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Abstract

This paper deals with the homogenization of a sequence of non-linear conductivity
energies in a bounded open set Q of R?, for d > 3. The energy density is of the same order
as a-(2) |Du(z)[P, where € — 0, a. is periodic, u is vector-valued function in WP (Q; R™)
and p > 1. The conductivity a. is equal to 1 in the “hard” phases composed by N > 2 two
by two disjoint-closure periodic sets while a. tends uniformly to 0 in the “soft” phases
composed by periodic thin layers which separate the hard phases. We prove that the
limit energy, according to I'-convergence, is a multi-phase functional equal to the sum
of the homogenized energies (of order 1) induced by the hard phases plus an interaction
energy (of order 0) due to the soft phases. The number of limit phases is less than or
equal to NV and is obtained by evaluating the I'-limit of the rescaled energy of density
e Pa.(y) |Dv(y)|P in the torus. Therefore, the homogenization result is achieved by a
double I'-convergence procedure since the cell problem depends on e.

1 Introduction

This work is a contribution to the study of the homogenization of non-linear and non-
uniformly coercive problems with complicated underlying microstructure. Problems of
this type have been widely studied, particularly in the linear case, in connection with
double-porosity models, where regions of low conductivity are surrounded by higher-
conductivity sets. One of the first mathematical studies of the double-porosity model
is due to Arbogast, Douglas and Hornung [1], subsequently revisited by Allaire [3] and
extended in various ways in the linear case [5], [23], and in the non-linear case [22], [8].
If the higher-conductivity set has more than one connected component, the general
form of the limit effective energy involves a multi-phase description. The mathematical
approach of the double-porosity model thus belongs to the class of homogenization prob-
lems leading to homogenized vector models induced by low-conducting regions. One of
the precursors of this kind of homogenization problem has been Khruslov [19], [17], [20],
whose works have also been extended in different ways [11], [25], [12], [13], [4] and [14].

The usual setting for such problems is a fixed periodic microstructure, scaled by a
small parameter €, in which the coefficients of the energy are scaled differently with
respect to ¢ in the high and low-conducting components (“hard” and “soft” phases). The
effect of the low-conducting region is the appearance of an interaction energy between
the hard phases, that are in this way coupled. This general feature can also be traced in



other types of problems where the regions of higher conductivity have a more complex
structure (see [19]).

In most of the previous works the number of interacting components is fixed by the
geometry of the microstructure, and corresponds to the number of connected periodic hard
phases. We address the problem of a more general setting, where also the micro-geometry
is e-dependent. In this case the number n of limit phases is itself the main unknown of
the problem, and must be deduced from the asymptotic behaviour both of the geometry
of the low-conducting phase and of the degenerating coefficients. In the linear setting, the
determination of n can be addressed via a spectral analysis [14], that unfortunately is not
easily reproducible in a non-linear framework.

Let us now state the problem. In a bounded open set of R?, for d > 3, we consider a
sequence of energies of type

Fe(u) == /Qf6 (;,Du) dr, for u € WhHP(Q;R™).

The density energy f(y, A) is periodic in the variable y, is of the same order of the function
as(y) | AP, where a. may be assumed to take the value 1 on N two by two disjoint periodic
open connected sets E7, for ¢ = 1...N. The coefficient a. takes values converging to 0
with € on the complement of these sets. Contrary to the double-porosity model, this
complement set has measure converging to 0.

Under some geometrical assumptions on the sets £ (and among them several weighted
Poincaré-Wirtinger inequalities play an important role) we prove that the limit energy, in
the sense of I'-convergence, is a multi-phase energy of the form

N
Flug,...,un) = Z/Qflhom(Dui) dx —i—/ﬂ@(ul, uy)dz, for u; € WHP(Q;R™).
i=1

The function fl-hom is obtained by the usual homogenization process on the set F; defined
as the limit of Ef (see [7], [10]). In the present I'-convergence process the convergence of
the sequence u. — (u1,...,uyn) may be understood as

N
lim Z |ue — u;|P de = 0.
=0 = Janes

1= K2

The interaction energy density @ is defined through a I'-limit procedure since the cell
problem also depends on ¢ contrary to the analog double-porosity model dealt with in [8].
The computation of ® is linked to the domain of the muti-phase limit energy F, that
in general is not equal to the whole (W5P(2;R™))N as in [8]. Indeed, we show that
the domain of the functional F is characterized by an equivalence relation R on the set
{1,..., N} and the constraint that u; = u; if ¢Rj. In this way we define the number n
of effective phases as the number of equivalence classes modulo R, so that, with an abuse
of notation, the effective energy can be rewritten as F(uy,...,u,). More precisely, the
following e-rescaled energy defined, for any ¢ = (£1,...,&n) € R™*N | by

o# (€) == inf {Fa#(v) . v € WLP(Y;R™) and v = & in Ef} ,

1
where F7(v) := p/ as | Dvu|? dy,
e Jy

I'-converges (up to a subsequence) in R™*V to some functional ®* : R™*N — [0, +00].
Then, the integer n is defined by

1
n = — dim D where D := {§ e R™N . o7 (£) < —i—oo},
m
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and the energy density ® is obtained by a double limit on the vector space D (see Propo-
sition 2.5 and formula (2.24)).

In conclusion, the present work can be regarded both as an extension of the linear
framework [17], [14] to a non-linear one, and as an extension of the recent variational
approach [8] to a more intricate geometry (due to the thin layers), characterized by a
double I'-limit procedure.

The paper is organized as follows. In the first section we define precisely the geometry
of the problem and we state the main results. The second section is devoted to the
proof of the auxiliary results, and the third one to the proof of the I'-convergence of the
sequence F.

2 Statement of the results

Notation
e - denotes the scalar product and |-| the associated norm in any space RM  for M € N*
(N* denotes the set of strictly positive integers) ;
e 1 denotes the characteristic function of the set E; if E is Lebesgue measurable then

|E)| is its Lebesgue measure and ][
E

e d is an integer > 3 and m an integer > 1;

1
U= — / u dx denotes the average of u on E;
Bl Jp

e an open subset of R? is said to be regular if its boundary is Lipschitz; Q denotes a
bounded and regular open subset of R%;

o Y = (%1 1)d is the unit cube in R%;

2
e p>1and p'::L;
p—1
. W#p (Y;R™) denotes the space of the Y-periodic vector-valued (in R™) functions

which belong to the Sobolev space WP (w; R™) for any bounded open set w of R%;
e for u € WIP(Q;R™), Du denotes the Jacobian matrix in R"™*? defined by

8ui

8%} 1<i<m
1<j<d

Du= |

2.1 Geometry of the problem

We consider N > 2 and FEi, ..., Ey, connected and regular open subsets of R%, d > 3,
which are Y-periodic; i.e., F; + k = FE; for any k € Z¢, and satisfy

N
i#£j = E,NE;=0 and |JE =R" (2.1)
=1

For each ¢ > 0 and ¢ € {1,..., N}, let Ef C E; be a Y-periodic connected and regular
open set, such that

jFi = EfﬂEj-:@ and lin% Y N (E;\ Ef)| =0. (2.2)
E—>
In particular, this assumption is satisfied if

O<e<ée = Ef CEf and |JEf=E, (2.3)
e>0



By (2.2), Ef,..., E5 are two by two disjoint sets separated by the periodic open set
N
w® :=R% \ U E: such that 212% Y Nw®| =0, (2.4)
i=1

which is composed of thin layers.

