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Introduction

This thesis is devoted to the study of a generalized notion of quasistatic evolution for a
problem in non-associative plasticity, namely the Cam-Clay model. By the term quasistatic
we mean that the evolution we are interested in has a so slow time scale that the system
is assumed to be in equilibrium at each instant. Our notion is based on a viscoplastic
approximation and a time rescaling. For reasons that will be made clearer later in this
introduction, it will be introduced for this specific problem, but we think that the underlying
ideas can be adapted to more general contexts.

The choice of the model we study is motivated by its considerable interest for the en-
gineering community. It gives the conceptual framework to analyse the inelastic behavior
of fine grained soils. Its framework is small strain elasto-plasticity. The linear strain Fu is
defined as the symmetric part of the gradient of the displacement u with respect to a refer-
ence configuration 2. Moreover, the strain is additively decomposed into elastic and plastic
part, namely Fu = e + p, where the elastic part e determines the stress ¢ through the
linear constitutive relation ¢ = Ce. The stress satisfies the standard equilibrium condition
—dive = f in , where f denotes a time dependent body force.

As it is typical in plasticity, the stress is constrained to lie in a compact convex set K ({) of
the space Mé\gan of symmetric nxn matrices, whose size is controlled by a scalar parameter
¢ and whose boundary represents the yield surface, i.e., the plastic flow is produced only
when the stress meets 0K (¢). The other two main ingredients are the evolution laws for
the plastic strain p and for the internal variable ¢. To write them explicitly, we introduce a
new internal variable z, related to ¢ by the equality ¢ = V(2). The function V is assumed

to be strictly monotone and to satisfy the condition
V(2) 2 Cmin >0 for every z € R,

which implies that ¢ > (nin > 0 and prevents the set K(¢) from shrinking to the origin.
The evolution equations are

p € Ng)(o), (0.0.1)

Z2=p1x[(p2xtro)trp], (0.0.2)

where Ny (¢)(o) is the normal cone to K(¢) at o, the symbol * denotes the convolution
with respect to the space variable = € ), p; and rhos are convolution kernels with compact

support, and tr denotes the trace of a matrix. A remarkable fact is that the evolution law

(0.0.2) does not depend on K, that is to say that the scalar parameter ¢ controlling the
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shape of the yield surface, and thus the plastic properties of the material, is not determined
by simple energetic principles but evolves according to a different equation. For this reason
we speak of a nonassociative nature of the problem. Moreover, equation (0.0.2) has a
nonvariational structure, unlike the other equations of the model.

In the engineering literature one assumes that z is positive and bounded away from 0,
so that one can take V(z) = z, and identify z with {. Moreover, the convolution products
are not present in (0.0.2). We introduce them for technical reasons, namely to recover strong
compactness of z from weak compactness of p. However, it is not physically unreasonable to
assume that the evolution of the internal variable at a point is affected by stresses and strains
in a small neighborhood: the convolution product introduces two characteristic length-scales
for this interaction through the size of the support of p; and ps.

An interesting feature of this model is that, under the usual assumptions on K () (see
(1.3.2)-(1.3.5)), it exhibits both hardening and softening behavior, i.e., expansion and con-
traction of K({), depending on the loading conditions. This gives rise to one of the main
technical difficulties, since allowing for a softening regime results in the lack of convexity of
the problem, which is the origin of some instabilities of the system and causes discontinuity
of the evolution with respect to time (see for instance [8] and [9], where another model of
plasticity with softening is analysed). Actually we will show in Chapter 3 that discontinuous
solutions can appear also in our case, in the softening regime (see Remark 3.4).

A general mathematical framework for the study of evolutionary problems of this kind
is the energetic approach to rate-independent problems developed by Mielke (see [31]). By
the term rate-independent we mean a system with no intrinsic time scale, which reacts
to a strictly monotone time reparametrisation of the data by reparametrising its solutions
exactly in the same way. Rate-independent systems occur as limit problems in the study
of many physical and mechanical systems where the time scales we are interested in are
much longer than the intrinsic ones in the system. This approach has been widely used in
the analysis of many phenomena others than elasto-plasticity, like dry friction, fracture, or
shape-memory alloys. In our setting, it would result in defining a quasistatic evolution as
amap (u(t,-),e(t,-),p(t,),z(t,)) satisfying at any time t a suitable stability condition, a
balance between the stored and the dissipated energy (which are the “variational part” of
our model), as well as the evolution equation (0.0.2).

To be definite, in our setting the stability condition is given by the stress constraint
o(t,x) € K(((t,z)) for everyt € [0,+00) (0.0.3)

and the equilibrium equation

—div o(t,z) = f(t,z). (0.0.4)

We emphasize that this is a local stability condition, not a global one (see [33] for a general
discussion), since it can be regarded as the Euler conditions for a suitable minimum problem
involving the plastic dissipation (as in the perfectly plastic case, see [13, Theorem 3.6]) but
equivalence with global minimality has not to be expected. Indeed it has already been
shown for other models of plasticity with softening (see again [8] and [9]) that a quasistatic

evolution where (0.0.3)-(0.0.4) are replaced by the global minimality of the corrsponding
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energy-dissipation functional may laed to a physically implausible description of the behavior
of the system in the softening regime.

Following these previous examples, as well as general considerations about nonsmooth
rate-independent evolutionary problems (see [32] and [33]), we introduce a viscoplastic ap-
proximation of Perzyna-type (see [37, 17, 25, 36]) of the problem. Given a viscosity param-
eter € > 0, the stress constraint (0.0.3) is dropped, and we consider a Yosida regularization

of the evolution law (0.0.1), namely

pe(t,z) = Nf((gg(t}z))(o-f(ta ),

where N (0,¢) := 1(0—mx()(0)) and 7 (¢ is the projection onto K(¢). The parameter
% has clearly the role of penalising stresses going too far away from the elastic domain, so
that we can expect to recover (0.0.3) in the limit as ¢ — 0. This regularization has the
advantage of making the right-hand side Lipschitz continuous, thus existence of solutions
us(t,x), ec(t, ), pe(t,x), z-(t, ) for the viscoplastic problem can be obtained more easily
(still, the proof remains nontrivial, see Chapter 5, Section 5.2).

The study of the limit as ¢ — 0 of these viscoplastic approximations leads to a suitable
notion of generalized solution for our problem, giving a meaning to the evolution also after
the first discontinuity time. We then introduce the notion of rescaled viscosity evolution,
expressed in terms of a rescaled time s, related to the original time by the equality ¢ = t°(s),
where t° is a suitable nondecreasing locally Lipschitz function, depending on the problem.
The intervals where ¢° is constant correspond to time discontinuities in the original variable
t. We will see in Chapter 5 that such an evolution may be obtained passing in the limit as
¢ — 0 a suitable time-rescaled version of the viscoplastic approximations. Indeed, an energy
estimate (Theorem 5.4) allows us to prove the existence of changes of variables t = t2(s),
uniformly Lipschitz with respect to s, such that the rescaled functions p2(s, z) := p(t-(s), x)
are uniformly Lipschitz with respect to s, in a suitable function space. The same idea has
also been used in [18, 32, 33] for rate independent dissipative problems in finite dimension.

The Ascoli-Arzeld Theorem provides the existence of a subsequence (not relabelled), such
that

£2(s) = £°(s) amd  pils,) = (s, ).

the latter in a weak topology. A further argument, based on the uniqueness of the solution

to an auxiliary variational problem, shows that

62(57 ) - 60(5, ) ) ug(sv ) - uo(57 ) ) 050(57 ) - Uo(sa ) .

The compactness ensured by the presence of the convolutions in the evolution law for the

internal variable allows us to prove that
22(s,x) = 2°(s,z) and ((s,z) = C°(s,2),

uniformly with respect to x. It is then easy to see that the limit functions satisfy the
consitutive relations, the equilibrium condition and the additive decomposition Fu°(s,z) =
e°(s,z)+p°(s,x) (see (4.2.11)). As for (0.0.2), it holds only in a weak form since, in general,
the limit p°(s,-) is just a measure and this requires an ad-hoc definition for the derivative
(see Chapter 1, Section 1.4 and Chapter 5, Section 5.5).
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Condition (0.0.2) is satisfied in the limit for those values of s for which ¢°(s) is not
locally constant. The flow rule (0.0.1) holds in a suitable measure-theoretical sense, since
now for a.e. s, p°(s,-) can only be interpreted as a Radon measure on  with values in
the space of symmetric n X n matrices. The behavior of p for an arbitrary value of s is
described by the equation

pE N;?(to (o), (0.0.5)
interpreted in a measure-theoretical sense. Here the extended normal cone N;}I(to is defined
by
Nk(o)(0) if o € K(C),

{Mo —7g((0)) : X >0} if o ¢ K(Q).

It has to be remarked that (0.0.5) is actually formulated in terms of a suitable representative

Nigio)(0) =

& of the stress o (see Definition 4.1) whose existence itself has to be proved. Therefore,
although (0.0.5) has the advantage of being the rigorous counterpart of (0.0.1) in our for-
mulation, in the proof of the existence Theorem 5.6 an energetic approach is preferable.
Indeed we first show (Chapter 4) that (0.0.5) can be equivalently replaced by an energy-
dissipation balance (see (4.3.1)) and a partial flow rule on the intervals where ¢° is constant
(see (4.3.2)), so that in the proof of Theorem 5.6 we tackle these two equalities instead of
(0.0.5). Equality (4.3.1) is similar to the energy-dissipation balance of perfect plasticity [13]
with two main differences: first, the set K, and hence the plastic dissipation, depend now

on (°(s,x); second, there is an additional dissipative term,

s
/ / (O’O(S,CC) - WK(CO(S’I))(UO(S,.Z'))) :p°(s,z) dxds, (0.0.6)
o Ja

which accounts for viscous dissipation in those intervals where ¢°(s) is locally constant (the
colon denotes the scalar product between matrices). A similar term appears in [32], where
an evolution problem with nonconvex energy is studied through a viscosity approximation
and time rescaling.

The possibility of computing the amount of viscous dissipation occurring at jump times
is the main advantage of using a rescaled time s instead of the original time ¢. To consider
the behavior of the evolution in terms of the original time variable, one can indeed compose

the rescaled viscosity evolution with the left-continuous function
s2 (t) :==sup{s € [0, +00) : t°(s) < t},

which has the property that ¢°(s® (¢)) =t for every ¢ > 0. The composite function obtained
in this way is called a wviscosity evolution: we show in Lemma 5.9 that the (unrescaled)
viscosity approximations converge to this viscosity evolution for every t, except for the
countable set of the discontinuity times. In Chapter 6 we prove that every viscosity evolution
satisfies an energy-dissipation balance and an evolution law for the internal variable, that
can be expressed in terms of integrals depending only on the original time ¢ (see Theorems
6.7 and 6.14). However, both these integral identities contain terms concentrated on the
jump times, whose value can only be determined by looking at the rescaled formulation (see
Remarks 6.8 and 6.15). Theorem 6.7 shows in addition that, in the vanishing viscosity limit,

the viscous dissipation is concentrated at the discontinuity times.
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Compared with other rate-independent evolution problems, the main theoretical diffi-
culty we have to confront here is that the total variation of the plastic strain with respect
to time can be controlled only in a nonreflexive Banach space, while no such a control is
available for the elastic part. Rather than developing an abstract setting including our prob-
lem, we preferred to do a complete case study for a model of considerable interest for the
engineering community. Nevertheless, although the technical obstacles we encountered have
been solved by problem-specific techniques, we think that the main ideas can be adapted to
more general rate-independent evolution problems with nonconvex energy-dissipation terms.
In particular, the use of a vanishing viscosity approximation to understand the behavior of

the system at jump times seems to be a tool of wide applicability.
We conclude this introduction by giving a brief overview of the content of each chapter.

Chapter 1 is devoted to the basic notation and to the presentation of some abstract
mathematical tools that will be employed in our proofs. In particular, Section 1.4 introduces
a notion of “weak *-derivative” for functions of bounded variation with values in the dual of a
separable Banach space, that allows us to reconstruct the “primitive” function by a suitable
integration process. These results, which are taken from [11], will be useful in Chapter 6
to write the precise form of the energy-dissipation balance satisfied by a viscosity evolution
(see (6.2.10)). The main difficulty in the proofs is that, in the present context, we can
neither assume that the space is reflexive, nor that it satisfies the Radon-Nikodym property.
From the general Theorems 1.3 and 1.5 we also deduce the analogous result for absolutely
continuous functions Theorem 1.8, originally proved in [13, Theorem 7.1] (actually, the part
concerning the existence of a weak *-derivative in the case of Lipschitz functions had already
been established in [1, Theorem 3.5]), which is useful in the rescaled formulation, since the
rescaled plastic strain p(s,-) is 1-Lipschitz continuous.

In Section 1.5 we adapt to our setting some results of approximation of Bochner integrals
with Riemann sums. This is the strategy that we will follow in the proof of (4.3.1), in
Chapter 5.

Chapter 2 presents the Cam-Clay model in its classical formulation (Section 2.2) as
well as the main mechanical assumptions we will make in order to prove well-posedness for
our notion of weak solution. In particular, following [7], Section 2.3 introduces a notion of
generalized stress-strain duality which adapts to our context the generalized duality pro-
posed by Temam (see [52] and [53]). The new proofs that were only outlined in [7] are
here developed in detail. In Section 2.4 we write down the e-regularized equations. This
chapter does not contain original results. The simple inequality (2.5) between the plastic
dissipation functional H(p,() and the generalized duality (o,p) taken from [48] is only a
slight modification of the analogous result [13, Proposition 2.4] for an elastic domain K
independent of (.

In Chapter 3 we start our investigation of the Cam-Clay model by the study of the
spatially homogeneous case. Indeed, for a Dirichlet problem with no volume forces, if the
system is driven by a time-dependent affine boundary condition w(t,x), with the introduc-
tion of a viscous approximation the problem reduces to determine the limit behavior of the

solutions of a singularly perturbed system of ODE’s in a finite dimensional Banach space.

This Chapter, which presents the results of [14], shows that we cannot expect a con-
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tinuous evolution and highlights the usefulness of introducing a viscous approximation and
rescaling time to understand the behavior of the system at discontinuity times. In this sim-
plified setting we do not investigate the well-posedness of the problem, which is the object
of Chapter 5, but we carry out a qualitative study of the limit behavior of the solutions
as the viscosity parameter € goes to 0 only using differential equations techniques and
disregarding the variational structure of (part of) the problem. Depending on the sign of
two explicit scalar indicators ® and ¥ (see (3.1.3)-(3.1.4)), we see that the limit dynamics
presents, under quite generic assumptions, the alternation of three possible regimes: the
elastic regime, when the limit equation is just the equation of linearized elasticity; the slow
dynamics, when the stress evolves smoothly on the yield surface and plastic flow is produced;
the fast dynamics, which may happen only in the softening regime, when viscous solutions

exhibit a jump determined by a heteroclinic orbit of the auxiliary system

Q-
—
»
~—
I

7((:(0(5) - 7TK'(z(s))(a(S)))ﬂ
tr(o(s)) tr(o(s) — Tr(z(s))(0(8))),

N
—~
»
~
Il

which is formally obtained by a time rescaling of the system of ODE’s given by the vis-
coplastic approximation. It can be easily shown that, in the spatially homogeneous case,
this system is equivalent to (0.0.2) and (0.0.5) with the multiplier A\ appearing in the defi-
nition of extended normal cone identically equal to 1.

The main result Theorem 3.31 gives also an iterative procedure to construct a viscous
solution. Its proof is based on the methods developed in [47] for another model of plasticity
with softening with an associative evolution law for the plastic strain and the internal vari-
able. We chose not to present in this thesis the results of [47], since the model it studies (see
also [8]) has not the same interest from the point of view of the applications, and only allows
for softening. We only underline that, from a technical point of view, the limit equations
(3.3.1) and (3.4.1) are rather different from those studied in [47]. In particular, showing the
existence of the heteroclinic orbit governing the jump of the system is a harder task and
needs further hypotheses on the yield surface. Nevertheless, to show the convergence of the
viscoplastic solutions to a limit satisfying either (3.3.1) or (3.4.1) we can use some methods
developed in [47] and, actually, some technical lemmas are only suitable adaptations of the
corresponding results in [47].

Chapter 4 introduces the definition of rescaled viscosity evolution (see Definition 4.5).
The rate-independence properties of this formulation are described in Remark 4.6. As
we said above, it involves a suitable representative & of the stress which has to satisfy a
delicate integration-by-parts formula (see (4.2.3)) and is very difficult to handle when proving
existence for such an evolution. Therefore, as a preliminary step towards the existence
proof, the chapter is devoted to showing the equivalence between this formulation and an
“energetic” one, where the measure-theoretic version of the flow rule (0.0.1) is replaced by
the energy-dissipation balance (4.3.1) and the partial flow rule on the intervals where ¢° is
constant (4.3.2). This latter formulation is the one originally proposed in [10] and does not
require a precise representative of o. As we said, it proves to be more manageable for the
proof of the existence Theorem 5.6. After proving the equivalence Theorem 4.7, in Section

4.4 we see that, at least under a strict convexity assumption on K , the precise representative
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¢ has an intrinsic character and can be obtained in the interior of Q as limit of spherical
averages of o. The results of this chapter are taken from [11].

Chapter 5 tackles the proof of the existence of a rescaled viscosity evolution according
to Definition (4.5), or better to the equivalent formulation given by Theorem 4.7. The main
difficulty is to establish the energy-dissipation balance (4.3.1), which is the major part of
the proof. Comparing to earlier attempts at modeling vanishing viscosity limits, the energy
balance is a key fact, as it guarantees that all quantities remain under control in the limit.
The proof is based on a delicate approximation of the integrals that appear in this equality,
developed in Chapter 1, Section 1.5. The main difficulty is due to the fact that we need two
different approximations on the set where the stress constraint (0.0.3) is satisifed and on its
complement.

Finally, in Chapter 6 we study the behavior of the evolution in terms of the original time
t, introducing the notion of viscosity evolution. Relying on the technical results of Chapter
1, Section 1.4, we are able to write an energy balance (Theorem 6.7) and an evolution law
for the internal variable (Theorem 6.14) for a viscosity evolution. As we have already said,
both these identities describe well the behavior of a viscosity evolution at its continuity
points, while a careful description of the behavior at jumps requires the use of the rescaled
formulation. The energy-dissipation balance (6.2.19) shows in particular that the viscous

dissipation is concentrated at the jump times.



Chapter 1

Preliminaries

1.1 Overview of the chapter

In this chapter we fix some notation and we collect some abstract results which will be
useful in the sequel. The plan of the chapter is the following: after introducing some basic
facts about functions and measures, we turn our attention to some properties of the integral
functional which describes the plastic dissipation in our model.

Eventually we introduce some tools about functions of bounded variation with values in
the dual of a separable Banach space; we will neither assume that the space is reflexive, nor
that it has the Radon-Nikodym properties. From these results, as a particular case, we will
also deduce the results about absolutely continuous functions contained in [13, Appendix].
They also allow us to deduce a result of discrete approximation of the total plastic dissipation
on a time interval that will be useful in Chapter 5.

The rest of the chapter contains some results on the approximation of Lebesgue integrals
with Riemann sums which adapt to our context the well-known result of Hahn (see [22]),
and a result on continuous dependence on the data for differential equations that will be

useful in the study of the finite dimensional case, in Chapter 3.

1.2 Functions and measures

The Lebesgue measure on RY is denoted by £", and the (n — 1)-dimensional Hausdorff
measure by H" 1. If X C RY is locally compact and Z is a finite dimensional Hilbert
space, the space of bounded Z-valued Radon measures on X is denoted by M,(X;Z).
When = = R, it is omitted from the notation. The space M;(X;ZE) is endowed with the
norm ||u|1 := |p|(X), where |u| € Mp(X) is the variation of the measure p. By the Riesz
Representation Theorem (see, e.g., [44, Theorem 6.19]) M, (X;E) is identified with the dual
of CJ(X;Z), the space of continuous functions p: X — = such that {|¢| > ¢} is compact
for every € > 0. This defines the weak* topology in M,(X;E).

The space L'(X;Z) of Z-valued L"-integrable functions is regarded as a subspace of
My(X; =), with the induced norm. The LP norm, 1 < p < oo is denoted by | - ||,. We

1
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adopt the convention
[lv|l, = 400  whenever v ¢ LP. (1.2.1)

The brackets (-,-) denote the duality product between conjugate LP spaces, as well as
between other pairs of spaces, according to the context.

The space of symmetric nxn matrices is denoted by MY XN it is endowed with the
euclidean scalar product £:n = Zij &;ni; and with the corresponding euclidean norm
€] := (£:€)Y/2. The symmetrized tensor product a®b of two vectors a, b € RV is the
symmetric matrix with entries (a;b; + a;b;)/2.

For every u € L' (U;RY), with U open in RY , let Eu be the Mi\;ﬁfv -valued distribution
on U whose components are defined by Ejju = 1(Dju; + D;u;). The space BD(U) of
functions with bounded deformation is the space of all u € L*(U;RY™) such that Eu €
My (U; M5 %N) . Tt is easy to see that BD(U) is a Banach space with the norm ||ul|; +|| Eul|; .
It is possible to prove that BD(U) is the dual of a normed space (see [29] and [53]), and this
defines the weak* topology of BD(U). A sequence uy, converges to v weakly* in BD(U) if
and only if uy — u strongly in L'(U;RY) and Euy — Fu weakly* in My (U; ME3<N). For
the general properties of BD(U) we refer to [52]. If U is a bounded open set with Lipschitz
boundary, for every function v € BD(U) the trace of u on OU belongs to L'(0U;RY). Tt
will always be denoted by the same symbol . Moreover, the following result holds:

uwe D' (U;RY) and Eu € LA (U;MY XYY —  we HY(U;RY), (1.2.2)

sym

where D'(U;RY) is the space of R¥ -valued distributions on U. This can be obtained
arguing as in the proof of [52, Chapter I, Proposition 1.1].

We will use boldface letters to denote functions defined in an interval [a,b] C R and with
values in a possibly infinite dimensional Banach space Y .

Throughout the paper the reference configuration ) is a bounded connected open set in
RN, n > 2, with Lipschitz boundary 02 = I'o UT'; UN. We assume that Iy and I'; are
relatively open, Ty NIy = @, Ty # @, and H"~H(N) = 0.

We shall frequently use the following closed linear subspace of H!(£;RY):

Hi (GRY) :={ue H'(QRY) :u=0H"""-ae onTo}. (1.2.3)

1.3 The constraint set and its support function.

Let K be a closed convex cone in ML *Nx[0,+00) with nonempty interior. For every

¢ € 10,+00) we define the closed convex set K(¢) by
K():={oceMN*N . (5,() € K}. (1.3.1)

sym
When ¢ > 0 the set K(¢) has nonempty interior and
K()=C(K(1). (1.3.2)
We assume that 0 € K (1) and K(1) is bounded, hence

0e K() for every ¢ € [0,400), (1.3.3)
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and
lo] < Mk(C for every (o,() € K (1.3.4)

for a suitable constant My < +oo. Since K is a convex cone, (1.3.3) implies that
0<G <G = K(Q)CK(). (1.3.5)

For every closed convex set C' C Mé\[yan let ¢ M%%N — C' be the minimal distance

projection onto C'. It follows from (1.3.2) that

o
Tr(¢)(0) = (TR (1) (Z) (1.3.6)
for every ¢ > 0 and every o € MY <N,

Lemma 1.1. The map (0,¢) = g ¢)(0) from MY XN %[0, +00) into MEXN satisfies the

sym

Lipschitz estimate
1Tk (¢2)(02) = T (¢y)(01)] < Jog — 01| + 2MK |G — G (1.3.7)

for every (01,(1), (02,C2) € MEY XN [0, 400).

Proof. Tt is enough to prove the estimate for (o1,¢1), (02,¢2) € MY XN x[0, +00) with 0 <

sym

(1 < (2. Since mg(¢,) has Lipschitz constant 1 on MXYXN from (1.3.4) and (1.3.6) we

sym

obtain

1Tk (¢2)(02) = T (¢) (01)] < TR (60)(02) = Tr(¢o) (1) + (TR (o) (01) — Tre (1) (01)] <
<log —o1| + \Czﬂxm(ém) C17TK(1)( -01)| <

<oz — 01|+ MG — G| + G|mr ) ( 501) - 7TK(1)(<%01)| :
To prove (1.3.7) it is enough to show that
Glrr) (o) = Tra (Fo)| < Mk — G- (1.3.8)

As 0 < (G < (o, we have

_ 1
(1)( = Cfl (ém)) = 7TK(1)( 01+42 s (?201 7TK(1)( ))) :WK(1)(<%01)~
Since 7 (1) has Lipschitz constant 1 on Mé\;ﬁv , we obtain

1
o) (o) < S5 o) < Mz

which gives (1.3.8). O
Let H: MY XN x[0,+00) be defined by
H(£, ()= sup o:¢, (1.3.9)
c€eK(C)

so that H(-,¢) is the support function of K(¢). By (1.3.2) for every (£,¢) € MY XN x[0, 4+-00)

sym

we have

H(E Q) =CH(E ). (1.3.10)
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For every ¢ € [0,+00) the function & — H (&, () is convex and positively one-homogeneous

on Mi\;ﬁqN . In particular, it satisfies the triangle inequality

for every &,& € MYXN and every ¢ € [0,+00). From (1.3.3), (1.3.4), and (1.3.10) it

sym
follows that

0 < H(, C) < MrClE], (1.3.12)
|H(&2,¢) — H(&1, Q)| < Mg(l€e — &1, (1.3.13)
|[H(E,¢2) — H(&, 1)l < Mk l€]|G — il (1.3.14)

for every &,&1,& € MYXN and every ¢, (1, ¢ € [0, +00).

sym

Given ¢ € C°(Q)*, we define
K():={o€ LM(Q;Mi\Lan) co(x) € K(¢(x)) for L™-a.e. x € Q}. (1.3.15)

It is obvious that when o € C(Q) NK(¢), then o(x) € K(((x) for every z € Q. Given

€ M (QUT; Mé\;ﬁf\f ) it will be sometimes useful to consider also the space

K.(¢)={o€ Li(Q U FO;M??ZEN) co(x) € K(¢(z)) for prae. x € QUT}. (1.3.16)

For every closed convex set C C L*(Q;MYXN), let me: L*(Q;MI%N) — C be the
NxN

minimal distance projection onto C. For every o € L?(£); M, 7" ) we define

da(0,C) = ||lo — mc(0)|l2, (1.3.17)
the L?-distance from o to C. It is easy to see that, if o € L?(Q; ML), then

o =mK)(0) = 06(x)=Tg@) (o)) for L"ae x €. (1.3.18)

Using the theory of convex functions of measures developed in [21], we introduce the

nonnegative Radon measure H(p, () defined by
Hp.0(B) = [ HE @), drw), (1319

for any Borel set B C QUTy. Here A € My(2UTy)" is any measure such that p < X;
note that the homogeneity of H with respect to £ implies that the integral does not depend
on A. Similarly, we introduce the functional functional H: M,(QUTo; MYXN)xCO()+ — R

sym
defined by
Hp, Q)= | H(K(@),¢(x)dA(x). (1.3.20)
QuUIy
In particular, if p € L?(£); M?L;N), we have

H(p,C)z/QH(p(:c),g(x))dx.

When p is the rate of plastic strain and ¢ is the internal variable, H(p,() represents the

rate of plastic dissipation.
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For every p € L?(;MYXN) and ¢ € C°(Q)" the symbol 9,H(p,() denotes the subdif-

sym

ferential in L*(Q; MY %N) of #(-,¢) at p. Using [40, Corollary 23.5.3] and [19, Proposition

IX.2.1] it is easy to show that
9pH(0,¢) = K(C) - (1.3.21)

As H(p, () is positively homogeneous with respect to p we have
OpH(p,¢) C OH(0,() = K(C) (1.3.22)

for every p € L*(€; ML <) and every ¢ € CO(Q)*
The following theorem shows that H can be also regarded as the support function of
the closed convex set K(¢) N CY(Q U To; MYXN): this will be the point of view of the next

sym
section.

Theorem 1.2. Let p € My(QUTo; MYXN) ¢ e CO(Q)™T, let K(¢) satisfy (1.3.1)-(1.3.4),

sym

and define H(p,¢) as in (1.3.20). Then

H(p, ) = sup{ ., (@) dp(x): T € CR(QUTo; M) N K} (1.3.23)
0
Proof. The 7 >” inequality is trivial. To prove the converse inequality, we assume that
T'yp = 90 : this is not restrictive, because otherwise we can proceed by inner approximation
with smooth sets 2, whose boundary is contained in U T'y. Observe also that, by the
1-Lipschitz continuity of the projection, the supremum in (1.3.23) remains unchanged if we
replace C§(QUTo; MY XN) N K(¢) with Ky (¢), where K (¢) is defined in (1.3.16).
First, we suppose that {(x) is constant on Q and we denote its unique value by ¢. In
this case, the result could be deduced in an abstract framework using [21, Theorem 4] and
[52, Chapter II, Lemma 5.2], but we give a direct proof for the reader’s convenience. We fix
e > 0 and we find a continuous function ¢(x) such that

[ 1a@) = @l divl) < (1.3.24)

and consequently
/H C)dlp|(z) + MxCe. (1.3.25)

By the compactness of Q and standard properties of bounded Radon measures we can find

a finite family of pairwise disjoint open sets (QZ)Z(:? such that:

i(e)

U (1.3.26)
lg(x) — q(y)| < e for every x,y € Q, NQ and every 1 < i < j(¢); (1.3.27)
Ip|(0Q; N Q) = 0. (1.3.28)

In particular, (1.3.27) and (1.3.13) easily yield:

|H (q(x),¢) — H(q(y), ()| < Mk(e (1.3.29)

for every x,y € Q; N Q and every 1 <i < j(e).
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We choose x; € @Q; N and we find &; € K(f) such that &;:q(z;) = H(q(xl),f) Then,
we define
() = 90
0 ifzeQ\UY

which is a step function satisfying £ € K,/(¢). We then get, using the definition of {(x),
(1.3.24), (1.3.25), and (1.3.27)-(1.3.29), that

Hp, &) — Myle < [ H(q(x), ) dlp|(z) =
j(e) j(e)

:Z/Q.OQH(“ O dlpl(x <Z/ & q(a:) dipl () + MicCe <

/ £(x): €(x) dlp|(z) + 2McCe < ﬁ a() dp(x) + 3Micle

Q

and (1.3.23) follows immediately.
To prove the general case, we use a similar argument, taking pairwise disjoint open sets
(Qi)2%) satisfying (1.3.26), (1.3.29) and

|¢(x) — ¢(y)] < e for every z,y € Q;NQ and every 1 <i < j(e), (1.3.30)
which, together with (1.3.14), gives

[H (&, ¢(x) — H(E, C(x))] < Mkel¢] (1.3.31)

for every z,y € Q; N and every 1 < i < j(g). We choose z; € Q; N Q. By the previous
step and (1.3.28) we can find functions 7; € C(Q; N Q; MY*™N) such that:
€

/Q IRCUCE /Q @) i) - 5

and such that 7;(z) € K({(z;)) for every x in Q; N Q. Putting ¢;(x) := 7)) (Ti(2)),
where g (¢(z)) is the canonical projection on the closed convex set K(((x)), we easily get

€
/Qmﬁ i(x)dp(z) > /le H (@), C(a)) dlpl(x) — o —elul(@QinQ),.  (1.3.32)
We then define
p; fze@;N Q
0 ifxeQ) U](E)

which is still continuous since the @;’s are a finite collection and the functions ¢; vanish

o(z) =

on the interfaces, and clearly belongs to K(¢). Moreover, by (1.3.32)
i(e)

[ eta)dvta) > & /Q - (@) dipl(@)) — & — elul(©),

and (1.3.31), since £ (z) =1 for |p|-a.e. = € Q, finally yields

| e@rdno) > [ 1 @), dipla) = = 226l(@).

as required. O
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1.4 Some tools about functions of bounded variation in
time

It is a well-known fact for problems in elastoplasticity like the one we are going to study
in the next chapters that, since the functional H has linear growth, they have, in general,
no solution in Sobolev spaces. This is very natural from the point of view of mechanics,
due to the phenomenon of strain localization. Solutions can develop shear bands, where
shear deformation concentrates. Seen from a macroscopic perspective, shear bands can
be thought of as sharp discontinuities of the displacement (slip surfaces). They cannot be
resolved by Sobolev functions, but they find a natural mathematical representation if plastic
deformations are allowed to take values in spaces of measures (see [50]).

Therefore, in our formulation, the plastic strain p will be regarded as a function from
a time interval, say [0,7], to the space My(Q U Fo;Mé\;XmN ) which is neither reflexive nor
enjoys the Radon-Nikodym property (for this latter notion we refer to [6, Chapter 3]). A
suitable weak notion of time derivative will be then needed to understand the evolution
of the system. The goal of this section is to introduce such a notion for a function f of
bounded variation from a time interval to the dual of a separable Banach space and to prove
the representation formula (1.4.9) for the #H-variation V of f defined in (1.5.1), which turns
out to be closely related to the total amount of plastic dissipation on a time interval, as
we will see in the following. As a particular case, we will recover the analogous results for
absolutely continuous functions proved in [13, Appendix].

Throughout this section X is the dual of a separable Banach space Y, and K is a
bounded closed convex subset of Y containing the origin. Let H: X — R be its support
function, defined by

H(z) == sgg(m,y)

Since K is bounded and contains the origin, there exist a positive constant Bz such that
0 <H(z) < Bullzllx for every z € X . (1.4.1)

Thanks to (1.3.1)-(1.3.4) and Theorem 1.2, it is clear that for every fixed ¢ € C°(Q)*
the functional H(-,({) introduced in (1.3.20) fulfills this description with X := M,(Q U
Lo; MY XN), Y := CR(QULo; MY XN) and K := K(¢), where this one is defined in (1.3.15).

Given f:[0,7] — X and a,b € [0,T], with a < b, the total variation of f on [a,b] is
defined by

N
Var(f;a,b) := sup { SOlft) = Fltic)llx:a=tog<ty <<ty =b N¢ N} . (1.4.2)
i=1
while the #H-variation of f on [a,b] is defined by
N
V(f:a,b) = sup{Z”H(f(ti) S f(tii))a=to <t <--<iy=b N¢ N}. (1.4.3)
i=1
For every ¢t € [0,T], f(t+) and f(t—) denote the left and right limits of f at t. It

is easily seen that the map ¢ — f(t+) is right-continuous, as well as t — f(t—) is left-
continuous. The function f is extended outside [0,7] by putting f(¢) = f(0) whenever
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t <0 and f(t) = f(T) whenever ¢ > T, so that in particular f(0—) = f(0) and f(T+) =
F(D).

We now prove a theorem about a notion of weak* Radon-Nikodym derivative for an
X -valued function of bounded variation with respect to the Stieltjes measure associated to

its variation.

Theorem 1.3. Let f:[0,T] — X be a function with bounded variation, and let p be the
unique Radon measure on [0,T] such that u([0,t]) = Var(f;0,t) for every t € [0,T] where
t — Var(f;0,t) is continuous. Then there exists a unique (up to p-equivalence) function
vy: [0,T) = X such that for every y € Y the function t — (y,vs(t)) is p-integrable and

. £0) - fla) = | w5 0) du(t) (1.4.4)
for every a,b € [0,T] with a <b, such that u({a}) = p({b}) = 0. Moreover
lvr®lx <1 (1.4.5)
for p-a.e. t €[0,T].

Proof. Uniqueness is trivial, so we only prove the existence of such a function. Let F' be the
linear span over Q of a countable dense set in Y. For every y € F the function t — (y, f(¢))
has bounded variation on [0,7]. Let v be the unique Radon measure on [0,7] such that
v([0,t]) = (y, f(t)— £(0) for every ¢t where f is continuous. Since v is absolutely continuous
with respect to p, by the Besicovitch Differentiation Theorem there exists a p-negligible
set N, such that the limit

w1 s FE+Rt) — F(t—h))
Dy () := lim, w(t — hot +R))

exists for every ¢ € [0,7]\ Ny, the function ¢+ DI/(t) is p-integrableand

(0, F(b) — f(a) = / DE(t) du(t)

for every a,b € [0,T] with a < b, such that p({a}) = p({b}) = 0. We also notice that by
definition p([t — h,t 4+ h]) > ||f(t + h+) — f(t — h—)||x. Let N be the union of the sets
Ny for y € F. Then, u(N) = 0, the derivative DJ(t) exists for every y € I and every
t €[0,T]\N, and

1Dy )] < llylly - (1.4.6)
Now, for ¢ € [0,T]\N consider the Q-linear map y € F' + D}(t). This map is continuous
by (1.4.6); therefore, there exists a vector in X, which we call v£(t), such that

Dy(t) = (y,v¢(1))

for every y € F'. Using the density of F' and (1.4.6) it is easy to show that the vector v ¢(¢)

o Sy fEAt) - f(E—ho))
ovst) = i e A

for every y € Y and every ¢t € [0,T]\ N, so that (1.4.4) follows again by the Besicovitch

Differentiation Theorem. Inequality (1.4.5) is an obvious consequence of (1.4.6). O

satisfies

(1.4.7)
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Remark 1.4. Let t be an atom of pu, that is a jump point of f. It then easily follows from

(1.4.7) that
B FH) — F()
5O = 70— 70 x 110 — FElx (1.48)

for every ¢ such that p({t}) > 0.

Theorem 1.5. Let f: [0,T] — X be a left-continuous function with bounded variation, and
let v, and v¢(t) be as in Theorem 1.8. Then, the function t — H(v(t)) is p-integrable

and .
Vifiab) = [ M) dutt (1.4.9)
for every a,b € [0,T] with a <b, such that u({a}) = u({b}) =0.

Proof. We note that the function ¢ — H(v¢(¢)) is p-measurable, since the map ¢t —
(y,vf(t)) is p-measurable for every y € Y and H(vg(t)) = supyex, (y,V5(t)), where
Ko is a countable dense subset of K.

Let us fix ¢ and b as in the statement of the theorem. If a = t) <t; < --- <itn_1 <
ty = b is a subdivision of [a,b] such that u({t;}) =0 for every i, then

t;

(0, F(t) — F(tio)) = / s dut) < [ Hwe(t) du(t)

t7;71 t7;71

for every 1 <i < N and every y € K, hence

ti

H(f(t:) — f(tio1)) < H(vg(t)) du(t)

ti—1
for every 1 < ¢ < N. Summing over ¢ and taking the supremum over all such subdivisions,
which equals to V(f;a,b) thanks to the assumption pu({a}) = p({b}) = 0 and the left-

continuity of f, we obtain

b
V(fia,b) < / H(vs (b)) dut) (1.4.10)

To show the converse inequality, we first observe that the function V'(¢) := V(f;0,t)
is left-continuous and non-decreasing. Let puz be the unique Radon measure on [0, 7]
such that uy([0,t)) = V(t) for every ¢ € (0,7]. This measure is absolutely continuous
with respect to p, as a consequence of (1.4.1); therefore, by the Besicovitch Differentiation
Theorem there exists a p-negligible set M such that the limit
d“—”(t — lim V(t+h+t)-V(—-h)
du n—ot  u([t —h,t+ h])

exists for every ¢t € [0,T]\ M, and

b
/a d(’;—:(t) du(t) = V(fra,b). (1.4.11)

Let t € [0,7]\ (N U M), where N is the set defined in the previous theorem. Since H is

positively homogeneous of degree 1, we have

fto+h+)— f(to—h) V(to+ h+) —V(to — h)
H( 1([to — h,to + b)) ) = 1([to — hyto + h])
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for every h > 0. Using the weak*-lower semicontinuity of #, by (1.4.7) and by the previous

inequality we get

L Ft+ht) = f(to—h)
Hw (1) < mint 1 Wt =it +(;11) ) <

(Heho = fe=h)y oy
plt—ht+h) )= du

<limsupH
h—0+

)

for p-a.e. t € [0,T]. We now integrate with respect to p and we obtain (1.4.9) from (1.4.10)
and (1.4.11). O

Remark 1.6. When K is the unit ball of Y, then V = Var and H(v¢(t)) = |[ve(t)||x. It
follows from (1.4.5) and (1.4.9) that

v (@)lx = 1 (1.4.12)
for p-a.e. t €10,77].

Remark 1.7. Let pg the diffuse part of p, that is to say
pa=pn—Y p{r}Hi-,
TEJ

where J := {7 € [0,T] : u({r}) > 0}, which is at most countable. From Theorem 1.3,
Theorem 1.5, and (1.4.8) we can deduce that, if f is left-continuous and has bounded

variation
b
/ (v (t) dpa(t) = (y, Fb) = F(@) = > (v, f(r+) = £(7)) (1.4.13)
@ T€JN[a,b)
for every y € Y and every 0 < a <b<T, and
b
| HsO) dna) =ViFiah) = 3 H(F ) - £0) (1.4.14)
@ T€JN[a,b)

for every 0 < a < b < T. The proof is indeed obvious when wu({a}) = u({b}) = 0,

otherwise it can be obtained by approximation with subintervals [a,, b,] of [a,b] such that
w({an}) = p({bn}) =0 for every n.

We now turn to the case of absolutely continuous functions. We recall that a function
f:]a,b] = X is said to be absolutely continuous if for every € > 0 there exists § > 0 such
that >, || f(ti) — f(si)|x <&, whenever a < sy <t <59 <ty <--- <5 <tp <band
> (ti — s;) < 6. The space of these functions is denoted by AC([0,T]; X). For the general
properties of absolutely continuous functions with values in reflexive Banach spaces we refer
to [4, Appendix]. Here instead, in our more general setting, we can deduce from Theorems
1.3 and 1.5 the following one, whose original proof can be found in [13, Theorem 7.1].

Theorem 1.8. Let f:[0,T] — X be an absolutely continuous function. Then the weak™ -

F(t) = wt-lim £ = O

s—t s—1t

limat
(1.4.15)
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exists for a.e. t € [0,T]. Moreover, the function t — H(f(t)) is measurable and

b
V(f:a,b) = / H(F(t))dt (1.4.16)

for every a,b € [0,T] with a <b.

Proof. Let p and vy as in Theorem 1.3. By the absolute continuity of f, u is absolutely
continuous with respect to the Lebesgue measure £! on [0,7], therefore y = gL' with
g € L*([0,T])*. By the Lebesgue Differentiation Theorem, for £!-a.e. t € [0,T] we have

N AEY)
h—0+ 2h

=g(t),

therefore (1.4.7) gives

(y,vs(t)g(t)) = lim, (y, F(t+ h;h— f(t—h))

for every y € Y and L'-a.e. t € [0,T], and (1.4.15) follows with f(t) = v(t)g(t). With
this, (1.4.9) and the positive 1-homogeneity of H, the proof of (1.4.16) is trivial. O

Note that in this general situation f is only weakly* measurable, therefore it may
happen that f is not Bochner integrable. If ¢: [¢,d] — [a, D] is nondecreasing and absolutely

continuous, then the function g(s) := f(¢(s)) is absolutely continuous and
9(s) = fle(s))@p(s) for Ll-ae. s € e d], (1.4.17)

where f(t) = f(t) if the derivative (1.4.15) exists, while f(t) = 0 otherwise (this result can
be obtained for instance by adapting [3, Theorem 4.2]). It follows that

d (d)

/ h(p(s))¢(s) ds — / h(t) dt (1.4.18)
c #(c)

for every h € L*([a,b]; X). Indeed, the derivatives with respect to d of both sides in (1.4.18)

coincide L!-a.e. by (1.4.17).

1.5 Discrete approximation of some integrals

In this section we establish some measure theoretic results concerning a discrete approx-
imation of some integrals that will prove useful in Chapter 5 to get the energy-dissipation
balance.

Given p: [0,T] = My(QUTo, MY N) and ¢ € C°(Q)", according to (1.4.3) for every
0<a<b<T we define

k
V(p, G a,b) :=sup » _ H(p(t;) — p(ti-1),¢), (1.5.1)
i=1
where the supremum is taken over all finite families #g,t1,...,tx such that a = tg < t; <

-+ <t =0b. If p is absolutely continuous, the weak*-derivative p is defined by (1.4.15).
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In the following Lemma we combine some elementary properties of V(p,(;0,7) with the

representation formula (1.4.9) to get a discrete approximation of the integral

/O Hp(t),C) dt

Lemma 1.9. Let T > 0, let p € AC([0,T], Mp(QUTTo; MNXNY) et ¢ € CO(Q)T, and let

sym

{ti Yo<i<i, be a sequence of subdivisions of [0, T satisfying
0=t) <tp <--- <t =T and ny:= lrgagk(tz — 1 = 0. (1.5.2)
_/L_

Then

ik

lim E
k—o00 4
=1

Proof. We first show that, if p is only assumed to be left continuous in [0, 7] with respect
to the norm topology in M (Q U To, MY *N) "then

sym

H(p(ty) —p(ty ) ’H, Q)dt|=0. (1.5.3)

1,
k

V(p,G:0,T) = lim " H(p(th) - p(t ). C). (15.4)
i=1

To get this, by (1.5.1) it is enough to prove the inequality

V(p,;0,T) < likrr_lgf;?'l@(ti) - Pt ). Q)- (1.5.5)

Let us fix A < V(p,(;0,T). By (1.5.1) there exist an integer h and a subdivision 0 =ty <
t1 <---<t;, =T such that

A< Z?—L (tj-1),0). (1.5.6)

For every j and k, let ¢(j, k) be the greatest integer i such that t}; <'t;. Since t; — i <
t;(]’k) < 't; and n — 0, inequality (1.5.6), together with the left continuity of p and the

continuity of H, gives

A\ < ZH Jk) (tk(jil’k)),C)

for k large enough. By the triangle inequality (1.3.11), this implies

>\<ZH p(ti1),¢)

for k large enough. Inequality (1.5.5), and thus (1.5.4), follow from the arbitrariness of
A <V(p.G0,t).
Now, if p is absolutely continuous, by Theorem 1.8 we have

b
V(p.Cia,b) = / Hp(t),C) dt (15.7)
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for every 0 < a < b < T. Therefore (1.5.4) gives

/0 ' H(p(t), ) dt = lim Z’H, p(ty "),¢). (1.5.8)
Since .
Hip(t) (). 0 < [ 1 Hb(). 0
by (1.5.7), equality (1.5.3) is equivalent to (1.5.8). k O

We now turn to the case of a time-dependent function ¢: [0,7] — C°(Q)*, and we get

an analogous result for the integral

/0 H(p(t), C(1)) dt

Lemma 1.10. Let T > 0, let {ti}o<i<i, be a sequence of subdivisions of [0,T] satisfying
(1.5.2), and consider p € AC([0, T), Myp(QUTo; MYXNY) and ¢ € CO([0,T);CO(Q) ). Then

sym

ik

Jim Z H(p(t) — p(ti=h), ¢ (i) " 7—[ (t))dt] —0, (1.5.9)
tim S [Hp(th) — ple). ¢ - [ 1%( p(0),C0)di[ =0, (15.10)
i=1 te

Proof. Since t +— ((t) is continuous, for every € > 0 there exists §(¢) > 0 such that
IC(t) —C(t)|lo <& forevery t', t € [0,T] with |t —t| < d(e). (1.5.11)
Let us fix € > 0 and a subdivision 0 =ty < t; < --- < ¢, = T such that ¢; —t;_1 < d(¢)
for every j=1,...,h. By Lemma 1.9 we have
n ¢

Jfim 3 [p(6) - o660 = [, Hp0,¢(6)) e =0 (15.12)

ti "
for every j=1,...,h.
If t;1 < ti <t;, by (1.5.2) for every ¢; ' <t < ti we have |t —t;_1| < §(¢) and
|t —t;] < d(e) for k sufficiently large. Therefore (1.3.14), (1.3.20), and (1.5.11) give

[H(p, (1) — H(p,¢(tj-1))| < Mkellpli and  [H(p,{(t) — H(p, C(t5))] < Mgellpl

for every p € My(QUT o, MY*N) and every ti ' <t < ti. Since p is absolutely continuous,

sym

this implies, thanks to Theorem 1.8, that
H(p(t) — (1), () — Hip(th) — p(t;7), ¢(t;)] <

ti
< Micelp(t}) — p(t ) < Muce [ (0],
t)

k

‘/ (t)) dt — ¥ H(p(t),C(tj))dt) <M;<s/titzl [Pl dt .

i—1
tk
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Therefore

ik

D

H(p(t}) — p(t), CY) ~ / M), C(0) di| <

=1 ty
h i T
ZZ p(t) — p(ti~t) / H(p 4))dt’+2MK8/ ()| dt,
J=1i=1 t ! 0
o (1.5.12) gives
i T
fimsup Y [H(p(t) ~ p(t ). 671 ~ [ o), ¢(0)) dt] < 2 [ ple) e
k—o0 i— ,‘c 0

Equality (1.5.9) follows now from the arbitrariness of ¢ > 0. The proof of (1.5.10) is
similar. O

We now prove two lemmas concerning the approximation of Lebesgue integrals by Rie-
mann sums. The first one, in the weaker form (1.5.14) is well-known (see [22]). For the
application we have in mind we need the stronger result (1.5.13), which is related to the
Saks-Henstock lemma (see [45] and [24]) used in the theory of Henstock-Kurzweil integral
(see, e.g., [30]). We present here an elementary proof in the framework of Lebesgue integra-

tion, based on Fubini’s theorem, taken from [16, page 63].

