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Devwudfw

Zh vwxg| d yduldwlrqdo sureohp ghvfulelqj dq lqfrkhuhqw lqwhuidfh ehwzhhq d uljlg
lqfoxvlrq dqg d olqhduo| hodvwlf pdwul{1 Wkh hodvwlf pdwhuldo lv doorzhg wr vols uhodwlyh
wr wkh lqfoxvlrq dorqj wkh lqwhuidfh/ dqg wkh uhvxowlqj plvpdwfk lv shqdol}hg e| dq
lqwhuidfldo hqhuj| whup wkdw ghshqgv rq wkh vxuidfh judglhqw ri wkh uhodwlyh glvsodfh0
phqw1 Wkh frpshwlwlrq ehwzhhq wkh hodvwlf dqg lqwhuidfldo hqhujlhv lqgxfhv d wkuhvkrog
h�hfw zkhq wkh lqwhuidfldo hqhuj| ghqvlw| lv qrq0vprrwk= vpdoo lqfoxvlrqv duh frkhuhqw
+qr plvpdwfk,> vx�flhqwo| odujh lqfoxvlrqv duh lqfrkhuhqw1 Zh dovr vkrz wkdw wkh uh0
od{dwlrq ri wkh hqhuj| ixqfwlrqdo fdq eh zulwwhq dv wkh vxp ri wkh exon hodvwlf hqhuj|
ixqfwlrqdo dqg wkh wdqjhqwldo txdvlfrqyh{ hqyhorsh ri wkh lqwhuidfldo hqhuj| ixqfwlrqdo1

� W?|hL_�U|�L?

Lq wzr0skdvh vrolgv/ iru lqvwdqfh phwdo door|v/ rqh ri wkh skdvhv lv riwhq vhjuhjdwhg lqwr
lqfoxvlrqv glvwulexwhg lq wkh rwkhu skdvh*v pdwul{1

Vlqfh wkh skdvhv jhqhudoo| kdyh gl�huhqw fu|vwdoolqh vwuxfwxuh dqg frpsrvlwlrq/ wkhlu
vwuhvv0iuhh vwdwhv duh riwhq uhodwhg e| d wudqvirupdwlrq vwudlq lqyroylqj d glodwlrq ru d
frqwudfwlrq1 Wkhuhiruh/ wkh suhvhqfh ri qhz0skdvh sduwlfohv jhqhudwhv d vwuhvv �hog lq
wkh pdwul{/ dqg hodvwlf hqhuj| dffxpxodwhv lq wkh v|vwhp1 Wkh vwruhg hodvwlf hqhuj|
lqfuhdvhv zlwk wkh vl}h ri wkh lqfoxvlrqv/ dqg zkhq wkhvh duh odujh hqrxjk wkh hodvwlf
hqhuj| pd| eh ghfuhdvhg e| doorzlqj wkh sduwlfohv wr euhdn dzd| iurp wkh pdwul{/ e|
d surfhvv zklfk hvvhqwldoo| lqyroyhv wkh qxfohdwlrq ru pljudwlrq ri glvorfdwlrqv dw wkh
lqwhuidfh1 Wklv surfhvv kdv dq hqhujhwlf frvw/ dqg lw lv wkh frpshwlwlrq ehwzhhq wklv
frvw dqg wkh vwruhg hodvwlf hqhuj| zklfk ghwhuplqhv wkh wkuhvkrog h�hfw1

Wklv skhqrphqrq lv txlwh frpprq lq phwdo door|v/ dqg lw kdv ehhq ghprqvwudwhg
h{shulphqwdoo| lq d ydulhw| ri v|vwhpv/ vxfk dv Fx0Fr/ Ih0Fx/ Fx0Do/ Pj0Do +vhh wkh
uhylhz sdshu e| �B||�j�t ^54`,1 Iru lqvwdqfh/ lq sodvwlfdoo| ghiruphg Fx0Fr dqg
Ih0Fx wkh fulwlfdo udglxv kdv ehhq dfwxdoo| ghwhuplqhg1

D vlpsol�hg pdwkhpdwlfdo ghvfulswlrq ri wklv surfhvv lv ihdvleoh/ e| uhfnrqlqj wkh
h�hfw ri lqwhuidfldo glvorfdwlrqv lqwr dq lqwhuidfldo hqhuj| ghqvlw| whup zklfk shqdol}hv
wkh plvpdwfk ehwzhhq wkh skdvhv dw wkh lqwhuidfh1 Wkh frqfhsw ri lqwhuidfldo plvpdwfk
lv ehwwhu xqghuvwrrg e| ylhzlqj wkh skdvhv dv fu|vwdoolqh pdwhuldov zlwk gl�huhqw odwwlfh
sdudphwhuv1 Wkhq wkh plvpdwfk lv vlpso| wkh gl�huhqfh ehwzhhq wkh dfwxdo +l1h1/
ghiruphg, odwwlfh sdudphwhuv ri wkh wzr skdvhv dw wkh lqwhuidfh1 Zkhq wkhuh lv qr
plvpdwfk/ vr wkdw wkh fu|vwdoolqh vwuxfwxuhv duh frqwlqxrxv dfurvv wkh lqwhuidfh/ zh vd|
wkdw wkh lqwhuidfh lv frkhuhqw/ dqg lqfrkhuhqw rwkhuzlvh1
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Xvlqj wkh qrwlrq ri lqwhuidfldo hqhuj|/ zh pd| irupxodwh d vlpsoh yduldwlrqdo prgho
lq zklfk wkh wrwdo hqhuj| ixqfwlrqdo lv wkh vxp ri wklv lqwhuidfldo frqwulexwlrq/ shqdo0
l}lqj lqfrkhuhqf|/ dqg wkh xvxdo hodvwlf hqhuj| whup1 Wkh frpshwlwlrq ehwzhhq wkh
hodvwlf dqg lqwhuidfldo hqhuj| ghwhuplqhv wkh wkuhvkrog h�hfw1

Lq wklv sdshu zh vwxg| wklv yduldwlrqdo sureohp= zh vkrz wkdw wkh h{lvwhqfh ri d
fulwlfdo vl}h iru frkhuhqf| lv gluhfwo| uhodwhg wr wkh vprrwkqhvv ri wkh lqwhuidfldo hqhuj|
ghqvlw|/ dqg jlyh vx�flhqw frqglwlrqv iru wkh h{lvwhqfh ri plqlpl}huv lq whupv ri wkh
txdvlfrqyh{lw| +frqyh{lw| lq wkh 50glphqvlrqdo fdvh, ri wkh lqwhuidfldo hqhuj| ixqfwlrq1

Suhflvho|/ zh prgho wkh qhz0skdvh sduwlfoh dv d uljlg lqfoxvlrq  lq dq lq�qlwh 60
glphqvlrqdo hodvwlf pdwul{/ zlwklq wkh olqhdu dssur{lpdwlrq1 Wkh glvsodfhphqw x lv d
yhfwru �hog rq U� q / zklfk lv frqvwudlqhg wr eh wdqjhqwldo wr wkh erxqgdu| ri wkh
lqfoxvlrq/ l1h1/ x �q @ 3 rq C/ zlwk q wkh rxwzdug xqlw qrupdo wr C1 Wklv jxdudqwhhv
wkdw fdylwdwlrq grhv qrw rffxu dw wkh lqwhuidfh1

Zkhq x @ 3 rq C/ zh vd| wkdw wkh lqfoxvlrq lv frkhuhqw/ dqg lqfrkhuhqw rwkhuzlvh1
Zh wdnh dv d phdvxuh ri lqfrkhuhqf| wkh wdqjhqwldo judglhqw G7x ri wkh glvsodfhphqw
rq C/ vlqfh

x @ 3 rqC / G7x @ 3 rq C

Iru d frpsohwh ghvfulswlrq dqg d prwlydwlrq ri wklv fkrlfh ri wkh phdvxuh ri lqfrkhuhqf|
vhh �ji6j,,� BAa D�i|�A ^9`/ zklfk jlyhv d frpsohwh prgho iru lqfrkhuhqw lqwhuidfhv
lq wkh qrqolqhdu vhwwlqj1

Wr wdnh lqwr dffrxqw wkh wudqvirupdwlrq vwudlq ehwzhhq wkh lqfoxvlrq dqg wkh pdwul{
+iru fu|vwdoolqh vrolgv/ wkh gl�huhqfh lq htxloleulxp odwwlfh sdudphwhuv,/ zh dvvxph wkdw
wkh hodvwlf hqhuj| ghqvlw| kdv wkh irup *+H � Hf, @

�
2+H � Hf, � F^H � Hf`,/ zlwk

F wkh hodvwlflw| whqvru/ H wkh lq�qlwhvlpdo vwudlq whqvru/ dqg Hf wkh wudqvirupdwlrq
vwudlq1

Zh dvvxph wkdw wkh lqwhuidfldo hqhuj| ghqvlw| i ghshqgv rq G7x dqg rq wkh rul0
hqwdwlrq ri wkh lqwhuidfh zlwk uhvshfw wr wkh pdwul{> vlqfh wkh rulhqwdwlrq lv phdvxuhg
e| wkh lqwhuidfldo qrupdo q @ q+{,/ zlwk { 5 C/ zh pd| zulwh

i @ i+{> G7x,>

Wkh sureohp zh glvfxvv lq wklv sdshu lv wkh plqlpl}dwlrq ri wkh ixqfwlrqdo
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� q>U�, vxfk wkdw H+x,�Hf 5 O2+U2 q>U�f�,
dqg xmYl 5 Z �c^+C>U�,/ zlwk wkh frqvwudlqw xmYl � q @ 31 Zh wuhdw wkh fdvh t A 4/
exw lw lv qhfhvvdu| wr uhvwulfw wr t � 5 lq wkh ghjhqhudwh fdvh zkhq C lv d vxuidfh ri
uhyroxwlrq1

D fhqwudo uhvxow ri rxuv uhodwhv wkh vprrwkqhvv ri i dw G7x @ 3 wr wkh wkuhvkrog
h�hfw= zh suryh wkdw li wkh lqwhuidfldo hqhuj| lv d vprrwk ixqfwlrq ri G7x/ wkh lqfoxvlrq
fdq qhyhu eh frkhuhqw/ luuhvshfwlyh ri lwv vl}h1 Rq wkh rwkhu kdqg/ zkhq wkh hqhuj| lv
qrq0vprrwk/ wkhuh h{lvw wzr fulwlfdo ydoxhv iru d w|slfdo gldphwhu c ri / vd| c� dqg
c2/ vxfk wkdw zkhq wkh lqfoxvlrq lv vx�flhqwo| vpdoo/ dqg c ? c�/ wkh plqlpxp ri wkh
ixqfwlrqdo h{lvwv dqg wkh lqwhuidfh lv frkhuhqw/ exw iru c A c2 wkh lqwhuidfh fdqqrw eh
frkhuhqw1 Lq wklv frqqhfwlrq qrwh wkdw wkh ihz h{solflw irupv ri wkh lqwhuidfldo hqhuj|
ixqfwlrq uhvxowlqj iurp plfurvfrslf fdofxodwlrqv +�BA aji �ji�j BAa 8,j|W�ji

j| B,� ^57`0^46`, duh lqghhg qrq0vprrwk dqg qrq0frqyh{1
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Rxu vhfrqg pdlq uhvxow lv wkh h{solflw frpsxwdwlrq ri wkh uhod{hg hqhuj| ixqfwlrqdo/
dqg wkh glvfxvvlrq ri h{lvwhqfh1 Zh suryh wkdw/ judqwhg frqyh{lw| ri wkh exon hqhuj|/
h{lvwhqfh lv ghwhuplqhg e| wkh frqyh{lw| surshuwlhv ri wkh lqwhuidfldo hqhuj| ixqfwlrqdo
rqo|/ vlqfh wkh uhod{hg hqhuj| ixqfwlrqdo vsolwv dv wkh vxp ri wkh uhod{hg exon dqg
lqwhuidfh ixqfwlrqdov1 Lw wxuqv rxw wkdw wkh dssursuldwh w|sh ri frqyh{lw| qhhghg lq
wklv frqwh{w lv wkh wdqjhqwldo txdvl0frqyh{l�fdwlrq TA i ri wkh lqwhuidfldo hqhuj| i /
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lqwurgxfhg e| $BWNiN}ABe 8NAtjWBe �B,�+ BAa Ci���tB lq ^<` iru ixqfwlrqdov
gh�qhg rq pdsslqjv iurp wkh Hxfolghdq vsdfh wr pdqlirogv1 Khuh W[+C, lv wkh wdqjhqw
sodqh wr C dw {/ dqg T wkh xqlw vtxduh lq W[+C,1

Zh kdyh wkh iroorzlqj h{lvwhqfh uhvxow= dvvxph wkdw  lv qrw d vxuidfh ri uhyroxwlrq
dqg t A 4/ ru wkdw  lv d vxuidfh ri uhyroxwlrq dqg t � 5> wkhq/ li wkh lqwhuidfldo hqhuj|
i+{> �, lv wdqjhqwldoo| txdvlfrqyh{ +vr wkdw i @ TA i,/ d plqlpl}hu ri wkh ixqfwlrqdo
I +y, h{lvwv lq dq dssursuldwh vsdfh1

