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Abstract

We prove that minimizers for subcritical second order Sobolev embeddings in the unit ball are
unique, positive and radially symmetric. Since the proofs of the corresponding first order results
cannot be extended to the present situation we apply new and recently developed techniques.

1 Introduction

Let B denote the unit ball in R” (n > 2) and let || - ||, denote the LI(B) norm. Consider the second
order Sobolev spaces

cither H=Hi(B) or H=H*B)nHB). (1.1)

In view of the Sobolev-Rellich-Kondrachov Theorem, both spaces in (1.1) compactly embed into
LP(B) for any 1 <p <2, = %, with the convention that 2, = oo if n = 2,3,4. These embedding
properties are well explained through the inequalities

_ | Awl[3 '
wer\{0} |lw]|2

Spllullz < [|Aullz  forallu €M, (1.2)

Since the embeddings are compact, for any 1 < p < 2, there exists a minimizer u, for S,, namely
there exists a nontrivial function u, € H such that Sy||uy||2 = ||Auyl|3. The main result of this
paper is the following.

Theorem 1. Let 2 < p < 2. Then, in both cases (1.1), the minimization problem (1.2) has, up to
multiplication by a constant, a unique solution u, which is positive, radially symmetric and radially
decreasing.
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We recall that, in case H = HZ(B), minimizers of (1.2) are weak solutions (see (1.7) below for
a definition) of the following boundary value problem with Dirichlet boundary conditions
A2y = |ufP?u in B

ou
_5_0 on 0B,

(1.3)

u

whereas in case H = H?(B) N H{(B), minimizers of (1.2) are weak solutions of the corresponding
problem with Navier boundary conditions, i.e.,

u=Au=0 on 0B. (1.4)

{ A2y = |ulf?u in B
As an interesting consequence of the positivity of minimizers of (1.2) and the Hopf boundary lemma,
we infer that the best Sobolev constant S, for H = H2 N H} in (1.2) is strictly smaller than the
constant S, for H = Hg. In fact, this is true on an arbitrary bounded domain and not just on the
ball B, see Section 5 below. This is in striking contrast with the critical case p = 2, (n > 5) for
which van der Vorst [18] showed that the two embedding constants coincide.
Our second main result is concerned with the uniqueness of positive solutions of (1.3), (1.4).

Theorem 2. Let 2 < p < 2,. Then:

(i) Problem (1.4) has a unique positive solution which is radially symmetric and radially de-
creasing.

(i7) Problem (1.3) has a unique radial positive solution which is radially decreasing.

It is worth pointing out that we prove radial symmetry of minimizers of (1.2) in both cases
(1.1), but we cannot prove radial symmetry of arbitrary positive solutions of (1.3). Thus we state
the following

Open question: Is every positive solution of (1.3) radially symmetric ?

If this is true, then problem (1.3) also has a unique positive solution by Theorem 2 (ii).
The present paper is motivated by the results available for the first order Sobolev space HS (B)

which compactly embeds into LP(B) for any 1 < p < 2* = %, with the convention that 2* = oo if
n = 2. These embeddings read
2 2 1 [Vwl3
Spllvll; < Vol for all v € Hy(B) , b)) ) (1.5)

weHM\oy lwlf?

If v, is a minimizer for ¥, then also |v,| is a minimizer. And since a minimizer for ¥, satisfies the
Euler equation

—Av = |v|P~20 in B

{ [ (1.6)

v=20 on 0B ,

vp may be assumed to be positive by the maximum principle. Elliptic regularity enables us to
infer that v, is smooth and therefore, for p > 2, v, is radially symmetric and radially decreasing
according to [10, Theorem 1]. Finally, from [10, Lemma 2.3] we know that there exists a unique
positive solution of (1.6). By combining all these facts we conclude that, up to multiplicative



constants, there exists a unique minimizer v, for 3, and that it is positive, radially symmetric and
radially decreasing. Let us also mention that positivity and radial symmetry (but not uniqueness!)
may be proved via Schwarz symmetrization, see [16].

