OPTIMAL TRANSPORTATION NETWORKS AS FLAT CHAINS

EMANUELE PAOLINI AND EUGENE STEPANOV

Abstract. We provide a model of optimization of transportation networks (e.g. urban traffic lines, subway or railway networks) in a geografical area (e.g. a city) with given density of population and that of services and/or workplaces, the latter being the destinations of everyday movements of the former. The model is formulated in terms of Federer-Fleming theory of currents, and allows to get both the position and the necessary capacity of the optimal network. Existence and some qualitative properties of solutions to the respective optimization problem are studied. Also, in an important particular case it is shown that the model proposed is equivalent to another known model of optimization of optimal transportation network, the latter not using the language of currents.

1. Introduction

Let φ^+, φ^− stand for finite Borel measures with compact support in R^n and of equal total mass φ^+(R^n) = φ^−(R^n), the former representing the density of population, the latter the density of workplaces or services in some geographical area (e.g. a city). The scope of this paper is to provide a reasonable model of choosing a “transportation network” (e.g the set of subway, or, generally speaking, urban traffic lines) in a city characterised by the distributions φ^±. The network to be chosen has to facilitate the transportation of the population to the services. The model we consider is based primarily on the Monge-Kantorovich theory of optimal mass transport, but is expressed in terms of Federer-Fleming theory of currents. Apart from the fact that a language of currents, as we will show later, is extremely natural for such urban planning problems, it also allows to formulate the models which take into consideration the degree to which the pattern of behaviour of the population is “individualistic”. Such models allow as well to find naturally not only the position of the network to be constructed, but also the network capacity which is intrinsic in the model. Below we discuss in a more detailed way the formulations of the models studied in this paper.

1.1. Transport problems. The classical Monge-Kantorovich optimal transportation problems consists in finding the the “optimal” way of transporting φ^+ to φ^−. One of the many equivalent formulations of the latter reads as follows [8, 1]: find a finite Borel measure μ_{opt} (called transport density) and a Borel measurable unit vectorfield ν_{opt} in R^n (called field of transportation directions) which minimizes the total mass μ(R^n) among all the couples (μ, ν) as above satisfying the Monge- Kantorovich transport equation

div μν = φ^+ − φ^−

in the sense of distributions.

One might easily reformulate this problem using the language of Federer-Fleming theory of currents. In this case we identify φ^± with zero-dimensional flat chains.

The work of the second author was partially supported by the Italian government program “Incentivazione alla mobilità di studiosi stranieri e italiani residenti all’estero” . 1

(a) (b) y x_2 x_1 y x_2 x_1

Figure 1. Solutions to Monge-Kantorovich transport problem with φ^+ := δ_{x1} + δ_{x2} and φ^− := 2δ_y in the case (a) α = 1 and (b) α < 1.

The respective formulation would read: find a flat chain T_{opt} minimizing the total mass M(T ) among all the one-dimensional real flat chains T satisfying

(1) ∂T = φ^+ − φ^−.

Clearly, once one finds T_{opt} = τ_{Topt} ∧ μ_{Topt} , i.e. τ_{Topt} is the orientation of T_{opt} while μ_{Topt} is the underlying measure, one gets then μ_{opt} = μ_{Topt} and ν_{opt} = τ_{Topt} , and, vice versa, if one knows (μ_{opt} , ν_{opt} ), then one gets T_{opt} = ν_{opt} ∧ μ_{opt} .

The above Monge-Kantorvich problem formulated in terms of currents admits the further far reaching generalization which is obtained by minimizing a generic α-mass M^α (for some given α ∈ [0, 1]) of the current T instead of M. Namely, such a general formulation reads as follows: find a flat chain T_{opt} minimizing the α-mass M^α(T ) among all the one-dimensional real flat chains T of finite mass satisfying (1). The background idea of this generalization is given by the following example. Let φ^+ := δ_{x1} + δ_{x2} be the sum of two Dirac masses and φ^− := 2δ_y be just one Dirac mass where the points x_1, x_2 and y are positioned as in Figure 1. Then the solution of the classical problem (i.e. with α = 1) is given by the one-dimensional real polyhedral chain provided in Figure 1 (a), i.e. the transportation occurs along the segments connecting the source points x_1 and x_2 with the destination y. However, the solution for the problem with α < 1 looks like that given in Figure 1 (b). In other words, the role of parameter α is that of making it more convenient for the people living in the source points to make together part of their trip to the destination instead of moving “individually”. If one interprets the solution T_{opt} as an optimal transportation network which provides the movement of φ^+ to φ^−, then clearly it contains the information both on the directions of the movement and on the capacity of the network in each point.

In discrete settings such models were introduced and studied for communication networks in [14], for pipelines [6] and drainage networks in [15]. They are quite natural in fluid mechanics (and therefore also in the traffic flow models based on the latter) when modeling the flow of liquids in tubes subject to Poiseuille’s law which implies the increase of resistence as the tube becomes thinner [11, 16, 5, 4]. In continuous settings such models were introduced in [23] and in a different though equivalent formulation in [16].

1.2. Optimal transportation networks. We now propose a more general model for choosing the optimal transportation network. In fact, suppose that one has to provide a set of fast transportation routes (i.e. a subway and/or a set of urban transportation lines) in a given city. We further call such routes the transportation network to be constructed. The flow of people moving along these routes will be modelled by a one-dimensional real flat chain S, while the flow of people moving without the use of such routes will be modelled by a one-dimensional real flat chain T . It is reasonable to suppose that the cost of using transportation network (for example the time spent for the travel) be proportional to M^β (S) with coefficient

B ≥ 0 and with some given β ∈ [0, 1], while the cost of movement of the population without using the network be proportional to M^α(T ) with coefficient A ≥ 0 and with some given α ∈ [0, 1]. Then the number

W (T, S) := AM^α(T ) + BM^β (S)

represents the overall cost of everyday movement of the population. Clearly, the parameters α and β model the degree to which the behaviour of the population is “individualistic” (i.e. when both are equal to one one may assume that such a behaviour is completely individualistic, while the less they are, the more it is convenient for the people to make part of their itinerary together). It is further reasonable to assume that the cost of construction of the transportation network depend only on M^δ (S) (in simplest applications one would have even δ = 0, i.e. the cost of construction depends only on the length of the network) according to some given monotone nondecreasing function H : R^+ → R^+. Therefore, the number

(2) F(T, S) := W (T, S) + H(M^δ (S))

represents the total expenses of everyday movement of the population together with the cost of building the transportation network. One assumes also that the total flow of the population T + S transports φ^+ to φ^−, that is, the relationship

(3) ∂(T + S) = φ^+ − φ^−

holds. The following quite natural minimization problem describes the optimal choice of the transportation network.

Problem 1. Find a couple of one-dimensional real flat chains (T_{opt} , S_{opt} ) minimizing F among all the couples of real one-dimensional flat chains (T, S) of finite mass, satisfying (3).

Note that in the particular case B ≥ A Problem 1 reduces to the version of the Monge-Kantorovich problem studied in [23] and mentioned in paragraph 1.1. Some of the qualitative properties of some particular solutions to such a transportation problem (namely those which can be obtained as limits of solutions to appropriate approximating discrete problems) have been studied in [25, 24].

In this paper we study the existence (Theorem 8.1) as well as qualitative properties of solutions of Problem 1 like acyclicity (Theorem 10.1), rectifiability (Theorem 10.2) and properties of the support (Theorem 10.4). In particular, we provide the conditions under which the respective solutions are rectifiable and have some subtler regularity properties, namely, when the current S_{opt} representing the transportation network to be constructed may be represented as a rectifiable current concentrated on a closed set (which gives the position of the optimal network) and with an u.s.c. density (representing network capacity) strictly greater than some nonnegative threshold (Theorem 10.7).

As an illustration of the results obtained, we summarize in the theorem below the assertions regarding Problem 1 under particular, though rather general conditions on problem data, which we consider to be most interesting for applications.

Theorem 1.1. Let A > 0, α ∈ [0, 1), B ≥ 0, H : [0, +∞) → [0, +∞) strictly increasing, strictly concave and unbounded (i.e. H(l) → +∞ when l → +∞), δ ∈ [0, α). Let also β ∈ [0, α] with A > B if β = α. Finally, suppose φ^± be finite positive Borel measures with compact support in R^n and such that φ^+(R^n) = φ^−(R^n).

Then Problem 1 admits a solution, i.e. there exists a pair of real one-dimensional flat chains (T_{opt} , S_{opt} ) which minimizes the functional

F(T, S) = AM^α(T ) + BM^β (S) + H(M^δ (S))

among all pairs (T, S) of flat chains with finite mass and such that ∂(T +S) = φ^+ − φ^−. Moreover every such optimal pair (T_{opt} , S_{opt} ) enjoys the following properties.

(i) S_{opt} is a rectifiable current representable as S_{opt} = θ_{Sopt} [[Σ_{opt} ]], where Σ_{opt} is a compact and countably (H^1, 1)-rectifiable set, and the density θ_{Sopt} (x) is u.s.c. and satisfies inf_{x∈Σopt} θ_{Sopt} (x) = θ_0 > 0.

(ii) T_{opt} is a rectifiable current disjoint from S_{opt} in the sense that the measures μ_{Topt} and μ_{Sopt} are mutually singular. One has also that sup_{x∈R}n θ_{Topt} (x) ≤ θ_0, where θ_{Topt} is the density of T_{opt} .

(iii) T_{opt} + S_{opt} is acyclic.

One should note that some of the above results are quite natural. In fact, consider for simplicity the case when H(l) = Cl for some constant C > 0. Then it is easy to note that the Problem 1 reduces then to the version of the Monge-Kantorovich problem from paragraph 1.1, but with the mass M^g instead of the mass M^α, where

g(t) := At^α ∧ (Bt^β + Ct^δ).

In fact, if R_{opt} is a flat chain solving this problem, then it is rectifiable due to the general rectifiability theorem from [22], hence R_{opt} = θ[[Σ]] for some countably (H^1, 1)-rectifiable set Σ, and therefore

(4) M^g (R_{opt} ) = A ∫ {x∈Σ : θ(x)<d}

θ^α dH^1 + B ∫ {x∈Σ : θ(x)≥d}

θ^β dH^1+ C ∫ {x∈Σ : θ(x)≥d}

θ^δ dH^1

= AM^α(T ) + BM^β (S) + H(M^δ(S)) = F(T, S),

where d > 0 is the unique number such that Ad^α = Bd^β + Cd^δ and

T := R_{opt} ⌞{x ∈ Σ : θ(x) < d}, S := R_{opt} ⌞{x ∈ Σ : θ(x) ≥ d}.

Vice versa, if a pair (T, S) “almost” solves Problem 1 (in the sense that F(T, S) is close to the infimum of F on the class of admissible pairs of flat chains), then one can show that up to decreasing even more the functional F one may assume both T and S rectifiable, while denoting R := T + S, one has R = θ[[Σ]] for some countably (H^1, 1)-rectifiable set Σ, and

T = R⌞{x ∈ Σ : θ(x) < d}, S = R⌞{x ∈ Σ : θ(x) ≥ d}

(of course, technical details omitted for the moment), and hence

M^g (R) = F(T, S).

Thus once the existence of a minimizer R_{opt} to M^g on the class of real onedimensional flat chains R of finite mass satisfying ∂R = φ^+ − φ^− is established (which can be done, for instance, using the machinery developed in [23] for M^α instead of M^g ), we get the existence of a solution (T, S) to Problem 1 given by (4). The threshold θ_0 from Theorem 1.1 is then given by θ_0 := d. Of course, the qualitative properties of the solution (e.g. that S may be assumed to be concentrated on a closed set and have an u.s.c. density) are slightly more delicate even in this simple case.

We also show that in a particular case when α = β = 1 and δ = 0 the Problem 1 is naturally equivalent to a particular case of problem studied in [9] of optimizing a transportation network under condition that the prices per unit distance of travelling with and without the help of the transportation network are constant.

The background idea we use in most of the results is the representation of normal one-dimensional currents through measures over the appropriately metrized set of Lipschitz-continuous paths in R^n (called further transports). The idea of using such a representation when dealing with one-dimensional currents goes back to [19], although in a different context such measures were already used in [7]. In context of transportation and urban problems such measures were employed in [10, 9] and, implicitly, also in [16, 5]. The description of mass transportation through transports happens to be in fact more precise with respect to that using currents.

2. Notation and preliminaries

2.1. Measures. Unless otherwise explicitly stated, all the measures we will be dealing with in the sequel are nonnegative Borel measures over R^n. We denote by ϕ ∧ ψ the maximum nonnegative Borel measure μ satisfying μ(e) ≤ ψ(e) ∧ ϕ(e) for all Borel e ⊂ R^n. If φ is a signed measure, we denote by φ^± its positive and negative parts respectively.

We will say that a sequence of signed Radon measures ϕ_ν converges in narrow sense to a signed Radon measure ϕ, if ∫ R^n f dϕν → ∫ R^n f dϕ as ν → ∞ for every

bounded and continuous function f : R^n → R.

Let Θ^∗_k(μ, x) and Θ_{k∗}(μ, x) stand for upper and lower k-dimensional density of the measure μ in x ∈ R^n. Namely,

Θ^∗_k(μ, x) := lim sup_{ρ→0+} μ(B_ρ(x)) ω_kρ^k

, Θ_{k∗}(μ, x) := lim inf_{ρ→0+} μ(B_ρ(x)) ω_kρ^k . 2.2. Currents. For basic notation on currents we refer to [17, 18]. Here we recall rather briefly some principal facts we will use in the sequel. We will always deal with real currents, i.e. currents with real coefficients. If T is a current, for every open U ⊂ R^n we set

μ_T (U) := sup{T (ω) : supp ω ⊂ U, ‖ω‖_L∞ ≤ 1}.

We set also M(T ) := μ_T (R^n) and call this quantity the mass of T . It is well known that when M(T ) < +∞, then μ_T defines a finite Radon measure and T is representable as T = τ_T ∧ μ_T for some unit simple k-vector field τ_T , in the sense that T (ω) = ∫ R^n

⟨τ_T (x), ω(x)⟩ dμ_T (x)

for every regular differential k-form ω. In this case we set for every θ ∈ L^1(R^n; μ_T )

T ∧ θ(ω) := ∫ R^n

θ(x)⟨τ_T (x), ω(x)⟩ dμ_T (x),

and T ⌞A := T ∧ 1_A, where 1_A stands for the characteristic function of a Borel set A ⊂ R^n. We say that a sequence of currents T_ν converges to a current T in the flat norm (written T_ν^F⇀ T ) whenever F(T_ν − T ) → 0, where

F(T ) := inf{M(A) + M(B) : T = A + ∂B}.

Clearly, the topology induced by the flat norm is stronger than the weak topology of currents. We say that T is a normal current, if M(T ) < +∞ and M(∂T ) < +∞, and, finally, that T is a flat chain, if there is a sequence of normal currents {T_ν } such that T_ν^F⇀ T .

We call T a rectifiable current, if there exists a countably (H^k , k)-rectifiable set Σ ⊂ R^n, a function θ ∈ L^1(H^k ⌞Σ) (called multiplicity or density of T ) such that T = τ_T ∧ θH^k ⌞Σ, while the unit simple k-vector τ_T : Σ → R^n is an orientation of Σ, in the sense that for H^k-a.e. x ∈ Σ the vector τ_T (x) defines the approximate tangent plane to Σ at x. In this case we write also T = θ[[Σ]] when an orientation on Σ is prescribed. One can show that if T is a flat chain with finite mass M(T ) < +∞, then T is a rectifiable current, if and only if for some countably (H^k , k)-rectifiable set Σ ⊂ R^n one has T = T ⌞Σ, or, in other words, μ_T = μ_T ⌞Σ (see [3, Theorem 4.5]).

A k-dimensional simplicial current is a rectifiable current [[Σ]], where Σ ⊂ R^n is a k-dimensional simplex (i.e. a convex envelope of k + 1 points, in particular, a segment, if k = 1). Finally, we say that a current T is a polyhedral chain, if it can be written as a finite linear combination of simplicial currents supported on simplices with mutually disjoint interiors. Polyhedral chains (and hence rectifiable currents) are a dense subset of flat chains with respect to the flat norm.

Given a rectifiable current T = θ[[Σ]] and a concave monotone nondecreasing function g: R^+ → R^+ satisfying g(0) = 0, we define the g-mass of T by the formula M^g (T ) := ∫ Σ g(θ(x)) dH^k (x).

In particular, if g(t) := t^α for the given α ∈ [0, 1], then the above expression defines the α-mass of T , namely, M^α(T ) := ∫ Σ θ^α(x) dH^k (x).

The functional M^g (in particular, M^α) is lower semicontinuous on rectifiable currents with respect to the flat norm convergence (this fact can be proven by a technique used in the proof of lemma 3.2.14 from [13]). Hence it can be extended to a lower semicontinuous functional defined on all flat chains. In the sequel we will write M instead of M^1 (and call it simply mass) as one is accustomed to.

