OPTIMAL TRANSPORTATION NETWORKS AS FLAT CHAINS

EMANUELE PAOLINI AND EUGENE STEPANOV

ABSTRACT. We provide a model of optimization of transportation networks
(e.g. urban traffic lines, subway or railway networks) in a geografical area (e.g.
a city) with given density of population and that of services and/or workplaces,
the latter being the destinations of everyday movements of the former. The
model is formulated in terms of Federer-Fleming theory of currents, and allows
to get both the position and the necessary capacity of the optimal network.
Existence and some qualitative properties of solutions to the respective opti-
mization problem are studied. Also, in an important particular case it is shown
that the model proposed is equivalent to another known model of optimiza-
tion of optimal transportation network, the latter not using the language of
currents.

1. INTRODUCTION

Let T, ¢~ stand for finite Borel measures with compact support in R™ and of
equal total mass ¢ (R") = o~ (R"), the former representing the density of pop-
ulation, the latter the density of workplaces or services in some geographical area
(e.g. a city). The scope of this paper is to provide a reasonable model of choosing
a “transportation network” (e.g the set of subway, or, generally speaking, urban
traffic lines) in a city characterised by the distributions ¢*. The network to be
chosen has to facilitate the transportation of the population to the services. The
model we consider is based primarily on the Monge-Kantorovich theory of optimal
mass transport, but is expressed in terms of Federer-Fleming theory of currents.
Apart from the fact that a language of currents, as we will show later, is extremely
natural for such urban planning problems, it also allows to formulate the models
which take into consideration the degree to which the pattern of behaviour of the
population is “individualistic”. Such models allow as well to find naturally not only
the position of the network to be constructed, but also the network capacity which
is intrinsic in the model. Below we discuss in a more detailed way the formulations
of the models studied in this paper.

1.1. Transport problems. The classical Monge-Kantorovich optimal transporta-
tion problems consists in finding the the “optimal” way of transporting ™ to ™.
One of the many equivalent formulations of the latter reads as follows [8, 1]: find
a finite Borel measure fiop (called transport density) and a Borel measurable unit
vectorfield vopy in R™ (called field of transportation directions) which minimizes
the total mass u(R™) among all the couples (u,v) as above satisfying the Monge-
Kantorovich transport equation

divpy = ot — @~
in the sense of distributions.
One might easily reformulate this problem using the language of Federer-Fleming
theory of currents. In this case we identify o with zero-dimensional flat chains.
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FiGURE 1. Solutions to Monge-Kantorovich transport problem
with ¢t := 6, + 85, and ¢~ := 24, in the case (a) a = 1 and
(b) a < 1.

The respective formulation would read: find a flat chain Top: minimizing the total
mass M(T) among all the one-dimensional real flat chains T satisfying

(1) T = o™ — ™.

Clearly, once one finds Tyy; = 771,,, A pit,,,,, i.€. 71, is the orientation of Ty, while
U, is the underlying measure, one gets then jiop = pr,,, and vopy = 713, and,
vice versa, if one knows (flopt, Vopt), then one gets Topr = Vopt A fhopt-

The above Monge-Kantorvich problem formulated in terms of currents admits
the further far reaching generalization which is obtained by minimizing a generic
a-mass M* (for some given « € [0, 1]) of the current T instead of M. Namely, such
a general formulation reads as follows: find a flat chain T,,; minimizing the a-mass
M(T) among all the one-dimensional real flat chains T of finite mass satisfying (1).
The background idea of this generalization is given by the following example. Let
T 1= d,, + 05, be the sum of two Dirac masses and ¢~ := 24§, be just one Dirac
mass where the points x1, 2 and y are positioned as in Figure 1. Then the solution
of the classical problem (i.e. with o« = 1) is given by the one-dimensional real
polyhedral chain provided in Figure 1 (a), i.e. the transportation occurs along the
segments connecting the source points x1 and xo with the destination y. However,
the solution for the problem with o < 1 looks like that given in Figure 1 (b).
In other words, the role of parameter « is that of making it more convenient for
the people living in the source points to make together part of their trip to the
destination instead of moving “individually”. If one interprets the solution T,; as
an optimal transportation network which provides the movement of ™ to ¢, then
clearly it contains the information both on the directions of the movement and on
the capacity of the network in each point.

In discrete settings such models were introduced and studied for communication
networks in [14], for pipelines [6] and drainage networks in [15]. They are quite
natural in fluid mechanics (and therefore also in the traffic flow models based on
the latter) when modeling the flow of liquids in tubes subject to Poiseuille’s law
which implies the increase of resistence as the tube becomes thinner [11, 16, 5, 4].
In continuous settings such models were introduced in [23] and in a different though
equivalent formulation in [16].

1.2. Optimal transportation networks. We now propose a more general model
for choosing the optimal transportation network. In fact, suppose that one has
to provide a set of fast transportation routes (i.e. a subway and/or a set of urban
transportation lines) in a given city. We further call such routes the transportation
network to be constructed. The flow of people moving along these routes will be
modelled by a one-dimensional real flat chain S, while the flow of people moving
without the use of such routes will be modelled by a one-dimensional real flat chain
T. Tt is reasonable to suppose that the cost of using transportation network (for
example the time spent for the travel) be proportional to M?(S) with coefficient
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B > 0 and with some given 5 € [0, 1], while the cost of movement of the population
without using the network be proportional to M*(T) with coefficient A > 0 and
with some given « € [0, 1]. Then the number

W(T,S) := AM®(T) + BMP(S)

represents the overall cost of everyday movement of the population. Clearly, the
parameters « and § model the degree to which the behaviour of the population
is “individualistic” (i.e. when both are equal to one one may assume that such
a behaviour is completely individualistic, while the less they are, the more it is
convenient for the people to make part of their itinerary together). It is further
reasonable to assume that the cost of construction of the transportation network
depend only on M?(S) (in simplest applications one would have even § = 0, i.e. the
cost of construction depends only on the length of the network) according to some
given monotone nondecreasing function H: RT™ — RT. Therefore, the number

(2) 3(T,8) :=W(T,S) + HM’(S))

represents the total expenses of everyday movement of the population together with
the cost of building the transportation network. One assumes also that the total
flow of the population T + S transports ¢+ to ¢, that is, the relationship

(3) AT+ 8)=¢" -~

holds. The following quite natural minimization problem describes the optimal
choice of the transportation network.

Problem 1. Find a couple of one-dimensional real flat chains (Topt, Sopt) mini-
mizing § among all the couples of real one-dimensional flat chains (T,S) of finite
mass, satisfying (3).

Note that in the particular case B > A Problem 1 reduces to the version of the
Monge-Kantorovich problem studied in [23] and mentioned in paragraph 1.1. Some
of the qualitative properties of some particular solutions to such a transportation
problem (namely those which can be obtained as limits of solutions to appropriate
approximating discrete problems) have been studied in [25, 24].

In this paper we study the existence (Theorem 8.1) as well as qualitative prop-
erties of solutions of Problem 1 like acyclicity (Theorem 10.1), rectifiability (Theo-
rem 10.2) and properties of the support (Theorem 10.4). In particular, we provide
the conditions under which the respective solutions are rectifiable and have some
subtler regularity properties, namely, when the current S,,; representing the trans-
portation network to be constructed may be represented as a rectifiable current
concentrated on a closed set (which gives the position of the optimal network) and
with an u.s.c. density (representing network capacity) strictly greater than some
nonnegative threshold (Theorem 10.7).

As an illustration of the results obtained, we summarize in the theorem below the
assertions regarding Problem 1 under particular, though rather general conditions
on problem data, which we consider to be most interesting for applications.

Theorem 1.1. Let A > 0, o € [0,1), B > 0, H: [0,400) — [0,+00) strictly
increasing, strictly concave and unbounded (i.e. H(l) — 400 when | — +00), § €
[0,a). Let also 3 € [0,a] with A > B if 3 = a. Finally, suppose o* be finite positive
Borel measures with compact support in R"™ and such that o7 (R") = ¢~ (R").

Then Problem 1 admits a solution, i.e. there exists a pair of real one-dimensional
flat chains (Topt, Sopt) which minimizes the functional

3(T,S) = AM™(T) + BMP?(S) + H(M’(S))

among all pairs (T, S) of flat chains with finite mass and such that O(T+S) = p* —
@~ . Moreover every such optimal pair (Topt, Sopt) enjoys the following properties.
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(i) Sopt is a rectifiable current representable as Sops = 0s,,, [Lopt], where Xop;
is a compact and countably (H*,1)-rectifiable set, and the density 0, (z)
is u.s.c. and satisfies inf ey, , 0s,,(x) = 6y > 0.
(i) Topt is a rectifiable current disjoint from Sop in the sense that the measures
wr,, and s, are mutually singular. One has also that sup,cgn O, () <
0o, where O, , is the density of Tops.
(ill) Topt + Sopt is acyclic.

One should note that some of the above results are quite natural. In fact, consider
for simplicity the case when H(l) = CI for some constant C' > 0. Then it is easy
to note that the Problem 1 reduces then to the version of the Monge-Kantorovich
problem from paragraph 1.1, but with the mass MY instead of the mass M, where

g(t) == At® A (Bt? + Ct°).

In fact, if R,p; is a flat chain solving this problem, then it is rectifiable due to
the general rectifiability theorem from [22], hence R, = 0[X] for some countably
(H!, 1)-rectifiable set X, and therefore

MY (Ropt) = A/

{zeX:0(x)<d}

(4) C / 6% a3t
{zeX:0(x)>d}
= AM*(T) + BM?(S) + H(M’(S)) = §(T, S),
where d > 0 is the unique number such that Ad® = Bd” 4+ Cd’ and
T:=Rop{zeX : 0(zx) <d}, S :=Rop{r € X : 0(z) > d}.

Vice versa, if a pair (7',.5) “almost” solves Problem 1 (in the sense that §(7,.5) is
close to the infimum of § on the class of admissible pairs of flat chains), then one
can show that up to decreasing even more the functional § one may assume both 7'
and S rectifiable, while denoting R := T4+ .5, one has R = §[X] for some countably
(1, 1)-rectifiable set X, and

T=RA{zeX: f(zx)<d}, S=R{zeX: f(x)>d}
(of course, technical details omitted for the moment), and hence
MY(R) = §(T, S).

Thus once the existence of a minimizer R,,; to MY on the class of real one-
dimensional flat chains R of finite mass satisfying OR = ¢ — ¢~ is established
(which can be done, for instance, using the machinery developed in [23] for M*
instead of MY), we get the existence of a solution (T, S) to Problem 1 given by (4).
The threshold 6y from Theorem 1.1 is then given by 6y := d. Of course, the qual-
itative properties of the solution (e.g. that S may be assumed to be concentrated
on a closed set and have an u.s.c. density) are slightly more delicate even in this
simple case.

We also show that in a particular case when o« = 3 =1 and 6 = 0 the Problem 1
is naturally equivalent to a particular case of problem studied in [9] of optimiz-
ing a transportation network under condition that the prices per unit distance of
travelling with and without the help of the transportation network are constant.

The background idea we use in most of the results is the representation of normal
one-dimensional currents through measures over the appropriately metrized set of
Lipschitz-continuous paths in R™ (called further transports). The idea of using such
a representation when dealing with one-dimensional currents goes back to [19],
although in a different context such measures were already used in [7]. In context
of transportation and urban problems such measures were employed in [10, 9] and,

0% dH' + B / 0% dH +
{zeX:0(x)>d}
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implicitly, also in [16, 5]. The description of mass transportation through transports
happens to be in fact more precise with respect to that using currents.

2. NOTATION AND PRELIMINARIES

2.1. Measures. Unless otherwise explicitly stated, all the measures we will be
dealing with in the sequel are nonnegative Borel measures over R™. We denote by
¢ A 1 the maximum nonnegative Borel measure p satisfying p(e) < v(e) A ¢(e)
for all Borel e C R™. If ¢ is a signed measure, we denote by ¢¥ its positive and
negative parts respectively.

We will say that a sequence of signed Radon measures ¢, converges in narrow
sense to a signed Radon measure ¢, if [, fdo, — [, fdo as v — oo for every
bounded and continuous function f: R™ — R.

Let ©;(u, ) and O, (i, ) stand for upper and lower k-dimensional density of
the measure p in x € R™. Namely,

BB o ) i M)

O (1, x) := limsup -

p—0+ wkl)k ’ p—0+ WEpP
2.2. Currents. For basic notation on currents we refer to [17, 18]. Here we recall
rather briefly some principal facts we will use in the sequel. We will always deal
with real currents, i.e. currents with real coefficients. If T is a current, for every
open U C R" we set,

wur(U) :=sup{T(w) : suppw C U, |w||p=~ < 1}.

We set also M(T') := pp(R™) and call this quantity the mass of T. It is well
known that when M(T) < +oo, then pr defines a finite Radon measure and T is
representable as T' = 70 A pp for some unit simple k-vector field 7, in the sense
that

7(0) = [ (rrla).w(a) dur(a)

for every regular differential k-form w. In this case we set for every 6 € L'(R"; jur)

T 00w)i= [ 0a)(rr(a),wla) dur (),

and TLA := T A 14, where 14 stands for the characteristic function of a Borel set
A C R™. We say that a sequence of currents 7}, converges to a current 7" in the flat

norm (written T, EA T) whenever F(T,, — T') — 0, where
F(T) := inf{M(A) + M(B) : T = A+ 0B}.