Summarizing, in order to obtain these properties for v,, besides the maximum principle the
following tools have been used in the literature. Firstly, the possibility of replacing v € H{(B) with
|v|. Secondly, the symmetry and the uniqueness results of [10]. Unfortunately, none of these tools
can be used for embeddings of the second order Sobolev spaces H in (1.1). Indeed, if u € H?(B)
it is in general not true that |u| € H?(B). The same implication is also false for the Schwarz
symmetrization, see [7,8] for a recent discussion of the problem. Moreover, the full extension of
the symmetry result in [10] seems out of reach for the corresponding fourth order elliptic equations,
see [15]. Finally, the uniqueness statement in [10, Lemma 2.3] does not hold for the corresponding
fourth order ordinary differential equation, since also the “shooting concavity” u”(0) represents a
degree of freedom. Hence, in order to prove our results, we need to follow different methods. We
obtain the positivity of minimizers u, by using arguments inspired by [9] and [18]. Then, in the space
H?(B) N H}(B) we may apply the symmetry result by Troy [17] to obtain its radially symmetry.
In the space HZ(B) the situation is more involved and we introduce a new technique based on
polarization. This two-point rearrangement has been applied successfully in variational problems
posed in first order Sobolev spaces or LP-spaces, see e.g. [2,3,5,6,14] and the references therein. Its
applicability to higher order problems is new and somewhat surprising, since in general polarized
H?-functions do not belong to H? anymore. Once we know that minimizers u, are positive and
radially symmetric, we combine a suitable scaling with a comparison argument recently developed
by McKenna-Reichel [12] in order to prove uniqueness of radial positive solutions of (1.3) and (1.4).

The paper is organized as follows. In Section 2, we prove that, up to reflection u — —u,
minimizers of the minimization problem (1.2) are strictly positive in B. In Section 3 we then show
that both (1.3) and (1.4) have a unique radial positive solution. Combining this with Troy’s radial
symmetry result [17] for positive solutions of (1.4), we obtain Theorem 2. Also, Theorem 1 follows
in the case where H = H?(B) N H}(B). In Section 4 we then show that, in case H = HZ(B),
every minimizer of the minimization problem (1.2) is radially symmetric and radially decreasing.
This completes the proof of Theorem 1 for H = Hg(B). In Section 5 we prove the strict inequality
between the embedding constants S, mentioned above.

Finally, we collect some definitions and notations used throughout the paper. We say that a
function u € HZ(B) is a weak solution of (1.3) if

/ Aulv dx = / lufP?uv dz  for all v € HE(B). (1.7)
B B

Moreover, we say that a function u € H?(B) N H}(B) is a weak solution of (1.4) if (1.7) holds
for all v € H?(B) N H}(B). By [11, Theorem 1], every weak solution of (1.3) is in fact a classical

solution. Also, by [18, Lemma B.3], every weak solution of (1.4) is a classical solution. We endow
both Hilbert spaces H = H2(B) and H = H?(B) N Hg(B) with the scalar product

(u,v) = / AuAv dx for u,v € H. (1.8)
B

For a subset A C R", we denote by int(A), A, and A the interior, the closure, and the boundary
of A.



2 Positivity of minimizers for (1.2)

The existence of minimizers for problems (1.2) may, in both cases (1.1), be obtained by a standard
argument from the calculus of variations based on the compact embeddings H C LP(B). In this
section we prove that, if u is a minimizer, then u or —u is strictly positive on B. We give two proofs
of this fact, both based on the following maximum principle:

Lemma 1. Let K ={w € H; w >0 a.e. in B} and assume that u € H satisfies
/AuszO for allv e K ;
B

then v € K. Moreover, one has either u =0 or u > 0 a.e. in B.