The following easy consequence of the rectifiability theorem due to White [22, theorem 8.1] used in the sequel is due to the fact that there exist no nonconstant continuous curve θ : [0, 1] → R having finite α-length defined by the formula θ → ∫_1 0 (|θ^′(t)| + |θ^′(t)|^α) dt when α ∈ [0, 1).

Theorem 2.1 (White). Let T be a current such that M(T ) < +∞ and M^α(T ) < +∞ for some α ∈ [0, 1). Then T is rectifiable.

3. Subcurrents of flat chains In the sequel we will be frequently using the notion of a subcurrent of a given current as introduced in the definition below.

Definition 3.1. We say that S is a subcurrent of T , and write S ≤ T , where T and S are k-dimensional currents, whenever M(T − S) + M(S) ≤ M(T ).

We now provide a series of remarks concerning the above definition. Remark 3.2. Since the inequality M(T − S) + M(S) ≥ M(T ) always holds true, then S is a subcurrent of T , if and only if the equality actually holds.

Remark 3.3. If S ≤ T and R ≤ S, then R ≤ T . In fact,

M(T ) ≥ M(S) + M(T − S) ≥ M(R) + M(S − R) + M(T − S) ≥ M(R) + M(T − R), because of the triangle inequality M(T − R) ≤ M(T − S) + M(S − R). Remark 3.4. Let T be a current with finite mass M(T ) < +∞ and let e ⊂ R^n be a Borel set. Then T ⌞e ≤ T . In fact,

M(T ) = μ_T (R^n) = μ_T (e) + μ_T (R^n \ e) = M(T ⌞e) + M(T − T ⌞e).

Remark 3.5. Notice that S ≤ T in general does not imply

M^α(T ) = M^α(T − S) + M^α(S)

when α ∈ [0, 1) (take for example T ≠ 0, S = T/2). However, if S = T ⌞e for some Borel set e ⊂ R^n, then the above relationship holds whenever M^α(T ) < +∞ and M(T ) < +∞. In fact, in this case, T turns out, in view of Theorem 2.1, to be a rectifiable current T = θ[[Σ]] for some (H^k, k)-rectifiable set Σ ⊂ R^n and some θ ∈ L^1(H^1⌞Σ). Then

M^α(T ) = ∫ Σ |θ|^α dH^k = ∫ Σ\e |θ|^α dH^k + ∫ Σ∩e |θ|^α dH^k = M^α(T − S) + M^α(S).

Remark 3.6. If T is a current with finite mass M(T ) < +∞, S ≤ T , then for every Borel set e ⊂ R^n one has S⌞e ≤ T ⌞e. In fact, by the triangle inequality

M(T ⌞e) ≤ M((T − S)⌞e) + M(S⌞e) M(T ⌞R^n \ e) ≤ M((T − S)⌞R^n \ e) + M(S⌞R^n \ e)

for every Borel e ⊂ R^n, while if we sum the above inequalities, then as a result we get an equality since S ≤ T . Hence the above inequalities are in fact equalities for all Borel e ⊂ R^n. In particular, this also implies

(5) μ_T = μ_{T −S} + μ_S ,

and hence μ_S ≤ μ_T . On the other hand, if (5) holds, then S ≤ T since

M(S) + M(T − S) = μ_S (R^n) + μ_{T −S} (R^n) = μ_T (R^n) = M(T ).

The following lemma gives an easy characterization of subcurrents of flat chains of finite mass.

Lemma 3.7. Let a current T have finite mass M(T ) < +∞, and assume S ≤ T . Then, the representation T = τ_T ∧ μ_T implies S = τ_T ∧ σμ_T , μ_S = σμ_T for some Borel function σ : R^n → R satisfying 0 ≤ σ ≤ 1 (in other words, S = T ∧ σ). In particular, if T is a rectifiable flat chain, then so is S.

Further, if T is a flat chain, then M^α(S) ≤ M^α(T ) for all α ∈ [0, 1]. If, moreover, M(T − S) ≠ 0 and M^α(T ) < +∞, then one has also M^α(S) < M^α(T ) for all α ∈ (0, 1].

Proof. By Remark 3.6 one has μ_S ≤ μ_T and hence μ_S = σμ_T for some Borel function σ satisfying 0 ≤ σ ≤ 1. Since according to the same remark, μ_{T −S} = μ_T −μ_S, we get also μ_{T −S} = (1 − σ)μ_T . Representing then S = τ_S ∧ μ_S and T − S = τ_{T −S} ∧ μ_{T −S} , we get

τ_T ∧ μ_T = T = τ_S ∧ μ_S + τ_{T −S} ∧ μ_{T −S} = (στ_S + (1 − σ)τ_{T −S} ) ∧ μ_T .

Hence, τ_T = στ_S + (1 − σ)τ_{T −S} , and, minding that both τ_T , τ_S and τ_{T −S} are unit vectors, we observe that whenever σ(x) > 0 one has τ_S (x) = τ_T (x). In particular στ_S = στ_T and hence τ_S ∧ μ_S = τ_S ∧ σμ_T = τ_T ∧ σμ_T . This concludes the proof of the first claim.

If T is a rectifiable flat chain, then μ_T = σH^k ⌞Σ for some countably (H^k, k)- rectifiable Σ ⊂ R^n and some θ ∈ L^1(Σ; H^k), while τ_T (x) orients the approximate tangent plane to Σ at x for H^k-a.e. x ∈ Σ. One has then S = τ_T ∧ σθH^k ⌞Σ which means that S is still rectifiable.

Finally, let T be a flat chain of finite mass M(T ) < +∞. Suppose α < 1 (otherwise the conclusion follows trivially from the definition of a subcurrent) and M^α(T ) < +∞ (otherwise there is nothing to prove). Then by Theorem 2.1, we know that T is rectifiable, i.e. T = τ_T ∧ θH^k ⌞Σ with Σ, θ and τ_T as above. Then

M^α(T ) = ∫ Σ |θ|^α dH^k.

But then S = τ_T ∧ σθH^k ⌞Σ and hence

M^α(S) = ∫ Σ |σθ|^α dH^k ≤ M^α(T )

since |σ| ≤ 1. Moreover, if M^α(T ) < +∞, then M^α(S) = M^α(T ) only when σ = 1 H^k-a.e. over Σ, which means T = S and hence M(T − S) = 0. □

Remark 3.8. If S ≤ T then S ≤ T +S. In fact, by Lemma 3.7, one has S = τ_T ∧σμ_T and hence T + S = τ_T ∧ (1 + σ)μ_T so that μ_{T +S} = (1 + σ)μ_T which means that T ≤ T + S and hence S ≤ T + S.

Lemma 3.9. Let A and B be subcurrents of T . Then A ≤ A + B and consequently B ≤ A + B. If, moreover, μ_A ∧ μ_B = 0, then A + B ≤ T .

Proof. By Lemma 3.7 we have A = τ_T ∧σ_Aμ_T and B = τ_T ∧σ_B μ_T with 0 ≤ σ_A ≤ 1, 0 ≤ σ_B ≤ 1. Then A + B = τ_T ∧ (σ_A + σ_B )μ_T and hence μ_{A+B} = μ_A + μ_B , which means A ≤ A + B.

If we also suppose μ_A ∧ μ_B = 0, we will have then that σ_A + σ_B ≤ 1. Hence μ_{T −A−B} = (1 − σ_A − σ_B )μ_T . Therefore, μ_{A+B} + μ_{T −A−B} = μ_T , which means A + B ≤ T . □

Lemma 3.10. Let T_ν be a sequence of currents, S_ν ≤ T_ν , and suppose that both S_ν ⇀ S and T_ν ⇀ T weakly as currents as ν → ∞, while M(T_ν ) → M(T ). Then, M(T ) < +∞ implies that S ≤ T and M(S_ν ) → M(S).

Proof. Consider the sequence {T_ν − S_ν } which converges to T − S in the weak sense of currents. By the lower semicontinuity of M we know that

(6) M(S) + M(T − S) ≤ lim inf_{k→∞} M(S_ν ) + lim inf_{k→∞} M(T_ν − S_ν )

≤ lim inf k→∞ [M(S_ν ) + M(T_ν − S_ν )]

≤ lim inf k→∞ M(T_ν ) = M(T ),

i.e. S ≤ T . Since we also have M(T ) ≤ M(S) + M(T − S), the inequalities in (6) actually are equalities. Also, since M(T − S) ≤ lim inf_ν M(T_ν − S_ν ) we obtain M(S) = lim inf_ν M(S_ν ). This is also true for every subsequence of S_ν , hence we have full convergence of the sequence M(S_ν ) to M(S) as ν → ∞. □

We give now the following definition which will be crucial in the sequel.

Definition 3.11. Let T be a current with M(T ) < +∞. We say that C is a cycle of a current T , if C ≤ T and ∂C = 0. We say that T is acyclic, if C = 0 is the only cycle of T .

We are able to prove now the existence of a “maximum cycle” of every current T with finite mass, i.e. such a cycle that T − C is acyclic.

Proposition 3.12. Every current T with finite mass M(T ) < +∞ contains such a cycle C that T − C is acyclic.

Proof. Let ξ = sup{M(C): C is a cycle of T }.

Clearly ξ < +∞ since M(C) ≤ M(T ) for every cycle C of T . Also ξ ≥ 0 since C = 0 is always a cycle of T .

Step 1. We claim that there exists a cycle C of T such that M(C) = ξ. In fact, by definition of ξ, there exists a sequence {C_ν } of cycles of T such that

M(C_ν ) ≥ ξ − 1 ν .

Clearly M(C_ν ) ≤ M(T ) and M(∂C_ν ) = 0 so, up to a subsequence (not relabeled), the currents C_ν converge to a limit C with ∂C = 0. By Lemma 3.10 (applied with T_ν := T ) the current C itself is a cycle of T and M(C) = lim_ν M(C_ν ) = ξ.

Step 2. We only have to prove that T −C is acyclic. Let D be any cycle of T −C. Since D ≤ T − C and C ≤ T we also have T − C − D ≤ T − C and T − C ≤ T so we get (Remark 3.3) T − C − D ≤ T and C + D ≤ T . Hence we actually have

M(T ) − M(C) = M(T − C) = M(D) + M(T − C − D) = M(D) + M(T ) − M(C + D)

i.e. M(C) + M(D) = M(C + D) which reads C ≤ C + D. Since C + D is a cycle of T we have M(C + D) ≤ ξ and minding that M(C) = ξ we have M(D) = 0 i.e. D = 0. Since this is true for every cycle D of T − C, we conclude that T − C is acyclic. □

Finally, the following easy assertion will be used in the sequel.

Lemma 3.13. Let T be a polyhedral k-dimensional chain and let S ≤ T be its subcurrent such that ∂S ≤ ∂T . Then S is itself polyhedral.

Proof. One has T =

∑_k i=1 θ_i[[Σ_i]], where Σ_i ∈ R^n are pairwise disjoint k-simplices, while θ_i ∈ R. Since S ≤ T , then by Lemma 3.7 one has S = T ∧ σ for some Borel function σ satisfying 0 ≤ σ ≤ 1. For each i = 1, . . . , k one has that σ is constant over the each simplex Σ_i, since otherwise one would not have ∂S ≤ ∂T . Hence, S = ∑_k

i=1 θ_iσ_i[[Σ_i]], where σ_i is the value of σ over Σ_i, or, in other words, S is still polyhedral. □

4. Concave functionals on flat chains

We give the following definition which will be crucial in the sequel.

Definition 4.1. We say that the functional T → F (T ) ∈ [0, +∞] defined on kdimensional real flat chains with finite mass is

(i) concave (resp. strictly concave), if the function f: [−1, +∞) → R defined by f(t) := F (T + tS) is concave (resp. strictly concave) whenever F (T ) < +∞, S ≤ T , S ≠ 0.

(ii) nondecreasing, if F (S) ≤ F (T ) whenever S ≤ T , S ≠ T . We say that F is strictly increasing, if under the same hypotheses we get a strict inequality.

Notice that the above definition of concavity of the functional F can be viewed as the usual concavity of F restricted in the directions given by subcurrents. As an example notice that M^α will be proven to be concave in this sense, but not in the usual sense, in fact one clearly has

M^α ( 1 2 T + 1 2 (−T ) ) = M^α(0) = 0 < 1 2 M^α(T ) + 1 2 M^α(−T )

for every T ≠ 0.

Remark 4.2. Suppose F is a concave (resp. strictly concave) functional defined on real flat chains of finite mass. If H : [0, +∞] → [0, +∞] is a concave (resp. strictly concave) function, then the functional T → H(F (T )) is concave (resp. strictly concave). In fact, assume F (T ) < +∞, S ≤ T . If the function f: [−1, +∞) → R defined by the formula f(t) := F (T + tS) is concave (resp. strictly concave) and H is itself concave (resp. strictly concave) then so is H ∘ f.

Remark 4.3. Clearly, a sum of concave functionals is still concave, and is strictly concave once at least one of the summands is concave.

The following result shows that the functional M^α is concave for α ∈ [0, 1] and strictly concave for α ∈ (0, 1).

Lemma 4.4. Let α ∈ [0, 1], let T be a k-dimensional real flat chain satisfying M(T ) < +∞, M^α(T ) < +∞ and assume S ≤ T . Consider the function f : [−1, +∞) → R defined by

f(t) := M^α(T + tS).

The following properties hold:

(i) f is concave;

(ii) if S ≠ 0 and α ∈ (0, 1), then f is strictly concave; (iii) if α = 0, then f is constant on (−1, +∞); (iv) if α = 1, then f is affine; (v) if S = 0, then f is constant.

Proof. By Lemma 3.7 one has S = σT for some Borel function σ satisfying 0 ≤ σ ≤ 1. For t ≥ −1 one has 1 + tσ ≥ 0 and μ_{T +tS} = (1 + tσ)μ_T , so that

M(T + tS) = M((1 + tσ)T ) = ∫ R^n

|1 + tσ| dμ_T = ∫ R^n

(1 + tσ) dμ_T = M(T ) + tM(S),

which proves the claim for α = 1. If further, α ∈ [0, 1) and M^α(T ) < +∞, then by Theorem 2.1, T = τ_T ∧ θH^k ⌞Σ for some countably (H^k, k)-rectifiable Σ ⊂ R^n and some θ ∈ L^1(H^k ⌞Σ), while τ_T (x) orients the approximate tangent plane to Σ at x for H^k-a.e. x ∈ Σ. Then, for t ≥ −1, we get

M^α(T + tS) = ∫ Σ |(1 + tσ)θ|^α dH^k = ∫ Σ (1 + tσ)^α|θ|^α dH^k,

which is concave in t for all α ∈ (0, 1), and is strictly concave in t, if S ≠ 0. Finally, for the case α = 0 we have

f(t) = M^0(T + tS) = ∫ Σ ϕ((1 + tσ)θ) dH^k = ∫ Σ ϕ(1 + tσ)ϕ(θ) dH^k ,

where

ϕ(s) := { 0, s = 0, 1, s > 0, and hence

f(t) = { M^0(T − S), t = −1, M^0(T ), t > −1, which is constant for t > −1 and concave for t ≥ −1. □

In the following lemmata, it is convenient to represent the functional F in Problem 1 as F(T, S) := F (T ) + G(S), where

F (T ) := AM^α(T ), G(S) := BM^β (S) + H(M^δ (S)).

We formulate first a very easy auxiliary result regarding concavity of functionals F and G defined above.

Lemma 4.5. The functional F is concave and nondecreasing. It is strictly concave when A ≠ 0 and α ∈ (0, 1). The functional G is concave and nondecreasing (resp. strictly concave) whenever either H is concave or δ = 0 (resp. either B ≠ 0 and β ∈ (0, 1), or δ ∈ (0, 1) and H is strictly increasing and concave).

Proof. The assertion regarding F follows from Lemma 4.4 (i),(ii). By the same Lemma the functional S → BM^β (S) is concave (resp. strictly concave when B ≠ 0 and β ∈ (0, 1)). Further, if H is concave (resp. strictly concave and strictly increasing, while δ ∈ (0, 1)) we get from Lemma 4.4 (i),(ii) and Remark 4.2 (minding that H is assumed monotone nondecreasing) that the functional S → H(M^δ (S)) is concave (resp. strictly concave). Finally, if δ = 0, then by Lemma 4.4 (iii) the latter functional is constant. Putting all these facts together, one proves the assertion on G. □

Lemma 4.6. Let F and G be two concave, nondecreasing functionals on currents, and let F(T, S) := F (T ) + G(S). Let T and S be real one-dimensional flat chains of finite mass such that F(T, S) < +∞ and either T or S is rectifiable. Then there are two real one-dimensional flat chains T^′ and S^′ of finite mass such that T^′ + S^′ = T + S, μ_T ′ ∧ μ_S′ = 0, supp (T^′ + S^′) ⊂ supp T ∪ supp S and F(T^′, S^′) ≤ F(T, S).

If, moreover, T and S are not disjoint (in the sense that μ_T ∧ μ_S ≠ 0) and either F or G is strictly concave and strictly increasing, then one has the strict inequality F(T^′, S^′) < F(T, S).