Lemma 1.11. Let T > 0, let X be a Banach space, and let ¢: [0,T] — X be a Bochner
integrable function. Then there exists a sequence (t})o<i<i, of subdivisions of the interval
[0,T] satisfying (1.5.2) such that

Jim Z/ () —ap(ti )| dt =0 = Jim Z/ [ (t) — op(tL)] dt . (1.5.13)

In particular we have
ik T ik
: i—1 (4 i—1y _ T i (4 i—1
i 360k 67 = / POd = Jin 3 eG4, (1510

lim ZIW (H) — (Y — 6 =0, (15.15)

k—o0

where the limits in (1.5.14) are in the strong topology of X .

Proof. We extend v to 0 outside [0,7]. Set, for every m > 1 and every i € Z, 7& = ~.
For every s € [0,1] we have

Z/ " e+ ) — ()] e~

i€Z + Tm

—Z/ (s +75) —p(s + 718 — )| dr.

i€ZL
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Observe that there are at most m(7T" + 1) + 2 non-zero elements in the above sums, namely
those satisfying ¢ € I, :={i € Z : —m < i < mT 4 1}. Integrating in the variable s we
then get

/Z/ |st+7) P(t)|| dt] ds <

i€Z +7'm

S [ k) = ko= ] (15.16)
1

=5 [T e -t - s ar

i€l -

Since the translations are continuous, for every € > 0 we can find § > 0 such that

“+00
/ [P(s) —p(s—7)|lds <e (1.5.17)

— 00

for 0 <7 < 6. Thus, (1.5.17) and (1.5.16) imply that

lim Z/ " (s 4+ 7 — (t)] ] ds = 0.

mehee €L +7m !

It follows that, along a suitable subsequence my — 400, we have

k—+o00

Jim Z/W (s + 75, ) — p(0)]] di] ds = 0 (1.5.18)

for Ll-a.e. s € [0,1]. Let us fix s € [0,1] such that (1.5.18) holds. Let g5 be the largest
integer i such that s+7,, <0, and let o4 be the smallest integer i such that s+, > T,
and let i := o) — g. For i =1,... i) — 1 we define ¢} := s+ 72" and we set ¢} := 0
and ¢}* := T. It is clear that (1.5.2) is satisfied. moreover

1k t',"c ,
> / () — ()] dt =
i=o—1

S e ) - vl = (15.19)

i=0oK+2 s+ !

T
=/ I (ax) — <>||dt+/ p(T) — () dt

0 b

where ay, := s+ 72t and by := s+ 775!, Since all integers between g + 2 and o) — 1

belong to I, , the first term in the right-hand side of (1.5.19) tends to 0 by (1.5.18). The

second term is estimated by

ag s+riptt
| —wnas [ s+t — vl ar

SH+TRE
which also tends to 0 by (1.5.18). As T'—by, is infinitesimal by the choice of oy, the absolute
continuity of the integral yields that also the third term goes to 0. This proves (1.5.13).
Equality (1.5.15) follows from (1.5.13) by the triangle inequality. O
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For our purposes, we will need an ad-hoc refinement of the previous lemma. To be
definite, we consider a measurable subset B of [0,7]. In a simplified situation, say if B is
a subinterval or a finite union of subintervals, it is not difficult to prove that, in order to
approximate the Bochner integral of @ over B, we can take the sequence of Riemann sums
satisfying (1.5.13) and consider only the contributions of the indexes i such that ¢ ' € B
and tz € B. The next lemma shows that is is true for an arbitrary measurable set B. The
reason for this technical point will be clear in Chapter 5, Section 5.6. Roughly speaking this
lemma is tailored to a situation where, when proving an inequality involving integral terms
for a system whose solutions can show different types of dynamics, one may need different
types of approximations on the set of times where a certain regime is followed and on its

complementary set.

Lemma 1.12. Let T > 0, let X be a Banach space, let ¥: [0,T] — X be a Bochner
integrable function, let A be a measurable set in [0,T] such that ¥» =0 on A, let B :=
[0,T)\ A, and let (ti)o<i<i, be a sequence of subdivisions of [0,T] satisfying (1.5.2) and
(1.5.13), and hence (1.5.14). Let us define

I ={i:1<i<ig ti ' €A, t, € A}, ( )
IP={i:1<i<i, ;7' € B, t € B}, ( )
J =i 1<i<iy, tit € At € B}, (1.5.22)
JA =i 1<i<i, to e B, th € A}, ( )

( )

J =T u gt

Then

lim Y et )t — ) / P(t)dt = lim > ()t — "), (1.5.25)

k— o0 k—o0
el i€lp
Tim S (el + e D - 67 =0, (1.5.26)
ieJi .
Jim > / l4p(t)| dt =0, (1.5.27)
ierpugp

where the limits in (1.5.25) are in the strong topology of X .

Proof. By (1.5.13) we have

Jim. Z/Z (@) Pty | dt =0= Jim Z/ |4 (t) — 4 (th)| dt, (1.5.28)
113;02 /t () —w(t)dt=0= Jim > / () — (L) dt, (1.5.29)

EJAJr ic JA—
Jim / lp(®)ldt=0 = lim / (1) dt . (1.5.30)
EIA JRT eIA Jit k

Equality (1.5.27) follows from (1.5.30). Applying the triangle inequality we obtain (1.5.26)
from (1.5.27) and (1.5.29). On the other hand, taking into account (1.5.20)-(1.5.23), we
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have
ik
Do -t =Y et - )+ D P D -5, (15.31)
i=1 ZEIB iEJ?+
and the last sum tends to 0 by (1.5.26). Therefore, the first equality in (1.5.25) follows from
(1.5.14) and (1.5.31). The proof of the other equality is similar. O

Remark 1.13. Let 7', A, and B be as in Lemma 1.12, and let (#})o<;<;, be a sequence
of subdivisions of [0,7] satisfying (1.5.2) and

ir T
kl;n;OZ/ [1p(t) — 15t dt =0 klgiloz;/tk- l1p(t) —15(th)|dt,  (1.5.32)
where 15 denotes the characteristic function of B, defined by 15(t) = 1 for ¢ € B and
1p(t) =0 for t ¢ B. It follows from Lemma 1.12, applied to X = R and ¥(t) = 15(t),
that

Jim. (i —tH=0= Jim LBl L) (1.5.33)

ieJi zEIAuJA

Remark 1.14. Let T, A, and B be as in Lemma 1.12. If in addition %: [0,T] — X
is bounded and A is a relatively open set in [0,77], then, given (t})o<i<i, a sequence of
subdivisions of [0,T] satisfying (1.5.2), (1.5.13), and (1.5.32), it is not restrictive to assume
that (tj ', #i) C A for every i € J .

Indeed, if not, we can construct another subdivision satisying (1.5.2), (1.5.13), (1.5.32),
and our additional request, proceeding as follows. For every i € J,f_ let t};_% be the
supremum of the connected component of A containing t};l, and for every 7 € J,;4+ let
ti’% be the infimum of the connected component of A containing t}‘c. Ifrl1 <4 < g
and i ¢ J{', we set t};_% := ti . Then we consider the subdivision (£} )o<;<2;, defined by
tt = t;;/z, which clearly satisfies (1.5.2). Defining J2 by (1.5.24), with #% instead of ¢%, by
construction (£i1,f1) C A for every i € J{.

To see that (1.5.13), and (1.5.32) are satisfied, let M be an upper bound of || (t)| on
[0,T]. Since ti2 =& for i ¢ J& and [|[9p(t) —ab(ti2)|| < [|[(t) —ab(t:1)||+2M for every
i€ J{ and every s € [0,7], we have

;(/t I¢(t)—¢(t};—1)lldt+/ik . e (t) — (t?;%)ndt) <
<Z/ 9 (t) — ()l dt+2M > (t — ;7).

zEJA

Since the right-hand side tends to 0 by (1.5.13) and (1.5.33), we obtain the first equality in
(1.5.13) for ;. A similar argument proves the other equality, as well as (1.5.32).
1.6 Continuous dependence on a parameter

A particular situation will occur in Chapter 3, where, due to a suitable choice of the

data, our problem will reduce to determine the limit behavior of the solutions of a singularly
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perturbed system of ODE’s in a finite dimensional Banach space. In this perspective, the
following result about continuous dependence on a parameter, whose original proof can be
found in [27] (see also [26]), will be useful .

Theorem 1.15. Let f. and fy be Carathéodory functions defined on [a, b]xR™ with values
in R™, let t., to € [a,b], and let z., xg € R™. Assume that there exist two constants
L>0 and M >0 such that

|fe(t,x2) — fe(t,21)| < Lz — 2], (1.6.1)
|fe(t, z)| < M, (1.6.2)

for every € > 0, every t € [a,b], and every x, x1, xo € R™. Let y.(t) and yo(t) be the
solutions of the Cauchy problems

() = £.(6,9(0) iolt) = Jo(t,(0). s
Ye(te) = ze Ye(to) = o -
If t. = tg, xc = xg, and for every x € R™
¢ t
/ fe(s,z)ds — / fo(s,x)ds uniformly fort € [a,b], (1.6.4)

then y-(t) — yo(t) uniformly for t € [a,b].

Proof. Tt is easy to deduce from (1.6.4) that (1.6.1) and (1.6.2) hold also for € = 0, therefore
yo(t) is well defined on the whole [a,b]. Moreover it is not restrictive to take to = a. Let
z(s) be a finite linear combination of characteristic functions of subintervals of [a,b]. Then
(1.6.4) implies that

¢ ¢
/ fe(s,2(s))ds — / fo(s,z(s))ds uniformly for ¢ € [a, b],
By uniform approximation, using (1.6.1) it is not difficult to prove that
¢ ¢
/ fe(s,y0(s)) ds — / fo(s,yo(s)) ds uniformly for ¢ € [a,b] . (1.6.5)
a a

So, let R. := sup;e(q) |f;5 f=(s,90(s)) ds — f; fo(s,yo(s))ds|. For every t € [a,b], by (1.6.1)
and (1.6.3) we have

t t
[y (t) —vo(t)| = [xe — w0 +/ fe(s,y=(s)) ds _/ Jo(s,90(s)) ds| <
t
<l a0l + L [ lne(s) = ()] ds + R
therefore the Gronwall inequality gives

() = yo(8)] < " (|22 — o] + R:)

for every t € [a,b], and the conclusion easily follows. O
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In the following corollary inequalities (1.6.1) and (1.6.2) are satisfied only in the intervals

[te,b], and the conclusion is slightly weaker.

Corollary 1.16. Let f. and fo be Carathéodory functions defined on [a,b] xR™ with values
in R™, let t. — a, and let z., x9 € R™. Assume that there exist two constants L > 0
and M > 0 such that (1.6.1) and (1.6.2) hold for every € > 0, every t € [t.,b], and every
x, x1, xa € R™. Let y.(t) and yo(t) be the solutions of the Cauchy problems (1.6.3). If
Te = xg, and for every x € R™ and every n >0

t t
/ fe(s,z)ds — / f(s,z)ds uniformly for t € [a+n,b],
a+n a+n

then

sup |ye(t) — yo(t)] = 0
t.<t<b

Proof. Define
fo(t,x)  ift>t.

e (t7 .’17) =
fe(te,z)  otherwise

and let z.(t) the solutions of the Cauchy problems

Ze(t) = g(t,2(1))

ze(te) = e .

It is not difficult to see that previous theorem may be applied with g.(¢,x) in place of f.;
then z.(t) — yo(t) uniformly for ¢ € [a,b]; conclusion follows as, for every n > 0, when
¢ sufficiently small, z.(t) = y.(t) in [a + n,b] by the uniqueness of solutions to Cauchy
problems. O
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Chapter 2

The problem and the

mechanical assumptions

2.1 Overview of the chapter

The goal of this section is to introduce the Cam-Clay model in plasticy, to fix a convenient
notation for the development of the study we will carry out in the next chapters and to discuss
the main mechanical assumptions that we do in order to investigate the well-posedness of the
problem. In the final section, we introduce the vanishing viscosity approximation which is
the first tool we will use in order to give a suitable notion of generalized solution in Chapter

5, and we write down the e-regularized equations.

2.2 The Cam-Clay model

Cam-Clay plasticity is a well established model for the description of the mechanics of
fine grained soils [41, 42, 43, 46]. The framework is small strain elasto-plasticity, where the
linear strain Fu is defined as the symmetric part of the gradient of the displacement u
with respect to a reference configuration 2. Moreover, the strain is additively decomposed
into elastic and plastic part, namely Fu = e 4+ p, where the elastic part e determines the
stress ¢ through the linear constitutive relation ¢ = Ce, where C is the isotropic elasticity
tensor (see (2.3.2)). The stress satisfies the standard equilibrium condition —dive = f in
Q, where div is the divergence operator with respect to the space variable x and f denotes
a time dependent body force.

In its classical formulation Cam-Clay plasticity rests on three main ingredients. The first
one is a set of admissible stresses K((), a compact convex set in the space of symmetric
nxn matrices, whose size depends on a scalar internal variable (. The boundary 9K (()
identifies the yield surface, while stresses in the interior of K(¢) cause no plastic flow. In

the typical applications, 0K () are homothetic ellipsoids passing through the origin in the

NXN
sym

space Ml . The technical assumptions on K (¢) are those in the previous chapter, namely

(1.3.1)-(1.3.4). The other two main ingredients are the evolution laws for the plastic strain p

21
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and for the internal variable (. To write them explicitly, we introduce a new internal variable
z, related to ¢ by the equality ¢ = V(z), where V: R — (0,4+0c0) is a globally Lipschitz
nondecreasing function such that V' (z) > (,, for every z € R and a suitable constant ¢, > 0
(see (2.3.37)-(2.3.38)). Denoting the normal cone to K(¢) at o by Ng(¢)(o), the equations

summarising the model are

(a) constitutive equations: o(t,z) = Ce(t,z) and ((t,z) = V(z(t,x)),
(b) additive decomposition: Eu(t,x) = e(t,x) + p(t, ),

(¢) equilibrium condition : —div o(t, z) = f(t, ),

(d) stress constraint: o(¢,x) € K(((t,x)),

(¢) flow rules p(t, ) € Nic(c(em (or(t:),

(f) evolution law for the internal variable: Z(t,x) = p1 % [(p2 * tro(t,-)) trp(¢, )] (),

accompanied by suitable boundary conditions. Here p; and py are smooth convolution
kernel with unitary mass (see (2.3.39)). The nonassociative nature of the problem is due to
the fact that the evolution law (f) does not depend on K. Due to (1.3.5), if 2(¢,x) > 0 the
set K(((t,z)) expands leading to a hardening response. On the contrary, if 2(¢,2) < 0 the
set K(C(t,xz)) shrinks leading to a softening response.

The above formulation contains two differences with respect to the classical one, where
V(z) = z and the convolution kernel is not present in the evolution law for the internal
variable. The main reason for introducing the convolution is technical: it ensures that a
very weak convergence of ¢ and p implies strong convergence of the corresponding z. From
the point of view of mechanics, the convolution gives a nonlocal character to the evolution
law for the internal variable: it implies that the size of the yield surface at a point z is
affected by pressure and volumetric plastic strain rate in a small neighborhood of x, which
is not physically implausible. However, we anticipate that in the analysis of the spatially
homogeneous case (Chapter 3) one can prove that z is positive and bounded away from 0,
so that one can take V(z) = z, and identify 2z with (, as it is typical in the engineering
literature. Therefore, since the convolution kernels have unitary mass, in the case where z

is indepedendent of x (Chapter 3) we recover the classical formulation.

2.3 Mechanical preliminaries

The reference configuration. Throughout the paper the reference configuration € is a
bounded connected open set in RN | n > 2, with Lipschitz boundary 0Q = ToUT'; UN. We
assume that T'g and I'; are relatively open, [o NIy = @, Ty # @, and H"~}(N) = 0.

On T’y we will prescribe a Dirichlet boundary condition. This will be done by assigning
a function w € H'/2(9;RY), or, equivalently, a function w € H*(Q; RY), whose trace on
Ty (also denoted by w) is the prescribed boundary value. The set I’y will be the part of
the boundary on which the traction is prescribed.
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Stress and strain. For a given displacement u € BD(Q2) and a boundary datum w €
HY(Q;RY) | the elastic and plastic strains e € L?(;MYXN) and p € My,(Q U To; MY XN)

sym sym

satisfy the weak kinematic admissibility condition

Fu=e+pin Q,
(2.3.1)
p=(w—u)OvH" onTy,
where v is the outer unit normal to 92, and the right-hand side of the second formula in
(2.3.1) denotes the measure in M (To; MY XN) with density (w —u) ©v € L*(Ig; MY XN)

with respect to H" 1. As usual equality between measures on a set means that they agree
on every Borel subset. The stress o € L2(£; MY *N) is defined by

sym
o :=Ce, (2.3.2)

where C is the elasticity tensor, considered as a symmetric positive definite linear operator
C: M?L,XRN — MQ;;%N We assume that C is isotropic, so that we have C§ = 2u& + A\(tré)I,
where A\ and p are the Lamé constants. In terms of the canonical decomposition of a

symmetric matrix in its spherical and deviatoric part we can write
C¢ = 2uép + K(tré) 1, (2.3.3)

where the constant p > 0 is the shear modulus, the constant x > 0 is called modulus of
compression, and £p denotes the projection of £ onto the space of trace-free symmetric
matrices. Let Q: MYXN 10, +00) be the quadratic form associated with C, defined by

sym
Q&) == 3C¢:¢

It turns out that there exist two constants ag and Bg, with 0 < ag < g < 400, such
that

aglé]® < Q(€) < Bol¢l? (2.3.4)

MNXN These inequalities imply

sym

for every ¢ €

|CE| < 2Bql¢]- (2.3.5)

The stored elastic energy Q : L2(; MY XN) — R is given by

sym

Qe) = /Q Qle(a)) dz = Yove).

NXN

sym ) With respect to weak

It is well known that Q is lower semicontinuous on L2(Q;M

convergence.
Stress-strain duality and plastic dissipation. If ¢ € L*(Q;MYXY) and dive €
L2(;RY) | then we can define a distribution [ov] on dQ by

([ov], ¥)oq = (divo,¥)q + (o, EY)q (2.3.6)

for every ¢ € HY(Q; RY). It turns out that [ov] € H-/2(9Q;RY) (see, e.g., [52, Chapter I,
Theorem 1.2]). If, in addition, o € L®(Q;MYXN) and dive € L™(;RY), then (2.3.6)

sym
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holds for ¢ € WH1(Q;RY). By Gagliardo’s extension result [20, Theorem 1.II], it is easy
to see that in this case [ov] € L>=°(9Q;RY) and that

[oxv] = [ov] weakly* in L°°(9Q;RY), (2.3.7)

whenever o), — o weakly* in L>(Q;MXN*N) and divoy, — divo weakly in L™(Q;RY).

We shall denote with () the space

¥(Q) = {o € L®(Q;MY*N) . dive € L™(;RY)}. (2.3.8)

sym

Obviously, when o € C°(Q; MYXN) 1 ¥(Q) we have

sym
[ov] =0ov onTy, (2.3.9)

where the right-hand side is the pointwise product between the matrix o(x) and the normal
vector v(z) at each x € I'y.

The space I, (2) of admissible plastic strains is defined as the set of all p € M(Q2 U
Lo; M2 %N) for which there exist u € BD(Q), w € H'(;RY), and e € L2(;MIXN)
satisfying (2.3.1).

According to [7, Section 3], given p € IIp (Q2) and o € £(12), we can define the distri-
bution [o:p] on Q by setting, for every ¢ € C°(Q),

([o:p], ) := —(pu,dive) — (o,u® V) — (o, pe) (2.3.10)

where u € BD(Q), w € HY(;RY), e € L2(Q;MY*N) are as in (2.3.1). We extend the

sym

definition of [0 :p| by setting
[o:p] == [ov] - (w —u)H"™ on Ty, (2.3.11)

so that [o:p]L Ty € Mp(T). Actually, we have [0:p] € M(QUTy) as we discuss in the
next proposition, among the other properties of the distribution [0 : p].

Proposition 2.1. The definition of [0 :p| does not depend on the functions u, w, e satis-
fying (2.3.1). Moreover [o:p] is a bounded Radon measure on QUTy and, if we define the
duality product

(o,p) :=[o:p](QUTY), (2.3.12)

we have that
(o, p)| < lloflsolpll1- (2.3.13)

Proof. By (2.3.11) it is easy to see that [o:p]L Ty is independent of u, w, e satisfying
(2.3.1), so that we have only to check that the right-hand side of (2.3.10) is independent of
the choice of u € BD(Q2) and e € L2(Q; MY *N) such that Eu = e+ p in Q. To do that

sym

we first observe that for every ¢ € C1(Q) and u € BD(2) we obviously have gu € BD(f2)
and
E(pu) = pFEu+u® V. (2.3.14)

Then we take uy, us € BD(Q) and ey, es € L2(Q;MN*N) such that Bu; —e; = Eug —

sym

es = p in Q. Tt follows that F(u; — uz) € L*(;MYXN) | so that by (1.2.2) we get

sym
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up —ug € HY(;RY). Therefore, for every ¢ € C°(Q) we have ¢(u1 — uz) € HJ (S RY),
so that (2.3.6) and (2.3.14) give
(p(ur —ug),divo) + (o, (ur — uz) ©V) + (0,9(e1 — €2)) = 0

for every ¢ € C°(Q), as required.
We now show that [o:p] is a bounded Radon measure on Q. To do that, we observe that
by a standard approximation result (see, e.g., [52, Chapter II, Theorem 3.2]) there exists a
sequence v € C(Q;RY) such that
v = u in LY RY),
Ev, — (Bu)LQ  weakly® in M, (Q;RY), (2.3.15)

[Evklly = [|Bull1,

and therefore, by the Sobolev embedding Theorem in BD,

vp = u  weakly in L7-1 (Q; RY). (2.3.16)

We set pr = Ev, — e, so that p, € L2(;MY<N). Moreover, by (2.3.10), (2.3.15) and
(2.3.16) we get

(lo:prlip) = ([o:pl9), (2.3.17)

P&l = llplle (2.3.18)

as k goes to +00, where ||p|l1,o is the norm of the measure pL. Q. Now (2.3.6) gives
(o, E(pvy)) = —(pug, divo)
so that by (2.3.10) and the chain rule we have that

([o:pk], o) = (w0, pK)

in the usual sense of the L? duality and we get the estimate

([o el 92 < llolloclIPx 1 llplloo -

From this, (2.3.17), and (2.3.18) the claim follows as well as the estimate

Lallelloo - (2.3.19)

By (2.3.11) we then deduce that [0:p] € M(QUTy).

By (2.3.1), the restriction of p to Ty can be identified with an element of the space
LY (To; RY). If we assume that o € C(Q) N L(Q), from (2.3.1), (2.3.9), and (2.3.11) we
easily deduce

({[o:p], )| < llollellp

o :plllre < llollocllpllrrg (2.3.20)

where || - |l1.r, denotes the norm of L!'(T'o;RY). We claim that (2.3.20) holds for every
o € %(Q). Indeed, we can always find o, € C°(Q) with ||ok|lee < [lo|lce such that o — o
weakly * in LOO(Q;MQ%N) and divoy — dive weakly in L™(Q;RY). This follows from
[13, Lemma 2.3], which is a particular case of Lemma 2.4 that we will prove later. With this
fact, the claim follows from (2.3.7) and (2.3.11). Then, (2.3.13) follows from (2.3.19) and

(2.3.20). O
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Other properties of the measure [o:p] are collected in the next remark.

Remark 2.2. We claim that
([o:p], ) = (¢, p) (2.3.21)

for every o € CO(;MLYXN) N X(Q) and every ¢ € C°(Q), where the duality used in
the right-hand side is the standard duality between continuous functions and measures.

Equivalently, for every o € CO(Q;MYXN) N %(Q) and every p € Il () we have

sym
[c:pl=0:p on QUTYy, (2.3.22)

where the right-hand side denotes the measure defined by
(o:p)(B) := /Bazdp = Z/%UM dpi;j (2.3.23)
j

for every Borel set B C QUTy. Indeed, using (2.3.13) and an approximation argument,
it suffices to prove the claim for o € C*(€;MLN). Take u, e, and w as in (2.3.1). By
(2.3.9) and (2.3.11), equality (2.3.22) is trivial on any Borel subset of I'g, so that it only
remains to check that (2.3.21) holds for every ¢ € C°(Q). Using (2.3.1) and (2.3.14) we
get

(0.} = (0, E(pu)) — (0,00 Vip) — {0, 06)

Since pu = 0 on 0N the Green’s formula in BD(R2) gives (o, E(pu)) = (—divo,pu) so
that (2.3.21) follows from (2.3.10).
If o, — o weakly* in LOC(Q;M%;;N), div o, — div o weakly in L™(;RY), from

(2.3.7), (2.3.10), (2.3.11) and (2.3.13) we immediately deduce that

(low ), ) = (lo:p], ) (2.3.24)

for every ¢ € C°(Q).

Fix o € $(Q) and consider a sequence o, € C*°(Q) with ||ok|leo < ||o]|e such that of —
o weakly* in L>(Q;MY*N) and divoy, — divo weakly in L"(Q;R"Y), whose existence
is guaranteed by [13, Lemma 2.3]. Denoting with p, and ps, respectively, the absolutely
continuous and the singular part of p with respect to £ we get from (2.3.22) that the

Lebesgue decomposition of [0y :p] on QUT is

[0k :p] = 0k :pa + Ok s - (2.3.25)

Now it is easily seen, as the functions oy, are equibounded in C°(€; M%fn]\' ) that, when &
goes to oo, the sequence oy :ps weakly*™ converge (up to a subsequence) to a measure p
which is still singular with respect to £™. Using (2.3.24) and taking the limit in (2.3.25),
we then obtain

[o:p] =0:pa +p

on QUTy. By the uniqueness of the Lebesgue decomposition, this entails that the absolutely

continuous part [o:pl, of [o:p] with respect to L™ satisfies

[0:pla =0:py on Q. (2.3.26)
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We also get that p coincides exactly with the singular part [0 :p|s of [0 :p] with respect to

L™, and we have the estimate
[[o:p]s] < ||lolloolps] on QUTy. (2.3.27)

The following proposition provides a useful integration-by-parts formula.

Proposition 2.3. Let v € BD(Q), w € HY(Q;RY), e € L2 Q;MYXN) p € M,(QU

sym

Do; MNXNY satisfy (2.3.1). Let 0 € L®(Q;MYXN)  f € L"(Q;RY), and g € L= (T1;RY).

sym sym

Assume that —divo = f in Q, and that [ov] =g on T'y. Then
([o:pl, ) + (po,e = Bw) + (0, (u — w) © V) = (f,o(u —w))a + (g, p(u —w))r, (2.3.28)
for every o € C1(Q). Moreover
(0,p) + (0. — Ew) = (f,u —w)a + (g, u — w)r, . (2.3.29)

Proof. We can assume that o € C°°(2), otherwise we can proceed by approximation ex-
ploiting [13, Lemma 2.3], (2.3.24), and (2.3.7). Let v :=u —w € BD(2) and é = e — Fw.
By (2.3.22) we have

(lo:pl, ) = (po,p)a + (vo,p)r,

where the dualities in the right-hand side are the standard dualities between a continuous
function and a measure. Now, using (2.3.1), (2.3.9). (2.3.14), and the Green’s formula in
BD(Q) we get

(po,p)a = (po, Ev — é)a = (0, E(pv))a — (0,00 V) — {0, 9¢) =

(2.3.30)
= (lov], pv)oa + (f,pv) = (0,00 V) = (0, ¢¢) .
On the other hand, by (2.3.1) we have
<5007 p>Fo = 7<[O—V]7 @U>Fo : (2331)

Since [ov] = g on I'1, summing (2.3.30) and (2.3.31) we obtain (2.3.28). Taking ¢ =1 in

Q, we get (2.3.29). O
The following closed linear subspace of L?({); M?%TN ) will be used in our proofs:
5(Q) :={o € L2 ;ML) :dive =0in Q, [ov] =0 on I'}. (2.3.32)

By the weak definition of the divergence and by the symmetry of o, it is easy to see that
50() ={Ep: p € H%O(Q;]RN)}L. By taking the orthogonal complements, this implies
that

So()*t = {Ep: e Hp (GRY)}, (2.3.33)

NXN

since the latter space is closed in L?(; M, 7" ) as a consequence of Poincaré’s and Korn’s

inequalities. A different proof can be obtained by using the version of De Rham’s theorem
proved in [35] (see also [52, Chapter 2, Proposition 1.1]) and (1.2.2).
Here and henceforth the closed convex cone K C M%an x[0, 400) with nonempty inte-

rior and the closed convex set K (¢) C MY XN parametrised by ¢ > 0 satify (1.3.1)-(1.3.4).

sym
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For p € My,(QUIo; ML %N) and ¢ € C°(Q)* the measure H(p,¢) and the functional H(p, ()
are those defined by (1.3.19), and (1.3.20), respectively.

Following the lines of [7, Proposition 3.3] and [48, Proposition 3.2] we want to investigate
the connections between the measure H(p,() and the measure [o:p] when o € 3(Q) sat-
isfies the stress constraint for £"-a.e. x € (2. To do this, we need this preliminary lemma,

which is an ad-hoc refinement of [13, Lemma 2.3]. We shall denote with BM%%N the closed

NxN
Mgym " -

unitary ball of the space

Lemma 2.4. Let U be a bounded open set in RN with the segment property, let ¢ € C(U),
and let K(C) be asin (1.3.2). Let o € L™(U; MY XN), 1 <r < 400, with div o € L"(U;RY)
and o(z) € K({(x)) for L™-a.e. x € U. Then there exists a sequence oy, € C™(U; ML <)
such that o, — o strongly in LT(U;M?Z/;HN), div o}, — div o strongly in L"(U;RY), and
for every € > 0 there exists ko, only depending on ¢, such that or(z) € K({(x)) +€BM£;;<”N

for every x € U.

Proof. Since U is bounded and has the segment property, there exists a finite open cover
(U), i=1,...,m, of U and a corresponding sequence of nonzero vectors y; such that,
if t e UNU; for some 4, then x +ty; € U for 0 <t < 1. Weset Uy := U and 1 := 0.
For i =0,...,m and k =1,2,... the open set U} := {z € U; : x + (1/k)y; € U} contains
UNU;. We define ot (z) := o(x + (1/k)y;) for every z € U;. By the uniform continuity of
¢, it is clear that for every € > 0, when k is sufficiently large o} (z) € K(¢(z)) + %BMé\;?’iLN
for every i =0,...,m and L"-a.e. x € U. Let (V;), i =0,...,m, be an open cover of U
such that V; cc U; for every i. Since UNV,; C U ,i, for every ¢ and k we can find a mollifier
Pt of class C2°(RY) such that the convolution o} * i is well defined in a neighbourhood
of UNV,; and

o , 1
and ldiv o, * ¢y, — div op|lrvny, < —. (2.3.34)

o, * 1, — opllruny; < z

T =

We can clearly assume that the mollifiers 1/); are supported in a ball of center 0 and
radius Ry with Ry — 0 when k — 4o00. By the uniform continuity of (, for every € > 0
there exists ko(¢) independent of z such that

ok(v) € K (C(w)) + By

for every z in the neighbourhood of U NV; where the convolution o 1% is well defined,
and every y € B(z, Ri). As K(((x)) +eBynxn is closed and convex, for every k > ko we
have '

o xYi(z) € K(¢(2)) + eByyx (2.3.35)

for every z in a neighbourhood of U NV;.
Let (i), i=0,...,m, be a C* partition of unity for U subordinate to (V;) and let

m
on =) wilohx i)
i=0

Then o}, is of class C°° in a neighbourhood of U. Moreover, by (2.3.35), for every & > 0
and every k > ko(g) we get or(x) € K(¢(z)) + eBynxn for every x in a neighbourhood
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of U. Since of — o strongly in L™(U N Vi;MYXN) and div o} — div o strongly in

sym

LYUNV;RY), from (2.3.34) and from the identity

m

div o := Z(% div o + 0 Vy;)
i=0

we finally deduce that o — o strongly in L"(U; MQ%IN) and div o — div o strongly in

L™(U;RY). O
We are ready to prove the required inequality.
Proposition 2.5. Let ( € C°(Q)* and p € I, (Y). Then
H(p,{) >[o:p] on QUTy (2.3.36)

for every o € £(Q) N K(C).

Proof. We can assume that 'y = 9Q: this is not restrictive, because otherwise we can
proceed by inner approximation with smooth sets €; whose boundary is contained in QUT.
Let » € C(Q), ¢ > 0. We fix ¢ > 0; considering the sequence o}, defined as in the previous
lemma (we omit to relabel subsequences), for every k € N, for every z € Q, we get that
there exists (. € K({(x)) such that |ox(z) — (x| < €, and so, by the Cauchy-Schwarz
inequality:

or(x): (p/Ipl)(x) < H(p/Ipl(x),{(2)) + &

moreover, we can clearly assume that for every k& € N

[oklloc < 2MK|[Clloo

where M is given by (1.3.4). Then we get, by (2.3.23) and the previous inequalities:

: = xakxzﬁm T
<[ak.puso>—/ﬁso< )oula): @) dipl(a) <

< / (@) H(E (@), ¢(@)) dipl(z) + ¢ / (@) dip|(z) =

Ip|

= (H(p,O). ) + ¢ / (@) dip|(z).

By (2.3.24),
[o):p] = [o:p] weakly* in My (Q; MY *N)

sym

when k goes to +oo, therefore we obtain

(o) < (H(p.C),0) +¢ / (@) dip()

and we get (2.3.36) in the limit when € goes to 0. O

The internal variables. In addition to the plastic variable p, there are two internal vari-
ables z € C9(Q) and ¢ € C°(Q)*. They are linked by the equality

¢:=V(z), (2.3.37)
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where V: R — (0,400) is a globally Lipschitz nondecreasing function. We assume that
there exists a constant (,, > 0 such that

V(z) > (¢ for every z € R. (2.3.38)

The evolution law for the internal variable is nonlocal and involves convolutions. We fix
two kernels p; and pe in C1(RY)* with the property that

/ pi(z)dz =1 (2.3.39)
RN

for i = 1,2. For p € Mp(QQUTy) and ¢ = 1,2, the convolution p; * v is defined for every
x €Q by

(@)= [ pila =) dutw). (2.3.40)
QUL
It is clear that p; x 4 € C*(Q) and that

llpi % pilloo < Nlpilloollplls and [V (pi x p)lloo < [Vpilloollpallr s (2.3.41)
hence the linear map u + p; * p4 is continuous from M,(Q UTy) to C1(Q).

The data of the problem. We assume that the body force f(t), the surface force g(t),
and the prescribed boundary displacement w(t) satisfy the following assumptions:

f € HY
H},.([0, +00); L=(T1; RY)) (2.3.42)

([0, +00); L™ (% RY))
[0
w € Hy,, ([0, +00); H (4 RY)) .
(

For every t € [0,+00) the total load L(t) € BD(Q)" applied at time ¢ is defined by
(L(t),u) = (f(t),uyq + {g(t),u)r, for every u € BD(Q). (2.3.43)
Under our assumptions L belongs to H}. ([0, +00); BD(2)') and its time derivative is given
by
(L(t),u) = (f(t),u)q + (g(t),u)r, for every u € BD(Q). (2.3.44)

Throughout the paper we will assume also the following uniform safe-load condition:

there exist a function x € HL ([0, 4+00); L2(Q; MY *N)) and a constant ro > 0 such that

loc sym
—div x(t) = f(¢t) in Q and [x(t)v] = g(t) on I'y for every t € [0,+00), (2.3.45)
B(x(t,x),m9) C K(() for everyt € [0,400) and L™-a.e. z € 2, (2.3.46)
x(t) € L (MY XN)  for L-ae. t € [0,+00), (2.3.47)
t = |Ix(t)]loc belongs to L}, .([0,+00)), (2.3.48)

where x(¢,z) denotes the value of x(t) at = € Q, and B(o,r) denotes the open ball in
MY %N with centre o and radius r. It is easy to see that the function ¢ — [[x()]o is in
general lower semicontinuous, therefore assumption (2.3.48) only involves the finiteness of

the integral. By (1.3.5) inclusion (2.3.46) implies

H(E, Q) > x(t,2): & +7ol€] (2.3.49)
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for L-a.e. x € Q and every (&,¢) € MY XN x[(,,, +00).

sym

We will make use of the following infinite-dimensional generalization of (2.3.49), which

improves (2.3.36) for a function x € L“(Q;Mé\;an) with divy € L™(Q;RY) satisfying in
addition (2.3.46).

Proposition 2.6. Define X(Q) as in (2.3.8). Let 1o >0, ¢ € CO(Q)* and p € T, ().
Let x € () be a function such that

B(x(z),m0) € K(¢(x)) (2.3.50)

for L"-a.e. x € Q. Then
H(p, () — (x,p) = rollpll, (2.3.51)

where the duality (x,p) is defined by (2.3.12).

Proof. By standard arguments in measure theory, given ¢ > 0 we can find 7 € CJ(Q U
Lo; MYXNY N C%°(Q), with ||7|lec < 70, such that

y Hisym =

rollplli +e < / T:dp. (2.3.52)
QU
By (2.3.50), 7+ x € K(¢) N X(2). Therefore, by (2.3.22), (2.3.36) and (2.3.52), we get

rollplls + ¢ g/ ridp=(r+ ) — (p) <HDC) — 6P,

QuUI,

which concludes the proof by the arbitrariness of . O
About the initial data, we assume that

ug € BD(R), eg € LA Q;MYXNY poe My(QUTo;MY*N) 2, C%Q)  (2.3.53)

sym sym

and we define
gg = (Ceo and CO = V(Zo) (2354)

Moreover we suppose that the following compatibility conditions are satisfied:
Weak kinematic admissibility:

Fug=ey+py inQ,

(2.3.55)
po = (w(0) —up) ®©vH" 1 in Typ;

FEquilibrium condition:
—diveg = f(0) in Q; [oov] = g(0) onT;. (2.3.56)

Stress constraint:

op € IC(C()) (2357)
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2.4 The vanishing viscosity approach

To deal with the instabilities of the softening regime, we introduce a viscoplastic approx-
imation of Perzyna-type (see [37, 17, 25, 36]) of our problem. Given a viscosity parameter
e > 0, the corresponding viscoplastic evolution u.(t,x), e-(t,z), p:(t,x), z:(t, ), oc(t,x),
Co(t,z) satisfies conditions (a), (b), (c), and (f) of Section 2.2; condition (d) is dropped,
while (e) is replaced by

(ec) regularized flow rule: p.(t,z) = Nf((gg(t’z))(ag(t, x)),

where Ng(0,¢) := (0 — mg()(0)) and mg(c) is the projection onto K(¢). The well-
posedness of these equations is nontrivial and will be investigated in Chapter 5, Section 5.2.
The underlying idea is that, since the functional resulting from the variational formulation
of our problem can have multiple wells, a quasistatic evolution driven by global minimizers
could prescribe abrupt jumps from one well to another one, so that is preferable to follow
a path composed of local minimizers. Among them, a good selection criterion has proved
to be choosing the ones that are obtained as a limit of viscoplastic evolutions when the
regularizing parameter £ tends to 0(see [32] for a general discussion).

To prepare our treatment of the viscoplastic approximation, for every € > 0 we introduce
the function H.: MY XN x[0, +00) — R defined as

sym
H.(€,¢) = H(¢, Q) + 5¢, (2.4.1)
and the corresponding integral functional H.: L*(Q;MY*N)xC%(Q)" — R defined by

He(p, C) 1:/(2He(p(m)7((x))dx.

Its subdifferential 0,7, with respect to p satisfies the equality

He(p,C) = OpH(p, Q) +ep (2.4.2)
for every (p,¢) € L*(; ML <N )xCO(Q)*.
The convex conjugate H: ML *Nx[0,+00) — R of H. with respect to ¢ is defined by
H:(Ua C) = sup {O'f_HE(EaC)}
£eMaym"

Since the convex conjugate H* of H with respect to £ satisfies H*(0,{) =0 for o € K(()
and H*(0,() = +oo for 0 € K (see [40, Theorem 13.2]), using [40, Theorem 16.4] one can

prove that
H(0,¢) = 5-lo = mr (o) (0) - (2.4.3)
This implies that H} is differentiable with respect to o, and that its gradient is given by
0o H(0,() = N (0,¢) := £ (0 = m(¢)(9)) - (2.4.4)
Note that N (o,¢) is Lipschitz continuous on ML XN x[0,+00) by Lemma 1.1
Let Hz: L2(; ML XN )xC%(Q)t — R be the convex conjugate of . with respect to p,
and let NVg: L2(Q; MY XN )xCO(Q)+ — L2 (ML 5N) be defined by

N (0,¢) = %(0 — TK(¢) (cr)) ) (2.4.5)
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It follows from (1.3.18) that
p=Ni(0,() <= p(x)=Ng(o(x),((x)) for L™a.e. z €N, (2.4.6)

so that NVg: L2(Q;MYXN)xCO(Q)+ — L2(Q; MY *N) is Lipschitz continuous. By a general

sym sym

property of integral functionals (see, e.g., [19, Proposition I1X.2.1]) we have

He(0,C) = /Q HE (0(2), () de,

so that, by the Dominated Convergence Theorem and by (2.4.6), its gradient 9,H*(o,()
with respect to o satisfies

9oHz(0,¢) = Ng(o,¢) - (2.4.7)
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Chapter 3

The spatially homogeneous case

3.1 Overview of the chapter

Our investigation of the Cam-Clay model starts by studying the spatially homogeneous
case in dimension NN, with no volume forces. This simplified setting is the object of this
chapter, where we do not investigate the well-posedness of the problem, which is instead
carried out in Chapter 5. A similar study was done in [12] for a particular loading program
and for a very special yield surface. Here we extend the results of that paper to a very
general class of loading paths and yield surfaces, subject only to minor restrictions.

To be definite, we assume that the system is driven by a time-dependent affine boundary
condition w(t,x), whose symmetrized spatial gradient Ew(t,x) is independent of the space
variable x and is denoted by £(¢). In this situation, one can look for spatially homogeneous
solutions, assuming that the displacement u(t,z) coincides with w(t,z) and the unknowns,
independent of x, are the elastic part e(t) and the plastic part p(t) appearing in the additive
decomposition of the strain FEu(t,z) = e(t) + p(t), as well as the scalar internal variable
z(t), which describes the time evolving yield surface.

In this particular case the evolution laws for p(t) and z(t) result in the system

e(t) +pt) =&(t),  o(t) =Ce(t) € K(2(t)),
P(t) € Ny (o(t)), (3.1.1)
2(t) = tr(o(t)) tr(p(t)) -

Notice that, differently from the formulation of the problem presented in Chapter 2, there
is no need of introducing a dual internal variable ¢, since we are able to prove that z(t) is
bounded away from zero at finite times (this follows from (3.3.4) and (3.4.9)). Throughout
this chapter, we shall assume that tr(c) < 0 for every o € K(z), which reflects the compres-
sive conditions typical of soil mechanics. Therefore, by the second equation in (3.1.1), the
hardening or softening behavour is determined only by the sign of tr(p). We also premit,
that due to mathematical reasons, we shall impose some additional restrictions on K (z) (see
(3.2.10)-(3.2.11)). The main result of the chapter in its full generality needs these assump-

tions, but most partial results can be proved without them. This is why in the statements

35
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we will avoid these additional restrictions whenever it is possible.
With the notation of the previous chapter, the vanishing viscosity approximation reads

in this case as
e(t) +p:(t) =€),  0:(t) =Cec(1),

Pe(t) = Nf((zs(t))(crg(t)) ) (3.1.2)
2:(t) = tr(o-(t)) tr(pe(t)) .

A viscosity solution (e(t),p(t),o(t), 2(t)) to (3.1.1) is defined as a left continuous map which,
for almost every time t, is the pointwise limit of a sequence (ec(t),pe(t),o:(t),z:(t)) of
solutions of (3.1.2).

We want to study in detail the limit behavior as ¢ goes to 0 of the solutions of (3.1.2).
This is done using only differential equations techniques and disregarding the variational
structure of (part of) the problem. We will see that the limit dynamics presents, for a
generic choice of the initial data — some degenerate cases have indeed to be excluded — the

alternation of three possible regimes:

a) Elastic regime. This situation occurs in a time interval [¢1,t3] when the plastic
part, and thus the internal variable, do not evolve, while the stress is completely
determined by the prescribed boundary displacement through the relation o(t) =
C(&(t) —&(t1)), for every t € [t1,t2]; a necessary condition for this behavior to occur
is clearly (C(&(t) — &(t1)), 2(t1)) € K for every t € [t1,1t2].

b) Slow dynamics. In this situation the stress evolves smoothly on the yield surface and
the limit equation (3.3.1), called the equation of the slow dynamics, takes into account
the production of plastic flow. The evolution can be studied using the standard time

t; during this regime both hardening and softening behavior can occur.