Proof. When H = H?(B) N H(B), the statement follows by the maximum principle for the
operator —A: take an arbitrary nonnegative ¢ € C2°(B) and use as test function v, € K such
that —Av, = ¢. When H = HZ(B), the statement is a consequence of Boggio’s principle [4],
see 9, Lemma 2] and [1, Lemma 16] for the details. O

In view of Lemma 1, strict positivity of the minimizer u of (1.2) follows if we show that u € K.

First proof. We use the decomposition method in dual cones developed in [9]. We consider the dual
cone of K, namely

IC/:{wEH; /AwAvSOforallvElC}.
B

For contradiction, assume that a minimizer u of (1.2) is sign-changing. By the Proposition in [13]
there exists a unique couple (u1,u2) € K x K’ such that v = uq + ug and fB AuiAug = 0. Consider
the function v := uy — ug. Then, since u; > 0 and uy < 0 (by Lemma 1) for a.e. z € B we have
v(z) > |u(x)|. Hence, ||v||, > |lul|p,. Moreover, by orthogonality

/ymy?:/ Au1]2—|—/ \Au2]2:/ Aul?.
B B B B

Therefore,
[Aulz _ [1Av]3
lallz = ol
which contradicts the assumption that u minimizes (1.2). O

Second proof. Let u be a minimizer for (1.2). Modulo scaling, we may assume that u is solution of
(1.3) or (1.4). Suppose by contradiction that u is sign-changing in B and let w be a solution of the
following problem

_0v_ g onoB or w=Aw=0  ondB . (2.1)

{ AZy = |u|p—1 in B { A2 — |u|p—1 in B
Y T



Lemma 1 implies that w > |u| in B. Hence, multiplying the equations in (2.1) by w and integrating
by parts we obtain

lAw|3 = /B P~ dz < /B WP d < ] ul2

so that )
|Aw]3 _ < 2 = lully _ [ Aull3
lwli3 ey 3
This contradicts the fact that « is a minimizer for (1.2). O

Remark 1. A third proof which only works in the case where H = H?(B) N H}(B) can also be
obtained arguing as in [18]. It consists in showing that a minimizer u of (1.2) necessarily has Au
which does not change sign in B, see also Lemma 7 below.

3 Uniqueness of positive radial solutions for (1.3)-(1.4)

In this section we prove that the boundary value problems (1.3) and (1.4) admit at most one positive
radial solution. Although the proofs for the two problems are somewhat similar, we treat the two
cases separately so that the differences become clear. In both cases, we will use the following
comparison principle for radial functions due to McKenna-Reichel [12]:

Proposition 1. Assume that f : R — R is continuous and strictly increasing. Let u,v € C* ([0, R])
be positive functions such that

{ A%o(r) = f (v(r)) = A%u(r) — f (u(r)) in [0, R)
v(0) > u (0), v (0) = (0) =0, Av(0)> Au(0), (Av)' (0) = (Au) (0) = 0.

Then we have

(i) v(r) > u(r), v (r) > (r), Av(r) > Au(r), (Av)' (r) > (Au)'(r) for anyr € [0, R]

(1) if there exists p € (0,R) such that v > u in (0,p) then v(r) > u(r), v'(r) > o' (r),
Av(r) > Au(r), (Av) (r) > (Au) (r) for any r € (0, R].

3.1 Uniqueness for (1.3)

We assume by contradiction that u; # wg are two positive radial solutions of (1.3). In radial
coordinates r = |z|, the functions u; and wug solve the following initial value problem (for some Aj,
A2> Bl) BQ):

2(n—1)u,,,+(n—l)(n—B)U{,_(n—l)(n—3)u( p—1

U?U—i- r 7 ’1”2 7 7“3 z:uz T‘E(O,l) Z':1,2.

w; (0) = A4;, u;(0)=0, u/(0)=DB;, u”(0)=0
(3.1)

Moreover, the Dirichlet boundary conditions become
wi (1) =u,(1)=0 fori=1,2. (3.2)



