THE MONGE PROBLEM FOR DISTANCE COST IN GEODESIC SPACES

STEFANO BIANCHINI AND FABIO CAVALLETTI

ABSTRACT. We address the Monge problem in metric spaces with a geodesic distance: (X, d) is a Polish
space and dj, is a geodesic Borel distance which makes (X,dy) a non branching geodesic space. We
show that under the assumption that geodesics are d-continuous and locally compact, we can reduce the
transport problem to 1-dimensional transport problems along geodesics.

We introduce two assumptions on the transport problem 7 which imply that the conditional prob-
abilities of the first marginal on each geodesic are continuous or absolutely continuous w.r.t. the 1-
dimensional Hausdorff distance induced by dr. It is known that this regularity is sufficient for the
construction of a transport map.

We study also the dynamics of transport along the geodesic, the stability of our conditions and show
that in this setting dj -cyclical monotonicity is not sufficient for optimality.
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1. INTRODUCTION

This paper concerns the Monge transportation problem in geodesic spaces, i.e. metric spaces with a
geodesic structure. Given two Borel probability measure u,v € P(X), where (X, d) is a Polish space, we
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study the minimization of the functional

7(T) = / 41, T(2)) u(dy)

where T' varies over all Borel maps T': X — X such that Tyu = v and dy, is a Borel distance that makes
(X,dy) a non branching geodesic space.

Before giving an overview of the paper and of the existence result, we recall which are the main results
concerning the Monge problem.

In the original formulation given by Monge in 1781 the problem was settled in R™, with the cost given
by the Euclidean norm and the measures pu, v were supposed to be absolutely continuous and supported
on two disjoint compact sets. The original problem remained unsolved for a long time. In 1978 Sudakov
[18] claimed to have a solution for any distance cost function induced by a norm: an essential ingredient
in the proof was that if yu < £ and L%a.e. R? can be decomposed into convex sets of dimension k,
then then the conditional probabilities are absolutely continuous with respect to the H* measure of the
correct dimension. But it turns out that when d > 2, 0 < k < d — 1 the property claimed by Sudakov is
not true. An exemple with d = 3, k = 1 can be found in [13].

The Euclidean case has been correctly solved only during the last decade. L. C. Evans and W. Gangbo
in [9] solved the problem under the assumptions that spt uNsptv = 0, u, v < £4 and their densities are
Lipschitz function with compact support. The first existence results for general absolutely continuous
measures [,V with compact support have been independently obtained by L. Caffarelli, M. Feldman
and R.J. McCann in [6] and by N. Trudinger and X.J. Wang in [19]. Afterwards M. Feldman and R.J.
McCann [I0] extended the results to manifolds with geodesic cost. The case of a general norm as cost
function on R?, including also the case with non strictly convex unitary ball, has been solved first in the
particular case of crystalline norm by L. Ambrosio, B. Kirchheim and A. Pratelli in [2], and then in fully
generality independently by L. Caravenna in [7] and by T. Champion and L. De Pascale in [g].

1.1. Overview of the paper. The presence of 1-dimensional sets (the geodesics) along which the cost
is linear is a strong degeneracy for transport problems. This degeneracy is equivalent to the following
problem in R: if y is concentrated on (—oo, 0], and v is concentrated on [0, +00), then every transference
plan is optimal for the 1-dimensional distance cost |- |. In fact, every 7w € II(u, v) is supported on the set
(—00,0] x [0,+00), on which |z — y| =y — 2 and thus

/Iw—ylﬂ(dﬂcdy) = —/wu(dﬂ@) +/yV(dy)-

Nevertheless, for this easy case an explicit map 7' : R — R can be constructed if p is continuous: the
easiest choice is the monotone map, a minimizer of the quadratic cost | - |2.
The approach suggested by the above simple case is the following;:

(1) reduce the problem to transportation problems along distinct geodesics;
(2) show that the disintegration of the marginal u on each geodesic is continuous;
(3) find a transport map on each geodesic and piece them together.

While the last point can be seen as an application of selection principles in Polish spaces, the first two
points are more subtle.

The geodesics used by a given transference plan 7 to transport mass can be obtained from a set I’
on which 7 is concentrated. If 7 wants to be a minimizer, then it certainly chooses the shortest paths:
however the metric space can be branching, i.e. geodesics can bifurcate. In this paper we assume that
the space is non branching.

Under this assumption, a cyclically monotone plan 7 yields a natural partition R of the transport set
7., i.e. the set of the geodesics used by :

e the set 7 made of inner points of geodesics,
e the set a Ub:= 7.\ 7 of initial points a and end points b.

The non branching assumption and the cyclical monotonicity of I' imply that the geodesics used by m
are a partition on 7, but no other conditions can be obtained on a U b: one can think to the unit circle
with = 09 and v = d,. We note here that 7 gives also a direction along each component of R, as the
one dimensional example above shows.
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Even if we have a natural partition R in 7 and pu(aUb) = 0, we cannot reduce the transport problem to
one dimensional problems: a necessary and sufficient condition is that the disintegration of the measure
1 is strongly consistent, which is equivalent to the fact that there exists a p-measurable quotient map
f:7T — 7. In this case, one can write

m = fyu, uz/uym(dy), wy(fH () =1,

i.e. the conditional probabilities y, are concentrated on the counterimages f~'(y) (which are single
geodesics). At this point we can obtain the one dimensional problems by partition 7w w.r.t. the partition
R x (X x X),

w= [mmtdy). v= [vmidy) v, = (P,

and considering the one dimensional problems along the geodesic R(y) with marginals 1, v, and cost |-/,
the length on the geodesic. At this point we can study the problem of the regularity of the conditional
probabilities 1, .

The fact that there exists a strongly consistent disintegration is a property of the geodesics of the
metric space. In the setting considered in this paper, (X,d) is a non branching geodesic space, not
necessarily Polish. To assure that standard measure theory can be used, there exists a second distance
d on X which makes (X, d) Polish, and dj, is a Borel function on X x X with the metric d x d. Note
that we do not require dy, to be Ls.c., but we consider a d-cyclically monotone transference plan . It is
worth notice that we do not use the existence of optimal potentials (¢, 1), as well as the optimality of 7.

Thus, let 7 be a dr-cyclically monotone transference plan. The strong consistency of the disintegration
of u along the geodesic used by  is a topological property of the geodesic of dy, as curves in (X, d): in fact
we require that they are d-continuous and locally compact. Under this assumption, on 7 (the transport
set without and points) it is possible to disintegrate p. Moreover, a natural operation on sets can be
considered: the translation along geodesics. If A is a subset of 7, we denote by A; the set translated by
t in the direction determined by 7.

It turns out that the fact that p(a Ub) = 0 and the measures p, are continuous depends on how the
function ¢ — u(A;) behaves. We can now state the main result.

Theorem 1.1 (Lemma B3 and Proposition B4). If #{t > 0 : pu(A:) > 0} is uncountable for all A Borel
such that p(A) > 0, then p(a Ub) = 0 and the conditional probabilities p,, are continuous.

This is sufficient to solve the Monge problem, i.e. to find a transport map which has the same cost as
. A second result concerns a stronger regularity assumption.

Theorem 1.2 (Theorem B.7). Assume that L1({t > 0 : p(A:) > 0}) > 0 for all A Borel such that
u(A) > 0. Then u(aUb) =0 and py is a.c. w.r.t. the 1-dimensional Hausdorff measure H} —induced by
dr,.

The assumption of the above theorem and the assumption dj, > d allows to define a current in (X, d)
which represents the vector field corresponding to the translation A +— A;, and moreover to solve the
equation

oU=p—v
is the sense of current in metric space.

The final results of the paper are the stability of these conditions under Measure-Gromov-Hausdorff like
convergence of structures (X,,,dy,dr ). The conclusion is that a sort of uniform integrability condition
on the conditional probability w.r.t. HclzL _ passes to the limit, so that one can verify by approximation
if Theorem holds. ,

To conclude this introduction, we observe that it is probably possible to extend these results to the
case —dy, analytic function on (X x X, d x d), see for example the analysis of [3].

We note moreover that in the case d = dr and (X,d,u) geodesic measure space satisfying the
MCP(K, N) condition for some K, N real numbers, N > 1, we can prove, via Theorem B that As-
sumption 2] holds. So if d is l.s.c. and (X, d, u) satisfies MCP(K, N) we have a solution of the Monge
problem.

For a complete view on the so colled Measure Contraction Property MCP (K, N) we refer to [I4] and
[12]. Observe that the Heisenberg group and Alexandrov spaces satisfy MCP.
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1.2. Structure of the paper. The paper is organized as follows.

In Section @] we recall the basic mathematical results we use. In Section 2] the fundamentals of
projective set theory are listed. In Section we recall the Disintegration Theorem, using the version
of [3]. Next, the basic results of selection principles are in Section 23] and in Section 224 we define the
geodesic structure (X, d, dy,) which is studied in this paper. Finally, Section[ZH] recalls some fundamental
results in optimal transportation theory.

The next three sections are the key ones.

Section [B] shows how using only the dp-cyclical monotonicity of a set I' we can obtain a partial order
relation G C X x X as follows (Lemma and Proposition B1): 2Gy iff there exists (w,z) € T' and
a geodesic v, passing trough w and z and with direction w — z, such that z, y belongs to v and
v~ 1(x) <~y71(y). This set G is analytic, and allows to define

e the transport ray set R (3.3),
e the transport sets 7., 7 (with and without and points) [B.4),
e the set of initial points a and final points b (3.7]).

Moreover we show that RiLzx7 is an equivalence relation (Proposition B7), we can assume that the set
of final points b can be taken p-negligible (Lemma BT, and in two final remarks we study what happens
in the case more regularity on the cost dy, is assumed, Remark and Remark

Section M proves that the continuity and local compactness of geodesics imply that the disintegration
induced by R on 7 is strongly consistent (Proposition B4]). Using this fact, we can define an order
preserving map g which allows to map our transport problem into a transport problem on & x R, where
S is a cross section of R (Proposition [6). Finally we show that under this assumption there exists a
transference plan with the same cost of @ which leaves the common mass pu A v at the same place (note
that in general this operation lowers the transference cost).

In Section B we prove Theorem [[L1] and Theorem We first introduce the operation A — A;, the
translation along geodesic (&), and show that ¢ — u(A;) is a universally measurable function if A is
analytic (Lemma [.2)).

