WEIGHTED ENERGY-DISSIPATION FUNCTIONALS
FOR GRADIENT FLOWS

ALEXANDER MIELKE AND ULISSE STEFANELLI

ABSTRACT. We investigate a global-in-time variational approach to abstract evolution by means
of the weighted energy-dissipation functionals proposed by MIELKE & ORTIzZ [MOO0S8]. In par-
ticular, we focus on gradient flows in Hilbert spaces. The main result is the convergence of
minimizers and approximate minimizers of these functionals to the unique solution of the gradi-
ent flow. Sharp convergence rates are provided and the convergence analysis is combined with
time-discretization. Applications of the theory to various classes of parabolic PDE problems are
presented. In particular, we focus on two examples of microstructure evolution from [COO08].

1. INTRODUCTION

Assume we are given a real Hilbert space H with scalar product (-,-) and corresponding norm
| - |. Moreover, let the functional ¢ : H — (—00, 0] be proper, lower semicontinuous, bounded
from below, and A-convex for some A € R, i.e., u — é(u) — (A/2)|ul? is convex. Finally, let
f € L*0,T;H), and ug € D(¢p) = {u € H : ¢(u) < oo}. This note is concerned with the
classical gradient flow

u' +0¢(u) > f ae in (0,7), u(0)= up. (1.1)

Gradient flows can be regarded as the paradigm of dissipative evolution. They arise almost
ubiquitously in connection with applications and have hence attracted a constant attention dur-
ing the last four decades starting from the fundamental work by KOMURA [Kom67], CRANDALL-
PAzy[CP69], and BREZIS [Bre71, Bre73b]. It is beyond our purposes to even attempt to review
the huge existing literature on gradient flows. Let us however mention that, even restricting to
the present quite classical setting [Bre73b], relation (1.1) stems in a variety of different applica-
tions such as heat conduction, the Stefan problem, the Hele-Shaw cell, porous media, parabolic
variational inequalities, some classes of ODEs with obstacles, degenerate parabolic PDEs, and
the mean curvature flow for Cartesian graphs, among many others [NSV00], see Section 7 below.
More recently, following the pioneering work by OTTO [Ott01], an even larger class of PDE prob-
lems have been translated into gradient flows by resorting to probability spaces endowed with
the Wasserstein metric. The reader is referred to the recent monograph by AMBROSIO, GIGLI,
& SAVARE [AGSO05] for a collection of results (let us however stress that the metric theory is
beyond the reach of the analysis presented here).

The general gradient-flow theory, although quite developed, is however not yet providing a
sound description of the evolution of nonlinear systems that develop evolving microstructures.
For these systems, the energy ¢ is generally not lower semicontinuous and equilibrium states
which minimize ¢ do not exist. At the stationary level, a classical solution to this obstruction
is the relazation of the functional ¢. Namely, one changes ¢ with its lower semicontinuous en-
velope sc” ¢ and interprets the respective minimization as an effective or macroscopic problem.
In the evolution case, the natural idea would be to introduce a functional on entire trajectories
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whose minimizers solve the gradient flow (1.1) and consider its relaxation. Moving from these
considerations MIELKE & ORTIZ [MOO0S8| introduced a variational reformulation of evolution
problems as (limits of) minimizers of a class of global-in-time functionals. These functionals
feature the sum of the (scaled) energy and the dissipation, integrated in time via an exponen-
tially decaying weight. The resulting so-called weighted energy-dissipation (WED) functionals
I.: HY(0,T; H) — (—o00, 00] read, in the case of the gradient flow (1.1), as

Lo = [ Contre (3107 + (0000 - (7.07) ) . (12)

We will check in Subsection 2.4 that, for all € small, the functional I, admits a unique minimizer
in the closed convex set K (ug:) = {v € H*(0,T;H) : v(0) = ug.} where ug. is a suitable
approximation of ug (see below).

The WED functional approach has been originally applied in [MOO08] to the description of
rate-independent evolution, which, roughly speaking, corresponds to replacing 2 by 1 in (1.2).
Later on, the analysis of the rate-independent case has been extended and adapted to time-
discretizations in [MSO08].

As for the gradient flow situation, a discussion on a linear case is contained in [MOO08] together
with a first example of relaxation. More recently, two additional examples of relaxation related
with micro-structure evolution have been provided by CoNTI & ORTIZ [CO08], see Section 7.
In the above-mentioned papers, the problem of proving the convergence u. — u is left open.
This question is solved here and our main result reads as follows.

Theorem 1.1 (Convergence). u. — u uniformly in H.

In the easiest possible setting, namely the scalar and linear case of
H=R, ¢(u)=-u?/2, f=0, ug=1, T =1, (1.3)
the convergence result of Theorem 1.1 is illustrated in Figure 1.

Besides the stated uniform convergence, much more is true for we are in the position of
providing a quantitative statement, even in finer topologies (see Subsection 5.1 below). Moreover,
the assumptions on ug can be substantially weakened (Subsection 5.2) and we obtain some novel
regularity results as a by-product (Subsection 5.3). Furthermore, the convergence analysis can be
extended to the case of sequences of approximate minimizers (Subsection 5.6) and combined with
time-discretization (Section 6). Finally, some application of the abstract theory to a collection
of examples of linear and nonlinear parabolic problems is provided in Section 7.

An important step toward the proof of Theorem 1.1 is the analysis of the Euler system for I,
in K(ug:). In particular, we prove that the minimizer u. fulfills

—eu +u' +0¢(u) > f ae. in (0,7T), (1.4a)
u(O) = UQg, (1'4b)
W' (T) = 0. (1.4c)

Namely, to minimize I, is equivalent to perform an elliptic-in-time regularization of the gradient
flow (1.1). We shall stress that, at all levels € > 0, causality is lost. Consequently, the conver-
gence for ¢ — 0 is generally referred to as the causal limit of (1.4). As the problem above is
second order in time, an extra boundary condition (1.4c) at the final point T is needed and our
choice for a homogeneous Neumann condition is motivated by simplicity. Other choices may be
considered and a specific alternative, originally proposed in [MOO08], is commented in Subsection
5.7.

Before moving on, let us recall that the idea of taking the causal limit in an elliptic-in-time
regularization of a parabolic problem is not new. In the linear case, some results can be found
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Figure 1: Convergence in the special case (1.3). As ¢ — 0, the minimizers of I. (dashed lines)
approach the solution of the gradient flow (solid line). Note that minimizers fulfill the artificial
homogeneous Neumann boundary condition at 7" (see (1.4c)).

in the classical monograph by LIONS & MAGENES [LM72]. As for the nonlinear case, this
procedure has been followed by ILMANEN [Ilm94] for proving existence and partial regularity of
the so-called Brakke mean curvature flow of varifolds. In [Gio96, Sect. 4] a conjecture suggests
the weighted functional

1
U e7t/e [|utt|2 + = (|Vu|2 + u%)] dz dt
Qx(0,00) €

as elliptic regularization for studying the wave equation wy = Au — ku?*~1.

Besides the WED functional approach here considered, a number of different variational
principles have been proposed for characterizing entire trajectories of evolution systems. In
the linear realm, we shall mention B10T’s work on irreversible Thermodynamics [Bio55] and
GURTIN’s principle for viscoelasticity and elastodynamics [Gur63, Gur64a, Gur64b] among many
others (see also the survey by HLAVACEK [Hla69]). In the nonlinear setting, a crucial result is the
BRrEz1s, EKELAND, & NAYROLES principle [BE76a, BE76b, Nay76a, Nay76b] which specifically
focuses on the case of conver functionals ¢. The literature on this principle is vast and the
reader is referred to the recent monograph by GHOUSSOUB [GhoO8] and the papers [Ste08a,
Ste08c, Ste08b, Vis08| for additional information. Apart from the convex case, we shall record
the variational principle from DE GIORGI, MARINO, & TOSQUES which actually paved the way
to the analysis of gradient flow evolution in metric spaces (see [AGS05, MST89, RMS08, RSS08],
for instance). Finally, we mention VISINTIN [Vis01], where generalized solutions are obtained as
minimal elements of a certain partial-order relation on the trajectories.

2. PRELIMINARIES

We shall collect here some notation, general assumptions, and a selection of classical results
on A-convex functions and the corresponding gradient flows.



4 ALEXANDER MIELKE AND ULISSE STEFANELLI

2.1. Convexity and A-convexity. Throughout the paper H is a real Hilbert space with scalar
product (+,-) and norm | - |. Given the functional ¢ : H — (—o0,00] with effective domain
D(¢) ={u e H : ¢(u) < oo}, we recall that its Fréchet subdifferential ¢ : H — 2 is defined
as

ve o) iff ue D) and liminf 2= ‘b‘(“) - (’”’w —u)

w—u w—u

We denote by D(9¢) the corresponding domain D(9¢) = {u € H : d¢(u) # 0}. The functional
¢ is said to be proper if D(¢) # () and A-convez for some given \ € R, if

> 0.

A
v = Y(v) =d(v) — 5[1}]2 is convex.
Equivalently, ¢ is A-convex if and only if
A
o(ru+ (1 —r)v) <ro(u) + (1 —r)p(v) — 57“(1 —u—vf* Yu,veH 0<r<l1.

Let us explicitly remark that D(y) = D(¢), D(0¢) = D(9¢), and d¢p(v) = 0y(v) + Av for all
v € D(9¢). In particular, the set d¢(v) turns out to be convex and closed. Hence, it possesses
a unique element of minimal norm which we indicate by (9¢(u))°.