We consider a nonnegative Borel function f. : R x R™*¢ — R depending on & > 0
and which satisfies the following properties:

(i) f-(-, \) is Y-periodic for any A € R™*4,
(i3) f-(y,) is p-homogeneous for a.e. y € R%;

(#3i) for a.e. y € R\ w?, f.(y,-) = f(y,-) where the function f : R% x R™*4 — R,
satisfies with the constants cg, c; > 0 the p-growth condition

ae. y € RL VAER™D AP < f(y, ) < e |AJ%; (2.5)
(iv) there exists a Y-periodic positive function a, : R? — R such that

ae =1 ae. in R¥\ w®, essinfa. >0 and a. := ess-sup a. > 0, (2.6)
we we s

there exist a constant b > 1 such that f. satisfies the p-growth condition
ae. y €RL VAER™ ar(y) AP < fo(y, A) < bae(y) AP, (2.7)
and a constant ¢ > 0 such that f. satisfies the local Lipschitz condition

a.e. y €ws, VA, ue R

-9 0) — £l )] < cacly) (NP + P ) [A— . (238)

In terms of conduction the space is shared in N > 2 two by two disjoint-closure regions
Ef, ..., E5 of conductivity given by the function f, and these regions are separated by
the thin-layers region w® of low conductivity given by the function a..

Example 2.1 In R? we consider the case of the N = 3 Y-periodic sets Ef, E5, E5 defined
by the following intersections with Y (see Figure 1):

3

EiNY = €Y : max|y;| < Ry — 1§

1 kL:Jl{y v lyj 1 1}
3

E5NY = €Y :max|yi| < Ro—757| N €Y : max|y;| > R

invi= | U fve s miyl < v 2}] LD{y x| > i |
3

EiNY = Y : ; R

3 ﬂ{ye I%??‘yj’> 2}7

k=1

(2.9)
where 0 < R < Ry < %, r{,r5 > 0 and r{,r5 — 0. The sets Ef, E5 are separated by the
set wi and F5, E5 by the set w5, where

3
winy = || {yGY + max [y <R1} \ ET

~ J

Rt (2.10)
wsNY = ﬂ {yEY : max |y;| >R2—r§} \ E§.

o1 J#k




Note that in this case the thin layer region satisfies w® = wj U w5.

Figure 1 : three connected regions separated by two thin layers

Let o, a5 be two positive sequences which converge to 0. We consider the function f;
defined by fe(y,A) := a:(y) |A\|P where

{ ac(y):=1 ifye F{UF5UF;

2.11
a:(y) :=aof if y € wi Uws. (211)

2.2 Position of the problem

We are interested in the asymptotic behaviour as ¢ — 0 of the sequence of functionals
Fo : LP(;R™) — [0, +00] defined by

/ 2 (f,Du) de if u € WUP(Q; R™)
Q 3

400 otherwise,

Fe(u) :== (2.12)

where the energy density is defined in Section 2.1. As in [8] we expect the limit energy to
be a multi-phases system composed by the sum of:
— the homogenized energies due to the strongly connected components ES, ..., E5 (2.2),
— the interaction energy induced by the thin low-conducting layers w® (2.4).
Let us make this statement precise. Under suitable assumptions (given in the next Sec-
tion 2.4) we will prove that the limit energy reads as

N
?(ul,...,uN)—Z/fihom(Dui)dx—i—/@(ul,...,uN)dx, for u; € WHP(; R™).
=179 @

(2.13)



Each vector-valued function u;, ¢ = 1...N, is defined by the L (€;R™) strong limit
in the component ¢Ef of a sequence u. such that F.(u.) is bounded. So we are led to
define the following sequential topology 7: for any sequence u. in LP(€2; R™) and for any

(ula s ,UN) in LP(Q7 Rm)Na

N
ue = (ug,...,un) if Z/ |ue —u;|Pdr — 0. (2.14)
QNeEf

‘ e—0
=1

The choice of this convergence is a consequence of the strong connectedness of the com-
ponents E (see Proposition 2.6 below). The convergence of the energy F. then has to
be understood in the sense of the I'-convergence for the topology 7. Let us recall the
definition of I'-convergence (see [6, 16]):

Definition 2.2 Let F.be a sequence of functionals defined on a vector space H and
let F be a functional defined on a vector space XK. Let 7 be a topology defined by the
convergence of sequences of H to vectors of K. The sequence T is said to I'-converge for
the topology 7 if for any v € K,

(7) (I-liminf inequality) for any sequence u. in H,

Ue — u = limiglf Fe(ues) > F(u),
£—>

(7i) (P-limsup inequality) there exists a sequence %, in 3 such that

U. — u and limsup F.(@.) < F(u).
e—0

Such a sequence 7. is called a recovery sequence.

Here one has 3 := LP(Q; R™), K := LP(Q;R™)N and 7 is the topology defined by (2.14).

Contrary to [8], the dimension of the vector-valued system (2.13) is not necessarily
equal to the prescribed number N of hard components since there is a reduction of the
system similar to that obtained in [14] in a linear framework. Indeed, the physical char-
acteristics (geometrical parameters and conductivity values) of the low-conducting layers
may connect some of the strongly connected components between them. This is the case
for example if the layers are thin enough or conducting enough. From a mathematical
point of view this reduction is expressed as a restriction of the domain of the limit func-
tional. So, if the domain of the functional F. (2.12) is equal to W1P(£; R™), the domain
of F (2.13) is a subset of W1P(€;R™)Y in general. More precisely, the domain of F is
associated to a subspace D of R™*¥ in such a way that

F(u) < +oo if and only if u € WHP(Q;R™)Y and u € D a.e. in €. (2.15)

2.3 Determination of the limit energy

First of all we have to determine the subspace D which arises in the domain (2.15) of the
limit energy. To this end let us consider the functional o : RN R4 defined by
the minimization problem

OF () := in {Fs#(v) . v e WLP(YV;R™) and v = & in Ef} ,

. (2.16)
where F¥(v) := p/ az |Dv|P dy,
e Jy

for &€ = (&1,...,&n) € R™N (¢ can be considered as a (m x N) matrix with its columns
£1,...,&v in R™), where the function a. is defined by (2.6). Since R™*¥ is separable,
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there exists a subsequence, still denoted by e, such that i I'-converges in R™*N to a
functional ®# : R™N — [0, +oc] (see e.g. [6] Proposition 1.42 or [16] Theorem 8.5):

o# L, o# jn RN (2.17)

The subspace D of R™* is defined by
D= {5 e R™N . o#(g) < +oo}. (2.18)

Note that the inequality

Yo, we W#p(Y;]Rm), /

a.|Dv + DwP dy < 2P~ 1 </ a: |Dv|P dy +/ az |Dwl|P dy> ,
Y Y Y

implies that
vEne RN, oF(g+n) <27 (0F() + 0F (), (2.19)

which combined with the definition of the I'-convergence of ®7 (&), shows that D is a
vector subspace of R™*N | In fact, the set D has a very particular form:

Proposition 2.3 There ezistn € {1,...,n} and a partition (I)1<k<n of the set {1,..., N}
such that

D:{g:(,gl,...,gN)eRme . Vk=1...n, Vi, j€ I, gl:gj}. (2.20)

Remark 2.4 In the scalar case m = 1, the set D defined by (2.20) thus induces a partition
of the N components EY, ... E5 into n < N groups. In some sense the components of a
same group I, are glued and their union Uie i E? may be considered as a weakly connected
domain. A similar behaviour was first shown in [14] thanks to a different approach based
on a spectral analysis in the linear case.