Clearly, the topology induced by the flat norm is stronger than the weak topology
of currents. We say that T is a normal current, if M(T) < 400 and M(9T') < +o0,
and, finally, that T is a flat chain, if there is a sequence of normal currents {7, }

such that 7T, SNy

We call T a rectifiable current, if there exists a countably (3, k)-rectifiable set
¥ C R, a function § € LY(H*LY) (called multiplicity or density of T') such that
T = 70 A OHFLX, while the unit simple k-vector 7 : ¥ — R is an orientation of
¥, in the sense that for H"-a.e. x € ¥ the vector 77 () defines the approximate
tangent plane to ¥ at . In this case we write also T' = 0[] when an orientation on
Y is prescribed. One can show that if T is a flat chain with finite mass M(T') < 400,
then T is a rectifiable current, if and only if for some countably (H*, k)-rectifiable
set ¥ C R™ one has T' = T X, or, in other words, ur = pur. X (see [3, Theorem 4.5]).

A k-dimensional simplicial current is a rectifiable current [X], where ¥ C R™
is a k-dimensional simplex (i.e. a convex envelope of k + 1 points, in particular, a
segment, if £ = 1). Finally, we say that a current T is a polyhedral chain, if it can be
written as a finite linear combination of simplicial currents supported on simplices
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with mutually disjoint interiors. Polyhedral chains (and hence rectifiable currents)
are a dense subset of flat chains with respect to the flat norm.

Given a rectifiable current 7' = 0[] and a concave monotone nondecreasing
function g: RT™ — R satisfying g(0) = 0, we define the g-mass of T' by the formula

MY(T) ::/Eg(t?(z))dﬂ{k(:c).

In particular, if g(t) := ¢t for the given « € [0, 1], then the above expression defines
the a-mass of T', namely,

MO (T) := /E 0% () dH* ().

The functional MY (in particular, M®) is lower semicontinuous on rectifiable currents
with respect to the flat norm convergence (this fact can be proven by a technique
used in the proof of lemma 3.2.14 from [13]). Hence it can be extended to a lower
semicontinuous functional defined on all flat chains. In the sequel we will write M
instead of M! (and call it simply mass) as one is accustomed to.

The following easy consequence of the rectifiability theorem due to White [22,
theorem 8.1] used in the sequel is due to the fact that there exist no nonconstant
continuous curve 6: [0,1] — R having finite a-length defined by the formula

0 H/O (10 (1)) + 0/ (D)) dt
when « € [0,1).

Theorem 2.1 (White). Let T be a current such that M(T') < +oo and M*(T) <
+o0 for some a € [0,1). Then T is rectifiable.

3. SUBCURRENTS OF FLAT CHAINS

In the sequel we will be frequently using the notion of a subcurrent of a given
current as introduced in the definition below.

Definition 3.1. We say that S is a subcurrent of T', and write S < T, where T
and S are k-dimensional currents, whenever

M(T — S) + M(S) < M(T).
We now provide a series of remarks concerning the above definition.
Remark 3.2. Since the inequality
M(T — S) + M(S) > M(T)

always holds true, then S is a subcurrent of 7', if and only if the equality actually
holds.

Remark 3.3. If S <T and R < S, then R < T. In fact,

M(T) > M(S) +M(T — S) > M(R) + M(S — R) + M(T — S)
> M(R) + M(T — R),

because of the triangle inequality M(T — R) < M(T — S) + M(S — R).

Remark 3.4. Let T be a current with finite mass M(7T') < +o0 and let e C R™ be a
Borel set. Then T'Le <T'. In fact,

M(T) = pr(R™) = pr(e) + pr(R™ \ ) = M(T e) + M(T — Tee).
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Remark 3.5. Notice that S < T in general does not imply
MYT) = M*(T — S) + M*(S)

when « € [0,1) (take for example T # 0, S = T'/2). However, if S = T'_e for some
Borel set e C R™, then the above relationship holds whenever M*(T') < +o00 and
M(T) < +oo. In fact, in this case, T turns out, in view of Theorem 2.1, to be
a rectifiable current 7' = [¥] for some (H*, k)-rectifiable set ¥ C R™ and some
0 € LY(H'LY). Then

MQ(T):/ |9|ad3{k:/ |9|0‘d9{k+/ 0] dHF = M®(T — S) + M(S).
b S\e >Ne

Remark 3.6. If T is a current with finite mass M(T') < +o0, S < T, then for every
Borel set e C R™ one has SLe < T'Le. In fact, by the triangle inequality

M(TLe) < M((T — S)Le) + M(Sce)
M(TLR™ \ e) < M{(T — S).LR"\ e) + M(SLR" \ e)

for every Borel e C R", while if we sum the above inequalities, then as a result we
get an equality since S < T'. Hence the above inequalities are in fact equalities for
all Borel e C R™. In particular, this also implies

(5) pr = pr—s + s,
and hence pug < pr. On the other hand, if (5) holds, then S < T since
M(S) + M(T — S) = ps(R") + pr—s(R") = pr(R") = M(T).

The following lemma gives an easy characterization of subcurrents of flat chains
of finite mass.

Lemma 3.7. Let a current T have finite mass M(T) < 400, and assume S < T.
Then, the representation T' = 7p A\ up implies S = 70 A our, ps = our for some
Borel function o: R" — R satisfying 0 < o < 1 (in other words, S =T ANo). In
particular, if T is a rectifiable flat chain, then so is S.

Further, if T is a flat chain, then M®(S) < M*(T) for all a € [0,1]. If, moreover,
M(T — S) # 0 and M*(T) < +o0, then one has also M*(S) < M*(T) for all
a € (0,1].

Proof. By Remark 3.6 one has us < pr and hence pg = opr for some Borel function
o satistying 0 < ¢ < 1. Since according to the same remark, ur_s = ur—pus, we get
also pr—g = (1 — o)pr. Representing then S = 7g Apg and T — S = 7p_g5 A pr—g,
we get

TrAur =T =75 A s +Tr—s A pir—s = (07s + (1 — 0)Tr—5) A .

Hence, 77 = o075 + (1 — 0)7r—g, and, minding that both 77, 7¢ and 7r_g are unit
vectors, we observe that whenever o(x) > 0 one has 7g(x) = 7r(x). In particular
ots = orp and hence 75 A pug = 75 A opur = 7 A oprp. This concludes the proof of
the first claim.

If T is a rectifiable flat chain, then pur = ocH*LY for some countably (H*, k)-
rectifiable ¥ C R™ and some § € L'(X;H*), while 77 () orients the approximate
tangent plane to ¥ at x for H*-a.e. x € ¥. One has then S = 77 A 00H*LY which
means that S is still rectifiable.

Finally, let T be a flat chain of finite mass M(T) < +oo. Suppose a < 1
(otherwise the conclusion follows trivially from the definition of a subcurrent) and
M*(T) < +oo (otherwise there is nothing to prove). Then by Theorem 2.1, we
know that 7T is rectifiable, i.e. T = 70 A OHFLE with X, 6 and 7 as above. Then

M*(T) = /E 6]~ dI".
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But then S = 77 A e0HFLY and hence
M*(S) :/ lo6|™ dHF < M(T)
b

since |o] < 1. Moreover, if M*(T') < +o00, then M*(S) = M*(T") only when o =1
HF-a.e. over ¥, which means 7' = S and hence M(T — S) = 0. O

Remark 3.8. If S < T then S <T+S5. In fact, by Lemma 3.7, one has S = 70 Aour
and hence T+ S = 770 A (1 + o)ur so that uris = (1 4 o)pr which means that
T<T+S5 and hence S<T -+ S.

Lemma 3.9. Let A and B be subcurrents of T. Then A < A+ B and consequently
B < A+ B. If, moreover, ua A\ up =0, then A+ B <T.

Proof. By Lemma 3.7 we have A = mp Aoapr and B = m7p Aopur with 0 < o4 <1,
0<op <1 Then A+ B =17 A(0a+op)ur and hence pat+p = pa + pp, which
means A < A + B.

If we also suppose pua A up = 0, we will have then that o4 + op < 1. Hence
pur—a—p = (1 — o4 — op)ur. Therefore, parp + pir—a—p = pr, which means
A+B<T. O

Lemma 3.10. Let T, be a sequence of currents, S, < T,, and suppose that both
S, = S and T, — T weakly as currents as v — oo, while M(T,) — M(T). Then,
M(T') < +oo implies that S < T and M(S,) — M(S).

Proof. Consider the sequence {T, — S, } which converges to T'— .S in the weak sense
of currents. By the lower semicontinuity of M we know that
M(S) + M(T — S) < h,?;i(ng(Sv) + hkniggf M(T, — S,)
(6) < liminf[M(S, ) + M(Z, — 50)]
< liminf M(Z,) = M(T),

ie. S < T. Since we also have M(T') < M(S) + M(T — S), the inequalities in (6)
actually are equalities. Also, since M(T — S) < liminf, M(7, — S,) we obtain
M(S) = liminf, M(S,). This is also true for every subsequence of S,, hence we
have full convergence of the sequence M(S,) to M(S) as v — oo. O

We give now the following definition which will be crucial in the sequel.

Definition 3.11. Let T be a current with M(T) < +o00. We say that C is a cycle
of a current T, if C < T and OC = 0. We say that T is acyclic, if C = 0 is the
only cycle of T'.

We are able to prove now the existence of a “maximum cycle” of every current
T with finite mass, i.e. such a cycle that T'— C' is acyclic.

Proposition 3.12. Every current T with finite mass M(T) < +o0 contains such a
cycle C that T — C' is acyclic.

Proof. Let

& =sup{M(C): C is a cycle of T}.
Clearly £ < 400 since M(C') < M(T) for every cycle C of T. Also £ > 0 since C' =0
is always a cycle of T'.

Step 1. We claim that there exists a cycle C' of T such that M(C') = £. In fact,
by definition of £, there exists a sequence {C,} of cycles of T such that

M(C,) > € — %
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Clearly M(C,) < M(T) and M(9C,) = 0 so, up to a subsequence (not relabeled),
the currents C,, converge to a limit C' with 9C = 0. By Lemma 3.10 (applied with
T, :=T) the current C itself is a cycle of T and M(C') = lim, M(C,) = &.

Step 2. We only have to prove that T'— C' is acyclic. Let D be any cycle of T'—C.
Since D<T —-Cand C<Twealsohave T —C —-D<T—-CandT—-C<T so
we get (Remark 3.3) T— C — D < T and C' + D < T. Hence we actually have

M(T) — M(C) = M(T — C') = M(D) + M(T — C — D) = M(D) + M(T) — M(C + D)
ie. M(C)+M(D) = M(C + D) which reads C < C+ D. Since C+ D is a cycle of T

we have M(C' + D) < ¢ and minding that M(C') = £ we have M(D) =0 i.e. D = 0.
Since this is true for every cycle D of T'— C', we conclude that T'— C'is acyclic. O

Finally, the following easy assertion will be used in the sequel.

Lemma 3.13. Let T be a polyhedral k-dimensional chain and let S < T be its
subcurrent such that S < OT. Then S is itself polyhedral.

Proof. One has T = Zle 0;[%;], where ¥; € R™ are pairwise disjoint k-simplices,
while 0; € R. Since S < T, then by Lemma 3.7 one has S = T'A ¢ for some Borel
function o satisfying 0 < o0 < 1. For each ¢ = 1,...,k one has that ¢ is constant
over the each simplex ¥;, since otherwise one would not have 95 < 97. Hence,
S = Zle 0;0:[%:], where o; is the value of o over ¥;, or, in other words, S is still
polyhedral. O

4. CONCAVE FUNCTIONALS ON FLAT CHAINS
We give the following definition which will be crucial in the sequel.

Definition 4.1. We say that the functional T — F(T') € [0,+o0] defined on k-
dimensional real flat chains with finite mass is

(i) concave (resp. strictly concave), if the function f: [—1,+00) — R defined

by

f(@):=F(T+1tS)

is concave (resp. strictly concave) whenever F(T) < 400, S <T, S # 0.

(ii) nondecreasing, if
F(S) < F(T)
whenever S < T, S #T. We say that F is strictly increasing, if under the
same hypotheses we get a strict inequality.

Notice that the above definition of concavity of the functional F' can be viewed
as the usual concavity of F' restricted in the directions given by subcurrents. As an
example notice that M“ will be proven to be concave in this sense, but not in the
usual sense, in fact one clearly has

M~ (%T+ %(—T)) =M*(0) =0 < %M“(T) + %Ma(—T)

for every T # 0.

Remark 4.2. Suppose F' is a concave (resp. strictly concave) functional defined on
real flat chains of finite mass. If H: [0, 4+00] — [0, +0o0] is a concave (resp. strictly
concave) function, then the functional T' — H(F(T)) is concave (resp. strictly
concave). In fact, assume F'(T) < 400, S < T. If the function f: [-1,+00) — R
defined by the formula f(t) := F(T +tS) is concave (resp. strictly concave) and H
is itself concave (resp. strictly concave) then so is H o f.

Remark 4.3. Clearly, a sum of concave functionals is still concave, and is strictly
concave once at least one of the summands is concave.
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The following result shows that the functional M is concave for « € [0, 1] and
strictly concave for o € (0,1).

Lemma 4.4. Let o € [0,1], let T be a k-dimensional real flat chain satisfy-
ing M(T) < +oo, M*(T) < +oc0 and assume S < T. Consider the function
f:[-1,400) — R defined by

f(t) :=MT +tS).
The following properties hold:
(i) f is concave;
(i1) if S #0 and « € (0,1), then f is strictly concave;
(i) if « =0, then f is constant on (—1,400);
(iv) if a« =1, then f is affine;
(v) if S =0, then f is constant.