A crucial tool in Convex Analysis is the Moreau- Yosida approximation s : H — R of the
proper, convex, and lower semicontinuous function ¢ : H — (—o00, 00| given, for all § > 0, by

s(u) = inf (’” —uf” +¢(v)> Vu € H.

veH 20

Recall that 15 € C1(H) and that one has [Bre73b]
[Des(u)| < [(0(u))°] and  Deps(u) — (9¢(u))® Yu € D(I)). (2.1)

For any proper functional ¢ : H — (—o00, 00| we denote by sc”¢ the corresponding lower
semicontinuous envelope or relaxation, classically defined by

sc¢” ¢(u) = inf { lign inf ¢(ug), up — u strongly in H}
—00

2.2. Function spaces. Standard notation for spaces of vector-valued functions as LP(0,7; H),
C([0,T); H), WhP(0,T; H), and H*(0,T; H) will be used throughout, cf. [LM72]. Moreover, we
will consider the following characterizations of Besov spaces [BL76, Thm. 6.2.4, p. 142]
Bs(0,T;H) = (LP(0,T; H),W"P(0,T;H))sqy 0<s<1, 1<p,q< o,
BI;‘Z,(O,T;H) = (B;q(O,T;H))' 0<s<l1l, 1<pg< o

where p’ and ¢’ are conjugate to p and g, respectively; and (X,Y’),, denotes L? interpolation.
Let us recall the identifications [Tri95, Rem. 4, p. 179], for all 0 < s < 1,

HS(OaT; H) = BSQ(OaTa H)a
C*([0,T]; H) = (L(0, T H), W (0, T H)) 5,00,
where the latter is the space of Holder continuous functions endowed with the norm

u(t) = u(r)]

lulles oy = llulleqo.ymy + P P
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2.3. General assumptions and well-posedness for (1.1). Unless otherwise stated, through-
out this analysis we shall assume the following

¢ : H — (—o00,00] is proper, lower semicontinuous, bounded from below

and u — ¥(u) = ¢(u) — %\u!z is convex, (2.2a)
feL*0,T;H), (2.2b)
ug € D(9). (2.2¢)

Note that the lower-bound request for ¢ can be weakened and is here chosen for the sake of
simplicity only. As for the A-convexity assumption, note that any C'™! perturbation of a convex
function turns out to be A-convex (but see (5.6) below).

We assume from the very beginning that

miny = (0) = 0.
This can be achieved without loss of generality simply by replacing ¢ (and hence ¢), f, and ug,
by
TZ)(U) :ﬂ)(u+v) - (77,“) —¢(U), f:if—ﬁ, ﬂO in_fU
for some fixed v € D(0vy) with n € 9¢(v).

Let us recall that, the well-posedness of the gradient flow (1.1) follows from the classical
theory of [Kom67, CP69, Bre71, Bre73b] (see also [AGS05]). Indeed, the assumption uy € D(¢)
(0,T;H) of (1.1)

can be weakened to ug € D(0¢). In this case as well, a strong solution u € Hﬁm
uniquely exists.

2.4. Well-posedness for the minimum problem. In the convex case
AT =max{0,-A} =0

assumptions (2.2a)-(2.2b) guarantee that I. admits a (unique) minimizer in K(wg) for any
wo € H. As for the general A-convex case, existence and uniqueness of minimizers follow by
letting € be small enough. More precisely, we have the following.

Proposition 2.1 (Well-posedness for the minimum problem). Let ¢ : H — (—o0,00] be
A-convez, f € L*(0,T;H), and wo € H. Letting € be small enough, the functional I. is
ke-conver in K (wg) with respect to the metric of HY(0,T; H) for

ke = e2e7 /e, (2.3)
In particular, I. is uniformly convez in K (wyp).

Additionally, if ¢ is lower semicontinuous, then I. admits a unique minimizer in K(wq).

Proof. Let us start by decomposing I. into the sum of a quadratic part ). and a convex re-
mainder R, as follows.

rt = ([ e (e =) )+ ([ Lo oo - )

= Qc(u) + Re(u). (2.4)
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In order to handle Q., we will exploit the auxiliary function v(t) = e~/ (2)u(t). As we readily
have that

1
—t/(2e),,/ —
e u'(t) =o' (t) + 22Y

(t), (2.5)

the value Q(u) can be rewritten in terms of v as

T _
Q.0 [ <3|v'|2 lwo+ ﬂw)

2 2¢ 82
T _
Lo, L—4eA™ L1y 2 1 2
= - —_ — )% — —]u(0
[ (GIP+ 2l ) + e DR - (o)
. 1 1
= Ve(v) + e TEu(T)? - 1O (2.6)
Moreover, by possibly letting € be small, standard computations lead to
efT/e”uH%%o,T;H) < ”U”%Q(O,T;H) < HUH%Q(O,T;Hy (2.7)
8Ze_T/EHu”%{l(o,T;H) < ”U”?ql(o,T;H) < 8_2Hu|ﬁq1(o,T;H)- (2.8)

Let now 6 € [0,1] and uy, us € K(wp) be given. Moreover, define v;(t) = e~ */?u,(t) for
i =1,2. Arguing as in (2.6), for all € small enough one deduces that

Q€ (9u1 + (1 — H)UQ)

1 1
= Ve(Ovr + (1 = 0)vz) + 4—6€7T/€|QU1(T) + (1= 0)us(T)|* ~ 4—€|ﬂ)o|2
o(1—0) [T 1—4eA™
< 0% + (= 0)Viow) — P [ (1 = 4 - )
0 £
4 —T/e 2 1-0 —T/e 2 1 2
T 2° lur ()" + e ° |u2(T)|" - E'w(]'

— T J— -
= 0Q.(ur) + (1= 0)Qu() ~ “ 5 [ (10h — P+ 2 el

0(1 -6
< 0Q:(ur) + (1 — 0)Q=(u2) — (T)Hvl — a3 .11

By exploiting the first estimate in (2.8), we have proved that Q. is k.-convex in K (wg) with
respect to the metric of H'(0,T; H). As I. = Q. + R. and R. is convex, the s.-convexity of I.
follows as well.

Once the uniform convexity of I. in K (wy) is established, the existence of a unique minimizer
is a consequence of the Direct Method whenever lower semicontinuity is assumed. U

The proof of Proposition 2.1 entails the existence of €* > 0, possibly depending on A~ only,
such that, for all ¢ € (0,£*), the functional I. has a unique minimizer in K (wp). This can be
seen as a manifestation of the fact that, for small €, we are close to the (causal) initial-value
problem, where we can expect existence and uniqueness. In the following, the parameter ¢ will
be assumed to fulfill € € (0,&*) throughout.

Note that, for large values of the parameter ¢, existence of minimizers may fail. Let us give
an example for this fact. In order to keep the presentation simple, we shall consider a scalar
example, i.e. H =R, by dropping the lower boundedness assumption on ¢. We consider

d(u)=——, f=0, wy=0.
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By fixing ¢ = 1, for simplicity, the corresponding WED functional reads

o [ (53

and we readily check that I is 2-homogeneous, namely I (au) = oI (u).

Let us firstly prove that inf I; = —oco in K(0), in particular no global minimizer exists. To
this aim it suffices to consider v(t) = e%/? — 1 and compute
T 1
Lv)=-¢+ Z(e—T 1)+ (1-eT7?

so that, for T suitably large, I1(v) < 0. Then, by homogeneity, we have that I1(av) — —oo as
o — 0.

We now turn our attention to local minimizers. The Euler equation for I; is

" ’ u
— + ——=0
u u 9

which, letting u(0) = 0, is solved by uq(t) = ac?/?sin(t/2) for all a € R.

If T # (3/2 4 2k)7, no choice of o # 0 fulfills «/,(T') = 0. Namely, u, is not a local minimizer
for a« # 0. Moreover, the trajectory dv (with v as above and § > 0 small) is an admissible
perturbation of the trivial solution and I (dv) = 62I1(v) < 0 = I1(0). Namely, u = 0 is not a
local minimizer either.

If T'= (3/2 + 2k)m, all @ € R give rise to a solution of the Euler system and one has that
I (uq) = 0. Still, exactly as for u = 0 (see above), the functions u, are not local minimizers as

r 1
I (g + adv) = o*I1 (ug + ov) = o? (Il(ul) + 6211 (v) + 5/ e’ <u'v' - §uv>>
0

25 T
= a?5’I(v) + %6/ (e7H2 — 1)sin(t/2) < 26211 (v) < 0 = I (ug)
0

and u, + adv is a strict competitor of u,, for & small.
Uniqueness of minimizers directly follows by uniform convexity if ¢ is convex or ¢ is small

(see above). In the general \-convex case a uniqueness result for large ¢ is however not to be
expected. Indeed, by letting

2
U
¢(u) = IB(U) - Za f = 07 wo = 07
where Ip is the indicator function of the interval B = [—eT/ 2 T/ 2], as the trajectory v is such

that I;(v) < 0 (for T large) and the functional is even, we have that I; has two symmetric
minimizers (global).

2.5. Approximation of the initial datum. As we have already mentioned in the Introduc-
tion, the initial datum wug of the gradient flow (1.1) is approximated here by a sequence wq.
and the minimization of I. will take place in K(ugp:). Following BREZIS [Bré73a] (see also
[BS94, Bre75]), we introduce the interpolation sets D, , C H for 0 <r <1,1<p < oo as

D, ={ue DY) : e —e "|lu—Ju|l e Ll(0,1)}

where J. = (id + €9¢y)~! is the standard resolvent operator and L£(0,1) is the LP space
endowed with the Haar measure de/e. We will use the equivalence [Bré73a, Thm. 2]
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Je e [0,1] —wv(e) : veE I/Vlicl(O, 1],
up € Dy, iff continuous in [0, 1], v(0) = ug, v(e) € D(0v) a.e., and
) )

= (0w(w(E))° |+ (e)]) € LE(0, 1),

As we have that ug € D(¢) = D(¢)) = Dy and Dyjp5 C Dyjg o [Bre75, Thm. 6], we fix
from the very beginning the sequence ug. = v(e) — ug in H in such a way that

e ug — uoe| + £'21(9¢(uoe))°| < co, (2.9)

for some fixed ¢y > 0 (recall that (0¢(u))® = (0¢(u))° + Au). Note that the first term in the

left-hand side above is under control as

< [ Wonae < ([ (ore2ie)”
|uo — oe| < ; [V'(e)|de <€ ; (I (e)le’®)"—

< 81/2”6 = 61/2”(€)HL3(0,1)-

In particular, we will use the fact that

d(uoe) = ¢(uo) + (9 (uoe))®, uoe — o) < pluo) + ¢f. (2.10)

Note that, as we shall comment below, in case ug € D(9¢) no approximation wug. is actually
needed and the minimization of I, could be considered in the fixed K (ug) as well. A concrete
example of sets D,.,, is provided in Subsection 7.1.