In the sequel we will be led to use minimization functionals with non-periodic test func-
tions. For each K € N*, let us consider the functional ®X : R™N — R, defined
by

1
ePKd

dE(¢) = inf{ /KY f-(y,Dv)dy :v € WHP(KY;R™), v =¢& in KY N Ef} .

(2.21)
Note that there exists a constant ¢ > 0 (independent of K) such that ®X < c®¥ thanks to
estimate (2.7) and to the fact that any function in W;’p(Y; R™) belongs to WP (KY; R™).
We then have the following result:
Proposition 2.5 The functionals 7 and @f satisfy the following properties:

(i) For any & € D, the sequence @f(f) is bounded and more generally

Ve e R™N @ (¢) = lim &7 (¢), (2.22)

e—0
where ®F is defined by (2.17).
(ii) There exists a constant ¢ > 0 such that for any e > 0 and any K € N*,

|PE©)] < clel (2.23)

N
en D {3 ki) < (6P 4 ) -l



(ii7) There exists a subsequence of €, still denoted by €, such that for any K € N*, q)f
I'-converges in R™N and pointwise converges in D to @5 : RN [0, 4+00]
which satisfies estimates (2.23).

(iv) The sequence ®L converges in D as K — 400 to a functional ®° which also
satisfies (2.23).

In virtue of Proposition 2.5 the energy density of the zero-order part in the limit func-
tional (2.13) is well-defined by

lim lim®X iféeD
P(§) =  Kotoo a0 (2.24)
400 elsewhere.

It remains to define the “bulk” parts f°™ of the limit functional (2.13) To this end we
use the following result which needs extra assumptions on the components Ef, ..., E%:

Proposition 2.6 Let E., for € > 0, and E be Y -periodic connected and regular open
subsets of R® such that

Ve>0, E.CFE and liII(l] YN (E\E;)| =0. (2.25)

Assume that there exist two constants ko, k1 > 0 such that for any € > 0, there exists a
linear extension operator P. from W1P(QNeE.; R™) into I/Vlif(Q, R™) satisfying, for any
u € WHP(QNeE,;R™),

Pu =u a.e. in QNek;
|PoulPdx < kg / |u|P dz
/Q(eko) ) OneE. (2.26)
DR dz <y / \Dul? dz
Q(ek1) QNeF:

where Q(r):={zx € Q : dist (z,00Q) >r} forr >0.

Let g : R x R™ 4 — R, be a nonnegative Borel function, Y -periodic in the first variable
and satisfying a p-growth condition of type (2.5). Let G : LP(Q;R™) — [0, +o0] be the
functional defined by

/ g (f, Dv) dr ifve WHP(Q;R™)
QNek: €

Ge(v) = (2.27)

400 elsewhere.

Then, G T'-converges for the LP(€; R™)-strong convergence to the functional G defined by

/ g°(Dv)dz  if v e WIP(Q;R™)
Q

G(v) := (2.28)

400 elsewhere,

where the energy density g'°™ is defined, for A € R™*%, by

1
hom . . . . 1, .M
g °"(A) = lim inf {Kd / i g(y, A+ Dv)dy : ve Wy"(KY;R )} , (2.29)

where E is the limit of E. according to (2.25).

Remark 2.7 For a fixed € > 0 the existence of a bounded extension operator satisfy-
ing (2.26) is a result of [2]. Here we need the assumption that P, is uniformly bounded
with respect to €.



2.4 Statement of the result

In the classical framework, namely without zero-order interaction between the different
conducting phases, it is known (see e.g. [24], [21] and [18]) that thin lowly conducting layers
may modify the homogenized conductivity in certain regimes. In the present context we
want to avoid such a phenomenon, which would modify the bulk part of the limit energy,
since we focus on the zero-order interaction term. Therefore, we have to assume that
each conducting component £ is the only contribution to the bulk part fihom in the limit
energy (2.13) by excluding any effect of the low-conducting region. This can be done by
introducing cut-off functions which separate the different components Ef, ..., E5,. We ask
to these cut-off functions to satisfy several properties in terms of Poincaré-type inequalities
which may be regarded as geometrical assumptions on the thin layers:

Assume that there exist Y-periodic functions ¢f,...,¢% in W#OO(Y) such that for any
ie{l,...,N},

¢ =1 in Ef
{ ;=0 in E; forj#i, (2.30)
and the following limit holds
liII(l) a: |Ve§|Pdy =0. (2.31)

E— Y

Assume that for any i € {1,..., N} and any K € N*, there exists a positive sequence C;  (¢)
such that the following Poincaré-Wirtinger inequality holds in the cube K'Y

v — ][ v
KYNES

with lin’(l) Cik(e)=0,

p

dy < Cixc(e) / \DulP dy,

Vo e WIP(KY R™), / 0z [V5 P
KY KY

(2.32)
and there exists a positive constant C' > 0 such that the following Poincaré-Wirtinger
inequality holds for periodic functions in Y

Yo e W;p(Y;Rm), / ac |Vs|P ‘ v —][ v ‘pdy < C/ az |Dv|P dy, (2.33)
Y Y Y

nES

Also assume that there exists a constant C' > 0 such that the following Poincaré inequality
holds in the cube Y

N
Vo e WH(Y;R™), v =0 on U OF3, / ac |v|P dy < C’/ a: | Dvl? dy. (2.34)
j=1 Y Y

Now, we may state the main result of the paper:

Theorem 2.8 Assume that the function ® be defined by (2.24) (this is not restrictive upon
extracting a subsequence of €), assume that the sets EY,..., E5; satisfy the geometrical
constraints of Section 2.1 and the uniform extension property (2.26). Assume the existence
of N cut-off functions ¢3,... 0% satisfying conditions (2.30)—~(2.34). Also, assume that
the energy densities f. satisfy the conditions of Section 2.1.

Then, the energy

Fe(u) := /Qfe (g,Du) dx, forue WHP(Q;R™),



I'-converges for the topology T (2.14) to the limit energy
N
Fu,...,un) = Z/ fhom(Duy) da + / ®(uy,...,uy)dz, foru; € WHP(Q;R™),
i=1 78 Q

where the homogenized densities fz-hom are defined by (2.29) with E := E; (2.1) and the
interaction density ® is defined by (2.24).
Moreover, the domain of the functional F is characterized by

(u,...,un) € WPQR™Y  and (uy,...,un) €D a.e. inQ,
where the set D is defined by (2.18).