Lq d vlpsol�hg 50glphqvlrqdo vhwwlqj/ iru zklfk  � U2/ zulwh v iru dq duf sdudphwhu
rq C/ dqg x� iru wkh ghulydwlyh ri xmYl zlwk uhvshfw wr v1 Wkh lqwhuidfldo hqhuj| lv
qrz d ixqfwlrq i @ i+v>x�,/ zklfk uhgxfhv wr d ixqfwlrq ri x� lq wkh lvrwurslf fdvh/
zkhq h{solflw ghshqghqflhv rq wkh rulhqwdwlrq ri wkh lqwhuidfh duh h{foxghg1 Lq wklv
vlpsohu fdvh/ wkh qrwlrq ri txdvlfrqyh{lw| lv uhsodfhg e| wkh qrwlrq ri frqyh{lw|/ dqg
zh kdyh wkh vwurqjhu uhvxow wkdw/ li wkh lqwhuidfldo hqhuj| lv lvrwurslf dqg frqyh{ lq x�/
wkhq wkhuh h{lvwv d plqlpl}hu ri wkh hqhuj| ixqfwlrqdo1

Wkh �uvw wkhruhwlfdo wuhdwphqw ri wkh wkuhvkrog h�hfw iru vskhulfdo lqfoxvlrqv zdv
hvwdeolvkhg lq 4<73 e|�N|| BAa �BOBiiN ^55`/ zkr fdofxodwhg wkh hqhuj| dvvrfldwhg
wr lqfrkhuhqf| dv wkh hqhuj| uhtxluhg wr qxfohdwh glvorfdwlrqv dw wkh lqwhuidfh1 Odwhu/
Fdkq dqg Odufk�h wuhdwhg d vlplodu sureohp/ shqdol}lqj lqfrkhuhqf| e| dq lqwhuidfldo
hqhuj| ghshqglqj rq wkh plv�w ehwzhhq wkh skdvhv +fi1 wBiW��j BAa �B�A ^4<`/ �B�A
BAa wBiW��j ^8`,1 Wkh qrwlrq ri dq lqwhuidfldo hqhuj| ghshqglqj rq plv�w kdg lq idfw
ehhq lqwurgxfhg hduolhu e| �BA aji �ji�j j| B,� BAa 8,j|W�ji ^45` ^46` ^57` ^58`
^59` ^44`1

Pruh uhfhqwo|/ wkh gluhfw phwkrgv ri wkh fdofxoxv ri yduldwlrqv kdyh ehhq dssolhg
wr vwxg| wkh wudqvlwlrq iurp frkhuhqf| wr lqfrkhuhqf| lq d vlplodu/ exw vlpsohu/ 50
glphqvlrqdo vhwwlqj/ qdpho| d ghirupdeoh �op rq d uljlg vxevwudwh1 Lq wklv vlpsol�hg
frqwh{w/ wkh h�hfw ri wkh odfn ri frqyh{lw| dqg qrq0vprrwkqhvv ri wkh lqwhuidfldo hq0
huj| ghqvlw| rq wkh vwuxfwxuh ri wkh vroxwlrq kdv �uvw ehhq uhfrjql}hg e| wjN BAa Q�

^53`/ zkr sursrvhg d vshfldo qrq0frqyh{ dqg qrq0vprrwk lqwhuidfldo hqhuj| ghqvlw| wr
ghvfuleh �qh lqfrkhuhqw sdwfkhv dqg wkh wkuhvkrog h�hfw1 D frpsohwh dqdo|vlv ri wkh
sureohp iru wklq �opv lv suhvhqwhg lq �ji6j,,�e D�i|�A BAa wjNA� ^:`/ zkhuh wkh
gluhfw phwkrgv ri wkh fdofxoxv ri yduldwlrqv kdyh ehhq xvhg wr vwxg| d odujh fodvv ri
lqwhuidfldo hqhuj| ixqfwlrqv/ dqg wr fodvvli| wkhp dffruglqj wr wkh ehkdylru ri wkh plq0
lpl}lqj vhtxhqfhv1 Wkhuh wkh vlpsoh jhrphwu| ri dq hslwd{ldo �op rq d uljlg lqfoxvlrq
doorzv rqh wr xvh wkh ixoo irufh ri wkh fdofxoxv ri yduldwlrqv wr rewdlq lqirupdwlrq pruh
ghwdlohg wkdq lq wkh fdvh ri d 60glphqvlrqdo lqfoxvlrq1 Suhflvho|/ wkh odfn ri frqyh{lw|
ri wkh lqwhuidfldo hqhuj| ghqvlw| lv uhodwhg wr wkh irupdwlrq ri �qh plfurvwuxfwxuhv dw
wkh lqwhuidfh= ghshqglqj rq wkh jurzwk h{srqhqw ri wkh hqhuj| ghqvlw|/ wkh plqlpl}lqj
vhtxhqfhv hlwkhu suhvhqw dq rvfloodwru| ehkdylru/ dqg ghwhuplqh dq dvvrfldwhg \rxqj
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phdvxuh/ ru frqfhqwudwh rq vpdoo vhwv dqg duh wkxv dvvrfldwhg zlwk d ghihfw phdvxuh1
Rq wkh rwkhu kdqg/ zkhq wkh lqwhuidfldo hqhuj| lv frqyh{/ d vprrwk vroxwlrq grhv h{0
lvwv1 Wkhvh wkuhh nlqgv ri vroxwlrqv fruuhvsrqg sk|vlfdoo| wr gl�huhqw �qh vwuxfwxuhv
ri wkh skdvh lqwhuidfh= \rxqj phdvxuhv prgho dq lqwhuidfh lq zklfk vwuhvv uhod{dwlrq
rffxuv e| dowhuqdwlqj vpdoohu dqg vpdoohu frkhuhqw dqg lqfrkhuhqw uhjlrqv> ghihfw phd0
vxuhv fruuhvsrqg wr �qho| glvshuvhg lq�qlwhvlpdo mxpsv lq wkh glvsodfhphqw/ dqg wkxv
wr lqwhuidfldo glvorfdwlrqv> d vprrwk vroxwlrq pd| fruuhvsrqg wr d *jodvv|* lqwhuidfh lq
zklfk wkh fu|vwdoolqh vwuxfwxuh ri wkh skdvhv lv frpsohwho| orvw dw wkh skdvh erxqgdu|1

Xqiruwxqdwho|/ vxfk zhdowk ri lqirupdwlrq fdqqrw eh rewdlqhg vr hdvlo| lq wkh wkuhh0
glphqvlrqdo vhwwlqj vwxglhg khuh/ vlqfh wkh pdwkhpdwlfdo ihdwxuhv ri wkh wzr fdvhv +�op
rq d uljlg vxevwudwh dqg uljlg lqfoxvlrq lq dq lq�qlwh pdwul{, duh gl�huhqw dqg/ xqolnh
wkh frqyh{ fdvh/ yhu| olwwoh lv nqrzq derxw txdvlfrqyh{lw|1 Pruhryhu/ iru dq lqfoxvlrq/
wkh fxuydwxuh ri wkh lqwhuidfh d�hfwv wkh wudqvlwlrq iurp frkhuhqf| wr lqfrkhuhqf| dv
zhoo dv wkh �qh vwuxfwxuh ri wkh lqwhuidfh1

2 �hi*�4�?@h�it

Ohw / wkh uljlg lqfoxvlrq/ eh dq rshq/ erxqghg/ frqqhfwhg vxevhw ri U� zlwk vprrwk
erxqgdu| C1 Wkh glvsodfhphqw �hog lv d uhjxodu ixqfwlrq x = U�q$ U

�/ zlwk vwudlq
H @ �

2+ux.ux�,> zkhq qhfhvvdu|/ zh ghqrwh wkh vwudlq dvvrfldwhg zlwk x e| H+x,1
Ohw

* @ *+H �Hf, @
�
2+H �Hf, � F^H �Hf` +514,

ghqrwh wkh hodvwlf hqhuj| ghqvlw| shu xqlw duhd/ zlwk F wkh hodvwlflw| whqvru dqg Hf d
frqvwdqw �{hg wudqvirupdwlrq vwudlq1 Zh ghqrwh e|

W @ F^H �Hf`

wkh Fdxfk| vwuhvv/ dqg zulwh W @ W +x, zkhq lw ehfrphv qhfhvvdu| wr pdnh h{solflw
wkh ghshqghqfh rq x1 Zh dvvxph wkdw F lv srvlwlyh gh�qlwh/ l1h1/

H � F^H` A 3> +515,

iru doo v|pphwulf H 9@ 3/ d frqglwlrq wkdw jxdudqwhhv wkh frqyh{lw| ri wkh hodvwlf hqhuj|
ghqvlw| * +vlqfh * lv txdgudwlf/ vhh h1j1 ^;`,1

Ghqrwlqj e| q @ q+{, wkh rxwzdug xqlw qrupdo wr C dw {/ zlwk fruuhvsrqglqj
wdqjhqw sodqh

W[+C, @ iy 5 U� = y � q+{, @ 3j>

zh dvvxph wkdw

x � q @ 3 rq C> +516,

vr wkdw x lv wdqjhqwldo wr C/ l1h1/ x+{, 5 W[+C, iru { 5 C1

Wr lqwurgxfh wkh vxuidfh hqhuj| zh qhhg wr gh�qh wkh vxuidfh judglhqw ri wkh wudfh
ri x rq C1 Jlyhq d yhfwru �hog z rq C wkh vxuidfh judglhqw ri z dw d srlqw {f 5 C
lv wkh olqhdu rshudwru G7z @ G7z+{f, = W[f+C,$ U
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zlwk { = +��> �, � U$ C dq| uhjxodu fxuyh zlwk {+3, @ {f dqg b{+3, @ w1 Li z lv wkh
wudfh ri x dw C/ wkh vxuidfh judglhqw ri x lv mxvw wkh surmhfwlrq rq wkh wdqjhqw sodqh
ri wkh wudfh ri ux=

G7x @ +ux,S >

zkhuh S @ 4 � q  q lv wkh surmhfwlrq rshudwru rqwr wkh wdqjhqw sodqh1 Dw d �{hg
srlqw/ wkh olqhdu rshudwru G7x pdsv wkh wdqjhqw sodqh dw wkdw srlqw lqwr U�/ exw lw lv
frqyhqlhqw wr h{whqg lw wr d olqhdu rshudwru ri U� lq lwvhoi/ vxfk wkdw +G7x,q @ 31 Zlwk
wklv frqyhqwlrq/ lw lv vwudljkwiruzdug wr gh�qh wkh srlqwzlvh qrup ri G7x wkurxjk

mG7xm @
t
wu ^+G7x,�G7x`=

D glvsodfhphqw �hog rq U� q  lv frkhuhqw li lw ydqlvkhv rq C/ ru htxlydohqwo| li

G7x @ 3 rqC= +517,

Wr suryh wklv htxlydohqfh/ qrwh wkdw li G7x @ 3 rqC wkhq x lv frqvwdqw rq C/ dqg
wklv lv lqfrpsdwleoh zlwk wkh frqvwudlqw x � q @ 3 xqohvv x @ 3/ lghqwlfdoo|1

Zkhq x/ ru htxlydohqwo| G7x/ grhv qrw ydqlvk lghqwlfdoo|/ zh vd| wkdw wkh lqfoxvlrq
lv lqfrkhuhqw1

Wr shqdol}h lqfrkhuhqf|/ zh lqwurgxfh dq lqwhuidfldo hqhuj| ghqvlw| i / shu xqlw
duhd ri C/ zklfk ghshqgv erwk rq wkh rulhqwdwlrq ri wkh erxqgdu| +wr dffrxqw iru
dqlvrwurs|,/ dqg rq wkh vxuidfh judglhqw ri wkh glvsodfhphqw x1 Wkxv i lv/ d sulrul/ d
ixqfwlrq ri +q> G7x,/ zlwk grpdlq i+q>Y , 5 U� � U�f� = mqm @ 4dqgY q @ 3j1 Exw
vlqfh C lv �{hg dqg q @ q+{, lv wkhuhiruh dvvljqhg/ zh pd| dovr zulwh wkh lqwhuidfldo
hqhuj| ghqvlw| dv d ixqfwlrq

i @ i+{> G7x,

gh�qhg rq 	 @ i+{>Y , 5 C� U�f� = Y q+{, @ 3j1
Lq jhqhudo/ zh dvvxph wkdw i lv frqwlqxrxv/ i+{>Y , A 3 li Y 9@ 3 dqg i+{> 3, @ 3

iru hyhu| { 5 C +vr wkdw d frkhuhqw glvsodfhphqw lv dq devroxwh plqlpxp ri wkh
lqwhuidfldo hqhuj| ghqvlw|,/ dqg wkh jurzwk frqglwlrq

4

N
+mY m^ � 4, � i+{>Y , � N+mY m^ . 4,> t � 4 +518,

krogv iru doo +{>Y , 5 	/ zlwk N d srvlwlyh frqvwdqw1
Rxu dlp lv wr plqlpl}h wkh ixqfwlrqdo

I +x, @

]
5�.l

*+H �Hf, gy .