Next, we show that under the assumption

wA) >0 = #{t>0:pu(A) >0} >N,

the set of initial points a is p-negligible (Lemma [5.3) and the conditional probabilities u1,, are continuous
w.r.t. the 1-dimensional Hausdorff measure HlliL.
Finally, we show that under the stronger assumption

(1.1) (A >0 = / w(Ag)dt > 0,
R+

the conditional probabilities 1, are a.c. w.r.t. H(llL (Theorem 7). A final result shows that actually
Condition (L)) yields that ¢ — p(A;) has more regularity than just integrability (Proposition [B.8]).
After the above results, the solution of the Monge problem is routine, and it is done in Theorem [(.2]
of Section [B
Under Condition [Tl and d < dr, in Section [ we give a dynamic interpretation to the transport
along geodesics. In Definition [[J] we define the current ¢ in (X, d), which represents the flow induced
by the transference plan w. Not much can be said of this flow, unless some regularity assumptions are
considered. These assumptions are the natural extensions of properties of transportation problems in
finite dimensional spaces.
If there exists a background measure n whose disintegration along geodesic satisfies

n= /qu}iLm(dy), gy € BV, /Tot.Var.(qy)m(dy) < 400,

then ¢ is a normal current, i.e. is boundary is a bounded measure on X (Lemma [[2]).
We can also consider the problem OU = p — v in the sense of currents: Proposition [Z.4] gives a solution,
and in the case g, (t) > 0 for H} -a.e. ¢t we can write represent U = pg, i.e. the flow g multiplied by a
scalar density p (Corollary [Z.0).

In Section [ we address the stability of the assumptions under Measure-Gromov-Hausdorff-like con-
vergence of structures (X,,, dp,dr ). Under a uniform integrability condition of p,, , w.r.t. HéL , for the
approximating structures (Assumption [ of Section B.2)), we show that the marginal p can be ref)resented
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as the image of a measure rm ® £ by a Borel function h : 7 x R — 7, with r € L'(m ® £') (Lemma
[BE). The key feature of h is that ¢ — h(y,t) is a geodesic of 7 for m-a.e. y € 7.

Thus while h(0,7) is not a cross section for R (in that case we would have finished the proof), in
Proposition B3] we show which conditions on A imply that p can be disintegrated with a.c. conditional
probabilities, and we verify that this is our case in Theorem

In two remarks we suggest how to pass also convex estimates on the disintegration on (X, d,,dr ) to
the transference problem in (X, d, d;) (Remark R4 and Remark [B7]).

The last section contains two important examples. In Example [l we show that if the geodesics are
not locally compact, then in general the disintegration along transport rays is not strongly supported. In
Example Bl we show that under our assumptions the c-monotonicity is not sufficient for optimality.

We end with a list of notations, Section [Al

2. PRELIMINARIES

In this section we recall some general facts about projective classes, the Disintegration Theorem for
measure, measurable selection principles, geodesic spaces and optimal transportation problems.

2.1. Borel, projective and universally measurable sets. The projective class X1(X) is the family of
subsets A of the Polish space X for which there exists Y Polish and B € B(X xY) such that A = P;(B).
The coprojective class 11}(X) is the complement in X of the class X1 (X). The class X1 is called the class
of analytic sets, and I} are the coanalytic sets.
The projective class X;, 1 (X) is the family of subsets A of the Polish space X for which there exists
Y Polish and B € IT}, (X x Y) such that A = P;(B). The coprojective class 11} (X) is the complement
in X of the class ¥} ;.
If X1, IT} are the projective, coprojective pointclasses, then the following holds (Chapter 4 of [15]):
(1) XL I} are closed under countable unions, intersections (in particular they are monotone classes);
(2) ! is closed w.r.t. projections, IT} is closed w.r.t. coprojections;
(3) if A€ Xl then X\ A €II};
(4) the ambiguous class A}, = X} N1II} is a o-algebra and ¥, UIIL € AL ;.
We will denote by A the g-algebra generated by X1: clearly B = Al ¢ A cC Al.
We recall that a subset of X Polish is universally measurable if it belongs to all completed o-algebras
of all Borel measures on X: it can be proved that every set in A is universally measurable.

Lemma 2.1. If f : X — Y is universally measurable, then f=1(U) is universally measurable if U is.

Proof. If 1 € M(X), then fyu € M(Y), so for U C Y universally measurable there exist Borel sets B,
B’ such that B C U C B’ and

0= (fou)(B'\ B) = u(fH(B)\ f71(B)).
Since f~Y(B), f~1(B’) C X are universally measurable, there exists Borel sets C, C’ such that
CcfiB)cfiuciB)cc
and p(C"\ C) = 0. The conclusion follows. O

2.2. Disintegration of measures. Given a measurable space (R, #) and a function r : R — S, with S
generic set, we can endow S with the push forward o-algebra & of %Z:

Qes +— r Q) ez,

which could be also defined as the biggest o-algebra on S such that r is measurable. Moreover given a
measure space (R, Z, p), the push forward measure 1 is then defined as n := (ryp).

Consider a probability space (R, Z, p) and its push forward measure space (S, .7, n) induced by a map
r. From the above definition the map r is clearly measurable and inverse measure preserving.

Definition 2.2. A disintegration of p consistent with r is a map p: Z x S — [0, 1] such that

(1) ps(-) is a probability measure on (R, %) for all s € S,
(2) p.(B) is n-measurable for all B € #Z,
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and satisfies for all B € Z,C € . the consistency condition
p(B0r(0) = [ pBlatas)

A disintegration is strongly consistent with respect to r if for all s we have ps(r=1(s)) = 1.

The measures ps are called conditional probabilities.

We say that a o-algebra H is essentially countably generated with respect to a measure m if there exists
a countably generated o-algebra H such that for all A € H there exists A € H such that m(A A fl) =0.

We recall the following version of the disintegration theorem that can be found on [I1], Section 452
(see [3] for a direct proof).

Theorem 2.3 (Disintegration of measures). Assume that (R, %, p) is a countably generated probability
space, R = UsesRs a partition of R, r : R — S the quotient map and (S,.7,n) the quotient measure
space. Then .7 is essentially countably generated w.r.t. m and there exists a unique disintegration s — ps
in the following sense: if p1, pa are two consistent disintegration then p1 s(-) = p2.s(-) for n-a.e. s.

If {Sn} ey 18 a family essentially generating .7 define the equivalence relation:

s~s = {se€fl, < €8, VneN}L
Denoting with p the quotient map associated to the above equivalence relation and with (L, £, \) the
quotient measure space, the following properties hold:
o Ry :=Usep1yRs = (por) (1) is p-measurable and R = Uje Ry;
e the disintegration p = [, pA(dl) satisfies pi(R;) = 1, for A-a.e. . In particular there exists a

strongly consistent disintegration w.r.t. por;
o the disintegration p = fs psn(ds) satisfies ps = pp(s) for n-a.ce. s.

In particular we will use the following corollary.
Corollary 2.4. If (S,.7) = (X, B(X)) with X Polish space, then the disintegration is strongly consistent.

2.3. Selection principles. Given a multivalued function F : X — Y, X Y metric spaces, the graph of
F is the set

(2.1) graph(F) := {(z,y) : y € F(x)}.
The inverse image of a set S C Y is defined as:

(2.2) F71(9) := {xeX : F(ac)ﬂS;é(Z)}.
For F C X x Y, we denote also the sets

(2.3) F,=Fn{z}xY, FY:=FnXx{y}

In particular, F(z) = Py(graph(F).), F~1(y) = Pi(graph(F)¥). We denote by F~! the graph of the
inverse function

(2.4) F~'i={(z,y): (y,z) € F}.

We say that F is R-measurable if F~1(B) € R for all B open. We say that F is strongly Borel mea-
surable if inverse images of closed sets are Borel. A multivalued function is called upper-semicontinuous
if the preimage of every closed set is closed: in particular u.s.c. maps are strongly Borel measurable.

In the following we will not distinguish between a multifunction and its graph. Note that the domain
of F (i.e. the set P;(F)) is in general a subset of X. The same convention will be used for functions, in
the sense that their domain may be a subset of X.

Given F' C X x Y, a section u of F is a function from P;(F') to Y such that graph(u) C F. We recall
the following selection principle, Theorem 5.5.2 of [15], page 198.

Theorem 2.5. Let X and Y be Polish spaces, ' C X x Y analytic, and A the o-algebra generated by
the analytic subsets of X. Then there is an A-measurable section u: Pi(F) —Y of F.

A cross-section of the equivalence relation E is a set S C E such that the intersection of S with each
equivalence class is a singleton. We recall that a set A C X is saturated for the equivalence relation
ECcX xXif A=U,caE(x).

The next result is taken from [I5], Theorem 5.2.1.
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Theorem 2.6. LetY be a Polish space, X a nonempty set, and L an algebra of subset of X. Denote with
L, the o-algebra generated by L. FEvery L,-measurable, closed value multifunction F : X — 'Y admits an
L,-measurable section.

A standard corollary of the above selection principle is that if the disintegration is strongly consistent
in a Polish space, then up to a saturated set of negligible measure there exists a Borel cross-section.
In particular, we will use the following corollary.

Corollary 2.7. Let F C X x X be A-measurable, X Polish, such that F, is closed and define the
equivalence relation x ~y < F(x) = F(y). Then there exists a A-section f : Pi(F) — X such that
(z,f(z)) € F and f(x) = f(y) if © ~y.
Proof. For all open sets G C X, consider the sets F71(G) = PI(FNX x G) € A, and let R be the
o-algebra generated by F~1(G). Clearly R C A.

If z ~ gy, then

re FYG) <= yeF Q)

so that each equivalence class is contained in an atom of R, and moreover by construction = +— F(z) is
R-measurable.

We thus conclude by using Theorem[2.6]that there exists an R-measurable section f: this measurability
condition implies that f is constant on atoms, in particular on equivalence classes. 0

2.4. Metric setting. In this section we refer to [5].

Definition 2.8. A length structure on a topological space X is a class A of admissible paths, which is a
subset of all continuous paths in X, together with a map L : A — [0, 40c]: the map L is called length of
path. The class A satisfies the following assumptions:
closure under restrictions: if v : [a,b] — X is admissible and a < ¢ < d < b, then L[, g is also
admissible.
closure under concatenations of paths: if v : [a,b] — X is such that its restrictions 1,72 to
[a, ] and [c,b] are both admissible, then so is 7.
closure under admissible reparametrizations: for an admissible path v : [a,b] — X and a for
¢ : [e,d] — [a,b], ¢ € B, with B class of admissible homeomorphisms that includes the linear
one, the composition y(¢(t)) is also admissible.
The map L satisfies the following properties:
additivity: L(yi(q5)) = L(Y(a,q) + L(7Ljep)) for any c € [a, b].
continuity: L(vyL[4,) is a continuous function of ¢.
invariance: The length is invariant under admissible reparametrizations.
topology: Length structure agrees with the topology of X in the following sense: for a neighborhood
U, of a point x € X, the length of paths connecting = with points of the complement of U, is
separated from zero:

inf {L(7) : y(a) = z,v(b) € X \ U, } > 0.

Given a length structure, we can define a distance
dp(z,y) = inf {L(v) v ifa, b = X,y € Av(a) = 2, 79(b) = y}

that makes (X,dr) a metric space (allowing dr, to be +00). The metric dy, is called intrinsic. Observe
that for this metric, if v : [0,1] — X is dp-Lipschitz and ||y, is the metric derivative, then

Liy) = / 51 (6.

Definition 2.9. A length structure is said to be complete if for every two points x,y there exists an
admissible path joining them whose length L(7) is equal to dy,(x,y).

In other words, a length structure is complete if there exists a shortest path between two points.