Applying Proposition 1 to problem (3.1), we deduce that either A; # Ay or By # By since
otherwise we have u; = us. If A1 = Ay then we necessarily have By # By and, up to switching wuy
with ug, we may assume that By > Bsy. Since u1(0) = uz(0) = A1 = Ag and u} (0) = uf, (0) = 0,
there exists p > 0 such that

uy (r) > ua (1) for all r € (0, p) (3.3)

so that by Proposition 1 (ii) we infer u; (1) > ug (1) which contradicts (3.2).
Therefore, from now on we may assume that A; # Ay. We define

p-2 p=2
vi(r) = A; (Ai_p‘1 7"> for all r € (O,Aip4 ) , 1=1,2 (3.4)

and s
Bi=v/(0), R, =A", i=1,2. (3.5)

Then for 7 = 1,2 the functions v; solve the ordinary differential equation (3.1) on (0, R;) and satisfy
v; (0) = 1 and v;(R;) = v[(R;) = 0. We may assume that By # Bs since otherwise by Proposition
1 we have V] = U2 and, in turn, w1 = uy. Moreover, up to switching v; with ve, we may suppose
that By > Bo. Applying to v; and vy the same argument employed for (3.3), by Proposition 1 (ii)
it follows that

Ry > Ry and vy (1) > va (1) for all r € (0, Ro] . (3.6)

Denote by Bgr, and Bpr, the open balls centered at the origin whose radii are respectively R; and
Ry. Then by (3.4)-(3.5) we have for i = 1,2

A%y = vf_l in Bp,
v 3.7
Ui:i:(] on 8BR1. ( )
v

In both cases ¢ = 1,2, multiplying the equation in (3.7) by v; for j # i and integrating by parts
(over Bp,) four times yields

1
/ v} vy dr = / A%y vy dx
Br, B,

:/ 01 A0, da:—/ (8(Av2) Avgavl) s
BR2 aBR2 81/ 8

:/ vé’_lvl dm—/ (8(Av2) Av28v1> ds, (3.8)
BR2 3BR2 ov ov

where we used the fact that vo € H3(BRg,).
We now give a sign to the boundary integral in (3.8).

Lemma 2. Let v; and ve be the functions defined in (3.4). Then we have

/ <8(A’1)2) 1—A 28’1)1) d5>0
8BR2 ov 0




Proof. First of all note that the initial value problem (3.1) for v; and vy reads

i i=1,2, (3.9)

(rm—t (Avi)/)/ S in (0, R;)
v; (0) =1, v/(0) =0, Av; (0) =nB;, (Av;) (0)=0

where the initial conditions in the second line of (3.9) follow from a straightforward application of
De 'Hospital’s rule. After integration in (3.9) we have

1
Ry!

Ry
(Av)' (Rp) = /0 s"Lb(s) ds > 0. (3.10)

Moreover, since va(R2) = vh (Rg) = 0 and va(r) > 0 in (0, R2) , it follows that
Avy (Ry) = v5(Ry) > 0. (3.11)

Next we turn to the function v;. We claim that

6@1
E <0 on 6332. (312)

‘We have )

rn—l

(Avy) (r) =

/ s (s) ds > 0 for all r € (0, Ry) (3.13)
0

which implies that r — Awy (r) is strictly increasing in (0, R;). Two cases may occur; we show that
in both cases (3.12) holds.

First case: Avy (R1) < 0. In this case, we have —A(—Av;) = U:f_l > 0in Br, and —Av; >0
on OBg,. The maximum principle for —A then implies Av; < 0 in Bg,, that is, (r"~1v}(r)) =
"~ 1Avi(r) < 0 on [0, Ry) and (3.12) follows since "~ v} (r)|,—o = 0.

Second case: Avy (R1) > 0. In this case, since the map r +— r" 1/ (r) equals zero both at r = 0
and at r = Ry, by (3.13) we know that the map r — Awvq(r) = r17(r" L} (r))" admits exactly one
change of sign in (0, R;). Hence, v} (r) < 0 for any r € (0, R;), which proves (3.12).