Proof. By Lemma 3.7 one has S = ¢T for some Borel function ¢ satisfying 0 < o <
1. For t > —1 one has 1 +to > 0 and priis = (1 + to)ur, so that

n n

M(T + £8) = M((1 + to)T) :/ 11+ to] dpr :/ (1+to) dpr = M(T) + tM(S),

which proves the claim for a = 1. If further, a € [0,1) and M*(T") < 400, then by
Theorem 2.1, T = 70 A OH*LY for some countably (3*, k)-rectifiable ¥ C R™ and
some 0 € L'(H*_Y), while 77() orients the approximate tangent plane to ¥ at =
for H*-a.e. x € ¥. Then, for t > —1, we get

M“(THS):/ |(1+to)9|ad9{k:/(1+to)a|9|adi]{k,
b b))

which is concave in ¢ for all « € (0, 1), and is strictly concave in ¢, if S # 0. Finally,
for the case a = 0 we have

f(t):MO(T+tS):/¢((1+ta)9)dﬂ-€k =/¢(1+w)¢(9) d3e*,

where
0, s=0,
s) =
o(s) {1, s> 0,
and hence
MYT - S), t=-1,
f) =900
MY(T), t>—1,
which is constant for ¢t > —1 and concave for ¢t > —1. O

In the following lemmata, it is convenient to represent the functional § in Prob-
lem 1 as (7', S) := F(T) + G(S), where

F(T) := AM*(T), G(S) := BM?(S) + H(M’(S)).

We formulate first a very easy auxiliary result regarding concavity of functionals F'
and G defined above.

Lemma 4.5. The functional F' is concave and nondecreasing. It is strictly concave
when A # 0 and « € (0,1). The functional G is concave and nondecreasing (resp.
strictly concave) whenever either H is concave or § = 0 (resp. either B # 0 and
B€(0,1), ord €(0,1) and H is strictly increasing and concave).

Proof. The assertion regarding F' follows from Lemma 4.4 (i),(ii). By the same
Lemma the functional S — BMP(S) is concave (resp. strictly concave when B #
0 and 8 € (0,1)). Further, if H is concave (resp. strictly concave and strictly
increasing, while ¢ € (0,1)) we get from Lemma 4.4 (i),(ii) and Remark 4.2 (minding
that H is assumed monotone nondecreasing) that the functional S — H(M?(9)) is
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concave (resp. strictly concave). Finally, if § = 0, then by Lemma 4.4 (iii) the latter
functional is constant. Putting all these facts together, one proves the assertion on
G. O

Lemma 4.6. Let F' and G be two concave, nondecreasing functionals on currents,
and let F(T,S) := F(T)+ G(S). Let T and S be real one-dimensional flat chains of
finite mass such that F(T,S) < +oo and either T or S is rectifiable. Then there are
two real one-dimensional flat chains T' and S’ of finite mass such that T' + S’ =
T+S, pr Aps =0, supp (T" 4+ S") CsuppT Usupp S and F(T7,5") < F(T,S).
If, moreover, T and S are not disjoint (in the sense that ur A us # 0) and either
F or G is strictly concave and strictly increasing, then one has the strict inequality

3(17,5") < §(T.9).

Proof. Suppose first that T is rectifiable, i.e. T = 77 A 07H'L X7 (mind that X7 C
R™ is countably (H!,1)-rectifiable, while 77(z) orients the approximate tangent
plane to X at x for Hl-ae. v € ¥). Let 0 := ur A us. If 0 # 0 (otherwise
one may just take 77 := T, S’ := S), then there is a Borel set 3 C X7 (hence
¥ is also countably (31, 1)-rectifiable) on which o is concentrated. Observe that
o(X\ Xs) =0, because

ps(E\ Es) < ps(Er \ Xs) =0,

the latter equality being valid in view of the fact that us(E \ Xg) = 0 for every
countably (3!, 1)-rectifiable set E C R™. Hence, we may assume without loss of
generality ¥ C Xg. We have also o = 0H'LX, where 0 = 07 A 0s.
Set now
»E = {r e B 75(x) = +7r(2)}.
Since SLYg is rectifiable, then so is SLY, which implies H1(X \ (XT UX7)) = 0.
Hence, minding 0 < H'LY, we get

s(2\ (SHUsT)) = 0.

We first focus our attention on ¥~ and show that one may assume without loss
of generality that o(X7) = 0. In fact, if 0(X7) > 0, the setting R := 70 AOH L X,
one gets R # 0, while, clearly, R < T and —R < S. Set now T:=T-R,S:=S+R,
and note that T+ S = T + S. Further, since T < T, we have F(T) < F(T), and
since § < S, we have G(S) < G(S) while at least one of the above inequalities is
strict, if either F' or G is strictly increasing. Thus we get F(T,5) < §(T, S) (with
strict inequality if either F' or G is strictly increasing). Hence, if one substitutes T
for T and S for S, one will find that, by construction, o(X~) = 0. Therefore, from
now on we assume without loss of generality that o is concentrated on ¥ T, and that
=Xt

For each t € [0,1] define

T, =T+ S.LY — t(T\_E + S\_E), Sy =S+TLY — (1 — t)(TI_E + SI_E)

and notice that T} +S; = T+ S. Also notice that T+ SLY is a subcurrent of both
T+ 8.3 and S+ TLY. Applying Lemma 4.7 (with T4+ SLY instead of T, S+ 7.5
instead of S and T'.X + S.¥ instead of R), we get that t — F(T3,St) is concave
(resp. strictly concave if either F' or G is so). It follows that ¢t € [0,1] — F(T%, St)
attains its minimum (resp. strict minimum) in either £ = 0 or ¢ = 1. Let T" = T},
S’ = S;. Then we have §(T77,5") < F(T,S) (resp. F(T7,5") < (T, S) under either
of the conditions (i)—(v) of Lemma 4.7 and when 7. + SLY # 0, the latter being
true when pr A pg > 0). To conclude the proof of the statement for rectifiable T,
we only have to check that pur A pg = 0. This is true by construction: in fact, if
t =0, then
T =T+ SLY, S =5-5.3
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which means that pg is concentrated on R™\ X, while 77 (R™"\X) = T, S’ (R"\X) =
S and hence

e A piss < (uz (R \ £)) A (s (R \ £)) = (uze (R™\ 5)) A (s (R™ \ ) = 0.
The case t = 1 is completely analogous, since then
T =T -TLY, S =S+T.Y,

and hence pq is concentrated outside of ¥, while T/L (R™"\X) =T, L (R"\X) = S.
The case when S is rectifiable, while 7" may be arbitrary, is considered in a
completely symmetric way. 0

Lemma 4.7. Let F and G be two concave functionals defined on real flat chains
with finite mass and let (T, S) := F(T) 4+ G(S). Suppose that T, S, R be given real
flat chains of finite mass such that R <T and R < S. Then the function

0,1] 5t F(T —tR,S — (1 —t)R)

is concave. Moreover the same function is strictly concave, if R # 0 and either F
or G s strictly concave. In particular, if § is defined as in Problem 1, then the
respective function is concave, if either H is concave, or § = 0. In this case the
same function is strictly concave, if R # 0 and either of the following conditions
hold:

(i) =0, a€(0,1) and A#0, or

(i) 6 =0, 8 € (0,1) and B #0, or

(iii) H is concave, o € (0,1) and A # 0, or

(iv) H is concave, 3 € (0,1) and B #0, or

(v) H is strictly increasing and concave, while 6 € (0,1).

Proof. From Definition 4.1 we know that both the functions
t— F(T —tR), and t— GS—(1-t)R)

are concave for ¢t € [0,1]. Tt suffices to refer now to Remark 4.3. The case when §
is as in Problem 1 follows then from Lemma 4.5. O

5. AUXILIARY LEMMATA

We will need the following auxiliary assertions on convergence of measures and
currents.

Lemma 5.1. Let ¢ be a signed finite Borel measure with compact support in R",
d(R™) = 0. Then there exists a sequence of finite weighted sums of Dirac measures
¢, such that

o — 0%, ¢ (R") =0.

Proof. Consider two sequences of of finite weighted sums of Dirac measures ¢} —
¢T and ¥, — ¢~ in the x-weak sense of measures when v — oo (note that here ¢
and v, do not denote positive and negative parts of some signed measure 1), but
just some positive measures; in fact, it may happen that ¥ A # 0).

Consider the quantity A, := ¢, (R") — ;7 (R™) and set

b =08+ Ado, by =y, if A, >0,

o =y, U =, — Ao, otherwise.
In this way we have 1/;;" (R™) = 1/;; (R™), while both measures 1/;3[ are still non-
negative. Moreover we notice that \, — 0 because ¥;* (R") — ¢*(R") as v — oo

and ¢~ (R™) — ¢T(R") = ¢(R™) = 0. In particular, A\, 69 — 0 and hence 15} — ot
x-weakly in the sense of measures as v — oc.
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We modify now 15} into ¢ so that ¢ A¢ = 0. To achieve this result we define
t = Ay and
(bf = 1/’} — My
Given any #-weakly convergent (in the sense of measures) subsequence of {yu, }, for
its limit one has u < ¢* because u, < F and 5 — ¢F xweakly in the sense
of measures as v — oo. Therefore, minding that ¢+ A ¢~ = 0, one has u = 0.
Hence, p, — 0, which implies that ¢ — ¢ x-weakly in the sense of measures as

v — oo. On the other hand, by construction, ¢ A ¢, = 0 and hence the measure
b, := ¢F — ¢ has ¢ as positive and negative parts. Moreover we easily find that

ov(R") = 6} (R") — ¢y, (R") = ¥ (R") — ¥ (R") =0,
concluding the proof. 0

Lemma 5.2. Let 1, be signed measures on R™ such that ¥, — 0 x-weakly in the
sense of measures as v — oo, suppv, C K € R, 1, (R") =0 and = (R") < +00.
Then there exists a real flat chain R, such that OR, = v, and M(R,) — 0 as
v — oo. Moreover, if 1, is a finite sum of signed Dirac masses, then one may
choose R, polyhedral.

Proof. Let R, provide the minimum of 7' — M(T) among all the flat chains T
satisfying 9T = 1,. In other words, R, solves the classical Monge-Kantorovich
optimal transportation problem of transporting ¥ to v, as announced in the
subsection 1.1. Then M(R,) is a Wasserstein distance between ¢ to v,  which
metrizes the x-weak topology of measures over the set of finite nonnegative Borel
measures over the compact K C R™. Hence, M(R, ) — 0 whenever ¢, — 0 x-weakly
in the sense of measures as v — oo. It is also well-known that if ¢, is a finite sum
of signed Dirac masses, then R, is polyhedral. (|

Lemma 5.3. Let T be a one-dimensional real normal current. Then there is a
sequence of one-dimensional real polyhedral chains T, which converges in the flat
norm to T, M(T,) — M(T) and also (OT,)* — (OT)* x-weakly in the sense of
measures as v — oo. Moreover, if T is acyclic, then one can choose T, to be acyclic
too.

Proof. Let {¢,} be a sequence of finite Borel measures constructed by Lemma 5.1
applied with ¢ := 9T'. Let also S, be one-dimensional real polyhedral chains satisfy-
ing S, EA T,M(S,) — M(T) as v — oo. By Lemma 5.2 applied with ¢, := ¢, — 95,
there is a sequence of one-dimensional real polyhedral chains R, with OR, = 1,
and M(R,) — 0. Then the current T, := S, + R, satisfy the first part of the lemma
being proven. In fact, T, LT as v — oo and M(T,) < M(S,) + M(R,). Passing
to the limit we obtain

M(T) < liminf M(T},) < lim M(S, ) = M(T),

and hence, M(T},) — M(T) as v — oco. Also (9T,)* = ¢T — (9T)* as v — oo by
construction.

If T is acyclic, we modify T}, in the following way. Let C, be the cycle of T}, given
by Proposition 3.12 such that T}, := T, — C, is acyclic. Up to a subsequence (not
relabeled), C, L Casv— o Hence, by Lemma 3.10, M(C,) — M(C) as v — oo
and C is a cycle of T. Since the only cycle of T is 0 we conclude that M(C, ) — 0,

which means that T, 27T and M(T)) — M(T) as v — oo. It remains to observe
that 0T, = 9T, = ¢,,, while by Lemma 3.13 T, is still polyhedral. O
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6. CURRENTS VERSUS TRANSPORTS

We call two Lipschitz-continuous curves 6y, s [0,1] — R™ equivalent, if there is a
continuous surjective nondecreasing function (called usually “reparameterization”)
¢: [0,1] — [0,1] such that 6;(t) = 62(¢(t)) for all t € [0,1]. Let then © stand
for the set of equivalence classes of Lipschitz-continuous paths. In this way each
0 € O can be clearly identified with some directed rectifiable curve. In the sequel
we will frequently slightly abuse the language, identifying the elements of © (i.e.
directed rectifiable curves) with their parameterizations (i.e. Lipschitz-continuous
paths parameterizing such curves), when it cannot lead to a confusion. We consider
the set © to be equipped with the distance

(7) deo(b1,02) :=inf {tren[zomi] 101(t) — 05(t)| : 0; parameterization of 0;,i = 1, 2} ,
where | - | is the Euclidean norm in R™. It is easy to see that 6, — 6 in © implies
the Hausdorff convergence of the respective traces, though the converse is clearly
not true. It is further important to mention that clearly every subset of © made
by all paths with uniformly bounded length is clearly compact with respect to the
introduced topology. This implies that the whole metric space © is o-compact (i.e.
a countable union of compact sets).

