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1. INTRODUCTION

In this paper we present new lower semicontinuity results for free discontinuity energies with
a polyconvex volume term and a jump term depending on a possibly discontinuous integrand.
Energies of this type occur in fracture mechanics when one considers quasistatic evolution of
stratified, heterogeneous materials. Moreover, scalar energies to which our results apply include
generalized Mumford—Shah type functionals.

In the last years, many mathematicians considered variational models for the evolution of the
fracture process. In [21] Francfort and Marigo presented a model for the quasistatic growth
of brittle cracks in elastic materials which is described by an integral functional including very
general bulk and crack energies. The crack growth admits a quasistatic evolution, i.e., at each
time the equilibrium is obtained by the competition between the elastic energy of the body and
the dissipation energy of the fracture process.

In other more recent papers ([13],[14],[15] and [16]) this quasistatic evolution is studied in the
framework of nonlinear elasticity. In these papers a precise mathematical formulation of the
problem is given in the SBV setting of special functions of bounded variation. The bulk energy
of the uncracked part of the body is given by

W(u) = / W(z,Vu(zx)) dx,
O\
where I' is the crack, the function v : Q\I' — IR is the unknown deformation of the body and

W(x,§) is a quasiconvex function with respect to £ which describes the material. The energy
needed to produce the crack I' admits the form

(1.1) K(T) = /k(x,u(x)) dHN T,
T

where H¥~! denotes the (N — 1)-dimensional Hausdorff measure and the function & depends on
the position x and on the orientation . This function describes the “toughness” of the material
in different locations and directions, thus including the case of heterogeneous and anisotropic
materials. The existence of the quasistatic evolution is obtained by a time discretization and by
minimizing the total energy

F(u, ) :=W(u) + £(T),
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at each discretization step.

In all papers quoted above the existence of minimizers is assured by a compactness theorem due
to Ambrosio (see [5] and [8]) and by standard hypotheses which guarantee the lower semiconti-
nuity of W and K (see [6] and [7]).

In this paper we prove that this lower semicontinuity still holds for a general integrand W of
polyconvex type and under weaker assumptions on the integrand k.

More precisely, we consider a volum term of the type

W(u) := / W(z,u(z), Vu(z)) dz,
O\r

where the integrand W : Q x IR™ x MI™ N — [0, +o0] is a Carathéodory function, polyconvex
in the last variable, satisfying

W(z,u, &) > Cle™ N (2,5,6) € Qx R™ x MI™*N

A result of the same type in SBV framework for a polyconvex energy is obtained in [24] under
different growth conditions involving all the adjoints.

Moreover we consider a surface term of the type (1.1) and we allow jumps of the function k(-, v)
by requiring only a BV dependence on x. More generally, we assume a lower semicontinuity of
k(-,v) with respect to the Cy capacity, which is satisfied in particular by the lower approximate
limit £~ (-, v) of the BV function k(-,v).

This setting seems to apply to the case of composite or stratified media, where the energy needed
to create the crack may change from point to point in a discontinuous way. More precisely, we
consider a fracture energy of the type

K i= [ bamlo)(’ (@) - u (@) an L,
Ju

where |ut — u~| is the difference of the trace of u on both sides of J,, v, is the normal to
the jump set J, and the function v depends on the material. For k(x,v) = 1 the energy was
proposed by Barenblatt in [10] (see also [25]), while in [13] and [14] the authors consider the
case where y(s) = 1.

Our lower semicontinuity theorem applies also to the model functional

(1.2) /|Vupd:c+a/]u—g|qdaz+/a_(x)dHN_1(x),
Q Q

Ju

where m = 1 and a € BV(Q2) is a bounded function such that a(x) > 0 for HV l-ae. z.
Functional (1.2) may be viewed as a generalized Mumford-Shah functional where in the image
reconstruction one emphasizes the contours contained in a given region of €2 by giving appropriate
values to the weight a.

In order to prove the lower semicontinuity of the volume term we follow the proof of the analogous
theorem in [24] which is based on a preliminary compactness result for the adjoints of SBV
functions. More precisely, we prove that by assuming, for sake of simplicity, m = N and by
considering a sequence uy,u € SBV(Q, RY) such that u, — u in L'(©, RY) and

sup {HuhHLoo(Q,JRN) + / V| da + HN?I(JU}L)} <00,
helN J



LOWER SEMICONTINUITY RESULTS 3

then there exists a subsequence {uh].} such that detVuy,; converges in the biting sense to detVu.
This extends to the SBV framework a well-known result due to Zhang (see [28]) on weak con-
vergence of determinants.

In order to prove the lower semicontinuity of the surface term we use some methods introduced
previously in [4] (see also [2], [3], [17] and [18]) for general integral functionals defined in BV.
More precisely, using an explicit construction given in [23], we get a suitable sequence of smooth
functions approximating from below the discontinuous integrand k(z, v) in (Q\ A) x IRY, where
A is an open set with arbitrarily small 1-capacity. The lower semicontinuity of the approximating
functionals is easily obtained via the chain rule formula for BV functions, while the general case
is recovered by using the capacitary quasi-potentials of the sets A.

2. NOTATION AND PRELIMINARIES

2.1. Notation. Throughout the paper N > 1, m > 1 are fixed integers and the letter ¢ denotes
a strictly positive constant, whose value may change from line to line.

Given zg € RY and p > 0, B,(x0) denotes the ball in RN centered at o with radius p. For the
sake of simplicity, we set B, = B,(0).

Let Q be a bounded open subset of IRY with Lipschitz boundary. We denote by A(f2) the family
of all open subsets A of Q2 and by B(f2) the o-algebra of all Borel subsets B of €.

Let £V denote the Lebesgue measure on IRY and HN—! the Hausdorff measure of dimension
(N —1) on RY.

2.2. Approximate limits and BV functions. If v € L. (Q;IR™) and = € ), the precise

loc
representative of u at x is defined as the unique value @(z) € IR™ such that

The set of points in 2 where the precise representative of x is not defined is called the approximate
singular set of u and denoted by S,.