]
Yl
i+{> G7x, gd> +519,

rq wkh vsdfh ri vx�flhqwo| uhjxodu glvsodfhphqw �hogv x rq U� q / vxfk wkdw +516,
krogv1 Pruh suhflvho|/ zh plqlpl}h I +x, rq wkh vsdfh

Z @ ix 5Z
�c2
*LU +U

� q >U�,> H+x,�Hf 5 O
2+U� q >U�f�,>

xmYl 5Z �c^+C>U�,> dqg xmYl � q @ 3 j=

Zh dovr ghqrwh wkh vsdfh ri frkhuhqw glvsodfhphqwv e|

Zf @ ix 5Z> xmYl @ 3 j= +51:,

D



Zh frqfoxgh wklv vhfwlrq zlwk vrph surshuwlhv rq wkh vxuidfh judglhqw zklfk zloo
eh xvhg lq wkh vhtxho1 Ghqrwlqj e| aG7x @ SG7x wkh lqwulqvlf ghulydwlyh ri x/ dqg e|
E @ �G7q wkh Zhlqjduwhq pds/ +516, lpsolhv wkdw

G7x @ aG7x. qEx= +51;,

Wklv ghfrpsrvlwlrq vkrzv wkdw lqfrkhuhqf| lv gxh wr wzr hvvhqwldoo| gl�huhqw phfkd0
qlvpv= wkh uhodwlyh ghirupdwlrq ri wkh skdvhv zlwklq wkh lqwhuidfh/ dv phdvxuhg e| wkh
lqwulqvlf ghulydwlyh whup aG7x/ zklfk grhv qrw ghshqg rq wkh fxuydwxuh ri wkh lqwhu0
idfh/ dqg wkh plvpdwfk gxh wr wkh uhodwlyh urwdwlrq ri wkh pdwhuldov dw wkh lqwhuidfh/
dv phdvxuhg e| qEx/ d whup zklfk lghqwlfdoo| ydqlvkhv rq �dw sruwlrqv ri C1

Ohw qrz +X>", eh d fkduw rq C/ zlwk X � C dqg " = X $ U
2/ dqg zulwh

U @ "+X, � U21 Zh vkdoo xvh/ dv vkruwkdqg/ wkh qrwdwlrq {+�, =@ "+�, iru � 5 U/ dqg
�+{, =@ "3�+{, iru { 5 X 1 Pruhryhu/ zh zulwh

L @ L+{, =@ G7"+{, = W[+C,$ U
2>

iru wkh dvvrfldwhg lvrprusklvp ehwzhhq wkh wdqjhqw vsdfh dw { dqg wkh sdudphwhu
vsdfh U21

Frqvlghu d ixqfwlrq y = X $ U
� vxfk wkdw y � q @ 31 Vlqfh y+{, 5 W[+C,/ wkh

ixqfwlrq y dgplwv d orfdo uhsuhvhqwdwlrq z = U$ U
2 gh�qhg e|

z+�, =@ L+{+�,,y+{+�,, / y+{, =@ L3�+{,z+�+{,,> +51<,

iru � 5 U dqg { 5 X 1 Gl�huhqwldwlqj wkh vhfrqg uhodwlrq deryh rq C dqg qrwlqj wkdw
G7+�, @ uz+�,L/ zh �qg

G7y+{+�,, @ L3�+{+�,,uzz+�,L+{+�,, .U+�>z,> +5143,

zlwkU+�>z, d frpsolfdwhg h{suhvvlrq wkdw lv olqhdu lqz dqg wkdw lqyroyhv wkh Fkulvwri0
iho v|perov dqg wkh Zhlqjduwhq pds1

� kLh? @?_ �L�?U@h�i W?i^�@*�|�it

Fodvvlfdoo|/ Nruq*v lqhtxdolw| vwdwhv wkdw wkh O2 qrup ri H+x, lv htxlydohqw wr wkh
Z �c2 qrup ri x rq d erxqghg grpdlq/ li x ydqlvkhv rq d uhjlrq ri wkh erxqgdu| zlwk
srvlwlyh duhd1 Zh khuh h{whqg wklv uhvxow wr yhfwru �hogv wkdw gr qrw qhfhvvdulo| ydqlvk
dw wkh erxqgdu|/ exw vdwlvi| wkh frqvwudlqw +516,1

Pruh suhflvho|/ zh qrz vkrz wkdw/ zkhq C lv qrw d vxuidfh ri uhyroxwlrq/ wkh
frqvwudlqw x � q @ 3 rq C lv vx�flhqw wr hqvxuh wkh ydolglw| ri Nruq*v lqhtxdolw| rq
erxqghg grpdlqv frqwdlqlqj wkh lqfoxvlrq 1 Li C lv d vxuidfh ri uhyroxwlrq/ wkhq d
Z �c20erxqg rq x dovr uhtxluhv d erxqg rq G7x rq C1

Dv d suholplqdu| uhvxow/ uhfdoo wkdw d vxuidfh ri uhyroxwlrq V pd| eh fkdudfwhul}hg
e| lwv lqyduldqfh zlwk uhvshfw wr urwdwlrqv derxw d jlyhq d{lv/ l1h1/ wkhuh h{lvw yhfwruv
$ dqg � vxfk wkdw li { 5 V wkhq | @ �.U+{� �, 5 V/ zlwk U dq| urwdwlrq zlwk d{lv
$1 Lq rwkhu zrugv/ V frqwdlqv/ zlwk dq| rqh ri lwv srlqwv/ dovr d flufoh wkurxjk wklv
srlqw/ zlwk fhqwhu rq d jlyhq d{lv1

Lq zkdw iroorzv zh ghqrwh e| Eu wkh rshq edoo ri U� fhqwhuhg dw wkh ruljlq dqg ri
udglrxv O A 31

S



Sursrvlwlrq 6141 Ohw  � U�/ �{ O A 3 vr wkdw  � Eu/ dqg frqvlghu x 5Z �c2+Eu q
>U�, vxfk wkdw x � q @ 3 rq C1

Li C lv qrw d vxuidfh ri uhyroxwlrq/ wkhq wkhuh lv d frqvwdqw F +ghshqglqj rq O,
vxfk wkdw

nxn2`�c2E�u.l(5��
� FnHn2u2E�u.l(5�f��

=

Dowhuqdwlyho|/ li C lv d vxuidfh ri uhyroxwlrq/ dqg xmYl 5Z �c^+C>U�,/ zlwk t � 5/
wkhq wkhuh lv d frqvwdqw F +dovr ghshqglqj rq O, vxfk wkdw

nxn2`�c2E�u.l(5��
� F

�
nG7xn

^

u^EYl(5�f��
. nHn2u2E�u.l(5�f��

�
=

Surri1 Zh iroorz wkh surri ri $B�|iB+ BAa w�NAt ^43`/ dqg h{sdqg rqo| wkrvh vwhsv
zklfk ghsduw iurp wkh ruljlqdo surri1 Iluvw uhfdoo wkh edvlf hvwlpdwh +Wkhruhp :1614/
sdjh 747/ Yroxph LL ^43`,

nxn2`�c2E�u.l(5��
� frqvw1+nH+x,n2u2E�u.l(5�f��

. nxn2u2E�u.l(5��
,= +614,

Qh{w/ qrwh wkdw/ li H+x, @ 3 lq Eu q  dqg x � q @ 3 rq C/ wkhq hlwkhu x @ 3 lq
Eu q  ru C lv d vxuidfh ri uhyroxwlrq1 Lq idfw/ li H+x, @ 3/ wkhq x lv d uljlg prwlrq

x+{, @ d. $ � {> { 5 Eu q >

zlwk d dqg $ frqvwdqw yhfwruv1 E| +516,/ wkh uhvwulfwlrq ri x wr C lv d wdqjhqwldo
yhfwru �hog/ dqg wkhuhiruh lwv lqwhjudo olqhv pxvw eh frqwdlqhg lq C1 + Wkh �hog x lv
frpsohwh vlqfh C lv frpsdfw1, Exw wkh lqwhjudo olqhv ri x zlwk lqlwldo srlqw d jlyhq
{f duh kholfhv zlwk d{lv $=

{+v, @ wd�� . � .U+w,+{f � �,> w 5 U>

zlwk d�� @ m$m32+d � $,$/ � @ m$m32$ � d/ dqg U+v, d urwdwlrq derxw $ ri dqjoh m$mw1
Qrwh wkdw/ vlqfh C lv erxqghg/ d�� @ 31

Dvvxph wkdw $ 9@ 3/ dqg fkrrvh dq duelwudu| {f 5 C1 Wkhq wkh deryh irupxod
lpsolhv wkdw { @ � .U+{f � �, iru dq| urwdwlrq U zlwk d{lv $/ dqg wklv lpsolhv wkdw
C pxvw eh d vxuidfh ri uhyroxwlrq1

Khqfh/ li  lv qrw d vxuidfh ri uhyroxwlrq/ zh pxvw kdyh $ @ 3/ dqg wklv/ wrjhwkhu
zlwk d�� @ 3> lpsolhv wkdw x @ 3 rq Euq1 Zh kdyh wkxv suryhg wkdw H+x, @ 3 lpsolhv
wkdw x @ 3 iru dq| x 5Z �c2+Eu q>U

�, frpsdwleoh zlwk +516,1 Zh pd| qrz surfhhg
dv lq ^43` wr vkrz wkh ydolglw| ri wkh hvwlpdwh

nxn2u2E�u.l(5��
� frqvw1nHn2u2E�u.l(5�f��

>

dq hvwlpdwh wkdw lpsolhv Nruq*v lqhtxdolw|/ exw wkh dujxphqw lv vwdqgdug dqg qhhg qrw
eh jlyhq khuh +vhh ^43`,1

Wr suryh Nruq*v lqhtxdolw| zkhq C lv d vxuidfh ri uhyroxwlrq/ qrwh �uvw wkdwH+x, @
3 lq Eu q dqg G7x @ 3 rq C lpso| wkdw x @ 3 rq Eu q1 Lq idfw/ vlqfh G7x @ 3 rq
C lpsolhv wkdw x @ 3 rq C/ wkhq x @ 3 hyhu|zkhuh/ vlqfh x lv d uljlg glvsodfhphqw1

Wkh odvw vwhs ri wkh surri lv wr vkrz wkdw/ zkhq t � 5/

nxn2u2E�u.l(5��
� frqvw1+nG7xn

^

u^EYl(5�f��
. nHn2u2E�u.l(5�f��

,>

.



iurp zklfk/ judqwhg +614,/ wkh vhfrqg sduw ri wkh wkhvlv iroorzv1 Dvvxph/ iru frqwud0
glfwlrq/ wkdw wkh deryh hvwlpdwh grhv qrw krog1 Wkhq wkhuh lv d vhtxhqfh ix?j vxfk
wkdw

q+nG7x?n
^

u^EYl(5�f��
. nH+x?,n

2
u2E�u.l(5�f��

, ? nx?n
2
u2E�u.l(5��

>

dqg wkxv/ vlqfh t � 5/

q+nG7x?n
2
u2EYl(5�f�� . nH+x?,n

2
u2E�u.l(5�f��

, ? frqvw1nx?n
2
u2E�u.l(5��

>

dqg glylglqj erwk vlghv ri wkh deryh lqhtxdolw| e| nx?n
2
u2E�u.l(5��

/ wklv lv htxlydohqw

wr wkh h{lvwhqfh ri d vhtxhqfh i�x?j/ zlwk n�x?nu2E�u.l(5�� @ 4/ vxfk wkdw

nG7 �x?n
2
u2EYl(5�f�� . nH+�x?,n

2
u2E�u.l(5�f��

? frqvw1
4

q
=

Wkxv nG7 �x?nu2EYl(5�f�� $ 3 dqg nH+�x?,nu2E�u.l(5�f�� $ 31 Vlqfh e| +614, wkh
vhtxhqfh i�x?j lv erxqghg lq Z �c2+Eu q >U

�,/ lw frqyhujhv zhdno| wr d olplw �x lq
Z �c2+Eu q >U

�,1 Wklv lpsolhv wkdw H+�x?, - H+�x, lq O2+Eu q >U
�f�, dqg/ e| wkh

orzhu vhplfrqwlqxlw| ri wkh qrup/ H+�x, @ 31 D vlplodu surfhgxuh vkrzv dovr wkdw
G7 �x @ 3 rq C1 Khqfh/ e| wkh dujxphqw jlyhq deryh/ zh pd| frqfoxgh wkdw �x @ 3
rq Eu q 1