¢) Fast dynamics. In the softening regime, a singular behavior can occur, which requires
the use of a fast time s := %t. The corresponding limit equation (3.4.1) is called the
equation of the fast dynamics. We will see that, at a jump time ¢, the right limit
(o(t+),z(t+)) of the solution is given by the asymptotic value for s — 400 of the
heteroclinic solution of the equation of the fast dynamics (3.4.1) issuing from the point
(o(t—),z(t—)) at s = —0c0.

As in the associative case, studied in [47] and in [8, Section 7], the alternation of these
three regimes is determined by the sign of two scalar indicators; the first one, depending
explicitly on time and on the state of the system, will be called the elastic-inelastic indicator.
It is given by

O(t,0,2) = vg()(0) - CE(t) (3.1.3)
for every (t,0,z) € [0,+00] x K . Here vi (.)(o) denotes the outward unit normal to K (z)

at 0. The second one, only depending on the state of the system, will be called the slow-fast

indicator; its explicit expression is given by

U(0,2) = —vi()(0) - Crge oy (o) — TR (5 (o)) (3.1.4)
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for every (o,z) € OK. Roughly speaking, at times where the stress meets the yield sur-
face, positiveness of the indicator ® does not allow the system to evolve according to the
linearized elasticity equation without breaking the stress constraint, thus plastic flow has to
be produced. The choice between slow and fast dynamics depends on the sign of W: if it
is negative, the evolution is smooth, while if it is positive, the solution has a jump. Since
the quadratic form associated to the tensor C is positive definite and taking into account
(3.2.8), comparing (3.1.4) with (3.1.1) one sees that a necessary condition for ¥ to be pos-
itive, hence to have a jump, is that the internal variable is decreasing in a neighborhood of
the jump time. From a mechanical point of view, this means that the instabilities leading
to a discontinuous evolution of the system are typical of the softening regime while the
hardening regime is more regular.

The main result of the chapter is Theorem 3.31. It gives an iterative procedure to con-
struct explicitly a viscous solution, upon the verification of some nondegeneracy hypotheses

at each step. If these hypotheses are satisfied, the viscous solution is also unique.

3.2 Preliminary results

We consider a closed convex cone K C M?LEN %[0, +00) with nonempty interior and a

family of closed convex set K(z) C Mé\;ﬁf\[ , parametrised by z > 0 (throughout the chapter

the internal variables z and ( are indeed identified), satifying (1.3.1)-(1.3.4). We observe
that, for every z > 0, we obviously have

o € 0K (2) <= (0,2) € OK. (3.2.1)

We will assume that K (1) is of class C?. For every o € 9K (z), we will denote the outward
unit normal to K'(z) at o by vk (;)(0), while vk (o, z) will denote the outward unit normal
to K at (o,z). We shall also assume that

tr(o) <0 for every o € K(1); (3.2.2)

this reflects the compressive conditions typical of soil mechanics. We define, for every (o, z) €
MYXN 5 (0,+00), the function

sym
0(0,2) = |0 — g (z)(0)]; (3.2.3)

it is a Lipschitz function, moreover it is C' for every (0,z) € [MJXN x (0,+00)] \ K. As
an elementary consequence of (1.3.6), we have the following relation:
0(o,2) = z0(Z,1) for every (o, z) € MY XN x (0, +00). (3.24)

sym
The next proposition collects some elementary properties which will be useful in what follows.

Proposition 3.1. Let K be a closed convex cone in I\\/Jli\;anx[O, +00), and let K(z) be as
in (1.3.1). Assume that K(1) is bounded and of class C* and that 0 € OK(1). Then, for
every z >0 and every o € MIXN \ int K(2), we have

Vi () (Ti(2)(0)) = v (1) (Tr (1) (20)). (3.2.5)
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Moreover, for every (o,z) € 0K

_ 1 —0-
VK(O',Z)—\/22+‘0.VK(2)(U))|2(ZVK(Z)(O')7 0 Vi (z)(0)). (3.2.6)

For every (0,2) € [MNXN x (0, +00)] \ K, we have

VQ((T, Z) = %(Z VK(z)(’/TK(z) (O’)), —TK(z) (O’) . VK(z) (WK(Z)(O'))). (327)

Proof. To prove (3.2.5) it suffices to consider the case when o ¢ K(z), which is equivalent
to say that < ¢ K(1). We then have, applying (1.3.6) and (3.2.4), that

0 — k() (0)
o(o, z)
Z(% - 771((1)(%))

= —F il =y 71' Lo)),
ERY k1) (Tr1)(30))

VK(Z)(U) =

which proves (3.2.5).
For what concerns (3.2.7), it is well known that, for every (0,z) € MY XN x (0, +00)]\ K,
Vo 0(0,2) = Vi (2)(TK (2)(0)) so only the last component of the gradient has to be calculated.

Together with (3.2.4) this implies that

5:0(0,2) = Zlzo(Z, )] = L(elo,2) = 0 vy (T ) (2))),

hence we get (3.2.7) by (3.2.5) and the equality

Q(U’ Z) — 0 VK(z2) (TrK(z) (U)) = —TK(z) (U) VK (2) (TFK(z)(O'))

This also implies (3.2.6); indeed, by the C? regularity of the boundary, for every fixed
(7,%) € OK we may locally define an oriented distance function 7 from dK , which is a C*-
extension of g to the interior of K. Then, locally we have that K = {(o,2)|r(c,2) < 0}.
It follows that the outward unit normal to K at (&,Z) must be parallel to Vr(a, z), which
by continuity is obtained by extending the right-hand side of (3.2.7) to 9K, and this proves
(3.2.6). O

Another useful property, which will be used in what follows, comes directly from the
characterization of the minimal distance projection and from the fact that 0 € K(z) for
every z; we have indeed that, for every (o, z) € [MYXN x (0, +00)] \ K

sym
WK(Z)(U) . VK(z)(ﬂ'K(z)(U))) > 0. (3.2.8)
We shall often decompose o € Mé\gme in its spherical and deviatoric part through the

relation

o= xﬁ +y (3.2.9)

where x € R and y € Mg *N are uniquely determined; here as usual Mg *N' denotes the
space of trace-free symmetric matrices of order N. Notice that v Nx = tr(c); in particular,
for every o € K(1), we shall have x < 0. Similarly, n(¢) and ~(¢) will denote the spherical

and the deviatoric part, respectively, of the function £(¢) mentioned in the introduction.
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For mathematical reasons, we shall make some additional hypotheses on the set K(1),
even if most of the results we are going to prove do not need them. Precisely, we shall
suppose that there exist a constant a > 0 and two not identically zero functions g and
h, defined on a bounded convex domain D of class C?, satifying g = h = 0 on 9D and
g,h € C*(D) N C(D) such that, decomposing o € MY*N as in (3.2.9), we have

sym

K(1) ={o e M{5"g(y) <z +a<h(y)} (3.2.10)

sym
We shall also suppose that

g%, h? are concave . (3.2.11)

In terms of g and h, we can reformulate our basic assumptions on K(1) as follows.
Convexity of the domain K(1) is easily equivalent to the fact that g is convex and h is
concave; as they do not identically vanish on D and they are zero on the boundary, this
implies that

g(y) <0 and h(y) >0 for every y € D.

Regularity of 0K (1) implies, that, for every w € 9D

lim  |Vg(y)|= lim |Vh(y)| = +oo. (3.2.12)

y—w,yeD y—w,yeD

Moreover, both (1.3.3) and (3.2.2) are satisfied, provided we have

gleagh = h(0) = a. (3.2.13)

An example of set satisfying all these assumptions is, for instance, any ellipsoid of the form
2 N
(Z+1°+) =1

where m =

w — 1 and y; are the components of y with respect to an orthonormal

basis of Mg *N We then have the following Proposition. We omit the simple proof, which
can be found in [14, Proposition 2.3 and Remark 2.4]

Proposition 3.2. Assume that (1.3.1)-(1.3.4), (3.2.2), and (3.2.10)-(3.2.11) are satisfied.
Then, there exists a constant F > 0 such that, for every o € 0K(1)

|tI‘(VK(1)(U))‘ < Flz +al, (3.2.14)
where x is defined as in (3.2.9). Moreover
tr(vgy (o)) =0 <=z = —a, (3.2.15)

and
tr(vgy(0)) >0 <=2 +a > 0. (3.2.16)

Let us fix £ € C1([0, +00); MNXN) | For every £ > 0 system (3.1.2) is equivalent to

sym

eée(t) = e§(t) — Cec(t) + 7"'K(zg(t))((c'ees t),
ez:(t) = tr(Ce(t)) tr(Cec(t) — T (2 (1)) (Cec(t))) -

(3.2.17)
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Lemma 3.3. For every € > 0 and for every initial condition e-(0) = ep and z:(0) = zp > 0
system (3.2.17) has a unique solution defined for every t € [0,4+00). Moreover the solution
(ec,2ze) of (3.2.17) with initial condition e-(0) = eg and z-(0) = zo > 0 satisfies z.(t) >0
for every t € 0, +00).

Proof. As the right-hand sides are locally Lipschitz with respect to e and z by Lemma 1.1,
to get global existence it is enough to prove that for every T' > 0 there is a constant M7 > 0
such that |e.(¢)| < M. and |z:(t)| < My, for every t € [0,T]. Since 0 € K({) for every
¢ € R by (1.3.3), by (2.3.4) we have |Cec(t) — T (.. 1)) (Cec(t))| < [Cec(t)] < 2Bgle(t)| and
1Tk (2. (¢)) (Cec(t))] < |Cec(t)] < 2Bglec(t)] for every t € [0,+00). Therefore, given T > 0,
from the first equation in (3.2.17) we have

) t
ba / le<(s)| ds for every ¢ € [0,T].

lec(t)| < A + —*
€ Jo

with Ap :=|eg| + fOT |(s)| ds. Tt follows from the Gronwall inequality that
lec(t)| < Arexp(T Bg/e) for every t € [0,T7].

Then the second equation in (3.2.17) allows easily to obtain a constant My . > 0 such that
|ze(t)| < Mr, for every t € [0,T].

To prove the second part of the statement, we argue by contradiction. Let T be the first
time such that z.(7') = 0 and suppose by contradiction that 7' < 4o00. Fix t < T such
that T —t < o3 » Where M is given by (1.3.4) and let tg <T' be a maximum point
for z.(t) in [f,T]. We shall have, by (3.2.17) and (1.3.4)

T
0 =cez:(tg) + 5/ Z:(s)ds =

to

T
= ez:(to) + / [tr(Cec(s))* — tr(Cec(s)) tr(mp (s (s)) (Cec(s)))] ds >

to

T
> exu(to) - / [6r(Cee ()] 61T 1 o, (o1 (Cee ()] ds =

to

T
> ez (tg) — MT’EMK/ ze(s)ds >

to
> ze(to)[e — (T — to) M7 Mk] > 5z:(to),
a contradiction. O
Introducing the dual variable o, the system becomes
£ (t) = eCE(t) + Clrrrc e vy (0 (1)) — 0. (1]

eze(t) = tr(oo(t)) tr(o=(t) — T (= (1)) (0c())) -

Since we want to consider a system which is initially in the elastic regime, for every € > 0

(3.2.18)

we will consider an initial condition satisfying (o¢, z9) € intK; in particular, we shall have
29 > 0. For every ¢ the solution of (3.2.18) is trivially given by

(o(t),2(t)) = (o0 + C(£(t) — £(0)), 20) (3.2.19)
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for ¢ small; actually, this formula gives the solution in the time interval [0,¢1], where
t; =inf{t > 0: (009 + C(&(t) —£(0)), z9) € OK }. (3.2.20)

In terms of the function ¢ defined by (3.2.3), for every t such that o(c.(t),z:(t)) > 0,
equations (3.2.18) become

CE(t) = 6=(t) = Lo(o=(t), 2:(1)) C Vi (a1 (0=(1), 22 (1)),

. (3.2.21)

Ze(t) = Zo(0:(t), 2(t)) tr(0e(t)) tr(Vi (o 0) (T (e (1)) (02 (1))

Given the solution of (3.2.18) with the prescribed initial data we define
0:(t) = 0(0c(t), 2(t)); (3.2.22)

notice that o.(t) is Lipschitz continuous, thus differentiable, for almost every ¢; in particular
it is differentiable for every ¢ such that o.(t) > 0, and we have, by a direct computation,
taking into account (3.2.21) and (3.2.7), that

%gs(t) =®(t,0-(t), 2:(t)) + ng(t)\ll(as(t),zs(t)) whenever o.(t) > 0, (3.2.23)
where
D(t,0,2): = vk (Tr(s) (o)) - CE1), (3.2.24)
U(0,2): = —Vi(s)(TK(2)(0)) - Crg () (Tr () (0) =
 tr(o) tr(VK(Z)(WK(z)(U))) 0 (0) - victo) (e (@) (3.2.25)

The function @ is defined on [0, +00)x {{[MY*N x (0, +00)] \ int K} and is continuous,

sym

while ¥ is defined on [MY*Nx(0,+00)] \ int K and is of class C'. In what follows, it

sym

is often convenient to consider extensions of ® and ¥ to [0,400)xMY*N x (0,+00) and

Mé\;an x(0,+00) of class C? and C!, respectively. Notice that the partial derivatives of W
at each point of 0K do not depend on the extension.

We will sometimes refer to ® as to the elastic-inelastic indicator, while ¥ will be called
slow-fast indicator, for reasons that will become clear in the following. Even if, for math-
ematical reasons, the two indicators are defined on the whole space, we will also see that

what only matters are the values they attain on the yield surface.

Remark 3.4. By positive definiteness of C and by (3.2.8) it is immediate to deduce that,
for every (o, z) such that tr(o) tr(vg(.) (T () (0))) > 0, the indicator W is strictly negative;
as we are going to see in what follows, this reflects the fact that, as long as we are in the

hardening regime, the evolution does not present discontinuities.

In general, it is easy to verify, taking into account (2.3.3) and (1.3.4), that the following

bounds on ¥ hold: from above, we have, for every (o,z) € [MX*Nx(0,400)] \ int K ,

U(0, 2) < —min{k, 2u} + MgV N|tr(o)], (3.2.26)

while from below
(0, 2) > —max{k, 2u} — MgV Nltr(o)| (3.2.27)
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where k,2u are defined by (2.3.3) and M is as in (1.3.4); clearly we may assume that any
extension of ¥ we will consider preserves these bounds in the whole space. Notice that, by
(3.2.26) and (1.3.4), if z is sufficiently close to 0, and (o, z) € K, then the indicator ¥ is
strictly negative uniformly in o¢; according to what we shall see in the following sections,

this means that when the internal variable is sufficiently small the evolution is continuous.

NXN

In what follows we shall define, for every o € Mg =%,

o) == max{r,2u} + MgV N|tr(0)|. (3.2.28)

3.3 Continuous evolution

3.3.1 The equation of the slow dynamics
In this section we study in detail the equation

Galt) = GG Cug., ) (oa(t) + CE(1),

. st (3.3.1)
zalt) = =Szt (o (1) (Vi) (0(1))),

defined on the open submanifold 0K N {¥(o,2) # 0} \ {(0,0)}. This will be called the
equation of the slow dynamics: observe that this is a well-defined equation, since, for every
t € [0, 4+00), the vector field

Xit(0,2) = (CE(t) + 322 Cuge() (0), —peZtn(0) tr(viz) (0)))

is a tangent vector field to K N {¥(o,z) # 0} \ {(0,0)}; indeed, by (3.2.6), it suffices to
show that x:(o,2) - (2vk(s)(0), =0 - vk (2)(0)) = 0, which follows by a direct computation,
recalling (3.2.24), and (3.2.25).

Remark 3.5. Let (o(t),z(t)) be a solution of (3.3.1) and define e(¢), p(t) through the
constitutive relations in (3.1.1); we have that p(t) = _WVK(Z(U)(U(”)’ thus the
flow rule in (3.1.1) is satisfied as long as —% > 0; that is, in our case, as long as
® does not become negative along the trajectory. We will see indeed that equation (3.3.1)
appears in the limit of (3.2.18) when the slow-fast indicator ¥ is negative.

Viceversa, let (o(t),2(t)) be a C! function with values on OK satisfying (3.1.1) in a

certain interval of time; if we suppose ¥(o(t), 2(t)) # 0, the flow rule and the condition

0 = vic((a(t), 2(1))) - (6(1), (1)),

with the help of (3.2.6), easily imply that (o(t), 2(¢)) satisfies (3.3.1) and that it must be

B (to(1).x(1)
Vo (D)=t = 0

We endow equation (3.3.1) with initial data (01,21) € K at a time t; > 0, with
z1 >0 and ¥(oq,21) # 0. We may thus apply all standard results about local existence and
uniqueness and the existence of a maximal interval where solutions to (3.3.1) are defined.
So, let (t1,t2) be the maximal interval of existence for the Cauchy problem associated to
(3.3.1) with datum (o1, 21). As said in (3.2.9), we denote the spherical and the deviatoric
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part of o4 (t) with x4 (t) and yg(t), and the spherical and the deviatoric part of £(¢) with
n(t) and (t). Using the identity tr(Co) = kNtr(o), from (3.3.1) we obtain

Kzsi(t) = wa () (5 N7 (t) — La(t)). (3.3.2)
The next Proposition shows an useful consequence of this equation.

Proposition 3.6. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2). Let ®, ¥ be as in (3.2.24),
and (3.2.25), respectively. Let (o5(t), zsi(t)) be the unique solution to the Cauchy problem
associated to (3.3.1) with Cauchy data (01,2z1) € OK at a time t1 > 0, with z; > 0 and
U(o1,21) #0, and let [t1,t) be its mazimal interval of existence. If to < +o00, there exists
a positive constant M such that

[(osi(t), zs1(t))] < M for every t € [t1,t2) (3.3.3)

Proof. By (1.3.4), it suffices to show that z4(t) is bounded. Let L > 0 such that |n(¢)] < L
for every ¢ € [t1,t2]: by (3.3.2), and (1.3.4) we have, for every t € [t1,12)

K(zsi(t) — za(t1)) = Ii/ Zs1(s)ds =

t1

= —/ x5 (8)Esi(s)ds + kN | 7(s)xg(s)ds <

t1 t1

t
< Ly (t) — 22 (8)] + KN / () [zt (3)] ds <
t
' t
< i22(t) + /-@LNMK/ zs1(s) ds
t1

and the conclusion follows by Gronwall’s inequality. O

By the use of (3.3.2) we are also able to show that z4(t) cannot vanish at ¢t = t5.

Proposition 3.7. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2). Let ®, U be as in (3.2.24),
and (3.2.25), respectively. Let (05(t), zsi1(t)) be the unique solution to the Cauchy problem
associated to (3.3.1) with Cauchy data (01,21) € 0K at a time t1 > 0, with z; > 0 and

U(o1,21) #0, and let [t1,t2) be its maximal interval of existence. If to < +o00, then
htn_1>1t£1f zs1(t) > 0. (3.3.4)

Proof. Suppose by contradiction that lign 1nf zs1(t) = 0; we first show that this liminf is a
—ri2

limit. Let L > 0 such that |n(t)| < L for every t € (t1,t2), and Mg as in (1.3.4), and let

¢ := limsup zy/(t); if we suppose ¢ > 0, we may fix £ < t5 such that
t—to

1) LNMg(t2 —1) < £;

2) zq(t) < 2c for every t > t;

3) Zsl(t) > %
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We shall then have, by (3.3.2), (1.3.4), and the previous assumptions, that, for every ¢ >

kza(t) = kzg(t) + / Zsi(8)ds =

So, let t, a sequence converging to to realizing the liminf; by (1.3.4) we shall get that
lim xg(t,) =0. As t, > t for n sufficiently large, we shall have

n——+4oo

stl(tn) Z K7 — %le(tn)7

s}

which in the limit yields § < 0, a contradiction. We thus have that lim; 4, z4(t) = 0,

which immediately implies, by (1.3.4), that tlir? xg(t) = 0. We now fix t < to such that
—ri2
LNMg(ts —t) < 1; as zq4(t) > 0 in (t1,t2) and tlir? zsi(t) = 0, there exists a maximum
—t2

point t3 for zg(t) in [¢,t2). Repeating the previous estimates, we shall have, for every
t > t5, that

Kza(t) > kzg(ts) — 22%(t) — KNLMgczg(t3)(t2 — 1) > r2t3) — 122 (4,

which in the limit as ¢t — to gives z4(t3) < 0, a contradiction. O

By the previous results, we now may show that the solutions (3.3.1) are globally defined
unless the slow-fast indicator vanishes along the trajectory. In the proof we use the following
elementary Lemma about differential equations, which can be found in [23, Chapter 1,

Lemma 3.1]; we state it for the reader’s convenience.

Lemma 3.8. Let E be a subset of R x R™, let f: E— R"™ a continuous function, and let
u(t) a solution of the ODE 0(t) = f(t,v(t)) on an interval [a,d) or (d,a] where |§] < 4o0.
If there exists a sequence ty converging to § such that u(ty) — @ € R™ and f(t,v) is
bounded on the intersection of E with an open neighborhood of the point (§,a), then

Proposition 3.9. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2); let ®, ¥ be as in (3.2.24),
and (3.2.25), respectively. Let (o5(t), zsi1(t)) be the unique solution to the Cauchy problem
associated to (3.3.1) with Cauchy data (01,21) € 0K at a time t; > 0, with z; > 0 and
such that ¥(o1,21) # 0, and let [t1,t2) be its mazimal interval of existence. If to < 400,
then

lim U(og(t),zs(t)) =0 (3.3.5)

t—ty
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Proof. Suppose by contradiction that there exists a sequence t — to such that

lim \I/(Usl(tk)7 Zsl(tk‘)) 75 0. (336)

k—+oco
By Proposition 3.6, we may assume that (os(tx), 25:(tk)) tends to a finite limit (02,22) as
k — +o00; by Proposition 3.7 we have that zo > 0. By continuity of ¥, (3.3.6) implies that
U(0g, 22) # 0; it follows now from Lemma 3.8 that

lim (o4 (t), zs1(t)) = (02, 22);

t—to

we may then solve the Cauchy problem associated to (3.3.1) with data (o9, z2) at time ¢,

contradicting the maximality of [t1,t2). O

In the next Proposition, we use Lemma 3.8 to prove that, if ¥ vanishes at time t5 < +00,
then (04 (t), zs1(t)) have a limit at ¢ = ¢5; the proof is obtained by observing that in this case
zs1(t) must be monotone in a neighborhood of t5. We also need the additional hypothesis
that the elastic-inelastic indicator is not vanishing at ¢5, that is to say

liminf |®(¢, 04(t), 25 (t))| > 0. (3.3.7)
t—ty
Proposition 3.10. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2); let &, ¥ be as in (3.2.24),
and (3.2.25), respectively. Let (05(t), zsi1(t)) be the unique solution to the Cauchy problem
associated to (3.3.1) with Cauchy data (o1,721) at a time t1 > 0, with z1 > 0 and such that
U(o1,21) #0, and let [t1,t2) be its mazimal interval of existence. If to < 400, and (3.3.7)
holds, then there exists
lim (o5(t), 251 (t)) := (02, 22) € OK. (3.3.8)

t—t,
Proof. By Proposition 3.9 we have lim,_, U(og(t), zs1(t)) = 0; as seen in Remark 3.4, this
implies that
liminfzg(t) <0 and liminf tr(vg (., @¢)(0a(t))) > 0;

t—ty sty
if not, in both cases we may find a sequence t,, converging to ¢ along which

lim sup \Ij(gsl (tn)7 Zsl (tn)) < - min{/{, 2:“} < Oa

n—-+oo

a contradiction. By (3.3.1), (3.3.5), and (3.3.7) we easily get that there exists a left neighbor-
hood of ¢, denoted with (f,¢), where Z4(t) # 0; thus zg(t) is invertible in this interval,
with inverse t(z), and converges to a limit zo, which is finite by Proposition 3.6. We now
suppose, for instance, that zg(t) is strictly decreasing, the proof in the other case being
completely analogous. We put 2 := z4(#) and we express ¢ in function of z; by (3.3.1), we

then get that

!

_ V(o (2),2z
~04() = GmErEeR e [C VK@ () - CxCadats) - (3:39)

for every z € (2, 2); here we have put: x(z) := £(t(2)). So, as

lim inf [tr(os(2)) tr(vi(2)(os1(2)))] > 0

Z—rZo

by the previous discussion, and taking into account (1.3.4) and (3.3.7), |0%;(2)| remains

uniformly bounded in this interval. The conclusion follows. O
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Remark 3.11. If the inequalities ®(¢1,01,21) > 0 and ¥(o1,21) < 0 are satisfied, we will
see in the next subsection that the solutions of (3.2.18) uniformly converge to the solution
of (3.3.1) in a right neighborhood of ¢;. In general, [t1,t2) may not be the maximal interval
of convergence, as positivity of ® may fail before of t;. We will show that this convergence
holds on [t1,t2) whenever

D(t,05(t), zs1(t)) >0 for every t < ts. (3.3.10)

Assume this inequality, as well as (3.3.7), suppose that to < +o0, and let (o2, 22) be as
in (3.3.8); then
\11(0'2, 22) =0. (3311)

Let us prove that

VU (09, 2) - (o) (72) gy < (3.3.12)

tr(oz) tr(uK(ZQ)(ag))

Indeed, as seen in Proposition 3.10 z4(t) is strictly decreasing in a left neighborhood of ¢,
with inverse t(z). If we define o4 (2) := 04(t(2)), we shall then have that ¥(o4(2),2) <0
in a right neighborhood of z5, which yields

lim i\I/(Usl(z),z) <0

Z—rz2 A
a direct computation involving (3.3.9) and (3.3.11) gives us condition (3.3.12).
We claim that the vector ( —Cic(zg(2)

tr(oz) tr(Vi (z9)(02))’

that, by (3.2.6), it suffices to show that

1) is tangent to OK at (o2,22). To prove

—C v (2s)(02)
(T a1V (22 VK () (02), =02 - V() (02)) = 0.

Recalling (3.2.25), the left-hand side is equal to + (02§2t;p((u(f;<7223(02)) , and the conclusion follows
Z2

by (3.3.11). Thus the left-hand side of (3.3.12) is a tangential derivative and depends only
on the values ¥ attains on 0K .

Due to the presence of the forcing term CE(t), the sign of Zy(t) may change, causing
the alternance of hardening and softening regime; we end this subsection by presenting
a simple condition that prevents this phenomenon. To be definite, we consider the case
where the spherical part of £(¢) is constant, as in [12]. Observe that here we are assuming
(3.2.10)-(3.2.11), in order to apply Proposition 3.2.

Proposition 3.12. Assume that (1.3.1)-(1.3.4), (3.2.2), (2.3.3), and (3.2.10)-(3.2.11) are
satisfied; let @, U be as in (3.2.24), and (3.2.25), respectively. Let (o5 (t),zs(t)) the
unique solution to (3.3.1) with Cauchy data (01,71) at a time t1 > 0, with z; > 0 and
U(oy,21) <0, and let [t1,t2) be its mazimal interval of existence. Let t € [t1,t5) such that

D(t,04(t), zs1(t)) >0 for every t € [t,1] (3.3.13)

and suppose that 17(t) = 0 for every t € [t1,1]. If there exists T € (t1,1) such that 24(f) =0,
then 24(t) =0 for every t € [t1,1].
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Proof. As t < 400, by the same arguments as in Proposition 3.6 and Proposition 3.7, we
may assume that Z :=inf,c(, 5 za(t) >0 and that [z4(?)| is bounded by a finite constant
M . By (3.3.1) we have that

Fa(t) = VN ezl e (wie ., 1) (0 (1)), (3.3.14)

while (3.3.2) reduces to
Hisl(t) = —:L'sl(t).’ﬁsl(t). (3315)

By (3.3.14), (3.3.13), (3.2.5), and (3.2.15), we have that
"tsl(t) =0« .’Esl(t) + azsl(t) =0, (3316)

where a > 0 is as in (3.2.10). Let us prove that x4(t) # 0 for every t € (t1,]; indeed, by
(3.2.2), which is equivalent to (3.2.13), if the value 0 is assumed, it is a maximum value for
x4 (t), thus, if for some t € (t1,%] we have x4 (t) = 0, it must be also @4 (t) = 0, but this is
excluded by (3.3.16), as zg(t) > 0.

Suppose that there exists € (¢1,%) such that 24(f) = 0; as x4(f) # 0, by (3.3.15) we
must have zg(t) = 0, that is to say x5 (f) +azs(t) = 0. Let f(t) := x4(t) +a z5(t); under
our hypotheses, by (3.3.14) and (3.3.15) there exists a positive constant W such that

[f ()] < Wtr(vi (a0 (0aa(t)| for every ¢ € [t1, £];
(3.2.5) and (3.2.15) imply that
[tr(vi o) (0 ()] < Zla(t) +aza(t)],
where F' > 0 is as in (3.2.14). We conclude that
[fOI<WZIFB for every t € [t1, )

as f(f) = 0, Gronwall’s inequality implies that f(t) = 0 for every t € [t1,{], which in its
turn entails that 4 (t) = 0 for every ¢ € [t1,{], and conclusion follows by (3.3.15). O

3.3.2 Convergence to the slow dynamics

In this subsection we examine how to recover equation (3.3.1) from (3.2.18) in the limit
as ¢ goes to 0, under suitable hypotheses on the sign of the indicators ® and W: the
arguments used here are reminiscent of [47, Section 3], where another model of plasticity
with softening in the spatially homogenoeus case was considered.

Throughout this part of the chapter, ¢ denotes a time such that there exist a left con-
tinuous function t — (o(t), 2(t)) defined on [0,) with values in M XN % [0,400) and an

element (4, %) of MN XN x [0, +00) satisfying the following properties:

(0:(t), 2 (1)) — (o(t), 2(t)) for a.e. t €[0,%), (3.3.17)
there exists {. — ¢ such that (o.(f.), z:(t.)) — (6, 2), (3.3.18)
(6,2) e 0K and 2>0, (3.3.19)
®(t,6,2)>0. (3.3.20)
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For instance, we can take # = ¢; defined by (3.2.20), if t; < +oo and, setting

(01, 21) := (00 + C(£(t1) — £(0)), 20)- (3.3.21)
we have
@(tl,dl, Zl) > 07 (3322)

notice that in general we have ®(t1,01,21) > 0, as the solution was in K at all previ-
ous times, thus we are only excluding the degenerate case when equality holds. The case
®(t1,01,21) = 0 will be discussed in the next subsection.

Lemma 3.13. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2). Let ® be as in (3.2.24). Let
t > 0 satisfy (3.3.17)-(3.3.20), and let t. be as in (3.3.18); then, for every t* > t, the set
{o-(t) > 0} N [t-,t*] is nonempty, when ¢ is sufficiently small.

Proof. Assume on the contrary that along a suitable subsequence, that we shall not relabel,

one has ¢.(t) = 0 for every t € [t.,t*]; we then get

(0c(t), 2 (1)) = (0c(te) + C(E(1) — (1)), 2e(te)) € K (3.3.23)

for every t € [f.,t*]. In the limit we obtain that (6 4+ C(£(t) — £(#)),2) € K for every t €
[t,t*]; by (3.3.19) we easily deduce that it must be ®(f,,%) < 0, contradicting (3.3.20). O

Remark 3.14. Notice that if £ = ¢;, the statement of the Lemma holds with #. = ¢; .

We fix an open neighborhood Uj := (£ — 6, +6) x Bs(6, 2), where Bs(6,2) denotes the
open ball of radius § > 0 centered at (5,
v2 > 0 such that

%), in a way that there exists a positive constant

D(t,0,2) > 712 >0 for every (t,0,z) € Us. (3.3.24)

We may clearly assume that § < %, where k and p are defined by (2.3.3) and

My is asin (1.3.4), in a way that, for every (o,2) € Bs(5, 2), the following holds:

—

Ao
g <3, (3.3.25)
where A(o) is defined as in (3.2.28). We define
ac = inf{t € (t.,t. +6): (0:(t),2.(t)) € IBs(5,2)}, (3.3.26)

where #. is given by (3.3.18). The following lemma shows that, thanks to (3.3.24), the
function %gg(t) becomes greater than a fixed positive constant after a time t. converging to
t as € — 0, while the motion is still in Bs(é, 2); we shall see that this implies a transition

to the inelastic regime.

Lemma 3.15. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2). Let ® be as in (3.2.24). Let
t > 0 satisfy (3.3.17)-(3.3.20), let t. be as in (3.3.18), and let &, a., and 2, be as in
(3.3.24) and (3.3.26). Let € > 0 and o(t) be as in (3.2.22). Define

te = inf{t € (fo, 1 +0) 1 Lo-(t) > 557 ) (3.3.27)

Then:



3. The spatially homogeneous case

a) te.—t—0 as e = 0F;
b) t. < ac for e sufficiently small;

¢) Loc(t) > % for every t € [t.,a.].

Proof. Concerning part a) and part b) of the statement, we may clearly suppose that ¢. > t..
Let s. :=t. Aa.. We first claim that, for small €, in (., s.) one has o.(t) > 0.

Indeed, we first observe that if the set {o.(t) > 0} N [f.,s.] is empty along a suitable
subsequence (unrelabelled), then clearly s. = a., and (3.3.23) holds for every ¢ € [t.,t*]; we
then easily get that liminf a. > £, and this contradicts Lemma 3.13. Then, for ¢ sufficiently
small, the set {o.(t) > 0} N [i., s:] has positive measure. Now, observe that ¢.(t) = 0 a.e.
in {o.(t) =0} N[t.,s.], while in the set {o.(¢) > 0} N [f.,s.] one has

0-(t) > % (3.3.28)

by (3.2.23), (3.3.24), (3.2.27), and (3.3.25). Then, by the fundamental theorem of calculus
and by Lemma 3.13, we get

)= [ adez FLe) > 0h e r]) > 0
{e=()>0}N[te,7]
for every 7 € [t.,s.], which proves our claim. Therefore {o.(t) > 0} N (i, s.] = (.,s.] so
that the previous estimate and the definition of s. yield
53;(2&) > QE(SE) > 272(58 - tAe)a

which implies, by (3.3.18), that

se—1t—0 ase— 0", (3.3.29)

Now suppose, by contradiction, that s. = a. as € — 0 along a suitable sequence. Then
a. —t. = 0 as ¢ = 07 and

sup  £0:(t) < 5353
te[tmae]

by the definition of a., (3.2.21), and (3.3.18), this implies

§+o(1) = [(0=(ac), 2 (ac)) = (oc(fe), z (L))
< (oe(ae) = 0c (), 0)] + [0, 2z (ac) — z(E.))]
< /t o)) + (1) dt (3.3.30)
< (|<;|+tr(&)|+5+o(1))/f@;“>dt+|u f E(t)] dt
< [T+ (6] -+ o{1)) g ae 1) + IC] [ ewrar

a contradiction, since the right-hand side tends to 0 as € — 0. This proves part a) and part
b) of the statement.

Observe now that (3.3.28) yields ¢.(t.) > 2. Thus, if ¢) is false, let ¢! be the first time
in (te,a.) such that oc(t2) = g3{%; then gc(t7) < 0. Repeating the proof of (3.3.28) we

find ¢-(t}) > 2 > 0, a contradiction. O
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Remark 3.16. Notice that if £ = t1, the statement of the Lemma holds with te =11.

We now focus on the case where the slow-fast indicator is negative at (¢, 2). As in [47],
this allows us to show that, in a neighborhood of ¢, the function %gs(t) remains uniformly
bounded. This is the key ingredient to prove that the limit evolution is continuous.

For a suitable choice of § in the definition of the neighborhood Uj satisfying (3.3.24),

we may assume that there exists a positive constant v; such that
U(o,2) < —m for every (o, z) € Bs(6,2). (3.3.31)

We now state an auxiliary lemma, analogous to [47, Lemma 3.6], which will be used also in
Section 3.4. Notice that in the statement of the lemma we make no assumption on the sign
of the indicator ®.

Lemma 3.17. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2); let ¥ be as in (3.2.25). Let
t>0, (5,2) € 0K, and let t. be a sequence such that

Suppose that there exist two constants n > 0, v > 0 such that, for every (o,z) satisfying
|(o,2) — (6,2)] <n, one has
U(o,z) < —.

Let
bl = inf{t € (t.,t+1n): (0-(t),2.(t)) € 9B, (5,2)}.

Then there exist L > 0 and a sequence 3., which may be taken equal to t. whenever

lim sup 0elfe) +o0, such that

€
e—0

a) §E—>£ as €—>0+7
b) (0:(52), 22(52)) = (3,2) as = = OF,
¢) QET(t) < % for every t € [3.,b7],

. . 17>~ ~
d) hgi}lglfbs >t+C(a,n,7),

where C(o,n,7) = min{n, Freyel it |

Proof. Choose L such that |CE(t)| < L for every ¢ € [f —n,f +n]. Observe that, from
(3.2.23) and the hypotheses, we get

0-(t) < —v=D L L forae. t € [f.,b]]; (3.3.32)

indeed the inequality holds true also in the set {o.(t) = 0}, as g.(¢t) = 0 almost everywhere
in this set. Notice also that it is everywhere satisfied when . (t) > 0.

Let M = limsup %EE) ; we may assume, up to a subsequence, that this limsup is actually
e—=0

a limit. If M < +o0o, we may always assume, suitably enlarging the constant L, that
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M < % If M = +o0, fix ¥ > 0 and define s? := inf{t € [t., b"]| QEE(t) < LTM}; then (3.3.32)

yields
0-(t) < =9 for every t € [t.,s"]; (3.3.33)

integrating, we get
(s7 —t.)0 < 0c(te) — 0(s1). (3.3.34)

As o.(t.) — 0, we conclude that s7 —  as ¢ — 07. From this fact and (3.3.34), we also
get that lim._,o 0-(s?) = 0, hence, integrating (3.3.32), we obtain

* 0:(s)

lim —_—
e—0 i g
€

ds=0. (3.3.35)

We can then argue as in (3.3.30), and for every t € [f., s”] we have

|oe(t) — ‘76({6” + [ (1) — Cs(gs)l <

s"

<(Cl+ @) +n+o(1) [ L(sds+Ic] [ Es)ds.

te te
From this and (3.3.35) we get
lim sup |o-(t) — o-(to)| +|¢(t) — ((t)] = 0.
S07 <i<s?
In particular we have s7 < b7, when ¢ is sufficiently small.

So we put 5. := s? when M = +oo, while we put 5. := t. otherwise; up to suitably
enlarging the constant L, we have, for every ¢, % < % and 9:(5:) < 0. Now, if c) is
false, let s! be the first time in (5.,b7) such that p.(sl) = %; then g.(t!) > 0. On the
other hand (3.3.32) yields ¢.(t}) < —L + L =0, a contradiction.

It remains to prove only part d) of the statement. We can suppose b7 < f+ 17, otherwise

the result is trivial. Again we can argue as in (3.3.30), and we have the estimate
n=|(0=(b) — 0c(5c), C(t) — C(8e)] <

b o
< (€l + ln@)| +n) [ L) ds+(c] [ IEo)]ds.

=

which implies, by part c) of the statement,
1 < [(1+7)[C| + [tx(&)] + 0] £ (b = 52) 5
since 5. — t as € — 0%, this concludes the proof. O

We are now ready to prove the main result of this section.

Theorem 3.18. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2), and define ®, and ¥ as in
(3.2.24), and (3.2.25), respectively. Let t > 0 satisfy (3.3.17)-(3.3.20), let t. be as in
(3.3.18), and suppose that (3.3.31) holds. Let (o4(s),25(s)) be the unique solution to the
equation of the slow dynamics (3.3.1) with Cauchy datum (&,2) at t, and let ty >t be as
in (3.3.5). Let t < to and suppose that there exists a constant 3 > 0 such that

D(s,04(8),2z5(8)) > 73 for every s € [t,1]. (3.3.36)

Then (0.,z.) converges uniformly to (o, 2s) as € — 0T on compact subsets of (,1].
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Proof. Let 6, v2, 71, te, and a. be given by (3.3.24), (3.3.31), (3.3.18), and (3.3.26),

respectively. We put ¢* = lim irlf ac, and we apply Lemma 3.17 with ¢ = ¢, f. = f., and
e—0

b = a.; we have that t* > t, and, by part ¢) of the Lemma, we may assume that there exists

a nonnegative function w(t) such that, for every n > 0, QET(t) w*-converges in L ((t4n,t*))

to w(t).

We write equation (3.2.18) in the form

CE(t) — o(t) = wilt,o(t), 2(t))
£(t) = w3 (t, o (1), 2(1)),

where

Wi (t,a(t), 2(t)) := =Dy (a(t), 2(1)) (3.3.37)
wi(t,0(t), 2(1)) == =D hy(a(t), 2(t)) ; (3.3.38)

here hi(o,z) and hy(o, z) denote two C} functions coinciding with Cvg () (7 () (0)), and
tr(o)tr(vi(z)(Tk(2)(0))), respectively, in Bs(d,2) \ int K. Corollary 1.16 now provides the
uniform convergence of the solutions of (3.2.18) to the solution of the problem

CE(t) — 6(t) = w(t)hy(o(t), 2(1))

(3.3.39)
2(t) = w(t)ha(a(t), 2(1)),

with the required Cauchy data, on the compact subintervals of (£,#*].

Now, Lemma 3.17, part c), implies that (o(t),z(t)) € K for every t € (f,¢*], while
Lemma 3.15 entails that, for every ¢ € (£,¢*], the points (c.(t),2.(t)) do not belong to K
when ¢ is sufficiently small; this proves that (o(t), 2(t)) € OK for every t € (#,¢*]. Thus, for
every t € (£,t*], the functions hy(c(t), 2(t)) and ho(o(t), 2(t)) coincide with Cr(,)(c) and
tr(o)tr(vk(z) (o)), respectively. Since (o(t),2(t)) € 0K, we must have, for every ¢ € (£, t*]

0= vk ((o(t),2())) - (6(t), 2(t));

this in turn, recalling (3.2.6), is equivalent to
0= (20K (x)(0), =0 - VK () (0)) - (6(2), £(1)).
Then (3.3.39), (3.2.24), and (3.2.25) imply that
0=w(t)V(o(t),2(t) + P(t,0(¢), 2(t)). (3.3.40)

Therefore (3.3.39) coincides with (3.3.1). We conclude that the solutions of (3.2.18) converge
uniformly on compact subintervals of (#,¢*] to the solution of the equation (3.3.1) with
Cauchy data (&,%) at £, and by uniqueness, the limit is exactly (og(t), zs(t)).

Now, let ¢/ the maximal time such that (o.,z.) converges uniformly to (o, z2s) as
e — 07 on compact subintervals of (£,¢7); to conclude the proof, we have to show that
tt > . Let us argue by contradiction, supposing t' < . Define (o', 21) := (04(t1), za(t!))
and observe that, by the hypotheses, there exist two constants 7 > 0 and « > 0 such that,
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for every (t,0,2) € [tt —n,tT+n] x B,(of, 21), one has ¥(o, 2) < —y and ®(t,0,2) > . We

define ¢(%,7) as the infimum in By (o7, 2") of C(o,%,7), where the latter is the constant
2

defined in Lemma 3.17. Now we may fix tf — 2 < < th <t < th <t + c(3,7)
in a way that (Usl(ti),zsl(ti)) € Bg(JT,ZT) and we shall have that for every (¢,0,2) €
1] = 3,60+ 31 x By(oa(t]), za(t]),

U(o,z) < —y and ®P(t,0,2) > 7. (3.3.41)

By Lemma 3.17, applied with t = £, = t]; , we have that there exists L > 0 such that for
sufficiently small QET(t) < % for every t € [t; t;] By Lemma 3.15, applied with ¢ = {, = t‘;,

n
and a. = b2 we get that

0<(t) . 2 Tt
= 2 Peaey — oreveryte [t2, t5], (3.3.42)

when ¢ is sufficiently small; here A(o) is defined by (3.2.28). We repeat the arguments
of the previous step of the proof, and we also notice that we are in position to apply
Theorem 1.15 in place of Corollary 1.16, to get that the solutions of (3.2.18) converges
uniformly in the interval [t} ¢}] to the solution of the problem (3.3.1) with Cauchy data
(o(th), 2(t))) = (o5(th), zsi(t1)), that is, by uniqueness, to (4(t), zs(t)). This contradicts
the maximality of tf. O

Remark 3.19. A slight adaptation of the proof, taking into account Remark 3.16, easily
shows that in the particular case t = t; the conclusion of the Theorem holds on the whole

closed interval [t1,1].

The previous theorem shows that, if one has
D(t,04(t),zs1(t)) >0 for every £ <t < to, (3.3.43)

then (o.,z2.) converges uniformly to (o, 24) as € — 07 on compact subintervals of (,ts).
On the contrary, if
O(t,04(t), 25 () =0 (3.3.44)

for some ¢ < t < ty, then the elastic behavior may re-appear starting from the point
(7,2) := (04(f), 2z5(t)) € DK , as we are going to discuss in the next subsection.

In the last section of the chapter we will consider the case when (3.3.43) holds, and
ty < 400; we will show that a transition from the slow to the fast dynamics occurs at time
to when (3.3.7) and (3.3.12) hold with strict inequality.

3.3.3 Elastic regime

Another possibility for a continuous evolution is having an elastic regime, where the
internal variable is constant and the stress evolves trivially following the linearized elasticity
equation, without production of plastic flow. It is obvious that this situation occurs if we a
priori know that at a certain time the stress is in the interior of the elastic domain. Here
instead we focus on the case where the stress is on the yield surface, after a previous branch

of elastic regime, or after following the slow dynamics equations, or after a jump along
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the fast dynamics trajectory (this situation will be discussed in the next section). As the
discussion of the previous subsection has clarified, negativeness of the indicator ¥ leads to a
continuous evolution, while positiveness of the indicator @ is responsible for the production
of plastic flow. Throughout this subsection, while keeping the hypothesis on ¥ we will deal
with the case ® < 0. If the strict inequality holds, it is really easy to prove that the system
is switching to the elastic regime, while if ® = 0 we need to add some suitable assumptions
to prove this result. However, also this case is really interesting because it is what happens
for instance when (3.3.44) holds.

To be definite, ¢ denotes a time such that there exist a left continuous function ¢ +
(o(t),z(t)) defined on [0,%) with values in MN*N x [0,4+0c0) and an element (7,Z) of

sym
N x N
Msym

[0,400) satisfying the following properties:

(0-(t), 2(t)) — (a(t), 2(t)) for a.e. t €0,%),

there exists t. — t such that (o.(f.), z:(tc)) — (7, 2),
(6,Z) € 0K and 2>0,

®(t,5,z) <0and ¥(5,z) <0.