Intrinsic metrics associated with complete length structure are said to be strictly intrinsic. The metric
space (X, dy,) with dy, strictly intrinsic is called a geodesic space. A curve whose length equals the distance
between its end points is called geodesic.

Let By r(x) = {y: dr(z,y) < r} denote the usual open ball centred in = with radius r.
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Definition 2.10. Let (X,dy) be a metric space. The distance dy, is said to be strictly convez if, for all
r >0, d(x,y) = r/2 implies that B, 1 () N B, /s () is a singleton.

The definition can be restated in geodesics spaces as: geodesics cannot bifurcate in the interior, i.e. the
geodesic space (X, dy,) is not branching. An equivalent requirement is that if 43 # v2 and v1(0) = v2(0),
~v1(1) = 72(1), then 71((0,1)) N12((0,1)) = @ and such geodesics do not admit a geodesic extension i.e.
they are not a part of a longer geodesic.

From now on we assume the following:

(1) (X d) Polish space;

(2) dr : X x X — [0, +o00] Borel distance;

(3) (X dr,) is a non-branching geodesic space;

(4) geodesics are continuous w.r.t. d;

(5) geodesics are locally compact in (X, d): if v is a geodesic for (X, dy,), then for each = € « there
exists 7 such that y~1(B,(x)) is compact in R.

Since we have two metric structures on X, we denote the quantities relating to dy with the subscript
L: for example

By (z) ={y:d(z,y) <r}, Brp(x)={y:dc(z,y) <r}.
In particular we will use the notation
DL(Z') = {y : dL(:C,y> < +OO},

(K, dp) for the compact sets of (X,d) with the Hausdorff distance dy and (Kr,dm 1) for the compact
sets of (X, dy) with the Hausdorff distance dg,,. We recall that (C,dyr) is Polish.
We write

(2.5) Vgl = {7 € Lipy, ([0,1]; X) : 4(0) = 2,~7(1) = 1, L(7) = dL(w,y)}-
With a slight abuse of notation, we will write

(26) V(z,y) = U 7((()’ 1))7 Vax,y] = U 7([07 1])

YEY[z,y] YEYz,y]

We will also use the following definition.

Definition 2.11. We say that A C X is geodesically convez if for all x,;y € A the minimizing geodesic
Ve, Detween z and y is contained in A:

{7(0,1) :5(0) = 2,7(1) =y, L(3) = d(a,y), 2,y € A} € A
Lemma 2.12. If A is analytic in (X,d), then {x : dp(A,x) < €} is analytic for all € > 0.
Proof. Observe that
{z:dp(Az) <e} =P (X x AN{(z,y) : dp(z,y) < 6}),
so that the conclusion follows from the invariance of the class i w.r.t. projections. O

In particular, A", the closure of A w.r.t. dr, is analytic if A is analytic.

Remark 2.13. A simple computation shows that assuming dr,(z,y) > d(z,y) then the following holds
(1) dr-compact/closed sets are d-compact/closed;
(2) d-Lipschitz functions are d-Lipschitz with the same costant.
Whenever more regularity is required we will use the following setting:
(27) dr : X x X — [0,400] Ls.c. distance,

(4) di(z,y) > d(z,y),
(5") Uzer, yeksVz,y) is compact if Ky, Ky are d-compact, drLr, x x, uniformly bounded.
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2.5. General facts about optimal transportation. Let (X, B, ) and (Y, B,v) be two Polish prob-
ability spaces and ¢ : X x Y — R be a Borel measurable function. Consider the set of transference
plans
M(p,v) = {7r EPX XY): (Pi)ym=p, (Po)ym = l/}.
Define the functional
T : Hp,v) — RF
T —  I(m) := [em.
The Monge-Kantorovich minimization problem is to find the minimum of Z over all transference plans.
If we consider a transport map T : X — Y such that Tyu = v, the functional [2.7) becomes

I(T) = 2(1d x Thyn) = [ el T(a))n(da).

The minimum problem over all T is called Monge minimization problem.
The Kantorovich problem admits a (pre) dual formulation.

(2.7)

Definition 2.14. A map ¢ : X — RU{—o0} is said to be c-concave if it is not identically —oco and there
exists ¢ : Y — RU{—oc0}, 1 Z —o0, such that

p(@) = inf {e(z,y) —v(y)}.

The c-transform of ¢ is the function

(2.8) #(y) = inf {c(z,y) —p(2)}.
The c-superdifferential 0°p of ¢ is the subset of X x Y defined by
(2.9) 0% = {(x,y) se(z,y) —o(x) <elz,y) —p(z) Vz € X} CXxY.

Definition 2.15. A set I' C X x Y is said to be c-cyclically monotone if, for any n € N and for any
family (x0,90), .-, (Tn,yn) of points of ', the following inequality holds:

n
(@i, i) < Z c(Tit1,Yi),

=0 =0

n

where z,4+1 = xo.
A transfence plan is said to be c-cyclically monotone if it is concentrated on a c-cyclically monotone
set.

Consider the set
(2.10) 0= {(p¥) € L' () x L'(v) : () +¥(y) < cla.y) }.
Define for all (¢, 1) € @, the functional

(2.11) J(p, ) r=/<pu+/w1/-
The following is a well known result (see Theorem 5.10 of [20]).

Theorem 2.16 (Kantorovich Duality). Let X and Y be Polish spaces, let p € P(X) and v € P(Y), and
let c: X XY — [0,+00] be lower semicontinuous. Then the following holds:
(1) Kantorovich duality:
inf Z(m)= sup J(p, ).

meMp,v] (p) €.
Moreover, the infimum on the left-hand side is attained and the right-hand side is also equal to
sup J(p, ),

(Wv¢)€¢cmcb
where C, = Cyp(X,R) x Cy(Y, R).
(2) If —c is real valued and the optimal cost is finite, then there is a measurable c-cyclically monotone
set ' C X XY, closed if ¢ is continuous, such that for any w € II(u,v) the following statements
are equivalent:



10 STEFANO BIANCHINI AND FABIO CAVALLETTI

(a) 7 is optimal;
(b) 7 is c-cyclically monotone;
(c) m is concentrated on T';
(d) there exists a c-concave function ¢ such that m-a.s. o(x) + ¢°(y) = c(x,y).
(3) If moreover
clx,y) <ex(z)+ey(y), cx p-integrable, ¢y v-integrable,

then the supremum is attained:

supJ = J(p,¢°) = inf Z(m).
i mell(p,v)

We recall also that if —c is analytic, then every optimal transference plan m is concentrated on a
c-cyclically monotone set [3].

3. OPTIMAL TRANSPORTATION IN GEODESIC SPACES

Let p,v € P(X) and consider the transportation problem with cost ¢(x,y) = dr(z,y), and let m €
II(p,v) be a dp-cyclically monotone transference plan with finite cost. By inner regularity, we can
assume that the optimal transference plan is concentrated on a o-compact dr-cyclically monotone set
I'  {di(z,y) < +00}. By Lusin Theorem, we can require also that dyLr is o-continuous:

I'=u,I'y,, I', CI'y,41 compact, drLr, continuous.

Consider the set
I’ = {(m,y):ﬂIGNo,(wi,zi) elfori=0,....1, z1 =y

I

(3.1) Wr41 = Wy = T, ZdL(wi-i-l;Zi) — dL(wi,zi) = 0}
=0

In other words, we concatenate points (z, z), (w,y) € T' if they are initial and final point of a cycle with
total cost 0.

Lemma 3.1. The following holds:
(1) T IV C{dn(z,y) < +oo};
(2) if T is analytic, so is T';
(3) if T is dr-cyclically monotone, so is I”.
Proof. For the first point, set I = 0 and (wn,0, 2n,0) = (z,y) for the first inclusion. If dy(z,y) = +o0,

then (x,y) ¢ I' and all finite set of points in I' are bounded.
For the second point, observe that

"= | Pua(4r)

IeNg
I I I
== U P12( I'n { H(wz,zz) : ZdL(wiJrlazi) - dL(’LUZ',ZZ‘) == 07w1+1 == ’LUO}) .

IeNy i=0 i=1 i=0

For each I € Ny, since d, is Borel, it follows that
I I

{ H(wz, 2i) Z dr(wit1, zi) — dp(w;, z;) = 0, wr41 = wo}

i=1 i=0

is Borel in HLO(X x X)), so that for I analytic each set A, s is analytic. Hence Pi2(Ay) is analytic, and
since the class X1 is closed under countable unions and intersections it follows that I is analytic.
For the third point, observe that for all (x;,y;) € IV, =0,...,J, there are (w; 4, 2;;) € I',i=0,...,I;,
such that
I—1 I;
do (@, y) + D di(wjisn, zi4) — Y dr(wji, 24) = 0,
i=0 i=0
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Hence we can write for x ;11 = 2o, wj 1,41 = Wjt1,0, Wit1,0 = Wo,0

ZdL(-Tj-i-lay] —dr(v5,95) ZZdL Wjit1,2j,:) — dr(wji, 25,4) > 0,
)= 7=0 =0

using the dy-cyclical monotonicity of I'. O

Definition 3.2 (Transport rays). Define the set of oriented transport rays
(3.2) G = {(@,y): 3(w,2) € T, dp(w,2) + du(2,y) + duly, 2) = di(w, ) }.
For z € X, the outgoing transport rays from x is the set G(x) and the incoming transport rays in x is
the set G=1(x). Define the set of transport rays as the set
(3.3) R:=GuGg™.
Lemma 3.3. The following holds:
(1) G is dy,-cyclically monotone;

(2) IV c G c{dp(z,y) < +o0};
(3) the sets G, R:= GUG™! are analytic.

Proof. The second point follows by the definition: if (z,y) € TV, just take (w,z) = (x,y) in the r.h.s. of

B32).

The third point is consequence of the fact that
G = P34((1'" x X x X) N {(w,z,x,y) cdp(w,x) +dp(z,y) +di(y,z) = dL(w,z)}),

and the result follows from the properties of analytic sets.
The first point follows from the following observation: if (2, %;) € Vjw,,2,], then from triangle inequality

Zzayz dL(wz;yz)""dL(-Tz;yz 1)

)
dr(@it1,yi) — do(@i, ¥i) + do (@i, yim1) 2 dp(ivr, zi) — di(
(w4, 2:) +dp(2i,yi-1)
(
(

=dp(zig1,2) —d
>dp(xit1,2i) — d

=dp(®is1,2) —d

L
L
L(Ti, 2i) + dp(wi, yi-1) — dr(wi, 7;)
(wi, z;) + dp(wi, yi—1)-

Repeating the above inequality finitely many times one obtain

D di(@ivn,yi) = dolzisyg) = Y dr(wir, z) — dr(wi, ) > 0.

Hence the set G is dp-cyclically monotone. O
Definition 3.4. Define the transport sets

(3.4a) T := Py(graph(G™") \ {z = y}) N Py (graph(G) \ {z = y}),

(3.4b) Tc == Pi(graph(G™") \ {z = y}) U Pi (graph(G) \ {z = y}).