Note that the form of function ® may depend on the subsequence of £ we choose,
being very sensitive to the geometry of the sets w., while the energy densities fihom are
independent of the subsequence.

Going back to Example 2.1 the following result allows us to illustrate Theorem 2.8:

Proposition 2.9 Exzample 2.1 satisfies all the assumptions of Theorem 2.8 provided that

£

Then, the domain (2.15) of the limit energy (2.13) is characterized (up to subsequences)
by

€
>3 . . Qy C_
D=R if ;% 757’(7“?)1)_1 < 4oo fori=1,2
€
D={¢cR3:& =&Y if lim L_lz—l-oo only fori=1
= ey
3 | i (2.36)
D={{eR’:&=¢} if 21_1)% Wz—l-oo only fori =2
€
D={¢cR3: 6 =6=6&) if lim — 9 =400 fori=1,2.

| e—0 gp (7«5)?—1

3 Proof of the auxiliary results

3.1 Proof of Proposition 2.3
Let us start by giving a few properties of the set D defined by (2.18):

(i) Let & = (&1,...,&én) € D. For any h € {1,...,m}, the vector &" = (&b, ... €R)
of R™*N defined by f;-lh == &jp and 5;;- := 0 if ¢ # h, belongs to D.

Indeed, if v® is a recovery sequence in W#p (Y;R™) such that ®% (v°) — ®#(£) then the
sequence w®, defined by wj := vj and w; := 0 if i # h, clearly satisfies Joiia (wf) < Joia (v%)
(see (2.16)), whence by the I'-liminf inequality we obtain ®# (¢") < ®#(¢) < +oo.

(74) For any (m x m) matrix of permutation P, for any £ = (&1,...,&{n) € D, the vector
&= (P&1,...,P&N) belongs to D.

This is due to the fact that FZ (v) only depends on the norm |Dv| and hence the set D
is invariant by permutation of the m coordinates.

10



(#ii) Let D; C RY be the projection of D on the first coordinate. Then, there exist
n € {1,..., N} and a partition (fk:)lgkzgn of {1,..., N} such that D; = Span (et,..., el"),

where
I 1 ifjel

T { 0 ifj¢I

Indeed, for any function 7' : R — R and any vector A = (A1,...,Ay) in RM | set
T(A) == (T(A1), ..., T(An)). If T is Lipschitz then we have FZ* (T(v)) < | T"||% FZ (v) for
any function v € W;p (Y;R™), whence

for I c{1,...,N}. (3.1)

vEeD, OF(T(E)) < |T'|I5 2Z(€).

Therefore, the I'-liminf inequality implies that T'(D) C D and hence T(D;) C D;. Now,
by using the fact that (1,...,1) € Dy, property (ii7) is a straightforward consequence of
the following result:

Lemma 3.1 Let A be a subspace of RM, M > 1, such that (1,...,1) € A and for any
Lipschitz function T : R — R, T(A) C A. Then, there ezists a partition (Iy)1<k<n of the
set {1,...,n}, where n := dim A, such that A = Span (ell, - ,eI”).

Let us conclude the proof of Proposition 2.3. Set

D= {g:(gl,...,gN)eRme Vk=1...n, Yi,je I, gizgj}.

Let i,j € Iy, € € D and h € {1,...,m}. By (i) and (ii) (E1p,...,Enn) € D1, whence
by (iii) & = &, and thus & = &;. Therefore, £ € D and D C D. Tnversely, let & € D.
For any h € {1,...,m}, (€1n,...,Enn) € D1, whence by (i) and (i) £" € D. Therefore
E=¢'+...4¢me Dand D C D. We thus have the equality D = D, which establishes
Proposition 2.3.

Proof of Lemma 3.1. By definition (3.1), el M} = (1,...,1) € A. Let (I1,...,1,) be
thus a maximal partition of the set {1,..., M} such that the g vectors e’!,... el belong
to A. We have ¢ < n:= dim A since e, ..., els are clearly independent.

Assume by contradiction that ¢ < n. Then, there exists A € A\ Span (e',..., els).
Up to reorder and change of sign we can assume that there exists ¢; € I; such that
Ai, 1= MmaXjer, A; > minger, A; and A;; > 0. Let ¢ be a positive constant large enough
such that the vector p:=X—c¢ .-, eli satisfies y1; < 0 for any i ¢ I.

Let us consider a Lipschitz function 7' : R — R such that T'(\;,) = 1 and T'(y;) = 0
for any p; < A;,, and let us define the set I :={i € I : p; = \j;} # I1. Then, since for
any k > land i € Iy, i < 0 < )\, and for any i € I1\ I, p; < Ai,, we have T(p) = el € A.
Therefore, e!,et\ = et — ¢l . ela are (¢ + 1) independent vectors in A, which yields

the contradiction. So ¢ = n and (elt,..., e/) is a basis of A, which proves Lemma 3.1.

3.2 Proof of Proposition 2.5
(1) If € ¢ D by the I'-liminf inequality 1iH(1] F(£) = o0 = ¥ ().

Now, let £ € D. With fixed § > 0 small enough (§ < %min{|§ij —&irjr| & # gi/j,}),
let Tg : R — R be a Lipschitz function such that

Tg(t) =& if [t —&jl <0 and H(Tg)’Hoo <14o0(1) asd — 0.

Let & — £ be a recovery sequence such that liH(l] ¥ (£,) = ®7(£). Let us define Tg(u) =
E—

(Tg(ul),...,Tg(um)) for w = (u1,...,un). Note that for € small enough, if u is an
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admissible test function in W;%’p (Y;R™) for o7 (&) then Tg (u) is an admissible one for
i (§). Therefore, we obtain
(&) < (T)[1% F (&) < (1+0(1)) ®F (&)
By letting € — 0 and by the arbitrariness of § we then get lim sup @f(ﬁ) < ®#(£). On the
e—0
other hand, the T-liminf inequality yields ®7 (¢) < limsup @f (£), and we may conclude.

e—0

(i) Let K be a positive integer. Let &,n € R™N & = (&1,...,¢éx), n = (n1,...,nN) with
&,m € R™. For fixed 6 > 0, let ve, w. € WIP(KY) be such that v. = &, w. = n; in E?
and

Q) 2 s [ R DAy -5 80 2 s [ R Duddy -
By using the inequality (a + b)? < 2P~!(aP 4 bP) for any a,b € R, we have
fe(y, Dve + Dwe) < ¢p (fe(y, Dve) + fe(y, Dwe))
and integrating by parts the previous inequality over KY yields with 6 — 0
O (€ +m) < cp (F(6) + X (1)) - (32)

Moreover, since f-(y,-) is p-homogeneous so is ®X. Let (¢',...,&M) be a basis of D
(M =mn) and let € := Zé\il ay €. By the additivity property (3.2), the p-homogeneity
and the boundedness of ® on D obtained in (i), we have

M M
L) <cp D P OE(EF) < ¢p D |l @F(EF) < ¢l
k=1 k=1

Let us prove the Lipschitz condition of (2.23). Let & := Z,iwzl ap ¥ and n = 224:1 B, &F
be two vectors of D. Let ¢F, for k = 1... M, be a sequence in W;p(Y;]Rm) such that

= ¢¥ in Ef and the energy F¥(o%) (see (2.16)) is bounded. For a given § > 0,
let v. € WHP(KY;R™) be such that

ve =& in EY and Kdgp / fe(y, Dve) dy < (I)K(g) d.