In the sequel we will also use the following notions. We say that ¢ € © is
contained in a given 6 € O, if for some parameterizations of ¢ and 6 and for some
affine nondecreasing ¢: [0,1] — [0, 1] one has 0(¢(t)) = o(¢) for all ¢ € [0, 1], which
means that o represents a “piece” of §. Finally, we call § € O an arc, if it is injective.

To each § € © we associate the integral one-dimensional current [¢] defined by
the formula

mwwié@mwwmwt

(note that the latter integral does not depend on the parameterization of 6 so it is
well defined on equivalence classes 6 € ©). We also define the parametric length of
0 as

1
00) = / 16(t)] dt.
0
Clearly, one has
M([0]) = sup{[0](w) : [[wlloo <1} < £(6).
The following rather simple assertion is valid.

Lemma 6.1. The map 0 € © — [0] is a continuous embedding of each subset
of curves from © with uniformly bounded lengths into the space of integral one-
dimensional currents endowed with weak topology of currents.

Proof. Let 0, € © be curves with uniformly bounded length, i.e. £(0,) < C' < +o0
for all v € N. One has to prove that 6, — 6 € © as v — oo implies [0, ](w) — [0](w)
for every C*° 1-form w. Consider the parameterizations of 6, with |9,,| < C for
all t € [0,1]. Since 6,(t) for all t € [0,1] and for all v € N are all contained
in some neighborhood of #, one has that the sequence 0, is weakly compact in
W12([0,1];R™). Hence, up to a subsequence (not relabeled) 6, — o weakly in
W12([0,1];R™) as v — oo for some o € W12([0,1]; R™), which in particular means
that o = 6, and hence 6, — 6 weakly in L2([0,1];R") as v — oo. Hence,

wmwéwmmwmmwelwmmwmﬁmw

as v — 00. O
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Given a transport 1 on © we define a functional 73, on 1-forms as follows

(8) Ty(w) = /@ [6](w) din(©).

The following theorem shows that 73, is a normal current under natural assumptions
on 7.

Theorem 6.2. Let n be a finite Borel measure on © satisfying
/ M([6]) dn(f) < +co.
S}
Then (8) defines a normal one-dimensional current T = T, on R™ with
oT =n(1) —n(0), where n(i) := (t;)gn, t:(0):=0(i), i=0,1.
In particular, if n(1) An(0) =0, then
@T)" =n(1),  (0T)" =n(0).
Furthermore, for all Borel sets e C R™ one has

(9) pr(e) < /@ M([6].e) diy(6).

Proof. We have to prove that T' = T;, is continuous on €*> 1-forms, has finite mass
and finite boundary mass. According to the definition of mass

M(T) :=sup{T(w): |w(z)| <1 for all z € R"}
and hence
M(T) < /@M([[G]])dn(ﬁ) < +o0.
Analogously, the relationships

ur(U) =sup{T(w): |w(z)| <1, suppw C U for all z € R"},
M([0] U) = sup{([f](w): |w(z)| <1, suppw C U for all z € R"},

for every open set U C R™ imply

pr(e) < /@ M([6] ) dn(6)

for every open set e C R™, and hence, for every Borel set e C R™. Finally, the
computation of the boundary

1<Vf(9(t))79'(t)>dt dn(9)
(U )

/@(/;%fm?dt) dn(6)

=Awwn»¢w@ﬂmw
:/ﬂmwm@— F(to(6)) dn(6)
o €]

OT(f) = T(df) = /

=/ f(a) d(n(1) = n(0)),
concludes the proof. O

It is worth mentioning that the inequality in (9) may be strict, as the following
example shows.
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Example 1. Let e;, i = 1,2 stand for the unit vectors along axis x; in R2, and
let ©1 C O be a set of paths 0 in @ = [0,1] x [0,1] admitting a parameterization
0(t) = (t,x2), t €[0,1], for some xzo € [0,1]. Define n1 by the formula

7’]1(6) = H! (to(e n @1))
for all Borel e C ©, where to(0) := 0(0). Clearly, T,,, = ex A L? Q. Analogously,

letting ©2 C O be a set of paths 6 admitting a parameterization 0(t) = (x1,t),
t €10,1], for some x1 € [0,1], and defining na by the formula

na(e) := H (to(e N O))

for all Borel e C ©, we get T, = ea AN L?.Q. Now, setting n := n1 + 12, one has
T, =T, +T,, = (e1 + e2) AL2.Q, and hence, M(T})) = V2, while

[ watonan = [ vaonan + [ (o) dn =2 > ().
S} 01 O2

We now prove a converse statement, i.e. that given a normal real one-dimensional
current T', there is a transport 7 satisfying 1" = T,.

Theorem 6.3. Given a one-dimensional acyclic real normal current T with com-
pact support, there exists a Borel measure 1 over © such that T = T, as defined

by (8) and

(10) M(r) = [ 1A(10]) dn(o).
©

Moreover, one can choose an 1 so that

(11) n(1) = (1), n(0)=(9T)",

where (OT)* are the positive and the negative part of the measure OT respectively,
while n-a.e. 0 € © is an arc.

Remark 6.4. In view of Theorem 6.2, the claim (10) is equivalent to a formally
weaker one

wnzéwmmm»

Apart from the claim (11), which is indeed used in the sequel, the above theorem
is in fact contained (though in quite different terminology) in theorem C from [19].
Since the relationship between one-dimensional flat chains of finite mass and trans-
ports is of utmost importance in the sequel, we provide here the complete and
independent proof of the result.

Before proving the above Theorem 6.3 in the general case, we need to prove a
similar assertion valid only for one-dimensional real polyhedral chains, as given by
the following lemma.

Lemma 6.5. Let T be a one-dimensional real polyhedral chain. Then there exists
a Borel measure n over © such that T =T, and

(12) wwzémew@a@wmw>

and n-a.e. 0 is supported on supp1. Further, if T is also acyclic, then one can
choose n so as to satisfy
(13) n(1) = @T)*,  n(0)=(97)".

If one does not require (13), one can choose 1 so as to have H'(0) < diamsupp T
for n-a.e. 0 € ©.
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Proof. Every one-dimensional real polyhedral chain 7' can be written as a finite

sum
T=>0,T,,

where 6, > 0 are real multiplicities, and 7, are currents associated to oriented

segments T, = [a,,b,] (called further edges of T') with non overlapping interior.
Step 1. If T is a generic one-dimensional real polyhedral chain, consider the

Lipschitz curves o, defined by o, (t) := (1 — t)a, + tb, for all ¢t € [0, 1], and set

n:=> 0,04,

where J,, is the Dirac measure concentrated on o, € ©. Clearly, we have

1) T@ =X [ bow: b -a) =3 0Inlw) = [ [l dilo)

i.e. T =T,. By construction one also has M([o]) = ¢(o) for n-a.e. ¢ € ©, and hence

(15) M(T) = 310, by — ]| = /@ t() dn(o)

while n-a.e. § C © is a segment, § C supp T, and hence H* () < diamsupp T

Step 2. To consider the case of an acyclic T, we introduce some extra no-
tation. We say that an ordered finite collection of edges (Ty,,...,Tyy), where
Ty, = [ay,,b,], i =1,...,N,is a path in T, if b,, = a,,, fori =1,...,N — 1.
We say that such a path is closed, if also b,, = a,,. Choosing 6y > 0 to be the
minimum of 6, over all v, we notice that the current

N
Dbl
i=1

is a subcurrent of T'. An acyclic T' contains therefore no closed paths. Finally, given
a path in 7', we can extend it forward, if there exists an edge 7, of T such that
ay, = by, , and backward, if there exists and edge T, such that b, = a,,.

Let T be acyclic. We consider a path with a single edge T such that 6; = 6.
We extend this path as much as possible forward and backward. At each extension
step the path is not closed, hence the path is composed by different edges. Since
there is only a finite number of edges in 7', this extension process must finish in a
finite number of steps. We obtain in this way a mazimal path containing 7. Let
(T,,,...,T,,) be this maximal path and consider the corresponding current

N
PO = Z 90Tl,1. .
i=1

Clearly, P is a subcurrent of 7" and 0Py = [by ] —[aw,]. Since this path is maximal,
there is no edge T, with endpoint b, = a,,, and thus [a,,] is a subcurrent of (07")~
Analogously [b,,] is a subcurrent of (97')". One has

o) = [ 1) dmfo

where 19 := 006,, is the Dirac measure with mass 6y concentrated on the curve
oo € O, the latter curve representing the polygonal line [a1,b1] o ... o [ay,by]
(starting at a; and ending at by). Hence 19(1) = (0FP)" and 19(0) = (0P)~

The current 177 = T — Py is itself a polyhedral acyclic current with strictly less
edges than T, because the edge T is not included in 7’. Repeating the previous
construction with 7" in place of T we find a subcurrent P; representing a path in
T’ and such that

Pi(w) = /@ [o](w) dm (o)
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with n1(1) = (0P,)* and 1,(0) = (9P;)~. A finite number of such steps will clearly
exhaust 7" and yield a decomposition T' = Zf:o P; such that the corresponding
measure 1 := Zf:o P; has the required properties. 0
We are now able to prove the general Theorem 6.3.
Proof. (of Theorem 6.3) We divide the proof in two steps.
Step 1. Given an arbitrary one-dimensional real flat chain T, we consider a
sequence 7}, of one-dimensional polyhedral chains which converges to 7" in the flat

norm and M(7,) — M(T) as v — oo, hence in particular M(T,) < M(T") + 1 for all
sufficiently large v € N. By Lemma 6.5, for each T, we find a transport 7, satisfying

T,(w) = /O [61(w) dn, (9),
M(T) = /@ M([6]) i, (6) = /@ (6) dn, (6)

for all C>° 1-forms w. Since T is acyclic, we choose T}, according to Lemma 5.3, i.e.
so that in addition (9T, )* — (OT)* in the *weak sense of measures when v — cc.
In this case by Lemma 6.5 one can choose a transport 7, satisfying additionally

(17> 771/(1> = (aTu)Jrv 771/(0> = (aTv)i'

In particular, the total masses 7, (©) are uniformly bounded.
In view of (16) we have the estimate

| 1) dn, = () < var) +1.
©

(16)

Further, without loss of generality we may assume that the traces of 7,-a.e. § € ©
are supported on some compact 2 C R™. We may invoke therefore Lemma 6.7
below, obtaining that up to a subsequence (not relabeled) 7, — 1 in the narrow
sense of measures for some finite Borel measure 7, and, moreover, that one may
pass to the limit as ¥ — oo in both sides of the first relationship of (16) obtaining
therefore T'(w) = Ty (w) for each € 1-form w, and hence T' = T,,. One shows in
addition that (11) is valid by passing to the limit as v — oo in both sides of (17).
Furthermore, note that

(18) M(T,) = /@ M([6]) di, (6)

by the second relationship of (16). Hence, minding that the functional § € © —
M([0]) is L.s.c., and hence, the integral in the right-hand side of the above relation-
ship is L.s.c. with respect to narrow convergence of 7,,, by passing to a limit in both
sides of (18) as v — oo, we deduce

M(T) = lilr/nM(T,,) = liin/@M([[H]])dn,,(G) > /@M([[H]])dn(ﬁ),

which provides (10) once one recalls Remark 6.4.
We also consider for further use the functional M’: © — R defined by

(19) M'(n) :/@E(G)dn.

It is Ls.c. with respect to the narrow convergence of measures (because the para-
metric length ¢(-) is ls.c. in ©). Hence, minding that for each 7, one has by
construction M’(n,) = M(T),), we get M'(n) < M(T) < +cc.

Step 2. Finally, for T acyclic, we consider an 7 minimizing M’ over the set E
of all the transports 1’ satisfying T' = T, as well as (10) and (11). To prove the
existence of such an 7 recall that the latter set of transports is nonempty in view of
Step 1. Consider now a minimizing sequence {7, } C E for M’. By the final remark

of Step 1 one has M'(n,) < C < +oo for some C' > 0. Further, without loss of
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generality we may assume that the traces of n,-a.e. § € © are supported on some
compact  C R™. Hence by Lemma 6.7, the sequence {17, } admits a subsequence
(further, as usual, not relabeled) converging to some transport 7 in the narrow sense
of measures, while T' = T;,, — T}, in the weak sense of currents as v — oo, and thus
T = T,. Since by the same lemma 7, (i) — 7(i), ¢ = 0,1, in the narrow sense of
measures, then also (11) holds for 7, while acting as in Step 1, we get the validity
of (10) for n. Summing up, we get n € E. Minding that M’ is l.s.c. with respect to
the narrow convergence of measures, we get that 7 is a minimizer of M’ over E.

Let f: © — © and g: ©® — © be given by Lemma 6.6. Then T}, is a cycle of
T =T,. Hence, Ty,, = 0. This means [f(#)] = 0 for n-a.e. § € ©. We have thus
[9(0)] = [0] for n-a.e. @ € ©. Hence, Ty, =T, =T, and gun € E, so

M (gyn) = /@ (g(0)) dn(6) < / 0(6) dn(6).

S}

Therefore, by the minimality of n for M’, we get £(g(0)) = £(0), hence n-a.e. § € ©
is an arc, which concludes the proof. |

The following technical assertions have been used in the proof of Theorem 6.3.

Lemma 6.6. The following assertions are valid.

(i) There is a map f: © — © measurable with respect to all transports such
that f(0) is a loop (i.e. a simple closed curve) contained in 6 € ©, such that

L(f(0)) > 1/2sup{l(o) : o is a loop contained in 0} .