Finally, by (3.6) it is clear that v1 (R2) > 0. This inequality, combined with (3.10)-(3.12), proves
the lemma. O

By (3.8) and Lemma 2, we obtain
p—2 p—2
/ V1V2 (Ul — Uy ) dxr <0 (3.14)
Br,
which contradicts (3.6). This contradiction proves uniqueness of positive radial solutions of (1.3).

3.2 Uniqueness for (1.4)

We assume by contradiction that u; # wg are two positive radial solutions of (1.4). In radial
coordinates r = |z|, the functions u; and wus satisfy (3.1) and the Navier boundary conditions

u; (1) =Au; (1) =0 for i =1,2.



As in the previous subsection, using the scaling (3.4), we introduce the functions v; and ve and we
assume By > Bj so that we have again (3.6). Moreover, v; and v solve

)

A2y = P in Bp, i=1,2
v, =Av; =0 on 0BRp,

After multiplication and integration by parts, we have

/ vf_lvg dr = A%y vy dz
BR2 BR2

= IHZXZUQ dr — ZXU18U2'+ 8(ZXU2)01 dS
0 0
Br, OBRr, v v

:/ oyl dm_/ <AU131’2+8(AU2)U1> ds (3.15)
BR2 8BR2 61/ 81/

since vy = Avy = 0 on 0Bpg,. Next, we prove the following

Lemma 3. Let vy and vy be the functions defined above. Then we have

/ (Amav? + 8(A02)v1> ds > 0.
8BR2 aV 8V

Proof. Note that v; and ve satisfy again (3.9). Since

1

rnfl

(Avy)' (r) =

/ s"LP T (s) ds >0  forallre (0,Ry),
0

the map 7 +— Awv; (r) is strictly increasing in (0, R;) and since Avj(R;1) = 0 it follows that
Avy <0 on 0Bg, (3.16)
Since Awvy (R2) = 0, by (3.10) we have Awvy(r) < 0 for all r» € (0, R). This implies
(rLob(r)) = 1" Ava(r) <0 for all r € (0, Ry)

and since v} (0) = 0 we obtain

Ovy
E <0 on 8BR2. (317)
The statement of the lemma follows from (3.6), (3.10) and (3.16)-(3.17). O

By (3.15) and Lemma 3, we obtain again (3.14) which proves uniqueness of positive radial
solutions of (1.4).



4 Radial symmetry of the Sobolev minimizers under Dirichlet
boundary conditions

In this section we prove the following.

Theorem 3. If u € H3(B) is a minimizer for (1.2), then u is Schwarz symmetric, i.e., it is radially
symmetric and nonincreasing in the radial variable.

Let H C R™ be an affine half-space, and let oy : R™ — R"™ be the reflection at the boundary
OH of H. Let Cy(R™) be the space of continuous functions on R"™ with compact support. For
v € Cp(R™), we define the polarization vy of v relative to H by

max{v(z),v(oy(z))}, r € H,

v (@) = { min{v(x), (s (2))}, z €R™\ H.

We note that, by a straightforward argument, |[vg||, = [[v]|, for all v € Co(R™), 1 < p < oo and all
affine half-spaces H C R™. Moreover, we have the identity

v(z) +v(og(z)) =vh(x) + vg(op(x)) for every x € R™. (4.1)

Now let Hy denote the family of all closed affine half-spaces H C R"™ such that 0 € int(H). Then
we have the following useful characterization, which follows directly from [6, Lemma 6.4].

Proposition 2. A function v € Cyo(R"™) is Schwarz symmetric (with respect to the origin) if and
only if v =vg for every H € Hy.

If u € HZ(B) is a minimizer for (1.2), then u solves (1.3). As already mentioned, in view
of [11, Theorem 1] we then have u € C*°(B) so that, by trivial extension, u may be seen as a
function in Co(R™). And by Proposition 2, the problem of showing Schwarz symmetry of u is
reduced to showing that u = uy for every H € Hy. To follow this approach, we first need some
crucial estimates for the Green’s function G' = G(z, y) of A? on B relative to the Dirichlet boundary
conditions. It is convenient to introduce the quantity

sy~ [Ny iy e
T 0 ifxrgBoryé¢B.