Set w, 1= v. + Zk 1 (B — o) 02 oF. Tt is clear that w. = n; in Ef and by (3.2)
i [ Felr D)y < e (B () 5+ = al)

Using the properties (2.7) and (2.8) of the function f., the Holder inequality and the
previous estimate yields

1
B ()~ V() < ey [ (el D) = foly. Do) dy+0

1 Lo
(Kdgp /KY (|D’U)g|p—|—|DU5|p) dy) (Kdgp /KYaE|Dw5 DU5|pdy)

<c(®E(E+0+ ¢~ nPVI& nl+6

=

IN

+90

1
< c(lert +nlP~t 407 ) |e = nl + 9,
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whence by letting § — 0 we obtain the desired estimate.

(iii) Since R™*¥ is separable, there exists a subsequence of ®X (not relabelled) which I'-
converges to some functional ®L in R™*V (see e.g. [6] Proposition 1.42, [16] Theorem 8.5)
for any positive integer K, by using a diagonal extraction. On the other hand, the local
Lipschitz condition of (2.23) implies that the sequence ®X is equi-continuous on D with
respect to €. Therefore, the I'-convergence in D and the pointwise convergence in D of ®X
are equivalent (see e.g. [16] Proposition 5.9). So ®X pointwise converges to ®f in D. It is
clear that ®f satisfies the same estimates (2.23) as ®X. Moreover, by [8] Proposition 4.1
we have

. K\[ K 14 :
VK < K' € N*, <K,> [K+J oK < oI (3.3)

where [-] denotes the integer part. Then, passing to the limit ¢ — 0 in (3.3) yields the
same inequality for the pointwise limit ®{ in D. Again by using [8] Proposition 4.1 we
obtain that <I>(I)( converges in D as K — +o00. This concludes the proof of Proposition 2.5.

3.3 Proof of Proposition 2.6

Since LP(2;R™) is separable, we can assume that the functional G, defined by (2.27)
I-converges to some functional Gy for the strong topology of LP(€;R™). The inclusion
E. C E of (2.25) clearly implies that Gy < G defined by (2.28). Note that G is the I'-limit
of the functional G¥ defined by (2.27) with the fixed periodic set F, according to [10] (see
also [9] Chapter 20).

Let us prove the inverse inequality § < Gp. Let v € LP(Q2; R™) and let v, € LP(Q; R™)
be a recovering sequence which strongly converges to v and such that S.(v:) — Go(v).
If Go(v) = +oo then G(v) < Gp(v). Now, assume that Gp(v) < +oo. Then, G.(ve) is
bounded, whence by the p-growth condition on g combined with the uniform extension
property (2.26) we deduce that P.v,. is bounded in I/Vli’p (€; R™) and P.v. weakly converges

C
to v in Wli’f(Q; R™) (up to a subsequence).
Let w be an open subset of R? such that w € Q. We have
lim 1nf/ g <7, Dv€> dx > lim mf/ g <7, D(Peva)) dx. (3.4)
e=0  JoneE. € =0 JoneE. €

By a result due to Fonseca et al. [15] there exists a bounded subsequence (not relabelled)
we in WHP(w; R™) such that

| {we # P.v.} U{Dw; # D(P:v;)} | — 0 and |Dw.|P equi-integrable.
e—

Using the p-growth of ¢ yields

/ g<§7D(PsUs)> dr > / g(E,Dwe) dx
wNeE: € wNeE:N{Dw.=D(P-ve)} €

> / g(E,Du@) da:—c/ | Dwe|P dx,
wNeE. € wNeE:N{Dwe#D(P:ve)}

whence by (3.4) and the equi-integrability of | Dw|P

lim inf/ g <§, Dve) dz > lim inf/ g <£, Dw€> dz. (3.5)
e—0 wNeEe € e—0 wNeE. €

Moreover, we have

/wﬂeEE I <§’ Dwg) = /wﬂaE g <§’ Dw€> du = /wms(E\Ea) g <§’ Dwe) dz, (3'6)
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in which the last term tends to 0 again by the equi-integrability of |Dw.|P combined
with (2.25). Then (3.5) combined with (3.6) and the T-liminf inequality satisfied by GZ
imply that

liminf/ g <§’ Dve) dx > lim inf/ g (E, Dw€> dx > /ghom(Dv) dz.
e=0  JoneE. € =0  JuneE € w
Therefore, we obtain

So(v) = hm Ge(ve) > hmmf/ g (E,D%) dx > / g™ (Dv) de,
—0 wNeFe €

e—0 w

whence Gop(v) > G(v) by the arbitrariness of w. The proof is thus established.

4 Proof of Theorem 2.8

The proof of Theorem 2.8 is divided in three sections. In the first section we determine
the domain of the I'-limit of the energy F. defined by (2.12). The second section is
devoted to the I'-liminf inequality, and the third one to the I'-limsup inequality according
to Definition 2.2.

4.1 Determination of the domain of the limit energy

We proceed in two steps. In the first step we prove an inequality which is an auxiliary result
for the second step. In the second step we prove that any multi-phase limit (uq,...,uy),
according to the topology (2.14), of a sequence u. with bounded energy, F.(u.) < ¢,
belongs to W1P(Q; R™)Y and a.e. to the set D defined by (2.20).

First step : A preliminary inequality.
Let k€ {1,...,n}, let 1,5 € I}, where the set I, is defined in Proposition 2.3 and denote
Yy := E;NY for h =1...N. Let us prove that the optimal constant C(e) of the inequality

1
1 ,
][ v—][ (/ag|Dv|de+/ vv’dy)p,
c e ev Jy Y (4.1)

satisfies lim C(g) =0,

e—0

VvEW’pY]Rm

To this end, let us consider a function v, in W#p (Y;R™) such that

Ve — Ve | .
E E

1
G (v.) = /Yae\Dvs|pdy+/ lvelPdy =1 and C(e

Since v, is bounded in LP(Y;R™), we have (up to a subsequence)

E—>

= —Zsoh (Ua_][gva>7

where ¢}, are the cut-off functions defined by (2.30). The energy estimate (4.2) satisfied
by the sequence v, combined with the Poincaré-Wirtinger inequality (2.33) implies that

- 1 - c
Ff(va) = — /Ya6 | Do |P dy < > /YaE | Dvc|P dy < ch(vs) <ec.

fﬁi—][ Ve 3 &, forh=1...N.
3

Let us consider the function

cb
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Moreover, we have 0. = £ in E} for h = 1...N. Then 0. is a suitable test function for
the minimization problem (2.16), and the I'-liminf inequality of (2.17) yields

D7 (&y,...,En) < lim inf DF(E5,...,65%) < lim inf F# () < ¢,
E— E—>

whence by definitions (2.18) and (2.20) ({1,...,&n) € D, and in particular & = §;.
Therefore, by (4.2) C(e) — 0.