Proof. Suppose first that T is rectifiable, i.e. T = τ_T ∧ θ_T H^1⌞Σ_T (mind that Σ_T ⊂ R^n is countably (H^1, 1)-rectifiable, while τ_T (x) orients the approximate tangent plane to Σ at x for H^1-a.e. x ∈ Σ). Let σ := μ_T ∧ μ_S . If σ ≠ 0 (otherwise one may just take T^′ := T , S^′ := S), then there is a Borel set Σ ⊂ Σ_T (hence Σ is also countably (H^1, 1)-rectifiable) on which σ is concentrated. Observe that σ(Σ \ Σ_S ) = 0, because

μ_S (Σ \ Σ_S ) ≤ μ_S (Σ_T \ Σ_S ) = 0,

the latter equality being valid in view of the fact that μ_S (E \ Σ_S ) = 0 for every countably (H^1, 1)-rectifiable set E ⊂ R^n. Hence, we may assume without loss of generality Σ ⊂ Σ_S . We have also σ = θH^1⌞Σ, where θ = θ_T ∧ θ_S .

Set now Σ^± := {x ∈ Σ: τ_S (x) = ±τ_T (x)}.

Since S⌞Σ_S is rectifiable, then so is S⌞Σ, which implies H^1(Σ \ (Σ^+ ∪ Σ^−)) = 0. Hence, minding σ ≪ H^1⌞Σ, we get

σ(Σ \ (Σ^+ ∪ Σ^−)) = 0.

We first focus our attention on Σ^− and show that one may assume without loss of generality that σ(Σ^−) = 0. In fact, if σ(Σ^−) > 0, the setting R := τ_T ∧ θH^1⌞Σ^−, one gets R ≠ 0, while, clearly, R ≤ T and −R ≤ S. Set now T̃ := T −R, S̃ := S +R, and note that T̃ + S̃ = T + S. Further, since T̃ ≤ T , we have F (T̃ ) ≤ F (T ), and since S̃ ≤ S, we have G(S̃) ≤ G(S) while at least one of the above inequalities is strict, if either F or G is strictly increasing. Thus we get F(T̃ , S̃) ≤ F(T, S) (with strict inequality if either F or G is strictly increasing). Hence, if one substitutes T̃ for T and S̃ for S, one will find that, by construction, σ(Σ^−) = 0. Therefore, from now on we assume without loss of generality that σ is concentrated on Σ^+, and that Σ = Σ^+.

For each t ∈ [0, 1] define

T_t := T + S⌞Σ − t(T ⌞Σ + S⌞Σ), S_t := S + T ⌞Σ − (1 − t)(T ⌞Σ + S⌞Σ)

and notice that T_t +S_t = T +S. Also notice that T ⌞Σ+S⌞Σ is a subcurrent of both T + S⌞Σ and S + T ⌞Σ. Applying Lemma 4.7 (with T + S⌞Σ instead of T , S + T ⌞Σ instead of S and T ⌞Σ + S⌞Σ instead of R), we get that t → F(T_t, S_t) is concave (resp. strictly concave if either F or G is so). It follows that t ∈ [0, 1] → F(T_t, S_t) attains its minimum (resp. strict minimum) in either t̄ = 0 or t̄ = 1. Let T^′ = T¯_t, S^′ = S¯_t. Then we have F(T^′, S^′) ≤ F(T, S) (resp. F(T^′, S^′) < F(T, S) under either of the conditions (i)–(v) of Lemma 4.7 and when T ⌞Σ + S⌞Σ ≠ 0, the latter being true when μ_T ∧ μ_S > 0). To conclude the proof of the statement for rectifiable T , we only have to check that μ_T ′ ∧ μ_S′ = 0. This is true by construction: in fact, if t̄ = 0, then T^′ = T + S⌞Σ, S^′ = S − S⌞Σ which means that μ_S′ is concentrated on R^n\Σ, while T^′⌞(R^n\Σ) = T , S^′⌞(R^n\Σ) = S and hence

μ_T ′ ∧ μ_S′ ≤ (μ_T ′ ⌞(R^n \ Σ)) ∧ (μ_S′ ⌞(R^n \ Σ)) = (μ_T ⌞(R^n \ Σ)) ∧ (μ_S ⌞(R^n \ Σ)) = 0.

The case t̄ = 1 is completely analogous, since then

T^′ = T − T ⌞Σ, S^′ = S + T ⌞Σ,

and hence μ_T ′ is concentrated outside of Σ, while T^′⌞(R^n \Σ) = T , S^′⌞(R^n \Σ) = S.

The case when S is rectifiable, while T may be arbitrary, is considered in a completely symmetric way. □

Lemma 4.7. Let F and G be two concave functionals defined on real flat chains with finite mass and let F(T, S) := F (T ) + G(S). Suppose that T, S, R be given real flat chains of finite mass such that R ≤ T and R ≤ S. Then the function

[0, 1] ∋ t → F(T − tR, S − (1 − t)R)

is concave. Moreover the same function is strictly concave, if R ≠ 0 and either F or G is strictly concave. In particular, if F is defined as in Problem 1, then the respective function is concave, if either H is concave, or δ = 0. In this case the same function is strictly concave, if R ≠ 0 and either of the following conditions hold:

(i) δ = 0, α ∈ (0, 1) and A ≠ 0, or (ii) δ = 0, β ∈ (0, 1) and B ≠ 0, or (iii) H is concave, α ∈ (0, 1) and A ≠ 0, or (iv) H is concave, β ∈ (0, 1) and B ≠ 0, or (v) H is strictly increasing and concave, while δ ∈ (0, 1).

Proof. From Definition 4.1 we know that both the functions

t → F (T − tR), and t → G(S − (1 − t)R)

are concave for t ∈ [0, 1]. It suffices to refer now to Remark 4.3. The case when F is as in Problem 1 follows then from Lemma 4.5. □

5. Auxiliary lemmata

We will need the following auxiliary assertions on convergence of measures and currents.

Lemma 5.1. Let ϕ be a signed finite Borel measure with compact support in R^n, ϕ(R^n) = 0. Then there exists a sequence of finite weighted sums of Dirac measures ϕ_ν such that ϕ^±_ν ⇀ ϕ^±, ϕ_ν (R^n) = 0.

Proof. Consider two sequences of of finite weighted sums of Dirac measures ψ^+_ν ⇀ ϕ^+ and ψ^−_ν ⇀ ϕ^− in the ∗-weak sense of measures when ν → ∞ (note that here ψ^+_ν and ψ^−_ν do not denote positive and negative parts of some signed measure ψ_ν , but just some positive measures; in fact, it may happen that ψ^+_ν ∧ ψ^−_ν ≠ 0).

Consider the quantity λ_ν := ψ^−_ν (R^n) − ψ^+_ν (R^n) and set

ψ̃^+_ν := ψ^+_ν + λ_ν δ_0, ψ̃^−_ν := ψ^−_ν , if λ_ν ≥ 0,

ψ̃^+_ν := ψ^+_ν , ψ̃^−_ν := ψ^−_ν − λ_ν δ_0, otherwise.

In this way we have ψ̃^+_ν (R^n) = ψ̃^−_ν (R^n), while both measures ψ̃^±_ν are still nonnegative. Moreover we notice that λ_ν → 0 because ψ^±_ν (R^n) → ϕ^±(R^n) as ν → ∞ and ϕ^−(R^n) − ϕ^+(R^n) = ϕ(R^n) = 0. In particular, λ_ν δ_0 ⇀ 0 and hence ψ̃^±_ν ⇀ ϕ^± ∗-weakly in the sense of measures as ν → ∞.

We modify now ψ̃^±_ν into ϕ^±_ν so that ϕ^+_ν ∧ ϕ^−_ν = 0. To achieve this result we define μ_ν := ψ̃^+_ν ∧ ψ̃^−_ν and

ϕ^±_ν := ψ̃^±_ν − μ_ν .

Given any ∗-weakly convergent (in the sense of measures) subsequence of {μ_ν }, for its limit one has μ ≤ ϕ^± because μ_ν ≤ ψ̃^±_ν and ψ̃^±_ν ⇀ ϕ^± ∗-weakly in the sense of measures as ν → ∞. Therefore, minding that ϕ^+ ∧ ϕ^− = 0, one has μ = 0. Hence, μ_ν ⇀ 0, which implies that ϕ^±_ν ⇀ ϕ^± ∗-weakly in the sense of measures as ν → ∞. On the other hand, by construction, ϕ^+_ν ∧ ϕ^−_ν = 0 and hence the measure ϕ_ν := ϕ^+_ν − ϕ^−_ν has ϕ^±_ν as positive and negative parts. Moreover we easily find that

ϕ_ν (R^n) = ϕ^+_ν (R^n) − ϕ^−_ν (R^n) = ψ̃^+_ν (R^n) − ψ̃^−_ν (R^n) = 0,

concluding the proof. □

Lemma 5.2. Let ψ_ν be signed measures on R^n such that ψ_ν ⇀ 0 ∗-weakly in the sense of measures as ν → ∞, supp ψ_ν ⊂ K ⋐ R^n, ψ_ν (R^n) = 0 and ψ^±_ν (R^n) < +∞. Then there exists a real flat chain R_ν such that ∂R_ν = ψ_ν and M(R_ν ) → 0 as ν → ∞. Moreover, if ψ_ν is a finite sum of signed Dirac masses, then one may choose R_ν polyhedral.

Proof. Let R_ν provide the minimum of T → M(T ) among all the flat chains T satisfying ∂T = ψ_ν . In other words, R_ν solves the classical Monge-Kantorovich optimal transportation problem of transporting ψ^+_ν to ψ^−_ν as announced in the subsection 1.1. Then M(R_ν ) is a Wasserstein distance between ψ^+_ν to ψ^−_ν which metrizes the ∗-weak topology of measures over the set of finite nonnegative Borel measures over the compact K ⊂ R^n. Hence, M(R_ν ) → 0 whenever ψ_ν ⇀ 0 ∗-weakly in the sense of measures as ν → ∞. It is also well-known that if ψ_ν is a finite sum of signed Dirac masses, then R_ν is polyhedral. □

Lemma 5.3. Let T be a one-dimensional real normal current. Then there is a sequence of one-dimensional real polyhedral chains T_ν which converges in the flat norm to T , M(T_ν ) → M(T ) and also (∂T_ν )^± ⇀ (∂T )^± ∗-weakly in the sense of measures as ν → ∞. Moreover, if T is acyclic, then one can choose T_ν to be acyclic too.

Proof. Let {ϕ_ν } be a sequence of finite Borel measures constructed by Lemma 5.1 applied with ϕ := ∂T . Let also S_ν be one-dimensional real polyhedral chains satisfying S_ν^F⇀ T , M(S_ν ) → M(T ) as ν → ∞. By Lemma 5.2 applied with ψ_ν := ϕ_ν −∂S_ν there is a sequence of one-dimensional real polyhedral chains R_ν with ∂R_ν = ψ_ν and M(R_ν ) → 0. Then the current T_ν := S_ν + R_ν satisfy the first part of the lemma being proven. In fact, T_ν^F⇀ T as ν → ∞ and M(T_ν ) ≤ M(S_ν ) + M(R_ν ). Passing to the limit we obtain

M^(T ) ≤ lim inf_ν M(T_ν ) ≤ lim_ν M(S_ν ) = M(T ),

and hence, M(T_ν ) → M(T ) as ν → ∞. Also (∂T_ν )^± = ϕ^± ⇀ (∂T )^± as ν → ∞ by construction.

If T is acyclic, we modify T_ν in the following way. Let C_ν be the cycle of T_ν given by Proposition 3.12 such that T^′_ν := T_ν − C_ν is acyclic. Up to a subsequence (not relabeled), C_ν^F⇀ C as ν → ∞. Hence, by Lemma 3.10, M(C_ν ) → M(C) as ν → ∞ and C is a cycle of T . Since the only cycle of T is 0 we conclude that M(C_ν ) → 0, which means that T^′_ν^F⇀ T and M(T^′_ν ) → M(T ) as ν → ∞. It remains to observe that ∂T^′_ν = ∂T_ν = ϕ_ν , while by Lemma 3.13 T^′_ν is still polyhedral. □

6. Currents versus transports

We call two Lipschitz-continuous curves θ̂_1, θ̂_2: [0, 1] → R^n equivalent, if there is a continuous surjective nondecreasing function (called usually “reparameterization”) ϕ: [0, 1] → [0, 1] such that θ̂_1(t) = θ̂_2(ϕ(t)) for all t ∈ [0, 1]. Let then Θ stand for the set of equivalence classes of Lipschitz-continuous paths. In this way each θ ∈ Θ can be clearly identified with some directed rectifiable curve. In the sequel we will frequently slightly abuse the language, identifying the elements of Θ (i.e. directed rectifiable curves) with their parameterizations (i.e. Lipschitz-continuous paths parameterizing such curves), when it cannot lead to a confusion. We consider the set Θ to be equipped with the distance

(7) d_Θ(θ_1, θ_2) := inf { max t∈[0,1]

|θ̂_1(t) − θ̂_2(t)| : θ̂_i parameterization of θ_i, i = 1, 2 } , where | · | is the Euclidean norm in R^n. It is easy to see that θ_ν → θ in Θ implies the Hausdorff convergence of the respective traces, though the converse is clearly not true. It is further important to mention that clearly every subset of Θ made by all paths with uniformly bounded length is clearly compact with respect to the introduced topology. This implies that the whole metric space Θ is σ-compact (i.e. a countable union of compact sets).

In the sequel we will also use the following notions. We say that σ ∈ Θ is contained in a given θ ∈ Θ, if for some parameterizations of σ and θ and for some affine nondecreasing ϕ: [0, 1] → [0, 1] one has θ(ϕ(t)) = σ(t) for all t ∈ [0, 1], which means that σ represents a “piece” of θ. Finally, we call θ ∈ Θ an arc, if it is injective.

To each θ ∈ Θ we associate the integral one-dimensional current [[θ]] defined by the formula

[[θ]](ω) :=

∫_1 0 ⟨θ̇(t), ω(θ(t))⟩ dt

(note that the latter integral does not depend on the parameterization of θ so it is well defined on equivalence classes θ ∈ Θ). We also define the parametric length of θ as

ℓ(θ) :=

∫_1 0 |θ̇(t)| dt.

Clearly, one has

M([[θ]]) = sup{[[θ]](ω) : ‖ω‖_∞ ≤ 1} ≤ ℓ(θ).

The following rather simple assertion is valid.

Lemma 6.1. The map θ ∈ Θ → [[θ]] is a continuous embedding of each subset of curves from Θ with uniformly bounded lengths into the space of integral onedimensional currents endowed with weak topology of currents.

Proof. Let θ_ν ∈ Θ be curves with uniformly bounded length, i.e. ℓ(θ_ν ) ≤ C < +∞ for all ν ∈ N. One has to prove that θ_ν → θ ∈ Θ as ν → ∞ implies [[θ_ν ]](ω) → [[θ]](ω) for every C^∞ 1-form ω. Consider the parameterizations of θ_ν with |θ̇_ν | ≤ C for all t ∈ [0, 1]. Since θ_ν (t) for all t ∈ [0, 1] and for all ν ∈ N are all contained in some neighborhood of θ, one has that the sequence θ_ν is weakly compact in W^{1,2}([0, 1]; R^n). Hence, up to a subsequence (not relabeled) θ_ν ⇀ σ weakly in W^{1,2}([0, 1]; R^n) as ν → ∞ for some σ ∈ W^{1,2}([0, 1]; R^n), which in particular means that σ = θ, and hence θ̇_ν ⇀ θ̇ weakly in L^2([0, 1]; R^n) as ν → ∞. Hence,

[[θ_ν ]](ω) =

∫_1 0 ⟨θ̇_ν (t), ω(θ_ν (t))⟩ dt →

∫_1 0 ⟨θ̇(t), ω(θ(t))⟩ dt = [[θ]](ω)

as ν → ∞. □

Given a transport η on Θ we define a functional T_η on 1-forms as follows (8) T_η(ω) := ∫ Θ [[θ]](ω) dη(θ).

The following theorem shows that T_η is a normal current under natural assumptions on η.

Theorem 6.2. Let η be a finite Borel measure on Θ satisfying ∫ Θ M([[θ]]) dη(θ) < +∞.

Then (8) defines a normal one-dimensional current T = T_η on R^n with ∂T = η(1) − η(0), where η(i) := (t_i)_#η, t_i(θ) := θ(i), i = 0, 1.

In particular, if η(1) ∧ η(0) = 0, then (∂T )^+ = η(1), (∂T )^− = η(0).

Furthermore, for all Borel sets e ⊂ R^n one has (9) μ_T (e) ≤ ∫ Θ M([[θ]]⌞e) dη(θ).

Proof. We have to prove that T = T_η is continuous on C^∞ 1-forms, has finite mass and finite boundary mass. According to the definition of mass M(T ) := sup{T (ω): |ω(x)| ≤ 1 for all x ∈ R^n} and hence M(T ) ≤ ∫ Θ M([[θ]]) dη(θ) < +∞.