Rq wkh rwkhu kdqg/ �x? - �x lq Z �c2+Eu q >U
�,/ vr wkdw �x? $ �x vwurqjo| lq

O2+Eu q >U
�,1 Exw vlqfh n�x?n

2
u2E�u.l(5��

@ 4/ wklv lpsolhv wkdw n�xn2
u2E�u.l(5��

@ 4/
zklfk lv wkh ghvluhg frqwudglfwlrq1

Uhpdun 6151 Nruq*v lqhtxdolw| rq erxqghg grpdlqv dozd|v krogv iru C dq duelwudu|
vxuidfh +srvvleo| ri uhyroxwlrq, zkhq x lv frkhuhqw1

Zh suryh khuh d yhuvlrq ri Srlqfdu�h lqhtxdolw| iru yhfwru �hogv rq C1 Wkh surri
iroorzv QjOj+ ^4:`/ zlwk plqru prgl�fdwlrqv1

Sursrvlwlrq 6161 Ohw x 5 Z �c^+C>U�, iru 4 � t ? 5/ dqg ohw � � C eh dq rshq
vxevhw zlwk srvlwlyh duhd1 Wkhq wkhuh lv d frqvwdqw F +ghshqglqj rq �, vxfk wkdw

nx� �xKnu^EYl(5�� � FnG7xnu^EYl(5�f��> +615,

zlwk

�xK @
4

m�m

]
K
x gd=

Surri1 Ohw t 5 +4> 5,1 Dv lq wkh surri ri Nruq*v lqhtxdolw|/ zh pxvw suryh wkdw

lqi
XMM

nG7xnu^EYl(5�f�� A 3>

zlwk

K @ ix 5Z �c^+C>U�, = nxnu^EYl(5�� @ 4 dqg

]
K
x gd @ 3j=

Wkhq/ vlqfh t A 4/ dqg e| Uhoolfk Wkhruhp/ d plqlpl}lqj vhtxhqfh iru nG7xnu^EYl(5��
rqK frqyhujhv zhdno| lqZ �c^+C>U�, dqg vwurqjo| lq O^+C>U�, wr d ixqfwlrq x 5 K1
Exw vlqfh

U
K x gd @ 3 dqg wkh duhd ri � lv srvlwlyh/ x fdqqrw eh frqvwdqw/ dqg wklv

|lhogv wkh ghvluhg frqfoxvlrq1

H



Ohw t @ 41 Zh suryh wkh dvvhuwlrq iru d vfdodu �hog x 5Z �c�+C>U,/ zklfk pd| eh
lghqwl�hg wr rqh ri wkh frpsrqhqwv ri x lq d �{hg edvlv ri U�1 Qrwh �uvw wkdw/ vlqfh
C lv frpsdfw/ wkhuh h{lvwv d Juhhq ixqfwlrq J+{>|, iru wkh vxuidfh Odsodfldq �7 /
vxfk wkdw

x+{, @
4

mCm

]
Yl

x gd.

]
Yl

J+{>|,�7x+|, gd\= +616,

Gh�qh k = C$ U vxfk wkdw

�7k @
4

mCm
�

4

m�m
"K>

zlwk "K wkh fkdudfwhulvwlf ixqfwlrq ri �/ dqg qrwh wkdw/ judqwhg +616,/ k lv d vprrwk
ixqfwlrq rq C1 Pruhryhu/ wkh lghqwlw|

]
Yl

k�7x gd�

]
Yl

x�7k gd @ 3>

lpsolhv wkdw ]
Yl

k�7x gd� �xYl . �xK @ 3>

dqg dgglqj erwk vlghv ri wklv htxdolw| wr +616,/ zh rewdlq

x+{, @ �xK .

]
Yl

K+{>|,�7x+|, gd\>

zlwk K+{>|, @ J+{>|, . k+|,1 Wkh surri qrz surfhhgv dv lq +^4:`,= wkh deryh
lqhtxdolw| lpsolhv wkdw

]
Yl
mx� �xKm gd �

]
Yl

]
Yl
mG7K+{>|,mmG7x+|,m gd[ gd\>

zklfk lpsolhv wkh ghvluhg lqhtxdolw|/ judqwhg wkh jurzwk surshuwlhv ri wkh Juhhq ixqf0
wlrq dqg wkh idfw wkdw k lv vprrwk1

Wkh suhfhglqj uhvxow doorzv wr suryh d vwurqjhu yhuvlrq ri Srlqfdu�h lqhtxdolw| iru
wdqjhqwldo yhfwru �hogv1

Fruroodu| 6171 Ohw x 5 Z �c^+C>U�, iru 4 � t ? 5/ vxfk wkdw x � q @ 31 Wkhq wkhuh
lv d frqvwdqw F vxfk wkdw

nxnu^EYl(5�� � FnG7xnu^EYl(5�f��= +617,

Surri1 Iluvw qrwh wkdw/ vlqfh C lv erxqghg/ wkhuh lv dq {f 5 C vxfk wkdw wkh sulqflsdo
fxuydwxuhv ��+{f,/ �2+{f, +wkh hljhqydoxhv ri wkh Zhlqjduwhq pds, duh erwk srvlwlyh1
Khqfh/ wkhuh h{lvwv dq rshq grpdlq � � C/ zlwk srvlwlyh Kdxvgru� phdvxuh/ vxfk wkdw
��+{,> �2+{, A 3 iru { 5 �/ zklfk lpsolhv/ e| wkh plqlpd{ surshuw| ri wkh hljhqydoxhv/
wkdw wkhuh lv d srvlwlyh frqvwdqw e vxfk wkdw mE+{,v+{,m � emv+{,m iru dq| wdqjhqw
yhfwru �hog rq �/ xqlirupo| lq { 5 �1 Khqfh

]
Yl
mG7xm gd �

]
K
mG7xm gd @

]
K

t
m aG7xm2 . mExm2 gd � e

]
K
mxm gd=

b



Exw wkh Srlqfdu�h lqhtxdolw| +615, lpsolhv wkdw/

]
Yl
mxm^ gd � f�

�]
Yl
mG7xm

^ gd.
4

m�m

����
]
K
x gd

����
^�

>

iru vrph frqvwdqw f�/ dqg wkh wkhvlv iroorzv iurp K�roghu*v lqhtxdolw|1

e �L�ihi?| _�tT*@Ui4i?|t

Lq wklv vhfwlrq zh suryh wkh h{lvwhqfh dqg xqltxhqhvv ri d plqlpl}hu ri wkh hodvwlf
hqhuj| ixqfwlrqdo rq wkh vsdfh ri frkhuhqw glvsodfhphqwv/ dqg fkdudfwhul}h lw lq whupv
ri wkh olplw ri vhtxhqfhv ri frkhuhqw plqlpl}huv rq erxqghg grpdlqv1

Iru �{hg O vxfk wkdw  � Eu/ ohw

Zu
f @ ix 5Z �c2+Eu q >U

�, = xmYl @ 3j> +714,

dqg

Iu
f +x, @

]
�u.l

*+H �Hf, gy= +715,

Vlqfh * lv vwulfwo| frqyh{/ vwdqgdug dujxphqwv/ wrjhwkhu zlwk Nruq*v lqhtxdolw| +vhh
Uhpdun 615,/ lpso| wkdw wkhuh h{lvwv d xqltxh plqlpl}hu xuUL ri I

u
f rq Zu

f 1 Qrwh wkdw
xuUL vdwlv�hv wkh Hxohu htxdwlrqv

GlyW +xuUL, @ 3 lq Eu q >
W +xuUL,q @ 3 rq CEu=

+716,

Wkhruhp 7141 Iru dq| vhtxhqfh O? $4 dqg dq| �{hg O vxfk wkdw  � Eu/

xu?UL $ xUL lq Zu
f >

zkhuh xUL lv wkh xqltxh plqlpl}hu rq Zf ri wkh hqhuj| ixqfwlrqdo

If+x, @

]
5�.l

*+H �Hf, gy= +717,

Surri1 Il{ dq| y 5 Zf iru zklfk If+y, ? 4/ dqg frqvlghu d vhtxhqfh ixu?UL j zlwk
O? $ .41 Wkhq/ iru O? A O/

Iu
f +x

u?
UL , � Iu?

f +xu?UL , � Iu?
f +y, � If+y, ?4= +718,

Khqfh/ e| Nruq*v lqhtxdolw| rq erxqghg grpdlqv +vhh Uhpdun 615,/ wkh vhtxhqfh ixu?UL j
lv erxqghg lq Zu

f / vr wkdw +sdvvlqj wr d vxevhtxhqfh, xu?UL - xu lq Zu
f / iru vrph

xu 5Zu
f 1

Qrz/ iru O� A O/ dsso| +718, wr wkh deryh vxevhtxhqfh/ dqg h{wudfw d vxevhtxhqfh
frqyhujlqj zhdno| wr xu

�

lqZu�

f / dqg wkxv dovr lq Zu
f 1 E| wkh xqltxhqhvv ri wkh olplw/

xu
�

@ xu lq Eu q 1 Khqfh wkhuh h{lvwv d ixqfwlrq xSJ 5 Z �c2
*LU +U

� q >U�, lq U� q 
vxfk wkdw/ iru dq| O/ xSJ @ xu lq Eu q  dqg

xu?UL - xUL lq Z �c2
,JS +Eu q >U

�,=

�f



E| wkh orzhu vhplfrqwlqxlw| ri Iu
f +x, dqg +718,/ zh kdyh

Iu
f +xSJ, � olp lqi

?<n"
Iu
f +x

u?
UL , � If+y,

iru dq| O/ vr wkdw If+xSJ, � If+y,/ dqg e| wkh duelwudulqhvv ri y 5Zf lw iroorzv wkdw

If+xSJ, @ plq
YM`f

If+y,=

Lw lv hdv| wr yhuli|/ djdlq e| wkh vwulfwo| frqyh{lw| ri * dqg Nruq*v lqhtxdolw| lq erxqghg
grpdlqv/ wkdw xSJ lv xqltxh1

Qh{w zh suryh uhjxodulw| dqg vwurqj frqyhujhqfh1 Il{ Of ? O vxfk wkdw  � Euf /
dqg qrwh wkdw GlyW +xu?UL , @ 3 lq Eu q1 Ohw # eh d vprrwk ixqfwlrq vxfk wkdw # @ 4
lq Euf q dqg # @ 3 lq U� qEu/ dqg ohw yu @ #xuUL1 Wkhq

GlyW +yu, @ i lq Eu q >
yu @ 3 rq C+Eu q ,>

zkhuh i @ F+H+xuUL,,u# .Gly ^F+xuUL u#,`1

E| Wkhruhp 516 lq ^49`

nyunM&n�E�u.l(5�� � frvw1 +ninM&3�E�u.l(5�� . nyunu2E�u.l(5��,>

dqg/ vlqfh i lv olqhdu lq xuSJ dqg ux
u
SJ/ wklv lpsolhv wkdw

nxuSJnM&n�E�uf.l(5
�� � frvw1 +nuxuSJnM&3�E�u.l(5��

. nxuSJnu2E�u.l(5��,=

Wdnlqj n @ 4 dqg dsso|lqj wklv lqhtxdolw| wr xu?SJ / dqg qrwlqj wkdw wkh vhtxhqfh ix
u?
SJ j lv

erxqghg lqZ �c2+Eu q>U
�,/ lw iroorzv wkdw ixu?SJ j lv dovr erxqghg lq K2+Euf q>U

�,1
Dsso|lqj wklv surfhgxuh lwhudwlyho|/ dqg xvlqj wkh duelwudulqhvv ri Of/ zh �qg wkdw
xu?SJ lv erxqghg lq K&+Euf q >U

�, iru dq| n dqg dq| Of1 Wkh vdph surfhgxuh dovr
vkrzv wkdw xSJ 5 K&+Euf q>U

�, iru dq| n dqg Of1 Khqfh/ e| Uhoolfk*v Wkhruhp/ wkh
vhtxhqfh ixu?SJ j frqyhujhv vwurqjo| wr xSJ lq K&+Eu q >U

�, iru dq| n dqg O1

Fruroodu| 7151 Iru dq| vhtxhqfh O? $4/

W +xu?UL ,q$ W +xUL,q

vwurqjo| lq O2+C,1

Surri1 Vlqfh wkh vhtxhqfh ixu?SJ j frqyhujhv vwurqjo| wr xSJ lq K&+Eu q >U
�, iru dq|

n dqg Of/ wkh wudfhv ri ix
u?
UL j dqg iuxu?UL j rq C dovr frqyhujh vwurqjo| lq K&+C,

iru dq| n1

Uhpdun 7161 Jlyhq � 5 Z �c^+C>U�, vxfk wkdw � � q @ 3/ ohw x~ eh wkh xqltxh
plqlpl}hu ri If+x, rq wkh vxevsdfh ri Z vxfk wkdw xmYl @ � 1 Wkhq uhvxowv frpsohwho|
dqdorjrxv wr Wkhruhpv 714 dqg 715 krog iru dq| vhtxhqfh ixu?