(ii) Thereis a map g: © — O measurable with respect to all transports such that
for all 6 € © one has that 8 = g(0) U f(0) (as traces), [0] = [g(0)] + [f(0)].
while

£(g(0)) < £(0),

unless 0 is an arc, and, finally, g(0) = 0, if and only if 0 is an arc.

Proof. We construct a map f: © — © satisfying claim (i) as follows. For every
0 € © and = € 0 we let C(0, ) stand for the set of curves contained in 0 starting
and ending at x in the sense that

C(0,z) = {é €O:0(t) = 0((1 — t)s1 + tss)
for some 0 < 51 < 59 <1, 0(s1) = 0(s2) = :p}

In case x ¢ 6 we define C(0, x) to be a set consisting just of a single curve 6, defined
by 0,(t) := « for all t € [0, 1], i.e. of a “constant” curve the trace of which reduces
to just one point . Note that 6, € C(6,x) for all 2 € R™. Defined in this way, the
multivalued map
(0,2) €e® xR" — C(A,z) CO
is w.s.c. (as a multivalued map), and hence Borel measurable. Therefore, recalling
that /: © — R is l.s.c. one gets the Borel measurability of the single-valued map
A:0€O— sup sup{l(o) : c € C(0,2)} € R.
r€R"
Clearly, A(0) gives is the supremum of the length of the loops contained in ¢. Finally,
we define

F:0c0O— {a el Jcw®a) : o) > )\(9)/2} ce.
el

By the von Neumann-Aumann measurable selection theorem (theorem I11.22 and

II1.23 from [12], or, equivalently, corollary 5.5.8 from [20]) one can find a selec-

tion f: 6 — O of the multivalued map F which is measurable with respect to all

transports 7. Clearly, f(6) is as announced in the statement being proven.
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Define now g: © — © as a union of two curvilinear segments, by setting

9(8) := [6(0), £(8)(0)] o [f(0)(1),0(1)].
Clearly, g(0) is obtained by “cancelling” the loop f(#) from 6. The properties of
¢ announced in claim (ii) follow immediately since £(g(6)) < £(0) — \(0)/2, while
g(0) = 0, if and only if f(6) = 0, for some x € 0, i.e. when 0 is an arc. O

Lemma 6.7. Let {n,} be a sequence of nonnegative finite Borel measures over ©
with uniformly bounded total masses, and denote T, :=T,, . Assume that for some
one-dimensional real flat chain T with M(T) < 400 one has T, = T weakly in the
sense of currents, M(T,)) — M(T) as v — oo, and

M'(n,) := /@f(@) dn, < C < +o00

for all v € N, while there is such a compact @ C R"™ that for each v € N, the traces
of ny-a.e. 8 € © are supported in 2. Then there exists a transport n such that up to
a subsequence (not relabeled), n, — n (and in particular, n, (i) — n(i), i =0,1) in
the narrow sense of measures. Further, one has T = T, if either of the following
two conditions hold:

(i) all m, are concentrated on some compact subset of © (independent of v), or
(ii) T is acyclic and

M(T,) = /@M([[G]])dn,,(@)
for all v € N.

Proof. Since for every ¢ > 0 one has

ANMLMMWZ%W@>m,

we conclude
m({€(0) > c}) < Ce.

Recalling now that the set {6 € ©: £(0) < ¢,0 C Q} is a compact subset of ©, we see
that the sequence 7, is tight in the sense of measures. Hence, up to a subsequence
(not relabeled), n, — n as ¥ — oo in the narrow sense of measures for some finite
Borel measure 1 over ©. The convergence 1, (i) — n(i), i = 0,1, as v — oo follows
from the fact that a push-forward operator by means of a continuous function is
continuous with respect to narrow convergence of measures.

In the case when (i) holds, i.e. all 7, are concentrated on some compact subset
of ©, one immediately gets

nwzémwmmmﬂémwmwznw

as v — oo, and hence T' = T;,.
Consider now the case when (ii) holds, and in particular, n, are non necessarily
concentrated on some (unique) compact subset of ©. We show first that

174

(20) o(k) :=lim sup/ £(0) dn, (6) — 0 when k — +o0.
{e0)>k}
In fact, otherwise there exists a ¢ > 0 such that for a subsequence of n, (not

relabeled) one has
/ 0(0) dnu(0) > .
{£(0)>v}

Consider then 7, := n,.{¢(0) > v}, and S, := T;;. By Remark 6.9, each S, is
a subcurrent of T, and hence by Lemma 3.10 one gets that up to a subsequence
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(again not relabeled) S, — S weakly in the sense of currents as v — oo, while S is
a subcurrent of 7' and M(S) > ¢. On the other hand, since 7., — 0,

98, =m,(1) = n,(0) =0

weakly in the sense of measures as v — oo, hence 05 = 0 and, by acyclicity of T,
one gets S = 0, giving a contradiction. Hence, the claim (20) is proven.
Fix now an arbitrary regular 1-form w, and for each 0 € ©, k € N set

Fu(0) = {M@)v 06) <k,

0, otherwise.

One gets

‘ /@ [6](w) dn. () — /@ fr(0) dny(ﬁ)‘ = /{ é(e)>k}[[9]](w> dn, ()

< Jlwlloo / M([6]) din, (6) < [[w]lso / 0(0) d (0) = lwlloo (k).
[0(6)>k} {0(8)>k}

Minding that for each k fixed, by Lemma 6.1 the map f in O, one has

/ Fe(0) dn (6) — / f(0) dn(0),
e ©

as v — 00, and we arrive at the estimate
[ 56)n(6) o]t < timmint [ [8](w) dn,(6) < imsup | [8](0)dn.(6)
(] (] v (C]
< [ A)dn0) + o] ol
(]

Letting k — 400 in the above estimate and taking into account (20), we get

7,(w) = suw [ (0)an®) = [ [01) dn0) = T,()
as v — oo, which allows to conclude that 1" = T,. O

It is worth remarking that the requirement of acyclicity of the “limit current” T
in (ii) of the above Lemma 6.7 is essential as shown in the example below.

Example 2. Consider the sequence of curves in R? admitting the parameterization
0,(t) = (14 t/v)(cos(2mvt),sin(27wt)), t € [0,1], and define n, = L5y, be the
transport concentrated on 0, € © and having total mass 1/v. Define also 0(t) :
(cos(27t),sin(27t)) and let n := 65 be the transport concentrated on 0 with unit
total mass. Clearly n, — 0 in the narrow sense of measures as v — oo (in fact,

7,(0) = 1/v). On the other hand, T, EA T, # 0 as v — oo . However, this is
not in contradiction with the above Lemma 6.7 because clearly 0T, =0, i.e. T} is a
cycle.

We concentrate now our attention on the restriction to a given Borel set of the
currents of the form 7" = T,.

Proposition 6.8. Let T be a normal one-dimensional current and n be such a
transport that T' =T, and

(21) M(T) = /@ M([6]) din(6).

Then pr = ppgp @ n, i.e.

(22) pr(e) = /@ M([0]e) di(6),
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and, moreover,

(23) Tee(w) = /@ [6]e(w) dn(6),

for every Borel set e C R™, where
Phetw) = [ (00,000 i

(note that the latter integral is independent on the choice of parameterization of 6).

Remark 6.9. The relationship (21) implies also that for every Borel e C © the
current S :=Tj, . is a subcurrent of 7T'. In fact, in this case T' — S = T cc, where
e := 0\ e, and thus, by Theorem 6.2

Ammmmwx
M(T - 8) < AMM@Mmé@

Hence, summing the above inequalities, one gets
M(S) + (T~ ) < | 1A(161) dn(®) = M(T),
©
Proof. The claim (22) follows immediately since by Theorem 6.2 one has

@sAWM@mw

for every Borel set e C R™, while according to (21) the latter estimate becomes an
equality for e := R".

Since pr = ppg) ® 1, then f, — g in LY(ur) as v — oo, implies f, — ¢ in
LY (pupep) for n-a.e. € ©. We use this observation to prove the last claim (23). For
this purpose let {f,} be a sequence of smooth functions which converge to 1. in
LY(pr) as v — oo. Since pr has finite total mass, T e(w) := lim, T(f, A w). But
then

fUﬂAw%j/MMﬂAmew

/ (/f” ‘f)>dﬂ[[e]](§)> dn(6).

As we just observed, for n-a.e. § one has then

/fz/ 7'9 dM[[e]] —>/ du[[g]]( ):; [[9]]Le(w).

as v — 0o. Moreover,

[ 5410, 70©) dutn | < el | | 1t

and for n-a.e. 6 one has

/efu dpgey — ppey(e)

as v — oo. Hence,

< 2f|wlloopay (e)-

/ fu(& 79(£)) digor
Since

/ pgep(e) dn(6) < / MI([6]) dn(8) < M(T),
(C] (€]
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one also has that the functions
0 — ’/fl,<w,7'9>du[[9]]
0

is bounded by a function in L'(n). Hence by the Lebesgue convergence theorem,
we obtain the desired result (23). O

7. MASS ESTIMATES

We first announce the following technical lemma which is practically contained
in the proof of the rectifiability theorem for currents.

Lemma 7.1. Let T be a k-dimensional real flat chain with finite mass M(T') < oo,
and set

Or(z) := OF(ur, x), Yr:={r eR": 0<0r(z) < +oo}.
Then Y7 is countably (3*, k)-rectifiable, and for H*-a.e. x € L1 one has

Or (1, ¥) = O (pr, ),
while

priy = 0pHEL(Er NY)
for every countably (H*, k)-rectifiable set ¥ C R”".
Proof. We first claim

H* Y < ¢ == pr Y.
In fact, if e C X7, then

| =

oo
e= Uej, where ¢’ := {:I: €e: Op(ur,x) > =

Jj=1

b

<

and thus pr(e) = 0 implies by [2, Theorem 2.56] the estimate
3 (e!) < jur(e’) < jur(e) =0,
hence, H*(e) = 0 proving the announced claim.

Assume now that e C %7 is purely (H*, k)-unrectifiable. Then ur(e) = 0 by
theorem 3.1 from [21], and hence 3(*(e) = 0, which proves the countable (H*, k)-
rectifiability of Y.

Observe now that ¢ = 1y, and hence

¢(Br(2))
pr(Br(z))
asr — 0T for ur-a.e. v € L, and hence also for Hr-ae x € Xr. Minding that

p(Br(z)) _ o(B(x))  pr(Br(x))
wirk pr(Br(x)) wirk

— 1

we get
(24) 67;(507:6) = GZ(MTPI) and @k*((ﬁ, ZL') = @k*(,LLT, :L')

for Hk-a.e. z € Tp.
We now claim

(25) o < HE Y
In fact, if e C X7, then
e= U ej, where e; :={x € e: O (ur,z) < j}.
j=1
Hence, H*(e) = 0 implies by [2, Theorem 2.56] the estimate
pr(e;) < 283" (e;) < 2¥53*(e) = 0,
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and therefore, y7(e) = 0 proving ¢ < H*L 7.

Minding now that (25) implies O (p, x) = Ok, (¢, ) for HF-a.e. z € L7, we get
from (24) that

Or(pr, ) = Ops (pr, )

for HF-a.e. z € Tp.

Finally, to show the last claim of the statement being proven, it is enough to prove
it for an arbitrary countably (¥, k)-rectifiable set > C R™ satisfying H*(X) < +o0.
Clearly,

(26) pr(E0 ) =o(e) = [ ordit
X
We write now

pr(E\ Br) = pr (XN {0k (ur, x) = +o0}) + pr (XN {0 (ur, ) = 0}).
But

H* ({0 (ur, z) = +o0}) = 9* ﬁ{@Z(MT, x) > j}

. x . o1 . .
= inf 1 (O} (ur, @) 2 5}) < inf —pr ({OF (ur, @) 2 3})
< inf pur(R")/j =0,
J
hence, ur{O}(ur,z) = +o0})) = 0 by (25). On the other hand,

1 (S0 {01 (ur,w) = 01) = pr | (Vo € Bt O () < 1/5}

j=1
= inf pr ({2 € X2 O (pr, 2) <1/7})

2k

<inf —H*(Z) = 0.
J ]
Putting the above estimates together, we get pur(X N Xr) = 0, which together
with (26) concludes the proof of the last claim. O

Given a transport 7, we define the transiting mass function a,: R" — R by
setting
ap(z) :==n({# €O : 2 € O}).
In other words, a,(z) measures the number of people passing through the point
x € R™. We may now announce the following result.

Lemma 7.2. Let T be a one-dimensional real flat chain with compact support and
finite mass M(T') < 4o00. Let n be given by Theorem 6.3 and let O be defined as in
Lemma 7.1. Then

(i) ay is u.s.c.;
(ii) if T is acyclic, then Or(x) = a,(z) for H'-a.e. x € R™.

Proof. For each z € R™ define the function 1,: ® — R by the formula

1.(0) 1, ifzxeo,
(o) =
0, otherwise.

Clearly, 1, is u.s.c. To prove (i), it is enough therefore to observe that
@) = [ 1u(o) dnto)

and to apply Fatou’s lemma.
To prove (ii), it is enough to show that for an acyclic T one has
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(A) for each countably (H',1)-rectifiable set > C R™ one has 07(z) = a,(z) for
Hl-ae z €3
(B) Or(z) > ay(x)/2 for H'-a.e. x € R™.

In fact, the set Y7 is countably (3!, 1)-rectifiable by Lemma 7.1, and hence 7 () =
ay(z) for H'-a.e. z € X by (A). On the other hand, for H'-a.e. z & X1 one has
O7(x) = 0, and hence a,(z) = 0 by (B), which shows (ii).