From the definition of G it is fairly easy to prove that 7, 7. are analytic sets. The subscript e refers
to the endpoints of the geodesics: clearly we have

(3.5) 7. = PI(R\ {z = y}).
The follwing lemma shows that we have only to study the Monge problem in 7.
Lemma 3.5. It holds w(7. x T, U{x = y}) = 1.

Proof. If z € Pi(T'\ {x = y}), then z € G~(y) \ {y}. Similarly, y € P(I'\ {z = y}) implies that
y € G(z)\{z}. Hence T\ 7. x T, C {z = y}. O

As a consequence, u(7.) = v(7.) and any maps T such that for vi7,= Tyurs, can be extended to a
map 7" such that v = Tyu with the same cost by setting

(3.6) T'(z) = {f(””) ! Z ?

We now use the non branching assumption.
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Lemma 3.6. If x € T, then R(x) is a single geodesic.

Proof. Since x € T, there exists (w,x), (z,2z) € G\ {x = y}: from the dr-cyclical monotonicity and
triangular inequality, it follows that
dr(w,z) =dg(w,x) + dp(z, 2),
so that (w,z) € G and x € Y(w,z)- Hence from the non branching assumption the set
R@)= U weaV U Yea
y€G(x) z€G~1(x)
is a single geodesic. 0
Proposition 3.7. The set RNT x 7T is an equivalence relation on T. The set G is a partial order
relation on 7.
Proof. Using the definition of R, one has in 7:
(1) = € T implies that
Jy € G(z) \ {z =y},
so that from the definition of G it follows (z,z) € G;
(2) ify € R(x), z,y € 7, then from Lemma B.6] there exists (w, z) € G such that z,y € y(,,.). Hence
z € R(y);

(3) if y € R(x), z € R(y), x,y,z € T, then from Lemma [3.0 it follows again there exists (w,z) € G
such that x,y, 2z € y(,,-). Hence z € R(z).

The second part follows similarly:
(1) = € 7. implies that
I(z,y) € (G\{z=y}) U (G \ {z =y}),
so that in both cases (z,z) € G;
(2) as in Lemma 30 (z,v), (y,2) € G\ {x =y} implies by dy-cyclical monotonicity that (z,z) € G.
0

Remark 3.8. Note that GU {x = y} is an order relation on X.
Definition 3.9. Define the multivalued endpoint graphs by:
(3.7a) a:={(z,y) € G71: G (y) \ {y} =0},
(3.7b) b:={(z,y) € G:Gy) \{y} =0}
We call Py(a) the set of initial points and P (b) the set of final points.
Even if a, b are not in the analytic class, still they belong to the o-algebra A.

Proposition 3.10. The following holds:
(1) the sets
a,bC X x X, a(A),b(A) C X,
belong to the A-class if A analytic;

(2) anbNZe x X =0;

(3) a(z), b(x) are singleton or empty when x € T ;
(4) a(T) = a(T.). H(T) = b(T,);

(5) T.=T Ua(T)Ub(T), TN (a(T)Ub(T)) =0.

Proof. Define
Ci={(z,9,2) €T xT.xT.:ycGx),z€Gy)} =(GxX)N(XxG)NT. xT. x T,
that is clearly analytic. Then
b={(z,y) €G:y€Gx),Gly) \{y} =0} =G\ Pr2(C\ X x {y = 2}),
={y:y€G@),Gy \{y} =0,z € A} = P(GNAX X)\ B(C\ X x {y = z}).
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A similar computation holds for a:
a=G '\ Py(C\{z=9y} xX), a(d)=P(GNX xA)\ P(C\{zr=y}xX)

Hence a,b € A(X x X), a(A),b(A4) € A(X), being the intersection of an analytic set with a coanalytic
one.

If x € 7, then from Lemma [3.0 it follows that a(x), b(z) are singleton and a(z) # b(x). If x € 7.\ 7,
then it follows that the geodesic 7, ., (w,z) € G, to which x belongs cannot be prolonged in at least
one direction: hence = € a(zr) U b(x).

The other point follows easily. O

We finally show that we can assume that the p-measure of final points and the v-measure of the initial
points are 0.

Lemma 3.11. The sets GNU(T) x X, GNX x a(T) is a subset of the graph of the identity map.
Proof. From the definition of b one has that

zebT) = G)\{z}=0,
A similar computation holds for a. O

Hence we conclude that
7b(T)x X)=nm(GNb(T) x X)=n({z =y}),
and following ([B.6]) we can assume that
u(b(T)) = v(a(T)) = 0.

Remark 3.12. In the case considered in Remark [ZT3] it is possible to show that I is o-compact: in
fact, if one restrict to I';,, then the set of cycles of order I is compact, and thus

I’ .= {(z,y):3]6{0,...,]},(wi,zi)efn fori=0,....1, z1 =y

I

Wr4+1 = Wy = T, ZdL(wi+1,Zi) — dL(wi,zz-) = 0}
i=0
is compact. Finally I' = U, /I7, .
Moreover, drr: | is continuous. If (TnyYn) — (2,y), then from the lLs.c. and

I

I
E Adr,(Wnit1, Zni) = E Ar,(Wn iy Zni)y Wi+l = Wn0 = Tny Zn,0 = Yn,
i=0 i=0

it follows also that each dr,(wy, it+1, 2n,i) is continuous.
Similarly the sets G, R, a, b are o-compact: assumption (5’) and the above computation in fact shows
that

Gt = {(w,9) s 3(w,2) € T}, 1, duw, @) + di(w,y) + duly, 2) = di(w,2) |
is compact. For a, b, one uses the fact that projection of o-compact sets is o-compact.

Remark 3.13. Many simplifications occur in the case the disintegration w.r.t. the partition {Dr,(z)}rex
is strongly consistent. Let

1 1 1
= / Tom(da), p= / tom(da), v = / Vom(da)
0 0 0
be strongly consistent disintegrations such that

fa(Dr(2a)) = va(Dr(za)) =1, 7o € (pa, Va)-

We have used the fact that the partition {Dy (z) X Dr(x)}.cx has the crosswise structure, and then we
can apply the results of [3].
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1) Optimality of 7. Since 7 is d-cyclically monotone, also the 7, are dy-cyclically monotone: precisely
they are concentrated on the sets

I'no=0InN DL(:L'Q> X DL(SCQ),

if T is dp-cyclically monotone and 7(T") = 1.
Using the fact that (Dp(z4),dr) is a metric space, then we can construct a potential ¢(z,x,) using
the formula

I
50(1'5 :Ea) = inf { ZdL(zi+17yi) - dL(Z"L'a yz)7 (xia y’b) € Faa Ti+1 = T, (1'05 yO) = (xav'ra)}'
i=0
and since this is bounded on (Dy (z4),dr), we see that 7, and hence 7 are optimal.

2. Potential for m. Extend ¢(z, ) to X by setting o(z,z4) = +o00 if & ¢ Dp(2a). If {(%a,Ta)}ac0,1]
is a Borel section, then the function

p(z) = nf{p(z, )}
is easily seen to be analytic. This function is clearly a potential for 7. In particular, it follows again from
[3] that 7 is optimal if it is dy-cyclically monotone.

3. Transport set. We can then define the set of oriented transport rays as the set

G= {(z,y) €EX x X :p(x)—py) = dL(fE,y)}-

In general, this sets is larger than the one of definition B2

4. PARTITION OF THE TRANSPORT SET T
Let {z;}ien be a dense sequence in (X, d).
Lemma 4.1. The sets
Wik = {x € TN Byes(zi) : L(G(x)), (G (x)) > 2%, L(R(x) N Byr—s (1)) < Q—k}
form a countable covering of T of class A.

Proof. We first prove the measurability. We consider separately the conditions defining Wjjy.
Point 1. The set
Aij =T N BQ—]’ (ZL'Z)
is clearly analytic.
Point 2. The set

By :={xeT:L(G(x)) > 227]“} =P (G N{d(z,y) > 227’“})
is again analytic, being the projection of an analytic set. Similarly, the set
Crp={zeT:LIG " (x) > 227’“} =P (Gil N{dc(z,y) > 227’“})

is again analytic.
Point 3. The set

Djr:={z €T : L(R(z) N By (;)) < 27k}
—T\ P (Rm {(2,y) : d(wi,y) < 279} 0 {dp(z,y) > 2—k}))

is in the A-class, being the difference of two analytic sets.
We finally can write

Wijk = Aij NB,NCLN Djk,

and the fact that A is a o-algebra proves that Wjj;, € A.
To show that it is a covering, notice that for all z € 7 it holds

min { L(G(x)), LG~} (z))} > 22°F
for some k € N.
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From the local compactness of geodesics, Assumption (&) of page 8 it follows that if v YB(x)) is
compact, then the continuity of  implies that 7_1(_BT/ (x)) is also compact for all 7/ < r, and diam 4, (yN
B,/(x)) — 0 and " — 0. In particular there exists j € N such that

L(R(z) N Byi—5(z)) < 27k,

with &k the one chosen above. ) - -
Finally, one choose x; such that d(z,7;) < 27179, so that @ € By_j(x;) C Byi—;j(z) and thus

L(R(z) N By_j (7)) < 27,

Lemma 4.2. There exist p-negligible sets Ny C Wi such that the family of sets
Tijr = R (Wijn \ Nijr)
is a countable covering of Tc \ U;juNiji into saturated analytic sets.

Proof. First of all, since Wi, € A, then there exists p-negligible set N;ji C Wi, such that Wi \ Nyji €
B(X). Hence {Wijr \ Nijk}ijren is a countable covering of 7 \ U;;xNiji. It follows immediately that
{Tijk }ijken satisfies the lemma. O

Remark 4.3. Observe that By (z;) N R(x) is compact for all z € Tjj): in fact, during the proof of
Lemma 1] we have already shown that v~!(By—; (x;)) is compact.

From any analytic countable covering, we can find a countable partition into 4-class saturated sets by
defining

m—1
(41) Zm,e = Zm,jmkm \ U Zm’jm’km” ZO,e = 7;\ U Zm,e;
m’'=1 meN

where

N> m = (im, jm, km) € N
is a bijective map. Intersecting the above sets with 7, we obtain the countable partition of 7 in A-sets
(4.2) Zy i =ZmeNT, meN.

Since R is an equivalence relation on 7', we use this partition to prove the strong consistency.
On Z,,, m > 0, we define the closed values map

(4.3) Zm 3 — F(x) = R(x) N By (5,,) € K(Ba—im (23,,)),
where K(By—im (2i,,)) is the space of compact subsets of By (2, ).
Proposition 4.4. There exists a p-measurable cross section f: T — T for the equivalence relation R.

Proof. First we show that F' is A-measurable: for § > 0,
F(By(y) = {2 € Zu : R(z) N Bs(y) N Bosm (11,,) # 0}
— Z, NP (R N (X x Bs(y) N By-sm (xim))).

Being the intersection of two A-class sets, F'~!(Bs(y)) is in A.

