level convex function. Then we study the properties of the lower
semicontinuous envelope F of F. A complete relaxation theorem is shown in the case where f is
a continuous function. In the case f = f(z,£) is only a Carathéodory function, we show that F
coincides with the level convex envelope of F'.
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1 Introduction

In the last years the class of the L°°- functionals has been studied with growing interest in the mathe-
matical literature: these functionals are represented in the so called supremal form

F(u) = essessglp f(z,u(z), Du(z)) (1.1)

where Q is a bounded open set of R and u € W1>°(Q). For this reason they are also referred as supremal
functionals (see [1]) while we refer to the function f which represents F' as an admissible supremand.



In the study of variational problems formulated through supremal functionals, it naturally arises the
question of the necessary and sufficient conditions on the supremand f which imply the lower semiconti-
nuity of F with respect to the weak™ W1 topology. The characterization of lower semicontinuity for a
functional expressed by a supremum requires a new notion of convexity: the level convexity. A function
f = f(&) is said to be level convex (or quasi-convex in [2]) if it has convex sub levels. Namely f is level
convex if the set {£: f(£) < A} is convex for every A € R; equivalently if

FO§+ (1 =0)n) < F(E) v f(n)

for every £,n € RN and 0 € [0,1]. Under the assumption that f(z,-,-) is lower semicontinuous, in [2] (see
Theorem 3.4 therein) Barron, Jensen, Wang show that the level-convexity of f in the gradient variable is
a sufficient condition for the weak* lower semicontinuity in W°°(Q) of the functional (1.1). In Theorem
2.7 of the same paper, under a continuity assumption on f(-,u,&), they show that this condition is also
necessary. Now, the proof of this result heavily relies on the continuity assumption on f: in fact, in
the general case, a functional of the form (1.1) can be weak™ ls.c. without its supremand f being level
convex, as put in evidence by Remark 3.1 of [12].

In spite of this fact, most of the L°-variational problems require that a weakly* l.s.c. functional F’
could be represented through a level convex function. Now, since a supremal functional does not admit
a unique representation, the question whether a weakly™* l.s.c. functional always admits a level convex
supremand turns out to be interesting and useful for applications. In a previous paper (see [15]) we have
considered the case f = f(x,£) and we have given a positive answer to this question by showing that a
a supremal functional of the form

F(u) = esssup f(x, Du(x)) (1.2)
z€Q
is weakly* lower semicontinuous on W1°°(Q) if and only if F' is a level convex functional on W1 (),
i.e. the sub-level sets
Ey:={ueWhH>(Q): F(u) <)}

are convex. This result permits one to construct an admissible level convex supremand for a w* ls.c.
supremal functional of the form (1.2).
In this paper we extend our study to the class of functionals F': W1>°(Q) x A — R of the form

F(u,A) = ess:up fz,u(x), Du(z)) (1.3)

where A is the class of the open subsets of Q and, without a continuity assumption on f(-,u,§), we show
that F(-, A) is weakly* Ls.c. in W1°°(Q) for every A € A if and only if it can be represented through a
level convex supremand f (see Theorem 2.4). This equivalence is not a trivial consequence of the result
n [15]. In fact from the assumptions of Theorem 2.4 we cannot deduce that for every fixed uy € R the
functional G(u, A) = esssup 4 f(x,ug, Du(z)) is weakly* l.s.c. on W1>°(Q). The strategy we will follow
is to consider the distances

dy\°(z,y) :=sup {|v(z) —o(y)| : veWH®(B,(x)) : esssup f(y, ug, Dv(y)) < /\} (1.4)
B, (x)

and to apply the results established in [15] about the relationship between the functional F' and the
convex functionals
R(u) = sup M(ﬂiu(yﬂ
syeazy A\ (7,Y)

referred to as difference quotients. This metric approach was introduced in [12] in the case of the 1-
homogeneous supremal functionals and applied, in the general case, in [8] in order to characterize the
absolute minimizers of a functional of the form (1.2) and in [15] in order to give equivalent conditions to
the weak™ lower semicontinuity.

The second part of this paper is devoted to study the w* l.s.c. envelope of a supremal functional. In
the case N =1 and f = f(x,&), Barron and Liu prove, by using the L? approximation, that

e the w* Ls.c. envelope F of a supremal functional of the form (1.1) coincides with the largest level
convex functional minorant of F' (see Corollary 2.7 and Theorem 5.4 in [4]);



e if F is represented by a continuous function f, then the level convex envelope f!¢ of f represents F
in a supremal form (see Theorem 5.6 in [4]).

With a completely different technique, we extend these results to the N-dimensional case for supremal
functionals of the form
F(u, A) = esssup f(x, Du(z)). (1.5)
A

In the study of the relaxation problem, one encounters two open problems. First of all it is unknown if
the functional F' can be represented in some supremal form

F(u,A) = ess;up f(x, Du(z))

for every u € W1°°(Q) and for every A € A. The difficult point is to check if F satisfies the property of
countable supremality

F (u DAZ) - @F(U,Ai) V(A C A, Yue Whe(Q). (1.6)

If F satisfies this property, thanks to Theorem 2.2 in [6], we can represent F as above. Moreover, by
applying Theorem 2.7 in [15], we could deduce that F is a level convex functional and we could represent
it through a level convex Carathéodory supremand f.

The second question is that f may not coincide with f': in fact it is possible to exhibit a supremal
functional of the form (1.1) such that its weak* l.s.c. envelope is not represented by f'¢ (see [12], Example
3.2). The question if f is the level convex envelope of some admissible supremand of F' naturally arises.

This paper gives some new contributions to the study of the relaxation problem. First of all, we show that
if f= f(z,€) is a Carathéodory function satisfying a coercivity assumption, then the w* lLs.c. envelope
F of the functional (1.2) is a level convex functional, i.e. for every t € R the level set {u € W1>°(Q)
F(u) < t} is convex. More precisely we show that F is the level convex envelope of F.

Then we discuss the problem of representing F. In the case f = f(z,u,£) globally continuous, we
extend the result by Barron and Liu to the N-dimensional case by showing that F is itself a supremal
functional represented by the level convex envelope f'° of f (see Theorem 2.6). Recall that the same
representation was shown in [14] in the 1-dimensional case under the hypothesis that f is only a Borel
function. On the contrary, in the N-dimensional case, the analogous result is false without a continuity
assumption on f(-,u,£), as shown by the already mentioned Example 3.2 in [12]. However, we conclude
this paper by showing in Theorem 2.9 that if the w* Ls.c. envelope F of the functional (1.5) can be
represented in a supremal form, then we can choose as supremand of F the level convex envelope of the
admissible supremand f of F defined by

f(x,€) := inf {F(u,Br(2)) | r>0, ueW-*(Q)s.t. z €u, with Du(z) =¢ }

where
u:={x € Q: z is a differentiability point of u and a Lebesgue point of Du}.