~
j ri orfdo plqlpl}huv1

��



D A�hit�L*_ igiU|

Lq rughu wr vwxg| wkh h�hfw ri wkh vl}h ri wkh lqfoxvlrq/ zh uhvfdoh wkh ixqfwlrqdo xvlqj dv
d sdudphwhu d fkdudfwhulvwlf ohqjwk c vxfk wkdw mCm @ c2> wkurxjk wkh wudqvirupdwlrq

�{ @
4

c
{>

wkh grpdlq  lv pdsshg lqwr d qhz uhjlrq � vxfk wkdw mC �m @ 4 dqg m�m @ mm@c�1
Wkxv ohwwlqj

�x+�{, =@
4

c
x+c�{,>

zh kdyh �u�x @ ux/ dqg wkh uhvfdohg hqhuj| ixqfwlrqdo ehfrphv

I +�x, @ c�
]
5�.�l

*+ �H �Hf, gy . c2
]
Y �l

i+�{> G7 �x, gd>

dqg wklv vxjjhvwv wkh lqwurgxfwlrq ri wkh ixqfwlrqdo

I�+x, @

]
5�.l

*+H �Hf, gy .
4

c

]
Yl

i+{> G7x, gd> +814,

zkhuh zh kdyh rplwwhg wkh wlogh/ vr wkdw mCm @ 41 Qrwh wkdw wkh ixqfwlrqdo I� frlqflghv
zlwk If rq wkh vxevsdfh Zf ri frkhuhqw glvsodfhphqwv1

Wkh qh{w uhvxow/ zklfk lv fhqwudo/ uhodwhv wkh wkuhvkrog h�hfw wr wkh vprrwkqhvv
ri wkh lqwhuidfldo hqhuj| ghqvlw|= zkhq wkh lqwhuidfldo hqhuj| lv qrq vprrwk d vpdoo
lqfoxvlrq lv frkhuhqw dv orqj dv lwv vl}h grhv qrw h{fhhg d wkuhvkrog ydoxh1

Wkhruhp 8141 Dvvxph wkdw
i+{>Y , � DmY m +815,

iru doo +{>Y , 5 	/ zlwk mY m � 4/ zkhuh D lv d srvlwlyh frqvwdqw1 Wkhq wkhuh lv dq cf
vxfk wkdw iru c ? cf wkh lqfoxvlrq lv frkhuhqw> l1h1/ wkh ixqfwlrqdo I� kdv d plqlpxp
lq Z / dqg wkh plqlpl}hu lv wkh frkhuhqw glvsodfhphqw xUL1

Surri1 Zh vsolw wkh surri lq wzr vwhsv=

Vwhs 4 1 Zh suryh wkdw

I�+x,� I�+xSJ, � �

]
Yl
W +xSJ,q � x gd.

4

c

]
Yl

i+{> G7x, gd +816,

iru dq| x 5Z 1 Iru hyhu| O vxfk wkdw  � Eu/ ohw

Zu @ ix 5Z �c2+Eu q>U
�, = xmYl 5Z �c^+C>U�, dqg xmYl � q @ 3j= +817,

E| wkh glyhujhqfh wkhruhp/ zh kdyh/ iru x 5Zu/

Iu
f +x,� Iu

f +x
u
UL, @ T.

]
Y�u

W +xuUL,q � +x� xuUL, gd

�

]
�u.l

GlyW +xuUL, � +x� xuUL, gy

�

]
Yl
W +xuUL,q � +x� xuUL, gd>

�2



zkhuh T lv d qrqqhjdwlyh txdqwlw|1 Vlqfh xuUL vdwlv�hv wkh Hxohu htxdwlrqv +716,/ wklv
lpsolhv wkdw/ iru dq| x 5Z /

Iu
f +x,� Iu

f +x
u
UL, � �

]
Yl
W +xuUL,q � x gd= +818,

Il{ �O dqg wdnh d vhtxhqfh O? $ .41 Wkhq

Iu?
f +x,� Iu?

f +xu?UL , � If+x,� I
7u
f +x

u?
UL ,>

iru O? A �O/ vr wkdw

If+x,� I
7u
f +x

u?
UL , � �

]
Yl
W +xu?UL ,q � x gd= +819,

E| Wkhruhp 715/ ]
Yl
W +xu?UL ,q � x gd$

]
Yl
W +xSJ,q � x gd> +81:,

dqg wkh odvw lqwhjudo lv lqghshqghqw ri �O1 Wkxv/ wdnlqj wkh olplw lq +819,/ dqg xvlqj
wkh orzhu0vhplfrqwlqxlw| ri I

7u
f dqg Wkhruhp 714/ zh rewdlq

If+x,� I
7u
f +xSJ, � �

]
Yl
W +xSJ,q � x gd>

dqg vlqfh wklv uhodwlrq krogv iru dq| �O/ wklv |lhogv wkh ghvluhg uhvxow1

Vwhs 51 Qrwh wkdw/ e| +816,/

I�+x,� I�+xSJ, �

]
Yl

�
4

c
i+{> G7x,� �fmxm

�
gd>

zkhuh �f @ vxsYl mSW +xSJ,qm/ dqg zkhuh zh kdyh xvhg wkh idfw wkdw x lv wdqjhqwldo wr
C1 Lq ylhz ri wkh frqwlqxlw| ri i / wkh jurzwk frqglwlrqv +518, dqg +815,/ dqg wkh idfw
wkdw i+{>Y , A 3 iru Y 9@ 3/ wkhuh lv d frqvwdqw E A 3 vxfk wkdw

i+{>Y , � EmY m iru doo Y =

Frqvhtxhqwo|/

I�+x,� I�+xSJ, �

]
Yl

�
E

c
mG7xm � �fmxm

�
gd>

exw/ e| Srlqfdu�h lqhtxdolw| +617,/

nG7xnu�EYl(5�f�� � Fnxnu�EYl(5��=

Khqfh/

I�+x,� I�+xUL, � nxnu�EYl(5��

�
EF

c
� �f>

�

dqg wkh uljkw kdqg vlgh ri wklv h{suhvvlrq lv qrqqhjdwlyh iru c ? cf @
��
�f
1

Wkh iroorzlqj uhvxow vkrzv wkdw= +l, frkhuhqf| lv orvw zkhq wkh lqfoxvlrq lv vx�0
flhqwo| odujh/ dqg +ll, zkhq wkh lqwhuidfldo hqhuj| lv vprrwk/ wkh lqfoxvlrq fdq qhyhu eh
frkhuhqw/ qr pdwwhu krz vpdoo lwv vl}h1

��



Wkhruhp 8151 Dvvxph wkdw

i+{>Y , � D�mY m
R> s � 4> +81;,

iru doo +{>Y , 5 	/ zlwk mY m � 4/ zkhuh D� lv d srvlwlyh frqvwdqw1 Wkhq wkhuh h{lvwv
c� A 3 vxfk wkdw li s @ 4 dqg c A c�/ ru li s A 4 +dqg qr uhvwulfwlrq rq c,/ wkhq wkh
lqfoxvlrq fdqqrw eh frkhuhqw1

Surri1 Ohw x~ / dv lq Uhpdun 716/ eh wkh xqltxh plqlpl}hu ri If+x, rq wkh vxevsdfh
ri Z vxfk wkdw xmYl @ � / dqg ohw xu

~
eh wkh plqlpl}hu ri Iu

f +x, rq wkh vxevsdfh ri
Zu vxfk wkdw xmYl @ � 1 Zh suryh wkdw zh pd| fkrrvh � vxfk wkdw I�+x~ , ? I�+xUL,1
Djdlq zh vsolw wkh surri lqwr wzr vwhsv=

Vwhs 4 1 Zh �uvw suryh wkdw

If+x~ ,� If+xSJ, ��
�
2

U
YlF^H+x~ ,`q � x~ gd

�

]
Yl

F^�2H+xUL,�Hf`q � x~ gd=
+81<,

Lq idfw/ iru dq| O vxfk wkdw  � Eu/

Iu
f +x

u
~
,� Iu

f +x
u
UL, @

]
�u.l

*+H+xu
~
,�H+xuUL,, gy

.

]
�u.l

W +xuUL, � +H+xu
~
,�H+xuUL,, gy=

+8143,

Dsso|lqj wkh glyhujhqfh wkhruhp/ dqg uhfdoolqj wkdw erwk xuUL dqg xu
~
duh vprrwk

plqlpl}huv dqg vdwlvi| wkhlu uhvshfwlyh Hxohu htxdwlrqv/ zh �qg

Iu
f +x

u
~
,� Iu

f +x
u
UL, @� �

2

U
Yl F^H+xu

~
,�H+xuUL,`q � x

u
~
gd

�

]
Yl
W +xuUL,q � x

u
~
gd>

dqg wkxv
Iu
f +x

u
~
,� Iu

f +x
u
UL, @� �

2

U
YlF^H+xu

~
,`q � xu

~
gd

�

]
Yl

F^�2H+xuUL,�Hf`q � x
u
~
gd>

+8144,

Fkrrvlqj d vhtxhqfh O? $ .4/ zh wdnh wkh olplw ri wkh uljkw0kdqg vlgh ri +8144, xvlqj
Wkhruhp 715 dqg Uhpdun 716> wkh uhvxow lv wkh vxuidfh lqwhjudov lq +81<, +uhfdoo wkdw
x~ @ � rq C,1 Pruhryhu/

Iu?
f +xu?UL , � Iu?

f +xUL, � If+xUL,>

dqg iru �{hg Of/ wkh ixqfwlrqdo I
uf
f lv orzhu vhplfrqwlqxrxv> wkxv/ xvlqj Wkhruhp 714

Iuf
f +x~ , � olp lqi

?<n"
Iuf
f +xu?

~
, � olp lqi

?<n"
Iu?
f +xu?

~
,>

dqg wdnlqj wkh olplw ri wkh ohiw0kdqg vlgh ri +8144,/ zh rewdlq

Iuf
f +x~ ,� If+xSJ, ��

�
2

U
YlF^H+x~ ,`q � x~ gd

�

]
Yl

F^�2H+xUL,�Hf`q � x~ gd>

�e



zklfk lpsolhv +81<, vlqfh Of lv duelwudu|1

Qh{w qrwh wkdw/ iru dq| ( A 3/ x�~ @ (x~ / zkhuh zh kdyh xvhg wkh olqhdulw| ri wkh
Hxohu htxdwlrqv1 Wkxv/ dsso|lqj +81<, wr x�~ / zh �qg wkdw

If+x�~ ,� If+xSJ, ��
(2

5

]
Yl

F^H+x~ ,`q � x~ gd

� (

]
Yl

F^�2H+xUL,�Hf`q � x~ gd=

Fkrrvlqj

� @ SF^�2H+xUL,�Hf`q>

dqg qrwlqj wkdw

4

c

]
Yl

i+{> G7x�~ , gd �
4

c
E(R

]
Yl
mG7� m

Rgd>

zh �qg wkdw

I�+x�~ ,� I�+xUL, � �(2 � �(.
�

c
(R>

zkhuh �/ �/ � duh frqvwdqwv/ zlwk � dqg � srvlwlyh1 Li s A 4/ iru dq| �{hg c zh pd|
fkrrvh ( vxfk wkdw wkh deryh h{suhvvlrq lv vwulfwo| qhjdwlyh1 Li s @ 4 wdnh c� @ �@�1
Wkhq iru c A c� dqg ( vx�flhqwo| vpdoo/

I�+x�~ ,� I�+xUL, � (

�
�(�

�

c
+c� c�,

�
? 3>

dqg wklv lpsolhv wkh ghvluhg uhvxow1

S �L4T@U|?itt uLh ^ : �

Lq wklv vhfwlrq zh vwxg| wkh frqyhujhqfh ri wkh plqlpl}lqj vhtxhqfhv1 Zh dvvxph wkdw
t A 4 lq wkh jurzwk frqglwlrq +518,1

Wkhruhp 9141 Dvvxph wkdw hlwkhu  lv qrw d vxuidfh ri uhyroxwlrq/ ru wkdw  lv d
vxuidfh ri uhyroxwlrq dqg t � 51 Ohw ix?j �Z eh d plqlpl}lqj vhtxhqfh iru I rq Z /
l1h1

olp lqi
?<"

I +x?, @ lqi
YM`

I +y,=

Wkhq wkhuh lv d vxevhtxhqfh +qrw uhodehohg, dqg d ixqfwlrq x 5Z vxfk wkdw

x? - x lq Z �c2
*LU +U

� q >U�,> x?mYl - xmYl lq Z �c^+C>U�,>

H+x?,�Hf - H+x,�Hf lq O2+U� q >U�f�,=
+914,

Surri1 Ohw x? eh d plqlpl}lqj vhtxhqfh iru I rq Z 1 E| wkh frhuflyhqhvv ri wkh exon
dqg lqwhuidfldo hqhuj| ghqvlwlhv +vhh +518,,/ lw iroorzv wkdw