2.6. Time-discretization. In the following, we shall also be considering the classical time-
discretization of the gradient flow (1.1) by means of the so-called implicit Euler scheme which,
given n € N and the constant time-step 7 = T'/n, consists in the system

7 i—1

u’ =wup and A Op(u') > f1 for i=1,...,n. (2.11)

T
Whenever a suitable approximation (f!,..., f*) € H" of f is given, the latter system turns out
to admit a unique solution (u®,u,...,u") € H"! for 7 small. In fact, (2.11) is equivalent to

the successive minimization problems
0 ) |u —ut 1|2 ) ‘
u =wuy and u' = Argmin <7 + o(u) — (fl,u)> for i=1,...,n, (2.12)
ueH 27
where all of the functionals above are uniformly convex (for small 7) and lower semicontinous.
Given any vector (v0,...,v") € V"1 (V = H, R), we will denote by v, : (0,7] — V and
+:[0,T] — V the corresponding backward piecewise constant and piecewise affine interpolants
on the time-partition. Namely, we have
T (t) =0, v (0) =12, vr(t) = a;(t)v' + (1 — ay(t))v' !
for t e ((i — 1)r,it], i=1,...,n,
where ;(t) = (t — (i —1)7)/7, for i = 1,...,n. Finally, we will also set vt = (vt — v 1) /7, so
that, in particular, dv, = v.. A basic convergence result for (2.11) is combined with the error
analysis by AMBROSIO, GIGLI, & SAVARE [AGS05] (see also [NSV00]) in the following,.
Lemma 2.2 (Convergence of time-discretizations). Let (f1,..., f*) be such that f. — f strongly
in L2(0,T; H) and (u?,...,u") solve (2.11). Thenu, — u strongly in H'(0,T; H) where u solves
(1.1).
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By letting f =0 and 7 small enough (in particular A\t > —1), we have that

1+ A
(= u) (O] < erv/Fdlu)e ™t where A, = In ( - ) (2.13)
T
where ¢ depends solely on A. Moreover, if ug € D(0¢) we also have
(= ur) ()] < ear|(D(ug))° e (2.14)

where ¢y depends solely on \.

Note that the factor e~ * in (2.13)-(2.14) essentially plays the role of the exponential e 2.
In particular, if A > 0 the error constant decays whereas if A < 0 it deteriorates exponentially
with time. Although we restrict here to the error control for f = 0 for the sake of simplicity, the
non-homogeneous case can be considered as well. The reader is referred to [NSV00] for some
results in this direction.

3. EULER EQUATION

As already mentioned in the Introduction, our analysis relies on the specific structure of the
Euler equation for I, namely its linearity with respect to the time-derivatives. The aim of this
section is to provide some detail on the Euler system and we shall start form the following.

Theorem 3.1 (Euler equation). Let u. minimize I. in K(ug:). Then, u. € H*(0,T;H) and
there exists a function & € L?(0,T; H) such that

—eu! +ul+& =f ae in (0,7), (3.1)
u2(0) = .. (32)
ul(T) = 0, (3.3)

(3.4)

& € 0p(u:) a.e. in (0,7T).

3.1. Analysis of a regularized convex problem. For the sake of proving Theorem 3.1, we
focus on a regularized problem first. Let 15 be the Yosida approximation of v at level § > 0.
We have the following.

Lemma 3.2. There exists a unique us € H*(0,T; H) such that

—eug +uy +Dys(us) = f a.e. in (0,7), (3:5)
U5(0) = UQe,
us(T) = 0.

Proof. By possibly redefining Dis as Dis(- + uge), we assume with no loss of generality that
uge = 0. Let V = {u € H'(0,T;H) : u(0) = 0} and denote by V' the corresponding dual. A
weak formulation of (3.5)-(3.7) is provided by the equation Au+ Bu = ¢, where A, B:V — V'
and ¢ € V' are given, for all v € V, by

(Au,v) = e/OT(u',v') + /OT(u',v),
T
(Bu,v) = /O (Db (1), ),

<e,v>£/0T< )
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where (-,-) denotes the duality pairing between V' and V. The linear operator A is coercive as
T 1
(Au,u) = 8/ [/|? + ilu(T)\Q Yu e V.
0

On the other hand, B is clearly monotone and continuous. Hence, A + B is maximal monotone
and coercive [Bar76, Cor. 1.1, p. 39]. Namely, Au + Bu = ¢ admits at least a solution u € V
[Bar76, Cor. 1.3, p. 48]. Finally, as A is strongly monotone, this solution is unique.

Equation Au + Bu = ¢ reads

T T
6/0 (u,v):/o (—u' —Dps(u) + f,v) Yo eV (3.8)

By choosing v € V such that v(T) = 0 we recover u € H%(0,T; H) and that relation (3.5)
holds. Hence, again from (3.8), by using the already established (3.5) one also has that
e( —/(T),v(T)) =0 for all v € V and (3.7) follows. O

The forthcoming discussion of Subsection 4.1 will in particular entail the validity of the
following estimate.

Lemma 3.3 (Estimate on us). Let us solve (3.5)-(3.7). Then

us| 20,1,y < € (3.9)

where ¢ > 0 depends on || f|| 120,71y, |uol, co, and & but not on 4.

3.2. Proof of Theorem 3.1. Let us assume with no loss of generality A = =A™ < 0, decompose
the functional I, into its convex and its non-convex part as I. = C. + N¢, and extend it to the
whole L?(0,T; H), namely, for v € L?(0,T; H), we let

T
C.(v) = /0 e t/E <%|v'|2 + é(w(v) - (f,v))) for v € K (upe) and oo otherwise,

. AT —t/e, |2
N:(v) = —— e )%,
2e 0
We shall now compute subdifferentials in the weighted space LQ(O,T,e_t/Edt;H). As N, is
clearly C', one has that

dI. = 0C. + DN, in L*(0,T,e"/°dt; H).

As the minimality of v implies that 0 € 9I.(u), what is now needed is a description of the set
0C:(u) as, clearly, DN.(u) = —A"u/e. We shall prove that 0C.(u) = A-(u) where the possibly
multivalued operator A. is defined on D(A.) = {v € H?(0,T; H) N K (ug.) : v'(T) = 0} as

1

Acw) = - ( — e+ + OV (u) — f>.

In the latter, the integral functional W, : L?(0,T; H) — (—o00, o0 is given by

T
e tE(u if t—(u 1
o] [ e e gl € B0

and the subdifferential OV, is again taken in L2(0,T, e */¢dt; H).
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Let us firstly check that A.(u) C C.(u). Let n € L?(0,T; H) such that n € 9V, (u), namely
n € 0¢(u) almost everywhere. For all w € K (up:) we compute that

T
l/ e*t/e(—su"—i—u'—i—n—f,w—u)
€ Jo

T T
Y T D AR
T 1 /T

_t/a(u w/_u/)+_/ e—t/a(n_f’,w_u)
0

g

1 T
/ —t/e ’wl‘Z N ’u/ N w/‘z o ‘ul‘Z) + g/0 e—t/s(g — fow— u)

OV (u)

I
|/\>6 DO | = \

1

3 [ e = )+ () - wew) < [t ()
= Ce(w) = Ce(uw).
In order to prove the converse inclusion 9C.(u) C A.(u) we shall check that the monotone
operator A. is mazimal [Bre73b], namely that, for all g € L%(0,T; H), the problem
(id + Ac)(us) 2 ¢

admits a (unique) solution u.. We proceed by regularization and passage to the limit. Let 15 be
the Yosida approximation of ¢ at level 6 > 0. Let now u; solve (3.5)-(3.7) with () replaced
by ¥s(-) +¢| - |?/2 and f replaced by f + 9. Namely, we have that

—euf +uf§ + Dips(us) +eus = f +eg ae. in (0,T) (3.10)

The bound (3.9) still holds, independently of § (but depending on g) and we can extract subse-
quences, without relabeling, in such a way that

us — u.  weakly in H*(0,T; H), (3.11)
Dips(us) — n.  weakly in L*(0,T; H), (3.12)

pass to the limit for § — 0 in (3.10) and (3.7), and get
—eu! +ul+n. +eue = f+eg ae in (0,7) (3.13)

and (3.3), respectively. As the initial condition (3.2) is clearly satisfied, one is left with the proof
of the inclusion (3.4). To this aim, let us test the regularized equation (3.10) by us and pass to
the limsup as § — 0. We obtain by lower semicontinuity that

6—0

T
1imsup/0 (Daps(us), us)

6—0

T T
—5/0 ’u5\2+/0 (f+€g7u5)>

r 112 / 1 2 1 2 r 2 T
< e el = e(u(0), uoe) = Slus (D) + Sluoel” —e | fuel"+ [ (f +eg,ue)
0 0 0
T
3.13
019 / (e e)-
0

T
. 1 1
= limsup ( - 6/ [up]* — £(u5(0), woe) — 5 lus(T)I* + 5 fuoe |
0
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The above lim sup estimate is sufficient for identifying the limit 7. [Bre73b, Prop. 2.5, p.27]. In
particular, we have proved that w. solves (id + A.)(u.) > g and the assertion of the Theorem
follows.

4. PROOF OF THEOREM 1.1

4.1. Key estimate. Given the minimizer u. of I. in K(ug.) we have checked that u. solves
(3.1)-(3.4). The proof of Theorem 1.1 consists in a direct control of the distance between u,. and
the solution u of the gradient flow (1.1). This check is performed in Subsection 4.2. The key
step in the computation is the validity of some estimates on u. which are independent of . Let
us state this crucial point in the following lemma.

Lemma 4.1 (Key estimate). Let u. minimize I. in K(ug:). For all & small there exists a
constant ¢ > 0 depending on || f||r2(0,1;m)s [uol, and co, but independent of € such that

1/2

€ HUIEIHL2(O,T;H) +e ”u;”LOO(O,T;H) + HU/EHLQ(O,T;H) + 1l 220,10y < € (4.1)

where & is defined in Theorem 3.1.
The full proof of this result will be achieved by means of a time-discretization technique and

is postponed to Subsection 6.5. Let us however provide here a simplified argument in case we
have

& € WLl(O,T; H) and &(0) = (9é(uoe))°. (4.2)

Note that the latter, being false in general, directly follows from u. € H?(0,T; H) as soon as ¢
is smooth, say ¢ € C11.