This means, in particular, that the only possible supremal functional which represents F is the functional

F(u, A) = ess sup f°(z, Du(z).
A

Finally, we devote Section 3.4 to study the I'-convergence, as p — oo, of the sequence of the integral
functionals @, : L'(Q) — R

O, (u) = (/pr(iﬂ,u(m),Du(w))das>l/p ifu € Wh?(Q),

+00 otherwise.



already considered in [7]. In Theorem 3.4 therein, it is shown that if f is a level convex supremand
satisfying a coercivity assumption in the gradient variable, then, as p — oo, the family (®,), I'-converges,
with respect to the uniform convergence, to the functional ® given by

ess sup f(z,u(z), Du(x)) if u € W (Q),
(I)(u) — zEQ

+o00 otherwise

When f is not a level convex supremand, in [4] Barron and Liu consider in the particular case N = 1
the w* Ls.c. envelope F of the functional (1.2) defined on W'>°(2) and the sequence of the lower
semicontinuous envelopes F',, (w.r.t. the weak topology of W1?(Q)) of the functionals F,, : W'?(Q) - R
defined by

F(u) = ( /Q fp(x,u(x),Du(x))d:c>1/p.

Under the assumption that f is a globally continuous function, they show that Fp(u) converges, as
p — 00, to F(u) for every u € WH>(Q) and they could deduce the relaxation formula

Fiu) = ess sup (2, u(z), Du(z))

for every u € W1°°(Q). We conclude this section by studying, in the general N-dimensional framework,
the I'-convergence of the sequence (®,), when f is only a Carathéodory function and we obtain that the
[-limit, with respect to the uniform convergence, is the functional ® : L'(£2) — R given by

ess sup f'(z, u(x), Du(z)) if u € WhH>(Q),
z€EQ
O(u) =

+00 otherwise.

As a consequence, in the continuous case, the sequence Fp pointwise converges to F' and we obtain a
generalization to the case N > 1 of the result by Barron and Liu. On the contrary, since in general
F(u) # esssup,cq f1°(x, u(z), Du(z)), we obtain that it is not possible to approximate F' through the
sequence .

We shall fix some notations useful in the sequel.

Notations

We denote by € a generic open bounded domain of RY and by A the family of open subsets of (2.

For every € R™ and r > 0 we denote by B,(z) the open ball {y € RY : |z —y| < r} where | -] is
the euclidean norm on RY.

For any set B C R™ we denote by H!(B) its one dimensional Hausdorff measure. If moreover B C RY
is a measurable set then |B| will denote its Lebesgue measure.

A modulus of continuity will be any continuous function w : [0, +00) — [0, +00) such that w(0) = 0.

For every u € WH>(Q) we denote by @ the set

u:={x € Q: z is a differentiability point of u and a Lebesgue point of Du}.

2 The main results

Before stating the main results of this paper, we introduce the following definitions.
Definition 2.1 A function f: Q x RN — R is said to be
(a) a Carathéodory supremand if

(i) for every & € RN the function x v f(x,€) is measurable in §;

(ii) for a. a. x € Q the function & — f(x,&) is continuous in RY;



(b) alevel convex Carathéodory supremand if f is a Carathéodory supremand and f(x,-) is level convex
on RN for almost every x € Q i.e. for everyt € R the level set {f e RN ¢ f(x,6) < t} is convez.

Definition 2.2 A4 function f: Q x R x RN — R is said to be
(a) a Carathéodory supremand if

(i) for every (u,&) € R x RN the function x — f(z,u,§) is measurable in §;

(ii) for a. a. x € Q the function (u, &) — f(x,u,§) is continuous in R x RV,

(b) a level convex Carathéodory supremand if f is a Carathéodory supremand and f(x,u,-) is level
convex on RN for almost every x € Q and for every u € R.

Definition 2.3 A functional F : X — R defined on a topological vector space X is said to be level
convex if for every t € R the level set {u € X : F(u) <t} is convex.

Now we are in a position to state the main theorems of this paper. First of all we show that a weakly*
L.s.c. supremal functional F: W1>°(Q) x A — R of the form

F(u,A) = ess:up fz,u(z), Du(z)) (2.7)

can be represented through a level convex supremand f and we give an explicit formula for f .

Theorem 2.4 Let f: Q x R xRN — R be a Carathéodory supremand satisfying the following assump-
tions:

1) there exists an increasing continuous function « : RY — RV such that lim;_ o a(t) = +oo and

flz,u, &) > a€]) for a.e x € Q, for everyu € R and € € RY; (2.8)

2) for any M > 0 there exists a modulus of continuity wyy such that

[f(@,u,8) = f(z,0,n)] Swnm (1§ =0l + |u—wv]) (2.9)
for a.e. x € Q, for every &,n € By(0) and |ul|, [v] < M.
Let F: W1*°(Q) x A — R be the functional defined by (2.7). The following facts are equivalent:
1) F(-, A) is weakly* l.s.c. on W1°(Q) for every A € A;
2) there exists a level convex Carathéodory supremand f: QxR xRN — R such that

F(u,A) = esssup f(z, u(x), Du(z)) (2.10)

for all u € W1>(Q) and for all A € A. Moreover f is given by

f(x,u,€) := inf {F(u,Br(2))| r>0, ueW">(Q)s.t. z €, with v(z) =u, Dv(z) =¢ },
] (2.11)
and f satisfies (2.8), (2.9) (for a suitable family (Wi, ) s of moduli of continuity) and for a.e. x € Q

f(:l?, K ) > f(xv K )

Remark 2.5 (i) The supremand f in (2.11) was introduced by P. Cardaliaguet and F. Prinari in [6] in
order to represent a general weakly* lower semicontinuous functional F' defined on W (Q) x A
in a supremal form (see Theorem 3.1 in the next section). But the authors cannot deduce if fis
a level convex function. The proof of this property is the main extension of Theorem 2.4 to the
results in [6].



(ii) In the previous theorem, when f(-,u,&) is continuous for all (u,&) € R x RY, it is easy to obtain
the inequality f(x, o) < f(z,-,-) for a.e. & €  and therefore we have that if F' is weakly™* ls.c.
then f is a level convex supremand, i.e. the necessary condition shown in [2], Theorem 2.7. In the
general case, under the assumptions of Theorem 2.4, it is not possible to deduce that f = fle:in
fact, in the Example 8.1 of [15], the author exhibits a w* l.s.c. functional F' of the form (2.7) such
that supq, f'(z, u(z), Du(x)) < F(u,).