H+x?,�Hf lv erxqghg lq O2+U� q >U�f�, +915,

G7x? lv erxqghg lq O^+C>U�f�,= +916,

�D



Wkh �uvw dvvhuwlrq lpsolhv wkdw d vxevhtxhqfh +qrw uhodehohg, ri iH+x?,�Hfj frqyhujhv
zhdno| lq O2+U� q >U�f�, wr d whqvru �hog H � Hf 5 O2+U� q >U�f�,1 E| Nruq*v
lqhtxdolw|/ wkh vhtxhqfh x? lv erxqghg lq Z �c2+Eu q>U

�,/ iru dq| edoo Eu vxfk wkdw
Eu � 1 Khqfh wkh wudfhv ri x? duh xqlirupo| erxqghg lq O2+C>U�,1 Zh fodlp
wkdw wkh| duh dfwxdoo| xqlirupo| erxqghg lqZ �c^+C>U�,1 Lqghhg e| +916, wklv iroorzv
iurp wkh Srlqfdu�h lqtxdolw| +617, zkhq t ? 51 Zkhq t � 5/ e| wkh Vrerohy Lpphuvlrq
Wkhruhp +vhh h1j1 ^4:`, zh nqrz wkdw Z �c2+C>U�, lv frqwdlqhg lq OR+C>U�, iru dq|
s � 4 dqg/ lq sduwlfxodu/ lq O^+C>U�,1 Vlqfh wkh wudfhv ri ix?j duh xqlirupo| erxqghg
lq Z �c2+C>U�, lw iroorzv wkdw wkh| duh xqlirupo| erxqghg lq O^+C>U�, dqg wkxv/
djdlq e| +916,/ lq Z �c^+C>U�,/ dqg wkh fodlp lv suryhg1

D vlpsoh gldjrqdol}dwlrq dujxphqw/ dqdorjrxv wr wkh surfhgxuh xvhg lq Wkhruhp
714/ doorzv wr h{wudfw d vxevhtxhqfh +qrw uhodehohg, ix?j vxfk wkdw x? frqyhujhv zhdno|
lq Z �c2

*LU +U
� q >U�, wr vrph ixqfwlrq x dqg wkh wudfhv ri ix?j frqyhujh zhdno| lq

Z �c^+C>U�, wr wkh wudfh ri x1 Vlqfh H+x?,�Hf - H+x,�Hf lq O
2+U� q>U�f�,/

lw iroorzv wkdw H+x, @ H1

Wr frqfoxgh wkh surri lw uhpdlqv wr vkrz wkdw x�q @ 3 rq C1 E| zhdn frqyhujhqfh/
iru dq| # 5 F�+C>U,/

]
Yl

# x? � q gv$

]
Yl

# x � q gv> +917,

dqg vlqfh x? � q @ 3 rq C/ wkh surri lv frpsohwh1

Uhpdun1 Zkhq t @ 4 lq Wkhruhp 914 wkh vlwxdwlrq lv pruh gholfdwh/ dv d plql0
pl}lqj vhtxhqfh frqyhujhv wr d olplw ixqfwlrq x zklfk lv rqo| ri erxqghg yduldwlrq rq
wkh erxqgdu|/ l1h1 xmYl 5 EY +C>U�,1

. +i*@ @|�L?

Iru vlpsolflw|/ wkurxjkrxw wklv vhfwlrq zh dvvxph wkdw

t A
7

6
= +:14,

Dfwxdoo|/ lw fdq eh vkrzq wkdw wkh lqwhjudo uhsuhvhqwdwlrq irupxod +:16, rewdlqhg ehorz
frqwlqxhv wr krog zkhq t A 4/ exw zkhq 4 ? t � e

� / wkh surriv duh udwkhu whfkqlfdo dqg
jr eh|rqg wkh vfrsh ri wklv sdshu1 Wkh vlwxdwlrq lv txlwh gl�huhqw zkhq t @ 4/ vlqfh/
dv zh uhpdunhg lq wkh suhylrxv vhfwlrq/ d sulrul zh rqo| nqrz wkdw xmYl 5 EY +C>U�,
iru wkh olplw ixqfwlrq x ri d plqlpl}lqj vhtxhqfh/ vr wkdw lq wkh lqwhjudo uhsuhvhqwdwlrq
irupxod rqh zrxog qhhg wr wdnh lqwr dffrxqw h{wud whupv gxh wr wkh vlqjxodu sduw ri
wkh phdvxuh G7x +fi1/ h1j1/ ^48`,1 Lq ylhz ri wkh frpsdfwqhvv uhvxow ri wkh suhylrxv
vhfwlrq/ iru x 5Z gh�qh

I+x, =@ lqi

�
olp lqi
?<"

I +x?, = ix?j �Z> x? $ x lq O2
*LU+U

� q >U�,>

x?mYl - xmYl lq Z �c^+C>U�,>

H+x?,�Hf - H+x,�Hf lq O2+U� q>U�f�,

�
=

�S



Lq wkh qh{w wkhruhp zh vkrz wkdw zh pd| vhsdudwho| uhod{ wkh hodvwlf dqg wkh vxu0
idfh hqhujlhv/ dqg fkdudfwhul}h wkh uhod{hg vxuidfh hqhuj| ixqfwlrqdo lq whupv ri wkh
wdqjhqwldo txdvl0frqyh{l�fdwlrq TA i ri i / gh�qhg e|

TA i+{>Y ,

=@ lqi

�]
'

i+{>Y .us*+�,, g� = * 5Z �c"
f +T> W[+C,,

�
>

+:15,

zlwk W[+C, wkh wdqjhqw sodqh wr C dw {/ dqg T wkh xqlw vtxduh lq W[+C,1 Wkh ghi0
lqlwlrq lqwurgxfhg khuh lv vlplodu wr wkh qrwlrq ri wdqjhqwldo frqyh{l�fdwlrq lqwurgxfhg
e| $BWNiN}AB j| B,� ^<`/ iru ixqfwlrqdov gh�qhg rq pdsslqjv iurp wkh Hxfolghdq
vsdfh wr pdqlirogv1

Wkhruhp :141 Iru x 5Z /

I+x, @

]
5�.l

*+H+x,�Hf, gy .

]
Yl
TA i+{> G7x, gd= +:16,

Wkh iroorzlqj Ohppd xvhv lghdv ri li�t|jAtjA ^4;` dqg 8NAtjWB BAa �B,�+

^47`1

Ohppd :151 Frqvlghu d vhtxhqfh ix?j � Z �c^+C, frqyhujlqj zhdno| lq Z �c^+C,
wr xmYl iru vrph ixqfwlrq x 5Z �c2+,1 Wkhq iru dq| edoo Eu/ zlwk Eu � / wkhuh lv d
vhtxhqfh iy?j � Z �c2+Eu q , vxfk wkdw imuy?m

2j lv htxl0lqwhjudeoh/ y?mYl @ x?/ dqg
y? - x lq Z �c2+Eu q ,1

Surri ri Ohppd :151 E| uhsodflqj x? zlwk x? � x/ li qhfhvvdu|/ zh pd| dvvxph wkdw
x � 31 E| +:14, dqg wkh Vrerohy Lpphuvlrq Wkhruhp iru iudfwlrqdo Vrerohy vsdfhv +vhh
h1j1 �aB6t ^5`,/ wkh iroorzlqj frqwlqxrxv lqfoxvlrq krogv

Z �c^+C, �Z
�3 2

�^
c �
2
^
+C,=

Khqfh

x? 5Z
�3 2

�^
c�
2
^
+C,

zlwk

nx?n
`

�3
2

�^
c�
2
^
EYl�

� F nx?n`�c^EYl� =

Pruhryhu/ vlqfh wkh pdsslqj

Z �c�
2
^ +Eu q,$Z

�3 2

�^
c �
2
^
+C,

lv olqhdu/ frqwlqxrxv dqg rqwr/ zh pd| �qg y? 5Z �c �
2
^+Eu q , vxfk wkdw y? @ x? rq

C dqg

ny?n
` �c �

2
^E�u.l�

� F nx?n
`

�3
2

�^
c�
2
^
EYl�

= +:17,

Khqfh wkh vhtxhqfh iy?j lv xqlirupo| erxqghg lq Z �c �
2
^+Eu q , dqg/ lq sduwlfxodu/

vlqfh t A 7@6 lw iroorzv wkdw imuy?m
2j lv htxl0lqwhjudeoh1

�.



Surri ri Wkhruhp :141 Vlqfh * lv frqyh{/ fodvvlfdo orzhu vhplfrqwlqxlw| uhvxowv jlyh

I+x, �

]
5�.l

*+H �Hf, gy .I�+x,>

zlwk

I�+x, =@ lqi

�
olp lqi
?<"

]
Yl

i+{> G7y?, gd = iy?j �Z �c^+C>U�,>

y? � q @ 3> y? - xmYl lq Z �c^+C>U�,

�
=

Wr suryh wkh rssrvlwh lqhtxdolw|/ �{ % A 3 dqg ohw iy?j � Z �c^+C>U�, eh vxfk
wkdw y? � q @ 3/ y? - xmYl lq Z �c^+C>U�, dqg

olp
?<"

]
Yl

i+{> G7y?, gd � I�+x, . %= +:18,

Il{ Eu vr wkdw Eu � 1 Vlqfh iy?j lv xqlirupo| erxqghg lq Z �c^+C>U�,/ e| wkh
suhylrxv ohppd zh pd| �qg d erxqghg vhtxhqfh i�y?j � Z �c2+Eu q >U

�, vxfk wkdw
imH+�y?,m

2j lv htxl0lqwhjudeoh/ �y?mYl @ y?/ dqg �y? - x lq Z �c2+Eu q>U
�,1 Ghqrwlqj/

iru hyhu| w A 3/ | =@ i{ 5 Eu qm glvw+{> C, ? wj/ zh �{ vrph � A 3 vpdoo dqg gh�qh
wkh vxevhwv OB =@ 2B q B1 Frqvlghu d vprrwk fxw0r� ixqfwlrq #B 5 F"f +2B> ^3> 4`,
vxfk wkdw #B @ 4 rq B1 Dv wkh wklfnqhvv ri wkh vwuls OB lv ri rughu �/ zh kdyh dq
xsshu erxqg ri wkh irup nu#Bnu"EuB� � F@�= Gh�qh

z? =@ #B �y? . +4� #B,x=

Fohduo| wklv vhtxhqfh ehorqjv wr Z / frqyhujhv wr x lq wkh vhqvh +914,/ dqg vdwlv�hv
z? @ y? rq C= Rq wkh rwkhu kdqg/ e| wkh txdgudwlf jurzwk ri */

I +z?, �

]
5�.lB

*+H+x,�Hf, gy .

]
Yl

i+{> G7y?, gd.

. F

�]
l2B

mH+�y?,�Hfm
2 gy .

]
uB

mH+x,�Hfm
2 gy

.
4

�R

]
uB

m�y? � xm
2 gy

�
=

Wkxv/ sdvvlqj wr wkh olplw lq q/ zh kdyh/ e| +:18,/

I+x, �

]
5�.l

*+H+x,�Hf, gy . I�+x, . %

. F

�
olp lqi
?<"

]
l2B

mH+�y?,�Hfm
2 gy .