Henceforth the symbol ¢ will denote a positive constant, possibly varying from line to line
and depending on || f||z2(0,7;m), [uol, and ¢o but independent of e.

From equation (3.1) we clearly have that —eu” 4+ ul + &, is in L2(0,T; H). Our aim is now to
deduce separate bounds for the three terms above. We argue as follows

T T T
/ jeu|? + / an / &2
0 0 0
_ T i / 2 T /! / T / T i
= | — eu, —i—u€+£€| +2 (6u€,u€)—2 (u€,£€)+2 (6u€, c)
0 0 0 0
_ T|f|2 _|_2 T( 1 / 2 T / 2 T 1
= 6“@”5) - (us,gs) + (5u5, s)
0 0 0 0
T T
- /O P+ el (T)2 — e[l () — 26(ue(T)) + 26(uge) + 2 /O (e, &),

The last term above may be controlled by virtue of (4.2) as

T

T
2/0 (aua, 5) = —25(71/5(0)755(0)) _25/0 (uaafe)

T
< e[l (0)2 + <€ (0 — 227 / 2 (4.3)
0
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where we have used «/(T") = 0 and the A\-convexity of ¢. Hence, by collecting these computations

we have that
1 [T 142\ [T 1 (7
3 [l e R [ g [ 6P + o)
0 0 0

T
< o) + 5EOF +5 [ 1P < et el

where, in the last inequality, we have used (2.10). Now, by taking e small with respect to A in
such a way that
2eN” < 1/2, (4.4)

we conclude that
5””ZHL2(O,T;H) + HUIeHL?(o,T;H) + 1122010y < ¢+ c'2|(8(uoe))°). (4.5)

Classical interpolation between L?(0,T; H) and H*(0,T; H) (cf. [LM72, BL76] or equivalently
by Gagliardo-Nirenberg) we obtain

1/2 1/2
lucllcoqo.ry,m) < cHu;HL/?(O,T;H)Hu;Hh{l(O,T;H)
1/2 1/2
= oIl 2o,z + W5t oy 2 1 )
< o1+ 1(@0(uo))). (4.6)

so that (4.1) follows from (2.9).

Besides the regular case ¢ € C'b!, the above argument can be easily adapted to the situation
where ¢ is single-valued. This can be done my means of a nested approximation argument via
Moreau-Yosida approximations in (4.3).

4.2. Proof of Theorem 1.1. The strategy of this proof is elementary. We shall directly com-
pare the minimizer u. of I. and the unique solution u of the gradient flow (1.1). In particular,
take the difference between (1.1) and the Euler equation (3.1), test it on w. = u — u., and
integrate in time getting

/ P+ gl + [ (€~ &)

o — oel? + ¢ /0 (o wl) = el (8), wa (1)) + (. (0), uo — woe), (4.7)

where £ € 0¢(u) almost everywhere Using A-convexity we find
[ttt oo +a [ ek
2 2 12y L 2 g
= fuo — uocf’ +2 | (2 + L)+ 2ROF + e OF + SO,
Owing to Lemma 4.1 and applying Gronwall’s Lemma, we readily compute that
e [t e 1 2
5 |t gl
t
§C<|U0—u05|2+6 / |u’|2+e2|u;<t>|2+e2|u;<o>|2> < e, (4.8)
0

where now ¢ depends on A~ as well. The strong convergence u. — w in C([0,7]; H) follows.
Let us observe that, by inspecting the proof of Lemma 4.1, in case ug € D(0¢) one realizes that
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no approximation of the initial datum is actually needed and the convergence result holds for
minimizers of I, in K (ug) as well.

5. EXTENSIONS AND COMMENTS

5.1. Sharper statements. The proof of Theorem 1.1 can be made precise in two different
directions. Firstly, the convergence proof is quantitative for we have obtained an explicit con-
vergence rate. Secondly, we can exploit real interpolation in order to check convergence in some
finer topology as well.

Let us refer to [BL76] for notation and results on real interpolation between Banach spaces,
in particular for the definition of (C([0,T]; H), H'(0,T; H)),1 which is used in the following
result.

Theorem 5.1 (Sharper convergence result). For 0 < n < 1 we have that
lu— wellqo.mism, oz, . < e, (5.1)

where ¢ > 0 depends on || f | r2(0,7;m), |wol, co, T, A, and n, but not on e.

Proof. By interpolation we have that

1—
lu = well oy, m 0mim),, < el = vellomymle = vellnor.m

) e 0 e, (5.2)

and the result is established. O

Let us make concrete this discussion in the Hilbert scale H*(0,T; H). Recalling that
(C([0,T); H), H' (0,75 H))y1 C (L2(0,T5 H), H (0,75 H))p2
= B},(0,T; H) = H"(0,T; H),
we get the following.
Corollary 5.2 (Strong convergence in H?(0,T; H)). For 0 <n < 1 we have that
|w = vel| g o,y < cell=m/2 (5.3)

where ¢ > 0 depends on || f||z2(0,1:m)s [uol, co, T, A~, and n, but not on .

5.2. Weaker assumptions. The above results can be easily extended to the case when
Uy € Dy o for some 0<r <1 (5.4)

Let us ask for a sequence ug: € D(9¢) such that ug. — g strongly in H and (see (2.9))
e ug — uoe| + &' "[(8p(uoe))°| < co, (5.5)

for some ¢y > 0. The arguments leading to the key estimate (4.1) still holds (note that (2.10) is
fulfilled) and we deduce that

ellulll 2oy + €2 ULl oo o1y + Wl 200y + 1€l 2200y < €™/,

In particular, estimate (4.8) turns out to be

t t
€ 1
5/ il + e (B)]? §C<|Uo—u05|2+€/ |u’|2+62|u;(t)l2> < ce?,
0 0
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and uniform convergence holds for all » > 0. Of course, the convergence rates of Theorem 5.1
are to be modified as follows

llu — uell o,y ), 11 0150 < llu = tell o,y < "2,

Some concretization of this construction in the frame of linear parabolic PDEs is given in Sub-
section 7.1.

The A-convexity assumption on the functional can be relaxed to
X :[0,00) — R such that ¢ is A(r)-convex on {|u| < r} for all » > 0. (5.6)

This assumption includes the case of a C? functional which is not C1:1. Indeed, by testing (3.1)
by u. and taking the integral on (0,7), one has that

Eu' 2 Tu'2 U = o(u ! ul
S OF + [+ 6T = o) + [ (7).

In particular, a bound in H(0,T; H) for u., independent of ¢, follows and it suffices to fix
7 = sup, ; |ue(t)| in (5.6) and repeat the argument of Lemma 4.1 with A\ = \(r) fixed.

5.3. Regularity result. A regularity theory for the gradient flow (1.1) in the Holder scale
C*([0,T]; H) has been outlined by SAVARE in [Sav96] where he proves that

up € D(0¢) and f e By /2(0,T;H) = we C([0,T); H),

up € D(0¢) and f € BY2(0,T;H) = we Wh®(0,T; H).

Although classical nonlinear interpolation [Tar70, Tar72] does not directly apply to the present
situation, some intermediate regularity is expected. At level 1/2, we readily have that

Dyja9 = D(¢),
(By /(0,13 H), By, (0,T5 H))y jop = L2(0,T: H),
(C([0,T); H), Wh(0,T5 H))y jo.00 = C*/2([0,T]; H)
and nothing has to be proved for the intermediate regularity
up € D(¢) and fe L*(0,T;H) = wueCY?(0,T);H)
follows at once from H'(0,T; H) c CY2([0,T); H).

On the other hand, we are in the position of completing this regularity theory for weaker
assumptions on the initial data ug (but keeping f € L?(0,T; H) fixed). Indeed, we have that the
following regularity result, which is, to our knowledge, new even in the classical convex setting

for ¢.
Lemma 5.3 (Regularity).
Uy € Dyroo, fEL*0,T;H) = wueC([0,T);H).

The result follows easily from the fact that, in case ug € D, «, one has

glir”ua”wl’w(O,T;H) +e " lu = uelleo,rm) < o

as the latter entails in particular that

u e (C([0,T]; H), WH>(0,T; H))s 0o = C*([0,T); H).
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5.4. Sharpness of the convergence rates. Although specific situations (see below) exhibit a
stronger convergence rate, in general the above proved error bounds are sharp as the estimates
(recall (4.8))

lu — el e o.rpmy < ce/*F0 (5.7)

= uel g0y < € (5.8)
are false for all 6 > 0.
We shall prove this fact by contradicting the maximal regularity w € H'(0,7; H) via inter-
polation. In particular, assume (5.7). From (4.8) we have that, for all 0 <n < 1,

||u — U5‘|Cn/2([07T};H) < CHU — ue||(C([OyTLH),Cl/Q([O,T};H))n’oo
S CHU - uE||(C([OvTLH)yHl(O,T;H))ml S 66(1_7])(1/2+6)

Choosing 1 such that
1/2=(1-n)(1/2+9) (5.9)
and recalling (4.1) we get that
2 |luellwr.oo o,y + €2 lu = el g o1y < €
Hence, by interpolation we have that
1 1 1
u € (C"2([0,T); H), W0, H))1 /2,00 = C*([0,T]; H) for s = 3 g t51>3
On the other hand, as we surely have that, for any s > 1/2, there exist functions in H'(0,T; H)
which do not belong to C*(]0,T]; H), this clearly amounts to a contradiction.
A similar (easier) argument proves the sharpness in H!(0,T; H). Indeed, assume (5.8). Then,
estimate (4.1) ensures that
51/2HUEHWI’O°(O,T;H) +eu-— el (0,50 < €
Choosing the interpolation level 0 < 6 < 1 we obtain
we (HY0,T; H), W0, T; H))s 00
c (CY2([0,T); H), WH>(0,T; H))s.00
1-6 1446 1
_— >

— C7([0,T]: H) withr =6+ —2 =
C"([0,T]; H) withr =06+ 5 5 5

which again is contradicting the maximal regularity v € H'(0,T; H).