(iii) The case f = f(x,&) was completely studied in [15] where, among the results, it has been shown
that a w* L.s.c. functional of the form

F(u) = esstup f(x, Du(z))

can be represented through a level convex supremand.

(iv) The proof of Theorem 2.4 uses in an essential way the fact the localized functional F (-, A) is w*
l.s.c. for every A € A. For this reason it cannot be adapted to show that a w* l.s.c. functional of
the form

F(u) = esssup f(z,u(x), Du(x)) (2.12)
Q

can be represented through a level convex supremand. Notice that Barron, Jensen and Wang need
the same assumption in the case f = f(-,u,&) continuous.

The second part of this paper is devoted to the relaxation problem. First of all we give an explicit
representation for the weak* lower semicontinuous envelope of a supremal functional on W1°°(£2) under
a continuity assumption. We will prove that if the functional (2.12) is represented by a continuous and
coercive function f, then

F(u):==sup {G(u) : G:W">*(Q) >R, Gw'ls.c., G<Fon Wh™(Q)} (2.13)
is a supremal functional represented by the level convex envelope f'¢ of f defined by
f(z,u,-) :=sup{h: RY — R : h lower semicontinuous and level convex, h(-) < f(z,u,-)}
for every z € Q2 and u € R.

Theorem 2.6 Let f: QxR x RN — R be a continuous function satisfying (2.8) and let F' : WH>(Q) —
R be the functional defined by (2.12). Then

Fiu) = ess sup (e, u(z), Du(x))

for every u € WHe°(Q).

In particular this representation result holds when f = f(£) is a continuous and coercive function. In
the general case the previous result is false: it is possible to exhibit a supremal functional of the form
(2.12) such that its w* lower semicontinuous envelope is not represented by f¢ (see [12], Example 3.2).
However we can establish some properties of F' when F is of the form

F(u) = eSSGS;)lp f(z, Du(x)) (2.14)

and f is only a Carathéodory supremand. First we show that F is a level convex functional.

Theorem 2.7 Let Q C RN be a bounded open set with a Lipschitz boundary. Let f : @ x RY — R be a
Carathéodory supremand satisfying the following assumptions:

1) there exists an increasing continuous function « : RY — RV such that lim;_. o a(t) = +oo and

f(xz,8) > a(lg]) for a.ex €9, and £ € RY; (2.15)



2) for any M > 0 there exists a modulus of continuity wys such that

|f(2,8) = flz,n)] < wa([€ —nl) (2.16)
for a.e. © € Q, for every &,n € Bp(0).

Let F : Wi‘x’(ﬂ) — R be the functional defined by (2.14). Then F is a level convex functional. In
particular F = F'° where

Fle(u):=sup {H(u) : H:W">(Q) - R, H w*ls.c. and level convez, H < F on W">(Q)}.
Remark 2.8 Consider now a supremal functional F' on W1°°(Q) x A of the form

F(u,A) = esses;llp f(z, Du(x)). (2.17)

According to the results in [6], if F' satisfies the property of countable supremality (1.6), then F can be
represented in a supremal form through the function f given by

fz, &) ==inf {F(u,B,(x))| r>0, ueWh®(Q)s.t. z €, with Du(z) =¢ }.

The previous theorem implies that f is a level convex function (see the proof of Theorem 2.9). Naturally
the question arises if f is the level convex envelope of some supremand of F. In the Example 3.2 in [12],
the authors exhibit a functional F' of the form (2.14) such that supg f*(x, Du) < F(u,). This shows
that in general f # f'°. However, according to the Theorem 3.4 in [15], we can write F also in the
supremal form }
F(u, A) = esssup f(x, Du(x)) Yue Whe(Q), VAcA,
A
where f is given by

f(z,€) := inf {F(u,Br(2))| r>0, ueW->*(Q)s.t. z€u, with Du(z) =¢ }. (2.18)

The following result is based on the key remark that

for a.e. z € Q.

Theorem 2.9 Let f: Q x RY — R be a Carathéodory supremand satisfying (2.15). Then the following
facts are equivalent:

(1) F satisfies the countable supremality (1.6);
(2) F(u, A) = esssup 4 f'(z, Du(x)) for every u € WH(Q) and for every A € A.
Moreover, under a stronger growth condition, we can show the following result:
Theorem 2.10 Let f: Q x RN — R be a Carathéodory supremand satisfying (2.15) and such that:
clé| < f(x, &) < B+ClE|  VreQ,VeEe RN (2.19)

where ¢, B,C' are non-negative constants. Let F (-, A) be the functional defined by (2.17) and let f be the
function given by (2.18). Let F, : WP () x A — RT be the functional defined by

Fy(u, A) = < /A fp(x,Du(m))d:c)l/p

and let F, be the lower semicontinuous envelope (w.r.t. the weak topology of W1P(Q)) of F,. Then

lim Fp(u, A) = ess sup f'(x, Du(z))
A

p—00

for every u € WH2°(Q) and for every A € A. In particular (1) and (2) in Theorem 2.10 are equivalent
to:



(3) for every A € A the family (F,(-, A)), converges to F(-,A) as p — +0o0.

In particular, in the continuous case, we may put together the previous results and obtain the following
generalization of Lemma 5.2 in [4] to the case N > 1:

Corollary 2.11 Let f : QxRY — R be a continuous function satisfying (2.19). Let F,, : WhP(Q) — RT
be the functional defined by

B = ([ fp(x,Du@))dx)w

and let F, be the lower semicontinuous envelope (w.r.t. the weak topology of W'*(Q)) of F,. Then, as
p — 400, the family F,(u) converges to F(u) for every u € W1>°(Q).

Remark 2.12 Note that, without the continuity assumption, the previous result is false since in general

F(u) > esssup f'(x, Du(z)).
Q

In order to show all the results above, we introduce some tools, recall some known facts and prove further

preliminary results. For these reasons, the proofs of the previous theorems are postponed until Section
4.

3 Preliminaries

3.1 Some representation theorems

In [6] the authors characterize the class of the weakly* lower semicontinuous functionals F : W12 (Q) x
A — R which can be written in the supremal form. Given an abstract functional F', they construct
the function f given by (2.11) and, under some suitable assumptions on F', they show that F' can be
represented as a supremal functional through the supremand f.