Let u € L (Q; IR™) and x € Q. We say that z is an approximate jump point of u if there exist

loc

a,be R™ and v € $V 1, such that a # b and

li —aldy =0 d li —b|dy =0
Jim, lu(y) — aldy an Jim, lu(y) — bl dy

By () By (z.v)

where Bgt(ac, v):={y € By(z) : (y—x,v) 2 0}. The triplet (a,b,v) is uniquely determined by
the previous formulas, up to a permutation of a,b and a change of sign of v, and it is denoted by
(ut(z),u” (x),vu(x)). The Borel functions u™ and u™ are called the upper and lower approximate
limit of u at the point x € ). The set of approximate jump points of u is denoted by J,,.

We recall that the space BV(£; IR™) of functions of bounded variation is defined as the set of
all u € L'(Q; IR™) whose distributional gradient Du is a bounded Radon measure on € with
values in the space MI"™*N of m x N matrices.

We recall the usual decomposition

Du=Vull + DU+ (ut —u") @ v, HN "y,
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where Vu is the Radon-Nikodym derivative of Du with respect to the Lebesgue measure and
D¢ is the Cantor part of Du. For the sake of simplicity, we denote by Du = DU + (u™ —
u”) @ vy HN 7L .

We recall that the space SBV(Q; IR™) of special functions of bounded variation is defined as the
set of all u € BV(Q; IR™) such that D®u is concentrated on Sy; i.e., |D%ul(2\ Sy) = 0.

Let p > 1. The space SBVP(Q; IR™) is defined as the set of functions u € SBV(Q; IR™) with
Vu € LP(Q; MI™*N) and HN~1(S,) < co. We will say that a sequence {u,} converges to u
weakly in SBVP(Q; R™) N L>®(Q; R™) if u,(x) — u(z) almost everywhere in Q, Vu, — Vu
weakly in LP(Q; MI™N), and ||uy||oo and HY1(S,,,) are bounded uniformly with respect to n.
We define GSBV(Q; IR™) the space of generalized special functions of bounded variation as the
set of all functions u : Q — IR™ such that ¢(u) € SBViee(Q; IR™) for every ¢ € CL(IR™; IR™)
with supp(Ve¢) cC R™.

We define GSBVP(Q;IR™) as the set of functions v € GSBV(Q;R™) such that Vu €
LP(Q; MI™*N) and HN=1(S,) < oo. We will say that a sequence {u, } converges to u weakly in
GSBVP(Q; IR™) if up,u € GSBVP(Q2; R™), u,(x) — u(x) almost everywhere in Q, Vu, — Vu
weakly in LP(Q; MI™*N) and HV~1(S,,) is bounded uniformly with respect to n.

Finally, we recall a classical compactness result due to Ambrosio (see [5], [8] and [9, Theo-
rem 4.8]).

Theorem 2.1. Let {u,} be a sequence in GSBVP(Q; IR™) satisfying

sup [l + [ 1Val? e 4 BN (0,) | < oo
nelN o

Then there exists a subsequence {uy, } C GSBVP(Q; IR™) weakly converging in GSBVP(£; IR™)
to u € GSBVP(Q; IR™), i.e., up,(z) — u(x) for almost every x € Q, Vu,, — Vu weakly in
LP(; R™N) and HN_l(Junk) is equibounded.

For a general survey on the spaces of BV, SBV, SBV?, GSBV and GSBV? functions we refer
for instance to [9].

2.3. Capacity. Given an open set A C IRV, the 1-capacity of A is defined by setting

Ci(A) :=inf / |Dy|dx : e WHHRY), ¢>1 LN—ae. onA
RN
Then, the 1-capacity of an arbitrary set B C IRY is given by
Ci1(B) :=1inf{C1(A) : AD B, Aopen}.

It is well known that capacities and Hausdorff measure are closely related. In particular, we
have that for every Borel set B ¢ RN

Ci(B)=0 <=  HVNYB)=0.

Definition 2.2. Let B C IRY be a Borel set with C}(B) < 4+o00. Given ¢ > 0, we call capacitary
e-quasi-potential (or simply capacitary quasi-potential) of B a function p. € W1(IRY), such
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that 0 < @. <1 HN¥"'lae. in RY, 3. =1 HN '-ae. in B and

/ \D.|de < C1(B) + <.

RN
We recall that a function g : RN — IR is said Cj-quasi continuous if for every & > 0 there
exists an open set A, with C1(A) < €, such that g|,. is continuous on A¢ Cj-quasi lower
semicontinuous and Ch-quasi upper semicontinuous functions are defined similarly.
It is well known that if g is a W' function, then its precise representative g is Ci-quasi contin-
uous (see [19, Sections 9 and 10]). Moreover, to every BV function g, it is possible to associate
a C1-quasi lower semicontinuous and a C-quasi upper semicontinuous representative, as stated
by the following theorem (see [11], Theorem 2.5).

Theorem 2.3. For every function g € BV(Q), the approximate upper limit g+ and the approx-
imate lower limit g~ are Ci-quasi upper semicontinuous and C1-quasi lower semicontinuous,
respectively.

In particular, if B is a Borel subset of IR" with finite perimeter, then Xp is Ci-quasi lower
semicontinuous and XE is C1-quasi upper semicontinuous.

2.4. Jointly convex functions.

Definition 2.4. Let K C IR™ be a compact set and ¢ : K x K x RY — [0, 400). We say that
¢ is jointly convex if there exists a sequence of functions g; € C(K; IRY) such that

o(rt,€) = sup(g;(r) — g;(t),6)  forall (rt,§) € K x K x R".
jEN

Remark 2.5. We recall that a class of jointly convex functions ¢ can be obtained in the following
way:

¢(r,t,€) = y(Ir — 1)) (§)
where 7 is a lower semicontinuous, increasing and subadditive function with v(0) = 0 and ¢ is
convex, positively 1-homogeneous and even (see Example 5.23 in [9]).