By Corollary 7] there exists a A-class section fo, : Z, — By—im (5, ). The proposition follows by
setting fLz, = fm on Uy 2, and defining it arbitrarily on 7 \ U, Z,,,: the latter being negligible, f is
p-measurable. 0

Up to a p-negligible saturated set 7y, we can assume it to have o-compact range: just let S C f(7)
be a o-compact set where fyu is concentrated, and set

(4.4) Ts =R YSNT, Tn:=T\Ts, p(y)=0.
Having a measurable cross-section
S :=SU f(7n) = (Borel) U (f(p-negligible)),

we can define the parametrization of 7, 7, by geodesics.
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Definition 4.5 (Ray map). Define the ray map g by the formula
g:={(.t.2) 1y € 5,1 € [0,4+00),2 € Gly) N{du(w,y) = 1}

= gJr Ug .
Proposition 4.6. The following holds.

(1) The set gN'S x R x X is analytic.

(2) It is the graph of a map with range 7T,.

(3) t— g(y,t) is a dr, 1-Lipschitz G-order preserving fory € T.
(4) (t,y) — g(y,t) is bijective on T, and its inverse is

z g~ (@) = (f(y), £dr(z, f(y)))
where f is the quotient map of Proposition and the positive/negative sign depends on x €
G(f(y)/x € GTH(f(y))

Proof. For the first point just observe that
g ={wta)iyesteR v e Gly) N {dule,y) = 1} ]
=S xR x Xn{(y,t,z): (y,z) € Gy N {(y,t,x) : dr(2,y) =t} € ¥1.
Similarly
— {(y,t,x) cyeSteR,xe G y)n{dy(z,y) = ft}} €xl.

Using the fact that S C 7 and R(y) is a subset of a single geodesic for y € S C T, the second part of
the proposition follows. The third point is a direct consequence of the definition.
The fourth point follows by substitution. O

We finally prove the following property of c-cyclically monotone transference plans 7.

Proposition 4.7. There exists a dr-cyclically monotone transference plan « with the same cost of w
such that it coincides the identity on u A v.

We will use the disintegration technique exploited also in the next section. We observe that another
proof can be the direct composition of the transference plan with itself, using the fact that the mass
moves along geodesics and the disintegration makes the problem one dimensional.

Proof. We have already shown that we can take
1(P2(b)) = v(Py(a)) = 0,

so that u A v is concentrated on 7g.
Step 1. On T we can use the Disintegration Theorem to write

(4.5) qummM% m = fy(uir), py € P(R(y)NT).

In fact, the existence of a Borel section is equivalent to the strong consistency of the disintegration. Since
{R(y) x X }ye7 is also a partition on 7 x X, we can similarly write

TLTxX= /Sﬂym(dy), my(R(y) x R(y)) = 1.
We write moreover
(4.6) vy = (P)s(mirxx), U= /Syym(dy) = /S(Pg)uﬂ'ym(dy).

Clearly the rest of the mass starts from a(7), so we have just to show how to rearrange the transference
plan in 7 in order to obtain u | v. Using g, we can reduce the problem to a transport problem on S x R
with cost

dmm@ww={“*qy:y

+oo  y#yY



THE MONGE PROBLEM FOR DISTANCE COST IN GEODESIC SPACES 17

By standard regularity argument, we can assume that S 5 y — 7, € P(R(y) x R(y)) is o-continuous, i.e.
its graph is o-compact.

Step 2. Using the fact that (u,v) — p A v is Borel w.r.t. the weak topology [3], we can assume that
S35y — uy Ay € P(R(y)) is o-continuous, so that also the map

Sy (y — iy Avy, vy — py Avy) € P(R(y)) x P(R(y))
is o-continuous.
Step 3. Since in each R(y) the problem is one dimensional, one can take the unique transference plan
Ty € H(,uy — Ly N\ Vy, Uy — [y A Vy)
concentrated on a monotone set: clearly
/d[ﬁ'y = /dLﬂ'y.

Step 4. If we define the left-continuous distribution functions

H(y,s) = (:uy = My A Vy)(_ooa s), F(yt):= (Vy — Hy A Vy)(—oo, t),
and
G(y, s,t) := 7y ((—00, 8) x (—00,1)),
then the measure 7, is uniquely determined by G(y, s,t) = min{H (y, s), F'(y,t)}.
The o-continuity of y — (fy — iy A vy, vy — fy A 1) yields that H, F are again o-l.s.c., so that G is

Borel, and finally y — 7, is o-continuous up to a f;u-negligible set.
Step 5. Define

Ty i= 7y + (LD)g (y A vy) € I(py, vy).
The above steps show that 7 is m-measurable, and thus we can define the measure

Ti= ﬂ'L(TE\T)XX—i—/nym(dy).
It is routine to check that 7 has the required properties. O

5. REGULARITY OF THE DISINTEGRATION

Let p be a probability measure on (X, d). This section is divided in two parts.

In the first one we consider the translation of Borel sets by the optimal geodesic flow, we introduce a
first regularity assumption (Assumption[I]) on the measure u and we show that an immediate consequence
is that the set of initial points is negligible. A second consequence is that the disintegration of n w.r.t.
the R has continuous conditions probabilities.

In the second part we consider a stronger regularity assumption (Assumption [2) which gives that the
conditional probabilities are absolutely continuous with respect to H! along geodesics.

5.1. Evolution of Borel sets. Let A C 7. be an analytic set and define for ¢t € R the t-evolution A; of
A by

(5.1) A= g(g7 " (A) +(0,1)).
Lemma 5.1. The set Ay N g(S x R) is analytic, and Ay is pu-measurable for t > 0.

Proof. Divide A into two parts:
As:=ANg(SxR) and Ay:= A\ As.

From Point (1) of Proposition it follows that Ag is analytic. We consider the evolution of the two
sets separately.

Again by Point (1) of Proposition L6, the set (Ag): is analytic, hence universally measurable for all
teR.

Since 7y is p-negligible (see (@A), it follows that (Ay): is p-negligible for all ¢ > 0, and by the
assumptions it is clearly measurable for ¢ = 0. 0

We can show that ¢ — u(A;) is measurable.
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Lemma 5.2. Let A be analytic. The function t — u(Az) is A-measurable for t > 0. If A C g(S x R),
then t — p(A:) is A-measurable for t € R.
Proof. As before, we split the A into the sets
As:=ANg(SxR) and Ay:= A\ As.
The function

AyN) t=0
tH“(AN’t):{g( v £>0

is clearly Borel. Obserbe that since 7y C 7 and p-measure of final points is 0, the value of p(An,) is
known only for ¢ > 0.
Since Ag is analytic, then g~1(Ag) is analytic, and the set

As = {(y,7,t) : (y,7— 1) € g7 (As)}
is easily seen to be again analytic. Define the analytic set As Cc X xR by
Ag = (9, T)(As).
Clearly (Ag); = Ag(t). We now show in two steps that the function ¢ — u((Asg);) is analytic.
Step 1. Define the closed set in P(X x [0,1])
M) = {7 € P(X x [0,1]) : (P1)s(m) = i}

and let B C X x R x [0, 1] a Borel set such that Pjo(B) = Ag.
Consider the function
R x II(w) 3 (t,m) — w(B(t)).
A slight modification of Lemma 4.12 in [3] shows that this function is Borel.
Step 2. Since supremum of Borel function are A-measurable, pag. 134 of [I5], the proof is concluded
once we show that

n(Ar) = p(As(t) = sup )W(B(t))-

From the Disintegration Theorem, for all = € II(x) we have

w(B®) = [ mBOWd) < [ plde) = u(As(o)
PL(B(t))
On the other hand from Theorem 23, there exists an A-measurable section u : Ag(t) — B(t). Clearly
for m, = (I, u) () it holds 7, (B(t)) = u(As(t)). O
The next assumption is the first fundamental assumption of the paper.

Assumption 1 (Non-degeneracy assumption). For all Borel sets A such that p(A) > 0 the set {t € R :
1(A¢) > 0} has cardinality > No.

By inner regularity, it is clearly enough to verifies Assumption [ only for compact sets.
An immediate consequence of the Assumption [Ilis that the measure p is concentrated on 7.

Lemma 5.3. If i satisfies Assumption[dl then
w(Te \T) = 0.
Proof. If A C a(X), then A; N As =0 for 0 < s < t. Hence
f{t € RY : u(Ar) >0} <R,
because of the boundedness of y. This contradicts the assumptions. 0

Once we know that (7)) = 1, we can use the Disintegration Theorem 23] to write

(5.2) b= /S pym(dy), m=fau 1y € PRW)).

The disintegration is strongly consistent since the quotient map f : 7 — 7 is p-measurable and (7, B(7))
is countably generated.
The second consequence of Assumption [is that pu, is continuous, i.e. p,({z}) =0 for all z € X.
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Proposition 5.4. The conditional probabilities p,, are continuous for m-a.e. y € S.

Proof. From the regularity of the disintegration and the fact that m(S) = 1, we can assume that the
map y — p, is weakly continuous on a compact set K C S of comeasure < € such that L(R(y)) > € for
all y € K. It is enough to prove the proposition on K.

Step 1. From the continuity of K 3 y — p, € P(X) w.r.t. the weak topology, it follows that the map

y— Aly) == {z € R(y) : py({z}) > 0} = Up{z € R(y) : py({a}) =27}
is o-closed: in fact, if (ym, zm) — (v, ) and py,, {zm}) > 277, then p,({x}) > 27" by u.s.c. on compact
sets.

Hence it is Borel, and by Lusin Theorem (Theorem 5.8.11 of [I7]) it is the countable union of Borel
graphs: setting in case ¢;(y) = 0, we can consider them as Borel functions on S and order w.r.t. G,

My, atomic = Zci(y>5$i(y)7 ziJrl(y) € G(zz(y)), i € Z.
i€Z
Step 2. Define the sets
Sii(t) = {y € K :ai(y) = g(97 " (z;(y)) + )} N T.
1

Since K C S, to define S;; we are using the graph ¢ NS x R x 7, which is analytic: hence S;; € ¥7.
For A; :={z;(y),y € K} and t € RT we have that

MWMZAMMMWMZAMWMMMWM
= ¢i(Y)0z,(y _1$j m(dy) = ci(y)m(dy).
Zﬁf@lumg<@»wn<m ZLW)@<w

i€Z i€z
We have used the fact that A; N R(y) is a singleton.
Step 3. For fixed i, j € N, again from the fact that A; N R(y) is a singleton

Sii(t) t=t
Sii(t) N S;s t') =
NORENCD {@ oy
so that
ﬁ{t : m(S”(t)) > 0} < No.
Finally
p((A)) >0 = telJ{t:m(S;t) >0},
whose cardinality is < Ny, contradicting Assumption [II 0

5.2. Absolute continuity. We next assume a stronger regularity assumption.

Assumption 2 (Absolute continuity assumption). For every Borel set A C 7
—+o0
WA) >0 — / J(A)dt > 0.
0

Again by inner regularity, Assumption[2can be verified only for compact sets. Note that the condition
is meaningful by Lemma [5.21 Observe moreover that Assumption [2]implies Assumption [ so that in the
following we will restrict the map g to the set g=!(7'), where it is analytic. Moreover, we can consider
shift ¢t — A, for t € R, because of Lemma 5.2

Remark 5.5. An equivalent form of the Assumption [ is the following:
uwAd) >0 = / w(Ay N Ag)dtds > 0.
t,s>0

In fact, due to u(X) =1, in the set I, := {t : p(A;) > 27"} the set {s € I, : u(As N A;) =0,t € I,} has
cardinality at most 27". Hence, since for some n £(I,,) > 0 by Assumption 2] it follows that
L2(I, x I,) = (£1(1,))" > 0.