Theorem 3.1 (Theorem 2.2 in [6]). Let F: W5>(Q) x A — R be a functional. Assume that F satisfies
the following properties:

(i) F(u,A) = F(v,B) for every u,v € Wh>(Q) such that u(z) = v(x) for any x € AU B and for every

A, B € A with L(AAB) = 0;
(ii) F (u, UAZ> = \/F(u, A;) for every (A;)i € A and for every u € W1>°(Q);

i=1 i=1
(iii) YM > 0 there exists a modulus of continuity wyr such that
P, A) — F(v, A)] < war(llu = ol a)

for every A € A and for every u,v € W-(Q) s.t. |[u|lwr. (), [|v]||wiee @) < M;

(iv) F(-, A) is weakly* l.s.c. for every A € A;

(v) there exists an increasing continuous function o : RY — RT such that lim;_,, o a(t) = +oo and for
every A€ A, F(-, A) = a(|] - [lwreea))

Then there exists a Carathéodory supremand f: QO x R xRN — R defined by (2.11) such that
F(u, A) = ess sup f(z,u(x), Du(z))
A

for any u € WH>(Q) and any A € A. Moreover f satisfies (2.9) (for a suitable family (W) of moduli
of continuity) and (2.8).



Remark 3.2 Note that, by applying Theorem 2.4, we can conclude that the function f above is a level
convex in the gradient variable.

Now we recall also some results shown in [15] and devoted to the construction of admissible supremands
for supremal functionals F' of the form (2.14). The following result is inspired by the proof of Lemma 3.3
in [6].

Proposition 3.3 (Theorem 5.1 in [15]) Let Q be an open subset of RN. Let F : W1>=°(Q) — R be a
functional such that for any M > 0 there exists a modulus of continuity wyr such that

[F(u) = F(v)| < wn(||[Du = Dvlloo) (3.20)
for every u,v € WH(Q) s.t. ||Dul|oo, ||DV||oc < M. Let ¢ : Q x RN — R be defined by
(&) :==inf {F(u) | uwe W">*(Q)s.t. z €, with Du(z) =¢ }. (3.21)

Then for every € € RN the function x — o(x,€) is measurable in ).
Moreover if there exists an increasing continuous function o : RT — RT such that lim;_ o a(t) = +oo
and

F(u) = o|[Dul|) (3.22)

then

(1) ¢ is a Carathéodory supremand satisfying (2.15) and (2.16) for a suitable family (Wh;)am of moduli
of continuity;

(i) for any u € W>°()
F(u) > ess sup p(z, Du(z)).
Q

The following theorem shows that the function f defined by (2.18) is an admissible supremand for a
localized supremal functional F'(u, A) = esssup, f(z, Du(z)) without requiring that for every open set
A CQF(-,A) is weakly* lower semicontinuous.

Theorem 3.4 (Theorem 5.4 in [15]) Let Q be an open subset of RN. Let f : @ x RN — R* be a
Carathéodory supremand satisfying assumptions (2.16) and (2.15). Then

(i) the function f given respectively by (2.18) is a Carathéodory supremand satisfying (2.15) and (2.16)
for a suitable family (wh;)a of moduli of continuity;

(ii) for every u € WH°(Q) and for every A € A

ess sup f(z, Du(z)) = ess sup f(z, Du(z));
A A

(iii) there exists a negligible set H C Q such that

fzfon(Q\H)xRN;

(iv) if f(-,€) is continuous on Q for every & € RN then there exists a negligible set H C Q such that
f=fon(Q\H) xRN,

3.2 Necessary and sufficient conditions for w* lower semicontinuity

In this subsection we recall some results shown in ([15]). For a large class of situations the level convexity
of the functional F is a consequence of its weak™ lower semicontinuity.

Theorem 3.5 (Theorem 2.3 in [15]) Let Q@ C RN be a connected open set with Lipschitz boundary. Let
f: QxRN — R be a Carathéodory supremand satisfying (2.16). If the functional F defined by (2.14) is
weakly* l.s.c. on W1>°(Q) then F is a level convex functional.



Unfortunately, in the general case, the above result does not give as a consequence the level convexity of
f(z,-) (see Remark 3.1 of [12]). However, the next theorem states that there exists at least a level convex
supremand f for a level convex supremal functional F'.

Theorem 3.6 (Theorem 2.7 in [15]) Let Q be an open subset of RN. Let f : @ x RN — R be a
Carathéodory supremand satisfying (2.15) and (2.16). Let F(-, A) be the functional defined by (2.17).
The following facts are equivalent:

1) F(-,A) is weakly* l.s.c. on WH>°(Q) for every A € A;
2) F(-,A) is a level convex functional for every A € A;

3) there exists a level convex normal supremand f: QxRN = R given by (2.18) such that

F(u,A) = ess:up f(z, Du(x))

for all u € WH°(Q) and for all A € A. Moreover isatisﬁes (2.15), (2.16) (for a suitable family
(Whp)m of moduli of continuity) and for a.e. x € Q f(z,-) > f(z,-).
3.3 The class of the difference quotients

Now we introduce the distances first introduced in [12] in the 1-homogeneous case and later considered
in [15] in the general case (see Section 2 therein). Consider a supremal functional (2.14) represented
through a Carathéodory supremand f : 2 x RY — Rt satisfying (2.16) and (2.15). With every A € R
such that the sub level set Ey := {u € Wh>(Q) : F(u) < A} is nonempty we can associate a distance
dy in the following way:

dx(z,y) == sup {\u(x) —u(y)] : we WhR(Q): F(u) < )\}. (3.23)
The distance d) satisfies the following properties:
(i) if Q is a connected open set, then for every x,y € Q it holds
d(z,y) < o™ (V]2 —ylo (3.24)

where
|z —ylo =inf{L(y) : v €Ly, (N},

I () being the set of Lipschitz curves in Q with end-points  and y, and £(y) the Euclidean
length of 4. In particular if 92 is Lipschitz continuous then there exists a constant C' > 0 such that

dx(z,y) < |z —ylo < Clz —y|. (3.25)

(i) With every A € R there exists § = §(\) such that for every z,y € Q

dx(z,y) > 8|z — y|. (3.26)
Now for every A such that E) is nonempty, we consider the functional Ry : W (Q2) — R given by

Ry(w) = sup @) —uW)]

3.27
z,y€Q, xH£Yy d,\((E, y) ( )

The functional R) is referred to as the difference quotient associated with level set E of F. The following
proposition establishes the main properties of R).

Proposition 3.7 For every A s.t. E\ # 0 the difference quotient Ry is a convex lower semicontinuous
functional with respect to the strong convergence in L. Moreover Ry(u+v) < Ry(u) + Rx(v) for every
u,v € Whe(Q).
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Proof. Let u € W1>°(Q) and let {u,} C W1°(Q) be a sequence converging to u in L>°(£2). We have
that for every z, y € Q such that 0 < dy(z,y) < 400

ule) —u)| - funla) — ()
dx(z,y) n dx(z,y)

< liminf Ry (uy,).

Taking the supremum for x,y € Q, x # y we get the thesis. The convexity and the sublinearity of Ry are
trivial. O

The key tool we will use in the sequel is the following lemma. It is an adaptation of Lemma 3.4 in
[12]. For a proof see Lemma 3.2 in [15].