2.5. Approximation results. We recall here a few approximation results that will be used in
the sequel.
Let w € L'(B1) be a nonnegative function. The local mazimal function M (u) is defined by

M(u)(x):sup{ ][ u(y)dy:0<p<1—|$} forallz € By .
Bp(x)
If u belongs to LP(B;) for some p > 1, then (see [27, Chapter 1])

(2.1) /Mp(u) do < c/up dz

for a suitable constant ¢ depending only on n and p.
Using maximal functions, one can get a Lusin-type approximation of SBV functions by means
of Lipschitz functions as in the next theorem due to Ambrosio (see [7, Theorem 2.3]).
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Theorem 2.6. Let u be a function from SBV(By; IR™) N L>®(By; IR™) and X\ > 0. Set
E :={x € By : M(|Du|)(z) < A}.
Then, for any p € (0,1), there exists a Lipschitz function v : B, — IR™ such that u(x) = v(x)
for LN -a.e. x € EN B, and
2m||ulloo
L—p

for some constant c¢(n), depending only on n. Moreover, if |Vu| € LP(By) for some p > 1, then,
for any C € B(By),

Lip(v, B,) < c(n)mA +

)

2¢(n)||u|| Lo
LN({z € C: M(|Dul)(z) > 2)\}) < \7P / MP(|Vu|) dz+ ()l A”L B yN=1(1,).
CN{M(|Vul)>A}
Next result, also known as Chacon’s biting lemma, allows to recover some equi-integrability from
a sequence which is only bounded in L! (see e.g. [1, Lemma 1.7] or [9, Lemma 5.32]).

Lemma 2.7. Let {u} be a bounded sequence in L*(Q;IR™). Then, there exists a subsequence
{un; } and a decreasing sequence Ey,, C B(Q2), such that LN(E,) — 0 as n — oo and the sequence
{un, } is equi-integrable in Q\ E,, for anyn € IN.

In view of this lemma it is then natural to set the following definition.

Definition 2.8. Let {u;} be a bounded sequence in L'(Q; IR™). We say that {u} converges
in the biting sense to u € L1(£; IR™) if there exists a decreasing sequence E,, C B(2), such that
LN(E,) — 0as n — oo and u — u weakly in L'(Q\ E,; IR™) for any n € IN.

Thus, Lemma 2.7 above simply states that given any bounded sequence in L', there exists always
a subsequence converging to some L' function in the biting sense.
Let us state also the following simple lemma (see Theorem 1.2 of [5]).

Lemma 2.9. Let {u;} C LY(Q, IR™) be an equi-integrable sequence, u € L*(Q, IR™), and let us
assume that
liminf/ lup, — w|dx > /\u — w|dz,

h—+4o00
Q Q

for every w € LY (2, IR™). Then uy, weakly converges to u in L*($2, IR™).

We recall that a function W : MI™*N — (—o0,400] is polyconver if there exists a convex
function G : R™ — (—o00, +00] such that

W) =GM(E)) for all £ € MI™*N

where M (£) is the vector whose components are all the minors of the matrix £ and 7 = 7(N,m) is
the dimension of M(§). For k =1,..., N Am, we denote by adj;¢ the vector whose components
are the minors of the matrix £ of order k. We denote the dimension of adj,& by 7;. Notice that
= (3) ()

In the next lemma, using the same argument as in the proof of Theorem 1.1 in [22], we obtain
the lower semicontinuity for a functional whose integrand is the supremum of convex functions.
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Lemma 2.10. Let h,hj : Q x IR™ x IR™ x RN — [0,4), j € IN, be Borel functions, convex
and positively 1-homogeneous in the last variable and such that

h(z,rt,&) = sup hj(x,rt,§) for all (x,r,t,€) € (2\ No) x R™ x R™ x RN,
jeN

where No C Q is a Borel set with HYN~Y(Ng) = 0. If the functionals Fn; (-,Q) defined by

Fn,(u) = / hj(z,u™,ut vy) dHY !
QNJy

are weakly lower semicontinuous in SBVP(Q; IR™), then Fy, defined similarly, is weakly lower
semicontinuous in SBVP(; IR™) too.

3. SEMICONTINUITY RESULTS

For every A € A(f2) and every u € GSBVP(Q; R™), p > 1, we set

G(u,A):/W(x,u,Vu)dx—i— / h(x,u™,ut, vy) dHY L,
ANdy,

(3.1)
F(u,A):G(u,A)+/]u—U0qu,

where ¢ > 1, W : Q x IR™ x M[™*N — [0, 4-00] is a Carathéodory function, h : Q x IR™ x IR™ x
RN — [0, +00) is a Borel function and Uy : Q — IR™ belongs to L>(£; IR™).

Our aim is to prove a lower semicontinuity theorem for this functional, along sequences {u,} in
GSBVP(Q; IR™) such that u, () — u(z) for almost every x € Q and ||Vuy|ly, HY"(Jy,) are
uniformly bounded with respect to n € IN.

As the lower semicontinuity of the last term in F' is trivial, the result can be obtained proving,
for every A € A(Q), the lower semicontinuity of the two functionals

(3.2) (u, A) H/W(x,u,Vu) dx and / h(z,u™,u™, vy) dHY !

separately.

We shall first discuss the lower semicontinuity of the surface term. As we said in the introduction
the new feature of the results presented here is that the function A may possibly be discontinuous
with respect to x and in the first part of this section we shall consider different structure
assumptions on h. Concerning the volume term, a result due to Ambrosio [9, Theorem 5.29]
settles the quasi-convex case (see also [7] and [26]) under suitable growth conditions. However,
for possible applications to fracture mechanics it is more natural to specialize to polyconvex
integrands, where more general growth assumptions are allowed. This case will be discussed in
the second part of this section.