Second step : Property of the multi-phase limit of a sequence with bounded energy.

Let ue be a sequence in W1P(Q; R™) with bounded energy, i.e., F-(u:) < ¢, which con-
verges to a multi-phase function (uy,...,uy) € (LP(;R™))N for the topology (2.14).
Thanks to the uniform extension property (2.26) satisfied by each component Ef for
i = 1...N, the sequence u. in ) N eF; can be extended to a bounded sequence in
VVli)Cp (©; R™) which weakly converges (up to a subsequence) to u; in VVli)Cp (;R™). The
function w; actually belongs to W1P(Q; R™). Indeed, using the semi-lower continuity of
the L?-norm of the gradient and the second inequality of (2.26) yields for any open set

w € £,

[1vuds <timint [ (9P do

e—0

< kq lim inf / Ve |? do < ki liminf . (u.) < ke,
QneEs e=0

where the constant kic is independent of the open set w.

It remains to prove that (uj,...,un) also belongs a.e. to the set D defined by (2.20).
To this end, let us consider, for fixed k € {1,...,n}, i,j € I and h € {1,...,m}, the
solution w; in W;%’p (Y;R™) of the problem

1

Y e W;’p(Y;Rm), / ac|Dw.|P"?Dw, : Dv dy —i—/ lw [P~ 2w, - v dy
ev Jy Y

(4.3)
:][ vhdy—][ vp dy,
Y Y7?
or equivalently, in the whole space R¢,
1 . _ _ 1ge 1ge )
> Div (ac| Dw.|P~?Dw,) + |we [P~ 2w, = |ng‘ en — ﬁ en in D'(RY), (4.4)

where Div W denotes the R™-distribution obtained by taking the divergence of the lines
of the R™*?-valued function W, and (e1,...,e,,) the canonical basis of R™. Putting the
function we as test function in (4.3) and using inequality (4.1) yield

e—0

1 /
/ az| Dw,|P dy —I—/ |lwe[Pdy < cC(e)P — 0. (4.5)
er Jy Y

On the other hand, for a given ¢ € C2°(£2), putting the function pu. as test function in
the e-rescaled equation (4.4), and using successively the Holder inequality, estimates (4.5)
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and (2.7), yield
1

@ QneE?
1
o5 | (e 1D p=2Dw) (2) : Digue)dat [ (el 20.) (£) - (o) da

1 1
c ' T P
= -1 (/Y as | Dwe[? dy) (/Q Qe (g) |D(pue)|? dx)
1 1
p’ p
+c </ \welpdy> </ |puc|P dw)
Y Q
1

<co@ ([ £ (L)) +ece ([ |sous|pdw)’l’

which implies the estimate

(pue)p dx — (pue)p dz

‘Y;'E ’ QﬂaE]f.

1

—_— d
VA Joner: (uc) do

(pue)p dx —

@ QOSEJE.
1
< () ((Fa(ou))” + llouclleco) ) -

First case : If u. is uniformly bounded in €2, the energy F.(pu.) is bounded, whence the
right-hand side of (4.6) tend to 0. By passing to the limit in (4.6) we thus obtain

(4.6)

Ve e C(Q), / (i — ) dz =0,
(9]

which implies u; = u; a.e. in {2 for any 4,5 € I,. Therefore, (u1,...,uny) € D a.e. in Q
by the definition (2.20) of D.

Second case : Let Tk, K € N*| be the function defined by Tk (¢) := min (K, max(—K,t)),
t € R. The sequence Tk(u:) is bounded by K and has a bounded energy since the
condition (2.7) satisfied by f. combined with the 1-Lipschitz property of T implies that
Fe(Tr (ue)) < ¢ Fe(ue). By the Lipschitz property of Tk the sequence Tx (u.) T-converges
to the multi-phase function (Tk(u1),...,Tk(un)). Then, by the first case we obtain
(Tk(u1),...,Tk(un)) € D a.e. in Q. Since Tk (u;) strongly converges to u; in LP(2; R™)
and hence a.e. in Q (up to a subsequence), passing to the limit K — oo finally yields
(u1,...,uny) € D a.e. in Q.

4.2 Proof of the lower-bound inequality

The proof follows closely that in [8] Section 5, to which we refer for the details that remain
unchanged.

Let u. be a sequence converging to u = (u1,...,un) such that sup, F.(u.) < +o0.
Note that by the previous section we have u(z) € D for a.e. x € Q. By Proposition 2.6
we have

N
lim inf F. (1) > ;hminf fg(g,Dug) dz + lim inf /Q . f(g,DuE) da

=0 Joneks &

A\

N

Z lim inf/ fhom(Duy,) da + lim inf/ f(f, Du€> dx.
= 0 Ja =0 Jonew.  \€

It then remains to prove that

liminf/ f(E,D%) dzx > / O(uy,...,un)de. (4.7)
QNewe Q

e—0
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With fixed K € N* for all j € Z? such that

: 1
ko= Ki+KY € - (4.8)

ﬁzs ::][ _ ue dx, wfa(:c) = ug(x) — ﬁfa for z € e(Q]['( NE;), (4.9)
(QENES)

and, with a slight abuse of notation, again by w . the extension of the latter function

given by (2.26). Upon replacing QJK by Kj+ (K — ko)Y, we may then assume that

/ |w P dx CK/ v e —u NP dx (4.10)

e e(QI,NES)

/ |Dw P dx CK/ _ |Du|P dz, (4.11)
Q% e(Q)NES)

and hence, after applying the Poincaré-Wirtinger inequality on E(Qg( N EZ), that

IN

IN

/ |w P dr < apcK/ _ | Duc|P dz, (4.12)
Q% e(Q@KNET)

for some constant cx depending on K only.
Define now the functions

=32

where ¢ are as in (2.30)-(2.34). Note that, by (4.12)

/ lwl|P dx < ePeg Z/ | Du.|P dz. (4.13)

Q] ﬂEE

Let IX be the set of all j such that (4.8) holds. We have by (2.8), Hélder’s inequality,
(2.7), and (2.32)

Z /6(Q§{ﬁw5)<f€ (g,DuE - Dwﬁ) — fs<§’pu€)> dr

jeIx
. 1/p' . 1/p
< =) (|Dusl? + |Dw?!|P) d t/1 )| Dwl|P d
<Z/<> wrairs) (5 [ g Eere)
1/p
i X ; p X ;
< (S8 [ GOl < cor) o)
1/p
< (ZZ( / Duw! |pda:+oz€/ Duw! |pd:z:>> .
jelkK i=1 Q¥ Q%

By the limit conditions in (2.32) and (2.6) we then obtain
lim Z / Dug Dwg) _ fE(E,D%» dz = 0,
5—>0 T e( QJ Mwe) g
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that yields

lim iélf/ fe (E, Due) dx > lim iglf Z / _ f{_:({, Du. — Dwg) dx.
e— QNewe € e— eIk e(Q4Nwe) €

On the other hand, the functions w! are constructed in such a way that u. — wl is an

admissible test function for ®X(¢) in (2.21) with & =@/ _, so that we get

1,€7

lim inf / f€<§, Due) dv > liminf Y PKPOK (@], u].,). (4.14)
QNewe jGIEK

Upon defining @, by setting (u.); = Z 1EQJI-( ﬂf ., We can rewrite
JeIX

Z apr(IDf(H{’E,...,H{g) = /bef(us)dac.

jerx

Since u. strongly converges to u in Lfo (©;R™) and, upon extracting a subsequence, a.e.

in €, by Fatou’s lemma and Proposition 2.5 (iii) we have

liminf/ fg(f,DuE> de > liminf/ @f(ﬂa)daz
QNewe Q

e—0 g e—0
> / lim inf &5 (7.) dz > / O (u) dz.
o €0 Q

It suffices eventually to apply Proposition 2.5 (iv) to obtain (4.7) and conclude the proof.