Lemma 3.8 Let F be a supremal functional on W1°(Q) represented by a Carathéodory supremand
f: QxRN — R satisfying (2.16) and (2.15). Let v € W1°(Q) be such that Ry(v) < 1. Then there
exists a sequence {v,} C WH(Q) converging to v in L>®(Q) with F(v,) < X\ for n € N.

3.4 The LP-approximation.

In this section we generalize the results shown in [2] and in [7]. In fact, we study the I'-convergence of
the sequence @, : L'(Q2) — R defined by

®,(u) = (/Q f”(%U(x),DU(fE))dzy/p if weWhP(Q), (3.28)

400 otherwise

without assuming that f(z,u,-) is level convex.

First of all, we recall that a given sequence of functionals G, defined in a metric space X, I'-converges
to the functional G, as p — oo, if the following properties hold:

a) for every uw € X and for every sequence {u,} converging to v in X we have
P

G(u) < liminf Gp(up).
p—00

b) for every u € X there exists a sequence {u,} (recovery sequence) such that
P

G(u) > limsup G (uyp).

p—oo
We will refer to (a) as the I'(X)-liminf inequality and to (b) as the I'(X)-limsup inequality.
The main result of this subsection is the following:

Theorem 3.9 Let Q be a bounded open set of RV. Let f : @ x R x RY — Rt be a Carathéodory
supremand satisfying (2.9) and such that

clgl < f(z,u,8) < B+ C(|ul + [£]) (3.29)

for every z € Q,u € R, ¢ € RN where ¢, B,C are non-negative constants. Let ®, : L*(Q) — R be the
functional defined by (3.28). Then, as p — 400, the family (®,), I'-converges with respect to the topology
of the uniform convergence to the functional ® : L'(Q) — R* given by

ess sup f1(z,u(x), Du(z)) if u € WhH*(Q),
ou) =4 " (3.30)

+00 otherwise.
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Proof. Let (fP)** be the convex envelope of the function f?. Since ((f?)**)'/? is a level convex function
such that ((f?)**)'/P < f, then, by definition of f'°, we have that

((fPy=)MP < gl (3.31)

Now fix p > N and let F, the lower semicontinuous envelope (w.r.t. the weak topology of W1?(Q)) of
the integral functional F, : W?(Q) — R defined by

F(u) = ( /Q fp(x,u(x),Du(:c))da:>l/p.

It is well known (see, for example, Theorem 2 in [13]) that, for every u € WP(Q),

Fo = ([ (fp>**<x,u<w>,Du(x))dx)l/p.

Now let G, be the weak* lower semicontinuous envelope of Fj, w.r.t. the uniform convergence. We show
that -
Fp(u) = Gy(u) Yue WhP(Q).

In fact if (uy,), C W1P(Q) converges uniformly to u and liminf,, o Fp(un) < +00, since (fP)**(z,u,&) >
c|l€]|P we have that the sequence (|| Duyl|ze(0))n is bounded. In particular u, — u weakly in W'P(Q).
Then Fp(u) < liminf, o Fp(u,) which means that F, is lower semicontinuous w.r.t. the uniform
convergence. Then F,, < G). On the other hand, thanks to the compact embedding of W1P(Q2) in C(9),
G, is lower semicontinuous w.r.t. the weak topology of W1P(2). Then G, = F,,. In particular it is easy
to show that for every p > N the weak* lower semicontinuous envelope of the functional ®, w.r.t. the
uniform convergence is the functional

= [ Fpu) if ue Whr(Q),
®p(u) = { 400  otherwise.

By applying Proposition 6.1 in [10], this implies that

[(L>°)-limsup ®, = I'(L>)-limsup F,. (3.32)

p—00 p—0o0
Now, thanks to (3.31), we have that

[(L>)-limsup F, < ®.

p—oo
Therefore it holds
I'(L*°)-limsup &, < P,

p—oo

i.e. the I-limsup inequality. Now let H, : L*(Q) — R™ be the functional defined by

H,(u) = (/Q(flc(337u(x),Du(:v))pda:> v ifu € Whr(Q),

+00 otherwise.
By Theorem 4.1 in [7], we know that

I(L®)- lim H, = ®.

p—00
This implies that for every u € W1>°(Q)

& < I(L*)-liminf H, < T'(L)-liminf ®,,, (3.33)

p—00 p—00

i.e. the I'-liminf inequality. O
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Remark 3.10 We notice that, in Theorem 3.9, if f = f(x, &) then the assumption (2.9) can be dropped.

The previous result will be applied in the proof of Theorem 2.9. However here we conclude this
section by discussing some easy but not trivial consequences of the result above. A first consequence is
the following:

Corollary 3.11 Let f : RY — R be a Carathéodory supremand satisfying
clé| < f(§) < B+Cl¢

for every € € RN where B,C are non-negative constants. Then for every ¢ € RN

Jim ((F7))1P() = f14()-
Proof. Thanks to (3.31), we have that lim supp_,oo((fp)**)l/p@) < f1¢(&). Moreover, by (3.33), it follows
that for every ¢ € RV, if u¢ := x - £, we have that

1/p
f€(€) = esssup f'°(Dug(z)) < liminf </Q(fp)**(Du§(x))dz>

zeN p—o0

=liminf((fp)**)l/”(ﬁ)lﬁl””ZI;Igg}f((fp)**)”p(ﬁ)-

p— 00

Remark 3.12 Notice that we can provide a direct proof of the previous corollary using a characterization
of !¢ given in [4]. In this paper the authors study the problem of giving an explicit representation of
the greatest l.s.c. level convex minorant of a general function f defined on a Banach space: the level
convex conjugates of f introduced therein are useful, for example, in expressing Hopf-Lax formulas for
HJB equations. Among the results, in Theorem 5.1 in [4] it is shown that for every coercive function g
and for every ¢ € RN

N+1 N+1
le — i ) ) - £ — ;> ) ; = .
9'“(€) = min { | Aig() ; Nigi =& Ai >0 Vi, Z; A 1}
Now, since for every function g and for every ¢ € RN we know that
N+1 N+1 N+1
9**(5)2111111{ doNgl&): D o N&i=¢& N ZOVZ}Z)\izl},
i=1 i=1 i=1

for every p > 1 and for every £ € RV we can write [(f?)**]'/? as

N+1 N+1 N+1 }

(/7)1 () = min{( SoAENT S oG =6 2oV Y ni=1
i=1 i=1 i=1

Then it is easy to see that

N+1 N+1
Jim [(£7)"]/7(€) = min { | f(&) ; Ni&i =€ X 2 0¥, ; Ai = 1} = f"°(e).