3.1. Lower semicontinuity of the surface term. Next result is an almost straightforward
generalization of Theorem 5.22 in [9]. However, since it is going to be a key ingredient for
proving the more general Theorem 3.3, we present it here in details.
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Proposition 3.1. Let a: Q — [0, 4+00) be a locally bounded function belonging to W1 (Q) and
coinciding with its precise representative and ¢ : IR™ x R™ x RN — [0,4+00) be a jointly convex
function. Then, for every {u,} C SBVP(; R™) and v € SBVP(Q; IR™) such that up(z) — u(x)
for almost every x € Q0 and

sup ||UnH°°+/vun’pdx+HN1(Jun) < +oo,
nelN o

we have

(3.3) /a(w)qb(u ut,vy) dHY L < lim inf / a(x)p(u, ,ul vy, ) dHY L.

n—-4o0o
QNJy, QNJu,,

Proof. We argue as in the proof of Theorem 5.22 in [9] with the obvious modifications due to
the explicit dependence on the spatial variable x.
Let

C := sup \un|loo+/|Vun|pdx—l—'HNI(Jun)
neN o

and B(0,C) C IR™ be the closed ball of radius C, centered at the origin. By the definition of
jointly convex function and taking into account that ¢ is nonnegative, there exists a sequence
of functions g; € C(B(0,C); RY) such that

¢(r,t,&) = sup [(g;(r) — g;(t),£) vV O].

jeIN
By Lemma 2.10, it is enough to prove the lower semicontinuity for functionals of the type
(3.4) U — / [(a(x)(g(uﬂ — g(u_)), vy) V O] dHNT.
QNJy

It is not restrictive to assume that g € C5°(R™; IR™), since the general case can be obtained by a
standard approximation as in [9, proof of Theorem 5.22]. Let us now fix ¢ € C3(2), 0 <+ < 1.
The lower semicontinuity of the functional in (3.4) will follow if we prove the continuity of

v — / )~ g(u™)), va)] D(a) dHNL.

QNJy

Using the chain rule formula for BV functions (see [9, Theorem 3.9, Example 3.97]), we have

/ia@»@@ﬁ)—gw>m»wdHN1——1/awwimmguwm»dx

QNJy

—/wmﬂva> dm—/¢ £)tr [Vg(u(x)) - Vu(x)) dz.

Q
Notice that

(3.5) /a(l‘)Wﬂ)(w),g(U(fﬂ)»dw: lim [ a(z)(V (), g(un(x))) da;

Q
(3.6) /¢($) (Va(z), g(u(z))) dez = lim /1/1(36) (Va(z), g(un(x))) dx ;
Q
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(3.7) /w 2)tr [Vo(u(@)) - V(@) dz = Tim /w ) tr [V (un(z)) - V(@) da

n—-4o0o

In fact, since g is continuous, {g(u,)} converges almost everywhere to g(u) and is equibounded
in L>°(£2). Thus, taking into account that aV¢ and 1/Va belong to L'(Q; RY), (3.5) and (3.6)
hold. In order to prove equality (3.7), we observe that avy € L*>(R), Vg(u,) — Vg(u) strongly
in Lp/(Q; MIN*MY) and Vu,, — Vu weakly in LP(Q; MI™*N). This concludes the proof. OJ

Proposition 3.2. Let a: Q — [0,4+00) be a locally bounded function from W1(Q), coinciding
with its precise representative, 7 : [0, +00) — [0, +00) be a lower semicontinuous, increasing and
subadditive function such that v(0) =0, and ¢ : RN — [0,400) be a convex, even and positively
1-homogeneous function. Then, for every {u,} C GSBVP(Q; R™) and u € GSBVP(; R™) such
that up(z) — u(z) for almost every x € Q and

(3.8) sup /[Vunp de+HY "1, | < +oo,
nclN
we have
(3.9) / () (fut — u[)p(v) dHY < limjof / a(epy(ud — us o) MV
n—-+oo
QN QN Ju,,

Proof. Firstly we assume that
sup |||unlloo + / |V |P de +HYN 1 (J,,) | < +oo.
nelN

By Remark 2.5, the function ¢(r,t,v) = ~(|r — t|)p(v) is jointly convex; moreover, u,,u €
GSBVP(Q; IR™) N L*>®(Q2; IR™) C SBVP(Q; IR™). Hence, by Proposition 3.1 the thesis follows.

The general case u,,u € GSBVP(Q; IR™) satisfying (3.8) can be obtained as in the proof of
Theorem 3.7 in [6]. O

We extend now the last result to a more general case, pointing out that this is the most signi-
ficative case in the framework of quasi-static models in mechanics of fractures (see [14]).

Theorem 3.3. Let k: Q x RY — [0,4+00) be a locally bounded Borel function satisfying
(3.10) k(-,€) is Cy-quasi lower semicontinuous for every & € RN ;

(3.11) k(x,-) is convex and positively 1-homogeneous in IRY for every z € Q;
(3.12) k(x,€) = k(z,—&) for every (z,€) € @ x RV ;

(3.13) k(z,€) >0 for every (z,€) € (2\ Np) x (IRV \ {0}), where HN~Y(Ny) = 0.

Let : [0, +00) — [0, +00) be a locally bounded, lower semicontinuous, increasing and subadditive
function such that v(0) = 0. Then, for every u, C GSBVP(Q; R™) and uw € GSBVP(Q); R™)
such that uy(x) — u(x) for almost every x €  and

sup / \Vun|P de +HYN 1 (J,,) | < +oo,
nelN
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we have

(3.14) / (™ — u|)k(z, ) dHY ! < Tim inf / (s = us (e, v, ) dHN 1

n—-+o0o
QNJy, QNJu,,

Proof. Step 1. We follow some ideas contained in the proof of Theorem 3.6 in [4]. Notice that
since k is locally bounded in  x IRY and positively 1-homogeneous with respect to &, for any
open set ' CC €, there exists a constant A’ = A’(£)’) such that

(3.15) 0<k(x,&) <N|¢|  forall (z,6) € ¥ x RN .
Condition (3.15), together with the convexity of k& with respect to £ immediately yields that
(316) |]{?(ZE,£1) - k(x7£2)’ < CUA/‘gl - €2| for all ($,§1)7 (.’13762) € x BN7

for some constant ¢y > 0. Let us now fix h € IN and a dense sequence {&;} C IRN. Thanks
to (3.10) for all i there exists an open set A;, C ', A; D No, with C1(4; ) < 1/(h2%), such
that k(-,&;) is lower semicontinuous in Q\ 4, 5. Setting A, = U;A; ;, we obtain that A}, is open,
C1(Ap) < 1/h and we may assume that {4} is a decreasing sequence. Making use of (3.16),
one easily gets that k is lower semicontinuous in (' \ Ay,) x RY.