The opposite implication is a consequence of Fubini theorem.
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The next results show regularity of the Radon-Nikodym derivative of y1, w.r.t. (H}).f~!(y), where H}
is the 1-dimensional Hausdorff measure w.r.t. the dy-distance. Note that along d; 1-Lipschitz geodesics,
H} is equivalence to g(y,-);L': in the following we will use both notations.

Lemma 5.6. Let p be a Radon measure and

py =1y, )9y, L +wy, wy Lg(y, )L
be the Radon-Nikodym decomposition of p, w.r.t. g(y,-)sL*. Then there exists a Borel set C' such that

LY (g7 H(C)n({y} xR))) =0
and wy = pyLc for m-a.e. y € [0,1].

Proof. Consider the measure

A=g(me LY,
and compute the Radon-Nikodym decomposition
Dp
=—A )
w DX +w

Then there exists a Borel set C' such that w = pre and A(C) = 0. The set C' proves the Lemma.
Indeed C' = Uye(o,1]Cy where Cy = C' N f~!(y) is such that p,Lc, = wy and g(y, -)sL'(Cy) = 0 for m-a.c.
y € [0,1]. O

Theorem 5.7. If ju satisfies Assumption[d, then for m-a.e. y € [0, 1] the conditional probabilities i, are
absolutely continuous w.r.t. g(y,-)sL'.

The proof is based on the following simple observation.

Let n be a Radon measure on R. Suppose that for all A C R Borel with n(A4) > 0 it holds
/ nA+t)dt =ne L' ({(z,t) 1t > 0,2 —t € A}) > 0.
R+

Then n < L1,

Proof. The proof will use Lemma .6t take C the set constructed in Lemma and suppose by contra-
diction that
w(C)>0 and me L' (g H(C)) =0.
In particular, for all t € R it follows that
m@ LY (g7 (C)) =me L (g (C) +(0,1) = 0.
By Fubini-Tonelli Theorem

o< [ wena=[ ( / I(Ct)@‘l)ﬁ“(d@/d”)dt

= (¢ oL ({(ym t):(y,7) €9 (T),(y,7—1t) € 9’1(0)})

/SXIR LY{r =g O )} (g™ anldydr)

IN

= /SXRﬁl(g‘l(C N F L)) (g ) ep(dydr)

- /5 £(g7(C N 71 (y))m(dy) = 0.

That gives a contradiction. 0

Now we will study the regularity of the map ¢ — u(A;) under Assumption 2l We will use the following
notation:

)= [ = [([ ot ryir)m) = gome 21,

Proposition 5.8. p satisfies Assumption [@ if and only if for all A Borel t — u(A;) is continuous.
Moreover if A is geodesically convex then u(A;) is absolutely continuous.
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Proof. Tt is enough to prove the continuity for ¢t = 0. Since

wao=[ ([ ),

its continuity is a direct consequence of Lebesgue dominated convergence theorem applied to the function:
0 (i) = [ r(y. )
9(y,") "1 (Ar)

Suppose now A geodesically convex. Each g(y,-)~(A) is an interval (a(y),w(y)), so that the map

t— r(y,T)dr
9(y,) "1 (Ae)
is absolutely continuous with derivative
h(y,t) = r(y,w(y) +1) —r(y, aly) +1).
Since h(y,t) € L'(m @ L) the result follows by a standard computation. a

6. SOLUTION TO THE MONGE PROBLEM

In this section we show that Theorem [B.7 allows to construct an optimal map 7. We recall the one
dimensional result for the Monge problem [20].

Theorem 6.1. Let u, v be probability measures on R, p continuous, and let
H(s) := p((—00,5)), F(t) :=v((—o0,1)),
be the left-continuous distribution functions of p and v respectively. Then the following holds.
(1) The non decreasing function T : R — R U [—o00, +00) defined by

T(s):=sup{t € R: F(t) < H(s)}

maps p to v. Moreover any other non decreasing map T’ such that Tﬁ',u = v coincides with T on
the support of p up to a countable set.

(2) If ¢ : [0,400] — R is non decreasing and convex, then T is an optimal transport relative to the
cost ¢(s,t) = ¢(|]s—t|). Moreover T is the unique optimal transference map if ¢ is strictly convex.

Assume that p satisfies Assumption[Il Then we can disintegrate p and 7 respect to the ray equivalence
relation R and R x X as in (0.2,

(6.1) w= /,uym(cly)7 = /7rym(dy)7 oy continuous, (Pp)ymy = fiy.

We write moreover
(6.2) o= [vymids) = [(Pa)gmymiay).

Note that 7, € II(y, 1) is dr-cyclically monotone (and hence optimal, because R(y) is one dimensional)
for m-a.e. y. If v(7T) = 1, then (62 is the disintegration of v w.r.t. R.

Theorem 6.2. Let w € I(u,v) be a d,-cyclically monotone transference plan, and assume that Assump-
tion [0 holds. Then there exists a Borel map T : X — X with the same transport cost as 7.

1

Proof. By means of the map ¢g~", we reduce to a transport problem on S x R, with cost

d@ﬁ%@in{ﬁ;ﬂ Y

It is enough to prove the theorem in this setting under the following assumptions: S compact and
S 3y — (py, vy) weakly continuous. We consider here the probabilities y,, v, on R.
Step 1. From the weak continuity of the map y — (), vy), it follows that for all ¢ the map
(yv t) = H(yv t) = My((iooa t))v
is continuous in ¢t and Ls.c. in y, hence Ls.c.. Similarly, the map

(y; 1) = F(y,1) := vy ((—00,1))
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is easily seen to be l.s.c.. Both are clearly increasing in ¢.
Step 2. The map T defined as Theorem [6.1] by

T(y,s):= (y sup {t: F(y,t) < H(y, S)})
is Borel. In fact, for A Borel,
T A x [t,+00)) = {(y,s) 1y € A, H(y,5) > F(y,1)} € B(S x R).

Step 3. By the definition of the set G, it follows that along each geodesic p,(g(y, (—o0,t))) >
vy (g(y, (—o0,t))), because in the opposite case G is not dy-cyclically monotone. Hence T'(s) > s, and

Yy
((y,), T(y, s)) = Pa(T(y, s)) — s. =
7. DYNAMIC INTERPRETATION

In this section we show how the regularity of the disintegration yields a correct definition of the current

g representing the flow along the geodesics of an optimal transference plan. This allows to solve the PDE
oU=p—v

in the sense of currents in metric spaces. In particular, under additional regularity assumptions, one can
prove that the boundary 0¢ is well defined and satisfies an ODE along geodesics. This gives a dynamic

interpretation to the transport problem.
The setting here is slightly different from the previous sections:

(2) there exists a probability measure 7, such that it (or more precisely n_z,) satisfies Assumption
along the transport rays of the transportation problem with marginals u, v;
(3) u < n, so that also pu satisfies Assumption 2

In particular, Lip(X') C Lip,, (X).
The main reference for this chapter is [1].

7.1. Definition of §. For any Lipschitz function w : X — R we can define the derivative dyw along the
geodesic g(t,y) for a.e. t € R,

d
Ouw(9(y,1)) = Zw(g(t.y))
and using the disintegration formula
ner= [ (90 )s(aly VL m(dy) = gilam o £),

we can define the measure 0;wn as

[ @i @enia) = [ [ olotw. 09d(stv, )aty.tidtm(dy).
S JR

where ¢ € C,(X,R).

Definition 7.1. We define the flow ¢ as the current

(o)) = [ ol 0)0lo(s.)ata. it (dy)
X
where h, w are Lipschitz functions of (X, d) with h bounded.

It is fairly easy to see that ¢ is a current: in fact,
(1) ¢ has finite mass, namely

(g, (h,w))| < Lip(w)/hn;
(2) ¢ is linear in h, w;
(3) if w, — w pointwise in X with uniformly bounded Lipschitz constant, then by Lebesgue Domi-
nated Convergence Theorem if follows that
lim <ga (hnawn» - <ga (hvw»;

n—-+o0o

(4) (g, (h,w)) =0 if w is constant in {h # 0}.
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In general, g is only a current, with boundary 0g defined by the duality formula

(7.1) (0g,w) = (g, (1,w)).
Under additional assumptions, the current ¢ is a normal current, i.e. 9¢g is also a scalar current, in
particular it is a bounded measure on (X, d).

Lemma 7.2. Assume that q(y, : R — R belongs to BV(R) for m-a.e. y and

oy = — / |oy (R)|m(dy) = /Tot.Var.(q(y, Im(dy) < +o0.
s

Then ¢ is a normal current and its boundary is given by

(05, / / ) (dtym(dy).

Note that in the above formula we cannot restrict o, to g=*(7): in fact, in general

/S(g(y, V30,)(Te \ T)m(dy) > 0.

Proof. First of all, by using the formula q(y,t) = o ((¢, +00)), it follows that o, is m-measurable, i.e. for

all ¢ € Cy(X,R) the integral
/(/¢(g(y7t))ay(dt))m(dy)

/(g(y, Yoy )m(dy)

is meaningful and then

is a finite measure on (X, d).
A direct computation yields

(09, ) = (3, //@wty%w+wwm@ // 9(t, 1) (dt)ym{dy).
O

Remark 7.3. In many cases the measure [(g(y,-)s0,).rm(dy) is absolutely continuous w.r.t. 7, i.e. for
m-a.e. y € [0,1]

oy r=h(g(t,y))aly, )L,
for some £!(n) function h. In that case we obtain that

(0g,w) = /W(b(y))ay (P2({g™' (b(y))}))m(dy)
- [ wlawo, (Pells a)h)midy) + [ w@h(on(da).
7.2. Transport equation. We now consider the problem 0U = u — v in the sense of currents:

waw»=<u—uww=/wuxu—mwm.

Using the disintegration formula and (61]), ([G2)) we can write

<UKM®%iL{Aw@@JD@”@waWﬂ—Aw@@ﬁXf%%M%Kﬁﬁmww

By integrating by parts we obtain

/w@@ﬁﬂf%%%mmﬁ%:*/MAM%FWJM&ngt
R

R

H(y,t)ow(g(y, t))dt,

(ot)dt =~ [ Hly 00l
/RW(g(y,t))(g‘l(y,-)uVy)(dt) = —/Rvy(g(%(—Oo,t)))@tw(g(yvt))dt= —/RF(yvt)atw(g(y,t))dt-

Observe that the map
SxR> (yat) = F(yvt) 7H(yat) €R
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is in L'(m @ L£') if the transport cost Z(r) is finite: in fact, using the fact that F(y,t) < H(y,t) and
integrating by parts,

12 [ He) = Pt = [ 67 ), — a7 @m0 = [ (6= ords, ),

where 7 is the monotone rearrangement.
We deduce the following proposition.