Under the assumption that f is a level convex Carathéodory function, in [7] the authors show that if
u,, is a sequence of functions such that

FP(up, Q) <inf FP(.,Q) +¢p
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and if u, — uo uniformly, then ug is a AML for the supremal functional

F(u,V) = essvsup f(x,u(x), Du(x))

i.e. for all open subset V' CC
F(ug,V) < F(v,V) Yo e Wh=(V) s.t. v=ugon dV.

By applying Theorem 3.9 and just repeating the proof of Proposition 4.3 in [7], we can determine the
asymptotic behavior of the sequence (up), also when f is not level convex.

Corollary 3.13 Under the assumptions of Theorem 3.9 or of Theorem 3.10 if (up), is a sequence of
functions such that
FP(up, Q) <inf FP(.,Q) + ¢

where (g,), is such that limy, ., ¢/&, = 0 then, every cluster points of a sequence (uy), is an AML for
the functional

Fu,V) = ess‘fup fl(z, u(z), Du(z)).

4 The proofs

Now we are in a position to show the main theorems of this paper. In the following proof it is fundamental
the application of Lemma 3.8 in order to deduce the convexity of the sub-level sets of a weakly* lower
semicontinuous functional.

Proof of Theorem 2.4. 1)= 2). It is easy to show that the functional (2.7) satisfies all the
assumptions of Theorem 3.1. Then the function f given by (2.11) is a Carathéodory supremand satisfying
(2.9) (for a suitable family (w’,)as of moduli of continuity) and (2.8) and such that

F(u,A) = ess:up f(z, u(x), Du(z))

for any u € WhH*(Q) and any A € A. Now we show that f is level convex w.r.t. & Fix 2 € Q,
u € R, &, € RY and A € (0,1) such that f(x,u,g) < X and f(x,u,n) < . By definition of f
there exist B,(z) C Q, u,v. € WH>(Q), differentiable at z, such that ug(z) = u,(x) = u, Dug(x) =
&, Duy(x) = n and f(x,u,&) > F(ug, By(x)) — & and f(z,u,n) > F(uy, By(x)) — €. In particular we
can choose 0 < r' < r such that |lug — ul[z~(B,,(2)) < € and |Juy — ul|r~(B,, (2)) < €. Define v :=
Ouy, + (1 — O)ue. Thus v(r) = u and Dv(x) = On + (1 — 0)§. Notice that |[v — u||p=(B () < 2¢. Let
M = max{||uy||Lo (B, (2))> l[uel| L= (B, (2)), [ul}. Then, for every y € B,/ (x), we have that

Fly,u, Due(y)) < Jly,ue(y), Dug(y)) +war (llug — ullL=(5,, )))
< F(ug, Br(z)) + wp(e) < X+ 2e +wp(e).
Therefore, if we set A\c = A + 2 + wys(€), we have that

esssup f(y, u, Dug(y)) < Ae.
yEB,/ ()

Anaguously it holds

ess sup f(y,u,Dun(y)) < A
yEB,/ (z)

For every 2,y € B,/(x) and for every v € W1>°(Q) we define

5.9 = p {[0(2) — )] 5 v € WIS (Br(e): emop flyu Do) A} (134

14



and
R(v):= sup M
z,y€B,/ (x) d)\s (Z7 y)
Since R(uy) <1 and R(ug¢) < 1, thanks to Proposition 3.7 we have that
R(Ouy + (1 — Q)ue) < 1.
Moreover, thanks to Lemma 3.8, there exists (vy,), C W°(B,.(z)) such that v,, — v weakly* and
ess sup f(y,u, Don(y)) < Ae.
yEB,/ ()
Let ng € N be such that [[v, —v||z~(B,, () < € for every n > ng. Then we have that
[[on = ullzoo (B, (2)) < |[vn = VllL (B, (2)) + [lv = tllLe (B, (2)) < 3e.
This implies that, for every n > ng,

eszs%p) F@.va(y), Dvn(y)) < Ae + wnr(|[vn — ullp (B, (2)) < Ae + warr (3€)
yebB,(z

where M’ =1+ M.
Since F'(-, B,/ (x)) is a weakly* Ls.c. functional, we have that

ess sup f(y, v(v), Du(y)) < Ae + wpsr (3e).
yEB,/ ()
This yields to

f(;v,uﬁn + (1 —-06)¢) < esssup f(y, v(v), Dv(y)) < Ae +war (3e)
yEB,/ ()

for every € > 0. Letting ¢ — 0 we obtain

(z,u,0n+ (1 —0)¢) < A

f
f(ﬂm ) > f(z,-,-). Fix ¢ € Q and for every x €  define

It remains to show that for a.e. z € Q

gg(x, &) :=inf {ess sup f(y,q, Du(y)) | 7 >0, ue Wh(Q) s.t. z € 1, with Du(x) = ¢ } .
B, (x)

Thanks to Theorem 3.4, there exists a negligible set H, C Q be such that £(N,) = 0 and
gq(x,ﬁ) > f(z,q,8) ver\an V£ERN~

Now, fix (z,€) € (Q\ H,) x RN. Then, by definition of f, for every ¢ > 0 there exist B,(z) C Q,
u € WH°(Q), differentiable at z, such that u(z) = ¢, Du(z) = £ and

f(@,4,€) = esssup f(y,u(y), Du(y)) —e.

B, (x)

In particular, after choosing 0 < 7’ < r such that ||u — qllL> (B, (x)) < €, we have that

f(z,q,6) > ess ?ll)p f(y,u(y), Du(y)) —e > esBs,?u)p (@, q, Du(y)) — war(|[v — qllec) — €

2 9q(x,§) —wnm(e) —e = f(2,¢,§) —wm(e) —¢
whre M = ||u|| + ¢. Since ¢ is arbitrary, this yields

f2,q.6) > f(x,q.6) VoeeQ\H, V({eR".

Now, define H = (J,cq Hy- Then H is a negligible subset of € and, since f(z,-,€) and f(z,-,&) are
continuous functions for every (z,¢) € Q x RM, we obtain that

flau,&) > flz,u,§) Ve e Q\H, VY(u,&) €RxRY.

2)= 1). It is sufficient to apply Theorem 3.4 in [2].
O
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In order to show the relaxation Theorem 2.6 we will apply the following theorem (see Theorem 2.10
in [9]) to the sub levels of flc.