4.3 Proof of the upper-bound inequality

We now have to construct a recovery sequence for each function v = (uy,...,uyn) such
that F(u) < +oo; i.e., for all functions u € (WHP(Q;R™))Y such that u(x) € D a.e. By a
density argument it suffices to deal with piecewise-affine u. We will only give a proof for
u linear, since the extension to u piecewise affine follows standard arguments, as in [8].

Let u(x) := (M7, ..., Anx), with \; € R™*4 Note that the constraint u(z) € D a.e.
implies that A\; = A; if the two indices belong to the same element of the partition defined
in Proposition 2.3.

With fixed § > 0, for all s € {1,..., N} we choose K € N* and uff € Wol’p(KY;Rm)
such that

/ F-(y, D ) dy < KOfon () + ), (4.15)
KYNES

and for all j € Z% we choose vl € WIP(KY;R™) such that

1 , . ,
g [ 10 Del)ydy < @ Qs dwad) 46 (116)
KY
where ‘ ‘ ‘
xl :=cKj and vl = Nzl on KY NE;. (4.17)

Moreover, we also choose 9% € W#p (Y;R™) such that 9% = A\? on Y N Ef and

1
P

. )
0D dy < OF(OL, . N + 1
Y
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The function 7, € W#p(Y; R™*N) defined by 0; := (3}, ...,0Y) € (R™)V satisfies

N
1 ~
/ a-(y)|DocPdy < D OF(L... M)+, (4.18)
&y h=1
U, =A; in YﬂEf.
Let ¥k € W;OO(KY) be such that
Yr(x) =11in (K —1)Y, Yr(x) =0on J(KY). (4.19)

If v € e(Kj+ KY), j € Z%, we set

N J
T Xr—X (T — T
wela) = Yot (2 Jul () + o (5
=1

and finally

J

) + 7 (5)(:3—:5;) (4.20)

we(x) = qu(g)wE(x) v (1 - ¢K(§)) a(f)x (4.21)

The functions u. constructed in this way satisfy

e () = s (f)x on 9zl +eKY), (4.22)
€
. KT — xé . 7 £
ue(z) = eu; ( ) + \iz in (2l4+e(K-1)Y)NeE; (4.23)
€
and in particular u. uniformly converges to (A1x, ..., ANT).

Let J3 be the set of all j € Z% such that
e(Kj+ KY)NQ # 0. (4.24)

By reasoning similarly as in [8] Section 6, we may then estimate

limsup/ fg<§,DuE> dx
e—0 Ja €

x
lim sup E / fs(f,Dug) dx
e—=0 7 Jxl+eKY €
JEJ%

lim sup g / fe (f, Dua) dx + o(1).
e—=0 T Jrlie(K-1)Y €
JEJ%

IN

IN

The o(1) remainder in this formula comes from the contribution of the term with V.
Applying the Poincaré inequality (2.34) to the function v{ — v.z2 (which are equal to 0
on OFE?) leads to the energy of vl over the set KY \ (K — 1)Y (which contains the
support of Vi) ). Proceeding as in Proposition 4.1 of [8] one can check that this energy is
bounded by the values of the function ®X — (%)d ®K=2 at the points (Alxg, cey )\N:cg).
However, thanks to the Lipschitz condition (2.23) satisfied by ®X combined with the
Ascoli theorem, the sequence ®X uniformly converges to ® as ¢ — 0 and K — +4oc.
Therefore, the sequence ®X — (%)d ®K =2 yniformly converges to 0, which implies the
desired o(1). We can then proceed in our estimate obtaining
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limsup/ fe (E,Dus) dx
e—0 Ja €

lim sup Z / fe (g,Dwg) dx + o(1)
e—=0 [“1c Jxld+eKY €
JjeJ%

o
=0 2 /(m§'+sKY)naEg - (g’ Dut <%> * Ai) dz

jeJs

N J
) x x x —
+ lim sup / ‘ fel =) el Vs (—)UK( )
e—0 ]Z ep (zl+eKY)News c 15 Z—Zl "\e ¢ 9
J )

+<pl( )Du (x_gx )) +va<x_5 8) +D@(§)<m_mg> +65(‘:)> dz + o(1)
thsup Z /KYmE.f fg(y,DuiK + i) dy

Jje€Jg

IN

A
-
£
wn

S

IN

+ lim sup Z p/ f-(y, Dv?) dx + o(1).
EJE KYNwe

The o(1) in the last line of the latter formula holds true for the following reasons.
Firstly, the energy term with uZK in the fourth line of the formula is small by combining
the Poincaré-Wirtinger inequality (2.32), limit (2.31) and estimate (4.15), so is the term
with Duz-K thanks to the factor . Secondly, the term with Dv. in the fifth line of the
formula is small thanks to estimate (4.18) and to | — 22| < Ke. Thirdly, the last term
with 7, in the fifth line of the formula is controlled by considering the difference v, —
SV @5 and by using the Poincaré inequality (2.34), estimate (4.18) and limit (2.31).

Using (4.15) and (4.16) we then obtain

limsup Fue) < thsup Z el K (fiom(Ae) +96)

e—0 e—0 jeJs

+ lim sup Z KUK (Nl ... Aval) +6) 4+ o(1)

e—0

JjeJ%
K /—
< Z|Q|fhom —|—hmsup/ K (@) + 26| + o(1),
e—0
where . (z) = (Alxg,.. )\ng) if z € 2l + eKY. Taking into account the uniform

convergence of U, to u and that of ®3- to ® (which is due to the Lipschitz condition (2.23)
combined with the Ascoli theorem), and letting ¢ — 0 and then K — +o00, and by the
arbitrariness of §, we eventually obtain

lim sup F(u,) <Z/fhom (Du;) da:—l—/ O(ug,...,un)dr

e—0

as desired.

4.4 An example

This section contains the proof of Proposition 2.9, illustrating Example 2.1. The proof
is divided in three steps. In the first step we define three cut-off functions which satisfy
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conditions (2.30) and (2.31). In the second step we prove that these functions satisfy the
Poincaré type inequalities (2.32), (2.33) and (2.34). In the third step we determine the
domain D (2.20).