Denoting with (og(t;%), z5(¢;)) the unique solution of (3.3.1) issuing from (7, z) at time
t, we will also assume that there exists a sequence ¢, — t such that

D(ty, 051(tn; 1), zs1(tn;t)) <0 (3.3.49)

and that there exists 7 > 0 such that, for every (¢, s, 0, z) € (t,t+n) x(0,1) % (B, (7,2))NOK
satisfying ®(¢,0,2) <0,

(c+CE(t+s)—&(t),2) €eint K. (3.3.50)

It is obvious that if the strict inequality holds in (3.3.48), (3.3.49) and (3.3.50) are trivially
satisfied. About the meaning of these two additional conditions, we observe that, according
to the discussion in Remark 3.5, (3.3.49) has the role of preventing the system from following
the slow dynamics equation, while (3.3.50) is a suitable enforcement of the trivial necessary

condition for having an elastic regime while keeping the stress constraint.

Remark 3.20. When ¢ is at least C? regular and ®(¢,5,%) = 0 the inequality

CE(F) - vi(2)(0) + CE(F) - [Vovi(z) ()] CE(E) < 0 (3.3.51)

implies both (3.3.49)) and (3.3.50). It follows from the definition of ®, from (3.3.44), and
from (3.2.6), that the vector C£(Z) is tangent to DK (Z) at &, hence CE(1) -[Vovg 2)(0)] CE(D)
is exactly the second fundamental form of 0K (z) at &, applied to the tangent vector Cé (1).
We omit the proof of (3.3.51), which is based on elementary facts in differential geometry;
the interested reader may refer to [14, Remark 3.19] and [47, Remark 3.12].

The next theorem shows that the hypotheses we made actually guarantee that the system

is going to follow the elastic regime in a right neighborhood of .
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Theorem 3.21. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2), and define ® and U as in
(3.2.24), and (3.2.25), respectively. Let t and (5,() satisfy (3.3.45)-(3.3.48), and assume
that (3.3.49) and (3.3.50) hold. Let

(0er(t), zer(t)) := (o + C(£(1) = £(1)), 2)

and

7 :=sup{t > t|(0e(s), ze1(s)) € int K for every s € (,t)}.
Then (oc,z:) converge uniformly to (0er,ze1) as € — 07 on compact subsets of [t,T).

Proof. Observe that, if 3.3.50 holds, 7 is strictly larger than ¢ and 7 — ¢ > 7, where 7 is
given by 3.3.50. As in Theorem 3.18 we denote with hi(c,z) and ha(o,z) denote two C}
functions coinciding with Cvg () (Tx(2)(0)), and tr(o)tr(vk(.)(Tk(2)(0))), respectively, in
Beta(6,2)\ int K Since ¥(7,%) < 0, we can apply Lemma 3.17 as in the proof of Theorem
3.18 to get that there there exists ¢ > 0 such that the solutions of (3.2.18) converge, up to

a subsequence, to a function (o(t), z(t) with values on K solving the problem

CE(t) = 6(t) = w(t)h(a(t), 2(t))

(3.3.52)
£(t) = w(t)ha(o(t), (1)),

with the Cauchy data (G

,¢), for some suitable nonnegative bounded function w(t), on the
compact subintervals of (Z,

t + 9]; thus we may fix § < n such that (o(t),2(t)) € B,(7, 2)
for every ¢ € [t,©+ 40]. By (3.3.48) we can clearly assume that
U(o(t),2(t) <0 (3.3.53)

for every ¢ € [t,t+ 0].

Now, we first prove that the open set A;n: := {t € (¢,t +0) : (o(¢),((t)) € int K}
must be nonempty. If not, (o(¢),z(t)) € K for every ¢t € [{,t + §]. Then we can prove
exactly as in Theorem 3.18 that (3.3.40) is satisfied for every ¢ € [{,¢ + d]; by uniqueness,
this implies (o(t),2(t)) = (osi(t;1), 251(¢;7)), but then (3.3.49) and (3.3.53) contradicts the
nonnegativeness of w(t). It is easily seen, as (0., z.) converge uniformly to (o,z) on the

compact subintervals of (¢, + 4] that
w(t)=0 foreveryte A . (3.3.54)

We now show that A;,; is connected. Indeed, let t € Aine and let (fl, fg) the connected
component containing £. In (f1,f), we have, by (3.3.54), that (o(t),z2(t)) = (o(f1) +
C(&(t) — &(t1), 2(11)). Notice that, as (o(f1),2(f1)) € 0K by maximality, we have that
®(t1,0(t1),¢(t1)) < 0, if not the trajectory goes outside of K. Then, 3.3.50 implies that
ty = t+ 0, thus proving that A;,; is connected, that is As,; = (f1,t+0). Now, if {; > £, for
every t € [t,¢1] we must have (o(t),2(t)) € K. In this case, again (3.3.40), (3.3.53) and
(3.3.49) give us a contradiction. Thus the statement of the theorem is proved in (¢, + ¢];
as, for every t < 7, (0e(t), ze1(t)) € int K, it is easily seen that the maximal interval such

that the theorem holds is (¢,7). O
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The statements of Theorems 3.18 and 3.21 can be efficiently joined together in the next
one. Here we have in mind the case where, at a certain time ¢ the stress reaches a point
of the yield surface where the indicator ¥ is negative, so that the evolution is continuous,
and we assume that ® is strictly positive, since the case ® < 0 is covered by the previous
Theorem. Then, in a right neighborhood of £, either the evolution follows the slow dynamics,
or a continuous combination between the slow dynamics and the elastic regime. To prepare

the statement, we introduce some notation.

Definition 3.22. For every (6,2) € 0K satisfying ¥(,2) # 0, and every £ > 0 we define
(041, 251)(t; 6, 2,1) as the unique solution to (3.3.1) starting from the point (4,2) at time £,

and 79" as the supremum of the maximal open interval of existence for (0, zs)(t; 6, 2,1).

Theorem 3.23. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2), and define ® and U as in
(3.2.24), and (3.2.25), respectively. Let t > 0 and (6,2) € OK be as in Theorem 3.18 and
define (04, 25)(t;6,2,1), and tmar > ¢ as in Definition 3.22. Let

t:=1inf{t € (£,t7°) : ®(t, (041, 241)(t; 6, 2,1)) <0} .
Assume that (3.3.49) and (3.3.50) hold at (7,z) := (05(t), zs1(¢)). Let

(oer(t), zar(t)) := (o + C(&(1) — £(1)), 2)

and
7 :=sup{t > t|(oe(s), ze1(s)) € int K for every s € (¢,t)}.

Then (o, z2) converges uniformly on compact subsets of (t,7) to the function (o, z) defined
by
(0s1,26)(t;5,2,1)  fort <t <t

o(t),z()) := '
((0) 2(2) (0er(t), zer (1)) fort<t<r.

(3.3.55)
Proof. Since t, ¢, and % are fixed and there is no risk of ambiguity, throughout the proof
we will write (o4 (t), z5i(t)) in place of (o4, 24)(t;6,2,1). Let 7 be the maximal time such
that (o¢,zc) converges uniformly to (o,z) on compact subintervals of (f, 7); we have to
show that 7 = 7. By Theorem 3.18, it follows that 7 > ¢. As in Theorem 3.21, it is easy to
see that 7 = 7 when 7 > t, therefore we have only to exclude 7 =1t.

In this case, there exist two constants 1 > 0 and v > 0 such that, for every (o,2) €
B, (7,%), one has ¥(0, z) < —y. We define ¢(#,v) as the infimum in Bg (0,2) of C(0,3,7),
where the latter is the constant defined in Lemma 3.17. Now we may fix t — 4 <#; <ty <
t <tz <ti+c(3,7) in away that (oq(t1),2s(t1)) € Bn(a,2) and we shall have that for
every (0,2) € Ba(oa(t1), 2s1(t1)),

U(o,z) < —.

By Lemma 3.17, applied with = £, = £, , we have that there exists L > 0 such that for ¢
sufficiently small QET(t) < % for every t € [t2,13], thus we may assume an(t) w* -converges in
L*>((t2,t3)) to some nonnegative function w(t). By (3.3.37), (3.3.38), and Theorem 1.15 the

sequence (o, z.) converges uniformly in [t2, 3] to a continuous function (&,%). Theorem

3.18 gives (7, 2) = (041, 251) In [t2,?), while Theorem 3.21 gives (7,2) = (0e1, ze1) in [t, 23],
thus (5,%) = (0,2) in [t2,t3]. This contradicts the maximality of 7, when 7 ={. O
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3.4 Softening with discontinuities

3.4.1 The equation of the fast dynamics
The goal of this section is a qualitative study of the equation

G1(s) = C(mr(z;(s)) (07 (5)) —0(s))

(3.4.1)
21 (s) = tr(op(s)) tr(os(s) = TRz ()) (01(5)));

this is called the fast dynamics equation and appears, as we shall see, as limit of a rescaled
version of (3.2.18) near a discontinuity point of a viscosity solution.

Under suitable conditions, we shall see the viscosity solution will jump between the two
endpoints of a heteroclinic orbit of (3.4.1), whose existence, together with other properties,
is the object of this subsection.

In order to prove the main theorem of this subsection, we need a preliminary lemma,
showing that the internal variable is constant along the unique solution of (3.4.1), with an

initial condition (&, Zz) satisfying
(7,2) ¢ K and tr(vg(s) (T (5))) =0. (3.4.2)

We preliminarly observe that taking an initial condition outside K easily implies that we
can never reach K in finite time, as the set K is made of critical points of the autonomous
equation (3.4.1). Through the decomposition (3.2.9) we identify MY XN with R x M}*";

sym
in particular oy(s) is identified with the pair (z;(s),ys(s)) of its spherical and deviatoric
parts. Introducing the function ¢ defined by (3.2.3), which is positive by the previous

remark, we may rewrite equation (3.4.1) in the form

a'cf<s>=—mf o(ws(s).y <>,zf<s>>tr(um_f(s))(m{ ms <:cf $),9r(5)) ),
i1(s) = \/Nrcﬂs) o < > < >,Zf< >>tr(uK<zf<s»<wK(zf s»(xf(s),yf(s)))).

Here x and p are defined in (2.3.3) and ng(zf(s))(WK(zf(s))(zf(s),yf(s))) is the deviatoric
part of VK (z5(s)) (WK(Zf(s))(xf(S)a yf(S))) .

Lemma 3.24. Let (5,2z) € [MY*XN x (0,+00)] \ K satisfying (3.4.2), and let T and j

sym
the spherical and the deviatoric part of &, respectively. Then, for every t € R, the unique

solution to equation (3.4.3) with Cauchy data (x£(0),y5(0),2£(0)) = (z,y,Z) is given by

(x5(s),yr(s), 27 (s)) = (T, 4(s), 2)

where y(s) solves the equation

9(s) = =2 0(Z,y(5), 2) NE () (i (2) (T, 7)) (3.4.4)

with Cauchy condition y(0) = 7.
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Proof. Let y(s) be the unique solution to (3.4.4) with Cauchy condition y(0) = §. Then,

for every s >0

Therefore 7 (z)(Z,y(s')) = Tk (z)(Z,9), provided (Z,y(s),z) ¢ K; this allows us to check
that (Z,y(s),Zz) solves (3.4.3), at least for small |s|. The conclusion for every s follows, as
solutions to (3.4.3) can never reach K in finite time. O

Now we are able to prove the existence of a heteroclinic orbit of (3.4.1) starting from a

point (6, %) € 9K under suitable hypotheses on the slow-fast indicator ¥.

Theorem 3.25. Assume that (1.3.1)-(1.3.4), (2.3.3), (3.2.2), and (3.2.10)-(3.2.11) are sat-
isfied. Let ®, ¥ be as in (3.2.24) and (3.2.25), respectively. Let (6,%) € OK and suppose
that

U(5,2) >0 (3.4.5)

or
U(5,2) =0 and VU(5,2) (mmers@l) 4y <, (3.4.6)

tr(6) tr(vg () (6))°

Then equation (3.4.1) has a unique solution (6¢(s),2¢(s)) (up to time-translations) satisfy-

mg
sligl@(a’f(s), 2r(s)) = (6, 2). (3.4.7)
Moreover, the limit
(Ooo, 200) == lim (6(s),25(s)) (3.4.8)

s——+o0

exists and satisfies the following conditions

(000, 200) € OK, 2050 > 0, (3.4.9)
U (000, 200) < 0, (3.4.10)
tr(ose) <0, tr(vg(...)(0o0)) > 0. (3.4.11)

Proof. We first observe that, by (3.2.2), (3.2.8), and by (3.2.25), both (3.4.5) and (3.4.6)
imply that
tr(o) <0, tr(vg(z)(4)) > 0. (3.4.12)

Moreover, due to our regularity assumptions on K we may assume that in a suitably small
neighborhood of (¢, 2) an oriented distance function r from 9K is well defined; this is a
C! extension of the function o, defined by (3.2.3), to the interior of K. In view of the same

assumptions, we may also locally define a minimal distance projection onto 0K (z), denoted
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by Tk (=), which obviously coincides with 7 (.) outside of K(z). For all these reasons, the
Cauchy problem

—Crg(s)(o(2))
tr(o(2)) tr(vk () (Tax (2)(0(2)))) (3.4.13)
o(2)=¢6

o' (z) =

is well defined and admits a unique solution, which shall be denoted by 6(z). For z suffi-
ciently close to 2 we then have that tr(6(z)) <0 and tr(vg(.)(Taxr(z)(0(2))) > 0; moreover
for z < %, sufficiently close to Z we can prove that (6(z),2) ¢ K. Indeed, as r(5,2) =0, it
suffices to show that in a left open neighborhood of Z one has

Lr(5(z),2) <0. (3.4.14)

By a direct computation, similar to that in (3.2.7), exploiting (3.4.13) and (3.2.25) we get:
d .. V(5(2), 2)
—7r(6(2),2) = — A .
dz tr(6(2)) tr(vi (2 (Tor (2)((2))))

Then (3.4.5) implies that SLr(6(2),z) <0 for z = 2, thus (3.4.14) follows; if (3.4.6) holds,
deriving U(6(z), 2), we get that

(3.4.15)

which in its turn implies (3.4.14). We thus may fix Z < % such that, for every z € [z, %),
the following three hold

0(6(2),2) >0, (3.4.16)
tr(6(z)) <0, (3.4.17)
tr(vi(2) (Tr(2)(6(2)))) > 0; (3.4.18)

we may indeed replace mox with 7mx as (6(2),z) ¢ K. Now, let Z/(s) the unique solution
to the autonomous Cauchy problem

2p(s) = tr(6(27(5))) tr(6(25(8)) = Tr(25(s))(0(2£(5))))
zp(0) = 2;

by (3.4.16)-(3.4.18), we have that tr(d(z))tr(6(z) — 7x(-)(6(2)) < 0, for every z € |7, 2),
with equality in z = £; the theory of autonomous equations implies that Z;(s) is defined
for every s < 0 and satisfies

lim Z2f(s) = 2, Z¢(s) < 0 for every t < 0;

t——o0

it now suffices to put &¢(s) := 6(2(s)), to get a solution to (3.4.1) satifying (3.4.7).

To prove uniqueness, let (o(s),z(s)) a solution to (3.4.1) satisfying (3.4.7); (3.4.12)
implies that there exists 5 € R such that, for every s <5, one has 2(s) < 0. Then z(s) is
invertible in (—oo,) with inverse s(z). If we put o(z) := o(s(2)), it is easy to see that o(z)
solves (3.4.13), thus coincides with &(z); the theory of autonomous equation now implies
that (o(s),z(s)) and (6¢(s), 2¢(s)) may only differ by a time translation, thus the first part
of the statement is proven.
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Now, let (—o0,S) the maximal interval of definition for (64(s), 2¢(s)); observe that, as
orbits can never reach K in finite time, (6¢(s),Zf(s)) also solves (3.4.3). We split 6¢(s) in
its spherical part Z¢(s) and in its deviatoric part g¢(s) as in (3.2.9), and we observe that,
by (3.4.3), the following equality holds:

KkZp(s) = —dp(s)as(s). (3.4.19)

Moreover, (3.4.12) implies that there exist 5 < S such that #;(s) < 0 for every s < 5.
Let us prove that #;(s) < 0 for every s < S. Indeed, if there exists s, < S such that
a;cf(sl) =0, by (3.4.3), as o(Z¢(s1),s(s1),2f(s1) > 0, it must be

(VK (2,(51))(G£(51))) = 0;

by Lemma 3.24, this implies Z¢(s) = &¢(s1) for all s, a contradiction. In particular there
exists
zg = lim Z¢(s) <2 <0, (3.4.20)
s—S

where & is the spherical part of 6. Now (3.4.19) implies that Z;(s) < 0 for every s < S. In

particular there exists zg := lirrg Zr(s) < %.
S—r

We now show that zg is greater than zero. Indeed, by (3.4.3), the fact that if(s) <

0 for every s < S is equivalent to the inequality
tr(Vic(z; () (Ti(25(5)) (B£(8), 3£ (5)))) > 0 for every s < S, (3.4.21)
and also, as o(Z7(s),9r(s), 2¢(s)) > 0, to the inequality
tr(mr (2, (s)) (07(5)) < tr(Gs(s)) = VNig(s) for every s < S. (3.4.22)
By (3.2.5) and (3.2.16), (3.4.21) is equivalent to
(T (2 () (67(5))) + aVNZg(s) > 0,
where a is the positive constant defined by (3.2.10); thus, by (3.4.22) we conclude that
Z(s) +azs(s) > 0 for every s < S (3.4.23)

which in the limit gives zg > ‘fol > 0, as claimed.

We now show that (67(s),Z/(s)) is bounded, which in particular implies that S = +oc0.
Clearly, it suffices to prove that §(s) is bounded. We have, by (3.4.1), the negativeness of
Z¢(s) and (3.4.22), that

P = 05(s) 3 (5) =

= 2 @y (s) tr(Tr(zp () (G4 (5) — G4(5)) <
< 2u67(s) - (Trezp0)) (0 (s

=
N
|
Q»
<
—
w
~
~—
IN
O ~—

as a consequence of (3.2.8); this proves that |J¢(s)|? is decreasing, thus §¢(s) is bounded.
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Thus S = 400 and zg is the limit of Z;(s) at 400, which shall be denoted with z.
from now on; by the previous discussion, we also have that z., > 0, as required by (3.4.9).
Now we prove that 6¢(s) has a limit at +o0o0. To do that, we observe that Z;(s) is strictly
decreasing, thus globally invertible; we thus express ¢ in function of z and we have to show

that there exists lim &(z). We already know that &(z) is bounded and that its derivative

Z2—Zoo
satisfies c (6(2))
~ —L VK ()0~
& (2) = — - (3.4.24)
tr(6(2)) tr(v () (Tx(2)(6(2))))
thus the claim will follow once we get that
lim inf tr(VK(Z) (WK(Z)(é'(Z)))) > 0. (3.4.25)

2—Zoo

Suppose that (3.4.25) is false; first, observe that in this case the liminf must be a limit,
as a consequence of the boundedness of 6(z) and of Lemma 3.8. Therefore we will have,
exploiting (3.2.25),

lim ¥(6(z),2) = —2pu. (3.4.26)

Z2—Zoo

Moreover, observe that by (3.2.5) and (3.2.15),

i (i) (i (0(2))) = 0 & Tim L[EEEGEER +02) =0 (3.4.27)

on the other hand, clearly lim . tr(vi(.)(7k(»)(6(2)))) = 0 implies that

lim [tr(ng () (6(2))) — VNi(z)] = 0, (3.4.28)

Z—Zoo

thus combining (3.4.27) and (3.4.28), we get that

lim 2(z2) = —azc0. (3.4.29)

2—Zoo

Now, by (3.2.5), (3.2.15), (3.2.16), and (3.4.22), we have that

[t (v ) (Tae () (6(2)))] < |L[EEEREED ) <

< L) 4 gp) < La(2) + az]. (3.4.30)

By (3.4.24), #'(z) = = ; this fact, together with (3.4.29) and (3.4.30), yields that

HOK

tr(vi ) (Tr( (@) _ 1 &

lim sup < —( +a). (3.4.31)
2 —Zoo Z— Zoo Zoo AZoo
Since (3.4.15) gives
4 (5 - W(5(2),2)
dz Q(O'(Z)a Z) T (6 (2)) (v (2) (Tx () (6(2))))° (3432)

recalling that tr(vg () (Tx(-)(5(2)))) > 0 for all z > 2., we conclude by (3.4.26), (3.4.29),
and (3.4.31), that

.. . d (A _ 2pZee
ligigf(z Zoo)dz 0(6(z),2) > VN (k+a200) >0.

This finally implies that

Jim 0(6(2), 2) = oo,
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contradicting the nonnegativeness of p.
We thus have that there exists
Oco 1= zgr?m 6(z),
thus the proof of (3.4.8) is concluded. It is obvious that (e, 200) € OK as it must be
a critical point of (3.4.1), thus (3.4.9) is proved. Concerning (3.4.11), it immediately fol-
lows from (3.4.25) and (3.4.20). Finally, as o(6(z),z) > 0 for z > z., we must have
4 p(6(2),2) > 0 for z = z5; observing that tr(cu) tr(Vg(s..)(0x0)) < 0 by (3.4.11), from

Zoo

(3.4.32) we immediately get (3.4.10). O

Remark 3.26. It is easy to show that, if an orbit of the system (3.4.1) has (4, %) as an
a-limit point, then (7, 2) is indeed its unique «-limit point; indeed, by the same arguments
used in the proof of the previous theorem we can show that in this case z(s) is strictly
decreasing in a neighborhood of —oo, thus it has Z as a limit; the rest of the proof follows
from (3.4.24), and Lemma 3.8.

We end up this analysis of equation (3.4.1) by remarking that there are some cases where
we can improve (3.4.10), that is showing that ¥ (0, 200) < 0. We omit the details of the
following example, which can be found in [14, Example 4.4].

Example 3.27. We suppose that for every z € (0,+00), K(z) is an ellipsoid of the form

K(2) = {o e MYXN|(2 + 2) + 4 = 22}, (3.4.33)

sym

where = and y are as in (3.2.9). Notice that K(1) satisfies (3.2.10)-(3.2.11) with a = 1.
Suppose that, if £ and p are as in (2.3.3) and b as in (3.4.33) the following condition holds:

KN > 2 (3.4.34)

Let (6(2), 2z) be the heteroclinic trajectory joining the points (5, 2) and (0o, 200) Whose
existence is guaranteed by the previous theorem. Then, if (3.4.34) holds, by [14, Example
4.4] one has

U (000, 200) < 0.

3.4.2 Convergence to the fast dynamics

We want now to investigate how equation (3.4.1) governs the jump of our viscosity
solution when it reaches a point on the yield surface where the elastic-inelastic indicator
is strictly positive (which means that we are in the inelastic regime), while the slow-fast
indicator satisfies (3.4.5), or (3.4.6); we will see how a rescaled version of the solution
converges to a heteroclinic solution of the auxiliary system (3.4.1), whose asymptotic values
at s = oo give the asymptotic values of the viscosity solution before and after the jump
time. Both the cases where (3.4.5) and (3.4.6) hold will be treated simultaneously.

Throughout this part of the chapter, £ denotes a time such that there exist a left con-

tinuous function t + (o(t), 2(t)) defined on [0,#) with values in MY %N % [0,400) and an
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element (&, 2) of MYXN x [0, +00) satisfying the following properties:

(0:(t), 2:(t)) — (0(s),2(t)) for ae. t €[0,1), (3.4.35)
(o(t),z(t)) — (6,2) ast—i, (3.4.36)
(6,2) €K and 2 >0, (3.4.37)
U (4, %) satisfies (3.4.5) or (3.4.6), (3.4.38)
o(t,6,2) > (3.4.39)

For instance, we can take ¢ = t; defined by (3.2.20), if (3.3.22) holds and W¥(ay,2,) > 0,
or t = ty defined by (3.3.5), provided that (3.4.6) holds for (&,2) = (02, 2) defined in
Proposition 3.10. In the latter case we have ¥(os,22) = 0 and in general, by Remark 3.11,
we have the weak inequality

—Cv (= )(0’2) .
V\I’(U% 22) : (tr(az)trI(;Kg(zQ)(UZ))’ 1) < 07

thus, assuming (3.4.6), we are excluding the degenerate case when equality holds.
By (3.4.35) and (3.4.36) we also may fix a sequence f. — ¢ such that

(Ua(fe)a ZE(tAe)) — (6'7 2), (3440)

Indeed, by (3.4.39), and Lemma 3.15 we can find another sequence, still denoted by te,
which preserves (3.4.40), and satisfies in addition, for every € > 0,

Q(UE(EE)7 Ze(fe)) > ceg, (3.4.41)

where c¢ is a positive constant independent of €.

We finally recall, as we have already dicussed in Remark 3.4 and in Proposition 3.10,
that in the case ¢ = to the internal variable z is strictly decreasing in a left neighborhood
of 9, thus discontinuities can appear only in the softening regime.

We start by fixing an open neighborhood Uy, := (£ — 81,4 81) x Bs, (6, 2) of (,6,2), in
a way that (3.3.24) holds. If (3.4.5) holds, we may assume for a suitable choice of §; there
exists a positive constant ~y; such that

U(o,2) >m for every (o, z) € Bs, (5, 2); (3.4.42)
if instead (3.4.6) holds, we may assume that there exists a positive constant 4 such that

VU(0,2) - (mooie e @) gy o) (3.4.43)

tr(o) tr(Vi (2) (K (2)(9))’

for every (o, z) € Bs,(6,2) \ int K.

We now define the exit time from Bg, (6, 2)

bl = inf{t € (t.,t. + 61) : (0c(t),2(t)) € OBs, (6,2)}; (3.4.44)

by the previous assumptions for small ¢ we will trivially have . < bl. We then fix a
positive decreasing sequence d; \, 0T, starting from J;, and consequently we define, for
every k € N|

b’; = sup{t € (t,bl) : (0.(t),2:(t)) € OBs, (5,2)}. (3.4.45)
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Next lemma, which will be crucial in the remainder of the section, shows that the exit
times b* tend to £ when ¢ goes to 0 and that the difference b} — bF is of order ¢ for fixed
k.

Lemma 3.28. Assume (1.3.1)-(1.3.4), (2.3.3), and (3.2.2), and let @, ¥ be as in (3.2.24),
and (3.2.25), respectively. Let t > 0 satisfy (3.4.35)-(3.4.39). Let bl be given by (3.4.44)
and bF be given for every k € N, k > 1 by (3.4.45). Then, for every k € N:

a) b¥ =1t ase—0F;

bl bk
b) sup.so == < cx < +o0,

where ¢ s a constant depending on k. Moreover, for every k € N, there exists a constant

my such that

0(0c(b5), 2 (b5)) > my. (3.4.46)

Proof. As we already observed in the proof of Theorem 3.25, both (3.4.5) and (3.4.6) imply
tr(6) < 0; by (3.2.26) this means that

_ min{x,2p}

tr(&) < W7

where My is as in (1.3.4) and k,2u as in (2.3.3). Provided we have chosen ¢; suitably

small, we may clearly assume throughout the proof that

tr(o:(t)) < —% for every t € (f.,b); (3.4.47)

Concerning part a) of the statement, it clearly suffices to show this is true for bl. As
t. — t this will be proved once we get:

limsup (b} —£.) = 0. (3.4.48)
e—0t
By Lemma 3.15 we have that o.(t) > 0 for every t € (f.,b!), hence (3.2.23) holds.

First we prove the lemma assuming that (3.4.5) holds, which implies on its turn (3.4.42).
With this condition, with the help of (3.3.24) and (3.2.23), we get that o.(¢) > ’yl%gg(t);
dividing by 0(t), we get

=(t)
e(t

.

> for every t € (i.,b)). (3.4.49)
g

~—

i)

Integrating (3.4.49) between 7. and b}, using (3.4.41) and (3.4.44) we finally get the in-

I

equality

~ 3 (51
b — i, < —log(—
e 5_71 Og(CE)

which implies (3.4.48). Concerning part b), we fix k € N; applying (3.4.49) and neglecting
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the negative term o.(f.), we get

Ok +o(1) = [(0:(bF), 2:(bF)) — (oc(fe), ze(Le))]

IN

(e (bE) — 0=(£e), 0)| + [0, G (bE) —, ze({e))]

bY bk
_ |/ de(s)ds|+|/ 5 (s) ds|
i i

v . "
/|u@—@@mwﬂm/ Wﬂ@+/laﬂw (3.4.50)
te te te

<
<+ @) +8) [ Eas e [ 1) ds
te b;; te b];
< 20T+ ln@)+0) [ s ds+Ie] [ €G] ds
te te

by
< %(ICI+Itr(6)l+61)@s(b’:)+lc\/ 1€(s)| ds .
ts

From this and part a) of the statement, we get (3.4.46). Then, integrating (3.4.49) between

b% and bl we get that for ¢ small enough

bi—by 1 2c(b2) 1 5
s < g log(ry) < 5 log (),

and the conclusion then follows.
Assume instead (3.4.6), which implies (3.4.43). As (3.4.6) implies tr(vg(.)(d)) > 0 we
may assume

tr (Vi (oo (0) (TR (2o 0)) (0= (1)) > 0 for every t € (f.,bl).

By this, facts, (3.2.21) and (3.4.47) we then easily get the existence of a positive constant
C such that
t .
s < -0 o every ¢ € (i, b)), (3.4.51)
€
In particular, for fixed € > 0, the function Z.(¢) never vanishes in the prescribed interval.
We also immediately get, as z.(t) < 2+ &; for every ¢ € (f.,bl) that there exists a positive

constant R independent of e such that:

e t ~
/ o) < 2. (3.4.52)
te
Differentiating the function ¥ along the trajectories, we get

GV (0e(t), 2:(1)) = VU (0e(t), (1)) - (9:(t), 2(t)) =
= VU(0:(t), 2(1)) - (CE(2),0) +
+ 2 (V0 (), 2 (1)) - (- HEEF 1) =
= VU¥(0:(t),2(1)) - (Cg(t)v 0)+

. ) —C vk (2. (1)) (TK (e (1)) (0:(1))) .
() VE(0e(t), 2 (1) (tr(f’s(t))tr(l’K<z5<t>>UTK(zE(m (=)’ 1);
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this equality, together with (3.4.51)) and (3.4.43), implies that there exist two positive
constants L and R such that

Lo (t), (1)) > RED

p - LIC||£()] for every t € (f.,b}). (3.4.53)

We denote with M the supremum of [£(t)] in (£ — 61,7 +61), and we fix 0 < 7 < 4L|(C|M5
where v, is the constant given by (3.3.24). For ¢ small enough, by the definition of #., we
shall have

\I/(UE(fs)aze(fs)) >-n.
We then define:

A 2 0:(t) _ 72
tl == inf{e (f.,b}) : 5 > o

=inf{t € ({.,b}) : W(o.(t),2:(1)) < —2n}.

Now, let f. := £} A 2 A bl; exploiting (3.2.23), the same argument used to prove (3.3.29)
shows that {. — ¢ when ¢ goes to 0. Moreover f. < b!; to get this, it suffices show that

sup |(oc(t),2:(t)) — (6,2)] = 0 (3.4.54)

te(te,te]

as € goes to 0, and this can be proved proceeding exactly as in the proof of (3.3.30), since
QET(” is equibounded in the time interval [f.,.].
Next we show that for small € one has . < t , which in his turn implies ¢, = E;, SO

tL — ¢ when e goes to 0 and
U(oe(t2), 2 () > —2n. (3.4.55)

Suppose by contradiction that along some infinitesimal subsequence . = fg, that is to say
V(0. (t.), z-(t.)) = —2n. Then, integrating (3.4.53)), since the function o.(t) is positive we
get

= W(on(2), 2 (%)) — V(o (in). () > ~L[C] / ) dt

which in the limit gives, by absolute continuity of the integral, that —n > 0, a contradiction.
71
So (3.4.55) holds, and % = 12. Actually, we have

t
ng( ) > Z—; for every t € (£L,b}). (3.4.56)
Also this can be proved by contradiction. We observe that g (1) > —22 2472 > 0, by (3.2.23)
and (3.3.24). If (3.4.56) is false, let 3 be the first time in (té,b;) such that o.(£2) l

then ¢.(¢2) < 0. But, by (3.4.53), for every ¢ € (1,12) we shall have £ W(o.(t), 2-(t)) >
hence, by (3.4.55),

U(o.(t), 2z (t) > —2n for every t € (£1,#2);

gr7e

by this, (3.3.24), and (3.2.23) we infer that ¢.(2) > 72 — 2 > 0, which is a contradiction.
Then, by (3.4.56) and (3.4.52), for ¢ sufficiently small we conclude that

(b} — £2) < dnk; (3.4.57)
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as f; —t. = 0, we get that lim sup,_,o v2(b — t.) < 47]R, and by the arbitrariness of 7,
(3.4.48) follows, so part a) of the statement is proved.

Concerning part b), we fix k € N, k > 1. By the definition of b¥ and . we shall have,
for any t € [b¥,bl], that

S +o(1) = [(oc(t), ¢ (1) — (Us(fs)a ZE(EE))‘ )

it follows, proceeding as in (3.4.50), that there exists a positive constant W such that

8 + o(1) < W( /t Qis) ds + /t 1£(s)| ds). (3.4.58)

e

This in turn implies, by (3.4.53) and the fundamental theorem of calculus that, up to
redefining the constant W,

G+ 0(1) < WB(o2(1), (1) = W(ou(i) 2(0) + [ [E(s)]ds]. (3.4.59)

By the definition of #., ¥(o.(f.),(.(f.)) = o(1); the absolute continuity of the integral and
part a) of the statement now yield that, for ¢ small enough,

J
V(o (1), (1)) > 5

for every t € [b¥,bl]. Substituting in (3.2.23), this gives

gr7e

o) > b 2

kopl
A for every t € [b7,b,], (3.4.60)

erre

and we conclude that, for ¢ small enough

wo v,
£ — O &

IS

1
0L, oWy

It then follows that part b) of the statement is immediate, once we get (3.4.46). To get
a lower bound for o.(b¥) we observe that a fortiori (3.4.60) holds, with &, in place of 4y,
for any t € [b¥+1 bE]. Since clearly

0 = k1 < [(0=(0F), 2 (bF) — (0= (bF1), 2 (BEF )],

proceeding as in (3.4.58), we obtain that there exists a positive constant W such that

bk bk

S — Gps1 < W(/ E Qs—(s)dw/i 1E(s)| ds). (3.4.61)
phtl € pht1

Applying (3.4.60), with 41 in place of J, and the fundamental theorem of calculus, and

neglecting the negative term —p.(b**1), we get, up to redefining the constant W, that for

€ small enough

1)
0:(bF) > (61, — 5k+1)2%/1 = my,

and conclusion then follows. O
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We are now ready to prove the main result of this section. Notice that in the statement
of the Theorem we are arbitrarily selecting one of the infinitely many solutions of (3.4.1)

satisfying (3.4.7), which can differ by a time translation.

Theorem 3.29. Assume that (1.3.1)-(1.3.4), (2.3.3), (3.2.2), and (3.2.10)-(3.2.11) are sat-
isfied. Let ®, U be as in (3.2.24), and (3.2.25), respectively. Let t >0, (6,2) € 0K, such
that (3.4.5) or (3.4.6) hold. Assume that ®(%,6,2) > 0. Let (04(s),2;(s) be a fived solution
of the problem:

o7(s) = C(mk (4(s)) (05 (5)) — 07(s))
2p(s) = tr(as(s)) tr(of(s) = Tre(zp(s)) (04 (5))) (3.4.62)
Sgr_noo(af(s)v Zf(s)) = (6,2)

C(
(

Then there exists bt — t such that, if we define (61(s), 21(s)) := (0. (b +es), z. (bl +es)) for
every s € R, (61(s),2L(s)) converges uniformly on compact subsets of R to (of(s),z5(s)).

Proof. This proof is reminiscent of [55, Lemma 4.3]. Fix 6; > 0 as in (3.3.24) and let b}
be given by (3.4.44). We may clearly assume that 61 < (6, 2) — (0o, 200)| Where (0o0, 200)
satisfies (3.4.8). We also define y.(s) := £(b! +es).

First of all, we prove that there exists a sequence c. such that
(0c (bl — ece +€5), 2 (bl — ecc +es5)) —= (04(s), 24 (s)) (3.4.63)

as € goes to 0. To simplify notation, in this part of the proof we write (cl(s),z1(s)) in

place of (0. (b! + €s), 2. (bl + €s5)). Fix a sequence €; — 0. We start by observing that the

function (O’;j (s), zelj (s)) solves the problem

52 (s) = Clmg(a (v))(ff;j(s)) —al,(s)) +eCxe,(s),
2L (s) = tr(al (S))tf(aij (8) = Tzt (s (02, (9))), (3.4.64)
al(0),22,(0)) = (o, (b,), 2:(bL,)),

bl 46— b1

in the interval [— ;J , 2], As (0¢;(b,), 2, (b)) belongs to the compact set 0B, (4, 2)

€j

we may assume, possibly passing to a subsequence that (o, (bgj),zsj (béj)) converges to
(61,%1) € 0Bs,(6,%) as j — +o00. Notice that (61, 21) has a strictly positive distance from
K as a consequence of (3.4.46). Therefore, Lemma 3.28 and the Continuous Dependence
;j (s)) converges uniformly on compact subsets of R, as j —

+00, to the solution (o'(s),2'(s)) of the problem
&'(s) = Clmr(z1(s)) (01 (5)) — o' (s)),

£1(5) = (0™ (5)) 10(0™ () = T2 (07 (5)) (3.4.65)
(5(0), 21(0)) = (31, 21).

Theorem imply that (a;j (s), 2

We now show that
lim (o'(s),2%(s)) = (6, 2). (3.4.66)
S——00

Actually, recalling Remark 3.26, it suffices to show that there exist s, — 400 such that

lim (o' (—sk), 2 (—sk)) = (6, 2). (3.4.67)

k—+oco
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bl —bk
To do that, we take & and b* as in Lemma 3.28, and we define S;;k = i by

€j

Lemma 3.28 and a diagunal argument, we may suppose, eventually passing to a subsequence,
that for every k € N there exists

. 1,k
S$p:= lim S e R .
M e *

We define (o (s), zf (s)) := (o, (bl;j +€58), 2¢; (b’;j +¢;5s)); by repeating the above arguments

we may suppose that for every k € N there exists (6x,2;) € 0Bs,(6,2) \ K such that

(Uf;_ (s), zfj (s)) converges, as j — +oo, uniformly on compact subsets of R, to the solution

(0% (s),2"(s)) of the problem

ak(s) C(’R—K(Zk s))( ( )) - Uk(s))a
£ (5) = tr(o* (5)) tr(0¥(s) — T (o () (0 (5)), (3.4.68)
a*(0), 27(0)) = (6, 2k).
( k), E](5’1 k) = (Uej(bi),zgj(b;j)) implies that
(0 (sk), 2 (sk)) = (61, 21)

for every k, hence by the uniqueness of solutions for Cauchy problems we get

Moreover, equality (oF

(0" (5),2"(s5)) = (01 (5 — s1), 2" (s — s))- (3.4.69)
It follows that
(0 (=51), 2" (=51)) = (61 21)- (3.4.70)
As 8, — 0, we have that (6, 2,) — (6,2) as k goes to +o0o, hence
lim (o'(—=sg), 2 (=s1)) = (6, 2); (3.4.71)
k——+4oc0

since (4, 2) is an equilibrium point for equation (3.4.1), necessarily s — 400 as k — +o00;
s0, (3.4.67) is proved. By Theorem (3.25), there exists a constant ¢ € R such that

(0! (s), 2" (5)) = (o (s + ¢), 2 (s + )
By (3.4.65), we have that ¢ belongs to the set
C:={seR:(0s(s),2f(s)) € 0Bs,(6,2)} (3.4.72)

which easily turns out to be compact, thanks to (3.4.7) and the assumption §; < |(6,2) —
(0ocs Z00)]-

So far we have proved that for every ¢; — 0 there exists a subsequence ¢;, and a
constant ¢ € C', possibly depending on ¢, , such that

(0 (0L, +25,5), 2(0L, +¢5,8)) = (o(s + ), 25 (s + ).,

which is to say

(oe,, (béjh +¢5,(s —¢)), zg(b;jh +ej,(s—¢)) = (o5(s), z¢(s)) -

From this (3.4.63) easily follows; moreover, we can take c. € C for every e, so that, setting
lA)é := bl — ec., by compactness of C' we have lA)é — t when e goes to 0, therefore again
(3.4.63) gives immediately the conclusion. O
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3.5 Statement of the main result

We collect the results of the previous sections in the next theorem, which gives a pro-
cedure to construct a viscosity solution to our evolution problem under quite general as-
sumptions; in fact, if these assumptions are satisfied at every step of the construction, the
viscosity solution is also unique. The theorem will determine a possibly infinite sequence of
times to < ¢ < -+ < t; < ... such that in each interval (¢;_1,¢;] the solution, denoted here
by (0i—1,2i—1) is continuous and satisfies either the slow dynamics, or the elastic regime,
or a combination of the two. A jump may occur at time ¢; if the value (o;_1(t;), zi—1(t;))
satisfies (3.4.5) or (3.4.6). In this case the new starting point (o}, 2;") for the solution in
the interval (¢;,t;41] is determined by taking the limit as s — +oo of the solution of the
fast dynamics originating from (o;-1(t;), z;—1(t;)) at s = —oo. To prepare the technical

statement of the theorem it is convenient to introduce some notation.

Definition 3.30. For every (6, %) € 0K satisfying ¥(4,2) # 0, and every T > 0 we define
(0s1,251)(t;6,2,T) as the unique solution to (3.3.1) starting from the point (4, 2) at time
T. For every (6,2) € 0K we define (¢, ze1)(t;6,2,T) = (6 + C(&(t) —&(T)), 2). For every
(6,2) € OK satisfying (3.4.5) or (3.4.6) we define (¢, z¢)(s;5,%) as the unique solution to
(3.4.1) having (6, 2) as an «-limit point.

To simplify our notation, in the statement of the theorem we also put

0Ky :={(0,2) € 0K : (0, z) satisfy (3.4.5) or (3.4.6) }.

Theorem 3.31. Let (09,29) € int K, let tg = 0, t1 as in (3.2.20), and (oo(t),20(t)) =
(o0 + C(&(t) — £(0)),20) . For every i > 1 with t; < 400 define

. (i—1,2i—1)(ti) if W(oi-1(ti), zi-1(t:)) <O,
(Gi X2 ): .
Jim (o5, 2p)(s:0i-1(t), 2i-1(8) - if (001 (t), 21 (1)) € 0Ky
If \IJ(O'Z- ) <0, let t; be the mazimal time of existence for (o1, 251)(t; 05 ,z;r,tl), and

t = inf{t > t;: O, (05, 251)(t; 057, 27, 1)) < 0}

If £7, = t_i, put tiJrl = ti B and

(04(t), zi(t)) = (01, za1) (B 07, 257 i)
for every t; <t <ty ; if instead t; > t;, put (54,%) := (01, 2s )(tl,a;", j‘,t ),
tiv1 :=sup{t > &; |(0el, 2e1) (L; 54, 2, 1) € int K for every s € (;,t)},
and
(ost,26)(t; 07, 27 ) fort; <t <t
(Cets ze1)(t; 54, 2 i) forty <t <tiqq.

Define (o(t),2(t)) == D21 Ltioy ) (0i1(t), 2i—1(t)) . Assume that

(0i(t), zi(t)) =

O(o(ti), 2(t;)) >0 for every i > 1, (3.5.1)
(3.3.49) and (3.3.50) hold at t; for every i with t; < t; < t; (3.5.2)
liminf ®(¢, o (t), 2(t)) > 0 for every i with tiy, = t; < +oc. (3.5.3)

t—)tiJrl
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Define e(t) and p(t) through the consitutive relations in (3.1.1), and put T := sup; t;. Then
(e(t),p(t),o(t), z(t)) is the unique viscosity solution of (3.1.1) in [0,T).

Proof. The result follows from Theorems 3.18, 3.21, 3.23, and 3.29. O

Remark 3.32. Notice that assumption (3.5.3) ensures that whenever t;11 = t; < 400 we
can extend by continuity (g, 2s) in t;41 thanks to Proposition 3.10, hence at every step
the left limit (o(¢;),2(t;)) is well-defined. Notice that the statement of the theorem covers
also the case when t; = ¢;, which is likely to happen for instance after a jump. Concerning
the other assumptions in the theorem, observe that by construction and Theorem 3.25, we
o z+) < 0. By construction we also have

always have at least the weak inequality U(o,",z;
D(o(t;),2(t;)) > 0 for every i, since at time ¢; either we reach the yield surface from the
interior of the elastic domain, or we were following the slow dynamics with postive ® at
previous times. Similarly, the weak inequality in (3.5.3) is always true whenever ¢;; = ;.
Thus our construction works at least for the nondegenerate cases where equality is excluded
while a higher-order analysis is needed in the remaining situations to get insight of the limit

behavior of the viscous approximations.
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Chapter 4

Rescaled viscosity evolution

4.1 Overview of the chapter

The study of the spatially homogeneous case in the previous chapter has higlighted that,
for many initial data, we cannot expect in general that an evolution satifying the equations
(a)-(f) of Chapter 2, Section 2.2 is smooth in time. This is due to the nonconvexity of the
problem, since the model allows for a softening regime. Moreover, we have seen that a way
to catch the behavior of the system at jump times is the introduction of a time rescaling and
the use of a fast time s, which moves while the original time is frozen. Following this idea
(also used in [18, 32, 33| for rate independent dissipative problems in finite dimension), in
this chapter we introduce a notion of generalized solution to give a meaning to the evolution
after the first discontinuity time. The idea, which will be developed in the next chapter, is
to consider a viscoplastic approximation of Perzyna-type as in Chapter 2, Section 2.4 and to
take the limit as the viscosity parameter tends to 0 of a suitable time-rescaled version of the
solutions. The properties of this limit give rise to the notion of a rescaled viscosity evolution,
which is expressed in terms of a rescaled time s, related to the original time by the equality
t = t°(s), where t° is a nondecreasing locally Lipschitz function. The intervals where t° is
constant correspond to time discontinuities in the original variable ¢t. The advantage in this
approach is that all these functions will be continuous with respect to s, while continuity
cannot be expected with respect to the the original time ¢.

The definition of rescaled viscosity evolution that we give in this chapter is different
from the original one contained in [10, Definition 4.1]. Following the ideas of [11, Sections
3 and 4], in the definition we will replace the energy-dissipation balance and the partial
flow rule of [10, Definition 4.1] with a measure-theoretical formulation of the flow rule (e) of
Chapter 2. The motivation for this approach is that the structure of this definition really
resembles the classical formulation of the problem, and the equations satisfied by a rescaled
viscosity evolution are the rigorous counterpart of the classical ones. However, there is
also a disadvantage, since condition (ev3”)° of Definition 4.5 is formulated in terms of a
suitable representative 6°(s) of the stress o°(s), which has to satisfy the integration by
parts formula (4.2.3). The existence itself of this representative is not a priori guaranteed

and is part of the proof. Nevertheless, in the last section of the chapter we will show that
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this representative has an intrinsic character. Indeed, if we assume strict convexity of K (1)
it can be obtained in € as the limit of averages of the stress o°(s).