Theorem 4.1 Let 0 C RY be an open set and E C RN. Let ¢ € W1>(Q) satisfy Dp(z) € E U
int coE, for a.e.x € Q (where int coE stands for the interior of the convex hull of E); then for every
e > 0 there exists u € W1>°(Q) such that

lu—llLe@ <€
Du(z) e E for a.e. x € Q, (4.35)
u(z) = p(x) x € 0N

Remark 4.2 It is easy to show that if f is a continuous function satisfying (2.8), then f' is a continuous
function. Moreover if f satisfies (2.15), then f!° satisfies (2.15). In fact, since o is an increasing real
function, then « is level convex and the inequality (2.15) implies

fle(z,u, &) > a(lé)) for a.e x € Q, for every u € R and £ € RV,

Proof of Theorem 2.6. Without loss of generality, we can assume that a(t) = t. Let G : WL (Q)x A —
R be the functional defined by

G(u, B) := ess sup f'(z,u(z), Du(zx)).
B

By Remark 4.4 in [1] and by using the fact that f!°(z,-,&) is continuous, it is easy to show that G is
weakly* lower semicontinuous in W1°°(Q2). This implies that G(u,Q) < F(u) for every u € W5 (Q).
For the converse inequality, fix u € Wh*(Q) and A € R s.t. G(u,Q) < A. If we find a sequence
wy, € WH(Q) such that

l[wn = ullpe) <+,

F(w,) <A+e,

where €,, — 0, then

F(u) < liminf F(w,) < A

which implies F(u) < G(u,Q). Now, fix n € N. Thanks to Remark 4.2, for every zo € 2 and for every
M > 0 there exists 6 = d(xp,n, M) such that

7o ulw0), ) — 5y, u(9), O] < - (4.36)

and

|f($0,’u,({1,‘0),§) - f(yvu(y)7§)| <

for every |£| < M and for every y € Q such that |zg — y| < d. Now fix zg € Q, let M := ||Dul| and
let § > 0 be such that (4.36) and (4.37) hold. Then, choose 0 < 79 < § such that B, (zo) C €, let
Gy : WH(Q) — R be the functional given by

(4.37)

Gy, (v) = esssup flc(xo,u(xo), Du(x)).
B, (zo)

From (4.36) we have that

1 1
Go(u) < esssup f1(z, u(x), Du(z)) + — < G(u, Q) + —. (4.38)
By (z0) n n
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Let ng € N be such that G(u, Q) +% < A for every n > ng, for all g € Q and for every ry < 6,. Since
f'¢ is a continuous function, we have that E(zg) = {£ € RY : f(z0,u(z0),£) < A} is an open set. By
the properties of the convex hull, we have that co E(z¢) is an open set. In particular, by (4.38), for a.e.
x € By, (x0) we have that

Du(a) € {€ € RN - (s, u(r0),€) < Glu, Q) + 1}
=int co({¢ € RY : f(zo,u(20),€) < G(u, Q) + %}
C co E(xp) C int co E(xg).
Then, by Theorem 4.1, we can construct a function u" € W1 (B, (xo)) such that
[ — w0 || Lo (B (20)) < 3
DuZomo(x) € E(xo) a.e. x € By (xo),

u(z) = ukomo(x) x € OBy, (x0)-

According to Vitali covering Theorem (see for instance Corollary 10.6 of [9]), we can find a countable
family of pairwise disjoint balls By, = B,, (z)) such that £ (Q\ U, Bx) = 0. For simplicity, denote by u*
the function u7* "™ . By definition, we have that

lu =l (my) < £

Duk (x) € E(xy) a.e. x € By,

u(z) = uk () x € 0By.

Note that, since Duk(z) € E(zy) for a.e. © € By, by making use of the coercivity assumption, we have
that

1D [l 2= () < sup f(ze, u(zy), Duy, ()
k

and thus,
DU || L () < A (4.39)

Let us now set
wy(z) = uf (z) if x belongs to some By and  w,(x) = u(x) otherwise.

Then w,, belongs to W>°(Q), since it is the pointwise limit of the Lipschitz maps vy defined inductively
by vg = u, and

vpp1(x) = uFt(2) if 2 belongs to Byiy and vgiq(x) = vy (z) otherwise.

Thanks to (4.39), the maps v, are equilipschitz continuous with a Lipschitz constant independent of n.
Hence the function w,, belongs to W*°(Q) and, since w, = u on Q\ |J, By, we have that

k ].
10 = o= ) = sup e = k| g < .

i.e. the sequence (wy,), w* converges to u in L>°(§2). Now, from (4.36) and Proposition 3.7 it follows that
for every n > ng

ess sup f(z, wy, (), Dwn () = \/ess sup f(z, w,(x), Dw,(x))
Q b By
_ o Q k k
= \k/ebszup f (@, up (), Dug, ()

< \k/{eSSBSkupf(-Tk,uﬁ(mk)aDqu(x)) + %}
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and since Duf (x) € E(xy,) for a.e. z € By, we get that

ess sup f(x,wy(z), Dw,(z)) < A+ l
Q n

This means that (w,,), is the sequence that we are looking for. O

Proof of Theorem 2.7. Fix an open set A C Q with Lipschitz continuous boundary and let

F(u) = F(u,A). Let A\ € R be such that the sub level set Fy := {u € WH>(A) : F(u) < A} is
nonempty. If Ey := {u € WH*(A4) : F(u) < A} is nonempty too, then let Ry be the corresponding
difference quotient defined by (3.27). Now we show that

Fy=[HueW"™(4) : Ryye(u) <1} (4.40)
e>0

In fact, assume that Ryi.(u) <1 for every € > 0. Then, by applying Lemma 3.8, for every € > 0 there
exists a sequence {uf} C W1 *°(A) converging to u in L>®(A) s.t. F(u5) < A+e. Then F(u) < A +e
for every e > 0 which implies F(u) < \. Vice versa, assume that F(u) < X. Then there exists a sequence
(un)n € WH*(Q) such that u, — u weakly* and lim,, F(u,) = F(u). Fix ¢ > 0. Then there exists
ng € N such that F(u,) < A+ ¢ for every n > ng. By definition, this implies that Ryic(u,) < 1 for
every n > ng and, since Ry, is w* L.s.c., we obtain that Ryi.(u) < 1. From (4.40) it follows that F) is
a convex set. Finally, if F\ is empty, note that Fx.. # 0 for every € > 0 and from the first part of this
proof it follows that F) . is a convex set. Since

F\ = mF)\+s

e>0

then F)) is a convex set too. O

_ Proof of Theorem 2.9. 1)= 2). Without loss of generality, we can assume that ¢ = 1. Let
f:Q xRN — R be the function given by

fz, &) =inf {F(u,B,(x))| r>0, ueWh"°(Q)s.t. z €U, with Du(z) =¢ }. (4.41)
We show that f is a level convex Carathéodory supremand such that

(f(z,))' = f(z,) (4.42)

for a.e. z € Q. With this aim, first of all we show that for every 4 € A F(-,A) satisfies all the
assumptions of Proposition 3.3. In order to show that F' satisfies (3.20), we first show that F is locally
bounded. Namely,

VM >0, Fky >0 st. F(u,A) <ky VAEAVueWH®(A) st. |[Dullpeay <M.  (4.43)

In fact, let (un), C WH>(Q) be such that u, — 0 w.r.t. the weak* convergence and lim, F(u,,Q) =
F(0,9). From the coercivity assumption and the fact that ||u,|/c — 0,

limsup || Duy ||oo < limsup F(u,,, Q) = F(0,9Q) .