We claim that, given h and xg € '\ Ay, for all € > 0 there exists § > 0 such that

(3.17) k(zo,€) < (1 +¢)k(z, )

for all (z,€) € (' \ Ay) x RY such that |z — x| < 4.
To prove this, we argue by contradiction, assuming that for some xo € (' \ Ap) and g9 > 0
there exist two sequences {x;} C Q' \ Ay, with |z; — zo| < 1/i, and {&} € RV such that

(3.18) k(zo,&) > (14 co)k(wi, &) -

Clearly, by the positive 1-homogeneity of k(x;,-), we may assume that |§;| = 1, for every i € IN;
hence, up to a subsequence, there exists & € $V ! such that & — &. Then, letting i — +o0 in
(3.18) and using the lower semicontinuity of k and the continuity of k(xzo,-), we get

k(zo,&0) = z_1}+moo k(zo,&) > (1 + 60)11.11_13&%(%,&) > (1 +e0)k(wo,&o) -

Hence, k(x0,&n) = 0, which is a contradiction since zg € Q \ Ny. This proves the claim; i.e.,
(3.17) holds.

Step 2. We use now a construction similar to the one in the proof of Lemma 8(c) in [23], to show
that for any h there exist {a?} C C$°(IRN) and 1/1;? : RN — [0,00) such that, for all j € IV,
0< a? <1, 1/1]}? is a convex, positively 1-homogeneous and even function satisfying

(3.19) k(z,€) = sup a(z)¥](€) for all (z,€) € (' \ Ap) x RY,
jeIN
(3.20) 0 < ¢ (€) < A[¢] for all ¢ € RN .

To this aim, fix € > 0 and xyp € @'\ A4j and choose 6 > 0 such that (3.17) holds. Let a4, €
C°(Bs), with 0 < ae 5y < 1 and gz (z0) = 1, and o € C§°(B1) such that p > 0, o(§) = o(—¢)
and [od¢ = 1. Define g.(&) = e "p(¢/e) and for all z,¢ € RN

1
1+

ke zo €3] / 0 (m)k(zo, & +n)dn — ecol\’, kn.ezo (7,8) = Qe zo (x)an(ks,wo ),

BN
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where for all n € IN, 0, € C*°(IR) is a nonnegative increasing convex function such that
(3.21) on(t) TtVO forallt e R.

By construction, each ky, . 4, (z,€) is a smooth nonnegative function, convex and even in £. In
fact, since p-(§) = 0-(—¢) and k is even in { we have immediately that k. (&) = ke o0 (—£).
Notice also that for all (z,&) € (' \ Ap) X R

(3.22) knez0(2,§) < k(z,€).

Indeed, this inequality is trivial if |z — x¢| > J, since oz 4,(z) = 0. On the other hand, if
x € Bs(xo) N Q' \ Ap, from (3.17) and (3.16) we get

ka,wo (5) < / Q&(n)k(x7 § + 77) d77 - ECOAI < / QS(n) [k($7 g) + COA/MH d77 - Z:«‘COA/ < k(‘rv 5) :
RN RN
Hence, inequality (3.22) follows from (3.21), taking into account that k(z,£) > 0 and 0 <
Qe g () < 1. Finally, observe that from these inequalities, (3.21) and (3.15) we have also

(3.23) (ke (§)) < k(0. &) < A'IE].
Thus, using (3.22) and the fact that a. z,(x¢) =1 for all zy € Q' \ Ay, we get that
k(x,€) =sup sup sup kpea,(,§) for all (z,&) € (V' \ Ap) x R.

e>0 2o\ Ap n€IN
From this equality, it easily follows (see for instance [20, Lemma 9.2]) that there exists a sequence
(nj,ej,x5) € IN x (0,00) x (' \ Ap) such that

k(w,{) = Sup Qg z; (x)anj (k€j7$j (5))
jeIN
for all (z,€) € (' \ Ap) x R. Finally, we set, for x € Q' \ Ay, € € R,

;l(x) = 0 (2), ¢§Z(€) = sup M
t>0 t

a

Notice that by construction the functions ¢? are convex, 1-homogeneous, even and from (3.23)
it is clear that they satisfy (3.20). Moreover, since k is 1-homogeneous we have also that

k(x,§) = sup (@, ) = Sup Sup e, z; (OC)M
>0 t t>0 jEN t
ns (ke 2. (t
- spsupof ) 225200 — swpatue)
JEN t>0 jeN

thus proving (3.19).

Step 3. Now we argue as in the proof of Theorem 3.4 in [4]. Let 5, € WH(IRY) be a capacitary
quasi-potential of A,. More precisely, let us assume that there exists a Borel set N, ¢ IRY,
with C1(Np,) = HY"1(Ny) = 0, such that 0 < @(z) < 1 for every 2 € RV \ Nj,, $» = 1 on
Ah \ Nh and

1

~ 2
< — —.
/ IVon| de < C1(Ap) + 3 < 5

BN
Set, for all j € IN, &?(a:) = max{a?(m) — @p(x),0} for all z € RY. We have that, since
Pn(r) =0,

(3.24) 0< &?(x) <1, a?(m) > &?(ﬂs) > a?(:v) — @n(x) for all z € RN .
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Moreover, setting N = U, Nj,, C1(N) = HN"1(N) = 0, for every h,j € IN we have that
(3.25) k(w,€) > al(z)yh(e)  forall (z,6) € (U \N) x RV.
Finally, we set for all h,j € IN

gf(z,8) = aj(@)y} (&),  ¢" (=€) = sup g}(x,9),
jeIN

for all (z,€) € ' x IRY Notice that the functions 62;‘, v, w;t satisfy the assumptions of a,~, ¢ in
Proposition 3.2. Therefore, the functionals .7-";1 defined by

h . — h N—1
Fhu, ) = / A(lu* — u]) g, va) dH
Q'NJy

satisfy the inequality (3.9), with Q replaced by €. Hence by Lemma 2.10 the same is true for
the functionals F", defined by
P @)= [t =) g ) an
Q'NJy

for any h € IN.
To prove (3.14), we fix h € IN and set

Yn(§) = sup w;l('f) for all ¢ € RV .
jeN

From (3.25), (3.24), (3.19) and (3.20), we get that

lim inf /fy(\u,f—un\)k:(x,uun)dHN1Zliminf /'y(|u;{—un|)gh(x,uun)dHNl

n—-+4oo n—-+4oo
N, Ny
> / (= g (e ve) AN > / (= )g" @ ) dHN
Q'NJy, QNI N\A
(3.26) M
> / (= u k() dHN Y — / (e — ™ B () dHV
VN \Ap QN
> / (lu* — u k(e va) dHY L — A / Al — )@ () RV
N\ Ap VN