Then for z,y € B, x # y we have the following representation due to Boggio, see [4, p.126]:

0wy g P o LICEn)

G = 4—n vzt =1 . Je—yl? 4
(xay) - Cn‘l‘ - y‘ 1 Fn—1 dr = Z + 1 n/2 dz. ( '2)

Here ¢, is a positive constant which only depends on the dimension n. In the following, we will
assume that G is extended in a trivial way to R" x R"\ {(z,z) : z € R"}, i.e., G(z,y) =0if |z| > 1
or |y| > 1. Then formula (4.2) is valid for all z,y € R", x # y. For h € Cy(R"™) we consider the
function Gh : R™ — R defined by

Gh(z) = . G(z,y)h(y) dy.



Then Gh =0 on R™ \ B, and Gh|p is the unique solution of the problem
Ay =h in B

ou
—5—0 on 0B.

u

To avoid lengthy notations, from now on we write T instead of oy (x) for any x € R"™ whenever the
underlying affine half-space H is understood.

Lemma 4. Let H € Hy. Then for xz,y € H,x # y we have

G(z,y) =2 max{G(z,7),G(T,y)},
G(l’,y) - G(f7y) > |G(l‘,§) - G(f’ y)’

Moreover, if x,y € int(B N H), then we have strict inequalities in (4.3) and (4.4).

Proof. We first note that, since H € Hy, we have |zZ| > |z| for all z € H. Hence, if z ¢ B or
y ¢ B, then also T ¢ B or 7 ¢ B, and both sides of the inequalities (4.3) and (4.4) are zero in this
case. Therefore it suffices to consider z,y € int(B N H) and to prove the strict inequality in (4.3)
and (4.4). It is easy to see that

e—yl =Tl <lo-Fl=[F-yl forz,yeint(H). (45)
Moreover, since |Z| > |z| and [g| > |y| for all z,y € int(H), we have
0(z,y) > max{0(z,y),0(z,y)} = min{0(z,y),0(z,y)} > 0(7,7). (4.6)

We now write G(z,y) = 2 H(lz — y|?,0(z,y)) with

" t/s
H : (0,00) x [0,00) — R, H(snf)=82_2/0 Wdz'

We first verify the following properties of H:

0sH(s,t) <0 4.7)
8tH(S,t) > 0, 4 8)
858,5H(3,t) <0
for s,t > 0. Indeed,
n n 15 z 12
IsH(s,t) = (2— = 1—/ dz — 4.10
()=@-9)s"F | e (4.10)

so that (4.7) immediately follows for n > 4. Since 3z + 2 < 2(z + 1)%/2 for all > 0, putting n = 3
in (4.10) we obtain
 3st+25% — 2y/s(t + s5)3/2

OuH(s,1) s(t + s)3/2

10



which proves (4.7) for n = 3. Finally, since _75 < log(x + 1) for all z > 0, putting n = 2 in (4.10)

we obtain ; .
s
85H(8,t):t+ —log . <0

S

which proves (4.7) also for n = 2.
Moreover,

t nt
m >0 and asatH(S,t) =<0

2(t + s)n/2H1
so that (4.8)-(4.9) are also true.
From (4.7) and (4.8) it follows that
H(sy,t1) > H(sa,t2) if 51 < s9, t1 > to, (4.11)
while (4.8) and (4.9) imply that

O H (s, t) =

ta ta max{ta,t3}
H(Sl,t4) — H(Sl,tl) = atH(Sl,t) dt > 8tH(32,t) dt > / 8tH(32,t) dt
t th min{to,t3}
= |H(52,t2) — H(Sg,tg)‘ if 0 <51 <89, 0<ty <tg,tyg <ty (4.12)