Therefore, for n large enough, we have || Duy || < F(0,€2) + 1. Let now M > 0 be fixed. Let A € A and
u € WH*°(Q) be such that || Dul|pe(ay < M. Define M" = F(0,Q) + 1+ M. Then

F(u, A) < limsup F(u + up, A) < limsup (F(un, A) + war (| Dul| = (a))) <k +wrr (M) .
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So we have proved that (4.43) holds with ky; = F(0,Q) + 1 + wa (M).
Now we show that for every M > 0 there exists a modulus of continuity w), such that for every A € A

[F(u, 4) = F(v, A)] < wn([|Du — Dol (1)) (4.44)

for every u,v € WH(A) s.t. |[Dul|p(a), ||Dv||peeay < M. Let M > 0 be fixed, A € A, u and v
be such that ||Dul|pe(ay, || Dv||pecay < M. Let (un), € WH*°(A) be some recovery sequence for u:
limsup,, F(u,, A) = F(u, A). Arguing as above we can prove that || Duy, | p(a)y < (F”(u, A) + 1) for n
large enough. Using (4.43), we deduce that ||Duy||pe(a)y < max{(kny + 1), [|ulloc + 1} < max{(kas +
1), M + 1} for n large enough. Then, fixed M’ = M'(M) = max{(kyp + 1), M + 1} + M, we have that

F(v,A) < limsup F(v + u, — u, A)
< limsup (F(tn, A) + wrse(Jo — ull g ar)

< Flu, A) + warr (o — ull poeay) -

Now we prove that F(u, A) > ||Du|p(a) for every A € A and for every u € W (A). Let A € A and
u € WH*°(A). Let (u,) be a recovery sequence for u in A: limsup,, F,(u,, A) = F(u, A). Then, from the
coercivity assumption on F' and the lower semicontinuity of the L°° norm of the gradient with respect to
the uniform convergence, we have

| Dl oo (ay < Hminf | Dug || poe 4y < limsup Fy (up, A) = F(u,A) .
n n

Now let us choose a countable base (A )nen of open subsets of 2. By applying Proposition 3.3 to the
functional F(-, A,)) we obtain that for every n € N the function ¢, : A, x  — R defined by

on(2,8) :=inf {F(-,A,) | uweW'>®(A4,)st. x €, with Du(z) =¢ }
is a Carathéodory supremand such that

ess sup ¢y, (z, Du) > F(-, A,) (4.45)

n

for any u € WH>(A4,).
Since

f(z, &) =inf{pn(z,8) : z€ A,}

we have that f is a Borel function.
Moreover, by applying Proposition 3.3, for any M > 0 there exists some modulus of continuity w,
(independent on n thanks to (4.44)) such that

|on(@,€) = @n(z, )| < wir(I€ —nl)
for a.e. x € A, and for every &, 1 € By/(0) and for every n € N. This implies that
[F(2,€) = f(z,m)] < wiy (1€ —nl)

for a.e. x € Q and for every &, € By(0). Therefore f is a Carathéodory supremand satisfying (2.16)
and (2.15). Now it is easy to show that there exists a negligible set N such that

Ff=(Hon (Q\N)xR"

and therefore that B ~
ess sup f(z, Du) = ess sup(f)'(z, Du).
A A

In fact, by the definition of f and f , we have that f < f . If we show that f is a level convex function
then f < (f)!. Fixx € Q, &,n € RY and A € (0,1). By the definition of f there exists B,(x),
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U, v € WH(Q), differentiable at x such that Duc(z) = &, Dv.(z) = n and f(2,£) > F(ue, B.(z)) — ¢
and f(x,n) > F(ve, Br(z)) — €. Thanks to Theorem 2.7 F'(-, B,(z)) is a level convex functional. Then

F@, A+ (1=N)n) < F(ue+(1=Nve, Br(2)) < F(ue, B (2))VF(ve, By (2)) < (f(2,6) )V (f(2,n) —e).

Letting ¢ — 0 we obtain the thesis. Vice versa, thanks to Theorem 3.4, we have that F(u,A) =
esssup 4 f(x, Du). Since the functional H (u, A) = ess sup 4(f)!(z, Du) is w* lower semicontinuous and

ess sup(f)'(x, Du) < ess sup f(x, Du) = F(u, A)
A A

we have that ~ o
ess sup(f)“(z, Du) < F(u, A). (4.46)
A

Therefore if we define

h(z,§) := inf {css sup(f)(z, Du) | r >0, uc Wh°(Q) s.t. = € U, with Du(z) = ¢ } (4.47)
B, (x)

we deduce that h < F. Moreover by Theorem 3.4 there exists a negligible set N such that
h>(f)on (Q\N) xRV,

Therefore ~
F>(H)on (Q2\N) xRN,

In particular if I satisfies also the property of countable supremality, by applying Theorem 3.1 we
have that o B
F(u,A) = esssup f(z, Du)
A

for every A € A and for every u € W1>°(A) and therefore
F(u, A) = ess sup f°(z, Du(z))
A

for every A € A and for every u € W1>°(A).
2)= 1)It is trivial. O

Proof of Theorem 2.10. By Theorem 4.4.1 and Remark 4.4.5 in [5], we have that
1/p

Pyt d) = ( [ (7)o Duta)) e )

for every A € A and for every u € W>°(A). Since (f?)** < (f*)? (thanks to (3.31)), it holds that

lim sup ', (u, A) = limsup (A(fp)**(x,Du(x))>1/p

p— 00 p—00

< limsup (A(flc)p(vau(l‘))) " = esssup [*“(z, Du(x))

pP—00 A

for every A € A and for every u € W1>°(A).
On the other hand, thanks to Theorem 3.10, we have that

1/p
ess sup f°(z, Du(z)) < lim inf </ (fP)** (x, Du(x))) = liminf F,(u, A)
A A

p—00 p—00

for every A € A and for every u € WH>(A). O

20



Proof of Corollary 2.11. Thanks to part (iv) of Theorem 3.4, we have that for every u € W>(Q)

Bl = </Q e, Du(x))dw> " = (/Q f(x, Du(m))dm) v

Then the thesis follows by applying Theorems 2.6 and 2.10. O
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