We thus prove now (A) and (B). To show the validity of (A), recall that due
to Theorem 6.3, minding that n-a.e. ¢’ € © is an arc, one has for all ¢ € © the
following equalities

/M o'JLo) dn(o /5—(10 No)dn(c’)

/@(/G lm(a’)dﬂfl(x)) dn(o’):/a (/@ 1m(o’)dn(o’)) 3 ()
:/oandﬂ{l.

On the other hand, by Lemma 7.1,

MT(U):/QTd:}fl,

/HTdiHl :/andﬂfl

for every Lipschitz curve o. The latter clearly implies (A).
To prove (B) let a point x € R™ be fixed and let ¢ > 0. Consider the sets

which proves

Alz) ={o€©:z €0},

Ap(z) :=A{o € A(z): M([o].B,(x)) > p},
Al(x) = Az) \ Ap(),

C;r(x) ={0€0:0(0) € B,(x)},

C,(x) ={0€0©:0(1) € By(z)},

Cpla) = CJ (2) N C; (x).

One has 7(CE(x)) = (to1)wn(By(x)) = (OT)*(B,(x)) and hence 5(Cy(z)) <
(OT)H(B,(x)) A (GT) (By(z)) — 0 as p — 0. In particular there exists § > 0 such
that for every p < 6 one has n(C,(z)) < e.

Notice that in view of Theorem 6.3, n-a.e. ¢ € © is an arc. Hence for n-a.e.
o € A(z) if either 0(0) & B,(z) or o(1) € B,(x) one has M([c].B,(x)) > p.
This proves that (A (z) \ Cy(x)) = 0. Hence n(A)(r)) < ¢ and, consequently,
WA (2)) = N(A)) — 1(Ay(x)) > ay(z) —e.

To conclude, note that

wzl/ ([o]_B, (2)) dn(o)

2p 2
1
> 5, Ml B, @) dnte)
2(7 (an(z) — €)/2,

2p

so that for H'-a.e. z € R™ one has r(z) > (a,(x) — €)/2 and since this is true for
every € > 0, the conclusion (B) follows. O
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Theorem 7.3. If T is an acyclic one-dimensional normal current, then
1
0r(2) < SM(DT)

for H'-a.e. x € R".

Proof. If T' is an acyclic normal current, then from Theorem 6.3 one has T = T,
for some transport 7 such that 7(0) = (97)". Then, minding that X7 is countably
(H, 1)-rectifiable by Lemma 7.1, we get from Lemma 7.2(ii) that 0r(z) = a,(z)
for Hl-a.e. z € Xp. But

() < 7(O) < W(O)(E") = ZM(T),

and thus Or(z) < M(9T)/2 for H'-a.e. x € L. On the other hand, H'-a.e. on
R™\ X one has 67 = 0 (since it has been shown in the proof of Lemma 7.1 that
H ({67 = +oo}) = 0), which concludes the proof. O

The assertion below may be regarded as a version of the Sobolev-Poincaré in-
equality for one-dimensional real flat chains.

Theorem 7.4. Let T be an acyclic one-dimensional real flat chain of finite mass
M(T') < +o0 and assume that S <T. Then

1
MP(S) < W—_@M“(S)M(@T)ﬁ*a
for all « € [0,1], B € [, 1]. In particular,

M(S) < M*(S)M(OT)* ~

91—«
for every a € 0,1].

Proof. By Theorem 7.3 the claim is easily proven when S is rectifiable and T is
normal. In fact, in this case one may consider X g C X7, 05 < 07. Therefore
MOS) = [ 6% d3ct = (MOT)/2)° / (eis)ﬁ 43!
S ss \M(0T)/2

(M(0T)/2)" /Z ) (W)a A3

1
_ a B—a
= 2ﬁ—aM (S)M(OT) .

IN

To prove the claim in the general case, it is enough to note that we may assume
a < 1 (otherwise there is nothing to prove), and then the hypothesis M(T') < 400
provides M(S) < +o00, and hence, by Theorem 2.1, S is rectifiable. One may suppose
also M(0T') < +oo (otherwise there is still nothing to prove), which guarantees that
T is normal. Hence the validity of the inequality being proven follows. (]

8. EXISTENCE OF SOLUTIONS

To illustrate the developed technique we prove the existence of solutions to the
announced Problem 1 in an important particular case when the function H(-) is
concave.

Theorem 8.1. Let & be finite nonnegative Borel measures with compact support
in R™, satisfying o7 (R") = o~ (R™). Assume also the function H to be concave,
while H(l) — 400 as l — 400, A >0, a < 1, and either « > BV 3§, ora = > 0,
but A > B. Then the functional § attains its minimum value on the set of pairs of
one-dimensional real flat chains of finite mass (T, S), which satisfy (3). In other
words, Problem 1 in this case admits solutions.
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Proof. Assume the existence of such a pair of one-dimensional real flat chains of
finite mass (T, So), that O(Tp + So) = T — ¢~ and

S’(To, So) < +00

(otherwise § = 400, and hence, there is nothing to prove). Here and below for the
sake of brevity we denote ¢ := ot — ™.

We may also assume that H # +oo over (0,+00). In fact, in the opposite case
Problem 1 admits a trivial solution (T',0), where T is a real flat chain minimizing
M® among all one-dimensional real flat chains of finite mass satisfying 07" = ¢.

We divide the proof in several steps.

Step 1. We first show the existence of a minimizing sequence {(7,,S5,)} for the
functional § of pairs of real rectifiable currents, which satisfy condition (1), have
uniformly bounded masses and also satisfy condition pg, A pg, = 0.

Let {(T,S])} be an arbitrary minimizing sequence for the functional §, which
satisfies (1). Then F(7),S]) < +oo. In view of the assumption on H we have
M?(S’) < 400, and hence, one may apply Theorem 10.2, which gives rectifiability of
S7. Since M* (7)) < 400, then according to the same theorem also T, is rectifiable.
In view of Lemma 4.6 we may assume without loss of generality that ur, Aps, = 0.
In other words, for every v € N there is such a Borel set E,, C R", that

T, =T\ E, S, =S (R"\ E,).
According to Proposition 3.12 there is such a cycle C, < T + S/, that the current
T, + 5!, — C, is acyclic. Setting
T, =T, —C,LE,, S, =8 —C,L(R"\ E,),

we get T, + S, =T, + 5/, — C,, and hence,

AT, +S,) =0T, +5,) = 9.
On the other hand, from C, < T/ + S/, one gets

CoLE, < (T, +S,).E,=T,.
Due to Remark 3.6, one has T, < T). Analogously, S, < S/, and hence, applying

Lemma 3.7, we get §(7,,5,) < §(7T),5)), i.e. {(T,,S,)} is still a minimizing se-
quence for the Problem 1. Let R, := 1T, +S,. In view of acyclicity of R, we may
apply Theorem 7.4 to get

(27) M(T,) < = M*(T,)M(OR, )~ < ——

< < MR (T)IGIR)

minding that M(7,) < M*(7}) by Lemma 3.7, since T, < T, and that M(OR,) =
|¢|(R™). In the same way we get the estimate

(28) M(S)) < 575 M°(S))I9|(R™)! .

21-06
On the other hand, since F(7,,S,) < F(To, So), then for some C’ > 0 and for all
v € N the estimates

M*(T)) <C’,  M°(S,) <C’
hol, because A > 0 and the functon H is unbounded. Combining the above esti-
mates with (27) and (28), we conclude that both T, and S,, and hence also R, hav

uniformly bounded masses M.
Step 2. For every d > 0 and every real flat chain R we let

Sa(R) := RL(ZErN{0r > d}), Ti(R) := R — S4(R).

If C € [H (M°(S)), H_ (M°(S))], where H', are the left and the right derivatives
of the function H respectively, and [ > 0, we denote also

F[l,C)(R) := M*(Ty4(R)) + BMP(S4(R)) + H(l) + C(M°(Sq(R)) — 1).
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Let d > 0 be such that At® > Bt” + Ct° when t € (d, +00), and At® < BtP + Ct°
when ¢ € (0,d) (here and below we assume (0,d) := 0, if d = 0). Then clearly

(29) S(Ta(R), Sa(R)) = FIM’(54(R)), C)(R),
while

(30) $(Tu(R), Sa(R)) < F[l, CY(R)

for all [ > 0.

Consider a minimizing sequence for the functional § constructed on Step 1. Note
that since ¢ is concentrated on some ball of R™ then one may consider without loss
of generality all T, and S, (and hence also R,) to be concentrated on the same ball
(otherwise, projecting the latter curents to this ball will not change the boundary
of their sum while not increasing any of the masses M*, \ € [0, 1], and hence, not
increasing the value of §). Since the masses M(R,) are uniformly bounded, while

OR, = ¢, then up to a subsequence (not relabeled) R, % Ras v — oo in flat norm
to some real one-dimensional flat chain R satisfying OR = ¢.

Set 1, := M°(S,), and choose an arbitrary C,, € [H',(I,), H' (,)]. Observe that
C,, # 0 due to the assumption on H. Without loss of generality we may assume that
up to a subsequence (again not relabeled) I, — [ and C,, — C' to some [ € [0, +0o0]
and C € [0, +o0] as v — oo. We consider separately two possible situations.

CASE [ > 0. Then C' < +o0.

Note that the numbers [, := M°(S,) are uniformly bounded, since otherwise up
to a subsequence (not relabeled), H(l,) — 400, and hence, §(1,,S,) — +occasv —
oo, contrary to the estimate §(7,,S,) < F(To,So) < +oo for all sufficiently large
v (because the sequence {(7},,S,)} is minimizing). Therefore, | < +o0, which also
implies that C' > 0 (otherwise H' (I) = 0, which would mean, in view of concavity
of H, that H(t) = H(I) for all t > [, contrary to the assumption on unboundedness
of H). We remark finally that C' € [H' (1), H' (l)], since the functions H,, are lower
and upper semicontinuous respectively.

In view of Lemma 10.5 we may assume without loss of generality that

Os,(x) =0gr, () >d, for H' —ae. z € Bg,,
Or, () =0, (x) < d, for H' —a.e. z € U,
where the numbers d,, > 0 deend only on «, 3, §, A, B and C,, and satisfy the
relationships
0 At™ < BtP + Ct°, t e (0,d,),
(B81) At™ > BtP + Ct°, t e (d,,+00).

In other words, in view of rectifiability of S, one has S, = Sy, (R,), and hence,
T, =Ty, (R,). Thus, by (29), the equality

(32) 1imyinf 3(T,,S,) = limuinf 5(Ta,(Ry,),Sa,(R,)) =liminf F[l,,C,](R,)

v

holds.
In view of rectifiability of T,,, S, and R,, and because pur, A ps, = 0, one can
write

Fll,,CJ(R,) = / A0%, (z) dH' (z)+
SR, M{Or, (x)<dv}

Ry Ry\T)=Zdy

H(l,) - CJl,

- /Z 00 (O, (2)) A3 () + H(L) — Col,



OPTIMAL TRANSPORTATION NETWORKS AS FLAT CHAINS 29

where
gu(t) := (At*) A (Bt? + C,19),
since f,(t) := At® — Bt# — C,t° > 0 when t > d,,, and f,(t) < 0 when t € (0,d,).
For all € > 0 and for all sufficiently large v € N one has

g (t) > g°(t) := (At®) A (BtP + (C — )t°),
for all ¢ > 0. Therefore,

v

(34) liminf F'[l,,, C,](R,) > lim inf / 95 (Og, (v)) dH*(z) + H(l) — Cl,
v ERV

Since for € € [0,C) the function ¢°: RT — RT is monotone nondecreasing and
concave, and ¢°(0) = 0, then the functional

R— g g% (Or(z)) dIH* (z),

defined on rectifiable currents, defines an l.s.c. in the flat norm topology functional
M9" on the set of real flat chains according to the formula

M9 (R) := inf{lim inf /E g° (0, (z)) dH ()},

v

where the infimum is taken over all the sequences of real polyhedral chains {R, }
converging to R in the flat norm. Then

€

M (R) = [ (Orle)) 90 o),
Zr
if R is rectifiable [22]. By definition of M¢", one has therefore the inequality

(35) M9 (R) < lim inf /E ¢ (Or, (x)) dH (z).

Minding (34), we get

(36) liminf Fll,, C,)(R,) > M9 (R) + H(l) — CI.
From (36) and (32) one gets the inequality

(37) lim inf §(7,, S,) > M9 (R) + H(l) — Cl,

which, in particular, implies M9" (R) < 4-o00. Also,

M(R) < liminf M(R,) = liminf(M(T,) + M(S,)) < +o0,
since all T}, and S, have uniformly bounded masses. Therefore, from the general
theorem on rectifiability of flat chains [22], minding the definition of g and that
o < 1, we get the rectifiability of R. Thus, M¢ (R) = Js,, 97 (Or(x)) dH!(x), and
hence, the inequality (37) can be rewritten as

(38) limuinfS’(Tl,,Sl,)z/ g% (Or(x)) dH (z) + H(l) — CL.

3R
Observe that the limit d := lim,, d,, exists and satisfies

At < BtP + Ct°,  t e (0,d),
At* > BtP + Ct?, t € (d, +00).

In fact, denoting by s a limit of an arbitrary subsequence d,, (not relabeled), and
passing to a limit in (39), we get

At* < BtP 4+ Ct°,  te(0,s),
At® > BtP +Ct°,  t € (s, +00),

and hence s = d. Note also that d > 0 in view of Lemma 10.6.

(39)
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Denote by d. such a number that
At < BtP + (C —e)t®,  te(0,d.),
At® > BtP + (C —e)t®,  te (de,+o0).