]
uB

mH+x,�Hfm
2 gy

�
>

zkhuh zh kdyh xvhg wkh idfw wkdw �y? $ x lq O2+Eu q >U
�,1 Vlqfh imH+�y?,m

2j lv
htxl0lqwhjudeoh/ e| ohwwlqj � jr wr }hur zh rewdlq

I+x, �

]
5�.l

*+H+x,�Hf, gy . I�+x, . %=

Lw qrz vx�fhv wr ohw %$ 3n1

�H



Wr �qg dq lqwhjudo uhsuhvhqwdwlrq ri I�/ ohw D+C, eh wkh fodvv ri doo uhodwlyho| rshq
vxevhwv ri C1 Iru dq| rshq vhw D 5 D+C, zh gh�qh

I�+x>D, =@ lqi

�
olp lqi
?<"

]
�

i+{> G7y?, gd = iy?j �Z �c^+D>U�,>

y? � q @ 3> y? - xm� lq Z �c^+D>U�,

�
=

Lw pd| eh vkrzq wkdw I�+x> �, lv wkh uhvwulfwlrq wr D+C, ri d Udgrq phdvxuh1 Zlwkrxw
wkh frqvwudlqw y? � q @ 3 rq dgplvvleoh vhtxhqfhv/ wkh surri ri wklv uhvxow lv vwdqgdug
lq wkh Fdofxoxv ri Yduldwlrqv/ vhh h1j Ohppd 61416 dqg Wkhruhp 41317 ri ^7`1 Xvlqj wkh
idfw wkdw li x �q @ 3 dqg y �q @ 3 wkhq +*x. +4� *,y, �q @ 3 iru dq| vfdodu ixqfwlrq
*/ lw lv hdv| wr vhh wkdw wkh surriv ri Ohppd 61416 dqg Wkhruhp 41317 ri ^7` fdq eh
fduulhg ryhu lq rxu frqwh{w1

Vlqfh wkh rxwzdug xqlw qrupdo q wr C lv frqwlqxrxv/ wkh grpdlq ri i / qdpho|
	 @ i+{>Y , 5 C � U�f� = Y q+{, @ 3j/ lv forvhg lq U� � U�f�1 Wkxv e| Wlhv}h
H{whqvlrq Wkhruhp zh pd| h{whqg i frqwlqxrxvo| wr doo ri U� � U�f� lq vxfk d zd|
wkdw wkh jurzwk frqglwlrq +518, frqwlqxhv wr krog lq U� � U�f�1 Lq zkdw iroorzv zh
lghqwli| i zlwk lwv h{whqvlrq1

Il{ {f 5 C/ ohw X eh d qhljkerukrrg ri {f rq C/ zlwk fruuhvsrqglqj fkduw
" = X � C$ U

2/ dqg ohw U @ "+X, � U21 Frqvlghu d ixqfwlrq y 5Z �c^+X >U�,/ zlwk
y � q @ 3/ dqg ohw z+�, =@ L+{+�,,y+{+�,, ghqrwh lwv orfdo uhsuhvhqwdwlrq +fi1 +51<,,1
Zh wkhq kdyh ]

L

i+{> G7y+{,, gd @

]
-

i +{+�,> G7y+{+�,,, M+�, g�

@

]
-

j +�>z+�,>uzz+�,, g�>

zlwk M+�, =@ ghw L3�+{+�,, dqg zkhuh wkh lqwhjudqg j = U � U2 � U2f2 $ ^3>4, lv
gh�qhg e| +fi1 +5143,,

j +�>z>], =@ i
�
{+�,> L3�+{+�,,]L+{+�,, .U+�>z,

�
M+�,>

zlwk U+�>z, gh�qhg dv lq +5143,1 Wkxv

I�+x>X, @ lqi

�
olp lqi
?<"

]
-

j +�>z?+�,>uzz?+�,, g� = iz?j �Z �c^+U>U2,

z? - z lq Z �c^+U>U2,

�
>

zkhuh z 5 Z �c^+U>U2, lv wkh ixqfwlrq dvvrfldwhg wr xmL 1 Fodvvlfdo uhod{dwlrq uhvxowv
+vhh h1j1 ^4` dqg ^;`, qrz |lhog

I�+x>X, @

]
-

Tj +�>z+�,>uzz+�,, g�>

zkhuh wkh ixqfwlrq Tj lv wkh txdvlfrqyh{ hqyhorsh ri j1 Lw pd| eh vkrzq wkdw iru hdfk
�{hg +�f>zf>]f, 5 U� U2 � U2f2/

Tj +�f>zf>]f,

@ lqi

�
4

mUm

]
-

j +�f>zf>]f .uz*+�,, g� = * 5Z �c"
f +U>U2,

�
=

�b



Rq wkh rwkhu kdqg/ wklv h{suhvvlrq pd| dovr eh zulwwhq dv

M+�f, lqi

�
4

mUm

]
-

i
�
{f> L

3�
f uz*+�,Lf . L

3�
f ]fLf .U+�f>zf,

�
g� =

* 5Z �c"
f +U>U2,

r
>

zkhuh {f @ {+�f, dqg Lf =@ L+{+�f,,1 Uhfdoo wkdw Lf lqgxfhv d olqhdu pds ehwzhhq
W[f+C, dqg U

2 gh�qhg e| � @ Lf�/ iru � 5 W[f+C,/ dqg dvvxph wkdw U � U2 lv wkh
lpdjh wkurxjk Lf ri wkh xqlw vtxduhT � W[f+C,1 Wkhq dq| ixqfwlrq* 5Z �c"

f +U>U2,

fruuhvsrqgv wr d ixqfwlrq # 5Z �c"
f +T>W[f+C,, gh�qhg e|

#+�, =@ L3�f *+Lf�,>

vr wkdw
L3�f uz*+Lf�,Lf @ us#+�,=

Zh pd| wudqvirup wkh lqwhjudov ryhu U wr lqwhjudov ryhu T lq wkh h{suhvvlrq jlyhq
deryh iru Tj/ zklfk ehfrphv

M+�f, lqi

�]
'

i
�
{f>us#+�, . L

3�
f ]fLf .U+�f>zf,

�
g� =

# 5Z �c"
f +T> W[f+C,,

r
>

zkhuh zh kdyh xvhg wkh lghqwlw| ghw Lf @ mUm/ dqg wklv lpsolhv wkdw

Tj +�f>zf>]f, @ M+�f,TA i
�
{f> L

3�
f ]fLf .U+�f>zf,

�
>

zkhuh zh kdyh xvhg wkh gh�qlwlrq +:15, ri wdqjhqwldo txdvlfrqyh{l�fdwlrq1 Lq sduwlfxodu/

Tj +�>z+�,>uzz+�,, @ M+�,TA i+{+�,> G7x+{+�,,>

vr wkdw

I�+x>X, @

]
L

TA i+{> G7x, gd=

Vlqfh I�+x> �, lv wkh uhvwulfwlrq wr D+C, ri d Udgrq phdvxuh/ li zh frqvlghu
D 5 D+C, zlwk Olsvfklw} erxqgdu| dqg li iru hdfk w A 3/ zh gh�qh D| =@ i{ 5
Dm glvw+{>D, A wj/ wkhq I�+x> CD|, @ 3 iru O� d1h1 w A 31 Wkxv/ vlqfh C lv frpsdfw/
zh pd| �qg d �qlwh qxpehu ri orfdo fkduwv iG�> = = = > Guj vxfk wkdw I�+x> CG�, @ 3
dqg

C @
û

�'�

G�=

Khqfh

I�+x, @ I�+x> C, @
u[
�'�

I�+x>G�, @
u[
�'�

]
(�

TA i+{> G7x+{,, gd

@

]
Yl
TA i+{> G7x+{,, gd=

2f



Dv dq lpphgldwh dssolfdwlrq ri Wkhruhpv 914 dqg :14 zh kdyh

Fruroodu| :16 +H{lvwhqfh ri plqlpl}huv,1 Dvvxph  � U
�/ dqg wkdw hlwkhu 

lv qrw d vxuidfh ri uhyroxwlrq dqg t A 4/ ru wkdw  lv d vxuidfh ri uhyroxwlrq dqg
t � 51 Dvvxph dovr wkdw wkh lqwhuidfldo hqhuj| i+{> �, lv wdqjhqwldoo| txdvlfrqyh{ +vr
wkdw i @ TA i,1 Wkhq wkh plqlpl}dwlrq sureohp

lqi
YM`

I +y,

dgplwv d vroxwlrq x 5Z 1

H A�L�_�4i?t�L?@* U@ti

Wkh uhvxowv ri wkh suhfhglqj vhfwlrqv dsso| wr sodqh vwudlq/ exw vlqfh lq wkdw fdvh wkh
lqwhuidfh lv rqh glphqvlrqdo/ txdvlfrqyh{lw| lv uhsodfhg e| frqyh{lw| lq wkh h{suhvvlrq
ri wkh uhod{hg lqwhuidfldo hqhuj| ixqfwlrqdo1

Ohw  � U
2/ ghqrwh e| v 5 ^3> c` wkh frxqwhuforfnzlvh duf sdudphwhu rq C/ dqg

e| x� wkh ghulydwlyh ri x+v, zlwk uhvshfw wr v rq C1 Lq jhqhudo/ zh xvh wkh qrwdwlrq
+�,� @ _

_r
iru ixqfwlrqv rq C1 Ohw w dqg q eh wkh xqlw wdqjhqw dqg rxwzdug xqlw qrupdo

wr C/ zlwk w srlqwlqj lq wkh gluhfwlrq ri lqfuhdvlqj v1 Zh dvvxph wkdw x lv wdqjhqwldo
wr C/ vr wkdw zulwlqj

x @ Xw rq C>

zh kdyh

x
� @ X �

w. �Xq> +;14,

zkhuh � lv wkh fxuydwxuh ri C1 +Zh kdyh xvhg wkh lghqwlw| w� @ �q1, Zh ghqrwh e|

i @ i+v>x�,

wkh lqwhuidfldo hqhuj| ghqvlw| shu xqlw ohqjwk ri C1 Zh dvvxph wkdw i lv frqwlqxrxv/
i+v>z, A 3 iru z 9@ 3/ i+v>3, @ 3> dqg wkh jurzwk frqglwlrq +518, krogv1

Wkh uhvxowv lq wkh suhfhglqj vhfwlrqv dsso| khuh/ exw zh qrz kdyh d vrphzkdw
vlpsohu fkdudfwhul}dwlrq ri wkh uhod{hg lqwhuidfldo hqhuj| ixqfwlrqdo1

Zh gh�qh wkh wdqjhqwldo frqyh{l�fdwlrq ri i / ghqrwhg e| FA i @ FA i+v>z,/ wr eh
wkh frqyh{ hqyhorsh ri wkh ixqfwlrq

Z :$ i+v>z .Z w+v,,>

frpsxwhg dw Z @ 3/ l1h/ e| Fdudwk�hrgru|*v Wkhruhp/

FA i+v>z, @ lqi i�i+v>z .Z�w+v,, . +4� �,�i+v>z .Z2w+v,, =

�Z� . +4� �,Z2 @ 3j =

Iru dq dowhuqdwlyh fkdudfwhul}dwlrq/ qrwh wkdw hdfk ixqfwlrq i = ^3> c`�U2 $ U lqgxfhv
d ixqfwlrq j = +3> c,� U� U$ ^3>4, gh�qhg e|

j+v> X> Y , =@ i +v> Y w+v, . �+v,Xq+v,, > +;15,

2�



iru hyhu| +v> X> Y , 5 ^3> c`�U�U1 Iru hdfk �{hg +v> X,/ ohw jWW eh wkh frqyh{ hqyhorsh
ri j+v> X> �,1 Vlqfh jWW lv/ iru hdfk +v> X,/ wkh frqyh{ hqyhorsh ri wkh uhdo ixqfwlrq

Y :$ i +v> Y w+v, . �+v,Xq+v,, >

iru hdfk �{hg +v> X,/ dqg wklv ixqfwlrq +e| Fdudwk�hrgru|*v Wkhruhp, frlqflghv zlwk
wkh wdqjhqwldo frqyh{l�fdwlrq ri i /

FA i+v>z, @ jWW+v> X> Y ,>

zlwk X dqg Y gh�qhg e| z @ Y w+v, . �+v,Xq+v,1
Wkh iroorzlqj wkhruhp/ dqdorjrxv wr Wkhruhp :14/ vkrzv wkdw wkh uroh ri wkh wdq0

jhqwldo txdvlfrqyh{l�fdwlrq lv qrz sod|hg e| wkh wdqjhqwldo frqyh{l�fdwlrq/ dqg wkdw/
zkhq i lv lvrwurslf/ vr wkdw i @ i+x�, grhv qrw ghshqg rq v/ wkh wdqjhqwldo frqyh{l�0
fdwlrq ri i frlqflghv zlwk wkh frqyh{ hqyhorsh iWW1

Wkhruhp ;141 Ohw  eh d erxqghg grpdlq lq U21 Wkhq/ iru x 5Z /

I+x, @

]
52.l

*+H+x,�Hf, gd.