Since @j, — 0 strongly in WH1(IRY) as h — oo, we have that, up to a subsequence, &p,(z) — 0
for HN~L-almost every z € IR™ (see Proposition 1.2 in [12]). Therefore, letting h — oo in
(3.26), recalling that Ay, C Ay, for all h and that HN~1(N,A;) = 0 and taking into account
that ~ is locally bounded, from the Dominated Convergence Theorem we get the thesis in
for u € GSBVP(Q; IR™) N L>®(Q; R™) C SBVP(Q; IR™). Finally, inequality (3.14) holds, letting
Q' Q. The general case u € GSBV?(Q; IR™) can be obtained as in the proof of Theorem 3.7
in [6]. 0
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As a consequence of previous proposition, we obtain the following result.

Corollary 3.4. Let k : Q x RY — [0,4+00) be a locally bounded function satisfying all the
assumptions of Theorem 3.3. Then, for every {u,} C GSBVP(Q; R™) and u € GSBV?(Q; IR™)

such that such that u,(x) — u(zx) for almost every x € Q and

sup /]Vunpd:U—I—HN_l(Jun) < 400,
nelN O

we have

(3.27) /k(a:,yu)dHngliminf / k(z,vy,)dHN L.

n—+0o00o
QN QN Ju,,
Proof. 1t is enough to consider the function ¢(x,r,t,v) = y(|t — r|)k(z,v), where v(0) = 0 and
~v(s) =1 for s > 0. Hence the conclusion follows from Theorem 3.3. O

Corollary 3.5. Let k : @ x RY — [0, +00) be a locally bounded Borel function such that
k(-,€) € BV(Q) and coincides with its approzimate lower limit for every & € IR . Assume also
that k satisfies (3.11)=(3.13). Then the same conclusion of Corollary 3.4 holds.

Proof. Tt is a direct consequence of Theorem 2.3 and Corollary 3.4. U

3.2. Lower semicontinuity of the volume term. As we said before, though the result due
to Ambrosio deals with a general quasi-convex integrand W, the growth assumptions one has
to make on W are often too strong for possible applications. The idea is then to replace quasi-
convexity with the (less general) polyconvexity, with the advantage of allowing a more general
growth. A first result in this spirit is contained in the next theorem, proved in [24].

Theorem 3.6. Let W : QO x R™ x R™N — [0, +00] be a Carathéodory function, polyconvex in
the last variable, satisfying
mAN
W(z,u,) > > BrladjpélP  for all (x,5,€) € Qx R™ x M™N
k=1
where B > 0 for every k =1,...,m AN, and the exponents py satisfy the following inequalities

(3.28) pL>2, P
pP1—

ifk=2,... mAN—1, PmanN > 1.

Then, if {u,} C GSBV(Q;IR™) is a sequence such that u, — u strongly in L'(; IR™), with
u € GSBV(Q; IR™) and sup,, HN"1(J,, ) < oo, we have

n—-+00

/W(:J;, u, Vu) dz < liminf [ W(z,up, Vu,) dz.
Q Q

The proof of Theorem 3.6 is an immediate consequence of the following compactness result (see
[24]) for the adjoints of a SBV function.

Theorem 3.7. Let u,,u € SBV(Q, IR™) such that u, — u strongly in L*(Q, IR™). Assume that

NAm

{”Un||L°°(Q,Bm) + Y /ladjkvun\p’“ dw+HN*1(Jun)} <00,

sup
nelN _
k=1 ¢
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where the exponents py satisfy (3.28). Then, for all k = 1,...,N Am, adj,Vu, — adj,Vu
weakly in LPk(Q, IR™).

Our next task is to extend this result in order to get a compactness result in a somewhat limit
situation and then to deduce a new semicontinuity theorem for the polyconvex case.

Theorem 3.8. Let uy,u € SBV(Q, R™) such that u, — u strongly in L'(Q, IR™), where
N,m > 2. Assume that

(3.29) sup{HunHLoo(Qﬁm) + / \Vun\N/\m dx + HNfl(Jun)} < 00.
nelN o

Then, for allk =1,...,N Am — 1, adj,Vu, — adj,Vu weakly in L(N/\m)/k(Q,lRT’“). More-
over, there exists a subsequence {uy,,} such that adjyn,, Vu,, converges in the biting sense to
adjN/\mVu.

Proof. Notice that, if k = 1,..., N Am—1, from assumption (3.29) it follows that {adj, Vu,} is a
sequence bounded in LVA™)/ k(Q, IR™), hence the assertion follows from Theorem 3.7, choosing
p1 = N Am and p = (N Am)/k. Therefore, we have only to prove the assertion in the limit
case k = N A m, which is also the most difficult since now the sequence {adjy, Vun} is only
bounded in L!. To this aim we follow the argument introduced in [24] to prove Theorem 3.7.
However, instead of referring the reader to the proof contained in that paper and listing the
changes needed in our case we give all the details. Also, to simplify the notation and make our
argument clearer we shall assume m = N. The general case is treated in the same way.

Stepl. As in [24], we start by assuming that u, — u = £z + b strongly in L'(B;), where
¢ € RN and b € RY are given and that HN~'(J,,) — 0 as n — oo. Then, given any
nonnegative function a € L>°(B;) and any function w € L'(B;) we claim that

(3.30) /a(x)|det§ —w(z)|dr < linrriiorolf/a(:cﬂdetVun —w(z)|dx.
Bl Bl

To prove this inequality we use an induction argument on the number of components of u,
belonging to WY (B;). In fact, if all components of each function wu, belong to WV(By),
(3.30) follows from a well known semicontinuity property of quasi-convex integrals (see e.g. [1,
Theorem I1.4]).