Note that the above proofs rely on the choice of a general datum f € L?(0,T; H) and a more
regular setting could give rise to better convergence rates. Let us stress that we do not presently
know if strong convergence holds in H'(0,T; H). On the other hand, we have just proved that
no rate in H(0,T; H) can be expected.

5.5. Special case of (1.3). In the specific situation of the scalar and linear case of (1.3), some

improved convergence rate of u. is available. In particular, one can explicitly prove that
2
(=) ()] =& (0D — et/ ) < =
e
so that a linear convergence rate is achieved in C([0,T]; H), see Figure 2.

Moreover, strong convergence in H'(0, 1) holds with rate 1/2 as we have that

1 2
lw — el o1y ~ Ve (@ + > .

(§
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Figure 2: The convergence rate in C[0, 7] in the special case (1.3). The solid line is the function
€ = max[g 7] |u — ue| and the dashed line is linear in ¢ (log-log scale).

5.6. Approximate minimizers, relaxation. The convergence result of Theorem 1.1 can be
extended to the case of qualified sequences of approximate minimizers of the functional I..

Theorem 5.4 (Convergence for approximate minimizers). Let v. € K (ugz) be such that

I.(v:) < i(nf I + a, . =o(e2e7 /%) as € — 0. (5.10)
K

UQe

Then ve — w in C([0,T]; H).

Note that the above statement can be generalized in the many directions commented above.
In particular, a convergence rate in C'([0,7]; H) can be derived and the requirement on c, can
be weakened in case ¢ is convex.

Proof. Let v fulfill (5.10) and € be small enough. Moreover, let u. denote the minimizer of I.
in K (ug:). By using the k.-convexity of I. from Proposition 2.1 we readily obtain that, for all
0 e€l0,1),

I(ue) < I (euz-: +(1— 9)1)5)

o(1 - 6)

< 0L (ue) + (1 —0)I(ve) — T’%Hue - Uz—:H?{l(O,T;H)‘

Dividing by 1 — 6 and taking § — 1 we get that

Re 2 .
— — <1 — I. < a..
e el < )~ i 7 <

As a. = o(k.) for ¢ — 0, we have checked that u. —v. — 0 in H*(0,T; H) and the assertion
follows from Theorem 1.1. O

The convergence result of Theorem 5.4 may be extended in the direction of relaxation. In
particular, sequences of approximate minimizers converge even if ¢ is not A\-convex nor lower
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semicontinuous, provided that sc™ I is itself a WED functional for a A-convex and lower semicon-
tinuous potential. This is the case, for instance, for the two relaxation examples of Subsections
7.5-7.6 below.

Corollary 5.5 (Convergence without convexity and lower semicontinuity). Assume that sc™ 1.
is a WED functional fulfilling (2.2a)-(2.2b). Moreover, let v. € K (uge) be such that

I.(v.) < inf I+ a, o = 0(€2e_T/5) as € — 0.
K (uoe

Then ve — w in C([0,T]; H).

Proof. Let u. be the unique minimizer of sc™I; in K (ug.). As we clearly have that

sc I (ve) < I.(ve) < Ki(nf I + . = sc I (u:) + e,

UQe

we are in the position of applying directly Theorem 5.4 to the functional sc™ I, and conclude. [

5.7. Another choice for the artificial boundary condition in 7. The choice of the homo-
geneous Neumann boundary condition in 7" for (1.4a) is just motivated by the sake of simplicity
and one may wonder if other possibilities would give rise to better convergence results. We shall
not discuss here this issue in full generality but rather consider the original setting by MIELKE
& ORTIZ [MOO08] where the functional I : H*(0,T; H) — (—o00, 00| given by

L(v) = /0 Tt (§|v’|2 +2 (o) - <f,v>)> dt + =7/ ($(u(T)) = (fr, (1))

for a given fr € H, are considered instead. The corresponding Euler system includes (1.4a)-
(1.4b) along with the boundary condition

' (T) + 0¢(u(T)) > fr. (5.11)

By choosing fr = f(T') for f regular, the above condition is enforcing, independently of ¢, the
attainment of the gradient flow equation (1.1) at the final time 7.

The results of this paper can be equivalently stated for minimizers v. of I. in K(ug.) and
the corresponding proofs just follow from the (sometimes technical) adaptation of the present
ones to that case. In particular, the convergence v. — u in C([0,T]; H) holds. The difference
in considering v. may be related to the fact that we impose no artificial constraint on the
first time-derivative in 7. On the other hand, by asking for (5.11) we are (formally) imposing
v!(T) = 0.

Despite the fact that the very same analytical results are available for the two different choices
of boundary conditions in 7' (and that the same sharpness of convergence rates can be checked,
see Subsection 5.4), the use of I, instead of I, could show some advantage in some situation. In
the very specific scalar and linear case of (1.3) an illustration of the uniform convergence of v,
is given in Figure 3. The plots in Figures 1 and 3 are produced by the same choices of . In
particular, it is evident that that the trajectory v, are closer to u than the former u.. Explicit

convergence rates can be easily computed for v, in the specific case of (1.3) from
4 2
‘(u _ Ug)(t)’ ~ 482 (e(t—l)/e—l _ e—l/e—t—l) < i7

e

2\/56

HU_UEHHl(O,l)N P

The comparison between the convergence rates for u. and v, are reported in Figures 4-5.
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Figure 3: The convergence result in the special case (1.3). As ¢ — 0, the minimizers of I.
(dashed lines) approach the solution of the gradient flow (solid line).
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Figure 4: The functions ¢ — |[[u — uc|cjo,mFigure 5: The functions ¢ — [ju — uc| 10,7
(solid) and & + |lu — v:[|cpo,7] (dashed) in a log-(solid) and & +— [lu — ve||g1(o,r) (dashed) in a
log scale. log-log scale.

5.8. Cauchy argument. An alternative strategy for the proof of Theorem 1.1 is that of directly
checking that u. is a Cauchy sequence in C([0,7]; H). By taking the difference between the
Euler equation (3.1) at level € and the same equation at level y, testing it on w = ue — u,, and
integrating in time one gets that

e Lol s (e — e
[ eGP + [ e - gow)
= o(/ (1) w(t) = (' (0).w(0) + 5O + =) [ (uw).
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Let us now exploit A-convexity and integrate by parts the last term in the above right-hand side
obtaining

Lo lw 2 tw2
[ S ) [
< e(w/(0), w(t)) — e(w'(0), w(0)) + 3w (O)
+ (e = W (0.1(0) = (€ = 1 0).w(0) = (e = ) [ ()

= SO + (G0l (1) = (1), 10(0) — (20L(0) = e (0).(0) = (e = ) [ ()

IN

1
w(0)]* + Z’w(t)\Q + el G oy, my + 1wl o, m

+ (e + )l ll 20,0 m 1w | 20,7 1)

where we have exploited Lemma 4.1. In particular, we have that

t 1 t
e [ R+ [ ol < cle + )
0 0

and the Cauchy character in C([0,T]; H) follows by Gronwall’s Lemma. Once u. is proved to
admit a strong limit u it is standard to check that indeed u solves (1.1).

The advantage of this argument with respect to the former proof of Theorem 1.1 is that it
does not rely on the well-posedness of the limiting gradient flow (1.1). This fact allows us to
state a modification of Theorem 1.1 as follows.

Proposition 5.6 (Convergence without lower semicontinuity). Let ¢ be proper, bounded below,
A-convex but not necessarily lower semicontinuous. Moreover let f € L*(0,T; H), ug € D(¢),
woe fulfill (2.9), and u. solve the Euler system (3.1)-(3.3). Then, u. — u strongly in C([0,T]; H)
and weakly in HY(0,T; H) where u is the only solution of the gradient flow

u' +00(u) > f ae in (0,T), u(0)= up, (5.12)
where O¢ is the strong x weak closure of O¢ in H x H, namely
0p(u) ={¢€ H : Iug, &) — (u,€) strongly x weakly in H x H and &, € 0p(ug)}.

Proof. As the compactness of the sequence u. in C([0,T]; H) (has well as its boundedness in
H'(0,T; H)) has been already established, owing to Lemma 4.1 and by passing to the limit in
(3.1) we get the assertion. O

For the sake of illustrating the above result, let us remark that
0p C O(sc™ ), (5.13)

the inclusion being strict. First of all, we have that 8_¢_: 0+ \id, where 0v is the corresponding
closure of 9 (note that 91 does not coincide with 0 as 1) may be not lower semicontinuous).

On the one hand, by exploiting the very definition of subdifferential and relaxation we readily
get that 9 C d(sc™ ). Indeed, let n € 91 (u). Then there exists (ug,nx) — (u,n) strongly x
weakly such that

(ks Wi — ug) < P(wg) — Y(ug) < P(wg) —sc™P(ug) Ywg € H.

Fix now w € H and choose wy — w to be such that ¥ (wg) — sc”¢(w). By passing to the
liminf in the above inequality we get that n € d(sc™v¥)(u).
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On the other hand, let H = R and ¢ be defined by

0 for u <0
plu)=4¢ 1 for u=20

oo  otherwise

so that we immediately compute the relaxation

s o) = {

The corresponding subdifferentials read

0 for v <0
oo  otherwise.

0 for u<0
0 otherwise,
0 for v <0
0 otherwise,
0 for ©w<0
[0,00) for u=0
0 otherwise.

In particular, the inclusion in (5.13) is strict.

Note that, from the one hand, Proposition 5.6 is more general than Theorem 1.1 as the lower
semicontinuity assumption on ¢ is dropped. This would in principle open the way to relaxation.
On the other hand, Proposition 5.6 directly assumes the existence of solutions to the Euler
system (3.1)-(3.3), a circumstance that we check for lower semicontinuous functionals only (see
Theorem 3.1).

6. TIME-DISCRETIZATION
The convergence result of Theorem 1.1 can be efficiently combined with time-discretization

which, in turn, provides a sound frame for the proof of Lemma 4.1 out of the regular case of

(4.2).