The goal of this chapter is to show that the two definitions are indeed equivalent. The
proof will also give us the possibility to introduce some tools that will be used in the next
chapter to prove the existence of a rescaled viscosity evolution. In this perspective, it should
also be noticed that, since [10, Definition 4.1] replaces a differential inclusion with an energy
equality, it also requires less a priori information about the time regularity of the involved
functions. This is why the existence theorem that will be proved in Chapter 5 will rely on
proving the energy-dissipation balance (4.3.1) instead than directly (ev3”)°.

For all the notation and the assumptions on the model we refer to Chapters 1 and 2.

4.2 Quasistatic evolution

The definition of rescaled viscosity evolution that we are going to give in this section
involves a suitable representative of the stress o, that we now define. In the definition
the measure [0 :p] is the one defined by (2.3.10)-(2.3.11). Notice that we are not a priori
claiming that such a representative exists for any given admissible stress. We recall that,
as in Chapter 2, the space IIp,(€) of admissible plastic strains is defined as the set of
all p € My(QUTTo; MYXN) for which there exist v € BD(Q), w € HY(Q;RY), and e €

sym

L2(; MY XNY satisfying (2.3.1).

sym

Definition 4.1. Let p € IIp,(€2) and ¢ € C°(Q)*. Let 0 € L*(Q; M%) be such that
dive € L"(;RY) and [ov] € L®°(T1;RY). Let

L£r+1p|  ifoeK(Q),
cr if o ¢ K(C).

We say that a function 6 € Li(Q Ul; Mi\gan) is a precise representative of o with respect

to p and ¢ if 6 =0 L"-a.e. on ), and
ceK() =€), (4.2.1)
ceK()=[o:p] = (&:%),u on QUTy, (4.2.2)

where /C,,(¢) is defined by (1.3.16), and % is the Radon-Nikodym derivative of p with
respect to u.

Remark 4.2. Observe that (1.3.4) assures that o belongs to L>(Q; MY ¥N), and thus to
space () defined by (2.3.8), whenever o € K(¢), so that [o:p] makes sense. Clearly one
can take & = o as a precise representative whenever o ¢ K(¢). The choice to contemplate
this obvious case in Definition 4.1 will be useful to write condition (ev3”)° in a more compact
way.

Using Proposition 2.3, we can easily prove that condition (4.2.2) is equivalent to the

following integration by parts formula: for every ¢ € C*(Q) we have

(p0,p) = (6, p(e = Bw)) = (6, (u —w) © Vi) +

+(f, p(u—w)) + (g,0(u — w))r, , (4.2.3)
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where f:= —dive, g:=[ov], u€ BD(Q), w € H'(QRY), and e € L2(Q; MY XN) satisfy

sym
(2.3.1), and the duality product in the left-hand side is the standard duality between a
bounded measurable function and a bounded measure.

Throughout the chapter we will assume that

u®: [0,+00) = BD(Q)) is weakly* continuous,
e®: [0,+00) — L*(Q; MY <N) is weakly continuous,
p°: [0,400) = My(QUTo; MY XN)  is 1-Lipschitz, (4.2.4)

2°: [0, +00) — C°(Q)* s locally Lipschitz,

t°: [0, +00) — [0,+00) is nondecreasing, surjective, and locally Lipschitz.

As usual, we set
o°(s) :=Ce®(s) and (°(s):=V(2°s)) for every s € [0,+00). (4.2.5)
Since now p°(s) € Mp(Q2UTo; MY *N) (see [50] for some examples showing that we cannot

sym

expect p°(s) € L2(Q;MY*N)) the derivative of p° with respect to s can be defined only

sym

in the weak™ sense given by Theorem 1.8, namely

I—)O(S) = w*_ lim po(s + h’) - po(s)

Lim o (w*-topology of My(Q U To; MNXN)) . (4.2.6)

sym

We define
B°:={s € [0,400) : 6°(s) € £({°(s))} and A°:= [0, +00) \ B°. (4.2.7)

Remark 4.3. The continuity properties of o° and ¢° imply that A° is open. Indeed, by
convexity, for every ¢ € C°(Q)T the function o — da(0,K(¢)) is weakly lower semicontin-
uous in L2(Q;MYXN) . From (1.3.7), we deduce that

sym

|d2 (0, IC(C1)) — da2(0, K(¢2))| < 2Mk||C1 — Cal|2

for every o € L2(;MYXN) and every (1,( € CO(Q)*. Tt follows that (o,¢) = da (o, K(C))

sym

is lower semicontinuous with respect to the weak topology in LZ(Q;MQI;%N ) and to the
strong topology of CY(€2). Since o° = Ce® and since €° is continuous for the weak topology
of LQ(Q;Mé\Lan) and ¢° is continuous for the strong topology of C°(Q) by (5.4.44), it
follows that s — d2(6°(s), K£(¢°(s))) is lower semicontinuous on [0,+00). Therefore the set

Ag is open.

The data of the problem f, g, and w appear only through the composite functions
F(t°(s)), g(t°(s)), and w(t°(s)). We will frequently use the shorthands f°(s), g°(s), and
w°(s) in place of f(t°(s)), g(t°(s)), and w(t°(s)). The displacement u°(s), the elastic and
plastic strain e°(s) and p°(s), and the boundary displacement w°(s) are related by the

kinematic condition (2.3.1), which reads in this case as

Eu’(s) =e°(s) + p°(s) inQ,
p°(s) = (w(t°(s)) —u’(s)) ©vH™ 1 in Ty,

while the stress °(s) has to satisfy the equilibrium condition

—dive°(s) = f°(s) inQ, [e°(s)v] = g°(s) onT4y.
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It follows from these two conditions and (2.3.42) that for every s such that o°(s) €
L®(Q;MNXN) we can define the measure [0°(s): p°(s)] and the duality (o°(s), p°(s)) as

sym

in (2.3.10)-(2.3.11), and (2.3.12), respectively. If in addition we suppose

€®: [0, +00) = L2(Q;MN*N) i strongly continuous and £'-a.e. differentiable, (4.2.8)

sym

the stress o°(s) can be put in duality with the rate of plastic strain p°(s) at L!-a.e.
s € [0,+00) such that a°(s) € L=(Q;MY*N) " as the next remark highlights.

sym

Remark 4.4. Let s € [0,+00) be such that the derivatives 6°(s), p°(s), and w°(s) exist.
We claim that for every such s, the measure p°(s) € Hr,(€), so that for every x € () we
can define the measure [x:p°(s)] and the duality (x,p°(s)) according to (2.3.10)-(2.3.11),
and (2.3.12), respectively. Together with (1.3.4), this implies in particular that the duality
(0°(s),p°(s)) and the measure [o°(s):p°(s)] are correctly defined for Ll-a.e. s € [0, +0c0)
such that o°(s) € K(¢°(s)).

To prove the claim, we notice that, if s € [0,400) has the required properties, the
difference quotients

1 o o
7 B(’(s +h) —u’(s))

NXN
sym

converge weakly* in M, (Q; M ) to €°(s) + p°(s); moreover, using (2.3.1) and the esti-
mate proved in [52, Proposition 2.4 and Remark 2.5], taking also into account the continuity
of the trace operator from H'(;RY) into L'(0Q;RY), we can prove that there exists a

constant C' such that
1
EH’UJO(S +h) —u’(s)|ls <
1 o o 1 o o 1 o o
< C (5 IpFs + ) = p(s) 4 (s + b) = w(s) s+ 1B (s + h) = ()1 )

Therefore the difference quotients of u° are bounded in BD(2), thus converge weakly*
in BD(Q), up to a subsequence, to a function @°(s). We can easily prove, arguing
for instance as in [13, Lemma 2.1], that (4°(s),é°(s),p°(s), w°(s)) satisfy (2.3.1), hence
Pp°(s) € I, (), as required. It also follows that the limit 4°(s) is uniquely determined by

(é°(s),p°(s), w°(s)) and hence does not depend on the chosen subsequence.

Finally, to give the definition of rescaled viscosity evolution we need a suitable extension
of the notion of normal cone. Indeed, The classical Prandtl-Reuss flow rule is usually
formulated in terms of a differential inclusion involving the normal cone Ng(§) to a convex
set C' at some point £ € C. In convex analysis, the normal cone is extended by setting
N¢ (&) = @ whenever £ ¢ C'. For our purposes we find it convenient to consider a different
extension. Given a Hilbert space X and a convex closed subset C' of X, for every £ € X

we define the extended normal cone NE*(€) to C at & in the following way:

Nc<f) lff S C,

(4.2.9)

where mc denotes the minimal distance projection. Unlike the normal cone of convex

analysis, N&** is not a monotone operator. However, the multi-valued map & — N&(€)
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has closed graph, that is, if £ — ¢ and v; € NE'(&;) for every j, then any limit point v
of v; belongs to N&"(¢). The simple verification is left to the reader.

We are now finally ready to define our notion of generalized solution. Notice that, here
and henceforth, among the hypotheses on the data of the problem, we are in particular
assuming that the uniform safe-load condition (2.3.45)-(2.3.48) is satisfied.

Definition 4.5. Assume that f, g and w satisfy (2.3.42)-(2.3.48), and let g, eg, po, 20
be as in (2.3.53)-(2.3.57). Consider (u° e® p°, z° t°) satisfying (4.2.4), define o°, ¢° and
p° as in (4.2.5)-(4.2.6), let A° and B° be as in (4.2.7) and set

L if s € A°,
u(s) = (4.2.10)
LM+ [p°(s)| if s € B°.

We say that (u° e, p°, z°,t°) is a rescaled viscosity evolution with data f, g, and w and
initial condition (ug, €o, po, 20,0) if e€° satisfies (4.2.8) and the following conditions hold:

(ev0)° Initial condition: (u°(0),e°(0),p°(0),2°(0),t°(0)) = (uo, €0, Po, 20, 0).
(evl)® Weak kinematic admissibility: for every s € [0, 400)

Eu’(s) =e°(s) +p°(s) inQ,

(4.2.11)
p°(s) = (w(t°(s)) —u°(s)) ©vH™ 1 inTy.
(ev2)° FEquilibrium condition: for every s € [0, +00)
—dive°(s) = f(t°(s)) in £, [0°(s)v] = g(t°(s)) onTj. (4.2.12)
(ev3')° Partial stress constraint:
o°(s) € K(¢°(s)) for every s € [0, +00) \ U°, (4.2.13)
where
U°:={s € (0,+00) : t° is constant in a neighbourhood of s}. (4.2.14)

ev ow rule: for L'-a.e. s € [0,400) we have p°(s) < u(s) and there exists a precise
3"° Fl le: for L1 0 h H° d th ist i
representative d°(s) of o°(s) with respect to p°(s) and ¢°(s) such that

P(s) _ rew ~o
M(S) c N’Cut(s) (Co(s))(a' (8)) s (4215)
where KCpy(5)(¢°(s)) and ngit(s)(ﬁ"(s)) are defined by (1.3.16), and (4.2.9) respectively.

(evd)° Ewolution law for the internal variable: for L'-a.e. s € [0,+00) the strong C°(2)-limit

e s )~ 2(s)
2°(s) := 8—%1_1,1’6 A

(4.2.16)

exists, and

£°(s) = p1* ((p2 * tra°(s)) trp°(s)) in Q for L-a.e. s € (0,+00); (4.2.17)
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moreover, if we define
we(s) ;== w(t°(s)) and x°(s):= x(t°(s)), (4.2.18)
where x is given by (2.3.45)-(2.3.48), we have that
15¢(8) oo + 1B °(s)]2 < 1. (4:2.19)
Notice that, if (4.2.8) and (4.2.11) hold, by Remark 4.4 we have that p°(s) € I, () for
Ll-a.e. s €[0,+0c0), therefore it makes sense to speak of a precise representative according
to Definition 4.1.
Remark 4.6. If (u° e° p° z°t°) is a rescaled viscosity evolution with data f, g, and w,

then (u°ogp, e, p°oip, z%p, !
gop, and woyp for every C! bijective increasing function : [0, +00) — [0, +00).

ot®) is a rescaled viscosity evolution with data foyp,

We shall frequently use the inclusion
A°CU° (4.2.20)

which trivially follows from (4.2.13) and (4.2.7).

4.3 Equivalent formulation in energetic form

The goal of this section is to state and prove the main theorem of the chapter, showing
that Definition 4.5 is indeed equivalent to another one, where the measure theoretical for-
mulation of the flow rule (4.2.15) is replaced by the energy-dissipation balance (4.3.1) and
the partial flow rule (4.3.2), which accounts for the behavior of the system at jump times.
This formulation, which shares some features with the so-called energetic formulation for
rate-independent processes (for this notion we refer to [31]), does not require the additional
information (4.2.8) on the regularity in time of the stress o°(s) and is the one that we will
use in the next chapter to prove the existence of an evolution satisfying Definition 4.5. We
now state the announced result.

Theorem 4.7. Assume that f, g and w satisfy (2.3.42)-(2.3.48), that ug, ey, po, and
2o are as in (2.3.53)-(2.3.57), and that (4.2.19) holds. Let u°, e°, p°, 2z°, and t° satisfy
(4.2.4). Let 0°, €°, and p° be defined as in (4.2.5)-(4.2.6), and let A° and B° as in (4.2.7).
Then the following conditions are equivalent:

(a) (u® e° p° z°t°) is a rescaled viscosity evolution with data f, g, and w, and initial

condition (ug, €g, Po, 20,0), according to Definition 4.5;

(b) conditions (ev0)°, (evl)®, (ev2)°, (ev3’)°, (ev4)® of Definition 4.5 are satisfied, as well
as the following two properties:
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Energy-dissipation balance: for every S € [0, +00)
S S
Qe(8))~ Qlea) + | H(p(s).¢°(s)) dit [ )] da(or*(5), K(C7()) ds =
0 0
S
- / (0°(s), B (t°(5)) = (E(t°(5)), w(t°(s))) ) £°(s) ds = (4.3.1)

S
—/O (L(t°(5)), u’(s)) °(s) ds + (L(t°(S)), w(S)) — (L(0), uo)

where dg is defined in (1.3.17), and L(t) in (2.3.43).

Partial flow-rule: for L'-a.e. s € [0,+00) with o°(s) ¢ K(¢°(s)) we have
p°(s) € LQ(Q;Mé\L?nN) and

(0°(5) = mre(co(s)) (0(5)), P(5)) = [P°(5)[|2 d2(*(s), K(C(5))) - (4.3.2)

Remark 4.8. For every ¢ € C°(Q)* the function s — H(p°(s),¢) is measurable on [0, +00)
by Theorem 1.8. Approximating s — ¢°(s) by piecewise constant functions, we find that

s = H(P°(s),¢°(s)) is measurable on [0,400), so the first integral in (4.3.1) makes sense.

NXN
sym

functions with compact support. Since, taking into account (1.2.1),

Let ¢; be a dense sequence in the unit ball of L?(£;M ), composed of continuous

1P°(s)[|2 = Sgp(%i)"(S)%

the function s+ ||p°(s)||2 is measurable, so the second integral in (4.3.1) makes sense.
It easily follows from (4.3.2) that there exists a measurable function A: A° — [0, +00)
such that

P°(s) = A(8)(0°(s) — Tre(go(sy (0°(5))) (4.3.3)

for £'-a.e. s € A°. This justifies the choice of the name flow-rule for condition (4.3.2).

Remark 4.9. Notice that the energy-dissipation balance, together with (2.3.42) and (4.2.4),
implies that the function s — Q(e°(s)) is continuous. As the quadratic form Q is coer-
cive, the weak continuity of s — e°(s) from [0,+00) to L*(€; ML) implies the strong
continuity. Together with the Lipschitz continuity of s +— p°(s), this gives that also u° is
continuous from [0, +00) to BD(2) with respect to the norm topology.

We also observe that for every si, s2 € [0, +00) we have

82

x°(s2) — x°(s1) = / x°(s)ds, (4.3.4)

S1

NXN

where the last term is a Bochner integral in the Banach space L?(Q; ML <N). Since |- ||

NXN
sym

is convex and lower semicontinuous in L?(2; M ), the Jensen inequality and (4.2.19)
imply that
[x°(s2) — x°(s1)[loc < [52 — s1]- (4.3.5)

However we remark that (4.3.4) and (4.3.5) do not imply the time differentiability of x°

with respect the L*° norm.
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Before starting the proof of the theorem, we first notice that the energy-dissipation
balance (4.3.1) can be expressed in terms of the function x that appears in the safe load
condition (2.3.45)-(2.3.48). This will be useful in the proof of Theorem 4.7, and also to get
the existence of a rescaled viscosity evolution in the next chapter.

Proposition 4.10. Let f, g, and w be as in (2.3.42). Assume that u®, e°, p°, z°, and
t° satisfy (4.2.4), (4.2.11), and (4.2.12), and that the safe load condition (2.3.45)-(2.3.48)
holds. For every s € [0,400) let us define

we(s) :=w(t°(s)) and x°(s) = x(t°(s)). (4.3.6)
Then (4.3.1) is equivalent to
s
Q(e(8) — Qleo) + [ (HB(6).€°(5) + (). p7(s) ) s —

S
- <x°(5)7p°(5)>+<x(0),po>+/O 1B°(s)ll2d2(0°(s), K(¢°(s))) ds = (4.3.7)

S S
:/0 <0°(8)—X°(8)»Ew0(8)>d8—/0 (X°(s),€%(5)) ds + (x°(5), €°(5)) — (x(0), eo) ,

where (x°(s),p°(s)) and (x°(s),p°(s)) are defined according to (2.3.12) for every s €
[0, 400).

Proof. For every s € [0,+00) we put L°(s) := L(t°(s)). Since L° € H] ([0, +0o0); BD()")
and w® € HL ([0, +00); H(Q;RY)), the scalar function s — (L°(s),w°(s)) belongs to
H} ([0,400)) and its derivative is given by s+ (L°(s),w°(s)) + (L°(s),w"(s)). Therefore

we have

S S .
- / (L(s), () ds — / (E5(s), u(s)) ds + (L°(S), u(S)) — (L°(0), uo) =

; 0 (4.3.8)
= /O (L°(s), w™(s) — u(s)) ds + (L°(8), u’(S) — w(S)) — (L(0),uo — w(0)) .
By (2.3.44), for L'-a.e. s € [0,+00) we have
(L2(s), w(s) = u(s)) = (F (), w (s) = u(s)) + (§°(s), w(s) = u(s))r, - (4:3.9)

By (2.347) Xx°(s) € L=®(Q;MYxN), while (2.3.45) gives —divx°(s) = f (s) in Q and

[x°(s)v] = g°(s) on 'y for L1-a.e. s € [0,+00). Therefore we can apply the integration-
by-parts formula (2.3.29), which together with (4.3.9) gives

(L(s), w(s) —u(s)) = —(X(s),p°(s)) — (X°(s),€(s)) + (X°(s), Bw®(s))  (4.3.10)

for £L1-a.e. s € [0,+00). This proves that s — (x°(s),p°(s)) is measurable; by (2.3.48) and
by (2.3.13), we deduce that s — (x°(s),p°(s)) belongs to L} ([0, +00)).

loc

Similarly we prove

(L2(s),u(s) — w(s)) = (X°(5), P(5)) + (X°(s), €°()) — (x°(s), Bw™(s))  (4.3.11)



4. Rescaled viscosity evolution

81

for every s € [0,+00). By (4.3.8), (4.3.10), and (4.3.11) we have
s s
- / (L(s), 0°(s)) ds — / (E°(s), u?(s)) ds + (L(S), u(S)) — (L°(0), uo) =
S S S
- ‘/0 (), <s>>ds—/0 (5°(5), €°(s)) ds —/0 (x°(s), Eio®(s)) ds +
T+ (X(8), () — (x(0), p0) + (x°(S), €%(S)) — {x(0), o).

Therefore (4.3.1) is equivalent to (4.3.7). O

The proof of Theorem 4.7 needs some preliminary work, where we use some tools that
will also be employed in the remainder of the thesis. A first point is to deduce from (4.3.1)
some suitable estimates allowing us to improve the time regularity of the stress. In this
perspective, taking into account the previous proposition, it will be useful to study some
properties of the function s — (x°(s), p°(s)), where the duality, thanks to (2.3.45)-(2.3.46) is
correctly defined according to (2.3.12). They are collected in the next lemma, where we also
prove (4.3.13) and (4.3.14) that need the a-priori information on the time differentiability
of o°.

Lemma 4.11. Assume that u°, e€°, p°, z°, and t° satisfy (4.2.4), (4.2.11), and (4.2.12),
and that the safe load condition (2.3.45)-(2.3.48) holds. Define x° as in (4.3.6). Then, for
every s’ € [0,400) the functions s — (x°(s),p°(s")) and s — (x°(s'),p°(s)) are globally
Lipschitz continuous with Lipschitz constants ||pol||1 + 8" and MyC , respectively. Therefore

s+ (x°(s),p°(s)) is locally Lipschitz continuous. Moreover, for L' -a.e. s € [0,+00),

d o o A o
75 X°(5),p°(s7)) = (X7(): P°(")) - (4.3.12)
If in addition e® is differentiable with respect to the strong topology of LQ(Q;ngan) for

L'-a.e. s €[0,400), then

%<x°(8’)7p°(5)> = (x"(s),p"(5)) , (4.3.13)
L x(6),p°(8) = (%°().P°(5)) + (x(5).B°(5)) (4.3.14)

ds
for L'-a.e. s € [0,+00).
Proof. Let us fix s € [0,400). The integration-by-parts formula (2.3.29), together with
(2.3.45)-(2.3.47), gives
(x°(s), p°(s")) = (x°(s), Bw°(s") — €°(s")) +

(4.3.15)
+(f7(s), u’(s") —w(s")) + (g°(s), u’(s") — w(s"))r,

for every s,s’ € [0,S]. In view of the differentiability properties of x°, f° and g° given
by (4.2.19) and (2.3.42), this implies that s — (x°(s),p°(s’)) is absolutely continuous, as
well as (4.3.12). By (4.2.19) and (2.3.13) we also get that |[(x°(s),p°(s))] < (|lpolls + &),
therefore the global Lipschitz continuity of s — (x°(s), p°(s’)) follows.
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The Lipschitz continuity of s — (x°(s"), p°(s)) and the estimate of the Lipschitz constant
are an immediate consequence of the 1-Lipschitz continuity of p°, together with (2.3.13)
and (2.3.46). To prove (4.3.13), we preliminarly observe that at each s € [0,+00) such that
e°(s) is differentiable, by Remark 4.4 the measure [x°(s’):p°(s)], as well as the duality
(x°(s"),Pp°(s)), are correctly defined according to (2.3.10)-(2.3.11), and (2.3.12), respectively.
By Proposition 2.3, for a.e. s € [0, +00) and every ¢ € C1(2), with ¢ = 0 in a neighborhood
of 90\ Ty, we have

(Ix°(s"): p°(s)], ¥) = —(¥x°(s"), €°(s) — Ew(s)) —

— (x°(s"), (u(s) = w°(s)) © V) + (£(s"), ¥ (a°(s) — w°(s))) .
Now, if e® is differentiable at s, the right-hand side is clearly the limit of the corresponding

(4.3.16)

difference quotients. Therefore (4.3.16) and the analogous formula for the difference quo-
tients, which can be deduced again from Proposition 2.3, imply that at £L!-a.e. s € [0, +00),
the derivative of the function s — ([x°(s'):p°(s)], %) equals to ([x°(s"):p°(s)], ), hence
for every 0 < s1 < 59 < 400
S2
(Ix°(s") :p%(s2) = P°(s1)], ) :/ (X°(s) :p°(s)], ) ds. (4.3.17)
s1
We then consider a sequence 1, € C®(Q), with 0 < 7, < 1 in Q and . = 0 in a
neighborhood of 9\ Ty, such that 1, (x) — 1 for every x € QUTy. We now apply (4.3.17)
to ©g. Since (2.3.13) implies that the integrands in the right-hand side are uniformly

bounded, we can apply the Dominated Convergence Theorem and we finally get
EP)
0P s2) = (s1)) = [ O b)) ds (4.3.19

for every 0 < s1 < 59 < 400.
To prove (4.3.14) we first observe that, by a direct computation and using (4.3.18) and
(4.3.13), for every s and h we have

<x°(s +h),p%(s + h)) — (X°(s),p°(s))) =

/ °(s + 1), p°(7)) + (X°(7), P°(s))) dT .

and (2.3.13), we easily get that

E\H

b\H

(x°(s +h) = x°(7),p°(7)) d7 < h.

r—\D‘\’—‘\-/
B’
L=

Similarly, using also (4.2.19), we can prove that

s+h
[ e e <.

S
It follows that

E (s + 107+ ) = (). 57(5)) =
s+h
| (e bm) + ). ) dr + i

where the remainder term Rp, goes to 0 when h tends to 0. Therefore, (4.3.14) follows

from the Lebesgue differentiation Theorem. O
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We first want to prove that conditions (b) in the statement of Theorem 4.7 are sufficient
for the existence of a rescaled viscosity evolution. To this end, we want to use (4.3.1) and
(4.3.2) to deduce (4.2.8). We need two different strategies depending on whether (4.2.13)
is satisfied or not. First, we deal with the case when the stress constraint is satisfied. The
key estimate contained in the next theorem will help us to prove differentiability of o° in
the set B°. In the proof of the theorem, we will make use of the following Gronwall-type

inequality, whose proof can be found in [15, Lemma 7.3].

Lemma 4.12. Let ¢: [0,T] — [0,+00[ be a bounded measurable function, let v: [0,T] —

[0,400[ be an integrable function, and x(t) a positive nondecreasing function. Suppose that

o(1)? < /0 ' 6(5) W(s) ds + ( /O tw(s) ds)2 +x(t) (4.3.19)

for every t € [0,T]. Then
o) < 5[ w(s) s+ VAD) (43.20)
for every t € [0,T].

Theorem 4.13. Let S > 0, and assume that (u°, e p° z°t°) satisfy the hypotheses of
Theorem 4.7. Define a°, ¢°, and p° as in (4.2.5) and (4.2.6). Let A° and B° be as in
(4.2.7). Assume that condition (b) of Theorem 4.7 holds. Then there exists Ls > 0 such
that

llo°(s2) — o°(s1)|l2 < Ls(s2 — s1) (4.3.21)

for every 0 < s1 < s9 < S with s1 € B°.

Proof. We fix 0 < s; < so < S with s; € B°. Denoting with V(p°, ¢°(s1);s1,s2) the
total variation of p° on [s1, s2] with respect to the functional #H(-,{) introduced in (1.3.20),
Theorem 1.8 implies that

V(p®,¢°(s1);81,52) = /82 H(p°(s),¢(s1))ds. (4.3.22)

As ¢° is locally Lipschitz continuous, using the estimate (1.3.14), together with (4.3.22), we
get that there exits a positive constant Mg such that

s2
H(p®(s2) — p°(s1),¢"(s1)) < / H(D°(s),¢°(s)) ds + Ms(s2 — 1) (4.3.23)
s1
Taking into account the energy-dissipation balance (4.3.7), we get the inequality

Q(e(s2)) — Q(e(s1)) + H(P(s2) — P°(51), ¢*(s1)) + /82 (X°(5),p°(s)) ds <

< /32 (0°(s) = x°(s5), Ew"(s)) ds —/ (X°(s),€%(s)) ds + (x"(s2), p(s2)) — (4.3.24)

— (x°(51), P°(51)) + (x°(52), €°(52)) — (x°(51), €°(51)) + M (52 — 51)°.

Since °(s1) € K(¢°(s1)) and ¢°(s1) € CY(Q), by Proposition 2.5 we get

(0%(s1),P°(s2) = p°(s1)) S H(P°(s2) — P°(51), ¢ (1)), (4.3.25)
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where the duality is defined according to (2.3.12). As o°(s1) —x°(s1)) belongs to the space
¥0(€2) defined by (2.3.32), by the integration by parts formula proved in Proposition 2.3
and (4.3.25) we get

(0°(s1) —X°(51),€°(51) — €°(s2)) =
= (0°(s1) — x°(51), P°(52) = P°(51)) — (0°(51) — X°(51), Bw°(s2) — Ew°(s1) <
(4.3.26)
< H(p°(s2) — p°(51),¢°(51)) — (X°(51), P°(52) — P°(51)) —

- /82 (0°(s1) = x°(51), Ew(s)) ds .

S1

By a direct computation, and using (4.3.12), we have

S2

<X°(82)7p°(32)>—<X°(51)7PO(51)>—<X°(81),p°(82)—P°(81)>=/ (x"(s),p°(s2)) ds, (4.3.27)

S1

while the similar equality

(x"(s2), €°(52)) = (x"(s1), €°(51)) = (X"(s1), €°(52) —€°(51)) =/ (X"(s),€%(s2)) ds (4.3.28)
is straighforward.
Summing (4.3.24) and (4.3.26), by the use of (4.3.27) and (4.3.28) we obtain that

Q(e%(s2)) — Q(e%(s1)) + (°(s1), €%(51) — €(s2)) <

52

< / " lo7(s) — o)l Biot(s) 2 + / (X°(s1) = X°(8) B(s))) ds + (4.3.29)

S1 S1
S2

+ / “UCs), €%(s2) — e(s)) s+ / (), P°(s2) — P°(s)) ds + Ms(s — 51)°

S1 S1
The inequality
52
068062~ )} ds < (2 - 07 (43.30)

S1

easily follows from (2.3.13), the 1-Lipschitz continuity of p° and (4.2.19). The latter also
implies that there exists a positive constant, still denoted by Mg, such that

/52 (x°(s1) — x°(s), Ew°(s))) ds < Mg(sy — s1)°. (4.3.31)

S1

Moreover, we easily have that

52

/ " C(s), %(s2) — e%(s) ds < / 1)1z lle%(s) — €(s1)]l2 ds +

S1 S1

les2) ~ o)z | )2 ds (4.332)

S1

Now the left-hand side of (4.3.29) equals 1(o°(s2) — 0°(s1), €°(s2) — €°(s1)), as a direct
computation shows. Taking into account the coerciveness and the continuity of the quadratic
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form @, from(4.3.30), (4.3.31), and (4.3.32), we obtain that there exists a constant Bg such
that, for every sq € (s1,5]:

Jo*(sa) = (50l < Bs ([ 0°(6) = 0o a(1Bw(s)) e + [x7(5) ) s +

S1

o) — o su)la [ 1K ads + (52— 51)?).

S1

Let (s) be given by |[Ew°(s))|l2 + [IX°(s)||2- By the previous estimate and the Cauchy

inequality the exists a constant C's such that
lo®(s2) — a°(s1)|3 <

Cs(/SZ o°(s) — o°(s1)|l2 ¥(s) ds + ( s2 ¢(S)d3)2 (59— 51)2> .

S1 S

(4.3.21) now follows immediately by applying Lemma 4.12 with ¢(s) and x(s) given by
lo°(s) — a°(s1)|]2 and (s — s1)?, respectively, taking into account that 1(s) is bounded by
(4.2.19). O

The differentiability of o° as an L?-valued function for £!-a.e. s € B° follows now from
the following abstract result. It deals with differentiation of a function v from an interval to
a reflexive Banach space, which satisfies the Lipschitz condition ||v(s2)—v(s1)|| < L(s2—s1)
when one of the points s1, so belongs to a fixed closed set.

Theorem 4.14. Let S > 0, let A be an open subset of (0,S), and let B :=[0,S]\ A. Let
X be a reflexive Banach space, let L >0, and v: [0,S] = X be a function such that

[v(s2) —v(s1)|| < L(s2 — s1) (4.3.33)
for every 0 < s1 < 89 < S with s1 € B. Then for L -a.e. sy € B there exists

v w(so+h) —v(so)
v(sp) 1= s-}lg_}mo Y ,

(4.3.34)

where the limit is taken in the strong topology of X .
Proof. Let ©: [0,S] — X be the function defined by o(s) :=v(s) if s € B, and

o(s) == Z:Z'u(b) + Z:Zv(a)

if s € A and (a,b) is the connected component of A containing s. It follows easily from
(4.3.33) that v satisfies the Lipschitz estimate

[0(s2) —v(s1)|| < L(s2 — s1) (4.3.35)

for every 0 < s1 < s9 < §. It follows from the general theory of absolutely continuous
functions with values in reflexive Banach spaces (see, e.g., [4, Appendix]) that for £!-a.e.
so € [0, 5] there exists the limit

N 0(sg + h) — v(so)

= s- i . 4.3.
v(sg) :=s Lim Y (4.3.36)
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On the other hand, by the Lebesgue Differentiation Theorem for £'-a.e. sg € B we have

lim LY AN (so— h,s0+h))
h—0t h

=0. (4.3.37)

Let us fix s¢ satisfying (4.3.36) and (4.3.37). We want to prove that (4.3.34) holds. Fisrt
of all we observe that, by (4.3.37), so cannot be an endpoint of a connected component of
A. For every h with so + h € [0, 5] we define n;, in the following way. If so + h € B, then
np:=h;if s+ h € A and (ap,bp) is the connected component of A containing sg + h, we
set np = ap, — So. Note that sqg+n, € B, ni, < h, and 7, has the same sign as h.

Let us prove that

n—0 as h—0. (4.3.38)

If h > 0 this is obvious, since 0 < n;, < h by construction. To prove that n;, — 0 as
h — 07, we assume by contradiction that n,, — n < 0 for some sequence h; — 0~ . By
construction the interval (sg+mnn,, So+h;) is contained in A. Tt follows that (so+7, o) C A.
This contradicts the fact that sy is not an endpoint of a connected component of A, and
concludes the proof of (4.3.38).

If sp+heAand h >0, then

h—mnp = El((ah,so +h) < ,Cl(Aﬁ (so — h,s0+ h)),

where the last inequality follows from the inclusion (ap,so + h) C A and the inequality
so < ap,. By (4.3.37), this implies that

U

=1. 4.3.3
h—0+ h ( 3 9)

On the other hand, if s+ h € A and h < 0, then (sg + nn, 50 +h) C A, thus
0<h—mn,=<LYAN (50 — 1,50 + 1))
By (4.3.37) and (4.3.38), we conclude that
lim =1, (4.3.40)
As s+, € B, (4.3.36) implies that

i(so) = s- lim v(s0 + 1) = ¥(s0) . (4.3.41)
h—0 h

To prove (4.3.35), it is enough to show that

v(so +h) —v(so) v(so+nn) —v(s0)
h TIh

(4.3.42)

tends to 0. We write (4.3.42) as I, and IIj, where

Iy = v(so +h) —v(so)  v(so+nm) —v(s0)
h h b
11, = v(s0 4+ nn) — v(s0) B v(s0 + 1) — v(s0) |

h Mh
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As so+mn € B and n, < h, by (4.3.33) we have

h—

I < L h”h -0, (4.3.43)

where the convergence to 0 follows from (4.3.39) and (4.3.40). As for the second term, we
have

15, = (2 1) [o(so +mn) = v(so)ll _, (4.3.44)

h Mh
where the convergence to 0 follows from (4.3.39), (4.3.40), and (4.3.41). From (4.3.43) and
(4.3.44) we deduce that (4.3.42) tends to 0, and this concludes the proof. O

We turn to the case when s € A°, that is when (4.2.13) is not satisfied. Assuming (4.3.2)
and strong continuity of o°, we are able to prove that in the set A°, p° is L?-valued up to
constant measure and Lipschitz continuous in the L? topology. This enables us to deduce
the Lipschitz continuity of ° in A°. Since A° is open, this implies that o° is differentiable
with respect to time for £'-a.e. s € A°. This is the object of the following three lemmas.
We premit that absolute continuity of p° could also be deduced from the < inequality in
(4.3.1), as we will be forced to do in the next chapter. Here we prefer a different statement
since, in the present form, Lemma 4.15 proves useful for both the implications of Theorem
4.7.

Lemma 4.15. Assume that (u° e° p° z°t°) satisfy the hypotheses of Theorem 4.7, and
conditions (ev0)°, (evl)®, (ev2)°, (ev3’)°, (ev4d)° of Definition 4.5. Define o°, ¢°, and p° as
in (4.2.5) and (4.2.6). Let A° and B° be as in (4.2.7). Let (a,b) be a connected component
of A°, and let ¢ € (a,b). If (4.3.2) holds and s — €°(s) is strongly continuous as a
function from [0,5] to L*(MLI<N), then p° — p°(c) € Lipoc((a,b); L*(Q;MYXN)). In

particular, for L' -a.e. s € (a,b), p°(s) is the strong limit in L*(Q;MYXN) as h — 0, of

sym

the difference quotient 3(p°(s+h) —p°(s)), and p° € LS, ((a,b); L2(Q; ML XN)) . Moreover,

loc sym

for every s1,s2 € (a,b), we have

Pls2) —ps0) € PHOMNY) and ps2) —ps0) = [ s, (43.8)

S1

N><N)

where the last term is a Bochner integral in L*(Q; M[ X

Proof. By (4.3.2) for L'-a.e. s € (a,b) we have p°(s) € L2(Q; MY *N) and there exists a

sym

measurable function A: A° — [0, +00) such that

P°(s) = A(s)(0°(s) — Tre(eo(s)) (0°(5))) (4.3.46)

for L1-a.e. s € (a,b).

We now show that A(s) is locally bounded in (a, ). To this aim, we fix a < s1 < s2 < b.
Observe that by our hypotheses the function s+ 0°(s) — T (¢o(s)) (°(s)) is continuous also
with respect to the LI(Q;MQLan ) norm topology, therefore there exists n > 0 such that
[°(s) — Tic(eos)) (°(s))|l1 = 1 for every s € [s1,s2]. Since |[p°(s)|[1 < 1 for L'-a.e. s, we
get from (4.3.46) that A(s) < % for £'-a.e. s € [s1, s2]. It then follows, again using (4.3.46)
that there exits C(s1,s2) such that

1P°(s)[l2 < C(s1,52) (4.3.47)
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for Ll-a.e s € [s1,52].
This fact and the measurability of s — (p,p°(s)) for every ¢ € CJ(Q;MYXN) im-

sym

ply that s ~ (1, p°(s)) is measurable for every € L2(Q;MY*N) hence p°: [a,b1] —

sym

L2(; ML <N is weakly measurable. By Pettis Theorem it is also strongly measurable, so

that (4.3.47) implies that p° € Ly2. ((a,b); L2(; ML XN)). For every ¢ € C§(;MEIN),
the function s — (p,p°(s)) is measurable and bounded, hence, for every si,ss € (a,b), we

have

(0°(s) ~ 7o) = | e p(s) ds = (o, / " po(s) ds)

S1 S1
where the last equality follows from the fact that the Bochner integral of p° in the last
term is well defined in L2(€; M%ﬁN). By the arbitrariness of ¢, this proves (4.3.45). The

inclusion p°— p°(c) € Lipioc((a, b); L*(Q; ML X N)) follows now from (4.3.45), as well as the
statement about the difference quotients, thanks to the Differentiation Theorem for Bochner

integrals. O

Lemma 4.16. Assume that (u° e® p° z°t°) satisfy the hypotheses of Theorem 4.7 and
conditions (ev0)°, (ev1)°, (ev2)°, and (ev3’)° of Definition 4.5. Let (a,b) be as in Lemma
4.15 and assume that (4.3.45) holds. Then, for every a < s1 < so < b,

u®(s2) — u’(sq) € HE (G RY), (4.3.48)
where HE (5 RY) is defined by (1.2.3).
Proof. Let us fix a < 81 < $3 < b. From the weak kinematic admissibility (4.2.11), we have

Eu®(s3) — Eu®(s1) = €°(s2) — e°(s1) + p°(s2) — p°(s1) in Q, (4.3.49)
p°(s2) — p°(s1) = ((w(s2) — w°(s1)) — (u®(s2) —u(s1))) ©vH" ! in [y .(4.3.50)

As the measure p°(sy) — p°(s1) belongs to L*(€; ML <), it does not charge T'g, so that
the left-hand side of (4.3.50) is 0; since w°(s) is constant in (a,b) by (4.2.20), we get
u°(s3) —u’(s;) =0 H" t-ae. on I'y. Moreover, the right-hand side of (4.3.49) belongs to

L2(Q;MYXNY . By (1.2.2) we have u°(s3) — u°(s1) € H'(Q;RY). O

sym

Lemma 4.17. Under the assumptions of Lemma 4.16, the function e° belongs to the space
ACioc((a, b); L2(Q; MY XNY) and

sym
aglle’(s)llz < Ballp°(s)ll2 (4.3.51)

for L'-a.e. s € (a,b). In particular, under the assumptions of Lemma 4.15, the function
e° belongs to Lip,,.((a,b); L?(£; MY *NY)

sym
Proof. Let us fix a < s1 < $3 < b. By (4.2.20) and by (4.2.12) we have that o°(s2) —0°(s1)
belongs to the set X(2) defined by (2.3.32), so that from (2.3.33), (4.3.48), and (4.3.49),
we get

(0%(s2) — 0°(s1),€%(52) — €(51)) = (°(52) — 0°(s1), p°(51) — P°(s2)) ; (4.3.52)

by (2.3.4) this yields 2ag|le®(s2) — e°(s1)]l2 < 2B¢||lp°(s1) — p°(s2)]]2, and the conclusion
follows from (4.3.45). O
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As a second step towards the proof of Theorem 4.7 we use the previous results to prove
that condition (b) in the statement of Theorem 4.7 implies a weak formulation of the flow

rule
po(57 x) € NK(CO(S,:E)) (UO(Sa .73))
for almost all s such that o°(s) € K(¢°(s)). This weak formulation is a measure-theoretical

counterpart of the so-called maximal dissipation principle (see [28]).

Theorem 4.18. Let (u® e, p° 2°t°) be a rescaled viscosity evolution with data f, g, and
w satisfying (2.3.42)-(2.3.48) and initial condition (ug,eg, po, 20,0) as in (2.3.53)-(2.3.57),
and define a°, ¢°, and p° as in (4.2.5) and (4.2.6). Let A° and B° as in (4.2.7). Then,
for L'-a.e. s € B°

H(D"(s),¢°(s)) = (0°(s), P°(3)) » (4.3.53)
where the duality in the right-hand side is defined according to (2.3.12).

Proof. As 6°(s) exists for £!-a.e. s € B® by Theorems 4.13 and 4.14, applying Remark 4.4
we obtain that (o°(s), p°(s)) is well-defined at L£'-a.e. s € B°. Moreover, by Proposition
2.5, we have the inequality

(0°(5),p°(s)) < H(P°(5),¢°(s)) - (4.3.54)

To prove the converse inequality, we first observe that, for every s > 0 such that the
derivatives x°(s) and é°(s) exist, the function s — (x°(s),e°(s)) is trivially differentiable
and

%<x°(8), e’(s)) = (x°(s),€°(s)) + (x°(s), €°(s)) - (4.3.55)

By (4.3.7), for every s € [0,400) and h > 0 we have the energy inequality
s+h
Qer(s+ 1) = Q) + [ (B¢ () + (7). b)) dr -
s+h
— (X°(s +h),p(s + b)) + (x°(s),p(5)) < / (e°(1) = x°(7), BEw(7)) dT —

s+h
- / (X°(7), €°(7)) dT + (x°(s + h), €°(s + h)) — (x°(s), €°(s)) -

Dividing by h and taking the limit as h tends to 0, by (4.3.14), (4.3.55), and the Lebesgue

Differentiation Theorem, we get
(0°(s) = x°(s), €°(s)) + H(D(5), °(5)) — (X°(s), P°(5)) < (0°(s) — x°(s), Ew°(s)) (4.3.56)

for L1-a.e. s € [0,400). As 0°(s) —x°(s) belongs to the set ¥o(Q) defined by (2.3.32), the
integration by parts formula given by Proposition 2.3 implies that, when s € B°, (4.3.56) is
equivalent to

(0°(s),p°(s)) = H(p“(s),¢"(s)),
as required. O
Remark 4.19. As a technical point, notice that Theorem 4.18 could not be proved directly

after Theorem 4.14 as it may seem at a first glance, since the use of (4.3.14) requires the

time differentiability of e° for £!-a.e. s € [0,+00), and not only in B°.
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We are ready to prove one implication in Theorem 4.7.

Proof of Theorem 4.7: part one. Assume (b). Then (4.2.8) follows from Remark 4.9, The-
orems 4.13, 4.14 and Lemma 4.17. It remains to show that (ev3”)°. Using Definition
4.1 and (4.2.9) it is easy to see that (4.3.2) is equivalent to (ev3”)° when s € A° with
6°(s) := 0°(s), therefore we have only to deal with the case s € B°. By Proposition 2.5,
the measure H(p°(s),¢°(s)) — [°(s) : p°(s)], which is correctly defined for L!-a.e. s € B°
thanks to Remark 4.4, is a nonnegative measure on QUI'.Therefore equality (4.3.53) implies
that

H(p°(s),¢°(s)) = [0°(s) :p°(s)] on QUT. (4.3.57)
for L'-a.e. s € B°.

Let us fix s € B® such that p°(s) exists and (4.3.57) holds. Let E(s) C 2 and F(s) C
QUTy be two disjoint Borel sets such that E(s) U F(s) = QUTy and p,(s)(E(s)) =
L"(F(s)) =0, where u,(s) denotes the singular part of p(s) with respect to the Lebesgue
measure. By (2.3.26) and (2.3.27) we have that

[6°(5) :p°(s)] = o°(s) : po(s) on E(s), (4.3.58)

where p?(s) denotes the absolutely continuous part of p°(s) with respect to the Lebesgue

measure. We define

6°(s,x) := 0°(s, x) for L™-a.e. x € E(s), (4.3.59)
- _ P(s), \ o
G°(s, ) = 60H< (5) (),¢ (S,x)) for p(s)-a.e. x € F(s), (4.3.60)

where 0¢H (§,(°(s,z)) denotes the element of 9¢H (£, (°(s,z)) with minimum norm. Ob-
serve that by the definition of w(s), for u(s)-a.e. z € F(s) we have

p°(s) p°(s)

uts) 7 1o
Therefore, thanks to the continuity of = +— (°(s,z), [48, Lemma 3.16] yields that for £!-a.e.
s € B° the function 6°(s) belongs to Ly, (QU Lo; MY XN). It is obvious that 6°(s,z) =
0°(s,z) for L-a.e. € Q.