Analogously, the relationships μ_T (U) = sup{T (ω): |ω(x)| ≤ 1, supp ω ⊂ U for all x ∈ R^n}, M([[θ]]⌞U) = sup{([[θ]](ω): |ω(x)| ≤ 1, supp ω ⊂ U for all x ∈ R^n}, for every open set U ⊂ R^n imply μ_T (e) ≤ ∫ Θ M([[θ]]⌞e) dη(θ) for every open set e ⊂ R^n, and hence, for every Borel set e ⊂ R^n. Finally, the computation of the boundary

∂T (f) = T (df) = ∫ Θ (∫_1 0 ⟨∇f(θ(t)), θ̇(t)⟩ dt ) dη(θ) = ∫ Θ (∫_1 0 d dt f ∘ θ dt ) dη(θ) = ∫ Θ [f(θ(1)) − f(θ(0))] dη(θ) = ∫ Θ f(t_1(θ)) dη(θ) − ∫ Θ f(t_0(θ)) dη(θ) = ∫ R^n

f(x) d(η(1) − η(0)), concludes the proof. □ It is worth mentioning that the inequality in (9) may be strict, as the following example shows.

Example 1. Let e_i, i = 1, 2 stand for the unit vectors along axis x_i in R^2, and let Θ_1 ⊂ Θ be a set of paths θ in Q := [0, 1] × [0, 1] admitting a parameterization θ(t) = (t, x_2), t ∈ [0, 1], for some x_2 ∈ [0, 1]. Define η_1 by the formula

η_1(e) := H^1(t_0(e ∩ Θ_1))

for all Borel e ⊂ Θ, where t_0(θ) := θ(0). Clearly, T_{η1} = e_1 ∧ L^2⌞Q. Analogously, letting Θ_2 ⊂ Θ be a set of paths θ admitting a parameterization θ(t) = (x_1, t), t ∈ [0, 1], for some x_1 ∈ [0, 1], and defining η_2 by the formula

η_2(e) := H^1(t_0(e ∩ Θ_2))

for all Borel e ⊂ Θ, we get T_{η2} = e_2 ∧ L^2⌞Q. Now, setting η := η_1 + η_2, one has T_η = T_{η1} + T_{η2} = (e_1 + e_2) ∧ L^2⌞Q, and hence, M(T_η ) = √ 2, while ∫ Θ M([[θ]]) dη = ∫ Θ_1

M([[θ]]) dη_1 + ∫ Θ_2

M([[θ]]) dη_2 = 2 > M(T_η ).

We now prove a converse statement, i.e. that given a normal real one-dimensional current T , there is a transport η satisfying T = T_η.

Theorem 6.3. Given a one-dimensional acyclic real normal current T with compact support, there exists a Borel measure η over Θ such that T = T_η as defined by (8) and

(10) M(T ) = ∫ Θ M([[θ]]) dη(θ).

Moreover, one can choose an η so that

(11) η(1) = (∂T )^+, η(0) = (∂T )^−,

where (∂T )^± are the positive and the negative part of the measure ∂T respectively, while η-a.e. θ ∈ Θ is an arc.

Remark 6.4. In view of Theorem 6.2, the claim (10) is equivalent to a formally weaker one

M(T ) ≥ ∫ Θ M([[θ]]) dη(θ).

Apart from the claim (11), which is indeed used in the sequel, the above theorem is in fact contained (though in quite different terminology) in theorem C from [19]. Since the relationship between one-dimensional flat chains of finite mass and transports is of utmost importance in the sequel, we provide here the complete and independent proof of the result.

Before proving the above Theorem 6.3 in the general case, we need to prove a similar assertion valid only for one-dimensional real polyhedral chains, as given by the following lemma.

Lemma 6.5. Let T be a one-dimensional real polyhedral chain. Then there exists a Borel measure η over Θ such that T = T_η and

(12) M(T ) = ∫ Θ M([[θ]]) dη(θ) = ∫ Θ ℓ(θ) dη(θ)

and η-a.e. θ is supported on supp T . Further, if T is also acyclic, then one can choose η so as to satisfy

(13) η(1) = (∂T )^+, η(0) = (∂T )^−.

If one does not require (13), one can choose η so as to have H^1(θ) ≤ diam supp T for η-a.e. θ ∈ Θ.

Proof. Every one-dimensional real polyhedral chain T can be written as a finite sum T = ∑ ν θ_ν T_ν ,

where θ_ν > 0 are real multiplicities, and T_ν are currents associated to oriented segments T_ν = [[a_ν , b_ν ]] (called further edges of T ) with non overlapping interior.

Step 1. If T is a generic one-dimensional real polyhedral chain, consider the Lipschitz curves σ_ν defined by σ_ν (t) := (1 − t)a_ν + tb_ν for all t ∈ [0, 1], and set

η := ∑ ν θ_ν δ_{σν} ,

where δ_{σν} is the Dirac measure concentrated on σ_ν ∈ Θ. Clearly, we have

(14) T (ω) = ∑ ν ∫ σ_ν

θ_ν ω · (b_ν − a_ν ) = ∑ ν θ_ν [[σ_ν ]](ω) = ∫ Θ [[σ]](ω) dη(σ),

i.e. T = T_η. By construction one also has M([[σ]]) = ℓ(σ) for η-a.e. σ ∈ Θ, and hence

(15) M(T ) = ∑ ν |θ_ν | · |b_ν − a_ν | = ∫ Θ ℓ(σ) dη(σ),

while η-a.e. θ ⊂ Θ is a segment, θ ⊂ supp T , and hence H^1(θ) ≤ diam supp T .

Step 2. To consider the case of an acyclic T , we introduce some extra notation. We say that an ordered finite collection of edges (T_{ν1} , . . . , T_{νN} ), where T_{νi} := [[a_{νi} , b_{νi} ]], i = 1, . . . , N, is a path in T , if b_{νi} = a_{νi+1} for i = 1, . . . , N − 1. We say that such a path is closed, if also b_{νN} = a_{ν1} . Choosing θ_0 > 0 to be the minimum of θ_ν over all ν, we notice that the current N∑ i=1 θ_0T_{νi}

is a subcurrent of T . An acyclic T contains therefore no closed paths. Finally, given a path in T , we can extend it forward, if there exists an edge T_ν of T such that a_ν = b_{νN} , and backward, if there exists and edge T_ν such that b_ν = a_{ν1} .

Let T be acyclic. We consider a path with a single edge T_{ν̄} such that θ_{ν̄} = θ_0. We extend this path as much as possible forward and backward. At each extension step the path is not closed, hence the path is composed by different edges. Since there is only a finite number of edges in T , this extension process must finish in a finite number of steps. We obtain in this way a maximal path containing T_{ν̄} . Let (T_{ν1} , . . . , T_{νN} ) be this maximal path and consider the corresponding current

P_0 := N∑ i=1 θ_0T_{νi} .

Clearly, P_0 is a subcurrent of T and ∂P_0 = [[b_{νN} ]]−[[a_{ν1} ]]. Since this path is maximal, there is no edge T_ν with endpoint b_ν = a_{ν1} , and thus [[a_{ν1} ]] is a subcurrent of (∂T )^−. Analogously [[b_{νN} ]] is a subcurrent of (∂T )^+. One has

P_0(ω) = ∫ Θ [[σ]](ω) dη_0(σ),

where η_0 := θ_0δ_{σ0} is the Dirac measure with mass θ_0 concentrated on the curve σ_0 ∈ Θ, the latter curve representing the polygonal line [a_1, b_1] ∘ . . . ∘ [a_N , b_N ] (starting at a_1 and ending at b_N ). Hence η_0(1) = (∂P_0)^+ and η_0(0) = (∂P_0)^−.

The current T^′ = T − P_0 is itself a polyhedral acyclic current with strictly less edges than T , because the edge T_{ν̄} is not included in T^′. Repeating the previous construction with T^′ in place of T we find a subcurrent P_1 representing a path in T^′ and such that P_1(ω) = ∫ Θ [[σ]](ω) dη_1(σ) with η_1(1) = (∂P_1)^+ and η_1(0) = (∂P_1)^−. A finite number of such steps will clearly exhaust T and yield a decomposition T =

∑_k i=0 P_i such that the corresponding measure η :=

∑_k i=0 P_i has the required properties. □

We are now able to prove the general Theorem 6.3.

Proof. (of Theorem 6.3) We divide the proof in two steps.

Step 1. Given an arbitrary one-dimensional real flat chain T , we consider a sequence T_ν of one-dimensional polyhedral chains which converges to T in the flat norm and M(T_ν ) → M(T ) as ν → ∞, hence in particular M(T_ν ) ≤ M(T ) + 1 for all sufficiently large ν ∈ N. By Lemma 6.5, for each T_ν we find a transport η_ν satisfying

(16)

T_ν (ω) = ∫ Θ [[θ]](ω) dη_ν (θ),

M(T ) = ∫ Θ M([[θ]]) dη_ν (θ) = ∫ Θ ℓ(θ) dη_ν (θ)

for all C^∞ 1-forms ω. Since T is acyclic, we choose T_ν according to Lemma 5.3, i.e. so that in addition (∂T_ν )^± ⇀ (∂T )^± in the ∗-weak sense of measures when ν → ∞. In this case by Lemma 6.5 one can choose a transport η_ν satisfying additionally (17) η_ν (1) = (∂T_ν )^+, η_ν (0) = (∂T_ν )^−. In particular, the total masses η_ν (Θ) are uniformly bounded.

In view of (16) we have the estimate ∫ Θ ℓ(θ) dη_ν = M(T_ν ) ≤ M(T ) + 1.

Further, without loss of generality we may assume that the traces of η_ν -a.e. θ ∈ Θ are supported on some compact Ω ⊂ R^n. We may invoke therefore Lemma 6.7 below, obtaining that up to a subsequence (not relabeled) η_ν ⇀ η in the narrow sense of measures for some finite Borel measure η, and, moreover, that one may pass to the limit as ν → ∞ in both sides of the first relationship of (16) obtaining therefore T (ω) = T_η(ω) for each C^∞ 1-form ω, and hence T = T_η. One shows in addition that (11) is valid by passing to the limit as ν → ∞ in both sides of (17).

Furthermore, note that

(18) M(T_ν ) = ∫ Θ M([[θ]]) dη_ν (θ)

by the second relationship of (16). Hence, minding that the functional θ ∈ Θ → M([[θ]]) is l.s.c., and hence, the integral in the right-hand side of the above relationship is l.s.c. with respect to narrow convergence of η_ν , by passing to a limit in both sides of (18) as ν → ∞, we deduce

M(T ) = lim_ν M(T_ν ) = lim_ν ∫ Θ M([[θ]]) dη_ν (θ) ≥ ∫ Θ M([[θ]]) dη(θ),

which provides (10) once one recalls Remark 6.4.

We also consider for further use the functional M^′ : Θ → R^+ defined by

(19) M^′(η) := ∫ Θ ℓ(θ) dη.

It is l.s.c. with respect to the narrow convergence of measures (because the parametric length ℓ(·) is l.s.c. in Θ). Hence, minding that for each η_ν one has by construction M^′(η_ν ) = M(T_ν ), we get M^′(η) ≤ M(T ) < +∞.

Step 2. Finally, for T acyclic, we consider an η minimizing M^′ over the set E of all the transports η^′ satisfying T = T_η′ , as well as (10) and (11). To prove the existence of such an η recall that the latter set of transports is nonempty in view of Step 1. Consider now a minimizing sequence {η_ν } ⊂ E for M^′. By the final remark of Step 1 one has M^′(η_ν ) ≤ C < +∞ for some C > 0. Further, without loss of generality we may assume that the traces of η_ν -a.e. θ ∈ Θ are supported on some compact Ω ⊂ R^n. Hence by Lemma 6.7, the sequence {η_ν } admits a subsequence (further, as usual, not relabeled) converging to some transport η in the narrow sense of measures, while T = T_{ην} → T_η in the weak sense of currents as ν → ∞, and thus T = T_η. Since by the same lemma η_ν (i) ⇀ η(i), i = 0, 1, in the narrow sense of measures, then also (11) holds for η, while acting as in Step 1, we get the validity of (10) for η. Summing up, we get η ∈ E. Minding that M^′ is l.s.c. with respect to the narrow convergence of measures, we get that η is a minimizer of M^′ over E.

Let f: Θ → Θ and g: Θ → Θ be given by Lemma 6.6. Then T_{f#η} is a cycle of T = T_η. Hence, T_{f#η} = 0. This means [[f(θ)]] = 0 for η-a.e. θ ∈ Θ. We have thus [[g(θ)]] = [[θ]] for η-a.e. θ ∈ Θ. Hence, T_{g#η} = T_η = T , and g_#η ∈ E, so

M^′(g_#η) = ∫ Θ ℓ(g(θ)) dη(θ) ≤ ∫ Θ ℓ(θ) dη(θ).

Therefore, by the minimality of η for M^′, we get ℓ(g(θ)) = ℓ(θ), hence η-a.e. θ ∈ Θ is an arc, which concludes the proof. □

The following technical assertions have been used in the proof of Theorem 6.3.

Lemma 6.6. The following assertions are valid.

(i) There is a map f: Θ → Θ measurable with respect to all transports such that f(θ) is a loop (i.e. a simple closed curve) contained in θ ∈ Θ, such that

ℓ(f(θ)) ≥ 1/2 sup {ℓ(σ) : σ is a loop contained in θ} .

(ii) There is a map g: Θ → Θ measurable with respect to all transports such that for all θ ∈ Θ one has that θ = g(θ) ∪ f(θ) (as traces), [[θ]] = [[g(θ)]] + [[f(θ)]], while ℓ(g(θ)) < ℓ(θ), unless θ is an arc, and, finally, g(θ) = θ, if and only if θ is an arc.

Proof. We construct a map f: Θ → Θ satisfying claim (i) as follows. For every θ ∈ Θ and x ∈ θ we let C(θ, x) stand for the set of curves contained in θ starting and ending at x in the sense that

C(θ, x) = { θ̃ ∈ Θ: θ̃(t) = θ((1 − t)s_1 + ts_2)

for some 0 ≤ s_1 ≤ s_2 ≤ 1, θ(s_1) = θ(s_2) = x } . In case x ∉ θ we define C(θ, x) to be a set consisting just of a single curve θ_x defined by θ_x(t) := x for all t ∈ [0, 1], i.e. of a “constant” curve the trace of which reduces to just one point x. Note that θ_x ∈ C(θ, x) for all x ∈ R^n. Defined in this way, the multivalued map (θ, x) ∈ Θ × R^n → C(θ, x) ⊂ Θ is u.s.c. (as a multivalued map), and hence Borel measurable. Therefore, recalling that ℓ: Θ → R is l.s.c. one gets the Borel measurability of the single-valued map

λ : θ ∈ Θ → sup_{x∈Rn} sup{ℓ(σ) : σ ∈ C(θ, x)} ∈ R.

Clearly, λ(θ) gives is the supremum of the length of the loops contained in θ. Finally, we define

F : θ ∈ Θ → { σ ∈ ⋃ x∈θ C(θ, x) : ℓ(σ) ≥ λ(θ)/2 } ⊂ Θ.

By the von Neumann-Aumann measurable selection theorem (theorem III.22 and III.23 from [12], or, equivalently, corollary 5.5.8 from [20]) one can find a selection f : θ → Θ of the multivalued map F which is measurable with respect to all transports η. Clearly, f(θ) is as announced in the statement being proven.

Define now g : Θ → Θ as a union of two curvilinear segments, by setting

g(θ) := [θ(0), f(θ)(0)] ∘ [f(θ)(1), θ(1)].

Clearly, g(θ) is obtained by “cancelling” the loop f(θ) from θ. The properties of g announced in claim (ii) follow immediately since ℓ(g(θ)) ≤ ℓ(θ) − λ(θ)/2, while g(θ) = θ, if and only if f(θ) = θ_x for some x ∈ θ, i.e. when θ is an arc. □

Lemma 6.7. Let {η_ν } be a sequence of nonnegative finite Borel measures over Θ with uniformly bounded total masses, and denote T_ν := T_{ην} . Assume that for some one-dimensional real flat chain T with M(T ) < +∞ one has T_ν ⇀ T weakly in the sense of currents, M(T_ν ) → M(T ) as ν → ∞, and

M^′(η_ν ) := ∫ Θ ℓ(θ) dη_ν ≤ C < +∞

for all ν ∈ N, while there is such a compact Ω ⊂ R^n that for each ν ∈ N, the traces of η_ν -a.e. θ ∈ Θ are supported in Ω. Then there exists a transport η such that up to a subsequence (not relabeled), η_ν ⇀ η (and in particular, η_ν (i) ⇀ η(i), i = 0, 1) in the narrow sense of measures. Further, one has T = T_η, if either of the following two conditions hold:

(i) all η_ν are concentrated on some compact subset of Θ (independent of ν), or (ii) T is acyclic and

M(T_ν ) = ∫ Θ M([[θ]]) dη_ν (θ)

for all ν ∈ N.