We start by recalling the notation for the constant time-step 7 = T'/n and introducing the
functional I., defined on discrete trajectories (v°,...,v") € H""! as

IET( ZP;TT

Here, the weights (pl,,...,pZ ) are given by

- PN (40 = (F1,01)).

i=1

1)—’01

i
i < :
= for 1=1,...,n. 6.1
o= () (6.1)
In particular, (pl ,...,p% ) is nothing but the solution of the constant time-step implicit Euler
discretization of the problem p’ + p/e = 0 with initial condition p(0) = 1. As this choice ensures
that, fori=1,...,n—1

)

ptr — Pt = —péil >0, (6.2)

and we have by Lemma 2.2 that p.,(t) — e */¢ uniformly as 7 — 0 for & > 0 fixed, the functional
I.- may be regarded as a quadrature of the time-continuous functional I..
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Before moving on, let us motivate our specific choice for the functional I... First of all, we
recall that the incremental minimization scheme of (2.12) in equivalent to

L) = (L) o <f“,u“>>

u—ut"

T T T

' 1
wW =wup and «'= Argmin | =
ueH 2

for i=1,...,n. (6.3)

Indeed, the latter is nothing but (2.12) where, at each level i, we have added the inconsequential
term —(p(u'™t) — (= u'"1)) /7. Here, the point fO € H is assumed to be given (its actual
value being irrelevant).

The latter minimization problems are usually solved sequentially. On the other hand, a direct
computation shows that

L%, ... 0"
= me (%
= o2 (000" = (70 + o (607 = (£°07)). (6.4)

Hence, the minimization of I, in K, (ug:) = {(v°,...,v") € H*"™ : ¥ = ug.} roughly
corresponds to collect all the minimization problems in (6.3) in a single constrained minimization
problem for the entire discrete trajectory (u’, ..., u™). This in particular motivates our reference
to the values pl_ as Pareto weights in analogy with the corresponding notion in multi-objective
optimization [Cla90]. More specifically, as pl. > p2. > --- > p for ¢ — 0, it turns out that,
by minimizing I, a much larger priority is accorded to the first minimum problem in (6.3) with
respect to the second, to the second with respect to the third, and so on. Hence, the limit ¢ — 0
again formally corresponds to causality restoring, see also [MSO08].

12

—1)

T T T

L) = () g <f“,v“>>

Exactly as in the time-continuous situation, in case ¢ is convex, the functional I, turns out
to be uniformly convex for all e. In particular, a unique minimizer of I, in K, (wy) exists for
all wg € H. The same holds true for general A\-convex functionals whenever ¢ and 7 are chosen
to be small enough. Indeed, we have the following.

Proposition 6.1 (Well-posedness of the discrete minimum problem). For ¢ and 7 small and
all wy € H, the functional 1., admits a unique minimizer in K (wq).

Proof. This argument is the discrete analogue of the proof of Proposition 2.1. In particular, we
start by decomposing I, into a quadratic part Q. and a convex remainder R., as

Lo ... u")
L I G L ol . o

- <Z TP = ok — w) v (Z@; 1) () - <faul>)>
i=1 i=1 i=1

= QaT(u07 coou') RET(UO, e ,u").

The result follows by checking that for small € and T, the functional Q. is umformly convex
on K, (wp). To this aim, for all (u°,...,u") € K(wg) let (v° v™) be defined as v* = /pL u'.
Then, we compute that (see (2.5))

: 1 1 1 S
Sult = 51) + s ( : ) = : <7"er51)2 + 7705@@>
Vit V Per Per T
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where 7., = \/¢/(e + 7). By observing that p._— pitl = pi (1 —7r2), the value Q. (u?, ..., u")
can hence be rewritten as
n
: L—re)? 50 2rer(1— .y
Qurl.o i) =3 (r;ww + Egeh iy 2l 2Tyt ) )

i=1

_Z | Z|2
1—7r2))A "7,
_ ZTT57|5 z|2 ( TET | n|2_|_z [ 7067 ( ZET)A :| |vz|2

rer(L—rer) (159 1 i ic12 1 2
L (j” ’ +§Z’U - —5\7110\ :
=1
As we readily check that

{(1 P (0 —gzm-} 1A

for all ¢ and 7 small (depending on A~ only), the functional Q. turns out to be uniformly
convex in K (wy). O

The main result of this section is the convergence of minimizers of the time-discrete functional
I+ to solutions of the gradient flow (1.1) as the time-step 7 and the causal parameter € go to
0. To this aim, we assume for the very beginning that f_ — f strongly in L?(0,T; H). This
convergence holds, for instance, if f._ is built on local means. We have the following.

Theorem 6.2 (Convergence + discretization). u.; — u in C([0,T]; H) as e+ 1 — 0.

6.1. Discrete Euler equation. The functional I, is the quadratic perturbation of a convex
functional. Hence, its Fréchet subdifferential is readily computed and, letting (ul,...,u”) be
the minimizer of I, in K, (uq.), from 0 € Ol (u?, ..., u") we have that there exist ! € d¢p(ul),
i=1,...,n—1, such that

OGZPW dut, 6’ +Z ptr = pet (€L = f10") V(0. 0") € K (0).

The first term in the above right-hand side reads (recall that v* = 0)

n—1

Zpﬁ (6ul,d0') = 3 (o, bul — P SuET o) 4 ol (G, o),
i=1

and, by using (6.2), we have that
pLrOul — pitsultt = (pl, — piEh)oul + pI (Sul — Sultt)
= Dot + gl (oul — oul*),

On the other hand, again form (6.2) we have that

1
T
3

n—1 n
> (ol = pEENE = Fi0') =

=1 7

pEH(EE = ).

1
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Hence, the minimizer (ul,...,u?) of I, in K, (ug.) fulfills the discrete Euler equation (see
(3.1)-(3.4))

i+1 i
oul™ — dul

el = for i=1,...,n—1, (6.5a)
T

ud = ug., (6.5b)

ul =0, (6.5¢)

e ecdpul) for i=1,...,n—1. (6.5d)

6.2. Key estimate at the discrete level. Our next aim is to reproduce at the discrete level
the key estimate (4.1). Note that the regularity in time in (4.2) is not needed here as integration
by parts is here replaced by summation.

Let us fix with no loss of generality €2 = (9¢(ug.))°. For the sake of notational simplicity, we

let vi = duit! fori =1,...,n — 1. The Euler equation (6.5a) ensures that
n—1 A ) n—1 A
D 7 |—edvi +oul +£T =D Tl f
i=1 i=1

and we shall now proceed to the proof of separate bounds on the three terms in the left-hand
side above. In particular, we have that

D= (2100EP + I3l + Je2P?)

n—1 n—1 n—1 n—1
= Z 7| — edvt 4 dul 4 €1 + 2¢ Z 7(0vt, dul) — 2 Z 7(Sul,€) + 2 Z (0t €1
i=1 =1 i=1 i=1

n—1 n—1 n—1 n—1
= Z 7| £ 4 2¢ Z T(0vt, dul) — 2 Z T(0ul, &) + 2 Z 7(0ve, €. (6.6)
i=1 i=1 i=1 i=1
We now aim at controlling the last three terms in the above right-hand side. We have that

n—1
2 Z (6vL,6ul) = —e|dull®* — ¢ Z [vt — vl (6.7)
i=1

Moreover, by exploiting A\-convexity, one computes that
n—1 n—1
—2 Z 7'(5%1::7 g;) =2 Z(ui_l - Uia S;)
i=1 i=1
A

n—1
. N Ao —
<27 (wlul™) = (ud) = Sl + Sl P = Sl -l P)
i=1

= 20(uge) — 2 (u” )\Z]u ul P
n—1
= 26 (uge) — 20(ul ") — AT > Tloul]’. (6.8)

i=1



WED FUNCTIONALS FOR GRADIENT FLOWS 25

Finally, again A-convexity ensures that

n—1 n—1
2e Z T((S’Ué’ gé) = _28(52’% ) 551) — 2 Z T((Su?w 55;)
= =2
n—1 '
< —2e(0ul, &0) — 2Xe > 7ldul[*. (6.9)
i=1

Now, taking into account (6.7)-(6.8), estimate (6.6) becomes

n—1
> (21002 + (14 A2e + 7)) 0l + [EEP?)
=1

DO | —

|<5u12 Zlv — v+ (ur ™)

lz ‘fz‘z 5”5755) +¢(u05) (6.10)

\V)

In particular, as soon as A~ (2e +7) < 1/2 (see (4.4)), we recall (2.9)-(2.10) and conclude that

n—1 n n—1
23 ol 4 Y rloul? + Y el <, (6.11)
i=1 i—1 i—1

where ¢ depends on || f||z2(0,7;m), |0, and co.

We now aim at reproducing estimate (4.6). Let for brevity 2! = dul = v:~1. Estimate (6.11)
yields that both Z., and ev’_ are bounded in L?(0,T — 7; H) independently of ¢ and 7. Let us
now handle the difference Z., — v., as follows.

(R Z / I @ (1= a2

n—1 i 2 n-l i+1 i|2
i T z — Z
_ (al( ))2 )‘ZZ-H ‘2:_ TlZe €
2 n—1
- —ZTWF —HUUHLZ(OT i) (6.12)

In particular, we have that
_ T, T
[verllL20,0-7;m) < ZerllL2(0,0-7m) + %HUETHLQ(O,T—T;H) <c (1 + g)
Hence, we have

1/2 1/2
lvoer oo z—rpizry < ellver | 550 —ruamy Ver It o 2o

(D) (0D )

=€ +61/2 +51/2+51/2 = ¢ +51/2+e : (6.13)

This bound is the discrete counterpart to (4.6) (recall (2.9)).
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6.3. Proof of Theorem 6.2. This argument is nothing but the discrete analogue of the proof
of Theorem 1.1. Let (u’,u!,... , u") solve the implicit Euler scheme (2.11) and (ul,ul, ... ul)
minimize I, locally in K, (ug.). Test (2.11) by w! = u’ — ul getting

(0u', wy) + Pp(u') + §|wé| < p(uy) + (fYwe) for i=1,...,n—1.
Test now (6.5a) by —w’ and obtain that

€ i i i i i i A i i
_;(5u€+1 - 6”5—:’ _we) + (5us’ _ws) + gb(ue) + §|we| S QS(U ) - (f ,U)E)

for i=1,...,n—1. (6.14)
Take the sum of the last two inequalities, multiply it by 7, and sum for ¢ = 1,...,m <n—1
getting
82(51@“ — dug,wy) + ZT(éwé,wé) + AZT!U}QQ <0. (6.15)
i=1 i=1 i=1

We easily handle the first term above by computing
m
€ Z(éuffl Sul,wl) = —¢ Z (6ul, dwl) 4+ e(Gu™ 1, w™) — e(0ul, w?).
Hence, (6.15) entails that
“ 1
: Zﬂmy? + b

]w0] + A7 ZT\wEIQ—i—aZ (6u', dwl) — e(Ou™ 1, w™) + e(dul, w?).
i=1 i=1

In particular, by letting 4\~7 < 1, as u. is bounded in L?(0,7T; H) independently of 7, we have
proved by the discrete Gronwall Lemma that

(W < c(e + e*|oultt 2 + £%[6ul?)

for some constant ¢ > 0 depending also on A~ but independent of € and 7. Recall now the
bound (6.13) and obtain that

-1/2\°
WP <ele4+e? 14+ V24— <cle +7).
£
Hence, we have checked that max;—i . ,—1 lwi| < c(e + 7). In fact, this bound can be extended
toi =mn as w? = w? !, In particular, we have proved that w., — 01in C([0,T]; H) as e +7 — 0.
Finally, the strong convergence u., — u in C([0,7T]; H) follows from Lemma 2.2.