Proposition 7.4. Under Assumption[d], a solution to OU = u — v is given by the current U defined as
) = [ ([P0 = Hn)laty. )00 oty )t ().

In general, the solution is not unique: just add a boundary free current to our solution.
Some further assumptions allow to represent our solution U as the product of a scalar p with the
current g.

Proposition 7.5. Assume that q(y,t) > 0 whenever H(y,t) — F(y,t) > 0. Then R = pg, where

F(yvt)_H(yat)-

p(g(y,t)) = o)

Proof. Tt is enough to observe that

. N TR B ()
fo P00 Bty = [ S

=/ p(g(y,t))q(y,t)dtm(dyb/ p(x)n(dzx),
SxR

p's
and from (T2) we conclude that p € L'(n). O

q(y, t)dtm(dy)

Corollary 7.6. If q(y,t) # 0 for m ® L'-a.e. (y,t) € g~Y(T), then there exists a scalar function p such
that O(pg) = p — v.

8. STABILITY OF THE NON DEGENERACY CONDITION

In this section we prove a general approximation theorem, which will be then applied to two im-
portant situations: the Measure-Gromov-Hausdorff (MGH) convergence and the approximations of the
transport problem by §-measures. In both cases, if a uniform estimate holds for the disintegration in the
approximating spaces, we deduce the regularity of the disintegration also in the limit.

8.1. A general stability result. We consider the following setting:

(1) wy is a sequence of measure converging to p weakly;
(2) there exists functions g, : S, x R — X, S, C X Borel, and measures r,m, ® L € P(S,, x R)
such that

o, = (gn)ﬁ(rnmn ® £1).
The following is the basic tool for our stability result.

Proposition 8.1. Let {&,}neny C P(Y) x M(X), Y, X Polish and X locally compact, such that &, — &.
Consider {1y tnen, ™ > 0, such that r,&, € P(Y x X) is tight and the following equintegrability condition
holds:

V5>035>0<VA€B,§H(A)<5 = /rn§n<5>.
A

Then, up to subsequences, there exists v € L*(€) such that r,&, — €.

Proof. From the tightness it follows that there exists w € P(Y x X) such that r,&, — w. We will show
that w(B) = 0 for all B such that £(B) = 0. Clearly by inner and outer regularity, it is enough to prove
the following statement:

V6>035>0<12¢20,/¢§<s :>/¢)w<5>.
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Fix § > 0 and take the corresponding ¢ given by the equintegrability condition on 7,. Consider
¢ € Cy(Y) positive such that

/ b6 < <2/2.

From the weak convergence for n great enough

ot <=

/d)TngnS/ rn§n+€<5+€.
P>
Hence [¢w < §+e. O

so that we can estimate

Theorem 8.2. Assume that r, € L*(m,, ® L) is equintegrable and
(Ha ]I, gn)ﬁ (Tnmn X El) - (]I, H, g)ﬁn

with n € P(S x R) and g being the ray map (Definition [{-5)). Then n = rm ® L' for some function
re LY (m & LY), measure m € P(S) and the disintegration of pu is a.c. w.r.t. L' on each geodesic.

Proof. The fact that gyn is a disintegration is a consequence of the a.c. of n along each geodesic: in
this case the initial points have n-measure 0, and moreover gyn = . We conclude by using Proposition

B O

In general the convergence of the graph of g, is too strong: the next result considers a more general
case.

Proposition 8.3. Assume that i € I(rm @ L', u) is concentrated on the graph of a Borel function
h:T xR — 7, such that

(1) (y,t) — e(y) := f(h(y,t)) € S is constant w.r.t. t,
(2) it holds

h(y, )5 (r(y, L") < H'Cg(e().m)-

Then the disintegration w.r.t. g has absolutely continuous conditional probability.

Proof. We can disintegrate the measure m as follows:

m = / m,(eym)(dz),
S
and by the second assumption

h(y, )s(r(y, ) L") = gle(y), )5 (F(y, ) L"),

for m-a.e. y € 7. Hence by explicit computation,

pe= /S By, s (r(y, ) £ )m(dy) = /S g(e(w), )s(F(y, ) LY ymi(dy)

_ /S(/el(z)g(z,-)n(F(y,-)ﬁl)mz(dy))eﬁm(dz).

To conclude the proof observe that
[ L ) < G
|

Remark 8.4. A corollary of the above results is that if r,, belongs to some closed convex set of L' for
all n, then this condition passes to the limit 7. Just observe that if ¢ € C(S x R) then

n /qﬁrnmn@Elez — /qﬁrm@ﬁlzk:.

In relation with the previous section, we consider the following cases:
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(1) for all € > 0 there exists k. > 0 such that

(Tn © 971)L{IET:CIL(m,a(m)ub(m))>s}2 ke;
(2) for alle > 0, y € S there exists L. > 0 such that

(rm © 9™ ) {weR(y)idr (w.a(y)ub(w) ><} € LiPL, (R);
(3) for alle > 0, y € S there exists M. > 0 such that

Tot.Var.((rn ) g71)L{meR(y):dL(a(y),b(y))>8}) = Me..

The first condition yields that the assumptions of Corollary [.6] holds.
The second and third conditions imply that we are under the conditions for Remark [[3] if the rays
are of uniformly positive length.

8.2. Approximations by metric spaces. In this section we explain a procedure to verify if the trans-
port problem under consideration satisfied Assumption The basic references for this sections are

16 7.

We consider the following setting:

(1) (Xn,dn.dpn), n € N, is a family of metric structures satisfying the assumptions of page [ and

Remark 213t
(2) Hn, Un € P(Xn)a Hn L Vn;
(3) 7 € I(pn, vp) dr n-cyclically monotone transference plan with finite cost.

We assume that the structure (X,,,dn,dr n, fin, Vn, Tn) converges to (X,d,dr,p,v,m) in the following
sense: for all n € N there exist Borel sets A4,, C X,, and Borel maps /,, : A,, — X such that

(8:1) (bn, n)gmnia,xa, =7, |d(ln(®),€a(y)) — dn(@,y)] <277, |dL(ln (@), €a(y)) — dLn(z,y)] <277,
and if (¢, (zn), bn(yn)) — (2,y), then

(82) dL(x,y) = h}lndL,n(xnvyn)'

By o-additivity of measures, Remark [3.12] and up to subsequences, we can reduce the problem as
follows:

(1) T, G are compact subsets of X x X;

(2) A, compact, £,(A,) C lpt1(Ant+1) and £, continuous;

(3) the compact sets £,,(A,) converge in Hausdorff distance to a compact set K on which p and v
are concentrated;

(4) m,(A,) = 1 upon renormalization and (¢, £, )7, is concentrated in

{(z,y) : d(z,9) > 8r,d(z,7),d(y,7) <r};

(5) the section S,, of Proposition [£4is a compact subset of X,, \ Ba,(Z) U Ba,(7);
(6) the compact sets £,,(S,) converge to a compact subset of "\ (Ba,(Z) U B2, (¥));
(7) there exists a sequence of dr, ,-cyclically monotone sets I'y, C X, such that (¢,,,¢,)(T) — T.

For the transport problems in (X, d,,) with measures p,, v,, we assume the following.
Assumption 3. The d;, ,,-cyclically monotone plan 7, satisfies Assumption 2] for all n € N.

It follows that for all n € N we can write the disintegration of u,, along the geodesics as

fin = g2)s(ram © £1) = [ 9nl 1:0(3 )£ )m(dy),
with r, € L'(m ® £'). The next assumption is fundamental.

Assumption 4 (Equintegrability). The map (y,t) — r,(y,t) is equintegrable w.r.t. the measure m,,@L!:
rnmy, @ L1 is tight and there exists § > 0 such that if (m,, @ £1)(A) < § then

/ rn(y, t)dtm, (dy) < e.
A
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Note that since [, (y,t)dt =1, then the equintegrability is essentially a condition on £': in fact, in
the disintegration theorem no regularity on m is required.
Let g, : S, x R — X, be the transport maps for the approximating problems, and write

gn(y,t) + Su xR — X xR
(ya t) = gn(ya t) = (fn(y)a t)
Pt ®@ L1 = (Gn)s(ramn @ L) € P(X x R).

This allows us to consider the space X as a section. Define finally
N i = (G, ln © Gn)g(rnmy, & LY e H(fnﬁln LY, (4,0 Gn)g (T ® El)).

This measure is not supported on a graph: it is obtained by considering the measure (I, 09y, )3 (rpma@LY)
and taking the image measure of the first marginal by g,,.

Lemma 8.5. Up to subsequences, n, — n, where n € H(rm ® L', u) is supported on a Borel graph
h:T xR — T, such that t — h(y,t) is the dy, 1-Lipschitz curve R(y) for m-a.e. y € X.

Proof. The convergence to the correct marginals is a consequence of the fact that
(P2)g7in = (€n © gn)s(rnma ® L1) = (bn)ghn — 1
by (&Il), and by Proposition Bl and Assumption @l
P, @ LY = rm @ LY.

We next observe that from (8I)) in A4,

‘dL (fn © Gn(Yn,0), L © gn(Yn, t)) — t‘ <om

so that if £, (yn,) — y then by &2) £, o gn(yn, ) converges to a dr, 1-Lipschitz geodesic curve 6, in K
passing through y.
Define the multivalued map

h, : En(Sn) xR — X
(W) = {lalgn(2,1) : fn(2) =y}

W.lo.g. we can assume ¢, g, continuous therefore, by assumptions on A, and ¢,, the graph(h,) is
locally compact. It follows that up to subsequence graph(h,,) — graph(h) in Hausdorfl metric where h
is a multivalued function with locally compact graph. Since n,(graph(h,)) = 1 we can conclude that
n(graph(h)) = 1.
By Point [6] it follows that
{y 23t x), (y, t,x) € graph(h)} cT
then A is a Borel function h: 7 x R — X.

We conclude by showing that the curve ¢ +— h(y,t) is the d; 1-Lipschitz parametrization of R(y).
First, from the dj, ,-cyclical monotonicity of m, and the estimate (81, it follows that

{(z,:r') €K xK:x=h(y,s),2 =h(y,s),s> s’}

is dp-cyclically monotone: in fact for all sequences (y;,t;) € K,i=0,...,1,
I
Z dr (Myi ti), h(Yit1, si1)) — do (h(yi ti), h(yi, 8:)) > =27 "1+
i=0

I
> drn (9@l t), gn (Ul $i41)) = Ao (g0 (W) i), gn(yf' 1)) = =271
=0

Hence on K the geodesics 0, can intersects only at the endpoints, which have measure 0 w.r.t. u =
hy(rm @ L£').
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Finally, Point [[ implies that each 6, coincides with R(y). In fact, if ¢, o gn(yn,t) — h(y,t) and
a2 € R(gn(yn)) is such that £, (z]) € Ba-(7), then

dL(h(y,t),xl) = lim dL (fn Ogn(ynat)’gn(‘r;z))

n—-+4+oo

= lim drn(9n(yn,0),2)) +t=dp(y, ") +t.
n—-+4oo
The conclusion follows. O
Theorem 8.6. The transport plan m satisfy Assumption[2.