Assume now that (3.30) holds true whenever the last N — j components of each wu, belong
to WLV (By), for some j = 0,...,N — 1. We are now going to prove that (3.30) still holds
if only the last N — j — 1 components are in WhN(By), ie. ul,...,u}™ € SBV(B)), while
u%”, o, ul € WHN(By). To this aim, let us fix w and let us assume, without loss of generality,
that the liminf on the right-hand side of (3.30) is indeed a limit and that u,(x) — u(x) for
LN ae. z € By.

From the assumption (3.29) and from the estimate (2.1) it follows that {MN(|Vud, ™} is
bounded in L'(Bj), hence Lemma 2.7 applies. Therefore, passing possibly to a subsequence,
we may assume that for any € > 0 there exist a Borel set C. C B; and a positive number
§ < LN (By) such that for any Borel set C C By \ Ce, with £Y(C) < §, we have for all n

(3.31) /MN(\W{;“D dr <.
C
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Let us fix € > 0 and p € (0,1) such that £N(B,) > 6. For any n and any A > 0, let us
denote by uff/\l the Lipschitz approximation of uwt in B, provided by Theorem 2.6. Hence

uif/\l (z) = ult(x) LN-a.e in B, \ E, x, where

E,\={z € By : M(|Dul"t)) > \}.

Moreover,
.+l 1
(3.32) Lip(u) 5, B,) < ¢(A+ E)
and, for every C € B(By),
2\ " ,
33 £LBan0 < (}) [ M e+ S ),

on{M(|Vui ! )>x/2}

where ¢ is a constant depending only on N and sup,, ||un/e(p,,rm)- Notice that from (3.33)
and (2.1) it follows that there exists A. such that £V (E, ) < 4, for all A > A. and every n.
Therefore, from (3.31) we get in particular that

(3.34) / MY (| Vult) de < e for all A > . and every n € IN .

En,A\CE

Let us fix also A > max{\., 1}. From (3.32) and from the fact that ]uif; ()| < Cin B, \ Ep

(which is not empty, since £Y(B,) > & > LN(E,.)), it follows that {uif/\l} is bounded in
L*>(B,). Therefore, passing possibly to another (and again not relabelled) subsequence, we may

assume that {uff/\l} converges weakly* in W1°°(B,) to a Lipschitz function u§\+1. Moreover,

since for any n € IN
o ,
cV({z € By uply #uly) < LY (Eny).,
by the lower semicontinuity of the functional v — LN ({x € B, : v(x) # 0}) with respect to the
LN-a.e. convergence, the a.e. convergence of u, to u and (3.33), we get that

(3.35) LN{w e B, ul™ £ 0t} < §

where ¢ is a positive constant independent of n, A and €. We can now estimate, for any n € IN,

n

/a(a:)]dethun —w(x)|dx > / a(x)|det(Vul, ..., Vul, Vuf:;, V) — w(z)|de
B (Bo\En,x)\Ce

= /G(x)XB,,\CE (z)|det(Vul,. .., Vi, Vui:;l, o, VuN) —w(x)| da
By

- / a(z)|det(Vul, ... Vul, VuZ:r)\l, o Vu) —w(x)| d

n

En)\\ce

Letting n — oo on both sides of this inequality and using the fact that (3.30) (with a(x) replaced
by a(z)xp,\c.(x)) holds true if the last N — j components of each u, are in WLN(B,), we get
that

(3.36) lim+inf /a($)|detVun —w(z)|dz

B
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> / a(x)|det(Vul, ..., Vud, Vol V) — w(z)| dz — limiuprL’A ,
n—-+oo
Bp\Ce
where
e 1 j Jj+1 N
A = / a(z)|det(Vuy, ..., Vul, Vuy 'y, ..., V) —w(z)|do .
En,)\\ce
In order to estimate I ,, we recall (3.32), (3.33), and (3.34), thus getting

1 , .
Z’)‘SC(A—Ffp) / ladjy_1 (Vul, ..., Vul , Vul T2 .. Vul)| dz + ¢ / |w| dx
En’)\\Cg En,)\

A+— </|Vun| da:)NN_l<LN(En7A\CE)>}V+w()\)

=

1 1 ; 1 _

(En, A\ca)m{MN(Wu”lD»/z}
1 £
< c()\—f-i) <)\7N + HN 1(Ju¥l+1)> N + w()\) ,
where w(\) is a quantity, independent of € and h, converging to 0 as A goes to infinity, and c is a

constant depending only on N and sup,, [|un ||z (B, mm)- Letting n go to infinity in the previous
estimate and recalling that HN=1(.J,,) — 0 as n — oo, we get

1
limsup I )\<c)\<)\+ )E%

n—00 —p

In conclusion, recalling (3.36), we have that if A > max{\., 1}, then

lim inf /a(az)detVun —w(x)|dx > / a(x)|det(Vul, ... Vi, Vu{\H, VUl —w(x)|de

n—od
Bl Bp\Cs
1
CEN
— —w(A).
T, w(X)
Therefore, we have in particular that
1
CEN
lim inf/a(a:)\detVun—w(:c)]d:U > / a(x)|det{ —w(x)|dz — . R w(A).
n—oo — p
B (Bp\Ce)n{ul "' =ui*1}

Recalling (3.35), we let first A go to oo, then ¢ to zero, and p — 1, thus obtaining (3.30) when
the last N — j — 1 components of u,, belong to W1~ (By).

Step 2. We now turn to a general sequence satisfying the assumption (3.29) for m = N. Fix
a € L*(Q) nonnegative and w € L}(Q). We want to show that

(3.37) /a(x)|detVu —w(z)|dz < lim inf/a(x)|detVun —w(z)|dx.

Q Q

To this aim we may assume, without loss of generality, that the liminf on the right-hand side
of (3.37) is a limit. Passing possibly to a (not relabelled) subsequence and observing that the
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sequence |detVu, — w| is bounded in L'(f2), we may assume that there exist two nonnegative
Radon measure in €, say p and A, such that
(3.38) HN Ty, — o, |detVu, —w| = A weakly* in Q.