We now prove that 6°(s) is a precise representative °(s) of a°(s) with respect to p°(s)

and ¢°(s). Since oc°(s,x) € K(¢°(s,z) for L"-a.e. x € Q when s € B°, and oH(£,() C
K (€) for every £ € MYXN and ¢ € (0,+00) by [40, Corollary 23.5.3], we get (4.2.1). Since

sym

6°(s,x) = o°(s,xz) for |pg(s)|-a.e. z € E(s), using (4.3.58) we can easily deduce that

°(s):p°(s)] = &OS'pO(S) s on E(s
(0% D7) = (6°(): 5 ) ) om B(s). (4.3.61)

By (4.3.60) and the Euler identity, we get

ore . PO(8) o D(s) o
5°(s,x) : (5) (z) = H( (5) (z),¢ (s,x)) for p(s)-a.e. x € F(s),

therefore (4.3.57) implies that
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From this and (4.3.61) we get (4.2.2).
It only remains to prove (4.2.15). Using [40, Theorem 23.5] we can prove that, when
s € B°, condition (4.2.15) is equivalent to

5°(s, ) € 8,,H(p ((S)) (x),¢°(s, 1:)) for p(s)-a.e. x € QUTy,
p(s

where 0, denotes the subdifferential with respect to the first variable. Since 0, is posi-

tively homogeneous of degree 0 and u(s) < L™ on E(s), taking into account (4.3.59) this

is equivalent to the fact that both the following inclusions are satisfied:

o°(s,z) € 0 H(p (s)(x),C(s,x)) for L™-a.e. x € Q, (4.3.62)
5°(s,2) € H( ((j))( ), (s, x)) for p(s)-ae. z € F(s), (4.3.63)

where, in (4.3.62), we also used the fact that £™"(F(s)) = 0. By construction, (4.3.63) is
satisfied. Taking the absolutely continuous part in (4.3.57), we easily get that

o°(s, ) : pa(s)(x) = H(pga(s)(x), (s, )) (4.3.64)

for L™-ae. x € Q. At every x € Q such that ¢°(s,z) € K(¢°(s,x)), by the definition of
H for every ¢ € MYXN we get that 0°(s,r):& < H(&,¢°(s,2)). Combining this inequality

sym

with (4.3.64) we get

o°(s,x): (§ — Pa(s)(@)) < H(E,((s,x)) — H(pa(s)(x),(%(s,2))

for every £ € MY XN and L"-a.e. x € Q. This implies (4.3.63). Therefore we have shown
that (b) = (a). The proof of the converse implication, which needs some other preliminary

lemmas, will restart after Lemma 4.22. O]

To prove the implication (a) = (b) in Theorem 4.7 we need some other preliminary
lemmas, and to fix some notation. We define

Qx(s,€°(s)) == Q(e’(s)) — (x°(s), €°(s)) , (4.3.65)
T°(s) == 0°(s) — x°(s) (4.3.66)

for every s € [0,+00). It is easily seen that 7° belongs to the space 3¢(2) defined by
(2.3.32). For every fixed S > 0 we set A% := A°N[0,5] and Bg := B°N[0,5]. A key
point for proving Theorem 4.7 is showing that, if (u° e° p° 2°t°) is a rescaled viscosity
evolution, the function s +— Q,(s,e°(s)) is absolutely continuous. This is the object of the

following three lemmas.

Lemma 4.20. Let S > 0. Assume that the hypotheses of Theorem 4.7 and that conditions
(ev0)°, (evl)®, (ev2)°, and (4.2.19) of Definition 4.5 are satisfied. Then there exists a
constant Lg such that

|Qx (52,€°(52)) — Qx(s51,€%(51))| < Ls|sz — s1] (4.3.67)

for every s1 and sy in Bg.
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Proof. Let s; and s2 be as in the statement of the lemma. Since 7°(s) € Xo(Q2) for every

s, a direct algebraic computation and Proposition 2.3 give

Qx (52, €%(52)) — Qx(51,€%(51)) + 3 (X(52) — X°(51), €°(51) + €°(52)) =
= $(7%(s2) + 7°(s1),€%(s2) — €°(s1)) =
= 5(7%(s1) + 7°(s2), Bw(s2) — Ew°(s1)) — 5(7°(s1) 4+ 7°(s2),p°(52) — p°(s1)) -

Let (s be an upper bound for ||¢°(s)|le on [0,5]; by (1.3.4) and (2.3.46), we get that
[7°(si)lloc < Mr(Cm +Cs) (4.3.68)
for ¢ =1,2. Therefore (4.2.4) and (2.3.13) give
|3(T%(s1) + 7°(s2),p%(52) — P°(51))] < Mk (G + ()52 — 51 -
By (4.3.68) and (4.2.19)
\%(To(sl) + 7°%(s2), Ew°(s2) — Ew°(s1))| < E"(Q)%MK(Cm + Cs)|s2 — s1] -
Denoting with Cs an upper bound for [|e°(s)|l2 on [0,5], (4.3.5) yields
|2(x°(s2) — X°(51), €°(51) + €°(52))| < L"(Q)7Cs]s2 — 51
The conclusion follows easily from the previous inequalities. O

Lemma 4.21. Let S > 0, assume that the hypotheses of Theorem 4.7 hold, and that
(u® e° p°, z°1°) is a rescaled viscosity evolution with data f, g, and w and initial condition

(’LL(), €0, Po, ZO,O) . Then

S
/0 15°(3)]2 da(o(s), ¢(5)) ds < +oo. (4.3.69)

If we define the function g(s) by

9(s) =~ /OSH(P"(T),C"(T)) dr - /0 1B°(7)ll2 d2(0°(7), ¢°(7)) dT + (x°(7), P°(7)) ,

for every s > 0, we have that the function g is absolutely continuous. Moreover, if (a,b) is

a connected component of A°, then the equality

Oy (s2,€%(s2)) — Qx(s1,€°(s1)) = g(s2) — g(51) (4.3.70)
holds for every a < s; < s9 <b.

Proof. Fix a and b as in the statement. As p(s) = L™ when s € A°, it is easily seen that
(4.2.15) is equivalent to (4.3.2). Therefore the hypotheses of Lemma 4.15 are satisfied, hence
[l2°(s)||2 is locally bounded in (a,b) and (4.3.45) holds. By Lemma 4.17 this implies that
e® is Lipschitz continuous in [s1, s3] for every a < s1 < s2 < b. It follows that the function
s — Qy(s,e%(s)) is Lipschitz continuous on [s1,s2]. Moreover, since x° is constant on
[a, b], we have

L0, (s,€%(s)) = (7°(5), &°(5)) (43.71)
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for L'-a.e. s € [s1,s2]. By (4.3.45) we also get that

£(x°(9),p%(5)) = (x°(5), p°(s)) (4.3.72)

for L'-a.e. s € [s1,s2], where in this case the right-hand side can be equivalently regarded
as the generalized duality defined by (2.3.12), or the usual scalar product of L?.

By definition of the extended normal cone, Nfgfzo(s))(a'o(s)) C Nic(eos)) (Treeos)) (0°(s)) s
where the latter is the usual normal cone of Convex Analysis. As up(s) = L™ for every
s € (a,b), inclusion (4.2.15) and [40, Theorem 23.5] give that

Tie(co(s) (°(s)) € OpH(p(s),(%(s))
for L'-a.e. s € (a,b). Therefore, the Euler identity implies that
(Tic(eo(s)) (0°(s)), p°(s)) = H(D"(s),¢°(5)) (4.3.73)

for £L'-a.e. s € (a,b). As we already noticed, when s € A°, (4.2.15) is equivalent to (4.3.2),
which in its turn is equivalent (4.3.3). The latter gives

15°(s)ll2 d2(a(5), €°(5)) = (@°(s) = Tic(¢o(s)) (0°(5)), P(s))
for £L'-a.e. s € A%, so that using (4.3.73) we get
H(P"(5), C°(s)) + 1P°(s)ll2 d2(0°(s), C7(5)) = (°(s), P°(s)) - (4.3.74)

Recalling that Ew°(s) = 0 in A%, by an integration by parts argument using (4.3.48), we
get

(0°(5), P°(s)) = (7°(s),P°()) + (X°(5), P°(s)) = —(7°(s), €%(5)) + (x°(s),P°(s)) . (4.3.75)

With this, integrating (4.3.74) between s; and s» and taking into account (4.3.71) and
(4.3.72), we obtain that

Qs (o2, ¢%(52)) ~ Qxlon,els1) + [ " M%), ¢(s)) ds +
b [Tl dalo(5). ) ds = (0. 2°52) — (s1)

S1

(4.3.76)

where we used the fact that x° is constant in [a, b].

So far, (4.3.76) holds for a < s1 < s3 < b; by continuity of the function s +— e°(s), it is
also true when a = s; and b = so. Therefore, since a and b belong to Bg and taking into
account (2.3.13) and (4.3.67), we get

b
/ 1D°(s) 2 d2(*(5), €"(s)) ds <

b
< / H(D"(5),¢(s)) ds + Ls(b — a) + [[x°(a) | |[P°(b) — p*(a)]]1 -

By the Lipschitz continuity of p° and recalling that ||p°(s)|2d2(e°(s),¢°(s)) = 0 in Bg,
this immediately implies (4.3.69). Taking into account that s — (x°(s),p°(s)) is locally
Lipschitz continuous by Lemma 4.11, it follows that g(s), as defined in the statement, is

absolutely continuous. By (4.3.76), the proof is concluded. O
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We are now in position to prove that Q, is absolutely continuous.

Lemma 4.22. Under the assumptions of Lemma 4.21, the function s — Qy(s,e°(s)) be-
longs to AC([0,S]). Moreover

£ (s,€%(5)) = (1°(s),€%(5)) — (X°(5), €°(s)) (4.3.77)
for L'-a.e. s €[0,5].

Proof. The absolute continuity of Q, trivially follows from Lemmas 4.20 and 4.21. Since
e® is almost everywhere differentiable, a direct computation gives (4.3.77). O

After these preliminary lemmas, we can now complete the proof of Theorem 4.7.

Proof of Theorem 4.7: part 2. Assume (a). When s € A°, it is easy to see that condition
(4.2.15) is equivalent to (4.3.2), therefore only (4.3.1) has to be proved. Fix S > 0. Since
(4.2.15) is equivalent to (4.3.63) for L'-a.e. s € B, the Euler identity and (4.2.2) give that

H(D"(5),¢(s)) = (a°(5), p°(5))

for £'-a.e. s € Bg. This equality can be also written in the form

H(p(s),C%(5)) + 1P°(5) |2 d2(a%(5), €*(5)) = (o°(5), °(s)) , (4.3.78)

observing that the additional term equals 0 in Bg. By (4.3.74) this equality holds true
indeed for £!-a.e. s € [0, 5], provided that the duality in the right-hand side is understood
as the generalized duality defined by (2.3.12) when s € BZ and as the usual L? duality
product when s € AZ.

Integrating by parts as in Proposition 2.3 and recalling the definition of 7°, we get that
(0°(s),p°(s)) = —(7%(5), €°(5)) + (1°(s), Ew®(s)) + (x°(5), p(s)) (4.3.79)

for £'-a.e. s € BS. By (4.3.75), recalling that Fw°(s) =0 in AZ, this equality holds true
for Ll-ae. s€]0,9].

Summing (4.3.77) with (4.3.78) and taking into account (4.3.79), we get

15 Ox(5,€°()) + H(D(), C7()) + 1P°() |2 da(0°(5), ¢(5)) =
= (1°(s), Ew®(s)) — (X"(s), €°(s)) + (x°(s), p°(s))
for L'-a.e. s €[0,5]. Using (4.3.14) we obtain
15 Ox(5,€°()) + H(D(5), C°(5)) + (X°(5), P°(5)) + 1D°() |2 da(0°(5). ¢(5)) =
= (1°(s), Bw(s)) — (X°(s), €°()) + 75 (x(5),p°(5))

for L'-a.e. s € [0,5]. Integrating between 0 and S, by the absolute continuity of the
function s — Qy(s,e°(s)) and recalling the definitions of Q, and 7°, we obtain (4.3.7),
which is equivalent to (4.3.1) by Proposition 4.10. This concludes the proof. O
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4.4 Intrinsic charachter of the precise representative

The main difficulty in Theorem 4.7 is the choice of a representative 6°(s) that satis-
fies simultaneously the flow rule and (4.2.2). However, this representative has an intrinsic
character, provided we assume that the elastic domain is strictly convex. Indeed, if K(1)
is strictly convex, i.e., A& + (1 — A) & is an interior point of K(1) for every 0 < A < 1
and every pair of distinct points &, & € K(1), then, for fixed s and =, H(E, (°(s,x))
is differentiable with respect to & at all points £ # 0 (see, e.g., [40, Corollary 23.5.4 and
Theorem 25.1]) and we keep the notation 0:H (¢, (°(s,z)) for the partial gradient. Under
this hypothesis, for £!-a.e. s € B° the representative 6°(s) of a°(s) is uniquely determined
p(s)-a.e.on QUT by (4.3.63) as

°(s,x) = 0°(s,x) for L™-a.e. x € Q, (4.4.1)
5°(s,x) = 85H(1;((5)) (), Co(s,x)) for p(s)-a.e. 2 € QUTYy. (4.4.2)

The following theorem shows that, under the same hypothesis, 6°(s) can be obtained
in Q as the limit of o9(s) as r — 0, where for every r > 0 and every s € [0,400) the
spherical averages o2(s) € C(Q;MY*N) are defined by

sym

(o] P 1 o]
oo(s,x) = B N0 /B(%T)QQU (s,y)dy. (4.4.3)

Theorem 4.23. Assume that K(1) is strictly convex. Let (u®, e® p° z° t°) be a rescaled
viscosity evolution with data f, g, and w satisfying (2.3.42)-(2.3.48) and initial condition
(uo, €0, Po, 20,0) as in (2.3.53)-(2.3.57), and define 6°, ¢°, and p° as in (4.2.5) and (4.2.6).
Let 6°(s) be a representative of o°(s) as in (evd' f, and let o be defined by (4.4.3). Then
o(s) = &°(s) strongly in L}, o (EMYXN) for L' -a.e. s € [0,+00).

sym

Proof. This proof closely follows that of [13, Theorem 6.6], which was in its turn inspired by
[2, Theorem 3.7]. Let A° and B° as in (4.2.7). We observe that a2(s) = 0°(s) strongly in
LY(Q; MY %N) for every s. When s € A°, we have p(s) = L™ and 6°(s) = 6°(s) p(s)-a.c.,
so that the result is obvious in this case.

When s € B°, ||62(s)]|c is bounded uniformly with respect to r, so it is enough to
prove that a2(s) — 6°(s) strongly in Lllpo(s)l(U;Mi\;f,fV) for every open set U CC (.

Let us fix U. Since o%(s) — o°(s) strongly in L2(U;MY*XN) | div 0%(s) — div o°(s)

sym
strongly in L™(U;RY), and o7 (s) is bounded in L>(U; MY *N), by (2.3.24) we have
([o7(5):p°(s)], ) = ([0°(5) : P°(s)], ) (4.4.4)

for every ¢ € CJ(U) and for L'-a.e. s € B°. As =+ 02(s,z) is a continuous function, by
(2.3.22) we have

([o7(5): ()], ) = (007 (5), P°(5)) , (4.4.5)
where the duality in the right-hand side is the standard duality between a continuous func-

tion and a measure. By (4.3.57), we also have H(p°(s),¢°(s)) = [6°(s):p°(s)] on QUTy.
Therefore the definition (1.3.19) of H(p°(s),¢°(s)), (4.4.4), and (4.4.5) together with the
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boundedness of o(s), imply that

ooy P(5) p(s) o y
o (s):——~H ,C (s weakly™ in L (U 4.4.6
(55 (e ¢) X0 (4.4.6)
for L'-a.e. s € B°.

Let us fix s € B° such that (4.4.2) and (4.4.6) hold. Since o(s) is bounded in

T

L;O(S)(U;MgXN), there exists a sequence r; — 0 such that o7 (s) — o™ for some o* €

L Us M2 %N). From (4.4.6) we deduce that
o*: Z{)((E; = H(I:)((j)) , Co(s)) w(s)-a.e. on U. (4.4.7)

sym sym

Let us fix £ € M%) and € > 0. We denote the unit ball of M XN by By~ . As the
function x — (°(s, ) is continuous, arguing as kn the proof of Lemma 2.4 for j layrge enough,
only depending on ¢ and U, we have o7 (s,z) € K(C°(s,2)) + eByn=n for every x € U.
We then have o7 (s,z):& < H(E,(°(s,2)) + €[] for every z in U. As o7 (s):§ =~ 0"

weakly* in Lﬁs)(U)7 by the arbitrariness of ¢ we have also o*(z):£ < H(&,(°(s,xz)) for

p(s)-a.e. z in U, where o*(z) denotes the value of * at the point . Taking (4.4.7) into

account, we get

o*: (5 - I:é:;) < H(E,C(s)) — H(ZZ)((j)) , C°(5)> p(s)-a.e. on U. (4.4.8)

In view of the differentiability properties of H, this implies

ot = 85H(1:;((5)),C°(s)) p(s)-a.e.on U.

By (4.4.2) we deduce that ¢* = &°(s) u(s)-a.e. on U. Since the limit does not depend on
the sequence 7;, we conclude that

oy(s) = 6°(s) weakly™ in LZO(S)(U;ngN)'
Since p°(s) < u(s), we get

o(s) = 6°(s) weakly™ in Lrgo(s)l(U;MgXN). (4.4.9)

u(s)
interior of K, for £L'-a.e. s € B® we deduce from (4.2.15) that 6°(s,z) € K (¢°(s,z)) for

|p°(s)|-a.e. & € U. On the other hand we easily have that o2(s,z) € K"(s,x) for every

Now, as ‘po(s)(;v)‘ > 0 for |p°(s)|-a.e. x on QUTy, and Nk (&) = {0} if € is in the

x € U, where K"(s,x) is the closed convex set defined by

K () =wome( ) K(C(s,0)

yE€B(z,r)NQ

When r tends to 0, by the continuity of the function x — (°(s,z) we have that K" (s,z) —
K(¢°(s,z)) in the Hausdorff distance, uniformly for « € U. Therefore the strict convexity

of K(¢°(s,z)) and [54, Corollary 2] can be used to improve the weak* convergence in (4.4.9)

N><N) O

and to obtain strong convergence in L|1p°(s)\(U s Migym,
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We are finally in position to give another equivalent definition of a rescaled viscosity
evolution under hypotheses of strict convexity. To be definite, in the next theorem we show
that, if K(1) is strictly convex, it is enough that (4.2.15) is satisfied in Q with ¢°(s) equal
to the limit of the spherical averages, provided that a different form of the flow rule holds
at the boundary (see (4.4.11) below).

Theorem 4.24. Assume that K (1) is strictly convex. Let f, g, and w satisfy (2.3.42)-
(2.3.48), let ug, eo, po, and zy be as in (2.3.53)-(2.3.57) and suppose that (4.2.19) holds.
Let u®, €°, p°, z°, and t° satisfy (4.2.4), let o°, ¢°, and p° be defined as in (4.2.5)-
(4.2.6), let o9 be defined as in (4.4.3), let A° and B° be as in (4.2.7), and let pu(s) be as
n (4.2.10). Then the following conditions are equivalent:

(a) (u° e® p° z°1t°) is a rescaled viscosity evolution with data f, g, and w, and initial
condition (ug, eg, po, 20,0), according to Definition 4.5;

(b) the function e°: [0,400) — L*(MEY<N) s strongly continuous on [0,+00) and
differentiable L' -a.e. on [0,4+00), conditions (ev0)®, (ev1)°, (ev2)°, (ev3’)?, (evd)® of
Definition 4.5 are satisfied, for L'-a.e. s € [0, —|—oo) we have that p°(s) < p(s), the

sequence o2(s) converges strongly in Lu( ) (€ MNXNY to a function 6°(s) as r — 0,

eym

and

po s €T o
“((S)) < Nicﬂt( o (@7(s)) in Lo (MY (4.4.10)

[0°(s)V] - (w°(5) — u°(s)) = H(IZ;((S)),C’(S)) ,ﬁﬁ)l H"'_a.e. on Ty ,(4.4.11)

where for every ¢ € C°(Q) and every p € M, ()

Kﬁ(() ={o € LQ(Q MNYXNY . 5(z) € K(¢(z)) for p-a.e. x € Q}

sym

and N,CQ(C) is the corresponding extended normal cone in L> 2 (& Mé\;an) according to
(4.2.9).

Notice that, under the assumptions in (b), the existence of

o ul(s+h) —u(s)
u(s).—w—}lbli}r%) o

(w*-topology of BD(Q))

follows from Remark 4.4. The same remark assures that (4°(s), €°(s), p°(s), w°(s)) satisfy
the weak kinematic admissibility condition. In particular, p°(s) = (w°(s) —4°(s)) © vH" 1
on Ty, so that u(s) < H" ! on I'y. Moreover, under the same assuptions, 6°(s) €

Lo (MEN) for L'-a.e. s € B°. On the other hand, when s € A° we have p(s) = L",

sym

so that, by the Lebesgue Differentiation Theorem, 6°(s) = 0°(s) € L?(Q; MY XN,

sym

Proof of Theorem 4.24. Assume (a). Taking into account Definition 4.5 and Theorem 4.23,
in order to obtain (b) it only remains to prove (4.4.11). By Remark 4.4 we have p°(s) =
(w°(s) — u°(s)) ® vH" ! on Ty for L'-ae. s € [0,+00). On the other hand p°(s) €
L2(@; MY XN for L'-a.e. s € A° by (ev3”)°. We deduce that for these values of s we have

w°(s) —u°(s) =0 H" l-ae. on I'y. Since ?%s)l = Hﬁnl =0 H" '-a.e. on Iy for every

s € A°, we obtain (4.4.11) for L!-a.e. s € A°.
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We now consider the case s € B°. By (4.3.57), we have
H(p®(s),¢%(s)) = [0°(s) :p°(s)] on L.
On the other hand, by Remark 4.4 and (2.3.11), we have
[0°(5) : p°(s)] = [0°(s)v] - (w°(s) — 4°(s))H™" ™' onTy. (4.4.12)

The last two equalities imply (4.4.11).
Conversely, assume (b). Since £™ < p(s), by the Lebesgue Differentiation Theorem we
get 6°(s) = 0°(s) L"-a.e. on Q. For L'-a.e. s € B° we extend 6°(s) to QU by setting

p°(s)
(s)

As 0:H(&,¢) € K({) (see [40, Corollary 23.5.3]), we have o°(s,z) € K(¢°(s,x)) for u(s)-
a.e. © € I'g. On the other hand, for every s € B° we have 6°(s,z) € K((°(s,x)) for L"-a.e.
x on . Since ¢°(s) is continuous, arguing as in the proof of Theorem 4.23 we find that
5°(s,x) € K(C°(s,x)) for pu(s)-a.e. x on Q . This gives (4.2.1).

Since (4.4.13) is equivalent to Ii((;)) (z) € Ng(co(s,2)(6°(s,x)) for p(s)-a.e. € Ty (see
[40, Theorem 23.5]), combining this with (4.4.10) we get (4.2.15).

We claim that 6°(s) satisfies (4.2.2). Let us fix an open set U CC €. Arguing as in the

proof of Theorem 4.23 we find that

6°(s,x) = 65H< (z), Co(s,x)) for p(s)-a.e. z on Ty. (4.4.13)

(pa(s),p"(s)) = ([0°(s) : °(s)], )

for every ¢ € Co(U) and for Ll-a.e. s € B°. Here the duality in the left-hand side is the

standard duality between a continuous function and a measure. It follows that

o .0 [ a0 3 po(s)
[0°(s) : p°(s)] = (a‘ (6): 55 ) u(s)  on Q. (4.4.14)

To prove the same equality on I'g, we first observe that (4.4.11) and (4.4.12) give

[0°(s) : p°(s)] = H(’; ((j)) : c°(s)) pu(s) p(s)-ae. on Dp.

By (4.4.13) and the Euler identity we have

() o) g B
Ao ) =% gy lorac onTe,

so that (4.2.2) follows from (4.4.14) and the last two equalities. This concludes the proof. [



Chapter 5

Existence of a rescaled viscosity

evolution

5.1 Overview of the chapter

This chapter is devoted to proving the existence of a rescaled viscosity evolution according
to Definition 4.5. We will see that this kind of generalized solution appears in the limit, as
the viscosity parameter € tends to 0, of a suitable time rescaled version of the solutions of
the viscoplastic problem considerd in Chapter 2, Section 2.4. Therefore, as a first step in
Section 5.2 we investigate the well-posedness of such a problem. We first prove (Theorem 5.3)
that for every function ((¢,z) in a suitable function space there exists a solution u¢(t, ),
es(t,x), pS(t,z), o(t,z) of (a), (b), (c), and (e.) (see Chapter 2, Section 2.4), adapting a
result obtained by Suquet [50]. Then we prove the existence of a viscoplastic evolution by a
fixed point argument (Theorem 5.5).

An energy estimate (Theorem 5.4) allows us to prove the existence of change of variables
t = t2(s), uniformly Lipschitz with respect to s, such that the rescaled functions p2(s,x) :=
pe(te(s),z) are uniformly Lipschitz with respect to s, in a suitable function space. The

Ascoli-Arzela Theorem provides the existence of a subsequence (not relabelled), such that
te(s) = t°(s) and  p2(s,-) = p%(s, ),

the latter in a weak topology. A further argument, based on the uniqueness of the solution

to an auxiliary variational problem, shows that

62(8, ) - eo(s, ) ) ug(sv ) - uo(& ) ’ O';(S, ) - OO(Sa ) :

The compactness ensured by the presence of the convolutions in the evolution law for the

internal variable allows us to prove that
22(s,x) = 2°(s,z) and (Z(s,z) = C°(s,2),

uniformly with respect to x. The goal of this chapter is showing that these limit functions

satisfy all conditions in (b) of Theorem 4.7, which are equivalent to those in Definition 4.5.
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A brief outline of the development of the long proof, which will run through three Sections,
will be given in Section 5.3, after the statement of the existence result (Theorem 5.6). The
main theoretical difficulty in the proof is that the total variation, with respect to time, of the
plastic strain can be controlled only in a nonreflexive Banach space, while no such a control
is available for the elastic part. As we are not a priori allowed to take time derivatives
of the stress for L!-a.e. s € [0,4+00), we need a delicate approximation argument of the
integrals that appear in the energy-dissipation balance (4.3.1). We will consider two different
approximations on the set A° defined in (4.2.7), where the stress o° is locally absolutely
continuous in time, and on its complement, where instead we have an uniform bound on the
spatial L -norm of the stress. Then we will conclude the proof with the help of the results
of Chapter 1, Section 1.5.
For all the notation and the assumptions on the model we refer to Chapters 1 and 2.

5.2 The viscoplastic approximations

In this section, given a viscosity parameter € > 0, we study the existence of a solution

to the Perzyna-type viscoplastic evolution problem corresponding to Cam-Clay plasticity.

Definition 5.1. Let f, g, and w be as in (2.3.42), consider ug € H'(:RY), e €
L2(Q;MEYXNY pg € L2(Q;MYXNY | 20 € CY(Q), and let € > 0. An e -viscoplastic evolution

sym sym

with data f, g, and w, and initial condition (ug,€o,po, z0) is a function (u.,e.,p.,z:),

with
ue € Ho ([0, +00); H (U RY)), ec € Hy, ([0, +00); L2 (4 MTN)),
P. € Hjpo([0,+00); L2 MEEN)) . 2o € Hi, ([0, +00); L2(2)), (5:2.1)
z.(t) € C°(Q) for every t € [0, +00),
such that, setting
o:(t) :=Ce.(t) and (. (t):=V(z:(¢)), (5.2.2)
the following conditions are satisfied:
(ev0). initial condition: (u(0),e-(0),p.(0),2:(0)) = (uo, eo, Po, 20);
(evl). kinematic admissibility: for every t € [0, +00)
Eu.(t) =e.(t) +p.(t) L™a.e. inQ, (5.23)
uc(t) = w(t) H" l-ae inTy;
(ev2). equilibrium condition: for every t € [0, 400)
—dive.(t) = f(t) inQ, [o-(t)v] =g(t) onT}j. (5.2.4)
(ev3). regularized flow rule: for L'-a.e. t € [0, +00)
b.(1) = NE(oo(0),C.(1) Lac.in 9, (5.25)

where N is defined by (2.4.5).
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(evd). evolution law for the internal variable: for L'-a.e. t € [0, +00)

2:(t) = p1* (p2 x tro-(t) trp.(t)) L -a.e. in Q. (5.2.6)

Remark 5.2. Let us fix ¢ € [0,+00) such that the derivatives p_(t) exists. Then the
following conditions are equivalent:

p.(t) = Ng(o:(t),¢.(t)) L™a.e. in Q, (5.2.7)
o-(t) € OpH(p.(t),¢.(t)) L™a.e. in 2, (5.2.8)
o (t) —ep.(t) € OpH(P.(¢),¢.(t)) L"ae in Q. (5.2.9)

Indeed, by (2.4.7) we have 9, Hz(o-(t),{.(t)) = Ng(o-(t),{.(t)), so that (5.2.7) and (5.2.8)
are equivalent by a standard property of conjugate functions (see, e.g., [19, Corollary 1.5.2]).
The equivalence between (5.2.8) and (5.2.9) follows immediately from (2.4.2).

To prove the existence of an e-viscoplastic evolution we will use a fixed point argument.
To this end, in the next theorem we prove existence and continous dependence on the data
for a similar problem with prescribed ¢. We present here a simpler proof than the original
one, which was obtained by adapting the arguments of [50]. The one we give here is again
an adaptation of a result by Suquet, contained in his Ph.D. thesis [51]. We report it for the

reader’s convenience.

Theorem 5.3. Let ¢ € C°([0,+00); L*(Q)T) and let f, g, w, ug, ey, Po, € be as in
Definition 5.1. Assume that (ug,eg,po) satisfies the kinematic admissibility condition at
t=20:

Eug=eg+py L"-a.e. in,

(5.2.10)
up =w(0) H" l-a.e inTy,

and that the safe load condition (2.3.45)-(2.3.48) holds. Then there exists a unique function
(ué, e, pS), with

ué € Hy,.([0, +00); Hl(Q'RN)) eé € Hy, ([0, +00); L* (MY % N))
ps € HL ([0, +o00); L2(Q; MNXN)) |

€ loc sym

(5.2.11)

such that setting

the following conditions are satisfied:
(ev0)f initial condition: (u$(0),eS(0),p¢(0)) = (uo, €0, P0);
(evl)f kinematic admissibility: for every t € [0, +00)

EuS(t) = eS(t) + pt(t) L"-a.e. in Q,

(5.2.12)
ué(t) =w(t) H" '-ae. inTo;
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(ev2) equilibrium condition: for every t € [0, +00)

—divesS(t) = f(t) inQ, [0¢(t)v] = g(t) onT;. (5.2.13)

(ev3)s regularized flow rule: for L'-a.e. t € [0, +00)
PE(t) = NE(S(t),¢(t)  LM-a.e. in Q, (5.2.14)
where NE is defined by (2.4.5).

Since the right-hand side of (5.2.14) belongs to C°([0,+00), L*(Q, ML xN)) by (1.3.7), it
follows that
pS € CL([0, +00), L2(Q, MY *NY) (5.2.15)

sym

Moreover, for every T > 0 there exists a constant C. r such that

<1 _ CQ < —_

max, o2t (t) —o22(t)]l2 < Cer e, 1€1(t) = G2 (D)2 (5.2.16)
HS1 _ pS2 < —

o, e (t) — P22 (t)ll2 < Cer e, 1€1(8) = C2(B)[2 (5.2.17)

for every ¢, ¢y in CO([0,+00); L2(2)1).

Proof. Let A := C~'. If a triple (u$,e$,p$) satisfies conditions (ev0)S-(ev3)¢, then for
Ll-ae. t€0,+0)

EuS(t) — AeS(t) = Na(ab(t),¢(t)) L -ae. in Q. (5.2.18)

Let us define 7¢ € H}

loc

([0, 4+00); L2(; MY X N)) by

(1) = ot (t) — x(b). (5.2.19)

By (2.3.32), (2.3.45), and (5.2.13) we have 7¢(t) € £¢(Q) for every t € [0, +00) and hence,
integrating by parts, for £!-a.e. t € [0, 4+00) we obtain

(ATE(1),6) = —(NR(x(®) + 7¢(1),<(1)), &) + (Bo(t) — AX(t), 5) (5.2.20)
for every & € ¥o(Q2). The initial condition for 7¢ is given by
7£(0) = 00 — x(0), (5.2.21)

where oo := Ceg.

Conversely, assume that 7¢ € H] _([0,+00); So(£2)) and that (5.2.20) holds for L!-
a.e. t € [0,+00). If we define o¢(t) through (5.2.19), then (5.2.13) follows from (2.3.45).
Moreover, for L'-a.e. t € [0,+00), we obtain by (5.2.20) that A&S(t) + Ng(aS(t),¢(t)) —
Ew(t) are orthogonal to ¥o(Q) in L*(€; ML <N). Therefore, by (2.3.33), for L'-ae. t €
[0, +00) there exists v&(t) € HE (;RY) such that Evé(t) = AGS(t) + Ng(as(t),¢(1) —
Ew(t) L™-a.e.in Q. If we define

ug(t) =w(t) + /t vg(T) dr 4+ up — w(0), eg(t) = Aag(t) , pg(t) = Eug(t) - eg(t),
0
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then the triple (u$,e$, p¢) satisfies conditions (ev1)é-(ev3)S. If, in addition, (5.2.21) holds,
then the initial condition (ev0)¢ is satisfied.

Since %(Q2) is a closed linear subspace of L*(€Q; M2 *N), denoting with P, the linear
orthogonal projection onto Xg(), it is clear that (5.2.20) is equivalent to the generalized

ODE
ATE(t) + Pe, (N (x () +7¢(1),C(1))) = P, (Bw(t) — Ax(t)) (5.2.22)

in H._([0,400); Zo(2)). By the 1-Lipschitz continuity of Ps, and (1.3.4) for every 7 €
¥0(Q) and every ¢ € [0,4+00) we have

1Pe, W (x(8) + 7, ¢ (0)))ll2 < (Tl + Ix(®)ll2 + M [IC(1)]]2) - (5.2.23)

Using Lemma 1.1, for every 71, 72 € X0(€2) and every t € [0, +00) we get that

[Pey N (x(t) + 72, € (1)) = Pey (N (X(t) + 71, C()) 12 < 22 — 72 (5.2.24)

Since w € HL ([0, +00); HY(Q;RY) and x€H}

loc

([0, +00); L2(Q; MNXN) we easily have

Poy(Bio(t) — A%(1) € L, ([0, +00); So(Q). (5.2.25)

Since A is bounded and invertible, using (5.2.23), (5.2.24), and (5.2.25) the Cauchy-Lipschitz
Theorem gives the existence of a unique solution 7¢ € H} ([0, 4+00); X¢(2)) of (5.2.20) with
initial condition (5.2.21).

To prove estimate (5.2.16) we consider two solutions o; and oy corresponding to ¢,
and ¢y in CO([0,T]; L2(; MY <N)), respectively. Subtracting (5.2.20) corresponding to

T1:= 01— x and T9 := 09 — X, taking & = o1(t) — o2(t) as test function, and using

Lemma 1.1 we obtain

gslloit) — a2l < Llo(t) — o2(t)l2 + 2Mx[[¢1 (1) = Co(B)l2] loa(8) — o (t) ]2 -

To get (5.2.16) it is enough to apply Gronwall inequality. The other inequality (5.2.17)
follows from (ev3)¢ using (1.3.7) and (5.2.16). O

The following theorem shows that the modified flow rule (ev3). can be replaced by a
suitable stress constraint and an energy-dissipation balance.

Theorem 5.4. Let ¢ € C°([0,+00); L*(Q)T) and let f, g, w, ug, €y, Po, € be as in
Definition 5.1. Assume that the safe load condition (2.3.45)-(2.3.48) holds. Let (u$,e$, p®)
be a function satisfying (5.2.11), the initial condition (ev0)-, the kinematic admissibility
(ev1)S, and the equilibrium condition (ev2)S of Theorem 5.3, with a$(t) := CeS(t).

Then (u$,e$,pS) satisfies the reqularized flow rule (ev3)S of Theorem 5.3 if and only if
the following properties are simultaneously satisfied:

(evd' o modified stress constraint: for L' -a.e. t € [0, +00)

ol(t) —ept(t) € K(C(1)); (5.2.26)
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(ev3”)§ energy-dissipation balance: for every T > 0 we have

T
Q(e4(1)) ~ Qlen) + [ (UBS(.6(0) — bxte). (1)) i+
v [ )3t = / oS (1) — x(t), Beo(1)) it — / LSy (5:2.27)

+(x(T), e&(T)) = (x(0), e0) -

Proof. Suppose that (u¢,e$,p¢) satisfies (ev3)$. By (1.3.22) we have 8, H(pS(t),¢(t) C
K(¢(t)). Therefore (5.2.9) implies (ev3’)¢.

Since H(-,{) is convex and positively homogeneous of degree one, the Euler relation
gives (o,p) = H(p,() whenever o € 9,H(p, (). Therefore, (5.2.9) implies

HBS (1), C(1)) = (oS (1) — epS (1), (1)) (5.2.28)
which is equivalent to
HBS (1), C(1)) +<lpS ()13 = (o (6), pS (1) (5.2.29)
By (5.2.12) we have
(o5(1). 95 (1)) = (@S (), Bl (1)) — (o4 (1). 4 (1)) (5.2.30)
Since @S (t) — w(t) € HE (%RY) by (5.2.12), using (2.3.45) and (5.2.13) we obtain
(o5 (1), Bad (1)) = (oS (t), Bao(1)) + (x (1), BaS (1)) — (x (), Eab(t)) (5.2.31)

Combining (5.2.29), (5.2.30), and (5.2.31), we deduce that
(o€ (1), €8(1)) +H(DE(1), C(1) + B (1)]I3 = (o8 (t) — x (1), Bw(t)) + (x(t), Eut (1)) .
By (5.2.12) we have

(o8 (1), €8 (1)) +H(DE(1), C(1)) — (x(1), D (1)) +ellpE ()13 =
= (o¢(t) — x(t), Ew(t)) + £ (x(1), e£ (1)) — (x(t), (1)) -

The energy-dissipation balance (ev3”)

(5.2.32)

¢ can be obtained from (5.2.32) by integration.
Conversely, assume that (u$,e$,p¢) satisfies conditions (ev3’)¢ and (ev3”)S. By dif-

ferentiating (ev3”)S we obtain (5.2.32). Thanks to (5.2.30) and (5.2.31), from (5.2.32) we
deduce (5.2.29), which is equivalent to (5.2.28). By (ev3’)¢ for L'-a.e. t € (0, +0c0) we have

ol (t) —epé(t) € K(¢(1) = 9H(0,4(1)). (5.2.33)
Since H(-,¢(t)) is convex and #H(0,{(t)) = 0, condition (5.2.9) follows easily from (5.2.28)
and (5.2.33). O

Theorem 5.5. Let f, g, w, ug, €o, po, € be as in Definition 5.1. Assume that (ug, €, po)
satisfies the kinematic admissibility condition (5.2.10) at t = 0 and that the safe load con-
dition (2.3.45)-(2.3.48) holds. Then there exists an ¢ -viscoplastic evolution with data f, g,

and w and initial condition (ug, eg, Po, 20) -



5. Existence of a rescaled viscosity evolution 105

Proof. Let us fix T > 0. We will apply a fixed-point argument in C°([0,T]; L3(%; 1,,)),
where I, := [(n,+00). Given ¢ € C°([0,7]; L?(%; ), by Theorem 5.3 we can find a
unique function (u¢,e$, pt), satisfying (5.2.11) and (ev0)S-(ev3)S. Define

as(t) := pyxtros(t). (5.2.34)

€

As troé € C°([0,7); L*(R2)), we deduce from (2.3.41) that a$ € C°([0,T];C*(Q)). By
(5.2.15) we have a trp¢ € CO([0,T]; L*()), hence (2.3.41) gives that p;x(af tr p¢) belongs
to C°([0,T]; C*(Q)). Let 25 € C'([0,T); C*()) be defined by

t
25(t) = 20 + / p1* (ab(7) trpS (7)) dr. (5.2.35)
0
It satisfies

26(0) =20 and 2S(t) = p1 » (ab(t) trps(t)) for every t € [0,T].

€

Let us define the operator G: C°([0,T]; L*(Q; I,,)) — C°([0,T); L*(Q; I,,,)) by
G(¢) ==V (28). (5.2.36)

It follows from the definitions that, if ¢ is a fixed point of G, then (u$,e$,pé,2¢) is an
e-viscoplastic evolution with data f, g, and w and initial condition (uo, eg, po, 20) -

To find a fixed point we will apply Schauder’s theorem. In the rest of the proof C will
denote a positive constant, depending only on T', €, €, eg, w, X, p1, p2, g, and Sq,
which may change from line to line. By (2.3.49) and (5.2.27) in Theorem 5.4 we have

CHlIE<c+cC C(t
tgf%\les()llzf + tgg§]lles()\\27

which implies

S|, < C. 5.2.37
e les(®)llz < ( )

Using this inequality in (5.2.27) and taking into account (2.3.49), we obtain

T
| itz <e. (5.2.38)
From (2.3.41), (5.2.34), and (5.2.37) it follows that

St <C.
o, lag(t)]loo <

Thus, ||aé(t) trps(t)]]2 < C||pS(t)||2, and hence, by (2.3.41),
126®)]lc < ClPE@D)]2 and  [[VEE(D)]loo < CllDEW)]|2- (5.2.39)

Inequalities (5.2.38) and (5.2.39) imply that the norm of 2 in L2([0,T]; HY(Q)) is
bounded by a constant independent of ¢. Therefore, the norm of 28—z, in H'([0, T]; H'(12))
uniformly bounded. It follows that

28—z € COV2([0,T); H(Q)),

£
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and its norm is bounded by a constant independent of ¢. This implies that there exists a
closed ball B in H'(Q2) such that

28 — 29 € COV2([0,T];B) for every ¢ € C°([0,T); L3(Q; I,y,)) -

Since B is compact in L?(Q), the set {2¢: ¢ € CO([0,T); L?(; 1,,))} is relatively compact
in C°([0,T); L*(%; I,,)) by the Arzela-Ascoli Theorem. Therefore the operator G defined
by (5.2.36) maps C°([0,T]; L?(; I,,,)) into a compact subset of C°([0,T]; L3(£;1,,)).

To apply Schauder’s Theorem, it is enough to show that the operator G is continuous
from C°([0,T7; L?(9%; 1,,)) to C°([0,T]; L?(%;1,,)). The continuity of the map ¢ +— o¢
follows from (5.2.16). Then (2.3.41) and (5.2.34) imply the continuity of ¢ + a$ from
CO([0,T); L*(Q; 1,,)) to C°([0,T); C1(2)). Using (2.3.41) and (5.2.17) we obtain the conti-
nuity of ¢ — py % (@S trp¢) from CO([0,T]; L*(Q; 1)) to C°([0,T];C1(Q)). Then (5.2.35)
gives the continuity of ¢ + 2¢ from C°([0,7); L?(2;I,,,)) to C1([0,T]; C1(2)). The conti-
nuity of G follows now easily from (5.2.36). O

5.3 Statement of the main result

We now state the main result of the chapter.

Theorem 5.6. Assume that the safe load condition (2.3.45)-(2.3.48) holds. Let f, g,
and w be as in (2.3.42), and assume that ug, eo, po, 2o satisfy (2.3.53)-(2.3.57). Then

there exists a rescaled viscosity evolution with data f, g, and w, and initial condition

(u()a €0, Po, 2070) .

The proof will be given in Sections 5.4, 5.5, and 5.6 according to the following scheme. In
Section 5.4 we introduce an intrinsic rescaling of all the e-viscoplastic evolutions through a
change of variables ¢ = t2(s), and prove that, up to a subsequence, these rescaled functions,
together with ¢2 converge to a function (u° e®, p°, z°t°) satisfying (4.2.4) and conditions
(ev0)°, (evl)®, (ev2)°, and (ev3’)°. As a first step towards the proof of the energy-dissipation
balance (4.3.7), which is equivalent to (4.3.1) by Proposition 4.10, in Section 5.5 we prove
the energy inequality (5.5.1). The proof relies on the lower semicontinuity of the terms

S
| (06750 €) + (.00 ) ds = () 2°S)) + (e

S
/0 15°(5) 2 da(0°(s), K(C(s)) ds (5.3.1)

which is proved in Lemmas 5.10- 5.13. At the end of Section 5.5 we also prove the evolution
law for the internal variable (ev4)°. The proof of the energy-dissipation balance is completed
in Section 5.6, where we prove the energy inequality (5.6.2) through a suitable discrete
approximation of the integrals that appear in this inequality. Note that (5.6.2) is not the
opposite of (5.5.1), since the term (5.3.1) is replaced by

[ 1076 = meiceio (o), 57 ds.

This finally allows us to deduce the partial flow-rule (4.3.2) from (5.5.1) and (5.6.2).
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5.4 Proof of Theorem 5.6: Part one

We start with a technical lemma.

Lemma 5.7. Let uw € BD(Y). Then there exists a sequence uy, of Lipschitz functions from
Q into RV, with ux, =0 on 09, such that

ug — u  strongly in L*(Q;RY), (5.4.1)
Bup = (Bu)LQ —u@vH" LTy weakly* in My(QUTg;RY). (5.4.2)

Proof. 1t is enough to prove the theorem in a neighbourhood of each point of 02: the global
result can be obtained through a partition of unity. Since  has Lipschitz boundary, we

may assume that it is the subgraph of a Lipschitz function, i.e.,
Q:={zcRV:2cA, a<z, <h(®)}CR:=Ax(a,b), (5.4.3)

where % := (21,...,2,_1), A is an open rectangle in R"~! a, b€ R, a < b, and h: A —
(a,b) is a Lipschitz function. We may also assume that suppu CC R and that 'y C RNOQ.

Since Q has Lipschitz boundary, by a standard approximation result (see, e.g., [52,
Chapter II, Theorem 3.2]) there exists a sequence v, € C°°(€; RY) such that

v —u in LY(Q;RY),
Fu, — (Bu)LQ  weakly™ in M;,(Q;RY), (5.4.4)

[Evklly = [|Bull1,
and therefore (see, e.g., [52, Chapter II, Theorem 3.1])
vp — u  in LY(OQ;RY). (5.4.5)

Since suppu CC R, we may assume that suppwvy CC R for every k.

Using the special form (5.4.3) of 2, we can define a sequence of Lipschitz functions
¥i: Q—[0,1] by ¥;(z) :== min{j(h(2) — x,),1}. Then t; = 0 on the graph of h, 1; — 1
on 2, and Vip; = —vH" LT, weakly* in M,(2UTo;RY). Therefore for every k we

have
%vk — v in Ll(Q;RN),

5.4.6
E(jvg) = Bvg, — v, ©vH" LTy weakly” in M, (22U Ty; RM). ( )

Since the weak* convergence is metrisable on bounded sets of M;(QUTy; RY), it follows
from (5.4.4), (5.4.5) and (5.4.6), that for every k we can select ji so that (5.4.1) and (5.4.2)
are satisfied by wuy := 1, vi, which vanishes on 9 by the properties of ; and vy . O

Proof of Theorem 5.6. If we apply Lemma 5.7 to u = ug — w(0) we find a sequence u§ in
H'(Q;RY) such that

u5 =w(0) H" '-ae. in Ty, (5.4.7)

ug — ug  weakly* in BD(Q), (5.4.8)

Eui — (Bug) L Q + (w(0) —ug) @ vH" LTy weakly™ in My(QUTo; RY). (5.4.9)
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We define pf := Eu§ — ep. From the weak kinematic admissibility condition (2.3.55), and
from (5.4.9), we have
p5 —po  weakly™ in M, (QUTg; RY). (5.4.10)

By Theorem 5.5 there exists an e-viscoplastic evolution (u., e, p., z.) with boundary
datum w and initial condition (u§,eo, p§, z0). The energy equality (5.2.27), together with
(2.3.38) and (2.3.49), implies that for every T' > 0 there exists a constant Cp, independent
of e, such that

sup |le<(t)]]2 < Cr and sup |lo-(t)|2 < Cr (5.4.11)
te[0,7) t€[0,7]

(see the proof of (5.2.37)). The same equality and the same estimates, together with (5.4.11),

give also that for every T > 0 there exists a constant Mp, independent of ¢, such that

T
/ [ (t)[[1 dt < My < +o0. (5.4.12)
0

Let s2: [0, +00) — [0,400) be the absolutely continuous, increasing, and bijective func-
tion defined by

¢
s2(t) = /0 (D)l + X (M lloo + [[Ew ()2 + 1) dr. (5.4.13)
It is easy to see that
sg(ta) — s2(t1) > ta — 11 for every 0 < t; <ty < +o0. (5.4.14)
Let ¢2:[0,4+00) — [0,4+00) be the inverse of s2. By (5.4.14) t2 satisfies
0 <t(s2) —t(s1) < s2—s1 for every 0 < 51 < s9 < +00.