The strict inequality in (4.3) follows directly from (4.5), (4.6), and (4.11). Moreover, the strict
inequality in (4.4) follows from (4.5), (4.6), and (4.12). O

Lemma 5. Let H € Hy, let f € Co(R™) be a nonnegative function with support contained in B,
and let u=Gf, w=Gfy. Then:

w(zx) > w(T) forx € H, (4.13)
w(zx) > uy(zx) forx e H, (4.14)
w(z) +w(T) > uy(x) + uy(T) for z € R". (4.15)

Moreover, if f # fu, then the inequality (4.15) is strict for every x € int(BN H).
Proof. Let x € H. Then, since fu(y) > fu(y) for all y € H, we have

w(z) - w(E) = / Gz, y) — G@.y)] fuly) dy

= [ (16@) = @)l fu(o) + (Ga.7) = G D) fa(@))
> [ ((6a) = G@.0) + (G.5) - GE.9)) fa(d) do

By Lemma 4, the integrand in the last line is nonnegative, hence (4.13) follows. Next, using (4.1)
and Lemma 4, we obtain

w(z) — u(r) = - G, y)(fuly) — f(y)) dy

= [ (Gwlfut) = £ + Gl D)@ - 1@ dy
= [ (6. = G.9) al) ~ F)] dy =0, (4.16)

11



Moreover,
wla) = u(@) = [ [Gle9)fuls) = G 0) )] dy
= [ (G tuls) = C@010) + G fu®) - GEDI@) dv. (417)

To estimate the integrand in (4.17), we distinguish two cases. If y € H is such that f;(y) = f(v),
then also f;(y) = f(y) and by (4.3)-(4.4) we have

Gz, ) fuly) — G(@9) f(y) + G(z,9) fa(Y) - G@,9)f(Y)
= [Gla,y) ~ G(@y))fu(y) + [G(@,7) ~ G@.7)]fa @)
> (Gla,y) = G@.y) + Gla.7) = G@,9) ) fu(7) =

On the other hand, if y € H is such that fy(y) = f(y), then f,(y) = f(y) and by (4.3)-(4.4) we
obtain

Gz, y)fuly) = G@9) f(y) + G(2,9)fa(y) - G(T.9)f(Y)
= [G(z,y) = G@ Y] fuy) + (G, 9) - G, 9)]fn @)
> (Glo,y) - G@,7) + Gl@,7) = G@,9) ) fu(7) =
Going back to (4.17) we find w(z) — u(Z) > 0, and together with (4.16) this yields w(x) > uy(z)

for € H. Hence (4.14) holds.
To prove (4.15), we may assume that z € H. Since

wlo) + (@) = [ [Gle.y)+ G@v)fu) dy
— [ (1660 + 6@ ) fulw) + [Gle.) + G DIu()) dy

H
and
@) + (@) = [ [Glavn)+ G@u)f ) dy
= [ (6 + Gl ) + (G 5) + G0l @) do
we find

w(@) + (@) - [u(e) + u(@)
~ [ (6)+ G@u)l7uls) ~ 1) + (Ga9) + G DIFa(w) — @) dy

= | (G@.w) +G@y) - (Gl.9) + GE)) (fuly) - f) dy 2 0 (4.18)

again by (4.1) and Lemma 4. By (4.1) we also obtain

w(z) +w(@) > u(z) +u(T) = ug(x) + up(T) for x € R™. (4.19)
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To conclude the proof, we note that f = fy = 0 on R™ \ B. This follows since H € Hyp, f > 0
in B and f = 0 on R" \ B. Moreover, if f(y) # fu(y) for some y € int(H N B), then, for fixed
x € int(B N H), the integrand in (4.18) is strictly positive in a neighborhood of y by the strict
inequality in (4.4). Hence the inequality in (4.19) is strict if f # fy and « € int(B N H). This
completes the proof of the Lemma. O

Lemma 6. Let H € Hy, let f € Co(R™) be a nonnegative function with support contained in B,
and let u=Gf, w=Gfy. Then:

/ w(z)uly (z) da < / w?(x)uly () de for allp > 2. (4.20)
B B

Moreover, if equality holds in (4.20), then f = fy.