Proof. Since for every c > 0 one has

M^′(η_ν ) = ∫ Θ ℓ(θ) dη_ν ≥ cη_ν ({ℓ(θ) > c}),

we conclude η_ν ({ℓ(θ) > c}) ≤ C/c.

Recalling now that the set {θ ∈ Θ: ℓ(θ) ≤ c, θ ⊂ Ω} is a compact subset of Θ, we see that the sequence η_ν is tight in the sense of measures. Hence, up to a subsequence (not relabeled), η_ν ⇀ η as ν → ∞ in the narrow sense of measures for some finite Borel measure η over Θ. The convergence η_ν (i) ⇀ η(i), i = 0, 1, as ν → ∞ follows from the fact that a push-forward operator by means of a continuous function is continuous with respect to narrow convergence of measures.

In the case when (i) holds, i.e. all η_ν are concentrated on some compact subset of Θ, one immediately gets

T_ν (ω) = ∫ Θ [[θ]](ω) dη_ν (θ) → ∫ Θ [[θ]](ω) dη(θ) = T_η(ω)

as ν → ∞, and hence T = T_η.

Consider now the case when (ii) holds, and in particular, η_ν are non necessarily concentrated on some (unique) compact subset of Θ. We show first that

(20) ϕ(k) := lim sup_ν ∫ {ℓ(θ)>k}

ℓ(θ) dη_ν (θ) → 0 when k → +∞.

In fact, otherwise there exists a c > 0 such that for a subsequence of η_ν (not relabeled) one has ∫

{ℓ(θ)>ν}

ℓ(θ) dη_ν (θ) ≥ c.

Consider then η^′_ν := η_ν ⌞{ℓ(θ) > ν}, and S_ν := T_η′_ν . By Remark 6.9, each S_ν is a subcurrent of T_ν , and hence by Lemma 3.10 one gets that up to a subsequence

(again not relabeled) S_ν ⇀ S weakly in the sense of currents as ν → ∞, while S is a subcurrent of T and M(S) ≥ c. On the other hand, since η^′_ν ⇀ 0,

∂S_ν = η^′_ν (1) − η^′_ν (0) ⇀ 0

weakly in the sense of measures as ν → ∞, hence ∂S = 0 and, by acyclicity of T , one gets S = 0, giving a contradiction. Hence, the claim (20) is proven.

Fix now an arbitrary regular 1-form ω, and for each θ ∈ Θ, k ∈ N set

f_k(θ) := { [[θ]](ω), ℓ(θ) ≤ k, 0, otherwise.

One gets | | | | ∫ Θ [[θ]](ω) dη_ν (θ) − ∫ Θ f_k(θ) dη_ν (θ) | | | | = | | | | | ∫ {ℓ(θ)>k}

[[θ]](ω) dη_ν (θ) | | | | | ≤ ‖ω‖_∞ ∫ {ℓ(θ)>k}

M([[θ]]) dη_ν (θ) ≤ ‖ω‖_∞ ∫ {ℓ(θ)>k}

ℓ(θ) dη_ν (θ) = ‖ω‖_∞ϕ(k).

Minding that for each k fixed, by Lemma 6.1 the map f_k in Θ, one has ∫ Θ f_k(θ) dη_ν (θ) → ∫ Θ f_k(θ) dη(θ),

as ν → ∞, and we arrive at the estimate ∫ Θ f_k(θ) dη(θ) − ‖ω‖_∞ϕ(k) ≤ lim inf_ν ∫ Θ [[θ]](ω) dη_ν (θ) ≤ lim sup_ν ∫ Θ [[θ]](ω) dη_ν (θ) ≤ ∫ Θ f_k(θ) dη(θ) + ‖ω‖_∞ϕ(k).

Letting k → +∞ in the above estimate and taking into account (20), we get

T_ν (ω) → sup_k ∫ Θ f_k(θ) dη(θ) = ∫ Θ [[θ]](ω) dη(θ) = T_η(ω)

as ν → ∞, which allows to conclude that T = T_η. □

It is worth remarking that the requirement of acyclicity of the “limit current” T in (ii) of the above Lemma 6.7 is essential as shown in the example below.

Example 2. Consider the sequence of curves in R^2 admitting the parameterization θ_ν (t) := (1 + t/ν)(cos(2πνt), sin(2πνt)), t ∈ [0, 1], and define η_ν :=^1_ν δ_{θν} be the transport concentrated on θ_ν ∈ Θ and having total mass 1/ν. Define also θ̄(t) := (cos(2πt), sin(2πt)) and let η := δ¯_θ be the transport concentrated on θ̄ with unit total mass. Clearly η_ν ⇀ 0 in the narrow sense of measures as ν → ∞ (in fact, η_ν (Θ) = 1/ν). On the other hand, T_{ην}^F⇀ T_η ≠ 0 as ν → ∞ . However, this is not in contradiction with the above Lemma 6.7 because clearly ∂T_η = 0, i.e. T_η is a cycle.

We concentrate now our attention on the restriction to a given Borel set of the currents of the form T = T_η.

Proposition 6.8. Let T be a normal one-dimensional current and η be such a transport that T = T_η and

(21) M(T ) = ∫ Θ M([[θ]]) dη(θ).

Then μ_T = μ_{[[θ]]} ⊗ η, i.e.

(22) μ_T (e) = ∫ Θ M([[θ]]⌞e) dη(θ), and, moreover,

(23) T ⌞e(ω) = ∫ Θ [[θ]]⌞e(ω) dη(θ),

for every Borel set e ⊂ R^n, where

[[θ]]⌞e(ω) = ∫ θ^{−1}(e)

⟨θ̇(t), ω(θ(t))⟩ dt

(note that the latter integral is independent on the choice of parameterization of θ).

Remark 6.9. The relationship (21) implies also that for every Borel e ⊂ Θ the current S := T_{η⌞e} is a subcurrent of T . In fact, in this case T − S = T_{η⌞e}c , where e^c := Θ \ e, and thus, by Theorem 6.2

M(S) ≤ ∫ Θ M([[θ]]) dη⌞e(θ),

M(T − S) ≤ ∫ Θ M([[θ]]) dη⌞e^c(θ).

Hence, summing the above inequalities, one gets

M(S) + M(T − S) ≤ ∫ Θ M([[θ]]) dη(θ) = M(T ).

Proof. The claim (22) follows immediately since by Theorem 6.2 one has

μ_T (e) ≤ ∫ Θ M([[θ]]⌞e) dη(θ)

for every Borel set e ⊂ R^n, while according to (21) the latter estimate becomes an equality for e := R^n.

Since μ_T = μ_{[[θ]]} ⊗ η, then f_ν → g in L^1(μ_T ) as ν → ∞, implies f_ν → g in L^1(μ_{[[θ]]}) for η-a.e. θ ∈ Θ. We use this observation to prove the last claim (23). For this purpose let {f_ν } be a sequence of smooth functions which converge to 1_e in L^1(μ_T ) as ν → ∞. Since μ_T has finite total mass, T ⌞e(ω) := lim_ν T (f_ν ∧ ω). But then

T (f_ν ∧ ω) = ∫ Θ [[θ]](f_ν ∧ ω) dη(θ) = ∫ Θ (∫ θ f_ν (ξ)⟨ω(ξ), τ_θ (ξ)⟩ dμ_{[[θ]]}(ξ) ) dη(θ).

As we just observed, for η-a.e. θ one has then ∫ θ f_ν (ξ)⟨ω(ξ), τ_θ (ξ)⟩dμ_{[[θ]]}(ξ) → ∫ θ∩e ⟨ω(ξ), τ_θ(ξ)⟩ dμ_{[[θ]]}(ξ) =: [[θ]]⌞e(ω).

as ν → ∞. Moreover, | | | ∫ θ f_ν (ξ)⟨ω(ξ), τ_θ (ξ)⟩ dμ_{[[θ]]}(ξ) | | | ≤ ‖ω‖^∞ | | | ∫ θ f_ν dμ_{[[θ]]} | | | and for η-a.e. θ one has ∫ θ f_ν dμ_{[[θ]]} → μ_{[[θ]]}(e)

as ν → ∞. Hence, | | | | ∫ θ f_ν (ξ)⟨ω(ξ), τ_θ (ξ)⟩ dμ_{[[θ]]} | | | | ≤ 2‖ω‖^∞μ^{[[θ]]}(e).

Since ∫ Θ μ_{[[θ]]}(e) dη(θ) ≤ ∫ Θ M([[θ]]) dη(θ) ≤ M(T ), one also has that the functions θ → | | | | ∫ θ f_ν ⟨ω, τ_θ⟩ dμ_{[[θ]]} | | | | is bounded by a function in L^1(η). Hence by the Lebesgue convergence theorem, we obtain the desired result (23). □

7. Mass estimates We first announce the following technical lemma which is practically contained in the proof of the rectifiability theorem for currents.

Lemma 7.1. Let T be a k-dimensional real flat chain with finite mass M(T ) < ∞, and set

θ_T (x) := Θ^∗_k(μ_T , x), Σ_T := {x ∈ R^n : 0 < θ_T (x) < +∞} . Then Σ_T is countably (H^k, k)-rectifiable, and for H^k-a.e. x ∈ Σ_T one has Θ^∗_k(μ_T , x) = Θ_{k∗}(μ_T , x), while μ_T ⌞Σ = θ_T H^k⌞(Σ_T ∩ Σ) for every countably (H^k , k)-rectifiable set Σ ⊂ R^n. Proof. We first claim H^k ⌞Σ_T ≪ φ := μ_T ⌞Σ_T .

In fact, if e ⊂ Σ_T , then e = ∞⋃ j=1 e^j , where e^j := { x ∈ e: Θ^∗_k(μ_T , x) ≥ 1 j } , and thus μ_T (e) = 0 implies by [2, Theorem 2.56] the estimate H^k(e^j ) ≤ jμ_T (e^j ) ≤ jμ_T (e) = 0, hence, H^k(e) = 0 proving the announced claim.

Assume now that e ⊂ Σ_T is purely (H^k , k)-unrectifiable. Then μ_T (e) = 0 by theorem 3.1 from [21], and hence H^k(e) = 0, which proves the countable (H^k, k)- rectifiability of Σ_T .

Observe now that φ = 1_{ΣT} μ_T , and hence φ(B_r (x)) μ_T (B_r(x)) → 1 as r → 0^+ for μ_T -a.e. x ∈ Σ_T , and hence also for H^k-a.e. x ∈ Σ_T . Minding that φ(B_r (x))

ω_kr^k = φ(B_r(x)) μ_T (B_r(x)) · μ_T (B_r(x)) ω_kr^k , we get (24) Θ^∗_k(φ, x) = Θ^∗_k(μ_T , x) and Θ_{k∗}(φ, x) = Θ_{k∗}(μ_T , x) for H^k-a.e. x ∈ Σ_T .

We now claim (25) φ ≪ H^k⌞Σ_T . In fact, if e ⊂ Σ_T , then e = ∞⋃ j=1 e_j , where e_j := {x ∈ e: Θ^∗_k(μ_T , x) ≤ j}.

Hence, H^k(e) = 0 implies by [2, Theorem 2.56] the estimate μ_T (e_j ) ≤ 2^kjH^k(e_j ) ≤ 2^kjH^k (e) = 0, and therefore, μ_T (e) = 0 proving φ ≪ H^k ⌞Σ_T .

Minding now that (25) implies Θ^∗_k(φ, x) = Θ_{k∗}(φ, x) for H^k -a.e. x ∈ Σ_T , we get from (24) that Θ^∗_k(μ_T , x) = Θ_{k∗}(μ_T , x) for H^k-a.e. x ∈ Σ_T .

Finally, to show the last claim of the statement being proven, it is enough to prove it for an arbitrary countably (H^k, k)-rectifiable set Σ ⊂ R^n satisfying H^k(Σ) < +∞. Clearly,

(26) μ_T (Σ ∩ Σ_T ) = φ(Σ) = ∫ Σ_T

θ_T dH^k .

We write now

μ_T (Σ \ Σ_T ) = μ_T (Σ ∩ {Θ^∗_k(μ_T , x) = +∞}) + μ_T (Σ ∩ {Θ^∗_k(μ_T , x) = 0}). But H^k ( {Θ^∗_k(μ_T , x) = +∞} ) = H^k ∞⋂ j=1 {Θ^∗_k(μ_T , x) ≥ j}

= inf_j H^k ({Θ^∗_k(μ_T , x) ≥ j}) ≤ inf_j 1 j μ_T ({Θ^∗_k(μ_T , x) ≥ j})

≤ inf_j μ_T (R^n)/j = 0,

hence, μ_T {Θ^∗_k(μ_T , x) = +∞})) = 0 by (25). On the other hand,

μ_T (Σ ∩ {Θ^∗_k(μ_T , x) = 0}) = μ_T ∞⋂ j=1 {x ∈ Σ: Θ^∗_k(μ_T , x) ≤ 1/j}

= inf_j μ_T ({x ∈ Σ: Θ^∗_k(μ_T , x) ≤ 1/j})

≤ inf_j

2^k j H^k (Σ) = 0.

Putting the above estimates together, we get μ_T (Σ ∩ Σ_T ) = 0, which together with (26) concludes the proof of the last claim. □ Given a transport η, we define the transiting mass function a_η : R^n → R by setting a_η(x) := η({θ ∈ Θ : x ∈ Θ}).

In other words, a_η(x) measures the number of people passing through the point x ∈ R^n. We may now announce the following result.

Lemma 7.2. Let T be a one-dimensional real flat chain with compact support and finite mass M(T ) < +∞. Let η be given by Theorem 6.3 and let θ_T be defined as in Lemma 7.1. Then

(i) a_η is u.s.c.;

(ii) if T is acyclic, then θ_T (x) = a_η(x) for H^1-a.e. x ∈ R^n. Proof. For each x ∈ R^n define the function 1_x : Θ → R by the formula

1_x(σ) := { 1, if x ∈ σ, 0, otherwise.

Clearly, 1_x is u.s.c. To prove (i), it is enough therefore to observe that

a_η(x) = ∫ Θ 1_x(σ) dη(σ)

and to apply Fatou’s lemma.

To prove (ii), it is enough to show that for an acyclic T one has

(A) for each countably (H^1, 1)-rectifiable set Σ ⊂ R^n one has θ_T (x) = a_η(x) for H^1-a.e. x ∈ Σ;

(B) θ_T (x) ≥ a_η(x)/2 for H^1-a.e. x ∈ R^n.

In fact, the set Σ_T is countably (H^1, 1)-rectifiable by Lemma 7.1, and hence θ_T (x) = a_η(x) for H^1-a.e. x ∈ Σ_T by (A). On the other hand, for H^1-a.e. x ∉ Σ_T one has θ_T (x) = 0, and hence a_η (x) = 0 by (B), which shows (ii).

We thus prove now (A) and (B). To show the validity of (A), recall that due to Theorem 6.3, minding that η-a.e. σ^′ ∈ Θ is an arc, one has for all σ ∈ Θ the following equalities

μ_T (σ) = ∫ Θ M([[σ^′]]⌞σ) dη(σ^′) = ∫ Θ H^1(σ^′ ∩ σ) dη(σ^′) = ∫ Θ (∫ σ 1_x(σ^′) dH^1(x) ) dη(σ^′) = ∫ σ (∫ Θ 1_x(σ^′) dη(σ^′) ) dH^1(x) = ∫ σ a_η dH^1.

On the other hand, by Lemma 7.1,

μ_T (σ) = ∫ σ θ_T dH^1,

which proves ∫ σ θ_T dH^1 = ∫ σ a_η dH^1

for every Lipschitz curve σ. The latter clearly implies (A).

To prove (B) let a point x ∈ R^n be fixed and let ε > 0. Consider the sets

A(x) := {σ ∈ Θ: x ∈ σ}, A_ρ(x) := {σ ∈ A(x): M([[σ]]⌞B_ρ(x)) ≥ ρ}, A^′_ρ(x) := A(x) \ A_ρ(x), C^+_ρ (x) := {σ ∈ Θ: σ(0) ∈ B_ρ(x)}, C^−_ρ (x) := {σ ∈ Θ: σ(1) ∈ B_ρ(x)}, C_ρ(x) := C^+_ρ (x) ∩ C^−_ρ (x).

One has η(C^±_ρ (x)) = (t_{0,1})_#η(B_ρ(x)) = (∂T )^±(B_ρ(x)) and hence η(C_ρ(x)) ≤ (∂T )^+(B_ρ(x)) ∧ (∂T )^−(B_ρ(x)) → 0 as ρ → 0^+. In particular there exists δ > 0 such that for every ρ < δ one has η(C_ρ(x)) < ε.

Notice that in view of Theorem 6.3, η-a.e. σ ∈ Θ is an arc. Hence for η-a.e. σ ∈ A(x) if either σ(0) ∉ B_ρ(x) or σ(1) ∉ B_ρ(x) one has M([[σ]]⌞B_ρ(x)) ≥ ρ. This proves that η(A^′_ρ(x) \ C_ρ(x)) = 0. Hence η(A^′_ρ(x)) ≤ ε and, consequently, η(A_ρ(x)) = η(A(x)) − η(A^′_ρ(x)) ≥ a_η (x) − ε.