By the Arzela-Ascoli Theorem we may assume that ¢2 converges uniformly on compact sets
to a function ¢°: [0, +00) — [0,400) such that

0 <t°(s2) —t°(s1) < 52— 51 for every 0 < 1 < 59 < 400.
We observe that t°(0) = 0. Let us prove that
t°(s) = 400 when s — 400 (5.4.15)

Indeed, by (2.3.48), (5.4.11), (5.4.12), and (5.4.13), for every T > 0 there exists a constant
s, independent of e, such that s2(T') < sp. This gives T < t2(sp) for every e, which
implies T' < t°(s7), and concludes the proof of (5.4.15).

Define the rescaled functions on [0, +00) by

ul(s) = uc(te(s)), e2(s):=ec(ti(s)), ps):=p(t(s)), 22(s):=ze(t(s)),
Fels):=F(t2(s)),  g2(s) :==g(t2(s)), wi(s) :=w(t(s)), (5.4.16)
ol(s) = oe(t2(s), C2(s):=C(t(s)),  x2(s) := x(t2(s)) -

Note that by (5.2.2)

o2(s):=Cel(s) and (Z(s) :=V(22(s)) (5.4.17)
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for every s € [0,400). Since t2(s) — t°(s) uniformly on compact sets, the continuity

properties of f, g, w, and x imply that for every s € [0,+00) we have that

Fo(s) = f°(s) strongly in L™(Q;RY), g°(s) — g°(s) strongly in L*°(T'; RY),

wo(s) — w°(s) strongly in H(Q;RY),  x2(s) — x°(s) strongly in L2(Q;RY),
(5.4.18)
where

£ € Higo([0,+00); L (5 RY)), g% € Hipo([0, +00); L% (T1;RY))
w® € Hj,o([0,+00); H' (GRY)),  x° € Hjp([0,+00); L*(2;MI%N))
are defined by
Fs) = F5), g7(s) = gt°(s)) . wils) = wl(t(s)), x°(s) i= x(t°(s)). (5.4.19)
From the definitions of s2 and t2 we obtain easily that
IP2(s2) — P25l + Ix2(52) = X2(s0)llow + [ BwS(52) = Bwl(si)llz < 52— 51 (5.4.20)
for every 0 < s1 < s, hence
1p2(s)ll + %2 ()l + || EwZ(s) ]2 <1 for Ll-a.e. s € [0, +00). (5.4.21)
Let M be an upper bound of ||p§ll1 (see (5.4.10)). From (5.4.20) we get
Ip2(s) s < M + 5 (5.4.22)
for every s € [0,+00). Passing to the limit in (5.4.20), we obtain
1x°(s2) = x°(s1)[|oo + | Ew®(s2) — Ew®(s1)l[2 < 52 — 1 (5.4.23)
for every 0 < s < sg, hence
Ix°(8)]|oo + |Ew°(s)]l2 < 1 for L'-a.e. s € [0, +00). (5.4.24)

For every S > 0, let

Bs := {p € My(QUTo; ML) : [[plly < M + 5},

sym

There exists a distance dg on Bg inducing the weak™ convergence such that
ds(p,q) < |[p—qll1 for every p,q € Bs. (5.4.25)

By (5.4.20) we have that p2(s) € Bg for every s € [0,5] and every € > 0. By (5.4.20)
and (5.4.25), the sequence p2(s) is equicontinuous on [0, S] with respect to the distance dg .
We then apply the Arzela-Ascoli Theorem for every S > 0 and we find that there exists a
subsequence, still denoted by p?, and a function p°: [0, +o00) — My(Q2U I‘O;Mé\;an ) such
that

p2(s) — p°(s) weakly* in M;(Q U To; MY XN (5.4.26)

sym



5.4 Proof of Theorem 5.6: Part one 5. Existence of a rescaled viscosity evolution

for every s € [0,400). By lower semicontinuity we obtain from (5.4.20)
[p°(s2) = P°(s1) 1 < 52 — 51 (5.4.27)
for every 0 < s1 < s3, hence
()| <1 for L-a.e. s € [0, +00). (5.4.28)

where the time derivative p°(s) is defined as in (4.2.6). Moreover, from (5.4.20) and (5.4.26)
we obtain that
p2(s.) — p°(s) weakly* in M;(Q U Tg; ML %N (5.4.29)

sym
for every s € [0,400) and every s, — s.

We now show that for every s € [0, +00) there exist e°(s) € L*(Q; ML) and u(s) €
BD(Q) such that (u°(s), e°(s), p°(s), w°(s)) satisfies the weak kinematic admissibility con-
dition (4.2.11), o°(s) := Ce°(s) satisfies the equilibrium condition (4.2.12), and

e2(sc) — e°(s) weakly in L*(Q; MY %N), (5.4.30)
ul(s:) — u®(s) weakly* in BD(Q), (5.4.31)

for every s. — s.

Let us fix s € [0,4+00). By (5.4.11) the sequence |e2(s)||2 is bounded uniformly with
respect to e, thus there exists a subsequence e (s) of eZ(s), possibly depending on s, and
a function e°(s) € L2(; MY *N) such that

sym

e2 (s) — e°(s) weakly in L2(Q;MNXNYy (5.4.32)

sym

By (5.4.26) and (5.4.32), the kinematic admissibility condition (5.2.3) implies that the se-
quence u.,(s) is bounded in BD(Q). Therefore, up to extracting a further subsequence, it
converges weakly * in BD(2) to a function u°(s) € BD() such that Fu®(s) = e°(s)+p°(s)
in Q. By considering suitable extensions and arguing as in [13, Lemma 2.1] we obtain also
that p°(s) = (w°(s) — u°(s)) ©vH" ! in I'y. Therefore weak kinematic admissibility con-
dition (4.2.11) is satisfied.

Passing to the limit in (5.2.4) we obtain the equilibrium condition (4.2.12). This implies

Q(e’(s)) < Q(e°(s) + Ep) — (£°(s), p)a — (9°(s), )1, (5.4.33)

for every ¢ € H%O(Q; R™). By strict convexity the inequality is strict, unless Ep = 0 L™ -a.e.
in Q. It remains to prove (5.4.30) and (5.4.31) for an arbitrary sequence s. — s. As in the
previous step, we see that [e2(sc)||2 is bounded uniformly with respect to €. Let e (sz,)
be a subsequence of €2(s.) which converges to a function é(s) weakly in L?(£2;R™). The
previous arguments, together with (5.4.29), show that there exists a function w(s) € BD(2)
such that uZ (sz;) — @(s) weakly™ in BD(Q), Eu(s) = &(s) + p°(s) in ©, and p°(s) =
(w°(s)—u(s )) ©vH" ! in Ty. By difference we obtain that E(@(s)—u°(s)) = &(s)—e°(s) in
Q and (@(s)—u’(s)) ©v =0 H" '-a.e.on I'y. By (1.2.2) we have a(s)—u°(s) € H'(Q;R")
and 4(s) —u°(s) =0 on TYy.

By (5.4.33) we have Q(e2(s)) < Q(e(s)) — (£°(s), (s) —u®(s))ar— (g°(s), ils) —u®
Exchanging the roles of e°(s) and é(s) we obtain Q(e°(s)) = Q(é(s)) — (f°(s),
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u°(s))a — (g°(s), u(s) — u°(s))r,. The strict convexity argument mentioned after (5.4.33)
yields e°(s) = é(s) L™-a.e. in 2, which in turn gives u°(s) = a(s) L"-a.e. in Q. This
shows that the limit does not depend on the subsequence, and concludes the proof of (5.4.30)
and (5.4.31).
Let us prove that
e® is weakly continuous in L?(Q; MY *N). (5.4.34)

sym

Let s; be a sequence converging to s. For every fixed k, we can apply (5.4.30) with

s = s for every e, and we find 5 > 0 such that d,(e2, (sx),e°(sk)) < %, where d,,

is a distance which metrises the weak topology on bounded subsets of LQ(Q;MQ’%N ). By

(5.4.30), €2 (sk) — €°(s) weakly in L*(Q; ML <N}, so that the previous inequality gives

sym
e°(sr) — e°(s) weakly in L?(Q; ML ¥N). This concludes the proof of the weak continuity
of e€°. In a similar way we can prove that u°: [0,+00) — BD(Q) is weakly* continuous.

Define now for every s € [0, 400)

al(s) = pa xtrod(s), (5.4.35)
a’(s) := pg xtro°(s), (5.4.36)

so that, by (5.2.6) and (5.4.16),
22(s) = p1* (a2(s) tr p2(s)) (5.4.37)

for Ll-a.e. s € [0,+00). Using (2.3.41) and (5.4.11), we can prove that for every S > 0
there exists a constant Cg, independent of €, such that
sup [[al(s)]lc < C5,  sup [[Vag(s)llee < Cs- (5.4.38)
s€[0,5] s€[0,5]
Therefore for every s, the functions a2(s) are equicontinuous and equibounded on Q. Since
o2(s) = o°(s) weakly in L?(Q, MY *N), the sequence a2(s) converges to a°(s) pointwise
in Q. It follows that
al(s) — a°(s) strongly in C°(Q) (5.4.39)

for every s € [0, +00).
By (5.4.28) and (5.4.38) we have [|a2(s) trp2(s)|1 < v/nCS for L'-ae. s € [0,5], and
hence by (2.3.41) and (5.4.37)

122(5)lloc < VnCSllprlloe  and  [[VEZ(8)[loe < VRSV p1]lo - (5.4.40)
This implies that
122(s2) = 22(s1)lloc + [V 22(52) = V22(51)]|loc < Mg |52 — 51 (5.4.41)

for every s1,s2 € [0, 5], where MS := /nC§(||p1]loc + [V P1]l00) -
We can then apply the Arzela-Ascoli Theorem as in the proof of (5.4.26). This gives
a subsequence, still denoted 22, such that z2(s) — 2°(s) weakly* in W1°°(Q) for every

s € [0,+00), which implies

2°(s) — 2°(s) strongly in C°(Q). (5.4.42)
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Using (5.4.41), we deduce that
2° — z° strongly in C°([0, S];C°(Q)) . (5.4.43)
Passing to the limit in (5.4.41), we get
2%(52) — 2°(51) oo + IV2%(52) = V2(s1) oo < MEJs2 — 1] (54.44)

for every s1,s2 € [0, 5].
Let us fix r > n. Since WH(Q) is reflexive, it follows from (5.4.44) that the strong
WL limit

2°(s) := s- lim s+ h) = 2(s)

lim - (5.4.45)

exists for L£!-a.e. s € [0,+00), and that 2° € L2 ([0, +00); WLT(€2)). Since the embedding

loc
of WhT(Q) into C°(Q) is continuous, the limit in (5.4.45) takes place in C°(2) and 2° €
L% ([0, +00); CY(Q2)). Moreover, from (5.4.41) and (5.4.42) we obtain that

loc
22(s2) — 2°(s) strongly in C°(Q) (5.4.46)

for every s € [0,+00) and every s. — s.
For every s € [0,+00) let us define

¢°(s) =V (2%(s)) - (5.4.47)

The initial condition (ev0)° follows easily from the definitions of u°, e°, p°, 2°, and t°,

thanks to (5.4.8) and (5.4.10).
To prove (ev3’)° we need Lemmas 5.8 and 5.9. The proof will be continued after
Lemma 5.9. O

We start with an elementary result about the convergence of inverse functions. To this

end we introduce some notation. For every ¢ € [0, +00) we set

s2 (t) :=sup{s € [0, +00) : t°(s) < t}, (5.4.48)
s3.(t) == inf{s € [0, +00) : t°(s) > t}, (5.4.49)

with the convention sup @ = 0, so that s° (0) = 0. We also define the set
S5°:={te[0,400):52(t) < s5(t)} (5.4.50)
Lemma 5.8. Let s° and s5. be as in (5.4.48) and (5.4.49), respectively. Then
s2(t) < s5.(t) and t°(s2(t)) =t =1t(sL(t)) (5.4.51)

for every t € [0,4+00), and
52 (t°(s)) < s < s5.(t%(s)) (5.4.52)

for every s € [0,400). Moreover the set S° defined by (5.4.50) is at most countable, and
the set U° introduced in (4.2.14) satisfies

U°= | (s2(t),5%.(2)) - (5.4.53)
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Finally
52 (t) < liminfs2(t) < limsupsZ(t) < s9.(t) (5.4.54)
e—0

e—0

for every t € [0,400).

Proof. All assertions are well-known properties of monotone functions, except for the last
one. We only prove the first inequality in (5.4.54). If s°(t) = 0 the inequality is obvious.
If s°(t) > 0 we fix 0 < s < s2(t). By the definition of s°, we have t°(s) < t; for ¢
small enough, this implies t2(s) < ¢, hence s < s2(t). This gives s < liminf, s2(¢), and the

conclusion follows from the arbitrariness of s < s° (). O

Lemma 5.9. Let t € [0,+00) \ S°, where S° is the set defined in (5.4.50). Then

u:(t) = u°(s° (t)) weakly* in BD(Q), (5.4.55)

e:(t) — e°(s° () weakly in L*(Q; MY XN), (5.4.56)
p.(t) = p°(s° (t)) weakly* in My(UTo; MY XN, (5.4.57)
z(t) — 2°(s° (t)) strongly in C°(Q). (5.4.58)

Proof. Since t ¢ S°, Lemma 5.8 gives s2(t) — s (¢). By (5.4.16) we have u.(t) = u2(s2(¢)),
e-(t) = e2(s2(t)), p.(t) = p2(s2(t)), z=(t) = z2(s2(t)). Therefore the conclusion follows
from (5.4.29), (5.4.30), (5.4.31), and (5.4.46). O

Proof of Theorem 5.6 (continuation). By (2.3.38), (2.3.49), (5.2.27), and (5.4.11), for every
T > 0 we have

T
-2 / . (8) 2t — 0.

This implies that a subsequence, not relabelled, satisfies

ep.(t) — 0 strongly in L?(Q; ML *N)

sym
for L1-a.e. t € [0,+00). This fact, together with Lemma 5.9, yields that

o.(t) —ep.(t) — 0°(s° (t)) weakly in L(Q; Mﬁ\?’/an) ,
C.(t) — ¢°(s° (1)) strongly in C°(Q),

for Ll-ae. t € [0,+00). Since K is convex, the inclusion o.(t) — ep_(t) € K({.(1)),
established in (5.2.26), passes to the limit and we obtain

o°(s° (1)) € K(C°(2 (1)) (5.4.59)

By (5.4.34), (5.4.44), and the left continuity of s°, (5.4.59) holds for every t € [0, +00). A

similar proof shows that
o°(s2 (1) € K(C(s2.(1))): (5.4.60)

Let U° be the set defined in (4.2.14) and let s € [0, +00) \ U°. By (5.4.52) and (5.4.53)
we have
either s=152(t(s)) or s=s59(t(s)). (5.4.61)
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The partial stress constraint (ev3’)® of Definition 4.5 follows now from (5.4.59), (5.4.60),
and (5.4.61).

It remains to prove the energy-dissipation balance (4.3.1), the partial flow-rule (4.3.2),
and the evolution law for the internal variable (ev4)°. The proof will be continued after
Remark 5.14. O

5.5 Proof of Theorem 5.6: energy inequality and evolu-

tion law

(e} [e] o o

The goal of the first part of this section is to prove that the functions u°, e°, p°, z°,

w®, 0°, ¢°, and x° introduced in the previous section satisfy the energy inequality
s
Q(e(5) = Qe) + | (R €°0)) + (X°(0).p7(s)) s —
s
= (x°(9),p°(9)) + (x0,P0) +/O [5°(s)ll2 d2(e°(s), K(¢°(s))) ds < (5.5.1)

S S
< / (0°(s) — x°(s), Bo™(s)) ds — / (), €°(5)) ds + (X°(S), €°(S)) — (xo. €0)
0 0

for every S > 0, where xo := x(0) = x°(0). To this aim we prove four lower semicontinuity
results concerning the integrals in the left-hand side of (5.5.1) and the functions p2, o?,
¢2, and x?2 defined in (5.4.16).

Lemma 5.10. For every S >0, v € CO(Q)*, and ¢ € C°([0, +00); C°(Q) ") we have

S
/ H(yp°(s),¢(s)) ds < hmmf/ H(pp2(s),¢(s))ds (5.5.2)
0

Proof. Since the function s — p°(s) is weakly* measurable from [0,+00) to My(2 U
To; MYXN) it is possible to define jui.,u € My((0,8)x(QUTo); MY¥*N) by setting

sym sym

S S
(o) = / (5,7, p2(s)) ds and () = / (5., $°(s)) ds

for every ¢ € CJ((0,9)x(QUTo); MNXN) If p € C1((0,9)x(QUTo); MN*N)  we have

sym sym

S S
(orpe) = - / (Oup(s,),p2(s)) ds — — / (Bup(s, ), p°(5)) ds = (i, ),

by (5.4.22) and (5.4.26). Since ||p2(s)[l1 < 1 and ||p°(s)|1 < 1 by (5.4.21) and (5.4.28),
by uniform approximation we obtain (@, i) — {(p,u) for every ¢ € C((0,9)x(Q2 U
NxNYY
Lo)i Mgy, t)), e,
pe = - weakly* in M ((0, S)x(QUTo); MY <N). (5.5.3)
Since s — |p°(s)| is weakly * measurable from [0, +00) to M,(QUTy), we define A, A €
My((0,8)x(QUTy)) by setting

S S
(6. Ae) = / (6(5, ), [D(s)) ds and (g, ) = / (@(s, ), [5°(s)]) ds
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for every ¢ € CJ((0,S)x(22UTYy)). It is easy to see that p. < A. and pu < A. Moreover

e _ (o) x) an du s,1) = dp(s)
0= e ™ R = )

Using the definition of #, see (1.3.20), it follows that

s . o . de
/o H(sze(s),C(s))ds—/(O S)x(QUFO)H(w(I)d)‘E (s,2),¢(s,2)) dAe(s,2), (5.5.4)

’ p° = du s,x),¢(s, $,x
e conas= [ @ e, cen den. 559

By (5.5.3) we can now apply Reshetnyak’s lower semicontinuity Theorem [39, Theorem 2]
and we obtain

dp
/(0 5)x (QUT) Hy@ )d)\ (s,2),¢(s,2)) dA(s,x) <

" (5.5.6)
< lim inf H((x) L= (s,2),C(s,2)) dA(s, 2) .
[ O ), 6 ) a5,
Inequality (5.5.2) follows now from (5.5.4), (5.5.5), and (5.5.6). O
Lemma 5.11. For every S > 0, and every ¢ € C°(Q)*, we have
S S
| Hw).¢e) ds < tmint [ A0 5D s (55.)
0 € 0

Proof. As ¢° € C°([0,+00); C%(Q)) by (5.4.44) and (5.4.47), we can apply Lemma 5.10 and

we obtain

/pr ¢(s)) s<hmmf/ H(pE(s), ¢(s)) ds,

for every S > 0. Using (1.3.10), (1.3.12), (5.4.21), and the definition of H we obtain for
every s € [0,400)

[ H(4pe(s), €°(5)) = H(YPL(s), C2(9))| < M [[9]|olIC2(5) = €*(8) oo -

By (5.4.17), (5.4.43), and (5.4.47) [|¢2(s) — ¢°(5)[|oc — O uniformly on compact sets, and
inequality (5.5.7) follows. O

Lemma 5.12. For every S > 0, we have

S
| (4067509 + (5,960 ) ds = (). 2°(S)) + (x) <

S

<Timinf [ (HBE(s), €2(s)) — (xX2(5). 52(5))) ds.

e—0 0

(5.5.8)

Proof. We consider a sequence 9 € C°(Q), with 0 < 7, < 1 in Q and ¥, = 0 in a
neighbourhood of Ty, such that ¢y (x) — 1 for every z € QUTy. By (2.3.49) the function
H(p2(s),¢(s)) — x2(s): p2(s) is positive L™-a.e. in Q for every s € [0, +00), hence

H (i p2(s),C7(s)) = (v x2(s), P2(s)) < H(P(s), € (5)) — (x2(s), P(s)) - (5.5.9)
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Integrating by parts in time, we have

S S
/0 (r X2(s), D2(5)) ds = — / (0 52(), P2(5)) ds +

(5.5.10)
+ (Ve x2(5), P2(S)) — (YK X0, P) -
Performing the change of variables t = t2(s), we get
S T
/O (v X2(5), p2(s)) ds :/0 (v X (1), P (1)) dt, (5.5.11)

where T, := t2(S). As ¢y = 0 on I'y, integrating by parts in space and using (5.2.3), we
obtain for every ¢ € [0, 7]

(Ve X(t), P (1) = —(r X(t), ec(t) — Ew(t)) —

— (x(t), (ue(t) —w(t)) © Vo) + (F(t), Yr (ue(t) — w(t))) -

which, thanks to Lemma 5.9 converges to

—(r (1), €°(s2 (1)) — Bw(t)) — (x(1), (u(s2.(t)) —w(t)) © Vior) +
+ (F (1), n (w(s2 () — w(t))) -
By (2.3.28), this expression equals to ([x(t):p°(s2(t))],¥x); as [|[p.(t)||1 is bounded by
(5.4.10) and (5.4.12), while ||X(¢)||c is locally integrable by (2.3.48), the Dominated Con-

vergence Theorem yields

TE

im [ (o (), po () dt = / () p(s° (1)), ) .

e—=0 Jg

Let w(t) := x(t) if the derivative exists at ¢, and w(t) = 0 otherwise. By (1.4.17) and
(5.4.19) we get
x°(s) = w(t°(s))t°(s) for L'-a.e. s €[0,5].

This equality, together with the change of variables formula (1.4.18), yields

T T
/ () : p(s2 (1)), ) dt = / ([w () p(s° (D)), ) dt =
0 0 (5.5.12)

S S
- / (BE(s) - p°(5° (1°(5))], ) dls = / (BE(s) - 0°(5)), ) s,

where the last equality follows from the fact that x°(s) = 0 for £Ll-a.e. s € U° and that
s° (t°(s)) = s for L'-a.e. s € [0,S5]\U® (indeed, by (5.4.52) and (5.4.53), the only exceptions
are the points of the form s = 59 (¢) for ¢t € S°). We conclude that

S

S
lim [ (¢ X:(S),pg(s»dSZ/O (IX"(s) : p°(s)), ¥x) ds (5.5.13)

e—=0 Jo
Another integration-by-parts argument, using (5.4.7), (5.4.8), (5.4.10), and (5.4.18),
shows that

lim, (e X2(5). P2S)) = (e x0,p5)) = (X(S): P (S)]s ) = {lxopol ) - (5:5.14)

e—0
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By (5.5.7), (5.5.9), (5.5.13), and (5.5.14) we finally get
s
| (08606 + (B (5] ) ) ds = () (8], v +
s
+ ([x0 : pol, ¥r) < 1im_>i(f)lf/ (H('l/)k P2(s),C2(s)) — (¥ X?(S)vi’g(S») ds <
€ 0
S
<timint [ (M2, €2(6) ~ (xE(5). B2 s
e—0 0

Using (1.3.12), (2.3.48), (5.4.27), (5.4.28), and (5.4.44) we can pass to the limit as k — oo,
applying the Dominated Convergence Theorem, and we obtain (5.5.8) . O

We recall that we are adopting convention (1.2.1) about L?-norms.

Lemma 5.13. Let S >0, and let A° be as in (4.2.7). Then
[ ) dalor(5) K e) ds < N [ 52(6) | dalor2(s). K () s, (5.515)
S S

where

s =4°N[0,5]. (5.5.16)

Proof. Since e° is continuous for the weak topology of LQ(Q;M%LN) by (5.4.34), and ¢° is
continuous for the strong topology of C°(Q2) by (5.4.44), by Remark 4.3 A° is open. Observe
that we can equivalently define A° as the set of times s such that da(a°(s), K(¢°(s))) > 0.

We fix a compact set C C A% and a continuous function ¢: C' — [0, +00) such that
da(a°(5), K(€°(5))) > v(s) for every s € C'. (5.5.17)
We claim that, for e sufficiently small, we have
da(a2(s),K(€2(5))) > ¥(s) for every s € C'. (5.5.18)

If not, there exist e, — 0 and s; € C such that dao(a2, (sk), K(CZ, (51))) < ¥(sk). We
may assume that s — sg € C; now, by (5.4.30), (5.4.46), and (5.4.47), thanks to the
lower semicontinuity of dz(o,K(¢)) proved in Remark 4.3, the previous inequality gives
da(o°(50), K(€(50))) < 1(s0), which contradicts (5.5.17). This proves (5.5.18).

By a standard approximation argument from below, in order to prove (5.5.15), it suffices

to prove
[ 1) 0 ds < tmnt [ 2l v(s) s, (5519)
c e c

for every compact C' C A% and every continuous function ¢: C' — [0,400). To this end, let

NXxN

sym ) > composed of continuous functions

¢; be a dense sequence in the unit ball of L?(2;M
with compact support. Since

1B°(s)l2 = Sgp<<ﬁui’°(8)>7

by the Localisation Lemma (see, e.g., [5, Lemma 2.3.2]) we have

k
/C 569 0 (5) s = 00 D~ /C (o () s (5.5.20)
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where the supremum is taken over all integers k and over all finite Borel partitions Cy, ..., Cj
of C'. For every i the real-valued functions s — (p;, p2(s)) are equi-Lipschitz on [0, 5] (by
(5.4.20)) and converge to s — (p;,p°(s)) for every s (by (5.4.26)), hence the functions
s+ (i, pe(s)) converge (p;, p°(s)) weakly™ in L>°([0,5]). It follows that

e—0

k k
;/Cz (pi, P°(s))(s) ds = lim;/(,*,i<%’pz(s)>w(8) ds < liin_félf/c 192 () |2 (s) ds.

Inequality (5.5.19) follows now from (5.5.20). O

Remark 5.14. Since da(0°(s),{°(s)) = 0 outside of the set A%, by (5.5.15) and the

nonnegativeness of the integrands we easily get

S S
[ 157 e dafor™(s).¢7(s)) ds < timint [ p2(s) e dalort(s). o ds. (3521)
0 0
We are now in a position to prove the energy inequality (5.5.1).

Proof of Theorem 5.6 (continuation). Let us fix S > 0 and define T, := t2(S). By (5.2.27)

T. T

Qex(T2)) = Qlen) + [ (Mlp.(0),¢(6)) ~ (x(t). (o)) de = [ L (0)]3 dt =
T. 0 T. 0

= [ ety = x(0. Bt = [ (o) 0 dt+ (2. (1) = (o).

where xo := x(0). By (5.2.5) we have
T
Qe (1) = Qfeo)+ [ (Hlba(6).¢(0) = (x(0). (1)) +
T. T
[ IOl a0, (¢ (0) de = [ {ot) - x(0) Buv(e) e -
0 T, 0
- / (), ec(t)) dt + (X(T2), ec(T2)) — {xor o) -
Performing the change of variable ¢ = ¢2(s) in the left-hand side, we obtain
S
Q(e2(8)) — Qleo) + / (PD2(),€2(5)) — (X2(5), D)) ) s +
S T-
[ 1) daloz(). KGN ds = [ o) = x(t), B i~ (5522)
0 0
T
- / (1), ex (1) dt + (X(T:), () — {x01 <o) -
By the lower semicontinuity of Q, in view of (5.4.30) we have
Q(e”(9)) < liminf Q(e2(S)). (5.5.23)

By (5.4.11) and (5.4.56) we have

/0 (0°(s° (1)) — x(t), B (1)) dt = lim | (oo(t) — x(t), Ea(t)) dt, (5.5.24)

e—0 Jo
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where T :=t°(S). Let w(t) := Fw(t) if the derivative exists at ¢, and w(t) = 0 otherwise.
By (1.4.17) and (5.4.19) we get

Ew°(s) = w(t°(s))i°(s) for L'-a.e. s €[0,5].

This equality, together with the change of variables formula (1.4.18), yields
T T
|t ) = xt0. Faotn) i = [ 052 (0) = x(0). it e =

S S
- / (0°(° (1°(5))) — X°(s), Eab°(s)) ds = / (0°(s) — X°(s), Bio®(s)) ds,
0 0

where the last equality follows from the fact that Ew°(s) = 0 for £'-a.e. s € U° and that
s° (t°(s)) = s for L'-a.e. s €[0,5]\ U° (see the proof of Lemma 5.12). Therefore, (5.5.24)

gives

S T
/0 (0°() = x(5), B (s)) ds = iy | (o2 (d) = x(1), B (1) (5.5.25)
Similarly, we prove
S T.
|G ee) s = tim [ Geto),en o) . (5.5.26)
0 0

Inequality (5.5.1) follows now from (5.4.30), (5.5.8), (5.5.21), (5.5.22), (5.5.23), (5.5.25),
and (5.5.26).
To prove the evolution law (4.2.17) we need a technical result on the convergence of p

to p°. The proof of Theorem 5.6 will be continued after the following lemma. O

Lemma 5.15. Let S >0 and let ¢_, € L*([0,5]; CO(Q;MYXN)) | Assume that ¢, — ¢

sym

strongly in L'([0, S]; CO(Q; MY XNY)). Then s — (p(s),p°(s)) is integrable on [0,S] and

sym

S S
/ (p.(5), 2(s)) ds — / (0(s),5°(s)) ds as e —0.
0 0

Proof. We start by proving

S S
| teptends [ (s pe)ds ase 0. (5.5.27)
0 0

By (5.4.27) we have p° € C°([0, 5], M,(Q U To; MY *NY) | Since

sym

(plo), PPNy 0(6),5%()) as k0

for £'-a.e. s € [0,5], the function s +— {(¢(s),p°(s)) is measurable on [0,S]. By (5.4.28)
we have |(¢(s),p°(s))| < [|¢(5)]ls for L1-ae. s €[0,5]. Since s — [p(s)|« is integrable
on [0, 5], the same property holds for s — {(p(s), p°(s)).

If ¢ € CL((0,8); CO(Q;MYXNY)) we can write

syYym

S °(s —p2(s S s—h)— (s
[t R0, 720

h
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Passing to the limit as h — 0 we obtain

S S
/ ((5),p2(s)) ds = — / (@(5),p(s)) ds (5.5.28)
0 0

A similar formula holds for p°. Thus (5.5.27) follows from (5.4.22) and (5.4.26).

Since ||p2(s)]l1 <1 and [|p°(s)||1 < 1 by (5.4.21) and (5.4.28), the same conclusion in
the case @ € L'([0, S]; C°(Q; MY X)) follows from the density of C2((0,5); CO(Q; MY %N))
in L1([0, §]; CO@ M),

Now, by (5.4.21) we have

s s s
[ et iiten s [ oo pxe) ds] < [ lents) = el
Since the right-hand side tends to 0 as € — 0, the conclusion follows from (5.5.27). O

We now prove the evolution law (4.2.17).

Proof of Theorem 5.6 (continuation). Let us fix S > 0. Define a(s) and a°(s) as in
(5.4.35), and (5.4.36), respectively. We first prove that

/@Uwﬂﬂm @ﬁ/ §)tr p°(s)) ds (5.5.29)
0

for every ¢ € L([0,S];C%(Q2)). We observe that we can write {(p(s),al(s)trp(s)) =
(p(s)a2(s)I,p(s)) and {(ep(s),a’(s)trp°(s)) = (p(s)a®(s)I,p°(s)). Therefore (5.5.29) fol-
lows from Lemma 5.15, because ¢ a2l — @ a°l strongly in L'([0, S]; C°(Q; MY <)) thanks
0 (5.4.38) and (5.4.39). Using the equalities

(p(s), pr * (a(s) trp2(s)))) = (p1 * @(s), a2(s) tr p(s))

and
(p(s), pr* (a%(5) trp°(5))) = (p1 % p(s),a°(s) trp°(s)) ,
where p1(z) := p1(—x), from (2.3.41) and (5.5.29) we obtain

S
/0 (p(s) p1 * (a(s) trp2(s))) ds — / ), p1 % (a(s) trp°(s))) ds (5.5.30)
for every ¢ € L(]0,S]; L*(2)). By (5.4.37) and (5.5.30) we have
/ (p(s),22(s)) ds — / ), p1 % (a®(s)trp°(s)))ds ase—0 (5.5.31)
0
for every ¢ € L1(]0,S]; L*(2)). On the other hand, if ¢ € CL((0,5); L(Q)), we have

ds

Il
|
o\
19))
—
%
—
»
SN—
N
™ O
—
»
S~—
=
jsW
)

S
A<w$£@>

S S
A<w@¢@»@:fl<w@¢@»@,

so that (5.4.43) gives

5 5
/ (p(s),22(s)) ds — / (p(s),2°(s))ds ase—0.
0 0
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By (5.5.31) this implies

s S
| ez s = [ e, (a%(s) (o)) s
for every ¢ € C1((0,9); L*(€)), and hence
£°(s) = p1* (a®(s) trp°(s)) in Q for L'-ae. s € [0, 5]. (5.5.32)

This concludes the proof of (4.2.17).
The proof of Theorem 5.6 will be continued in Section 5.6 after Lemma 5.23. O

5.6 Proof of Theorem 5.6: Conclusion

In this section f, g, w, ug, ey, po, and zy are as in Definition 4.5 and satisfy the
uniform safe-load condition (2.3.45)-(2.3.48). We assume that u°, e°, p°, 2z°, t°, ¢°, and
¢° satisfy (4.2.4) and (4.2.5), together with conditions (ev0)°, (ev1)°, (ev2)°, and (ev3’)° of
Definition 4.5. Let us fix S > 0 and let A be the open set defined by (4.2.7) and (5.5.16).

We also assume that

/Ao 1B°(5)ll2 d2(o°(s), K(¢*(s))) ds < 400, (5.6.1)

so that p°(s), defined by (4.2.6), belongs to L*(Q;MX*N) for L£1-a.e. s € AY.

sym
[e] (o) o o

The goal of this section is to prove that the functions u°, e°, p°, 2°, w°, o°, ¢°, and

x° satisfy the energy inequality
s
Qu(5.¢7(5)) = xl0.e0) + [ (HB().€7(8) + (C(5). () ds =

—<X°(5)7Po(5)>+<X0,po>+/ (0°(s) = mieco(s)) (0%(5)), p7(s)) ds = (5.6.2)

o
S

S S
2/0 <T°(S)7EW°(S)>dS*/O (X°(s), €°(s)) ds ,

where xo := x(0) = x°(0), and, according to the notation introduced in (4.3.65)-(4.3.66),
T%:=0°— x°, and Qy(s,e%(s)) := Q(e°(s)) — (x°(s),e%(s)).
We start by proving that (5.6.1) implies a variant of Lemma 4.15.

Lemma 5.16. Let (a,b) be a connected component of A%, and let ¢ € (a,b). Then p° —
p°(c) € ACpe((a,b); L2(Q;MNXNY) . In particular, for L'-a.e. s € (a,b), p°(s) is the

sym
strong limit in LQ(Q;M%QN), as h — 0, of the difference quotient %(p"(s + h) — p°(s)),
and p° € L}, ((a,b); L*(Q; MY XN)). Moreover, for every sy, sz € (a,b), we have

p°(s2) — p°(s1) € LA MYEN) and  p°(sa) — p°s1) = / p°(s) ds

S1

N><N)

where the last term is a Bochner integral in L?(€; Mgym
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Proof. In the proof of Lemma 5.13 we have seen that da(0°(s),K(¢°(s))) is lower semi-
continuous. Therefore for every [a1,b1] C (a,b), there exists a constant 11 > 0 such that
d2(0°(s),K(¢%(s))) = m for every s € [a1,b1]. By (5.6.1) this gives

by
[ Il ds < +oc. (5.63)

1
NXN
sym

ply that s ~ (1, p°(s)) is measurable for every v € L2(Q;MY*N) hence p°: [a,b1] —

sym

This inequality and the measurability of s — (p,p°(s)) for every p € CJ(;M ) im-

L2(Q; Mi\;f,fv ) is weakly measurable. By Pettis Theorem it is also strongly measurable, so

that (5.6.3) implies that p° € L} ((a,b); L*(Q; MYXN)). The rest of the proof follows by

loc sym

the same arguments as in Lemma 4.15. O

Lemma 5.16 implies in particular that the assumptions of Lemmas 4.16 and 4.17 are
satisfied, so that e® € ACi,c((a,b); L?(; MY XN, and (4.3.48) and (4.3.51) hold. However,
local absolute continuity of e° is not enough for the approximation argument that we will
employ in order to prove (5.6.2). We need to recover at least strong continuity in a and in b
of e°. This will be done in Lemma 5.18, using a weak L!-estimate for gradients of solutions
of the elliptic system of linearized elasticity proved in the next theorem. We preliminarly
recall that, for every measurable set B and for every measurable function f defined on B

with values in a finite dimensional Hilbert space, we define

I/

Lw,B = iug tL"({|f| >t} nB). (5.6.4)
>

It is well-known that || f|l1,w.5 < ||f|l1,5 (Chebychev Inequality) and that || f1 + foll1.w,5 <
2\ filliw,B + 2| f2lli,w,p for every pair of functions fi, fo. We now state and prove the

announced regularity result.

Theorem 5.17. For every open set Q' CC Q there exists a constant C depending only on
', Q, and C such that, if p € L*>(;MYXN) and u € HE (Q;RY) satisfies the equation

sym
—div (CEu) = —div (Cp) in Q, (5.6.5)
then we have the estimate
[Vulliwe < Cllpllue + llullie), (5.6.6)

where || - ||l1,0,0 s defined in (5.6.4).

Proof. Let 2" be an open set such that ' CC Q" CcC Q, and let ¢ € C°(Q) be a cutoff
function with ¢ =1 on Q" and 0 < p < 1. Let p and u be as in the statement, and let

q :=Cp, and v := pu. It turns out that v has compact support and satisfies the equation
—div (CEv) = —div (¢q) + ¢V — (CEu)Vy — div (C(u® Vy) in RV . (5.6.7)
The fundamental solution of the operator —div (CEu) is given by

G(z):=ag(x) I+bVg(z)®x, (5.6.8)
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where ¢ is the fundamental solution of the Laplace operator, a = m + 2# ,and b =
m - ﬁ (see [38, Section 2.5.2] and [52, Chapter II, formula (1.46)]). Since v has
compact support, equation (5.6.7) gives the representation

n

uw = 3 [ DiGate = ey +3 / Ganle ~ )@V e)nly) dy ~

hi—1 Y RY

_Z _Ginlz —y)(CEuVe)n(y) dy + Z DiGin(e = 9)(Cu© Ve)nw(y) dy -
h,k=1

For a.e. z € € it follows that
Djvi(z) = afx) + B(x) —v(x) + d(z),

where

n

a(z) =Y D;DiGin(z — y)(eq)nk(y) dy ,

hj—1 7 RY
Z / D;iGan(w - 1) (aVeIn(y) dy
Q\QII

z [ DoGinla = D CEN )

n

)= 3 [ DDuGe ~ y)(Cu® Vi)l dy.

k=1 Q\Q”

The function D; DGy, is homogeneous of degree —n. Using the explicit expression of

Gin given by (5.6.8) we can check that D, DG, has mean value 0 on the boundary of each

ball around the origin. Therefore we can apply the Calderon-Zygmund estimate contained
in [49, Chapter II, Theorem 4], obtaining

(5.6.9)

where the constant C; only depends on the function G, and the elasticity tensor C.
To estimate the term ~(z) we introduce the cartesian components ¢/ of the tensor C,
defined by
n
(CEu)p, = Z clleum.
l,m=1

It follows that
Z lm/ D. Gzh(x_ )Dlum( )Dk@( )dy
hk,l,m=1 AN

For = € @', the function y — Gp(x — y) is of class C in Q\ Q”. Integrating by parts,

we obtain

=3 i [ DGl = pun () Dely) dy -
bkl m=1 Q\Q”

=S i [ DiGunle = ) DD () dy.

bk, l,m=1 \Q”
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As D;D;Gp(z—y) and D;G,p(z —y) are uniformly bounded when z € Q" and y € Q\ Q"
we obtain the estimate
[Yllo, 0 < Csllullie, (5.6.10)

where the constant C5 depends on the function G, on the elasticity tensor C, on the pair
Q', Q" and on the function ¢.

In a similar, and easier, way we prove the estimates
1Bllsc.r < Collpllie  and [[0]lcc. o < Callullie, (5.6.11)

where the constants Co and Cy depend on the function G, on the elasticity tensor C, on
the pair ', Q" and on the function ¢. Inequality (5.6.6) follows now from (5.6.9), (5.6.10),
and (5.6.11). O

With the previous estimate, we can prove a continuity result for the stress that we will

use in the sequel.

Lemma 5.18. Let (a,b) be a connected component of AY. Then there exists an increasing
sequence s; — b such that o°(s) — a°(b) strongly in L?(Q;MYXN),

sym

Proof. First, we prove that there exists an increasing sequence s — b such that
da(o°(sk), K(¢°(sk))) — 0. (5.6.12)

If not, there exist ¢ € (a,b) and 1 > 0 such that d2(o°(s), K(¢°(s))) > n for every s € [¢,b).
Then (4.2.5), (5.6.1), and (4.3.51) imply that

b
/ [|6°(8)]|2 ds < +oo.

It follows that o°(s) has a strong limit in L*(Q;MJ3N) as s — b~. Since o°(s) —

o°(b) weakly in L?(;MYXN) as s — b~, we deduce that o°(s) — o°(b) strongly in
L2(; MY XN as s — b~ . Since o°(b) € K(¢°(b)), we conclude that da(o°(s), K£(¢(s))) = 0
as s — b~ , which contradicts our assumption on 7. Thus, (5.6.12) is proved and we can fix
such a sequence sy, .

Now, let h < k. By Lemma 4.16 we have u®(s;,) —u(sx) € Hf, (Q;RY), while o°(sy) —
0°(si) € Xo(R2) by (4.2.12), thanks to the inclusion Ay C U° proved in (4.2.20). Then
(4.3.49) implies that

—div (CE(u"(sn) — u(sy))) = —div (C(p°(sn) — P°(sx)))-
Let us fix an open set ' CC 2. By (5.6.6) there exists a constant C' such that
[1E(uw(sn) — u’(sk))

then (4.2.5), (4.3.49), the Lipschitz continuity of p°, and the strong continuity of w: [0, S] —
LY (;RY) entail that °(sy) is a Cauchy sequence with respect to convergence in measure
in Q. As o°s;) — 0°(b) weakly in L2(Q;MY*N) it follows that o°(s;) — o°(b) in

sym

1w < Clp°(sn) — P (sl + Cllu(sn) — u(si)l1;

measure. We now consider the decomposition

O'O(Sk) = 7T)C(g°(sk.))(o'o(3k)) + (O'O(Sk) - ﬂ';c(go(sk))(a'o(sk)) . (5613)
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The sequence o°(s) — mic(¢o(s,)) (0°(sk)) converges to 0 strongly in L2(€; ML XN) by

(5.6.12). As 0°(sx) — o°(b) in measure, this implies that i (co(s,))(a°(sk)) — o°(b)
in measure. Since i (¢o(s,)) (0°(sk)) is uniformly bounded in L (€; MY *N), by the Domi-

sym
nated Convergence Theorem we have i (¢o(s,)) (0°(sk)) — o°(b) strongly in L2(Q;MJxN),
therefore (5.6.13) gives o°(sx) — o°(b) strongly in L*(Q; MY %N), as required. O

The next five lemmas provide a discrete approximation of the integrals in (5.6.2). We

start with a result of approximation with Riemann sums for the duality (x°(s), p°(s){.

Lemma 5.19. Let {si}o<i<i, be a sequence of subdivisions of [0,5] satisfying (1.5.2).
Then

i > [0c(h) — X ) [ G ) ds| =0, (o)

im 3 |ch) — XD - [ s =0, (5619

k—o0 — ;';1
where all duality products are defined according to (2.3.12) for every s € [0, 5].
Proof. As a starting point we observe that (4.3.12) implies
) _ . Sk
O~ X ) = [ G ds (56.16)

i—1
k

for every k and every 4. Since p° is 1-Lipschitz continuous, by (2.3.13) for every k we have

[ 6087~ e ] <

|
< [ IOl - p s s < [ 1R ds.
Sk S

k

(5.6.17)

It follows from (5.6.16) and (5.6.17) that

ik

D

i
Sk

s
(X°(s), p°(s dS’ < Uk/ 1x°(8) |00 ds.