First step : Definition of the cut-off functions.
Let 0 < R < R" and let ¢p r be the function defined on [R, R'] by

R —r

m fOI' rec [R, R/]

YR (1) =

Let k € {1,2,3} and set r := mjé(]yﬂ. Let zp'f’e and @/J:l)f’a be the periodic functions in
j
W, (Y) defined on Y by

0 ifr> Ry
lfg(y) =<1 ifr<Ry—1§
le—Tf,Rl (T) if Rl - 'I“i: S r S R17
1 if r > Ry
Pe(y) =14 0 if r < Ry — 15§

1= sz*TEJb(T) if Ro —r5 <r < Rs.

Then, we define the cut-off functions ¢7, ¢5, ¢5 by

P11 = (=) (L= o) (L =)
05 = 3T Y5 Py (4.25)
3= (1= 91) (1 = ¥5).

By taking into account the conditions af (rf)1™P — 0 for i = 1,2, it is clear that ©5, 5, ©§
satisfy (2.30) and (2.31).

Second step : Proof of the Poincaré type inequalities.

The proof of the weighted Poincaré-Wirtinger inequality (2.32) is based on the following
one:

Let Q. be the thick cylinder of axis Oys and of (outer and inner) radii (R — ¢, R)
with 0 < R < § and r. — 0, defined by

Q::={y €Y : R—r. <max (|, |y2|) < R},

and let @ be the thick cylinder of axis Oys and of radii (R — r., R') or (R + R’, R) with
0 < R' < min (R 1 R). Then, there exists a constant C' > 0 independent of £ such that

I
’U][U
Q

Let us now prove (4.26) when @ is the cylinder of radii (R + R, R) for example. We can
assume that () and (). have a circular section thanks to a change of variables. Let ' C Y
be the cylinder of height 1 and of radius R between @Q and Q, let v € C'(Y) and denote
by v the trace of v on I'. We have the following inequality

/ v—][v
B Q
< cp</ ‘v—vp‘pdy—i-/

Qe Qe

p

Vv e WhP(Y), /

dy <C ((rs)p/ |Vv|pdy+r5/ |Vol? dy) . (4.26)
Qe Q

p
dy

’UIF—][’U
r
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dy+/

pdy) . (4.27)

foder




By a Poincaré-Wirtinger type inequality we have

ol fyr o= o f

We pass in polar coordinates for evaluating the two first terms of the right-hand side
of (4.27). Since v does not depend on the radial coordinate, using successively the
embedding of W1P(Q) into LP(T') and a Poincaré-Wirtinger type inequality in Q yields

P
/ v|p—][v dygcrg/ vp—][v v—][v
e r r r r

Moreover, we have for any y € Q).
" ov
U(y) - U|F(y) = ’U(’f’, 0, y3) - U(R7 0, y3) = » %(73 0, y3) dp,

p
dy = ‘Qe‘

P
dy < crg/ |VolP dy.
Q

p
dy < cr.

P
< cra/ |VoulP dy.
Wr(Q) Q@

whence by using the Holder inequality

ior2m (R R  \# /(R
» o
Qe -3 }% R—r. r r
<c (/ (R—r)P? dr> / |VolP dy
R*Ts Qs

< c(rg)p/ |Vol|P dy.
Qe

ov

ip(rv 97 y3)

P
pdp) rdrdfdys

Putting the three previous inequalities in (4.27) yields the desired inequality (4.26).
Similarly, we can prove the following Poincaré type inequality

Vo e WHY(Y), v =0 on 0Q N aQ., / [P dy < C (1) / |VolP dy. (4.28)
OF F

Let us prove inequality (2.32) for ¢ = 1, the cases i = 2,3 being quite similar. Let
v € WHP(Y). For each k € {1,2,3}, let Q’f’g and Qf’s be the thick cylinders defined by

Q° = {yGY  max [y Ser‘i} —{yey : o) =1}
ke = {er : Rl—r§<m7éa’g<|yj|<R1} :{yEY : 0<¢f7€(y)<1}.
J

By using the definition (4.25) of the function ¢f in terms of the functions wlf’a and the
fact that |V1/}]f’£| < c(r§)~!, we have

P
[acrvair|o—f ol ay
Y YnE:

. 3 P p
< Z / v ][ v dy—l—/ ][ v ][ v| dy
<c - —

(ri)P = \Jgks QM Qb | Jqhs YNES

0 3 P P
<e—+ / v—][ v dy+rf][ v—][ v| dy .

(r)P kl( Qhe Qe ke YNE;

On the one hand, the Poincaré-Wirtinger inequality (4.26) implies that

/Qk’s v _]2’9»5 vl dy<ec ((T‘i:)p /Q’“*S |VoulPdy + r§ /Qk,e |Vv\pdy> .
€ 1 € 1

22

p




On the other hand, a Poincaré-Wirtinger type inequality yields
P

][ v—][ v §c/ |VoulP dy.
ki YNES YNES

By combining the three previous estimates and by the definition (2.10) of wf we thus
obtain the inequality

p 5
[ociveir|o—f ol ay<e(ai [ vordy+ Sy [ welray),
Y YNES Yws (r)Pt Jyne:

which yields inequalities (2.32) and (2.33) for i = 1 since of and af (r§)1=? — 0.

Similarly, we deduce from inequality (4.28) the following Poincaré type inequality

Yo e WH(Y), v=0o0nY NIEE, / az [P dy < c(rj+r5)P / a: |Vol? dy,
Y Nwe Y Nwe

which implies (2.34).

Third step : Determination of the set D.

One the one hand, putting the test function pA1 + @5A2 + p5A3, for a fixed A € R3, in
the minimization problem (2.16) yields with the definition (4.25) of the functions ¢f and
the definition (2.10) of the thin layers w%,

V0Dl s e PR CRET
5NY

<c (Ep(’/';)p_l |§1 52‘11 ( ) |§2 - g3‘p>

On the other hand, let I'y and I'] be the cylinder of axis Oy, defined by

(4.29)
r, = {yEY : max (|yz|, |ys|) = R1 and R2<y3<%}
Is :={yeY : max(|yal, |ys]) = R —rf and Ry <ys < 1}.

Proceeding as in the proof of inequality (4.26) by passing into polar coordinates and using
the Holder inequality, we obtain that there exists a positive constant C' such that

AN

Then, putting the minimizer v. € W;gp (Y) such that

Voe WPy

p—1
<c(r1)p 1/ oy < ¢ T /a5|VU|pdy.
winYy 1 Y

1 . .
B4(€) = 5 [ aclVuldy with o =g B,

in the previous inequality and noting that v. = & on I'T and v, = & on I'y, yield

(6) =07 Sl -l

Similarly, there exists a positive constant ¢ such that

o
c W &2 — &3P,



The two previous estimates combined with (4.29) imply that there exist a constant ¢ > 1
such that

«

_ € a6
¢! @f(@ < W 161 — &P + ﬁ €2 — &3P < c@f(f),

(r3)
which combined with the definition (2.20) of D implies (2.36).
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