More specifically, in case ¢ is lower semicontinuous and f = 0, by exploiting the error control
n (2.13)-(2.14), we have proved the joint convergence rates
1/2
1w — erll oo, < e +7)"%.
Note that, in this case, the sub-optimality of the rate 7/2 is already expected for the Euler
scheme (recall (2.13)). Namely, the present functional approach is not deteriorating convergence
with respect to the time-step size. Let us mention that the above joint convergence result can
be specialized for establishing quantitative convergence in interpolation spaces and allowing for
less-regular initial data in the spirit of Subsections 5.1 and 5.2.
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6.4. Limit 7 — 0 for ¢ > 0: convergence to the Euler equation. By letting A > 0 and
€ > 0 be fixed and passing to the limit in the time-step 7 we can prove the following.

Theorem 6.3 (7 — 0 for £ > 0). Let A >0 and (u?,...,u?), (&,...,€%71) solve (6.5). Then,
there exists non-relabeled subsequences such that ue, — u. weakly in H'(0,T;H) and ., — &
weakly in L?(0,T; H) where (ue, &) solves (3.1)-(3.4).

Sketch of the proof. Let (ul,&l) € HNHL x HN=! solve (6.5) and define vl = duit! for i =

£

1,...,n — 1. Our first aim is to pass to the limit in the discrete equations (6.5a), (6.5¢)-(6.5d)
written in the compact form

—evl, +ul,+&,=f., ae in (0,7 —7), (6.16)
ver (T —7) =0, (6.17)
€., €06(U.y) ae in (0,7 — 7). (6.18)

Owing to estimates (6.11)-(6.12) we find a pair (u.,&:) such that, by extracting not relabeled
subsequences (and possibly considering standard projections for ¢t > T — 1),

Uer — ue  weakly in H(0,T; H),
Ver — ul  weakly in H'(0,T; H),
&, — & weakly in L*(0,T; H).

The above convergences suffice for ensuring that equations (3.1)-(3.3) hold. Moreover, we have

T—1 _
timsup [ (€ m)
0

7—0
T—1 ) 1 ) 1 ) T—7
< limsgp < - 5/ ’u/er‘ — (v (0), upe) — §‘uaT(T —7)|]° + 5’”05’ +/ (ffryﬂafr)>
T— 0 0
4 2 1 2 1 2 T
< [P - e ©)une) — Gla@P + 5o+ [ (7o)
0 0

T
— / (& u), (6.19)
0

and the inclusion (3.4) follows again from the classical [Bre73b, Prop. 2.5, p. 27]. O

Note that the above proof can be adapted to the non-convex case A < 0 by additionally
requiring some compactness on the sublevels of ¢. Hence, the extracted sequences would fulfill
the strong convergence [Sim87, Cor. 4], namely

uer — ue  strongly in C([0,T]; H).
This convergence suffices in order to pass to the limit in
&r — NUer € OY(TUer) ace. in (0,7)
and get that
& — Mz € 0Y(ue) aee. in (0,7).

Namely, inclusion (3.4) holds.
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6.5. Proof of the key estimate. Let us finally come to the proof of Lemma 4.1. By reconsider-
ing the argument of Subsection 6.2 and Theorem 6.3 we readily have that, given g € L?(0,T; H),
the solution (ue,n.) € H*(0,T; H) x L*(0,T; H) of

—eul +u.+n.=g ae. in (0,7), (6.20)
0e(0) = uoe, (6.21)
ul(T) =0, (6.22)
Ne € OY(u:) ae. in (0,7) (6.23)

is the limit (the component u. being unique) of a discrete problem which in turn fulfills the
expected estimates. In particular, by passing to the limit we find that there exists a positive
constant ¢ > 0 depending on |g|2(o, 1), |tol, and cp such that

5”“ZHL2(O,T;H) + HUIeHL?(o,T;H) + mell20,m;m) < c (6.24)

Moreover, arguing exactly as in Subsection 4.1, we also have that
e'’? 1wl oo 0,0y < c. (6.25)
Take now u. to be the minimizer of I. on K(up:). Owing to Theorem 3.1 we have that,
indeed, u. solves (6.20)-(6.23) (along with the associated selection 1. = £ — Au.) with the datum
g replaced by f — Au.. Hence, in order to conclude for Lemma 4.1, what we are actually left to
prove is that the norm |uc||z2(0,7;z) is uniformly bounded in terms of data for all minimizers.

This is however a standard estimation argument. Test (3.1) by u. +au. (a > 0 to be determined
later) and integrate in time getting

T 1 T
THOP +E+a) [ 1P+ 5P =X [l + as(ue(T))

r 1
< —&(uL(0), uge) + /0 (f,ue + aul) + §]u05\2 + agp(uge). (6.26)

By taking « large enough (precisely, by taking a/A~ (for A\ # 0) strictly larger than the first
eigenvalue of the one-dimensional Laplacian in (0,7") with non-homogeneous Dirichlet and ho-
mogeneous Neumann conditions in 0 and 7', respectively) we conclude for

e ll g o,y < €

where now ¢ > 0 depends on |f|r2(0,7;m), [uol, co, and A7,

7. APPLICATIONS

7.1. Linear parabolic PDEs. Let the bounded Lipschitz domain €2 C R™ be given and f €
L*(Q x (0,7)) and vy € H*(Q) N H(Q). Then, the minimizers u. in K(ug) of the WED
functionals given by

T
_ 1 1 1
. /0 /Qe t/e <§uf + 2—€]Vu\2 - gfu> for we L*(0,T; H(Q))
00 otherwise

converge to the solution of the heat equation

ug—Au=f a.e in Qx(0,7) (7.1)
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supplemented with the initial condition and with homogeneous Dirichlet conditions (other
boundary conditions can be considered as well) in the following sense

_ < cel/? ]
tg%oaf;]ﬂu(t) ue(t)lr20) < e, (7.2)

lu = vell o rrogy) < e forall 0<n<1. (7.3)

Note that, given (7.2), convergence (7.3) is equivalent to

T T |[(u—u)(t) — (u— u)(s)]? 2
(/ / I o) ‘) ( &) (8)llz2(q) dtds) <eeM/2 0 forall 0< < 1.
0 Jo

t— s+

Analogous conclusions hold for more general initial data ug. Define ¢ to be the Dirichlet
integral
.1 .
ow =5 [ 1VuP, D)= Hy@).
We readily characterize the corresponding interpolation set D,5 for 0 < r < 1. Indeed, one
has that [Bre75, Thm. 2] uy € D, iff there exists ¢ — v(e) € H2(Q) N H(Q) such that
e — e Av(e) |2 € L2(0,1), and & — & "[Jug — v(e)|l2() € LF(0,1). This precisely
amounts to say that
H?"(Q) for 0<r<1/4
o € (L*(Q), H*(Q) NH(Q),, = Hyy ()  for r=1/4 (7.4)
HE™ () for 1/4<r<1

where Hj(€2), 1/2 < s <2 and Hol{)Q(Q) classically denote the spaces of functions whose trivial
extension to R™ belongs to H*(R™) and H/?(R™), respectively [LM72] (note that Hg(), 1/2 <
s < 2 is the closure in H*(Q2) of the space of compactly supported smooth functions whereas

Hol{)Z (€2) is not).

Choose now ug fulfilling (7.4) for some 0 < r < 1 and let € — up. € H*(2) N H () be such
that & — &' " ||luoe || 2 (q), € = € Juo — uoc || 12() € L2(0,1). Then, the unique minimizers . of
the WED functionals over K (uq.) fulfill

t) — t < ce”
s u(t) — ue(t) |2y < ce

and quantitative convergence in H"(0,T; L?(2)) holds as well. Obvious modifications lead to
the more general linear parabolic equation u; — div(AVu) = f where the bounded function
A Q — R™" takes symmetric and uniformly positive definite values.

Let now Q be C1! or convex, ug € H?(2) N HY(Q), and ug. be suitable approximations in
the same spirit above. Define

e 1 1 1
U — /0 /Qe e (5“? + 2—€’Au\2 — gfu> for we L*0,T; H*(2) N H(Q))
00 otherwise.

The minimizers to the latter, constrained to fulfill u.(-,0) = ug. almost everywhere in €2, fulfill
(7.2)-(7.3) where u is the solution of the biharmonic equation

u +A%u=f ae in Qx(0,7)

subject to the initial condition, homogeneous Dirichlet conditions on v and homogeneous Neu-
mann conditions on Au (again other boundary conditions may be considered).

We may recollect the above examples (as well as a variety of other symmetric parabolic
problems of order 2k) in the following abstract setting. Let the Hilbert spaces H and V be
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given with the injection V' C H being dense. Moreover, let the bilinear and symmetric form
a:V xV — R be coercive and continuous and define

T
1 1 1
. /0 e te <§]u'\2 + Q—Ea(u,u) - g(f, u)> for uw e L*0,T;V)
00 otherwise.