Moreover, from the assumption (3.29) we may also assume that there exists a nonnegative Radon
measure v such that

(3.39) |V, |V LN — v weakly* in Q.
Clearly, (3.37) is proved if we show that
dA

(3.40) M—N(x) > a(x)|detVu(z) — w(z)| for LN-ae. z€Q.
To this aim, let us consider the points z € 2 such that

_ p(By(x)) _

dA _ V(By(x))

and set

G ={z €Q: z is a Lebesgue point for u, a and w, Vu(x) exists and (3.41), (3.42) hold} .

Notice that since the set of points in © where (3.41) does not hold is a Borel set of o-finite
HN~Lmeasure (see e.g. [9, Theorem 2.56]) and the set where (3.42) does not hold has £V
measure zero, we have that £V (Q\ G) = 0.

Let us fix o € G and choose an infinitesimal sequence p; such that 11(9B,,(w0)) = A(0B,;(%0)) =
0 for all j. From the strong convergence of u,, to v and from (3.38), (3.39), it follows that there
exists a strictly increasing sequence of integers n;, such that

(1 1
[ g~ (@) do < 3
7 By, (a0)
dA 1
‘ a(z)|detVuy,;, —w(z)|dr — W(xo) < 7
(3.43) By (x0)
1
su Vi, |Nde < o,
]GIZI\)f PN / ’ J|
Bpj(xo)
1
uny 11 By (20) = 1(By, (w0))| < =
p] J

where the last inequality follows from the fact that since u(9B,,(z0)) = 0 for all j, then we have
that HY=1(J,, N By, (z0)) — u(Bp,(z0) as n — oo and the second inequality follows similarly
from the fact that A(0B,,(wo)) = 0. Let us set

Un, (w0 + pjy) — u(zo)
Pj

vi(y) = forall j € IN and y € B; .

Notice that from (3.43); we have
|un, (zo+pjy) —ulzo+psy)| a +/‘ w(zo+pjy) —u(zo)

/IUJ —Vu(zo)yldy <
Pj Pj
B1 B

—Vu(zo)y|dy
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< leﬂ / i, () — u(z)| dz + le+1 / () — uzo) — Vau(zo) (@ — 0)| da
7 By, (o) 7 Byj(a0)
11
< -+ 7 / |u(z) — u(zo) — Vu(xo)(x — x0)| dx ,
7 By,(a0)

hence v;(y) — Vu(zo)y in L'(By, R™). Moreover, (3.43)4 yields that

1 B, (x 1 B,.(x
[Py 1800 8, ) + W <i4 W

HNH(J, N By) =

and thus we have also that HN~!(J,, N B;) — 0 as j — co. Therefore, since from (3.43)3 we
have in particular

sup /|ij|Ndy < 00,
JjeEIN
By

we may apply what we have proved in Step 1 to the sequence {v;}. To this aim, notice that
since z¢ is a Lebesgue point for a, the functions a(xo + pjy) converge in L*(B) and, up to a
subsequence, also a.e. to a(xg). Therefore, if ¢ > 0 there exists C. C By, LV (C.) < ¢, such that
a(zo + pjy) — a(zg) uniformly to a(zg) in By \ C.. Thus, recalling (3.43)2, we have

LN (B1\C2)alxo)|det Vu(zg) — w(zo)| < hjnllogf /XBl\Cg (y)a(zo)|detVv; —w(xo)| dy
By

—timint [ xp,1c, (v)alon + pyy)det v, — w(ao)| dy

j—oo
B1
1
< lim inf /a(wo + pjy)|detVu; — w(xg)| dy = lim inf — / a(r)|detVuy,; —w(zo)|dz
j—00 Jj—oo P
By ! Bpj(:to)
.1 .1 N d\
< lim — a(r)|detVu,, —w(r)|dr + lim — |w(z) —w(wo)|dr = L7 (B1) 575 (20)-
j—o00 pj 7 j—00 pj dr
By, (z0) By, (wo)

Letting e — 07, (3.40) follows, thus completing the proof of (3.37).

Step 3. To conclude the proof, we use Lemma 2.7 thus getting a subsequence {detVu,,} con-
verging in the biting sense to some function d € L*(£2). We claim that d = detVu. To show this,
let us consider a decreasing sequence of sets F; such that LN (E;) = 0asi— o0 detVunj —d
weakly in L'(Q\ E;) for all i. Fix i and apply (3.37) with a = Xa\E;- We then get that for any
w € LY(Q)

J]—00

O\E; O\E;

/ |detVu — w(x)| dx < liminf / |detVu,; —w(z)|dx

and from this inequality we have also that for any w € L'(Q)

/‘XQ\EZ. (x)detVu — w(z)|dz < hjrggjlf/ Ixo\ g, (z)detVu,, —w(z)|dz.
Q Q

Since the sequence {detVu,, } is equi-integrable in Q\ E;, clearly the sequence {xqo\g,detVu,, }
is equi-integrable in . Therefore, from Lemma 2.9 we may conclude that xo\g,detVu,, —
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Xo\ g, detVu weakly in L'(2), hence detVu,, — detVu weakly in L*(Q\ E;) for all 4, thus
proving the assertion. 0

From the result just proved we obtain immediately the following lower semicontinuity result for
polyconvex functionals.

Theorem 3.9. Let W : Q x R™ x R™N — [0, 4+00] be a Carathéodory function, polyconvex in
the last variable. Then, if up,u € GSBV(Q; IR™) are such that u, — u strongly in L*(; IR™)
and

sup{/|Vun|NAmdx+HN_1(Jun)} <00,
nelN 5

then we have

n—-+o0o

(3.44) /W(az, u, Vu) de < liminf [ W(z,up, Vu,) dz.
Q Q

Proof. Let us first assume that u,,u € SBV(€Q; IR™) satisfy the assumption (3.29). Since W is a
convex function of the minors, (3.44) follows immediately from the strong convergence of w,, to
u and the weak convergence of adj, Vu, to adj,Vu, for K < N A m and the biting convergence
of adjyamVun to adjya,, Vu. The general case u € GSBV(§2; IR™) can be obtained as in the
proof of Theorem 3.7 in [6].

O
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