() — X751, P —/

i—1

i=1 k
As the right-hand side is finite by (2.3.48), (1.5.2) gives (5.6.14). The same argument proves
(5.6.15). O

We introduce the notation
Bg:={s€[0,5]:0°(s) € £(¢*(5))} = [0, 5]\ Ag. (5.6.18)
Since A% is open, Bg is compact.
Lemma 5.20. For every s, sy € Bg with s1 < s we have
3{X°(s2) = x°(51), €°(s2) + €°(s1)) <
+ 3H(P°(s2) — p°(s1),¢(s1)) +
°(s2) + x°(s1), p°(s2) — P°(s1)) -

H(1(s1) + T°(s2), Bw°(s2) — Ew®(s1)) —
< Qx(52,60(52)) — QX(Sla (51))

+ 3 H(p°(s2) = P(51), C°(s2)) — 3(x
(5.6.19)
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Proof. Let s; and s2 be as in the statement of the lemma. Since 7°(s) € Xo(Q2) for every
s by (2.3.45) and (4.2.12), a direct algebraic computation and (2.3.29) give

Oy (s2,€°(52)) — Qyx(51,€%(51)) + 5 (x°(52) — X°(s1), €°(51) + €°(s2)) =
= (s )+7’ (s1),€%(s2) —e°(s1)) =
= $(7%(s1) + 7°(s2), Ew(s2) — Ew°(s1)) — $(7°(s1) + 7°(s2),p°(s2) — p°(s1)) -

Since o°(s;) € K(¢%(s;)) and ¢°(s;) € C°(Q) for i = 1,2, by Proposition 2.5 we obtain
(0°(54),p°(52) — P°(51)) < H(p°(s2) — P°(s1),¢°(s;)). Therefore

(T°(51),p°(52) — P°(s1)) < H(P°(s52) — P°(51),€°(5:)) — (X°(8:), P (52) — P°(51))
and (5.6.19) easily follows from the previous equalities. O

Lemma 5.21. Let (a,b) be a connected component of Ay and let a < s1 < so <b. Then

0= Qylsne(s2)) — Qulorve(on)) + [ (). ) ds -
(5.6.20)

= (x%(52), P°(52)) + (x°(s1), p(51)) + /82 (0°(5) = mre(¢o()) (0°(5)), P°(5)) ds -

s1
Proof. We first observe that x° is constant on (a,b) by the inclusion A% C U° proved in
(4.2.20). By Lemma 4.11 the function s — (x°(s), p°(s)) is absolutely continuous on [a,d].
Since the function s — Q, (s, e°(s)) is lower semicontinuous, we can assume that a < s1.
Moreover Lemma 5.18 provides a sequence s; — b such that Q, (sx,e°(si)) = Qx (b, e°()),
so that we may also assume s < b. Therefore it is enough to prove the inequality on a
compact subinterval [sq, s3] of (a,b).
By Lemma 5.16, we can apply Lemma 4.17; with this, we get that the function s —

9, (s,€e°(s))) is absolutely continuous on [s1, s3] and, since x° is constant on [s1, s3], we
X

have

1 Ox (5, €°(s))) = (7°(s), €°(5)) (5.6.21)
for a.e. s € [s1,82]. Similarly, by Lemma 5.16

2= (X°(9),P%(5)) = (x°(5), P°(5)) (5.6.22)

for a.e. s € [s1,s2], where the right-hand side is the usual scalar product of L?. In
view of (5.6.21) and (5.6.22), inequality (5.6.20) easily follows from the inequality 0 <

= Ox(s,€%(5)) +H(D(5),¢°(5)) — (x°(5), P°(5)) + (0°(5) — Tic(¢os)) (0°(5)), p°(s)) » which is
equivalent to

0 < (7%(s),€°(s)) + H(p°(s),¢"(s)) —
— (X°(8),P°(s)) + (0°(5) = m(¢o(s) (0°(5)), P(5)) -
As T°(s) € Xo(Q) by (2.3.45) and (4.2.12), from (2.3.33), (4.3.48), and (4.3.49) we get
(T°(s),€°(s + h) — e%(s)) = =(7%(5), p°(s + h) = p°(s));

by Lemmas 4.17 and 5.16, we conclude that (7°(s),eé°(s)) = —(7°(s),p°(s)), therefore
(5.6.23) is equivalent to

(0°(5), P°(s)) < H(D(s5),C"(5)) + (0%(5) — Tic(¢o(s)) (07(5)), P°(s)) 5

(5.6.23)
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this inequality can be proved by observing that
(0°(5),p°(5)) = (i (¢o(5)) (0°(5)), P°(8)) + (0°(5) — T (¢o(s)) (0°(5)), P°(5)) <

S H(P (), C7(s)) + (0°(s) — Tie(eos)) (0°(5)), B°(s))
where the inequality follows from the definition of #. This concludes the proof. O

Lemma 5.22. Let (s})o<i<i, be a sequence of subdivisions of [0,S] satisfying (1.5.2) and
(1.5.13), with 1 given by the following functions: o°, o°1ps, X 1pg, and 1ps, the first
three with X = L*(S; MY <N). Let IA, 1B, and J2 be defined by (1.5.20), (1.5.21), and

(1.5.24), with A= Ay and B = Bg. Then

5
lim Z<TO( Y, Bw®(s}) — Bw°(s; 1)) —/0 (T°(s), Ew°(s))ds,  (5.6.24)
ielp

fim Z / (le°s)llz + lIx°(s)llz + 1) 1pg (s) ds = 0, (5.6.25)
. . ) S
Jim Z <x°(sz)—x°(s§;1),e°(s§;1)>: /0 (x°(s), €%(s)) ds , (5.6.26)

s
i 3 Oc(sh) — X P ) = [ s, (5.621)
icIP 0
These equalities continue to hold if T°(s Z by, eo(s}:l) , and po(s};_l) are replaced by T°(st),
e°(st), and p°(st), respectively.

Proof. Equality (5.6.25) follows from (1.5.27), with 9 given by o°1ps, x°1p3, and 1pg.
Now, recalling that Fw°(s) = 0 for L'-a.e. s € A% by the inclusion A% C U° proved in
(4.2.20), and that |[|[Ew°(s)|l2 <1 for Ll-a.e. s €[0,5] by (5.4.24), we get

S
!Z °( we(sh) — Bw®(si1)) - / (o(s). Bio®(s)) ds| <

zGIk
Sk
§Z/v_1|<r(5k ) = 7°(s), Bw(s))|ds + Y / Ew®(s))|ds <
ic1p ox v ieIpUIA
sk
< [ - rleds + Y / 7°(s) 15 (s) ds.
iclp ok ieIAUTA

The first term in the right-hand side vanishes in the limit since 7° = ¢° — x° , o° satisfies
(1.5.13), and x° is continuous. As the second one tends to 0 by (5.6.25), equality (5.6.24)
is proved.

Since x°(s) =0 for L'-a.e. s € A2 C U°, and [|x°(5)]|cc < 1 for L'-a.e. s € [0,5] by
(5.4.24), by adapting the previous argument we can prove (5.6.26). We finally observe that,
by (2.3.13) and (5.4.24),

> / (nas| <M 3 /
ierduga V8 icIAuJp

where M is an upper bound of ||p°(s)||1 on [0,S], and the right-hand side vanishes in the
limit as k — oo by (5.6.25). Together with (5.6.14) and (5.6.15), this proves (5.6.27). The

last assertion of the lemma can be proved in a similar way. O
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Lemma 5.23. Let (si)o<i<i,, I, IP, and JA be as in Lemma 5.22. Assume that

(s?l,s}‘c) is contained in Ag for every i € J,f. Then there ezists a sequence Ri — 0

such that
S (Oxlshe’(sh) — Qi) [ HE(s). ) ds -
ierpuIp _ _ 4 sic
— (), P + (), P ) + (5.6.29)

where A;;l’i = AN (s ' sh).
Proof. Define

I=ferugf:(sitsi) c A} and I = {i € I{ : (si ', s}) N B # O}
our assumption on J{* implies that [ U = I* U J2. By Lemma 5.21, we have

3 (Qulokee(sh) — Qusi ) + [ HEH (). €7 ds — (¢(s8). (a1 +

ie
Sk

O )+ [ (00 = mee (@°9). 500 ds) > 0.

ielp

For every i € I{*, we define si~3 (respectively si~3) as the supremum (respectively the

infimum) of the connected component of A% containing sfg_l (respectively si ). Notice that

both s};’% and SZ’§ belong to the set Bg. By Lemma 5.21, we have
i _of i i—1 _or. i—1 o . o o
0= > (Qulshe’(s1)) = Qulsi ¥, e(si79)) + [ M(B(),¢(5)) ds -
ielp s Sk 3
of i of i of Ji—% of i—% o
= O Pk + Dk D)+ [

i
Sk

and
0= 3 (Qulsk Feei ) - Qs e+ [ (). o)) as -
ielp s

=0k )Pk ) bl p s ) + [

o~ W
q
o
—
»
SN~—"
|
3
e
N
~
o
~
@«
=
—~
q
o
—
»
N~—
S~—"
=
—~
»
—
~
IS
VA
—

Therefore to prove (5.6.28) it is enough to show that there exists Ry — 0 such that

> (Qulsih et ) — Qs et + [ M) o) ds -
ielp S 3
— (s ), P55 9)) + (X°(si78), po(si ) + (5.6.29)

[ @) = e (@ (). () ds = R
K 37 3

i—2 ;-1 i_2 i1
where A; "% := A3 N (s} 3,5} 7).
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Let By be the union of the intervals (si‘l, sy) for i € f,f. By the definition of 1:,;4 each
point of By has distance from B less than the constant 7 introduced in (1.5.2). Since
B¢ is compact, we have £!(Bj, N A%) — 0. By (5.6.1) this implies that

/ [D°(s)[2 d2(a°(s), K(¢°(s))) ds — 0. (5.6.30)
BrnAg,

By Lemma 5.20 we have
Qu (575, €%(si79)) — Qu(sh ¥, €e°(sh %)) + $H(P(s} %) — P s} ), ¢%(s}73)) +

+ 3HP(si73) = P 3),C(s179)) — %<x°(si*%) +XO(s78),p(s8) —p(sT8)) >
> J(ro(si3) + (s %) Ew®(s %) — Ew®(s) %)) —
—1XC(s7F) = xX°(575), e%(sF) (s 9)).
Now, recalling that Ew°(s) =0 for L'-a.e. s € A2 C U°, and that |[Ew°(s)|2 <1 for
L'-ae. s€0,5] by (5.4.24), we get

|3(T°(si75) + (s} 3), Ew®(sy %) — Bw(sy%))] <

.1 .
i— i
Sk 3 Sk

Ipg(s)ds < Cy / Ips(s)ds,

< CillBwe(si ) - Bl Dl <0
s}'c_% sy

where C; is an upper bound of ||[7°(s)||2 on [0,S]. Similarly, as x°(s) = 0 for £l-a.e.

s € Ay C U° and ||x°(s)|lo < 1 for Ll-ae. s € [0,5] by (5.4.24), using (4.3.4) and the

Jensen’s inequality as in Remark 4.9, we get
1 /a0 i—% of i—2 of di—% of i—2 o
[3(X°(s"73) = x%(s73),e%(s"7F) + e°(s'TE)) | S Co | 1pg(s)ds,
s;';l

where Cs is an upper bound of |e°(s)|y on [0,S5]. Arguing as before, by (2.3.13) and
(5.4.24), we can also prove that

1
Sk

’%<Xo(sl—%) _ XO(Si—%)’pO(si—%) _i_po(sl_%»! < 03 / ) lBg(S) dS,

Sk
where C3 is an upper bound of ||p°(s)||; on [0,S5]. By this inequality and a direct compu-

tation we deduce that

Therefore, setting C := Cy + C2+ C3, from the previous inequalities we obtain that (5.6.29)
holds with
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From Lemma 1.10 and from (1.5.27) and (5.6.30) we obtain Rj — 0, concluding the proof.

O

We are finally ready to conclude the proof of Theorem 5.6.

Proof of Theorem 5.6 (conclusion). Let us fix S > 0 and let A% and Bg be the sets defined
in (5.5.16) and (5.6.18). Let (s%)o<i<i,, If*, IZ, and J{ be as in Lemma 5.22. By Remark

1.14 we may assume that (s?l, sfﬁ) C Ag for every i € JkA. By Lemma 5.22 there exists a
sequence Qi — 0 such that

By Lemma 5.20 we then deduce that

S
/0 (¢°(5), Bio®(s)) — (x°(5),€%(5)) ) ds <D (Qulsh €(51)) — Qs (s,

s 1)) +
ielp
+ 3> HP(s) —p°(si ), Clsi )+ 5 > HD(s)) — s ), ¢sh) +
ielB ielB
+ 3 i) = x°(s1), P(sk) + p(si 1)) —

=3 () s = D ps)) + o

k k>

where we replaced the term

§<Xo(s};—1) + x°(s%), p°(st) — po(sz_1)> with the equivalent

3O = x(sk), p°(s1) + P75 1)) = (X(s0), P°(s1)) + (X (53, 1), (53 1)) -

By (5.6.27), Lemma 1.10 provides a sequence g; — 0 such that

S
/O (¢7°(5), Bio®()) = (x°(5),€7(5)) ) ds <D (Qu sk, €(51)) — Q5" (s,

ielp

st S
©3 [ HE),ceds + [ G, e ds -

S

=3 () p(s0)) = (i), s ) + ok + ot

ielB
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Adding (5.6.28), where A, " := A2 N (si!, k), we get
S ik
/0 ((r(s). Bi(s)) = (57(s), €°(s)) ) ds <D (Quclshre(s1)) = Qulsi (s ) +
ik s;‘c . S
3 [ M. ¢ s+ / (5°(5),p7(s)) ds

— (C(S).PS) + (xopo) + D /A (0%() — oo (0°()),B7(s) s + 0} <

ierfugp

< 0y(5.¢°5) ~ Qx0.c0) + [ (H<p<s>7c°<s>>+<x°<s>,p°<s>>)ds—

0

(X°(8),°(S)) + (X0, po) + / (0°(5) — mic(eo(en) (0°(5)), 7(5)) ds + o},

o

with
G = ob+ o2 + R+ / 15°(5) |2 da(o°(s), K(C¥(5)) ds (5.6.31)

BrNAS,

where By, is the union of the intervals (82_1, st) for i € IB. By the definition of I each
point of By has distance from Bg less than the constant 7, introduced in (1.5.2). Since
Bg is compact, we have L£!(By N A%) — 0. By (5.6.1) this implies that the integral in
(5.6.31) tends to 0 as k — oo. Therefore ¢f — 0, and the last chain of inequalities yields
(5.6.2). Together with inequality (5.5.1), proved in Section 5.5, this gives (4.3.2) and (4.3.7).
By Proposition 4.10, the latter is equivalent to (4.3.1). By Theorem 4.7, this concludes the
proof of Theorem 5.6. O
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Chapter 6

Viscosity solutions

6.1 Overview of the chapter

In this chapter we consider the behavior of the evolution in terms of the original time
variable t. For this purpose, we compose the rescaled viscosity evolution whose existence is

provided by Theorem 5.6 with the left-continuous function
s (t) :=sup{s € [0, +00) : t°(s) < t},

which has the property that t°(s° (¢)) =t for every t > 0. The composite function obtained
in this way is called a wviscosity evolution (see Definition 6.2). Indeed it has been proved
in Lemma 5.9 that the unrescaled viscoplastic approximations considered in the previous
chapters converge to this viscosity evolution for every ¢, except for the countable set of the
discontinuity times. We prove that every viscosity evolution satisfies an energy-dissipation
balance and an evolution law for the internal variable, that can be expressed in terms of
integrals depending only on the original time ¢ (see Theorems 6.7 and 6.14). However,
both these integral identities contain terms concentrated on the jump times, whose value
can only be determined by looking at the rescaled formulation (see Remarks 6.8 and 6.15).
Theorem 6.7 shows in addition that, in the vanishing viscosity limit, the viscous dissipation
is concentrated at the discontinuity times.

From a technical point of view, in the proofs we will rely on the notion of “weak™-
derivative” for functions of bounded variation with values in the dual of a separable Banach
space introduced in Chapter 1, Section 1.4.

6.2 The energy balance in the original time
We start with a simple Remark that will be useful in some proofs of this chapter.

Remark 6.1. Consider two times s; and sy with the property that the open interval
(s1,82) is contained in the set U° defined by (4.2.14), that is the set where ¢° is locally

constant. Therefore, some terms on both sides of the energy-dissipation balance (4.3.1) and

133
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of the equivalent (4.3.7) vanish, and the energy-dissipation balance simply reads as
S2
Q(e(s2)) — Q(e(s1)) +/ H(P°(s),¢(s)) ds +
S1

" /82 1D°(s)l2 d2("(5), K(C°(s))) ds = (L(t°(s2)), u(s2) —u(s1)),  (6.2.1)

S1

or equivalently
Q(e(s2)) — Q(e%(s1)) + /52 H(P°(5),¢°(5)) ds — (x°(s2),P°(s2) — P°(51)) +

" /52 1D°(s) 2 d2("(5), K(¢"(s))) ds = (X (s2), €%(s2) — €%(51)) , (6.2.2)

S1

for every 0 < s1 < s9 < S such that (s1,s2) C U°.

We now want to consider the behavior of the evolution in terms of the original time ¢.
To this aim we introduce the notion of viscosity evolution. In the next definition, given t° as
in (4.2.4), the right inverse functions s° (t) and sS (t) are defined by (5.4.48), and (5.4.49),

respectively.

Definition 6.2. Assume that f, g, and w satisfy (2.3.42)-(2.3.48), and let ug, eg, po,
and 2o be as in (2.3.53)-(2.3.57). We say that (u,e,p, z) is a viscosity evolution with data
f, g, and w and initial condition (ug, eg, po, 7o) if there exists a rescaled viscosity evolution

(u® e® p° z°1°) with the same data and initial condition (ug, eg, po, 20,0) such that

w2 (1), elt) = e(s2 (1), p(t) = P2 (1), (1) =2(s2()  (6:23)

for every t € [0,+00). Moreover, we define

o(t) :=Ce(t) = a°(s°(t)), <) :=V(z(t)=<¢(s2(¢)), (6.2.4)
where o° and ¢° are defined by (4.2.5).

The name viscosity evolution is justified by Lemma 5.9. By Definition 4.5, Remark 4.9
and the left-continuity of s° , all functions introduced in Definition 6.2 are left-continuous
in the norm topology of their target spaces. Since

li C(t+h)=s(t 6.2.5

Jim 8% (t+h) = s5(¢) (6.2.5)
for every t € [0, +00), the right limits uw(t+), e(t+), p(t+), and z(t+) in the corresponding
norm topologies satisfy

u(t+) = u’(sS. (1), e(t+) = e°(s5.(t), p(t+) =p°(sS (1), =z(t+) = 2°(sS(t)). (6.2.6)

Observe that p has bounded variation as a function from [0, 7] to M,(QUTL, Mé\;ﬁv), as
p° is Lipschitzian and s° is nondecreasing; similarly, both z and ¢ have bounded variation
as functions from [0, 7] to C°(Q). Tt follows from (6.2.5) that the (at most countable) set
S° defined by (5.4.50) is the jump set of the monotone function s° . By construction all the

functions defined in (6.2.4) are continuous outside S°.
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Remark 6.3. Notice that o has bounded variation as a function from [0, 7] to the Banach
space L?(Q;MN*N) . Indeed, for every 0 < t; < t < T, recalling that s°(t;) € B° by

sym

(4.2.13), (4.2.7), and (5.4.53), inequality (4.3.21) yields
lor(t2) = a(t)llz < Lr(s2(t2) = s2(t1)), (6.2.7)
which easily implies the claim as s° (¢) is nondecreasing.

Given q: [0,T] = My(QUTo, M XN), for every 0 < a < b < T the total variation of
q on [a,b], denoted by Var(g;a,b), is defined by (1.4.2). Given ¢ € C°(2)* the variation
of g on [a,b] with respect to the functional #(-,{) introduced in (1.3.20), denoted by
V(q,(;a,b), is defined by (1.5.1).

Given a viscosity solution (u, e, p, z) we define u as the unique Radon measure on [0, T
such that

1([0, 1)) = Var(p; 0, ¢) (6.2.8)

for every t € [0,T] where t — Var(p;0,t) is continuous. The continuity properties of p
imply that p({t}) =0 for every ¢ ¢ S°. It follows that the diffuse part p4 of p satisfies

pa=p— Y p{r}H)o,, (6.2.9)
TES®
where ¢, is the unit mass at 7.
The goal of this section is to derive the precise form of the energy-dissipation balance in
the t variable. We start with a change of variable formula.

Lemma 6.4. Let (u,e,p,z) be a viscosity evolution with data f, g, and w, let T > 0,
and let S =s°(T). Let p and pq be as in (6.2.8) and (6.2.9), respectively, and define vp
as in Theorem 1.3, with X = My(QUTo; MYXN) and Y = CJ(QUTo; MYXN) . Then

sym sym

t°(s2)

/ (0. 5°(s)) ds = / (o, vp()) dpa(t) (6.2.10)
(s1,52)\U°

to(s1)

for every ¢ € C°(Q; M%;N) and every 0 < s1 < s9 < S, where the duality products

(p,P°(s)) and (p,vp(t)) are defined as the integrals of the function ¢ on the set QUT

with respect to the measures p°(s) and vp(t), respectively.

Proof. We first consider the case ¢ € CJ(QU Fo;Mé\gan). For every 0 <t; <ty <T, by
(1.4.13) we have that

| tval) da®) = orplta) = p(t1)) = 3 (oplr) — ().
t1 reSoN[ty ta)

By (6.2.3) and the Lipschitz continuity of p°, we have

Sci (tz)

(0, p(t2) — p(t1)) = / (0, p°(s)) ds.

Si (tl)
Let 7 € S°. When ty — 7+, by (6.2.5), (6.2.6) and the previous equality we obtain that
53.(7)

(p,p(m+) —p(7)) = / (o, p°(s)) ds .

s° (1)
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From the last two equalities and (5.4.53) we get

to
| o) nst = | (o, D°(5)) ds (6:211)
2 (52 (t1),5° (t2))\U®

Now fix 0 < s1 < s < S. By (6.2.11) we have

t°(s2)
| tealt) duat) = | (. 7(s)) ds.
t°(s1) (s2 (t°(s1)), s2 (t°(s2)))\U®

By (5.4.52) and (5.4.53), if s°(¢°(s1)) < $1, then the open interval (s° (t°(s1)),s1) is con-
tained in the set U°; a similar property holds for ss. This concludes the proof when

0 € CYUQUTG; MYXNY,

sym

Let us consider now the case ¢ € CO(Q; M%), We fix a sequence ¢ € C>(Q), with
0 < <1in Q and ¥ = 0 in a neighbourhood of 9Q \ I'y, such that . (z) — 1 for
every x € QUTy. Since e € CY(QUT; MY XN), formula (6.2.10) holds with ¢ replaced

by 1re. The conclusion can be obtained by passing to the limit as £ — +o0o thanks to the
Dominated Convergence Theorem. O

In the next two lemmas we prove a change of variable formula for the integral

/ H(p°(s), ¢(s)) ds.
(0,8)\U°

We begin with the case of a function ( indepedent of s.

Lemma 6.5. Under the assumptions of Lemma 6.4, we have

b
/ H(wp(t), C) dua(t) = / H(p°(s), ¢) ds (6.2.12)
a (s° (a),s° (b))\U®

for every ¢ € CO(Q) and every 0 <a <b<T.

Proof. Let K(¢) be as in (1.3.15), and let a = tp < t1 < -+ < ty_1 < ty = b be
a subdivision of [a,b]. By (1.4.13) and (6.2.11), for every 1 < i < N and every ¢ €
K@) NCYQUTo; MYXNY) we have

sym

(orp(ts) — pltior)) = / Clewp®dma® - Y (pp(r) —p(r) =

ti—1 TESN[ti—1,ti)

(e.p(s)ds+ > {p.p(r+) —p(r)) <

TES N[ti—1,ti)

.o L
= /(So(ti—l),so(ti))\UO H(B™(s), () ds + Z H(p(7) p(7),0),

TESCN[ts—1,ti)

/<so_ (ti-1),5° (£)\U®

where in the last inequality we used the definition of H. Taking the supremum with respect

to ¢, by Theorem 1.2 we get

Hip(t) ~ plti1).0) < [ HEp(s),ds+ S Hlp(r+) —p(r),0)

(si(ti—l)vsi(ti))\Uo TESOO[tFl,ti)



6. Viscosity solutions 137

for every 1 <4 < N. Summing over i and taking the supremum over all subdivisions, we

obtain
wnamms/‘ HE(),Ods+ S Hp(r+) — p(), <),
s° (a),s° (b))\U® resen[a,b)

where V is defined by (1.5.1). Thanks to (1.4.14),this inequality is equivalent to

/ H(wp(8), €) dyia(t) < / HE°(5),C) ds (6.2.13)
(2 (a),s° (b))\U°

To get the converse inequality, let s°(a) = sp < 51 < --- < sy_1 < sy = s°(b) be a
subdivision of [s° (a), s (b)]. Using the definition of H, by (6.2.10) we obtain

(¢, p°(s)) ds + / H(p(s),¢) ds =

(si—1,8:)NU°

(0, p°(s5i) —P°(si-1)) < /

(si—1,8:)\U®

°(s1)
=[ mwme@+/ H(p°(s), ¢ ds <

0(8171) (sifl,s,i)ﬂUO
t°(sq) »
< [ M0, duat) + [ H(D'(5),C) ds
to(sifl) (sifl,si)ﬂUo

for every 1 <4 < N and every ¢ € K. Taking the supremum over ¢ and using Theorem
1.2 we have

o o #(se)

M (s0) ~ 51, 0) < [

to(sifl)

m%oowa>/“ H(p°(s), ) ds

(si,l,si)ﬂUO

for every 1 < i < N. By summing over ¢ and taking the supremum over all subdivisions
we get thanks to Theorem 1.8

s° (b)
/ H(p® w</%up ¢) dpalt) + / H(p(s), ¢) ds;
° (a) 5° (a),s° (b))NU°

here we also exploited the fact that ¢°(s°(t)) =t for every t (see (5.4.51)). This is clearly
the same as saying

/H% dM)/‘ H(p°(s), ) ds
(52 (a),s° (b))\U®

which concludes the proof. O
We now extend the previous lemma to the time-dependent function ¢°.

Lemma 6.6. Under the assumptions of Lemma 6.4, let ¢ be defined by (6.2.4). Then we

have

T
| st cnduaty = [ w6 ¢ ) ds. (6.2.14)
0 (0,5)\U°

Proof. Since t — {(t) is left-continuous and has bounded variation there exists a sequence
of left continuous piecewise constant functions ¢y (t) := ¢2 + 2%, ¢ L 1,0, (t), with ¢} €
C%(Q) for every i and every k such that

(€ () = C(E)lloc — 0 (6.2.15)
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uniformly for ¢ € [0,7T] (see, for instance [34, Proposition 4.6]). Define

ik
CZ(S) = Clg + Z C}Zc 1(s°,(a171),s‘l(ai)](s) .
i=1
By (6.2.12) we easily get

T
| s dua = [ (). ¢t ds. (6:216)
0 (0,5)\U®
By (5.4.52) and (5.4.53) we have that s° (t°(s)) = s for Ll-a.e. s € [0,5]\ U°, which
implies both ¢ (s) = ¢, (t°(s)) and ¢°(s) = ¢(t°(s)). Then, by (6.2.15) we conclude that
1€k (s) = ¢°(s)l[oc — 0 (6.2.17)

for L1-ae. s € [0,5]\ U°. Since ||p°(s)|| < 1, and |lvp(t)|s = 1 by (1.4.12), passing to
the limit in (6.2.16) we get the required equality thanks to (6.2.15) and (6.2.17), using the
Lipschitz continuity of H (&, () with respect to ¢ (see (1.3.14)). O

The next theorem finally gives the precise form of the energy balance in the variable ¢.

Theorem 6.7. Let (u,e,p,z) be a viscosity evolution with data f, g, and w satisfying
(2.3.42) and initial condition (ug,e€o,Po,20) as in (2.3.53)-(2.3.57), let T > 0, and define
o and ¢ asin (6.2.4). Let S° be defined in (5.4.50), and let \ be the Radon measure on
[0,400) defined by

A= (Q(e(r) — Qe(r+)) + (L(r), u(r+) — u(r))) 5. (6.2.18)

TES®

Let p and pg be as in (6.2.8) and (6.2.9), respectively, and define vy as in Theorem 1.3,
with X = My(QUTo; MYXN) and Y = CY(QUTo; MYXNY . Then X is a positive measure

sym sym

and

T
Qe(T)) = Qleo) + [ Hlwp(t).C(O) disalt) + X(0.7)) =
T T
- / (BEw(t), o (t)) dt 7/ (L(t),w(t)) dt — (6.2.19)
0 0
T
= [ B, (L) (D))~ () w).
Proof. Let S = s°(T) and let U° be as in (4.2.14). We start by looking at the term

S
/0 (H(D°(5), €°()) + [1D7(5) 12 da(0°(s), K(C(5))) ) ds

in the energy-dissipation balance. We split this integral into two parts:

I:= / H(p°(s), ¢(s)) ds (6.2.20)
(0,8)\U°
II:= / (HD7(5), () + [5°(5) 2 da(0°(s), K(C(5))) ) s (6:2.21)
(0,8)NU®

indeed by (4.2.13) the term ||p°(s)||2 d2(a°(s), K(¢°(s))) gives a contribution only in U°.
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If follows from (5.4.53) that
53.(7)
= 3 [ ()6 + 1) dao™(6), () s
resen[o,T) 52 (1)

Since (s (7),s3(7)) C U® for every 7 € 5§°, (5.4.51) and (6.2.1) give

$%.(7)
/ o (7€) + 18762 dalor™(5), () ds =

= Q(e%(s2(7))) — Q(e”(s3.(7)) + (L(7), u*(s5.(7)) — u(s2(7))) - (6.2.22)

By definition Q(e°(s®(7))) = Q(e(r)) and u°(s® (7)) = u(7). On the other hand, (6.2.6)
gives Q(e(7+)) = Q(e°(s%.(7)) and u°(s (7)) = u(r+). Therefore we conclude that

II = Z (Q(e(r)) — Qle(t+)) — (L(1), u(t+) — u(r))) = A([0,T)). (6.2.23)

T€5°N[0,T)

Moreover, since the left-hand side of (6.2.22) is nonnegative, we have that
Qle(r)) — Qle(r+)) — (L(7), u(r+) —u(r)) = 0

for every 7 € S°, hence A is a positive measure.
By (6.2.14) and (6.2.20) we have

T
1= / H(vp(t),¢(t)) dpa(t) . (6.2.24)
0
Arguing as in (5.5.12) we have also
s T
/ (Ew®(s), 0°(s)) ds — / (Buw(t), o (1)) dt . (6.2.25)
0 0
With a similar argument we can also prove that
S . . T .
/ (L(t°(s)),u’(s)) t°(s) ds = / (L(t),u(t))dt, (6.2.26)
0 0
while the equality
s ) T
/ (L(t°(s)), w(t°(s))) t°(s) ds = / (L(t),w(t))dt (6.2.27)
0 0

is simply (1.4.18) with h(t) and ¢(s) replaced by (L(t), w(t)) and t°(s), respectively.
Since, by construction, Q(e®(S)) = 9Q(e(T)), L(t°(S)) = L(T) and u°(S) = u(T), the
required equality follows from (4.3.1), (6.2.23), (6.2.24), (6.2.25), (6.2.26), and (6.2.27) . O

Remark 6.8. The energy-dissipation balance (6.2.19) shows in particular that the viscous
dissipation is concentrated at the jump times. Notice that the exact amount of dissipation
occurring at these times can be obtained only from the rescaled formulation, using the
equality
A=) (Qe(s2 (1) — Qe (s5.(1))) + (L(1), u(s% () — u(s2. (1)) &,
tese
which follows from (6.2.6) and (6.2.18).
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6.3 The evolution of the internal variable in the original
time

In order to write the evolution law for the internal variable in the original time ¢, we
first show that, given an exponent r > n, the variation of ¢t — z(t) — 2y as a function from
[0,7] to WLT(Q) is controlled by the variation of ¢t + p(t) as a function from [0,7] to
the Banach space M;(2UTy). To this aim we first notice that by (5.4.44) s+ 2°(s) — 2o
is locally absolutely continuous as a function from [0, +00) to W (Q) and, by (2.3.41),
(4.2.17), (5.4.38), and (5.4.39), given S > 0 there exists a positive constant Mg such that

[2°(s)ll1,r < MgllB°(s)]I1 (6.3.1)

for L£'-a.e. s € [0,5], where | - |1, denotes the norm in Wh"(Q). Moreover (4.2.17)
yields, in particular, that s — py * ((p2 * tra°(s))tr(p°(s))) is locally Bochner integrable as
a function from [0, +o00) to W (Q), and consequently to C°(Q).
As in (5.4.36), we put
a’(s) := pa xtr(o°(s)) .
Similarly we set

a(t) == ps *tr(a(t)) = a®(s° (1)), (6.3.2)

where the last equality follows from (6.2.4). We start with the following lemma which is a
refinement of Lemma 6.4.

Lemma 6.9. Under the assumptions of Lemma 6.4, let ¢°: [0,S] — CO(Q;MN*N) pe

sym
a bounded measurable function such that @(t) = ¢°(s° (t)) has bounded variation as a
function from [0,T] to the Banach space C°(Q;MNXN). Then

t°(s2)

[ e = [ e0.vp0) dut) (6:33)
(s1,82)\U°

t°(31)

for every 0 < s1 <52 < S.

Proof. If ¢°(s) does not depend on s, the result is proved in Lemma 6.4. The general case
can be obtained by approximating ¢(¢) with piecewise constant functions, arguing as in
Lemma 6.6. O

As a consequence we get the following corollary, for every exponent r > n.

Corollary 6.10. Under the assumptions of Lemma 6.4, let o be defined as in (6.2.4),
and let a®(s) and a(t) be as in (5.4.36) and (6.3.2). Then t — py * (a(t)tr(vp(t))) is
wa-Bochner integrable as a function from [0,T] to Wb (Q), and consequently to C°(Q),
and

t°(s2)

/ p1 * (a°(s)tr(p°(s))) ds = / p1* (a(t)tr(vp(t))) duqlt) (6.3.4)
(s1,82)\U°

to(sl)

for every 0 < s1 < s, <8S.
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Proof. Observe that a(t) has bounded variation as a consequence of Remark 6.3. Fix
© € C°(Q2) and let I be the identity matrix. We have that

(0, a(t)tr(vp(1))) = (pa(t) ], vp(t)), (6.3.5)

and similarly
(0, a°(s)tx(p°(s))) = (pa’(s)1,p"(s)), (6.3.6)

where the duality product is defined as an integral on QUT If a(t) does not depend on ¢,
from (6.3.5) and Theorem 1.3, we get that ¢ — (@, a(t)tr(rp(t))) is pq-integrable in [0, T
for every ¢ € CJ(QUTy). The same result holds when a(t) depends on ¢. This can be
proved by approximating a(t) with piecewise constant functions, arguing as in Lemma 6.6.
Moreover, arguing as at the end of Lemma 6.4, we can prove that ¢ — (¢, a(t)tr(vp(t))) is
pa-integrable in [0, 7] for every o € C°(Q).

Let p1(z) := p1(—xz). Since (g, p1 * (a(t)tr(vp(?)))) = (p1 * ¢, a(t)tr(vp(t))), we de-
duce that t — (@, p1 * (a(t)tr(vp(t)))) is pq-integrable in [0,T] for every ¢ € C°(Q).
It follows that ¢ — py * (a(t)tr(vp(t))) is pg-weakly measurable from [0,7] to W17 (Q).
By Pettis’ Theorem and by the boundedness of a(t) and wvp(t), this implies that ¢ —
p1 * (a(t)tr(vp(t))) is pg-Bochner integrable from [0,7] to W' (Q), and consequently
to C%(Q). On the other hand, as it has been observed at the beginning of the section,
s — p1* (a°(s)tr(p°(s))) is L'-Bochner integrable as a function from [0, 5] to C°(€2).

We now fix ¢ € CY(Q) and define ¢°(s) := (p1 * p)a’(s)I and @(t) = (p1 x p)a(t)I.
Then (6.3.5) and (6.3.6) hold with ¢ replaced by p1 x ¢. Therefore Lemma 6.9 gives

t°(s2)

[ s @) ds = [ (alintwpl))) duatt)
(s1,82)\U®

to(s1)

for every 0 < s1 < s9 < S. By the arbitrariness of ¢ and standard properties of the Bochner
integral, this equality is equivalent to (6.3.4). O

We are now in a position to prove the estimate for the variation of z. For every r > n
and every 0 < a < b < 400, we define

N
Var ,(2;a,b):=sup { S llz(t)—z(tic) e a=to<t1 <+ <ty =b N€ N} . (6.3.7)
=1

where || - ||1,» denotes the norm in W (Q).

Theorem 6.11. Let (u,e,p,z) be a viscosity evolution with data f, g, and w satisfying
(2.3.42)-(2.3.48) and initial condition (ug,eo,po, 2z0) as in (2.3.53)-(2.3.57), and let T > 0.
Let p and pg be as in (6.2.8) and (6.2.9), respectively, and define vy as in Theorem 1.3,
with X = My(QUo; MYXN) and Y = CO(Q U Do; MY XN). Assume that the uniform

safe-load condition (2.3.45)-(2.3.48) holds. Let v > n and let Var(p;a,b) be defined as in
(1.4.2). Then there exists a positive constant Ct such that

Vary ,(z; a,b) < Cp Var(p; a, b) (6.3.8)

forevery 0 <a<b<T.
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Proof. Let S =s°(T),fix 0<a <t; <ty <b<T,andlet a’(s) and a(t) be as in (5.4.36)
and (6.3.2). By the definition of z, the Lipschitz continuity of z°, and (4.2.17), we have

So_(tg)
lz(t2) — z(t1)|l1,r =

<| /(sw,sow\m p1# (a°(s)tr(p°(s >>) s

By Corollary 6.10, recalling (5.4.51) we get.

<

1,r

+ H/ 2°(s) ds‘
(s2 (t1),s2 (t2))NU°

2°(s) ds‘

° (t1)

1,r

(6.3.9)

to
/ e (@(s)tx(5) ds = [+ (@Ol (1) diat®).
(s2 (t1),82 (t2))\U° t1
Since a(t) is uniformly bounded in C°(Q) and |[vp(t)|l1 = 1 for pg-a.e. t (see (1.4.5)),
by standard properties of the convolution the integrand in the right-hand side is uniformly
bounded in W (€2), therefore

H /(S°(t1)7so(t2))\U° nr ( (ulps ))) ds‘ 1

for a suitable constant Cr.

To estimate the second integral in the right-hand side of (6.3.9), let ¢, > 0 be the
constant in (2.3.38), and let x(t) be a function satisfying the uniform safe-load condition.
Fix 7 € S°N[t1,t2) (see (5.4.50)). Observe that by Remark 4.4 for £'-a.e. s € [s° (1), s3.(7))
the duality product (x(7),p°(s)) is correctly defined according to (2.3.12). Moreover, by
(4.2.18) and (5.4.51) we have x(7) = x°(s5.(7)). By (2.3.36) we get that

S CT,ud((tl,tg)) (6310)

\T

rollP°(s)llx ds < H(P"(s), Cm) — (x(7),P"(5)) ,

where 9 > 0 is as in (2.3.46). With these facts, (2.3.38), (6.2.2), and (4.3.18) give

o /::)T) D°(s)]l1ds < /S;:) (’H(p"(s),gm) — <X(T),i7°(s)>> ds <

</ (()) (H(5°(5). () — (7). B°(s) ) ds =

3+(T)
- /O() H(p*(5), C°(5)) ds — (X(7), P°(s3(7) = P2 (M) < (63.11)

By (2.3.45) and (4.2.12), %(o ( ° (1)) +0°(s3(7)) =2 x(7) € £o(), where 3o(12) is defined
by (2.3.32). Since Ew°(s) = 59 ()], Proposition 2.3 yields that

3(o%(s2.()) + o°(s5.(7)) = 2x(7), €%(s2. (7)) — e%(s5.(7))) =
= 3{(0°(s2. (7)) + 0°(s3(7)) — 2x(7), P°(s5.(7)) — p°(s2(7))) -

Ew(r) for every s € [s° (1),

(6.3.12)



6. Viscosity solutions 143

By (4.2.13), we have that o°(s.(7)) € K(¢°(s5.(7))) and o°(s° (7)) € K(¢°(s2.(7))), there-
fore, taking into account (2.3.46)

lo°(s2.(7)) + 0°(s5.(7)) = 2X(7)lloo < 2Mk[Ls(||20]lo0 + S) + Cml (6.3.13)

where My is the constant in (1.3.4), (,, is given by (2.3.38), and Lg is the Lipschitz
constant of ¢° on [0,5]. By (2.3.13), (6.3.11), (6.3.12), and (6.3.13), we conclude that there

exist a constant C7, independent of ¢, such that
s3.(7)
/o o 1p°(s)ll1ds < Cr|[p°(sS.(7)) — p°(s2(7))|h = Crllp(r+) —p(7)[1,  (6.3.14)

where the last equality follows from (6.2.6).
Using (5.4.53), (6.3.1), and (6.3.14) we get that, up to redefining the positive constant

Cr

s3(7)

ds <

1,r

1r§ Z

’ TESN[t1,t2) s2.(7)

‘20(5)\

H / £(s) ds|
(s° (t1),8° (t2))NU°

<Cr > lptr+)—p")l:- (6.3.15)

TESON[t1,t2)

Finally, putting together (6.3.9), (6.3.10), and (6.3.15), from the definitions of p and pq we
get

l2(t2) = 2(t) s < Cr(paltr )+ Y2 lIp(r+) = p(T)]1) =

Tesoﬂ[tl,tQ)

= Cr(pa((t, )+ Y wr})) = Cra(ts.t2)) = CrVar(pi i, ta).

TESN[t1,t2)

From this the conclusion easily follows. O

The proof of the following lemma could be recovered by repeating the arguments of [34,
Sections 6 and 12]; for the reader’s convenience we give here an independent proof based on

the results in Chapter 1, Section 1.4.

Lemma 6.12. Under the assumptions of Lemma 6.4, there exists a unique Bochner pi-
integrable function v ,: [0,T] — C°(Q) such that

b
z(b) — z(a) = / v, u(t) du(t) (6.3.16)
for every a,b € [0,T] with a <b, such that p({a}) = u({b}) =0.

Proof. Fix r > n, and a,b € [0,T], with a < b, such that u({a}) = p({d}) = 0. Let A be
the unique Radon measure on [0,7] such that A([0,¢]) = Vary .(z;0,t) for every t € [0,T]
where ¢ — Var -(2;0,t) is continuous. By (6.3.8), A is absolutely continuous with respect
to w; in particular, we have A({a}) = A({b}) = 0. By Theorem 1.3 and the reflexivity
of WL7T(Q), there exists a unique weakly A-measurable function v,: [0,T] — W17 ()
satisfying

b
(v, 2(b) — 2(a)) = / (v v (6)) dA(D)
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for every y in the dual of W7 (Q); since the latter is separable, by Pettis’ Theorem v is
A-measurable, therefore it is Bochner integrable with respect to A by (1.4.5). It then follows
that

b
z(b) — z(a) = / v(t)dA(t).

By the Sobolev Imbedding Theorem and (1.4.5) v, € L([0,T];C°(€2)). By the Radon-
Nikodym Theorem, A has a density %(t) with respect to pu; therefore the conclusion follows
with vz, (1) = v (1) 23 (1). O

We now study the evolution law for the internal variable in the original time ¢. The first
result concerns only the continuity points of z.

Proposition 6.13. Let (u,e,p, z) be a viscosity evolution with data f, g, and w satisfying
(2.3.42)-(2.3.48) and initial condition (ug,eg, po,z0) as in (2.3.53)-(2.3.57), and let T > 0.
Define o as in (6.2.4). Let p and pq be as in (6.2.8) and (6.2.9), respectively. Define vy
as in Theorem 1.3, with X = My(QUTo; MYXN) and Y = CJ(QUTo; MY XN, and let

V., asin Lemma 6.12. Then

vau(t) = p1x ((p2 x tr(o(t)))tr(vp(t))) (6.3.17)
for pg-a.e. t €10,T].

Proof. Tt clearly suffices to show that the required equality holds for p-a.e. t € [0,7]\ S°.
Fix ¢t € [0,T]\ S°; this implies that p({t}) = 0. We shall additionally require that the
following properties are satisfied in ¢:

N([t —ht+ h])

=1 3.1
o = htrh) (6.:3.18)
1
lim —/ Vo (7) dp(r) = v (1) | 6.3.19
h—s0+ u([t—h,t—l—h]) [t—h,t-+h] #( ) ( ) #() ( )

1 t+h
hhj& )] /tih p1* (a(T)tr(vp(7))) dua(T) = p1 * (a(t)tr(vp(t)))6.3.20)

This is not restrictive, as the Besicovitch Differentiation Theorem guarantees that all these
properties are satisfied for p-a.e. t € [0,7]\ S°. Notice that, by (6.3.15), the Sobolev
Imbedding Theorem, and the definitions of p and pg, we have that

il
pa([t = hot + R (g0 (1-n),s0 (t4n))nUe

1
<Cr——r——— > lp(t+) = p(7)llL <
pa([t = h,t + hl) TES°N[t—h,t+h)

ult — hot + ) — ([t — bt 4 h])
= [t — oot + )

2°(s) dsH <

-0 (6.3.21)

when h — 0% thanks to (6.3.18). We fix a sequence h; — 07 such that p({t + h;}) =
w({t —h;}) =0 for every j. Defining a°(s) and a(t) as in (5.4.36) and (6.3.2), and using
the definition of z, the Lipschitz continuity of z°, and the evolution law in the rescaled
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time s (4.2.17), by (6.3.4), (6.3.16), (6.3.18), (6.3.19), (6.3.20), and (6.3.21) we finally get

1
v, ,(t)= lim / Vaut) du(t) =
ult) g=+oo pa(lt = hy t + hjl) Ji—n; eqn)) R
1
" bt hy) === hy)) =
P Md([t—hj7t+hj])(z( ) A
1 52 (t+hy)
= lim / 2°(s)ds =
g=rtoo pa([t = hyyt + hyl) Jeo (1=, *)

2°(s)ds =

1
= lim /
i=too pa(t — hy t + hyl) (8° (t—hy),s° (t+h;))\U®

1
:lim / p*aostrpos ds:
Jj—+oo /J,d([t—hj,t—Fh]]) (5° (t—hy),s° (t+h;))\U® 1 ( ( ) ( ( )))
1 t+h;
= lim * (a(T)tr(vy,(7))) dug(T) =
R L, P (@) )

= p1* (a(t)tr(vp(1))

as required. O

We are finally in position to prove the evolution law for the internal variable in the

original time ¢.

Theorem 6.14. Let (u,e,p, z) be a viscosity evolution with data f, g, and w satisfying
(2.3.42)-(2.3.48) and initial condition (ug,eg, po,20) as in (2.3.53)-(2.3.57), and let T > 0.
Define o as in (6.2.4). Let S° be as in (5.4.50), and let \, be the locally bounded C°(Q)-
valued Radon measure on [0,400) defined by

Azi= > (z(t+) — 2(1))d:. (6.3.22)

tesSe

Let p and pg be as in (6.2.8) and (6.2.9), respectively, and let v, be as in Theorem 1.5.
Then

T
2(T) = z0 + /0 p1* ((p2 * tr(o () tr(vp(t))) dua(t) + A-([0,T)) (6.3.23)

where the integral is a Bochner integral in the space C°(Q).

Proof. Using the left continuity of ¢ — z(¢) we deduce from (6.3.16) that

A1) -z = [ ve,®dut),
[0,T)
v, (t) p({t}) = z(t+) — z(t) for every t € [0, +00) .
Therefore, using the definitions of pg and A, ((6.2.9) and (6.3.22)), we obtain
T
A1) =20 = [ vep(t)duatt) + 2. (0.7)).
0

Equality (6.3.23) follows now from (6.3.17). O
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Remark 6.15. By (6.3.23) the value of z(T') is uniquely determined by zp, t — o (t),
t — p(t), provided we know the behavior of z at its discontinuity points. This can be

deduced from the rescaled formulation, using the equality

Ae= )0 (2°(s2(1) — 2°(s2(1))ée

tesSe

which follows from (6.2.6) and (6.3.22).
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