Clearly, d. < d. Besides, d. > 0, if € € [0,C'), due to Lemma 10.6, while, as it has
been just proven above, d. — d as ¢ — 0F. With the above notation

wy [ o) @) -
Y AMP(Ty.(R)) + BMP (S, (R)) + (C — &)MP(Sy. (R)),

and hence,

[ a3t (@) -
T AMS(Tu(R)) + BMP(Sa(R)) + (C — )M (Sa(R))~
AM®(RLA,) + BMP(RLA,) + (C — e)M®(RLA,),
where A, :={z € R"” : d. < 0r(x) < d}. Using (38), we get
liminf, §(T,,S,) >
(42) F[I,C)(R) — AM®(RLA.) + BMP(RLA.)+
(C —e)M°(RLA,) — eM?(S4(R)),

(a1) .
+

because
F[l,C](R) = AM®(T4(R)) + BMP(S4(R)) + CM°(S4(R)) + H(l) — CI.
At last, minding (30), we get from (42) the inequality
liminf, §(T,,S,) >

F(Tu(R), Sa(R)) — AM*(RLA.) + BMP(RLA. )+
(C = )MP(RLA,) — eM?(Sy(R)) =
SR, Su(R) ~ [ (A8 (2) — BOYz) — CO}(a)) 0T ()4
(43 =
£ 0% (x) dH* (z) =
{0r(z)=>d.
B(TA(R). 84(10) - /i (405 (2) — BOy(2) — OOy (2) dO¢!(a)
M’ (S4, (R)).

The estimates sup.¢ (g, MY (R) < +oo and (40) imply

AM®(Ty(R) = sup AMO (T (R)) < +oo,
€€(0,0)
as well as BMP(S,_(R)) < +oc and, since C' > 0, then also M%(S,_(R)) < +oo for
all € € (0,C). Therefore, one may pass to a limit in ¢ — 07 in (43), arriving at the
inequality
limyinf 3(T,,Sy) > F(Tu(R), Sa(R)),

which shows that the pair (T;(R), Sq(R)) is a minimizer of the functional §.

CAsSE [ = 0.

In other words, [, := M5(Sy) — 0 as v — oo. Since S, < R,, OR, = ¢,
and all the currents R, are acyclic by construction, while § < « according to the
assumptions, then due to Theorem 7.4 M*(S,) — 0 as v — oo. Thus

liminf, §(T,,S,) lim inf, (AM®(T,) + BM?(S,) + H(M’(S,)))
lim inf, (AM®(T,) + H(M?(S,)))
liminf, (AM®(R,) + H(M?(S,)) — AM®(S,,)),

vl

and taking into account that
H(M’(S,)) — AM*(S,) = H(l,) — AM*(S,) — 0
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as v — o0, we get
liminf, §(7,,S,) > liminf, AM%(R,) > AM*(R)

Therefore, in this case the pair (R,0) is a minimizer of the functional §, which
concludes the proof. O

9. REDUCTION TO KNOWN PROBLEM FORMULATIONS

In this section we consider a particular case of Problem 1 with o = § =1
and 0 = 0 and show that such a problem is equivalent to the classical problem of
finding an optimal transportation network formulated without using the language
of Federer-Fleming currents (such a formulation is studied in [9]).

Under the assumptions « = =1 and 6 = 0 the Problem 1 can be stated in the
following way.

Problem 2. Find a couple of one-dimensional real flat chains (Topt, Sopt) mini-
mizing the functional § defined by the formula

3(T,S) = AM(T) + BM(S) + H(M°(5)),
among all the couples of real one-dimensional flat chains (T,S) of finite mass,
satisfying (3).

We now define a new functional G over couples (1,3), where 7 is a transport
(i.e. a nonnegative finite Borel measure over ©) and ¥ C R" is a Borel set. Namely,
we set

(44) G(n, %) := /O (AH'(0\ Z) + BH' (0 N'X)) dn(6).

The meaning of G(n,¥) may be explained as follows. Suppose that a single citizen
chooses a path § € © in his everyday movement. Assume ¥ to stand for the
transportation network, so that for a citizen choosing the route 6 the cost of using
this network would be proportional to (6 N'¥) (i.e. to the length of the part of
the route made with the help of the network) with coefficient B > 0. For the same
citizen, moving without the use of the network by distance ¢, is assumed to cost
At for a given A > 0. Therefore the integrand in (44) gives the individual cost of
moving along the route . If the transport 7 describes the collective behaviour of the
population, so that, heuristically, 7(6) gives the number of people choosing the route
0 in their everyday movements, then G(n, X)) gives the total cost of transportation of
the population to the services or workplaces. Clearly, for n to describe the pattern
of behaviour of the population in the above sense, one has to require

(45) n(0) =¢*, 1) =¢".
Clearly, the population as a whole chooses the way of transportation (i.e. the trans-

port 1) so as to minimize G(-,%) among all the transports satisfying (45) (called
further admissible transports. In other words, the number

MK (¢t ¢, %) :=inf {G(n,¥) : n transport satisfying (45)}

gives the cost of everyday movement of the population from their places of residence
to workplaces and/or services.

We describe now another way of obtaining the same cost M K (o™, ¢ ™, %) which
is more used in the theory of optimal transportation. Namely, rather than using
transports, it is a custom to describe the behaviour of population by so-called
transport plans, i.e. by finite positive Borel measures v over R” x R™, so that,
heuristically, v(z,y) gives the number of people moving from z to y. Mind that in
this sense a transport plan « gives much less information on the movement of the
population than the transport 7, namely, it says nothing about the routes people
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are choosing, but just describes source and destination points of the movement.
Clearly, a transport plan v has to satisfy the requirement on marginals

(46) Ty = o,

where 7F (zF,27) := 2% (such transport plans will be further called admissible).
Under the assumptions on the cost of movement made above, it is quite reason-

able to suppose that each single citizen moving from x to y would choose the route

0 € © minimizing the total cost of movement, and therefore would spend
ds(z,y) = inf {AH' (0 \ Z) + BH'(0NX): 0 €O, 0(0) ==, 6(1) =y}.

If the behaviour of the population is described by a transport plan « satisfying (46),
then the total cost of transportation of the population is given by

(47) Gonz)i= [ ds@a) o)

In [10] it has been shown that the problem of minimizing the cost G(-,¥) among
all admissible transport plan is in fact equivalent to that of minimizing the cost
G (+,X) among admissible transport plans. The precise meaning of this assertion is
given by the statement below.

Proposition 9.1. For each Borel set ¥ C R™ one has
MK (¢pt,07,%) = inf {CAT'(% ) : ~ transport plan satisfying (46)} .

Further, there is an admissible transport ' = n'(X) and a transport plan v' = ~'(X)
(both depending on X2) such that
MK(p*, 7, 5) = G(n,%) = G(Y,%).

One has that n'-a.e. 6 € O is a simple arc. Finally, if 7' is such an admissible
transport that MK (p*, 07, 3) = G(1,X), then one can take 7' = (po X p1)x1 .
Vice versa, there is a Borel measurable function q: R™ x R®™ — © such that if v
is such an admissible transport plan that MK (p*, 0™, %) = G(v/,X), then one can
take n' = quy'.

It is important to mention that since dx is easily verified to satisfy the triangle
inequality, then it is well-known that

MK (p*,¢7,5) = MK (g%, ¢, %) whenever o™ — ¢~ =gt — 3.

Supposing now that the total cost which determines the transportation network
is given by the cost of everyday movement of the population MK (o™, ™, 3) and of
the cost of constructing the network given by H(H' (X)) (i.e. depending only on the
length H!(X) of the network), we get the following natural minimization problem
to find the optimal transportation network X.

Problem 3. Find a Borel set ¥,,: C R" minimizing the functional
S ME(p", 97, %) + H(H ()
among all Borel sets ¥ C R™.

Minding the definition of MK (o™, »™,3) and the Proposition 9.1, we see that
each solution ¥,,; C R" to Problem 3 together with the respective optimal transport
Nopt =1 (Zopt) (resp. the optimal transport plan yp: 1= 7' (Z,p¢)) has to solve the
following problem.

Problem 4. Find a couple (Nopt, Zopt) (T€SP. (Yopt: Lopt)) minimizing the func-
tional F (resp. F') defined by

F(n,%) = Gn,%)+ HFH'(R)  (resp. F(7,%) = G(v, %) + HH(R))),
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among all couples (1, %) (resp. (v,%)), where n is an admissible transport (resp.
is an admissible transport plan) and ¥ C R™ is a Borel set.

Vice versa, if a couple (1opt, Zopt) (resp. (Yopts Zopt)) solves the above Problem 4,
then X,,; solves Problem 3. Clearly, a solution (nopi, Zopt) (resp. (Yopt, Zopt)) t0
Problem 4 gives both the optimal transportation network X,,; and the optimal
pattern of behaviour of the population 7op: (resp. vopt). Note also that once one
knows 7op¢ (resp. Yopt ), one can find vops (resp. 1op¢) as indicated in Proposition 9.1.

We now show that the Problem 4 with linear functions A and B is in fact equiv-
alent to Problem 2 in the sense specified by the statement below. For the sake
of brevity we will limit ourselves to the case A > B. The case A < B is quite
analogous once one observes that under this condition

G(n.%) > A [ 3(0)dy = G(n.0).
while every optimal pair (Top¢, Sopt) solving Problem 2 has S,p; = 0, since
F(T,S) = AM(T) + BM(S) + HM?(S)) > AM(T + S) = F(T + S,0)
whenever S # 0.

Theorem 9.2. Let A > B. Then the following assertions hold:

(i) Suppose (Topt, Sopt) solves Problem 2, while pr,, A ps,, = 0 (the existence
of such an optimal pair is ensured by Proposition 10.8). Let 1 :=nr, 15,
as defined by Theorem 6.3 and let ¥ := ¥s_,. Then ¥ solves Problem 3.
Further, the couple (n,%) solves Problem 4 with ¢* — ¢+ A ¢~ instead of
ot. In particular, if * and = are mutually singular, then (n,%) solves
Problem 4.

(ii) Vice versa, let (Nopt, Xopt) solve Problem 4. Let R := T, , as defined by
the relationship (8), and let S := RiX,p, T := R—S. Then (T,S) solves
Problem 2.

(111) FZTLG,”y, F(Tlopta Eopt) - S(Topt; Sopt)'

Remark 9.3. It is worth mentioning that once the existence of solutions to Prob-
lem 1 (hence in particular to Problem 2) is proven by Theorem 8.1, then the above
Theorem 9.2 would give immediately the existence of solutions to Problem 3.

Proof. Suppose that 7 is an admissible transport such that n-a.e. 6 € © is a simple
arc (note that by Proposition 9.1 this is a case whenever (1, X) solves Problem 4)
and X C R" is a Borel set. Then, letting R := T}, as defined by the relationship 8,
S:=R.¥ and T := R— S, we have that the couple of flat chains (T, S) satisfies (3)
in view of Theorem 6.2. Further, by the same theorem,

M(S) = un(E) < / M([O].) dn(6) = / 9610 1) di(6),

M(T) = (R 5) < [ W01 R\ ) (o) = [ 900\ ) o),

and hence, AM(T) + BM(S) < G(n,¥). On the other hand, MY(S) < #!(%), and
hence, F(7,5) < F(n, %).

Suppose now that the couple of flat chains of finite mass (7', S) satisfies (3), and,
further, that S is rectifiable and that both 7', S and 7'+ S are acyclic, while up
and pg are mutually singular (mind that according to Theorems 10.1 and 10.2, the
solutions to Problem 2 belong exactly to such class of couples of flat chains). Then
1 = nr+s as defined by Theorem 6.3 satisfies

n(0) = (AT +9)" =t —p" Ay,
(1) =(@(T+8)" =¢~ —¢" N,



34 EMANUELE PAOLINI AND EUGENE STEPANOV

Let ¥ := Yg as defined by Lemma 7.1. Then pg is concentrated on . Hence,
setting R := T + S, one gets S = R.X, T = R.(R™\ X). Letting n be such that
R =T, as defined by Theorem 6.3, we get from Proposition 6.8 that

M(S) = jr(S) = /O 9001 %) di(0),

M(T) = ur(R" \ £) = /O 900\ ) di(0),

and hence, G(n, %) = AM(T) + BM(S). Further, from definition of ¥ one has
MO(S) = H(2), and hence F(n,X) = (T, S), which concludes the proof. O

10. QUALITATIVE PROPERTIES OF OPTIMAL CURRENTS

Here and below we always suppose the existence of a couple of real one-dimensional
flat chains (7, S) of finite mass satisfying (3) such that §(7, S) < +oo (which means
that the minimization Problem 1 is nontrivial). We further also suppose that either
the penalization function H is concave, or § = 0.

10.1. Acyclicity. One may announce now the following easy result.

Theorem 10.1. Let (T,S) be a pair of one-dimensional real flat chains of finite
mass. Then there is such a pair of acyclic currents (T',S") that T < T, 8" < S,
F(T',8") <F(T,S) and O(T"+ S") = 9(T + S). Moreover,
(i) if A >0 and T is not acylcic, then F(T7,5") < F(T,S);
(ii) if either B > 0, or H is strictly increasing, and S is not acylcic, then
3T, 8" < 3(T,9);
(iii) If A > 0, and either B > 0, or H is strictly increasing, while T + S is not
acyclic, then T' + 8" acyclic, and F(T',5") < F(T,S).
In particular, if the pair (T,S) solves Problem 1, then A > 0 implies acyclicity if
T, and either B > 0 or strict monotonicity of H imply acyclicity of S, while if both
A >0, and either B > 0, or H s strictly increasing, then T + S is acyclic.