Proof. By Lemma B it is enough to verify the hypothesis of Proposition First of all, from d-
cyclical monotonicity or from the proof of Lemma [81] it follows that (¢,y) — e(y) := f(h(y,t)) does not
depend on t.

Next, the dy, 1-Lipschitz dependence implies that if 7(y, -) € L'(R), then also h(y, -):(r(y,-)L") is a.c.
w.r.t. L1, O

Remark 8.7. As in Remark B4l if we know more regularity of the disintegrations for the approximating
problems, we can pass them to the limit. Here the key observation is that geodesics converges to geodesic,
so that continuous functions on them converge pointwise to continuous functions.

A special case is when dj, = d: a natural approximation is by transport plans where v is atomic, with
a finite number of atoms. Using techniques similar to [4], one can prove the next proposition.

Proposition 8.8. Let {x,}nen be a dense sequence in X, and assume that for all transport problems

wr { [ dtomm € s, |
the disintegration along transport rays p = funyymn(dy) satisfies

finy € [P(d(w,20), L(R(y))), H(d(w,z0), L(R(y)))] £

for some strictly positive continuous functions h, H : (RT)? — R. Then for all v € P(X) the disintegra-
tion p = [ pym(dy) satisfies the same bounds.

Proof. Observe that for all a > 0 along rays of length in [a,b] and for d(z,z,) < a/2, the densities fi, ,
are equintegrable. 0

Proposition ensure that there exists a solution for the Monge minimization problem in all the
spaces that satisfies the Measure Contraction Property, like Alexandrov spaces and the d-dimensional
Heisenberg group, see [12]. The reference for the measure contraction property is [14].

9. EXAMPLES

We end this paper with some examples which shows how the different hypotheses of Section [Z4] enter
into the analysis. In the following we denote the standard Euclidean scalar product in R¢ as - and the
standard distance in T¢ by |-|. We will also denote points by p = (2,9,2,...) € R% and «a a fixed
constant in [0,1] \ Q.

Example 1 (Non strongly consistent disintegration along rays). Consider the metric space
(Xa d) = (T2a | ! |)

and the Ls.c. distance in the local chart X = {(z,y):0 < z,y < 1}

|x1 — 2o +i| y1 —y2=a(z1 —22) +ia+n

+00 otherwise

dr(p1,p2) := {

for i,n € Z. The sets D, are given by
Dr(py) = {(z,y) cy=y1 +alr—x1+4) modl,ic€ N},

so that it is easy to see that the partition {Dy,(p)}pex does not yield a strongly consistent disintegration.
Since t — (¢t mod 1,at mod 1) is a continuous not locally compact geodesic, Condition () is not verified
in this system.
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TZ

F1GURE 1. The metric space of Example [Tl

Consider the measures u = £2_t and the map T : (z,y) — (z,y +a mod 1): being u invariant w.r.t.
translations, one has Ty;r = p, and moreover

/ dp (x, T(z) ) der) = 1.

If we consider points (p;, (zi,y; + @« mod 1)), 7 =1,...,I, then the only case for which dy,(p;+1,p:) <
+o0 is when p;11 = (z; + ¢ mod 1,y; + at mod 1) for some ¢ € R, i.e. they belong to the geodesic

Rt (z;+t modl,y,+at modl)e X.

Hence, to prove dp-cyclical monotonicity, it is sufficient to consider path which belongs to a single
geodesic, where dj, reduces to the the one dimensional length:

dp((z,y),(x+t mod 1,y+at mod 1)) = |¢.

Since translations in R are cyclically monotone w.r.t. the absolute value, we conclude that T is d-
cyclically monotone.

The fact that the optimal rays coincide with the sets Dy, yields that the disintegration is not strongly
consistent, in particular there is not a Borel section up to a saturated negligible set. Note that every
transference plan which leaves the common mass in the same place has cost 0, so that this example shows
the necessity of Condition (&) for Proposition 7

Example 2 (Non optimality of transport map). Consider countable copies of the manifolds T?: we
denote them in local coordinates by
C:={(z,y): 0< 2,y <1}, Ct = {(w’,y’) 0< 2yl < 1}, i € Z\ {0}.

With this fixed choice of coordinates, identify the points (z,0) = (2¢,0) if 0 < 2 = 2 < 1. In other words,
we glue the sets C, C", i € Z \ {0}, along a maximal circle S, which will be written in local coordinates
by
S={0:0<0<1}.
The space X is the set obtained with this procedure.
In the following points we need to divide C' into two parts: with the same coordinates as above, we set

Ci={(z,y) €C:0<x<1,0<y<1/2}, CT={(z,y)eC:0<a<1,1/2<y<1}.
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Definition of d and dy,. The distance d is defined as follows:

d(plaPQ) = min{|p1 —p2|, |('T1ayl) - (9,0)| + |($2,y2) - (950)|a9 € Sl}'

Note that p; — p2 can be computed only when the points belong to the same component. It is fairly easy
to see that (X, d) is a compact set, in particular Polish.
The distance dy, is defined as follows: if 7 : [0, 1] — X is a d-Lipschitz map, then set

|’7| pEC*,"y-(—l,a)ZO
4l peCT\ S5 (-1,a)=0
Wl peC'\ S84 (~1,ia) =0
+o00 otherwise

In otherwords, the Lipschitz path with finite length are a countable union of segments in C' or C?,
i € Z\ {0} with slope (a, 1), (ia, 1), respectively. The distance dy, is define then by

di(p1.p2) i= inf {L(3) : 7 € Lip([0,1], X),7(0) = p1,7(1) = p2 |-

Study of the distance dy,. To study the distance dj, observe that it is enough to analyze the induced
distance on S'. We consider the length of the return map on S depending on which sets we are moving
on:

(1) if we take the path 8 — 0 4+ « along C, then its length is g\/l + a?;

(2) if we take the path § — 6 + i« along C?, then its length is /1 + (ic)?.
In particular, geodesics starting from S and ending in some C?, i € Z \ {0}, never take values in C'\ S.
Due to the invariance w.r.t. translations (z,y) — (x +« mod 1,y), it is sufficient to study the structure
the metric space (Dr((0,0)),dr).

The set D,((0,0)) is the set {y = ax + za mod 1,z € Z} in each component C, C*, i € Z\ {0}. The
metric drLp, ((0,0)) is obtained as follows: given two points (p1,p2), we can connect them using a path
on the same component or by connecting each of them to points 6, 8 of S, and using one of the C? to
connect these last points.

It follows that (Dr((0,0)),dr) is geodesic, and a more careful analysis shows that dy, is actually Ls.c..
Moreover, the fact that /- is subadditive yields that there are not geodesic of infinite length: in particular
all the assumptions listed on Page [§ are satisfied.

Transport problem. Define the sets

1 5 7
A:{(x,y)EC:0§z<1,§<y<§}, B:{(z,y)60:0§x<1,§<y<1},

and the measures p := L2 4, v := L2Lg. Consider the two maps defined on A

TV . A = B
(z,y) — TH(z,y):= (x—l—%a mod 1,y+%)

T A — B
(z,y) = T (z,y):= (w —2a mod 1,y + %)
It is standard to show that Tﬁi,u =.
Let (pi, T (p;)) € graph(TT), i = 1,...,I: from the definition of dr, dr(pi+1,T"(p;)) can be ei-
ther equal to dr(p;, TT(p;)) or greater than 3v/1+ a2 (by taking the path along C~ U C'). Since

dr(pi, TH(pi)) = 3V1+ a2, it follows that T is dz-cyclically monotone.
However, one has

/dL(x,Tf(x)),u(dx) = é\/l +a2 < g%\/l +a?= /dL(ac,TJr(ac))u(d:E).

Hence the dp-cyclical monotonicity is not sufficient for optimality. Note that Assumption [2]is verified.
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FIGURE 2. The metric space of Example

APPENDIX A. NOTATION

P i, projection of « € I—1 . X} into its (i1,...,4r) coordinates, keeping order
P(X) or P(X,0) probability measures on a measurable space (X, )

M(X) or M(X,Q) signed measures on a measurable space (X, 2)

fra the restriction of the function f to A

M A the restriction of the measure y to the o-algebra ANX

L4 Lebesgue measure on R?

HF k-dimensional Hausdorff measure

TL(p1,y .oy pig) e P, X;,®L_,%;) with marginals (P)ym = p; € P(X;)
Z(m) cost functional (2.7)

¢ cost function : X x Y — [0, 400

T transportation cost (271

@° c-transform of a function ¢ (Z.8)

0% d-subdifferential of ¢ ([2.9)

D, subset of L*(u) x L'(v) defined in (ZI0)

J(p, ) functional defined in (211

Cy or Cp(X, R) continuous bounded functions on a topological space X
(X,d) Polish space

(X,dr) non-branching geodesic separable metric space

Dy (z) the set {y : dr(z,y) < +o0}

L(v) length of the Lipschitz curve v, Definition

Via,) () geodesics 7 : [0,1] — X such that v(0) =z, v(1) =y

Yiz,y)> Vwyl open, closed geodesics (2.6)

B, (x) open ball of center x and radius r in (X, d)

B, 1(z) open ball of center = and radius r in (X, dy,)

K(X) space of compact subsets of X

dy (A, B) Hausdorff distance of A, B w.r.t. the distance d

A, AY x, y section of A C X x Y [23)

B, B(X) Borel o-algebra of X Polish

¥l 3H(X) the pointclass of analytic subsets of Polish space X, i.e. projection of Borel sets
i the pointclass of coanalytic sets, i.e. complementary of 3i
DI | b4 the pointclass of projections of IIL_,-sets, its complementary
Al the ambiguous class ¥} N1IIL

A o-algebra generated by Y1

A-function f: X — R such that f~1((¢,+00]) belongs to A

hy push forward of the measure u through h, hyu(A) = u(h=1(A))
graph(F') graph of a multifunction F (21

F1 inverse image of multifunction F (22

F,, FY sections of the multifunction F (23]
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Lip, (X)
I‘/
G, G}

R

T, T

a,b: 7. — T,
Zm,e; Zm

S
g=gtuUg-
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Lipschitz functions with Lipschitz constant 1
transport set ([B.))

outgoing, incoming transport ray, Definition
set of transport rays (3]

transport sets (3.4)

endpoint maps (3.7

partition of the transport set T' (1), ([.2l)
cross-section of RL7x7

ray map, Definition

Ay
g
99

(1]
2]

[3]
[4]
[5]
[6]

7]
(8]
[9]

(10]

11]
[12]
(13]

[14]
[15]
[16]
[17]
(18]

19]
20]

evolution of A C Z; ; along geodesics ([o.1])
current on (X, d) corresponding to the flow along geodesics, Definition [T.]
boundary of the current 4 (Z.1I)
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