]
Yl
FA i+v>x

�, gv= +;16,

Pruhryhu/ zkhq i @ i+z, lv lqghshqghqw ri v/ wkhq

FA i+v>z, =@ iWW+z,=

Surri1 Wr suryh wkh �uvw dvvhuwlrq/ qrwh wkdw/ judqwhg +;15,/ zh pd| zulwh wkh uhod{hg
lqwhuidfldo hqhuj| ixqfwlrqdo lq Wkhruhp :14 dv I�+x, @ J+X,/ zkhuh

J+X, @ lqi

�
olp lqi
?<"

] �

f
j+v> X?> X

�
?, gv = iX?j �Z �c^++3> c,>U,>

X? - X lq Z �c^++3> c,>U,

�
=

Fodvvlfdo uhod{dwlrq uhvxowv +vhh h1j1 ^;`, jlyh

J+X, @

] �

f
jWW+v> X> X �, gv> +;17,

zkhuh iru hdfk �{hg +vf> Xf, 5 +3> c,�U wkh ixqfwlrq jWW+vf> Xf> �, lv wkh frqyh{ hqyhorsh
ri

j+vf> Xf> �, @ i +vf> � w+vf, . �+vf,Xfq+vf,, =

Wr suryh wkh vhfrqg dvvhuwlrq zh pxvw vkrz wkdw/ zkhq i @ i+z, lv lqghshqghqw
ri v/ wkhq iru dq| v 5 ^3> c` dqg X> Y 5 U/

jWW+v> X> Y , =@ iWW+z,>

zlwk z @ Y w+v, . �+v,Xq+v,1 Zh �uvw suryh wkdw i lv frqyh{ li dqg rqo| li j+v> X> �, lv
frqyh{1 Dvvxph wkdw i lv frqyh{/ dqg fkrrvh � 5 +3> 4,1 Wkhq

j+v> X> �Y� . +4� �,Y2, @ i+�z� . +4� �,z2,
� �i+z�, . +4� �,i+z2,

22



@ �j+v> X> Y�, . +4� �,j+v> X> Y2,>

zlwk z� @ Y�w+v,.�+v,Xq+v, dqg z2 @ Y2w+v,.�+v,Xq+v,1 Frqyhuvho|/ dvvxph wkdw
j+v> X> �, lv frqyh{/ dqg fkrrvh z�>z2 duelwudu| lq U

21 Wkhq wkhuh lv dq vf 5 ^3> c` vxfk
wkdw

w+vf, @
z2 �z�

mz2 �z�m
> q+vf, @ w+vf,� n>

dqg qrwh wkdw z� � q+vf, @ z2 � q+vf,1 Khqfh/ li �+vf, 9@ 3/ zh pd| gh�qh

Y� @ z� � w+vf,> Y2 @ z2 � w+vf,> X @
z� � q+vf,

�+vf,
@
z2 � q+vf,

�+vf,
>

vr wkdw z� @ Y�w+vf, . �+vf,Xq+vf, dqg z2 @ Y2w+vf, . �+vf,Xq+vf,1 Wkxv

i+�z� . +4� �,z2, @ j+vf> X> �Y� . +4� �,Y2,

� �j+vf> X> Y�, . +4� �,j+vf> X> Y2,

@ �i+z�, . +4� �,i+z2,=

Li �+vf, @ 3/ zh pd| fkrrvh vf vxfk wkdw wkhuh lv d vhtxhqfh v? $ vf vxfk wkdw

�+v?, 9@ 31 Wkhq/ ohwwlqj Y�c? @ z� � w+v?,/ Y2c? @ z2 � w+v?,/ X�c? @ Z�uQEr?�
VEr?�

dqg

X2c? @
Z2uQEr?�
VEr?�

/ zh kdyh

i+�z� . +4� �,z2, @j+v?> �X�c? . +4� �,X2c?> �Y�c? . +4� �,Y2c?,

��j+v?> �X�c? . +4� �,X2c?> Y�c?,

. +4� �,j+v?> �X�c? . +4� �,X2c?> Y2c?,

@�i+z�c?, . +4� �,i+z2c?,>

zkhuh
z�c? @ Y�c?w+v?, . �+v?,+�X�c? . +4� �,X2c?,q+v?,>

z2c? @ Y2c?w+v?, . �+v?,+�X�c? . +4� �,X2c?,q+v?,>

vr wkdw

z�c? $ z� dqg z2c? $ z2

dv q$41 Wkh frqwlqxlw| ri i wkhq |lhogv wkh ghvluhg uhvxow1 Wkh idfw wkdw jWW+v> X> �,
frlqflghv zlwk iWW iroorzv iurp wkh gh�qlwlrq ri frqyh{ hqyhorsh dv wkh vxsuhpxp ryhu
doo wkh frqyh{ plqrudqwv ri d jlyhq ixqfwlrq1

�U!?L�*i_}i4i?|t

Wkh dxwkruv duh lqghewhg wr Pruwrq H1 Jxuwlq iru pdq| xvhixo vxjjhvwlrqv dqg glv0
fxvvlrqv1 Wklv zrun kdv ehhq frpsohwhg xqghu wkh vxssruw ri wkh P1X1U1V1W1 Surmhfw
_Prghool Pdwhpdwlfl shu od Vflhq}d ghl Pdwhuldol% +S1F1, dqg wkh F1Q1U1 vwudwhjlf
surmhfw _Prghool h Phwrgl shu od Pdwhpdwlfd h o*Lqjhjqhuld% +J1O1,1

Qrwh dgghg wr surri Diwhu wklv sdshu zdv frpsohwhg/ zh ohduqhg ri d sdshu ri
$� l�Aaji,j�iji BAa D� Xji}BiB��BuuBij,,� +Wkh Uhod{dwlrq ri ixqfwlrqdov

2�



zlwk vxuidfh hqhujlhv/ Dv|pswrwlf Dqdo1 5 +4<;<, 5:<05<;, lq zklfk wkh| frqvlghuhg d
ixqfwlrqdo ri wkh irup

H+x, =@

]
l
#+{>x>ux, g{.

]
Yl

i+{>x>ux, gd> x 5 F�
�
>U6

�
>

dqg suryhg wkdw

lqi
��+l(56,

H+x, @ lqi
��+l(56,

�]
l
T#+{>x>ux, g{.

]
Yl
Ti+{>x>ux, gd

�
>

zkhuh T# dqg Ti duh wkh txdvlfrqyh{ hqyhorshv ri # dqg i 1 Wkh| dovr vkrz dq
lqwhuhvwlqj surshuw|/ vxjjhvwhg e| Gh Jlrujl/ qdpho|/ wkdw vwdwlrqdu| srlqwv ri wkh
ixqfwlrqdo vhhn wkh plqlpxp ydoxh ri i lq wkh qrupdo gluhfwlrq iru d jlyhq ydoxh ri wkh
wdqjhqwldo judglhqw1

+iuihi?Uit

^4` H1 Dfhuel dqg Q1 Ixvfr/ Vhplfrqwlqxlw| sureohpv lq wkh fdofxoxv ri yduldwlrqv/ Dufk1
Udw1 Phfk1 Dqdo1/ ;9 +4<;7,/ ss1 458 ~4781

^5` Dgdpv U1/ Vrerohy vsdfhv/ Dfdghplf Suhvv/ Qhz \run +4<:8,

^6` O1 Dpeurvlr/ V1 Pruwrod dqg Y1P1 Wruwruhool/ Ixqfwlrqdov zlwk olqhdu jurzwk gh�qhg
rq yhfwru ydoxhg EY ixqfwlrqv/ M1 Pdwk1 Sxuhv hw Dsso1/ :3 +4<<4,/ ss1 59<~6561

^7` J1 Erxfklww�h/ L1 Irqvhfd/ J1 Ohrql dqg O1 Pdvfduhqkdv/ D joredo phwkrg iru uhod{0
dwlrq lq Z �cR dqg VEYR/ wr dsshdu1

^8` M1Z1 Fdkq ) I1F1 Odufk�h/ Vxuidfh vwuhvv dqg wkh fkhplfdo htxloleulxp ri vpdoo
fu|vwdov LL1 Vrolg sduwlfohv hpehgghg lq d vrolg pdwul{/ Dfwd Phw1 63 +4<;5,/ 84089

^9` S1 Fhuphool ) P1H1 Jxuwlq/ Wkh g|qdplfv ri vrolg0vrolg skdvh wudqvlwlrqv1 5 Lqfr0
khuhqw lqwhuidfhv/ Dufk1 Udw1 Phfk1 Dqdo1 45:/ +4<<7, 740<<

^:` S1 Fhuphool/ P1H1 Jxuwlq ) J1 Ohrql/ Hqhujlhv iru lqfrkhuhqw �opv= dq dqdo|wlfdo
dssurdfk/ Lqwhuidfhv dqg Iuhh Erxqgdulhv 4 +4<<<, ;40438

^;` E1 Gdfrurjqd/ Gluhfw phwkrgv lq wkh fdofxoxv ri yduldwlrqv/ Vsulqjhu/ Ehuolq +4<;<,

^<` E1 Gdfrurjqd/ L1 Irqvhfd/ M1 Pdo�|/ ) N1 Wulylvd/ Pdqlirog frqvwudlqhg yduldwlrqdo
sureohpv/ Fdof1 Ydu1 Sduwldo Gl�huhqwldo Htxdwlrqv <26 +4<<<, 4;8~539

^43` U1 Gdxwud| ) M1O1 Olrqv/Pdwkhpdwlfdo dqdo|vlv dqg qxphulfdo phwkrgv iru vflhqfh

dqg whfkqrorj|/ Yro1 5/ Vsulqjhu/ Ehuolq +4<;;,

^44` M1F1 gx Sohvvlv ) M1K1 ydq ghu Phuzh/ Rq srlqwhg plqlpd lq wkh lqwhuidfldo hqhuj|
ri elfu|vwdo v|vwhpv/ Sklo1 Pdj1 vhu1 ;/ [L +4<98, 76084

^45` Q1K1 Iohwfkhu ) S1O1 Dgdpvrq/ Vwuxfwxuh dqg hqhuj| ri fu|vwdo lqwhuidfhv L1 Irupdo
ghyhorsphqw/ Sklo1 Pdj1 vhu1 ;/ [LY +4<99, <<0443

^46` Q1K1 Iohwfkhu/ Vwuxfwxuh dqg hqhuj| ri fu|vwdo lqwhuidfhv LL1 D vlpsoh h{solflw
fdofxodwlrq/ Sklo1 Pdj1 vhu1 ;/ [YL +4<9:, 48<0497

^47` L1 Irqvhfd dqg M1 Pdo�|/ Uhod{dwlrq ri pxowlsoh lqwhjudov ehorz wkh jurzwk h{sr0
qhqw/ Dqq1 Lqvw1 Khqul Srlqfdu�h/ 47 +4<<:, 63;066;1
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^48` L1 Irqvhfd dqg V1 P�xoohu/ Uhod{dwlrq ri txdvlfrqyh{ ixqfwlrqdov lq EY +>U_, iru
lqwhjudqgv i+{> x>ux,/ Dufk1 Udw1 Phfk1 Dqdo1/ 456 +4<<6, 407<1

^49` P1 Jldtxlqwd/ Lqwurgxfwlrq wr uhjxodulw| wkhru| iru qrqolqhdu hoolswlf v|vwhpv/ Ohf0
wxuhv lq Pdwkhpdwlfv HWK ]�xulfk1 Elunk�dxvhu/ +4<<6,

^4:` H1 Kheh|/ Qrqolqhdu dqdo|vlv rq pdqlirogv= Vrerohy vsdfhv dqg lqhtxdolwlhv/
Frxudqw ohfwxuh qrwhv lq Pdwkhpdwlfv/ Dphulfdq Pdwkhpdwlfdo Vrflhw|/ +5333,

^4;` M1 Nulvwhqvhq/ Orzhu vhplfrqwlqxlw| ri txdvlfrqyh{ lqwhjudov lq EY / Fdof1 Ydu1 :
+4<<;,/ 57<05941

^4<` I1F1 Odufk�h ) M1Z1 Fdkq/ Wkhuprfkhplfdo htxloleulxp ri pxowlskdvh vrolgv xqghu
vwuhvv/ Dfwd Phw1 59 +4<:;,/ 48:<048;<

^53` S1K1 Ohr ) M1 Kx/ D frqwlqxxp ghvfulswlrq ri sduwldoo| frkhuhqw lqwhuidfhv/ Frq0
wlqxxp Phfk1 Wkhuprg|q1 : +4<<8, 6<089

^54` M1Z1 Pdwwkhzv/ Plv�w Glvorfdwlrqv/ lq Glvorfdwlrqv lq Vrolgv/ I1U1Q1 Qdeduur hg1/
Qruwk0Kroodqg/ Dpvwhugdp +4<:<,

^55` Q1I1 Prww ) I1U1Q1 Qdeduur/ Surf1 Sk|v1 Vrf 85 +4<73,

^56` H1P1 Vwhlq/ Vlqjxodu lqwhjudov dqg gl�huhqwldelolw| surshuwlhv ri ixqfwlrqv/ Sulqfh0
wrq Pdwkhpdwlfdo Vhulhv/ 63/ Sulqfhwrq Xqlyhuvlw| Suhvv/ +4<:3,

^57` M1K1 ydq ghu Phuzh/ Lqwhuidfldo plv�w dqg erqglqj ehwzhhq rulhqwhg �opv dqg
wkhlu vxevwudwhv/ lq Vlqjoh Fu|vwdo Ilopv/ P1K1 Iudqfrpeh ) K1 Vdwr hgv1/ Shujdprq
Suhvv/ Qhz \run/ +4<97,

^58` M1K1 ydq ghu Phuzh/ Fu|vwdo lqwhuidfhv1 Sduw L1 Vhpl0lq�qlwh fu|vwdov/ M1 Dsso1
Sk|v1 6724/ +4<96,/ 44:0455

^59` M1K1 ydq ghu Phuzh/ Fu|vwdo lqwhuidfhv1 Sduw LL1 Ilqlwh ryhujurzwk/ M1 Dsso1 Sk|v1
6724/ +4<96,/ 456045:

Glsduwlphqwr gl Pdwhpdwlfd/
Xqlyhuvlw�d gl Wrulqr/
Wrulqr/ Lwdo|

Glsduwlphqwr gl Vflhq}h h Whfqrorjlh Dydq}dwh/
Xqlyhuvlw�d gho Slhprqwh Rulhqwdoh/
Dohvvdqguld/ Lwdo|
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