To conclude, note that M(T ⌞B_ρ(x)) 2ρ = 1 2ρ ∫ Θ M([[σ]]⌞B_ρ(x)) dη(σ) ≥ 1 2ρ ∫ A_ρ(x)

M([[σ]]⌞B_ρ(x)) dη(σ) ≥ ρ(a_η(x) − ε) 2ρ = (a_η (x) − ε)/2,

so that for H^1-a.e. x ∈ R^n one has θ_T (x) ≥ (a_η(x) − ε)/2 and since this is true for every ε > 0, the conclusion (B) follows. □

Theorem 7.3. If T is an acyclic one-dimensional normal current, then

θ_T (x) ≤ 1 2 M(∂T )

for H^1-a.e. x ∈ R^n.

Proof. If T is an acyclic normal current, then from Theorem 6.3 one has T = T_η for some transport η such that η(0) = (∂T )^+. Then, minding that Σ_T is countably (H^1, 1)-rectifiable by Lemma 7.1, we get from Lemma 7.2(ii) that θ_T (x) = a_η(x) for H^1-a.e. x ∈ Σ_T . But

a_η(x) ≤ η(Θ) ≤ η(0)(R^n) = 1 2 M(∂T ),

and thus θ_T (x) ≤ M(∂T )/2 for H^1-a.e. x ∈ Σ_T . On the other hand, H^1-a.e. on R^n \ Σ_T one has θ_T = 0 (since it has been shown in the proof of Lemma 7.1 that H^1({θ_T = +∞}) = 0), which concludes the proof. □

The assertion below may be regarded as a version of the Sobolev-Poincaré inequality for one-dimensional real flat chains.

Theorem 7.4. Let T be an acyclic one-dimensional real flat chain of finite mass M(T ) < +∞ and assume that S ≤ T . Then

M^β (S) ≤ 1 2^{β−α}

M^α(S)M(∂T )^{β−α}

for all α ∈ [0, 1], β ∈ [α, 1]. In particular,

M(S) ≤ 1 2^{1−α}

M^α(S)M(∂T )^{1−α}

for every α ∈ [0, 1].

Proof. By Theorem 7.3 the claim is easily proven when S is rectifiable and T is normal. In fact, in this case one may consider Σ_S ⊂ Σ_T , θ_S ≤ θ_T . Therefore

M^β (S) = ∫ Σ_S

θ^β_S dH^1 = (M(∂T )/2)^β ∫ Σ_S ( θ_S M(∂T )/2

)_β dH^1

≤ (M(∂T )/2)^β ∫ Σ_S ( θ_S M(∂T )/2

)_α dH^1 = 1 2^{β−α}

M^α(S)M(∂T )^{β−α}.

To prove the claim in the general case, it is enough to note that we may assume α < 1 (otherwise there is nothing to prove), and then the hypothesis M(T ) < +∞ provides M(S) < +∞, and hence, by Theorem 2.1, S is rectifiable. One may suppose also M(∂T ) < +∞ (otherwise there is still nothing to prove), which guarantees that T is normal. Hence the validity of the inequality being proven follows. □

8. Existence of solutions To illustrate the developed technique we prove the existence of solutions to the announced Problem 1 in an important particular case when the function H(·) is concave.

Theorem 8.1. Let φ^± be finite nonnegative Borel measures with compact support in R^n, satisfying φ^+(R^n) = φ^−(R^n). Assume also the function H to be concave, while H(l) → +∞ as l → +∞, A > 0, α < 1, and either α > β ∨ δ, or α = β > δ, but A > B. Then the functional F attains its minimum value on the set of pairs of one-dimensional real flat chains of finite mass (T, S), which satisfy (3). In other words, Problem 1 in this case admits solutions.

Proof. Assume the existence of such a pair of one-dimensional real flat chains of finite mass (T_0, S_0), that ∂(T_0 + S_0) = φ^+ − φ^− and

F(T_0, S_0) < +∞

(otherwise F ≡ +∞, and hence, there is nothing to prove). Here and below for the sake of brevity we denote ϕ := φ^+ − φ^−.

We may also assume that H ≢ +∞ over (0, +∞). In fact, in the opposite case Problem 1 admits a trivial solution (T, 0), where T is a real flat chain minimizing M^α among all one-dimensional real flat chains of finite mass satisfying ∂T = ϕ.

We divide the proof in several steps.

Step 1. We first show the existence of a minimizing sequence {(T_ν , S_ν )} for the functional F of pairs of real rectifiable currents, which satisfy condition (1), have uniformly bounded masses and also satisfy condition μ_{Tν} ∧ μ_{Sν} = 0.

Let {(T^′_ν , S^′_ν )} be an arbitrary minimizing sequence for the functional F, which satisfies (1). Then F(T^′_ν , S^′_ν ) < +∞. In view of the assumption on H we have M^δ (S^′_ν ) < +∞, and hence, one may apply Theorem 10.2, which gives rectifiability of S^′_ν . Since M^α(T^′_ν ) < +∞, then according to the same theorem also T^′_ν is rectifiable. In view of Lemma 4.6 we may assume without loss of generality that μ_T ′_ν ∧ μ_S′_ν = 0. In other words, for every ν ∈ N there is such a Borel set E_ν ⊂ R^n, that

T^′_ν = T^′_ν ⌞E_ν S^′_ν = S^′_ν ⌞(R^n \ E_ν ).

According to Proposition 3.12 there is such a cycle C_ν ≤ T^′_ν + S^′_ν , that the current T^′_ν + S^′_ν − C_ν is acyclic. Setting

T_ν := T^′_ν − C_ν ⌞E_ν , S_ν := S^′_ν − C_ν ⌞(R^n \ E_ν ),

we get T_ν + S_ν = T^′_ν + S^′_ν − C_ν , and hence,

∂(T_ν + S_ν ) = ∂(T^′_ν + S^′_ν ) = ϕ.

On the other hand, from C_ν ≤ T^′_ν + S^′_ν one gets

C_ν ⌞E_ν ≤ (T^′_ν + S^′_ν )⌞E_ν = T^′_ν .

Due to Remark 3.6, one has T_ν ≤ T^′_ν . Analogously, S_ν ≤ S^′_ν , and hence, applying Lemma 3.7, we get F(T_ν , S_ν ) ≤ F(T^′_ν , S^′_ν ), i.e. {(T_ν , S_ν )} is still a minimizing sequence for the Problem 1. Let R_ν := T_ν + S_ν . In view of acyclicity of R_ν we may apply Theorem 7.4 to get

(27) M(T_ν ) ≤ 1 2^{1−α}

M^α(T_ν )M(∂R_ν )^{1−α} ≤ 1 2^{1−α}

M^α(T^′_ν )|ϕ|(R^n)^{1−α},

minding that M^α(T_ν ) ≤ M^α(T^′_ν ) by Lemma 3.7, since T_ν ≤ T^′_ν , and that M(∂R_ν ) = |ϕ|(R^n). In the same way we get the estimate

M(S_ν ) ≤ 1 2^{1−δ}

M^δ (S^′_ν )|ϕ|(R^n)^{1−δ} .

(28)

On the other hand, since F(T_ν , S_ν ) ≤ F(T_0, S_0), then for some C^′ > 0 and for all ν ∈ N the estimates M^α(T^′_ν ) ≤ C^′, M^δ (S^′_ν ) ≤ C^′ hol, because A > 0 and the functon H is unbounded. Combining the above estimates with (27) and (28), we conclude that both T_ν and S_ν , and hence also R_ν hav uniformly bounded masses M.

Step 2. For every d ≥ 0 and every real flat chain R we let

S_d(R) := R⌞(Σ_R ∩ {θ_R ≥ d}), T_d(R) := R − S_d(R).

If C ∈ [H^′_+(M^δ (S)), H^′_−(M^δ (S))], where H^′_± are the left and the right derivatives of the function H respectively, and l ≥ 0, we denote also

F [l, C](R) := M^α(T_d(R)) + BM^β (S_d(R)) + H(l) + C(M^δ (S_d(R)) − l).

Let d ≥ 0 be such that At^α > Bt^β + Ct^δ when t ∈ (d, +∞), and At^α < Bt^β + Ct^δ when t ∈ (0, d) (here and below we assume (0, d) := ∅, if d = 0). Then clearly

(29) F(T_d(R), S_d(R)) = F [M^δ (S_d(R)), C](R),

while

(30) F(T_d(R), S_d(R)) ≤ F [l, C](R)

for all l ≥ 0.

Consider a minimizing sequence for the functional F constructed on Step 1. Note that since ϕ is concentrated on some ball of R^n then one may consider without loss of generality all T_ν and S_ν (and hence also R_ν ) to be concentrated on the same ball (otherwise, projecting the latter curents to this ball will not change the boundary of their sum while not increasing any of the masses M^λ, λ ∈ [0, 1], and hence, not increasing the value of F). Since the masses M(R_ν ) are uniformly bounded, while ∂R_ν = ϕ, then up to a subsequence (not relabeled) R_ν^F⇀ R as ν → ∞ in flat norm to some real one-dimensional flat chain R satisfying ∂R = ϕ.

Set l_ν := M^δ (S_ν ), and choose an arbitrary C_ν ∈ [H^′_+(l_ν ), H^′_−(l_ν )]. Observe that C_ν ≠ 0 due to the assumption on H. Without loss of generality we may assume that up to a subsequence (again not relabeled) l_ν → l and C_ν → C to some l ∈ [0, +∞] and C ∈ [0, +∞] as ν → ∞. We consider separately two possible situations.

Case l > 0. Then C < +∞.

Note that the numbers l_ν := M^δ (S_ν ) are uniformly bounded, since otherwise up to a subsequence (not relabeled), H(l_ν ) → +∞, and hence, F(T_ν , S_ν ) → +∞ as ν → ∞, contrary to the estimate F(T_ν , S_ν ) ≤ F(T_0, S_0) < +∞ for all sufficiently large ν (because the sequence {(T_ν , S_ν )} is minimizing). Therefore, l < +∞, which also implies that C > 0 (otherwise H^′_+(l) = 0, which would mean, in view of concavity of H, that H(t) = H(l) for all t ≥ l, contrary to the assumption on unboundedness of H). We remark finally that C ∈ [H^′_+(l), H^′_−(l)], since the functions H^′_±, are lower and upper semicontinuous respectively.

In view of Lemma 10.5 we may assume without loss of generality that

θ_{Sν} (x) = θ_{Rν} (x) ≥ d_ν for H^1 − a.e. x ∈ Σ_{Sν} ,

θ_{Tν} (x) = θ_{Rν} (x) < d_ν for H^1 − a.e. x ∈ Σ_{Tν} ,

where the numbers d_ν > 0 deend only on α, β, δ, A, B and C_ν and satisfy the relationships

(31)

At^α < Bt^β + C_ν t^δ , t ∈ (0, d_ν ),

At^α > Bt^β + C_ν t^δ , t ∈ (d_ν , +∞).

In other words, in view of rectifiability of S_ν one has S_ν = S_{dν} (R_ν ), and hence, T_ν = T_{dν} (R_ν ). Thus, by (29), the equality

(32) lim inf_ν F(T_ν , S_ν ) = lim inf_ν F(T_{dν} (R_ν ), S_{dν} (R_ν )) = lim inf_ν F [l_ν , C_ν ](R_ν )

holds.

In view of rectifiability of T_ν , S_ν and R_ν , and because μ_{Tν} ∧ μ_{Sν} = 0, one can write

(33)

F [l_ν , C_ν ](R_ν ) = ∫ Σ_{Rν} ∩{θ_{Rν} (x)<d_ν }

Aθ^α_{Rν} (x) dH^1(x)+ ∫ Σ_{Rν} ∩{θ_{Rν} (x)≥d_ν } ( Bθ^β_{Rν} (x) + C_ν θ^δ_{Rν} (x) ) dH^1(x)+

H(l_ν ) − C_ν l_ν = ∫ Σ_{Rν}

g_ν (θ_{Rν} (x)) dH^1(x) + H(l_ν ) − C_ν l_ν , where g_ν (t) := (At^α) ∧ (Bt^β + C_ν t^δ), since f_ν (t) := At^α − Bt^β − C_ν t^δ > 0 when t > d_ν , and f_ν (t) < 0 when t ∈ (0, d_ν ).

For all ε > 0 and for all sufficiently large ν ∈ N one has g_ν (t) ≥ g^ε(t) := (At^α) ∧ (Bt^β + (C − ε)t^δ ), for all t ≥ 0. Therefore, (34) lim inf_ν F [l_ν , C_ν ](R_ν ) ≥ lim inf_ν ∫ Σ_{Rν}

g^ε(θ_{Rν} (x)) dH^1(x) + H(l) − Cl,

Since for ε ∈ [0, C) the function g^ε: R^+ → R^+ is monotone nondecreasing and concave, and g^ε(0) = 0, then the functional R → ∫ Σ_R

g^ε(θ_R(x)) dH^1 (x), defined on rectifiable currents, defines an l.s.c. in the flat norm topology functional M^{gε} on the set of real flat chains according to the formula M^{gε} (R) := inf{lim inf_ν ∫ Σ_{Rν}

g^ε(θ_{Rν} (x)) dH^1(x)},

where the infimum is taken over all the sequences of real polyhedral chains {R_ν } converging to R in the flat norm. Then M^{gε} (R) = ∫ Σ_R

g^ε(θ_R(x)) dH^1(x),

if R is rectifiable [22]. By definition of M^{gε} , one has therefore the inequality (35) M^{gε} (R) ≤ lim inf_ν ∫ Σ_{Rν}

g^ε(θ_{Rν} (x)) dH^1(x).

Minding (34), we get (36) lim inf_ν F [l_ν , C_ν ](R_ν ) ≥ M^{gε} (R) + H(l) − Cl.

From (36) and (32) one gets the inequality (37) lim inf_ν F(T_ν , S_ν ) ≥ M^{gε} (R) + H(l) − Cl, which, in particular, implies M^{gε} (R) < +∞. Also, M(R) ≤ lim inf_ν M(R_ν ) = lim inf_ν (M(T_ν ) + M(S_ν )) < +∞, since all T_ν and S_ν have uniformly bounded masses. Therefore, from the general theorem on rectifiability of flat chains [22], minding the definition of g^ε and that α < 1, we get the rectifiability of R. Thus, M^{gε} (R) = ∫ Σ_R g

ε(θ_R(x)) dH^1(x), and hence, the inequality (37) can be rewritten as (38) lim inf_ν F(T_ν , S_ν ) ≥ ∫ Σ_R

g^ε(θ_R(x)) dH^1(x) + H(l) − Cl.

Observe that the limit d := lim_ν d_ν exists and satisfies

(39)

At^α < Bt^β + Ct^δ , t ∈ (0, d), At^α > Bt^β + Ct^δ , t ∈ (d, +∞).

In fact, denoting by s a limit of an arbitrary subsequence d_ν (not relabeled), and passing to a limit in (39), we get At^α < Bt^β + Ct^δ , t ∈ (0, s), At^α > Bt^β + Ct^δ , t ∈ (s, +∞), and hence s = d. Note also that d > 0 in view of Lemma 10.6.

Denote by d_ε such a number that At^α < Bt^β + (C − ε)t^δ, t ∈ (0, d_ε), At^α > Bt^β + (C − ε)t^δ, t ∈ (d_ε, +∞).

Clearly, d_ε ≤ d. Besides, d_ε > 0, if ε ∈ [0, C), due to Lemma 10.6, while, as it has been just proven above, d_ε → d as ε → 0^+. With the above notation

(40) ∫ Σ_R

g^ε(θ_R(x)) dH^1(x) = AM^α(T_{dε} (R)) + BM^β (S_{dε} (R)) + (C − ε)M^δ (S_{dε} (R)), and hence,

(41) ∫ Σ_R

g^ε(θ_R(x)) dH^1 (x) =

AM^α(T_d(R)) + BM^β (S_d(R)) + (C − ε)M^δ (S_d(R))− AM^α(R⌞Δ_ε) + BM^β (R⌞Δ_ε) + (C − ε)M^δ (R⌞Δ_ε), where Δ_ε := {x ∈ R^n : d_ε ≤ θ_R(x) < d}. Using (38), we get

(42) lim inf_ν F(T_ν , S_ν ) ≥

F [l, C](R) − AM^α(R⌞Δ_ε) + BM^β (R⌞Δ_ε)+ (C − ε)M^δ (R⌞Δ_ε) − εM^δ(S_d(R)), because

F [l, C](R) = AM^α(T_d(R)) + BM^β (S_d(R)) + CM^δ (S_d(R)) + H(l) − Cl. At last, minding (30), we get from (42) the inequality

(43) lim inf_ν F(T_ν , S_ν ) ≥ F(T_d(R), S_d(R)) − AM^α(R⌞Δ_ε) + BM^β (R⌞Δ_ε)+ (C − ε)M^δ (R⌞Δ_ε) − εM^δ(S_d(R)) = F(T_d(R), S_d(R)) − ∫ Δ_ε

(Aθ^α_R(x) − Bθ^β_R(x) − Cθ^δ_R(x)) dH^1(x)+ ε ∫ {θ_R(x)≥d_ε}

θ^δ_R(x) dH^1(x) =

F(T_d(R), S_d(R)) − ∫ Δ_ε

(Aθ^α_R(x) − Bθ^β_R(x) − Cθ^δ_R(x)) dH^1(x)+ εM^δ(S_{dε} (R)).