Proof. I T (resp. S) is acyclic, it is enough to set 77 := T (resp. S’ := S). Otherwise
in view of Proposition 3.12 it contains such a cycle C' # 0 that the current 77 :=
T — C (resp. S' :== S — O) is acyclic. By Lemma 3.7 one has M*(T") < M*(T)
(resp. M (S") < M*(S)) for all A € (0,1]. Therefore, miniding that 97" = 9T (resp.
05" = 98), we get O(T" + S5’) = (T + S), while F(7",5") < F(T,S) (with strict
inequality in cases (i) and (ii)).

We prove now (iii). According to Lemma 4.6 one may assume without loss of
generality that pur A pus = 0, i.e. there is such a Borel set £ C R”, that

T=T.FE S =S (R"\ E).
If T+ S is not acyclic, then by Proposition 3.12 there is such a cycle C' # 0,
C <T+ S, that the current 7'+ S — C' is acyclic. Denoting
T:=T-CLE, S =85 —-CL(R"\ E),
we get T+ S =T+ S —C, and hence, 9(T'+S") = (T + S). On the other hand,
C < T+ S implies
CLE<(T+S)E=T,

By Remark 3.6 one has 7" < T. In the same way, S’ < S, and hence, in view of
Lemma 3.7, §(17,5") < §(T, S). O

It is worth remarking that with the help of Theorem 7.4 one can easily find the
estimates on masses of solutions to Problem 1.
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10.2. Rectifiablity. The following result is an easy consequence of Theorem 2.1.

Theorem 10.2. Let (T,S) be a pair of real one-dimensional flat chains of finite
mass satisfying F(T,S) < +oo. Then the following assertions hold:

(i) if A#0 and a < 1, then T is rectifiable;

(ii) if either B # 0 and 8 < 1 or H is unbounded and § < 1, then S is rectifiable.

In particular, the above assertions are valid for every optimal pair solving Problem 1.

Proof. We have §(T,S) < +oo. When A # 0 one has therefore M*(7T") < +o0, and
hence (i) follows from Theorem 2.1. Analogously, if B # 0, then one has therefore
MA(S) < +o0, so that rectifiability of S follows from Theorem 2.1 when 3 < 1.
Finally, if H is unbounded, then M?(S) < 400, and hence rectifiability of S follows
again from Theorem 2.1 when § < 1. O

10.3. Properties of the support. We first show the existence of minimizing cou-
ples (T, S) solving Problem 1 such that T and S are concentrated on disjoint sets.
Here and below solvability of Problem 1 will be always tacitly assumed.

Proposition 10.3. There is a minimizing couple (T,S) solving Problem 1 such
purAps = 0. In particular, H' (X7NXg) = 0. Further, if either of the conditions (i)-
(v) of Lemma 4.7 holds, then the above property is true for every minimizing couple
(T, S) solving Problem 1.

Proof. Follows immediately from Lemma 4.6. |

We are able to prove now the following assertion which says that whenever the
penalization H is concave, then there is an optimal pair of flat chains (7, .S) solving
Problem 1 as follows: there is a threshold d > 0 such that T is concentrated on the
set {x : Orys < d}, while S is concentrated on the set {x : 07,5 > d}, and in
certain cases every optimal pair satisfies such a condition. In other words, recalling
that S stands for the flow of people using the transportation network, while T’
stands for that of people moving by own means, it means that the transportation
network has to be constructed in the set of points where the density 87,g of the
total flow of people is greater than the threshold d.

Theorem 10.4 (Bathtub principle). Assume that H is concave and unbounded, and
let (T',S") be any solution to Problem 1 having pr: A psr = 0 (once Problem 1 is
solvable, the existence of such a pair is guaranteed by Proposition 10.3). Then there
exists such an optimal pair (T, S) of flat chains solving Problem 1 that ur A jus =0
and under either of the conditions (i)-(iv) of Lemma 10.6 (with C := H' (M?(S")),
where H'  stands for the left derivative of H)

Os(x) =Orys(x) >d for H' —a.e. v € Yryg,
Or(z) =Op4s(x) < d for H' — a.e. © € Srys,

for some constant d > 0 (moreover, d > 0 under either of the conditions (i’)—(iii’)
of Lemma 10.6). In particular, if S is rectifiable, then S is concentrated on the set
{z : Opys(x) > d} and T is concentrated on the set {x : Oprg(x) < d}. Moreover,
the above properties hold for all optimal pairs (T,S) satisfying pur N ps = 0, if in
addition one assumes that H is strictly concave.

Proof. We first note that one may restrict ourselves to consider the case S’ # 0,
since otherwise it is enough to choose T' = 77, S = S" and d := M(9T)/2 in
view of Theorem 7.3. Now the existence of the optimal pair of flat chains solving
Problem 1 follows immediately from Lemma 10.5 (for the assertion in the case of
rectifiable S one has just to mind that in this case one may consider S concentrated
on Xg C Xr4s). O

The following assertions have been used in the above proof.
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Lemma 10.5. Let (T,S), S # 0, be a pair of flat chains of finite mass satisfying
ur A ps = 0, and the function H be concave. Under either of the conditions (i)-
(i) (resp. (i’)-(iii’)) of Lemma 10.6 there is such a constant d > 0 (resp. d > 0),
depending only on «, (3, 6, A, B and C € [H (M°(S)), H (M°(S))], where H/,
stand stand for left and right derivatives of H respectively, and such a pair of flat
chains (T",8"), that T' + S" =T+ S, pr Aps: =0, (T, 8") <F(T,S), and

Os/(z) =071 9(x) > d for H' — a.e. © € Spiyg,
O (:L') =0Opiig (:L') <d for H! —qe z€ Yriysr.

Moreover, if T (resp. S) is rectifiable, then so is T’ (resp. S’).

Furthermore, if the function H is stricly concave, and either of the properties (48)
does not hold for T, S in place of T', S’, then one can find a pair (T, S") as above
with (T", 8') < §(T, S).

(48)

Proof. In view of assumption on C' we have
H(M?(S)+t) < HM’(S)) +Ct  for all t > —M’(S),

with strict inequality when ¢ # 0 and H is strictly concave (mind in the latter case
C # 0 in view of the strict concavity of H). Consider the function f: R* — R
defined by the formula f(t) := At* — Bt? — Ct’. By Lemma 10.6 there is such a
d > 0 that f(t) > 0 when ¢t > d, and f(t) < 0 when t € (0,d). Moreover, d > 0 if
either of conditions (i’)—(iii’) of Lemma 10.6 hold. Consider the sets

Y= {r € Vrys: Op(x) > d}, X7 ={reXris:0<bs(x) <d}

(with ¥~ := (), if d = 0). Since the densities 67 and g are Borel functions then %+
are Borel sets so that the currents

Rt = TI_EJF, R™ =5.%"
T"=T—-R"+ R, S =S—-R +RT,
are well defined, while 7"+ 8" = T + S. Observe that the rectifiablity of T” (resp.
S’) follows from that of T (resp. S) since both Rt and R~ are rectifiable in view
of Lemma 7.1. We show now that §(77,S5") < F(T,S) with strict inequality, if H
is stricly concave, and either of the properties (48) does not hold for 7', S in place

of T’, S’ (all the other announced properties of the pair (77,5’) are immediate).
Since RT < T, R~ < S, while ur A s = 0, then

M*(T") =M*(T — R" + R™) = M*(T) - M*(R") + M*(R")

MP(S") = MP(S — R~ + RT) = MP(S) - M?(R™) + MP(R")

MC°(S") = M°(S — R~ + RT) = M°(S) — M°(R™) + M?(R"),
and therefore,
(49) F(T',8") <J(T,S)— AM*(R") + AM*(R™)

— BMP(R™) 4+ BMP(R") — CM°(R™) 4+ CM°(R™).

Recalling that by Lemma 7.1 the sets % are countably (H!, 1)-rectifiable, we get

(T, 8") < (T, 5) — /

>+

(AO%(:E) — BOY(x) — cgg(x)) 290 ()1
/ (403 (@) - BOG(2) - COY(x)) dIC ()

=§(T,9) - - f(Or(x)) dH* () + - f(0s(x)) dH' (z)
< 3(T,9).

(50)
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Moreover, if the first property of (48) does not hold for 7', S in place of 77, S’, then
Js- f(0s(x)) dH' (x) < 0, and hence the second inequality of (50) is strict. Further,
if the second property of (48) does not hold for 7', S in place of T”, S’, then either

H'({z € Brys: Op(x) > d}) >0,

or else
H'({x € Xrys: Op(x) =d}) > 0.

In the former case [y, f(0r(x))dH" (x) > 0, and hence again the second inequality
of (50) is strict. In the latter case one still has R # 0, and we may consider without
loss of generality H!(X~) = 0 (since otherwise the strict inequality §(7”,5’) <
(T, S) has already been proven), so that R~ = 0. Therefore the inequality in (49)
becomes strict when H is strictly concave (because M?(R™) # 0), and hence the
first inequality of (50) is strict, which concludes the proof. O

Lemma 10.6. Let f: [0,+00) — R be defined by
f(t):= At* — BtP — Ct°

with o, 3,8 € [0,1] and A,B,C > 0. Suppose also that either of the following
conditions hold:
(i) a>pV;
(i) a=p>0d and A > B;
(i) a=0 > and A > C;
(iv) a=p=0 and A> B+ C.
Then there is a d > 0 such that

f() >0, ifandonlyif t>dort=0.

Moreover, d > 0 under either of the following conditions:

(i) (i) holds and either B # 0 or C # 0;
(i") (i) holds and C # 0;
(iii") (u1i) holds and B > 0.

Proof. Case (i). Suppose 3 > & (the other case being symmetric). Dividing by %,
we get
f(t) >0, ifandonlyif g¢g(s):=As” — Bs—C >0,

a—

=
get that the derivative ¢/(s) = Aos®~! — B is monotone nondecreasing (resp. strictly
increasing, if A > 0). Hence, g is convex (resp. strictly convex), and minding that
g(0) = —C < 0 and ¢'(0) = —B < 0, we get the existence of some § > 0 such that
g(s) > 0, if and only if s > 5, while § > 0 if either C > 0 or B > 0. It is enough
then to set d := 5%/(F=9),

Case (ii). Dividing by ¢, we get that f(t) > 0, if and only if

>

where s := 779, ¢ := . Noticing that ¢ > 1 in the case we are considering, we

Qo

(A—B)t? —C >0,

which means that one may take d := C%/%/(A — B).
Case (iii) is completely analogous to case (ii).
Case (iv) Dividing by t°, we get that f(t) > 0, if and only if

(A—B—-O)* >0,
which means d = 0. O

Now we are able to prove that under natural conditions on problem data, the
the optimal current S can be chosen to be concentrated on a closed set.
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Theorem 10.7. Suppose that H is concave and unbounded and condition (ii) of
Theorem 10.2 holds. Under either of the conditions (i) or (i) of Lemma 10.6
there exists an optimal pair (T,S) solving Problem 1 such that S is a rectifiable
current representable as S = 0[X], where ¥ C R" is a closed countably (H*',1)-
rectifiable set and 0 € LY (H'LY) is u.s.c., 0(z) > d for H'-a.e. x € ¥ and for some
d > 0. Further, if either of the conditions (i)-(v) of Lemma 4.7 holds, while H
is strictly concave, then the above assertions are true for all optimal pairs (T, S)
solving Problem 1.

Proof. Let the pair (77, 5") solve the Problem 1, while u7s Aps: = 0 (once Problem 1
is solvable, the existence of such a pair is guaranteed by Proposition 10.3). We may
assume S’ # 0 (otherwise there is nothing to prove, since we may take, for instance,
S":=S5,0=1and ¥ :=0). Note now that since the assumptions (i) or (ii) of
Lemma 10.6 hold, while C' := H’ (M°(S)) > 0 in view of the assumptions on H,
then by Theorem 10.4 combined with Theorem 10.2 we know that there exists a
d > 0 and an optimal pair (7, 5) solving Problem 1 and satisfying ur A pg = 0,
such that S is rectifiable and concentrated over the set ¥g = {z : Opys(x) > d}.

Let 7 be given by Theorem 6.3 so that T+ .S = T;,. By Lemma 7.2(ii), minding
the acyclicity of T'+ S one has that

3 ({z : Oris(@) # an(2)}) = 0.
Hence H!(XsAY) = 0 where ¥ := {z € R": a,(z) > d}, while ¥ is closed since
a, is ws.c. by Lemma 7.2(i). We have therefore S = a,[X], which is as announced
in the statement being proven. To conclude the the proof, it remains to observe
that under either of the conditions (i)—(v) of Lemma 4.7 every optimal pair (T, S)
solving Problem 1 satisfies ur A pg = 0, while if H is strictly concave, then every
such pair will have S concentrated over {z : 07, g(z) > d}, and hence will satisfy
conditions of the statement being proven. (|

It is worth mentioning that Theorem 10.7 is only valid under concavity assump-
tions on H. In fact, in [9] it has been shown that even when A = 1, B = 0,
but

0, t<1,
H(t) = { +00, otherwise,
then for some measures ¢, ¢~ one could have that Problem 3 admits no solutions
Y which are closed sets. In view of Theorem 9.2 this means that no solution (7', S)
to Problem 1 with a = =1, =0 and A, B and H as above has the property
announced in Theorem 10.7, i.e. that S = §[X], where ¥ C R" is a closed countably
(H!, 1)-rectifiable set, and 6(z) > 0 for H'-a.e. z € 3.
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