Then, the minimizers of the above WED functionals (suitably constrained to fulfill initial con-
ditions) converge in H, uniformly with respect to time, to a solution of the abstract linear
equation

u'+Au=f ae. in (0,T)
where the linear operator A : H — H is defined by (Au,v) = a(u,v) for all v € V and
ue D(A) ={v eV : sup,—a(v,z) < oo}. Indeed, in the same spirit of (7.2)-(7.3), much
more is true as we have that

ax, lu(t) = ue ()| < ce'/2, (7.5)

lu — el grno,7;m) < cel=m)/2 for all 0 <n < 1. (7.6)

7.2. Parabolic variational inequalities. Under the above assumptions, let now g € H*(Q)
be given with g < 0 on 9€) and consider the WED functionals

T
1 1 1 H,
| [ <_Uf+—!Vu\2——fu> for u € L2(0,T; Hy(%)
0 Jo 2 2e g
—

u with u(-,t) > g(-) a.e.

00 otherwise.

Then, (suitably constrained) minimizers converge in C([0,7]; H) to a solution of the parabolic
obstacle problem

/Qut(u—v)Jr/Qvu-V(u_v)g/ﬂf(u_v) Vo e K, ae in (0,T)

where the convex set K is defined by K = {v € H}(Q) : v> g a.e.}. More precisely, the error
estimates (7.2)-(7.3) hold. Within the abstract setting introduced in the previous subsection, a
variety of other constraints can be discussed as well.

Next, let W : R — R be a A-convex and smooth function. Then, (suitably constrained)
minimizers of

T 1 . . !
U — /0 /Qe " <§uf + 2_€’vu‘2 + %W(u) - gfu> for we L2(0,T; H} ()

00 otherwise
converge in the sense of (7.2)-(7.3) to solutions of the reaction-diffusion equation
w — Au+W'(u)=f ae in Qx(0,7).
The choice W (u) = (u* — 1)? corresponds to the so-called Allen-Cahn equation.

7.3. Quasi-linear parabolic PDEs. Let F': 2 x R" — [0, +00) be such that:
F(z,-) € CYR") for a.e. x€Q, (7.7)
F(z,-) 1is convex and F(z,0) =0 for a.e. = €, .
F(-,§) is measurable for all ¢ € R"™. (7.9)
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Then, we can set b = V¢F : 1 x R" — R". We assume that, for a given p > 1, I satisfies the
growth conditions

Jde, C >0 such that F(x,&) > cl¢|P — C,
b(z,€)] < C(A+|E[P7Y) forae. z€Q andall € € R™ (7.10)

Let us now consider the WED functionals

T
_ 1 1 1 1
U — /0 /Qe t/e <§u? + EF(.,VU) — gfu> for u € LQ(O,T; LQ(Q) W, ’p(Q))
> otherwise.

In the latter, homogeneous Dirichlet conditions are considered, other choices being possible.
The present analysis ensures that minimizers of the above functionals, suitably constrained as
for initial values, converge in the sense of (7.2)-(7.3) to a solution of the quasilinear equation

u —divd(-, Vu) = f ae. in Qx (0,7).

In particular, the choice F'(z,&) = |£|P/p gives rise to the so-called p-Laplacian equation, whereas
the choice F(z,€) = (1+ |£|%)'/2 corresponds to the mean curvature flow for Cartesian surfaces
(note however that the latter does not directly fit into this theory because of a lack of lower
semicontinuity).

7.4. Degenerate parabolic PDEs. Assume we are given 5 : R — R monotone and continuous
with 4(0) = 0 and superlinear growth at infinity [Bre73b]. Define j to be the only convex function
such that 3 = j’ and j(0) = 0. We now introduce the WED functionals on H'(0,7; H1(Q))
given by

T 1 1 .
/0 e /e (5”%\@-1(9) +2 /Q (iw) - fu)> for u e L2(0,T; L3(Q))
. with j(u) € LY(Q x (0,7))
o otherwise.

Qualified minimizers of the latter functional converge in H~!(£2), uniformly in time, to a solution
of the following degenerate parabolic equation

up—AB(u) = f in Qx(0,7)

in a distributional sense, along with homogeneous Dirichlet boundary conditions for [(u).
More precisely, we have that (7.5)-(7.6) hold for H = H~(Q). In particular, the choice
B(u) = (u—1)* —u~ corresponds to the classical two-phase Stefan problem, B(u) = |u|™ u for
m > 2 leads to the porous medium equation. The multivalued case 3(u) = 01}y ) (subdifferential
of the indicator function of the interval [0, 1]), related to the Hele-Shaw cell equation, can be
handled as well.

7.5. Evolution of microstructure in a bistable bar. In [CO08] CONTI & ORTIZ consider
the WED functionals

T 1 1
—tfe [ =, 2 © . N
F.(u) = /O/QG <2ut Efu> if Ju,|=1 ae.
00

else

suggested by a modelization of branching in martensite in a one-dimensional bar occupying the
reference domain Q = (0,1). The function u : Q x (0,7") — R represents the bar displacement,
the system is constrained in the two phases u, = 1 and u, = —1, no contribution from the
interfacial energy is considered, and f stands for an applied body force (see [KM94]).
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For fixed € > 0, the functional F; fails to be lower semicontinuous with respect to the weak
topology of H(0,T;L?(f2)). The argument in [CO08, Thm. 3.1] entails that

o _ T —t/e 1 2 1
sc” Fo(u) = e sup + Iy q)(ue) — = fu
0 Q 2 9

where the relaxation is taken with respect to the weak topology in H'(0,T; L?(Q2)) (note that
the actual proof in [CO08] is concerned with the weak topology in H'(2 x (0,7)) instead) and
I;_1 ) is the indicator function of the interval [—1,1]. This computation is by no means trivial
as the interplay between energy and dissipation has to be carefully taken into account. In this
specific case, sc™ F; coincides with the convexification of F.. Note however that this is not the
case in general, see [MOO08, Sec. 5.1].

From this computation, CONTI & ORTIZ conjecture that the WED formalism can be of some
use for describing microstructure evolution. In particular, at a fized level € > 0, the net effect
of relaxation is that of allowing solutions u with |u,| < 1 which may therefore be interpreted as
the weak limit of a fine evolving microstructure.

The analysis in [COO08| left open the issue of considering e — 0, namely of extending the
above interpretation to the causal limit. We are in the position of filling this gap. Fix an
initial condition (say ug = 0 as in [COO08], for simplicity) and homogeneous Dirichlet boundary
conditions. Note that sc™F. is coercive with respect to the weak topology in H'(0,T; L%())
on K(0) (see again [CO08, Thm. 3.1]). Hence, at each level ¢, the functional sc™ F; admits
a unique minimizer u. in K(0) (along with homogeneous Dirichlet boundary conditions) and,
by applying our results, u. converges uniformly in L?(Q2) and weakly in H'(0,T;L?(Q)) to a
function u solving

' +0Ic(u) > f ae. in (0,T), u(0)=0. (7.11)
Here I is the indicator function of the nonempty convex and closed set
C={ucH}Q) : Jus| <1 ae.l}.

In particular, the latter entails that u : [0, T] — H} () fulfills

1 T
/(/ (ut—f)> (p—uz) <0 Vpe L*(Q) with |p| <1 ae. in Q and /p:O7
0 \Jo Q
a.e. in (0,7), wu(-,0) =0 a.e. in Q.

Moreover, our convergence analysis may be extended to the case of approximate minimizers of
the original unrelaxed functional F.. In particular, as sc™ F. turns out to be the WED functional
corresponding to the convex and lower semicontinuous potential

U= /Q <I[—1,1}(Ux) - éfu> )

we are in the position of applying Corollary 5.5 and deduce that all (qualified) sequences of
approximate minimizers of F. converge to the unique solution of (7.11) in the sense of (7.2)-(7.3).
An illustration of this solution for a constant body force f is given in [COO08, Fig.4].

7.6. Surface roughening by island growth. A second example of relaxation in [CO08] con-
cerns the WED functionals

T 1 1
—t/e (2.2  © .
F(u) = /O/QG <2ut 8fu> if Vue K ae.
0

else

where = [0, 1] and
K ={(0,£1), (£1,0)}.
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These functionals are considered in connection with the phenomenon of island growth and coars-
ening during the epitaxial growth of thin films. In particular, u : 2 — R represents the height
of the thin film surface, f is a given deposition rate, and K is the set of preferred slopes (see
[ORS99])

For fixed ¢ > 0 the relaxation of F. with respect to the weak topology of H'(0,T;L?(Q))
reads [CO08, Thm. 4.1]

— . r 725/8 1 2 1
sc” Fr(u) = e —uy + Ioo k(Vu) — = fu
0JQ 2 9

where I, g is the indicator function of the convex hull co K of K, namely

ok = {(v,y) € B : [o] + Jy| < 1}.

By inspecting the specific form of sc™ F, in [CO08] the macroscopic behavior of the evolving
thin film in the causal limit ¢ — 0 is conjectured to corresponds to the gradient flow along with
the choice

qﬁ(u)i—/gfu if Vu€coK and ¢(u) = oo else,

the effect of the microstructure being that of relaxing the original constraint Vu € K to the
weaker Vu € co K (in particular, solutions with Vu € int co K are interpreted as weak limits of
evolving microstructures).

This fact is confirmed by our convergence result. Indeed, the functionals sc™ F; are (con-
vex and) lower semicontinuous. Hence, they admit unique minimizers u. in K(0) (the initial
condition 0 is chosen for simplicity and reference with [CO08]) and the sequence u. converges
uniformly in L?(2) to the unique gradient flow

W +0Iy(u) > f ae in (0,7), u0)=0 (7.12)
where M = {v € H}(Q) : Vv €coK}.

Convergence also holds for approximate minimizers of the original unrelaxed functional Fy.
Indeed, as the relaxation sc™F; is the WED functional related to the convex and lower semi-

continuous potential
1
U= / <IcoK(vu) - —fu> )
0 £

Corollary 5.4 ensures that all (qualified) sequences of approximate minimizers of F. converge to
the unique solution of (7.12) in the sense of (7.2)-(7.3). The reader is referred to [CO08, Fig. 5]
for an illustration of a thin film evolution developing island growth under a constant deposition
rate.
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