Proof. Without loss of generality, we assume that f is not identically zero. We use (4.13)-(4.15)
to estimate

2 P=2(2) do — w(z) P (x) de = w(z) 2 (x w(z) —uy(z)] de
| @@ de = [ w@pd @) do = [ wed@)ll) — un(o)]d

B

- / (w(x)ug”(x) —w(f)ugfz(f))[w(x) — up(z)] dz
H
> /H w(w) (s () — uly (@) ) () — ()] da > 0.

Hence (4.20) is true. Moreover, if equality holds in (4.20), then we also have equality in (4.21), which
implies that either w(T) — uy (T) = ugy(z) — w(z) for some z € int(H N B), or w(zT)uly ' (z) = 0 for
all x € int(H N B). In the first case, Lemma 5 yields f = fy. In the second case we conclude that

B C H, since w and uy are both positive on B. But then we also have f = f, since f = 0 on
R™\ H. O

Proposition 3. Let u € H3(B) be a minimizer for (1.2), and let H € Hy. Then u = uy.

Proof. Without loss of generality, we may assume that u is a positive solution of (1.3). We
set f = uP~!. Then u coincides with the restriction of Gf to B. We also put w = Gfy. Then, by
Lemma 6 we have

| Aw|? = /B wfy de = /B wily do < /B Wl % do < JJwl2lunl? = w2z (4.22)

so that )
[Awl|3

lwli3

Loy A3
<ullp™? = =i = = (4.23)
luly M}

Since u is a Sobolev minimizer, we conclude that equality holds in (4.23), so that by going back to
(4.22) we find
p—1 — 2, pP—2
/wuH d:v—/wuH dx.
B B
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Hence wP~' = f = f, = u%_l by virtue of Lemma 6, which implies that u = uy. (|

Now the proof of Theorem 3 is completed by combining Proposition 2 and Proposition 3.

5 The strict inequality between the embedding constants

In this section we prove the following strict inequality.
Theorem 4. Let Q C R™ (n > 2) be a bounded domain with 9 € CH%, let 2 < p < 2, and let

A 2
SHQ) = min | w!2, S2(Q) =
weHZ(Q\{0} w2

| Awl[3
werznai(@\{o} |lw|2

(5.1)

Then, Sy(2) > S2(Q).
The proof relies on the following lemma.

Lemma 7. Let Q C R" (n > 2) be a bounded domain with 0 € C1, let 2 < p < 2 and let
u, € H?> N Hy(Q) be a minimizer for S5(Q). Then, u, € CH(Q) N CH*(Q). Moreover, up to a
change of sign, u, > 0 in  and % < 0 on 0N2.

Proof. Up to a Lagrange multiplier, the minimizer w,, satisfies
/ AupAp = / lupP2upp  for all p € H2 N HY(Q) .
Q Q

Then, by elliptic regularity (see [18, Lemma B.3]) we infer that u, € C+%(Q) N C1*(Q).
Let u be the solution of the following problem

—Au = |Auy| in
u=>0 on 0N} .

For contradiction, if u, is not of one sign then the maximum principle implies u > |u,| in €2. Hence,

llullp > [Jupll, while [[Aulls = ||Aupll2. This contradicts the fact that w, minimizes Sg(Q). This
shows that u, > 0 and also that —Aw, > 0 in ). By the boundary point lemma, we then conclude
that %LV” < 0 on 0f2. O

We can now complete the proof of Theorem 4. Since H3(Q) C H? N H} (), we clearly have

Sp(€) > S2(Q). Assume for contradiction that equality holds and let u, € Hg(2) be a minimizer

for S1(€2). Then, u, is also a minimizer for S>(Q) which satisfies 83% = 0 on 092. This contradicts

Lemma 7 and proves Theorem 4.
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