The estimates sup_{ε∈(0,C)} M^{gε} (R) < +∞ and (40) imply AM^α(T_d(R)) = sup_{ε∈(0,C)} AM^α(T_{dε} (R)) < +∞,

as well as BM^β (S_{dε} (R)) < +∞ and, since C > 0, then also M^δ (S_{dε} (R)) < +∞ for all ε ∈ (0, C). Therefore, one may pass to a limit in ε → 0^+ in (43), arriving at the inequality lim inf_ν F(T_ν , S_ν ) ≥ F(T_d(R), S_d(R)), which shows that the pair (T_d(R), S_d(R)) is a minimizer of the functional F.

Case l = 0.

In other words, l_ν := M^δ (S_ν ) → 0 as ν → ∞. Since S_ν ≤ R_ν , ∂R_ν = ϕ, and all the currents R_ν are acyclic by construction, while δ ≤ α according to the assumptions, then due to Theorem 7.4 M^α(S_ν ) → 0 as ν → ∞. Thus lim inf_ν F(T_ν , S_ν ) = lim inf_ν (AM^α(T_ν ) + BM^β (S_ν ) + H(M^δ (S_ν ))) ≥ lim inf_ν (AM^α(T_ν ) + H(M^δ (S_ν ))) = lim inf_ν (AM^α(R_ν ) + H(M^δ (S_ν )) − AM^α(S_ν )), and taking into account that H(M^δ (S_ν )) − AM^α(S_ν ) = H(l_ν ) − AM^α(S_ν ) → 0 as ν → ∞, we get lim inf_ν F(T_ν , S_ν ) ≥ lim inf_ν AM^α(R_ν ) ≥ AM^α(R) = F(R, 0).

Therefore, in this case the pair (R, 0) is a minimizer of the functional F, which concludes the proof. □

9. Reduction to known problem formulations

In this section we consider a particular case of Problem 1 with α = β = 1 and δ = 0 and show that such a problem is equivalent to the classical problem of finding an optimal transportation network formulated without using the language of Federer-Fleming currents (such a formulation is studied in [9]).

Under the assumptions α = β = 1 and δ = 0 the Problem 1 can be stated in the following way.

Problem 2. Find a couple of one-dimensional real flat chains (T_{opt} , S_{opt} ) minimizing the functional F defined by the formula

F(T, S) = AM(T ) + BM(S) + H(M^0(S)),

among all the couples of real one-dimensional flat chains (T, S) of finite mass, satisfying (3).

We now define a new functional G over couples (η, Σ), where η is a transport (i.e. a nonnegative finite Borel measure over Θ) and Σ ⊂ R^n is a Borel set. Namely, we set

(44) G(η, Σ) := ∫ Θ ( AH^1(θ \ Σ) + BH^1(θ ∩ Σ) ) dη(θ).

The meaning of G(η, Σ) may be explained as follows. Suppose that a single citizen chooses a path θ ∈ Θ in his everyday movement. Assume Σ to stand for the transportation network, so that for a citizen choosing the route θ the cost of using this network would be proportional to H^1(θ ∩ Σ) (i.e. to the length of the part of the route made with the help of the network) with coefficient B ≥ 0. For the same citizen, moving without the use of the network by distance t, is assumed to cost At for a given A ≥ 0. Therefore the integrand in (44) gives the individual cost of moving along the route θ. If the transport η describes the collective behaviour of the population, so that, heuristically, η(θ) gives the number of people choosing the route θ in their everyday movements, then G(η, Σ) gives the total cost of transportation of the population to the services or workplaces. Clearly, for η to describe the pattern of behaviour of the population in the above sense, one has to require

(45) η(0) = φ^+, η(1) = φ^−.

Clearly, the population as a whole chooses the way of transportation (i.e. the transport η) so as to minimize G(·, Σ) among all the transports satisfying (45) (called further admissible transports. In other words, the number

MK(φ^+, φ^−, Σ) := inf {G(η, Σ) : η transport satisfying (45)}

gives the cost of everyday movement of the population from their places of residence to workplaces and/or services.

We describe now another way of obtaining the same cost MK(φ^+, φ^−, Σ) which is more used in the theory of optimal transportation. Namely, rather than using transports, it is a custom to describe the behaviour of population by so-called transport plans, i.e. by finite positive Borel measures γ over R^n × R^n, so that, heuristically, γ(x, y) gives the number of people moving from x to y. Mind that in this sense a transport plan γ gives much less information on the movement of the population than the transport η, namely, it says nothing about the routes people are choosing, but just describes source and destination points of the movement. Clearly, a transport plan γ has to satisfy the requirement on marginals

(46) π^±_#γ = φ^±,

where π^±(x^+, x^−) := x^± (such transport plans will be further called admissible).

Under the assumptions on the cost of movement made above, it is quite reasonable to suppose that each single citizen moving from x to y would choose the route θ ∈ Θ minimizing the total cost of movement, and therefore would spend

d_Σ(x, y) := inf { AH^1(θ \ Σ) + BH^1(θ ∩ Σ): θ ∈ Θ, θ(0) = x, θ(1) = y } . If the behaviour of the population is described by a transport plan γ satisfying (46), then the total cost of transportation of the population is given by

(47) Ĝ(γ, Σ) := ∫ R^n×R^n

d_Σ(x, y) dγ(x, y).

In [10] it has been shown that the problem of minimizing the cost G(·, Σ) among all admissible transport plan is in fact equivalent to that of minimizing the cost Ĝ(·, Σ) among admissible transport plans. The precise meaning of this assertion is given by the statement below.

Proposition 9.1. For each Borel set Σ ⊂ R^n one has

MK(φ^+, φ^−, Σ) = inf { Ĝ(γ, Σ) : γ transport plan satisfying (46) } . Further, there is an admissible transport η^′ = η^′(Σ) and a transport plan γ^′ = γ^′(Σ) (both depending on Σ) such that

MK(φ^+, φ^−, Σ) = G(η^′, Σ) = Ĝ(γ^′, Σ).

One has that η^′-a.e. θ ∈ Θ is a simple arc. Finally, if η^′ is such an admissible transport that MK(φ^+, φ^−, Σ) = G(η^′, Σ), then one can take γ^′ := (p_0 × p_1)_#η^′. Vice versa, there is a Borel measurable function q : R^n × R^n → Θ such that if γ^′ is such an admissible transport plan that MK(φ^+, φ^−, Σ) = Ĝ(γ^′, Σ), then one can take η^′ := q_#γ^′.

It is important to mention that since d_Σ is easily verified to satisfy the triangle inequality, then it is well-known that

MK(φ^+, φ^−, Σ) = MK(φ̃^+, φ̃^−, Σ) whenever φ^+ − φ^− = φ̃^+ − φ̃^−.

Supposing now that the total cost which determines the transportation network is given by the cost of everyday movement of the population MK(φ^+, φ^−, Σ) and of the cost of constructing the network given by H(H^1(Σ)) (i.e. depending only on the length H^1(Σ) of the network), we get the following natural minimization problem to find the optimal transportation network Σ.

Problem 3. Find a Borel set Σ_{opt} ⊂ R^n minimizing the functional

Σ → MK(φ^+, φ^−, Σ) + H(H^1(Σ))

among all Borel sets Σ ⊂ R^n.

Minding the definition of MK(φ^+, φ^−, Σ) and the Proposition 9.1, we see that each solution Σ_{opt} ⊂ R^n to Problem 3 together with the respective optimal transport η_{opt} := η^′(Σ_{opt} ) (resp. the optimal transport plan γ_{opt} := γ^′(Σ_{opt} )) has to solve the following problem.

Problem 4. Find a couple (η_{opt} , Σ_{opt} ) (resp. (γ_{opt} , Σ_{opt} )) minimizing the functional F (resp. F̂ ) defined by

F (η, Σ) := G(η, Σ) + H(H^1(Σ)) (resp. F̂ (γ, Σ) := Ĝ(γ, Σ) + H(H^1(Σ))), among all couples (η, Σ) (resp. (γ, Σ)), where η is an admissible transport (resp. γ is an admissible transport plan) and Σ ⊂ R^n is a Borel set.

Vice versa, if a couple (η_{opt} , Σ_{opt} ) (resp. (γ_{opt} , Σ_{opt} )) solves the above Problem 4, then Σ_{opt} solves Problem 3. Clearly, a solution (η_{opt} , Σ_{opt} ) (resp. (γ_{opt} , Σ_{opt} )) to Problem 4 gives both the optimal transportation network Σ_{opt} and the optimal pattern of behaviour of the population η_{opt} (resp. γ_{opt} ). Note also that once one knows η_{opt} (resp. γ_{opt} ), one can find γ_{opt} (resp. η_{opt} ) as indicated in Proposition 9.1.

We now show that the Problem 4 with linear functions A and B is in fact equivalent to Problem 2 in the sense specified by the statement below. For the sake of brevity we will limit ourselves to the case A ≥ B. The case A < B is quite analogous once one observes that under this condition

G(η, Σ) ≥ A ∫ Θ H^1(θ) dη = G(η, ∅),

while every optimal pair (T_{opt} , S_{opt} ) solving Problem 2 has S_{opt} = 0, since

F(T, S) = AM(T ) + BM(S) + H(M^0(S)) > AM(T + S) = F(T + S, 0)

whenever S ≠ 0.

Theorem 9.2. Let A ≥ B. Then the following assertions hold:

(i) Suppose (T_{opt} , S_{opt} ) solves Problem 2, while μ_{Topt} ∧ μ_{Sopt} = 0 (the existence of such an optimal pair is ensured by Proposition 10.3). Let η := η_{Topt +Sopt} as defined by Theorem 6.3 and let Σ := Σ_{Sopt} . Then Σ solves Problem 3. Further, the couple (η, Σ) solves Problem 4 with φ^± − φ^+ ∧ φ^− instead of φ^±. In particular, if φ^+ and φ^− are mutually singular, then (η, Σ) solves Problem 4.

(ii) Vice versa, let (η_{opt} , Σ_{opt} ) solve Problem 4. Let R := T_{ηopt} as defined by the relationship (8), and let S := R⌞Σ_{opt} , T := R − S. Then (T, S) solves Problem 2.

(iii) Finally, F (η_{opt} , Σ_{opt} ) = F(T_{opt} , S_{opt} ).

Remark 9.3. It is worth mentioning that once the existence of solutions to Problem 1 (hence in particular to Problem 2) is proven by Theorem 8.1, then the above Theorem 9.2 would give immediately the existence of solutions to Problem 3.

Proof. Suppose that η is an admissible transport such that η-a.e. θ ∈ Θ is a simple arc (note that by Proposition 9.1 this is a case whenever (η, Σ) solves Problem 4) and Σ ⊂ R^n is a Borel set. Then, letting R := T_η as defined by the relationship 8, S := R⌞Σ and T := R − S, we have that the couple of flat chains (T, S) satisfies (3) in view of Theorem 6.2. Further, by the same theorem,

M(S) = μ_R(Σ) ≤ ∫ Θ M([[θ]]⌞Σ) dη(θ) = ∫ Θ H^1(θ ∩ Σ) dη(θ),

M(T ) = μ_R(R^n \ Σ) ≤ ∫ Θ M([[θ]]⌞(R^n \ Σ)) dη(θ) = ∫ Θ H^1(θ \ Σ) dη(θ),

and hence, AM(T ) + BM(S) ≤ G(η, Σ). On the other hand, M^0(S) ≤ H^1(Σ), and hence, F(T, S) ≤ F (η, Σ).

Suppose now that the couple of flat chains of finite mass (T, S) satisfies (3), and, further, that S is rectifiable and that both T , S and T + S are acyclic, while μ_T and μ_S are mutually singular (mind that according to Theorems 10.1 and 10.2, the solutions to Problem 2 belong exactly to such class of couples of flat chains). Then η := η_{T +S} as defined by Theorem 6.3 satisfies

η(0) = (∂(T + S))^+ = φ^+ − φ^+ ∧ φ^−,

η(1) = (∂(T + S))^− = φ^− − φ^+ ∧ φ^−.

Let Σ := Σ_S as defined by Lemma 7.1. Then μ_S is concentrated on Σ. Hence, setting R := T + S, one gets S = R⌞Σ, T = R⌞(R^n \ Σ). Letting η be such that R = T_η as defined by Theorem 6.3, we get from Proposition 6.8 that

M(S) = μ_R(Σ) = ∫ Θ H^1(θ ∩ Σ) dη(θ),

M(T ) = μ_R(R^n \ Σ) = ∫ Θ H^1(θ \ Σ) dη(θ),

and hence, G(η, Σ) = AM(T ) + BM(S). Further, from definition of Σ one has M^0(S) = H^1(Σ), and hence F (η, Σ) = F(T, S), which concludes the proof. □

10. Qualitative properties of optimal currents

Here and below we always suppose the existence of a couple of real one-dimensional flat chains (T, S) of finite mass satisfying (3) such that F(T, S) < +∞ (which means that the minimization Problem 1 is nontrivial). We further also suppose that either the penalization function H is concave, or δ = 0.

10.1. Acyclicity. One may announce now the following easy result.

Theorem 10.1. Let (T, S) be a pair of one-dimensional real flat chains of finite mass. Then there is such a pair of acyclic currents (T^′, S^′) that T^′ ≤ T , S^′ ≤ S, F(T^′, S^′) ≤ F(T, S) and ∂(T^′ + S^′) = ∂(T + S). Moreover,

(i) if A > 0 and T is not acylcic, then F(T^′, S^′) < F(T, S);

(ii) if either B > 0, or H is strictly increasing, and S is not acylcic, then F(T^′, S^′) < F(T, S);

(iii) If A > 0, and either B > 0, or H is strictly increasing, while T + S is not acyclic, then T^′ + S^′ acyclic, and F(T^′, S^′) < F(T, S).

In particular, if the pair (T, S) solves Problem 1, then A > 0 implies acyclicity if T , and either B > 0 or strict monotonicity of H imply acyclicity of S, while if both A > 0, and either B > 0, or H is strictly increasing, then T + S is acyclic.

Proof. If T (resp. S) is acyclic, it is enough to set T^′ := T (resp. S^′ := S). Otherwise in view of Proposition 3.12 it contains such a cycle C ≠ 0 that the current T^′ := T − C (resp. S^′ := S − C) is acyclic. By Lemma 3.7 one has M^λ(T^′) < M^λ(T ) (resp. M^λ(S^′) < M^λ(S)) for all λ ∈ (0, 1]. Therefore, miniding that ∂T^′ = ∂T (resp. ∂S^′ = ∂S), we get ∂(T^′ + S^′) = ∂(T + S), while F(T^′, S^′) ≤ F(T, S) (with strict inequality in cases (i) and (ii)).

We prove now (iii). According to Lemma 4.6 one may assume without loss of generality that μ_T ∧ μ_S = 0, i.e. there is such a Borel set E ⊂ R^n, that

T = T ⌞E S = S⌞(R^n \ E).

If T + S is not acyclic, then by Proposition 3.12 there is such a cycle C ≠ 0, C ≤ T + S, that the current T + S − C is acyclic. Denoting

T^′ := T − C⌞E, S^′ := S − C⌞(R^n \ E),

we get T^′ + S^′ = T + S − C, and hence, ∂(T^′ + S^′) = ∂(T + S). On the other hand, C ≤ T + S implies C⌞E ≤ (T + S)⌞E = T,

By Remark 3.6 one has T^′ ≤ T . In the same way, S^′ ≤ S, and hence, in view of Lemma 3.7, F(T^′, S^′) < F(T, S). □

It is worth remarking that with the help of Theorem 7.4 one can easily find the estimates on masses of solutions to Problem 1.

10.2. Rectifiablity. The following result is an easy consequence of Theorem 2.1.

Theorem 10.2. Let (T, S) be a pair of real one-dimensional flat chains of finite mass satisfying F(T, S) < +∞. Then the following assertions hold:

(i) if A ≠ 0 and α < 1, then T is rectifiable;

(ii) if either B ≠ 0 and β < 1 or H is unbounded and δ < 1, then S is rectifiable. In particular, the above assertions are valid for every optimal pair solving Problem 1.

Proof. We have F(T, S) < +∞. When A ≠ 0 one has therefore M^α(T ) < +∞, and hence (i) follows from Theorem 2.1. Analogously, if B ≠ 0, then one has therefore M^β (S) < +∞, so that rectifiability of S follows from Theorem 2.1 when β < 1. Finally, if H is unbounded, then M^δ (S) < +∞, and hence rectifiability of S follows again from Theorem 2.1 when δ < 1. □

10.3. Properties of the support. We first show the existence of minimizing couples (T, S) solving Problem 1 such that T and S are concentrated on disjoint sets. Here and below solvability of Problem 1 will be always tacitly assumed.

Proposition 10.3. There is a minimizing couple (T, S) solving Problem 1 such μ_T ∧μ_S = 0. In particular, H^1(Σ_T ∩Σ_S ) = 0. Further, if either of the conditions (i)– (v) of Lemma 4.7 holds, then the above property is true for every minimizing couple (T, S) solving Problem 1.

Proof. Follows immediately from Lemma 4.6. □

We are able to prove now the following assertion which says that whenever the penalization H is concave, then there is an optimal pair of flat chains (T, S) solving Problem 1 as follows: there is a threshold d ≥ 0 such that T is concentrated on the set {x : θ_{T +S} < d}, while S is concentrated on the set {x : θ_{T +S} ≥ d}, and in certain cases every optimal pair satisfies such a condition. In other words, recalling that S stands for the flow of people using the transportation network, while T stands for that of people moving by own means, it means that the transportation network has to be constructed in the set of points where the density θ_{T +S} of the total flow of people is greater than the threshold d.

Theorem 10.4 (Bathtub principle). Assume that H is concave and unbounded, and let (T^′, S^′) be any solution to Problem 1 having μ_T ′ ∧ μ_S′ = 0 (once Problem 1 is solvable, the existence of such a pair is guaranteed by Proposition 10.3). Then there exists such an optimal pair (T, S) of flat chains solving Problem 1 that μ_T ∧ μ_S = 0 and under either of the conditions (i)–(iv) of Lemma 10.6 (with C := H^′_−(M^δ (S^′)), where H^′_− stands for the left derivative of H)

θ_S (x) = θ_{T +S} (x) ≥ d for H^1 − a.e. x ∈ Σ_{T +S} ,

θ_T (x) = θ_{T +S} (x) < d for H^1 − a.e. x ∈ Σ_{T +S} ,

for some constant d ≥ 0 (moreover, d > 0 under either of the conditions (i’)–(iii’) of Lemma 10.6). In particular, if S is rectifiable, then S is concentrated on the set {x : θ_{T +S} (x) ≥ d} and T is concentrated on the set {x : θ_{T +S} (x) < d}. Moreover, the above properties hold for all optimal pairs (T, S) satisfying μ_T ∧ μ_S = 0, if in addition one assumes that H is strictly concave.

Proof. We first note that one may restrict ourselves to consider the case S^′ ≠ 0, since otherwise it is enough to choose T = T^′, S = S^′ and d := M(∂T )/2 in view of Theorem 7.3. Now the existence of the optimal pair of flat chains solving Problem 1 follows immediately from Lemma 10.5 (for the assertion in the case of rectifiable S one has just to mind that in this case one may consider S concentrated on Σ_S ⊂ Σ_{T +S} ). □

The following assertions have been used in the above proof.

Lemma 10.5. Let (T, S), S ≠ 0, be a pair of flat chains of finite mass satisfying μ_T ∧ μ_S = 0, and the function H be concave. Under either of the conditions (i)– (iv) (resp. (i’)–(iii’)) of Lemma 10.6 there is such a constant d ≥ 0 (resp. d > 0), depending only on α, β, δ, A, B and C ∈ [H^′_+(M^δ (S)), H^′_−(M^δ (S))], where H^′_± stand stand for left and right derivatives of H respectively, and such a pair of flat chains (T^′, S^′), that T^′ + S^′ = T + S, μ_T ′ ∧ μ_S′ = 0, F(T^′, S^′) ≤ F(T, S), and

(48) θ_S′ (x) = θ_T ′_{+S}′ (x) ≥ d for H^1 − a.e. x ∈ Σ_T ′_{+S}′ ,

θ_T ′ (x) = θ_T ′_{+S}′ (x) < d for H^1 − a.e. x ∈ Σ_T ′_{+S}′ .

Moreover, if T (resp. S) is rectifiable, then so is T^′ (resp. S^′).

Furthermore, if the function H is stricly concave, and either of the properties (48) does not hold for T , S in place of T^′, S^′, then one can find a pair (T^′, S^′) as above with F(T^′, S^′) < F(T, S).

Proof. In view of assumption on C we have

H(M^δ (S) + t) ≤ H(M^δ (S)) + Ct for all t ≥ −M^δ(S),

with strict inequality when t ≠ 0 and H is strictly concave (mind in the latter case C ≠ 0 in view of the strict concavity of H). Consider the function f: R^+ → R defined by the formula f(t) := At^α − Bt^β − Ct^δ . By Lemma 10.6 there is such a d ≥ 0 that f(t) > 0 when t > d, and f(t) < 0 when t ∈ (0, d). Moreover, d > 0 if either of conditions (i’)–(iii’) of Lemma 10.6 hold. Consider the sets

Σ^+ := {x ∈ Σ_{T +S} : θ_T (x) ≥ d}, Σ^− := {x ∈ Σ_{T +S} : 0 < θ_S (x) < d}

(with Σ^− := ∅, if d = 0). Since the densities θ_T and θ_S are Borel functions then Σ^± are Borel sets so that the currents

R^+ = T ⌞Σ^+, R^− = S⌞Σ^−

T^′ = T − R^+ + R^−, S^′ = S − R^− + R^+,

are well defined, while T^′ + S^′ = T + S. Observe that the rectifiablity of T^′ (resp. S^′) follows from that of T (resp. S) since both R^+ and R^− are rectifiable in view of Lemma 7.1. We show now that F(T^′, S^′) ≤ F(T, S) with strict inequality, if H is stricly concave, and either of the properties (48) does not hold for T , S in place of T^′, S^′ (all the other announced properties of the pair (T^′, S^′) are immediate). Since R^+ ≤ T , R^− ≤ S, while μ_T ∧ μ_S = 0, then

M^α(T^′) = M^α(T − R^+ + R^−) = M^α(T ) − M^α(R^+) + M^α(R^−)

M^β (S^′) = M^β (S − R^− + R^+) = M^β (S) − M^β (R^−) + M^β (R^+)

M^δ (S^′) = M^δ (S − R^− + R^+) = M^δ (S) − M^δ (R^−) + M^δ (R^+),

and therefore,

(49)

F(T^′, S^′) ≤ F(T, S) − AM^α(R^+) + AM^α(R^−)

− BM^β (R^−) + BM^β (R^+) − CM^δ (R^−) + CM^δ (R^+).

Recalling that by Lemma 7.1 the sets Σ^± are countably (H^1, 1)-rectifiable, we get

(50)

F(T^′, S^′) ≤ F(T, S) − ∫ Σ^+ ( Aθ^α_T (x) − Bθ^β_T (x) − Cθ^δ_T (x) ) dH^1(x)+ ∫ Σ^− ( Aθ^α_S (x) − Bθ^β_S (x) − Cθ^δ_S (x) ) dH^1(x)

= F(T, S) − ∫ Σ^+

f(θ_T (x)) dH^1(x) + ∫ Σ^−

f(θ_S (x)) dH^1(x)

≤ F(T, S).

Moreover, if the first property of (48) does not hold for T , S in place of T^′, S^′, then ∫ Σ^− f(θS (x)) dH

1(x) < 0, and hence the second inequality of (50) is strict. Further, if the second property of (48) does not hold for T , S in place of T^′, S^′, then either

H^1({x ∈ Σ_{T +S} : θ_T (x) > d}) > 0,

or else H^1({x ∈ Σ_{T +S} : θ_T (x) = d}) > 0.

In the former case ∫ Σ^+ f(θT (x)) dH

1 (x) > 0, and hence again the second inequality of (50) is strict. In the latter case one still has R^+ ≠ 0, and we may consider without loss of generality H^1(Σ^−) = 0 (since otherwise the strict inequality F(T^′, S^′) < F(T, S) has already been proven), so that R^− = 0. Therefore the inequality in (49) becomes strict when H is strictly concave (because M^δ (R^+) ≠ 0), and hence the first inequality of (50) is strict, which concludes the proof. □

Lemma 10.6. Let f : [0, +∞) → R be defined by

f(t) := At^α − Bt^β − Ct^δ

with α, β, δ ∈ [0, 1] and A, B, C ≥ 0. Suppose also that either of the following conditions hold:

(i) α > β ∨ δ;

(ii) α = β > δ and A > B; (iii) α = δ > β and A > C; (iv) α = β = δ and A > B + C. Then there is a d ≥ 0 such that

f(t) ≥ 0, if and only if t ≥ d or t = 0.

Moreover, d > 0 under either of the following conditions:

(i’) (i) holds and either B ≠ 0 or C ≠ 0; (ii’) (ii) holds and C ≠ 0; (iii’) (iii) holds and B > 0.

Proof. Case (i). Suppose β ≥ δ (the other case being symmetric). Dividing by t^δ, we get f(t) ≥ 0, if and only if g(s) := As^σ − Bs − C ≥ 0, where s := t^{β−δ}, σ :=^{α−δ}_{β−δ} . Noticing that σ > 1 in the case we are considering, we get that the derivative g^′(s) = Aσs^{σ−1} −B is monotone nondecreasing (resp. strictly increasing, if A > 0). Hence, g is convex (resp. strictly convex), and minding that g(0) = −C ≤ 0 and g^′(0) = −B ≤ 0, we get the existence of some s̄ ≥ 0 such that g(s) ≥ 0, if and only if s ≥ s̄, while s̄ > 0 if either C ≥ 0 or B ≥ 0. It is enough then to set d := s̄^{1/(β−δ)}.

Case (ii). Dividing by t^δ, we get that f(t) ≥ 0, if and only if

(A − B)t^{α/δ} − C ≥ 0,

which means that one may take d := C^{δ/α}/(A − B).

Case (iii) is completely analogous to case (ii). Case (iv) Dividing by t^δ, we get that f(t) ≥ 0, if and only if

(A − B − C)t^α ≥ 0,

which means d = 0. □

Now we are able to prove that under natural conditions on problem data, the the optimal current S can be chosen to be concentrated on a closed set.

Theorem 10.7. Suppose that H is concave and unbounded and condition (ii) of Theorem 10.2 holds. Under either of the conditions (i) or (ii) of Lemma 10.6 there exists an optimal pair (T, S) solving Problem 1 such that S is a rectifiable current representable as S = θ[[Σ]], where Σ ⊂ R^n is a closed countably (H^1, 1)- rectifiable set and θ ∈ L^1(H^1⌞Σ) is u.s.c., θ(x) ≥ d for H^1-a.e. x ∈ Σ and for some d > 0. Further, if either of the conditions (i)–(v) of Lemma 4.7 holds, while H is strictly concave, then the above assertions are true for all optimal pairs (T, S) solving Problem 1.

Proof. Let the pair (T^′, S^′) solve the Problem 1, while μ_T ′ ∧μ_S′ = 0 (once Problem 1 is solvable, the existence of such a pair is guaranteed by Proposition 10.3). We may assume S^′ ≠ 0 (otherwise there is nothing to prove, since we may take, for instance, S^′ := S, θ ≡ 1 and Σ := ∅). Note now that since the assumptions (i) or (ii) of Lemma 10.6 hold, while C := H^′_−(M^δ (S)) > 0 in view of the assumptions on H, then by Theorem 10.4 combined with Theorem 10.2 we know that there exists a d > 0 and an optimal pair (T, S) solving Problem 1 and satisfying μ_T ∧ μ_S = 0, such that S is rectifiable and concentrated over the set Σ_S = {x : θ_{T +S} (x) ≥ d}.

Let η be given by Theorem 6.3 so that T + S = T_η. By Lemma 7.2(ii), minding the acyclicity of T + S one has that

H^1({x : θ_{T +S} (x) ≠ a_η(x)}) = 0.

Hence H^1(Σ_S △Σ) = 0 where Σ := {x ∈ R^n : a_η(x) ≥ d}, while Σ is closed since a_η is u.s.c. by Lemma 7.2(i). We have therefore S = a_η[[Σ]], which is as announced in the statement being proven. To conclude the the proof, it remains to observe that under either of the conditions (i)–(v) of Lemma 4.7 every optimal pair (T, S) solving Problem 1 satisfies μ_T ∧ μ_S = 0, while if H is strictly concave, then every such pair will have S concentrated over {x : θ_{T +S} (x) ≥ d}, and hence will satisfy conditions of the statement being proven. □

It is worth mentioning that Theorem 10.7 is only valid under concavity assumptions on H. In fact, in [9] it has been shown that even when A = 1, B = 0, but H(t) := { 0, t ≤ l, +∞, otherwise, then for some measures φ^+, φ^− one could have that Problem 3 admits no solutions Σ which are closed sets. In view of Theorem 9.2 this means that no solution (T, S) to Problem 1 with α = β = 1, δ = 0 and A, B and H as above has the property announced in Theorem 10.7, i.e. that S = θ[[Σ]], where Σ ⊂ R^n is a closed countably (H^1, 1)-rectifiable set, and θ(x) > 0 for H^1-a.e. x ∈ Σ.

References

[1] L. Ambrosio. Lecture notes on optimal transport problems. In Mathematical aspects of evolving interfaces, volume 1812 of Lecture Notes in Mathematics, pages 1–52. Springer-Verlag, 2003.

[2] L. Ambrosio, N. Fusco, and D. Pallara. Functions of Bounded Variation and Free Discontinuity Problems. Oxford mathematical monographs. Oxford University Press, Oxford, 2000.

[3] L. Ambrosio and B. Kirchheim. Currents in metric spaces. Acta Math., 185(1):1–80, 2000. [4] M. Bernot, V. Caselles, and J.-M. Morel. Are there infinite irrigation trees? J. Mathematical Fluid Mechanics. to appear.

[5] M. Bernot, V. Caselles, and J.-M. Morel. Traffic plans. Publicacions Matemàtiques, 49(2):417– 451, 2005.

[6] S. Bhaskaran and F.J.M. Salzborn. Optimal design of gas pipeline networks. J. Oper. Res.

Society, 30:1047–1060, 1979.

[7] Y. Brenier. The dual least action problem for an ideal, incompressible fluid. Arch. Rational Mech. Anal., 122(4):323–351, 1993.

[8] G. Buttazzo and G. Bouchitté. Characterization of optimal shapes and masses through Monge- Kantorovich equation. J. European Math. Soc., 3:139–168, 2001.

[9] G. Buttazzo, A. Pratelli, S. Solimini, and E. Stepanov. Mass transportation and urban planning problems. Forthcoming.

[10] G. Buttazzo, A. Pratelli, and E. Stepanov. Optimal pricing policies for public transportation networks. SIAM J. Optimization, 16(3):826–853, 2006.

[11] V. Caselles and J.-M. Morel. Irrigation. In F. Tomarelli and G. Dal Maso, editors, Progress in Nonlinear Diff. Equations and their Applications, volume 51, pages 81–90. Birkhäuser, 2002. VARMET 2001. Trieste, June 2001.

[12] C. Castaing and M. Valadier. Convex analysis and measurable multifunctions, volume 580 of Lecture notes in mathematics. Springer-Verlag, Berlin, 1977.

[13] T. De Pauw and R. Hardt. Size minimization and approximating problems. Calc. Var. Partial Differential Equations, 17(4):405–442, 2003.

[14] E.N. Gilbert. Minimum cost communication networks. Bell System Tech. J., 46:2209–2227, 1967.

[15] D.H. Lee. Low cost drainage networks. Networks, 6:351–371, 1976.

[16] F. Maddalena, S. Solimini, J.-M. Morel. A variational model of irrigation patterns. Interfaces and Free Boundaries, 5(4):391–415, 2003.

[17] F. Morgan. Geometric measure theory. A Beginner’s guide. Academic Press, 1987. [18] L. Simon. Lectures on geometric measure theory. Proceedings of the Centre for Mathematical Analysis, Australian National University. Australian National University, Centre for Mathematical Analysis, Canberra, 1983.

[19] S.K. Smirnov. Decomposition of solenoidal vector charges into elementary solenoids and the structure of normal one-dimensional currents. St. Petersburg Math. J., 5(4):841–867, 1994.

[20] S.M. Srivastava. A course on Borel sets, volume 180 of Graduate texts in mathematics.

Springer-Verlag, New York, 1998.

[21] B. White. The deformation theorem for flat chains. Acta Math., 183(2):255–271, 1999. [22] B. White. Rectifiablity of flat chains. Annals of Math., 150(1):165–184, 1999. [23] Q. Xia. Optimal paths related to transport problems. Communications in Contemporary Math., 5(2):251–279, 2003.

[24] Q. Xia. Boundary regularity of optimal transport paths. Preprint, 2004.

http://www.ma.utexas.edu/~qlxia/.

[25] Q. Xia. Interior regularity of optimal transport paths. Calc. Var. Partial Diff. Equations, 20(3):283–299, 2004.

Dipartimento di Matematica “U. Dini”, Università di Firenze, viale Morgagni 67/A, 50134 Firenze, Italy.

Dipartimento di Matematica “L. Tonelli”, Università di Pisa, via Buonarroti 2, 56127 Pisa, Italy.