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Abstract

By exploiting optimal transport theory on Riemannian manifolds and adapting Gromov’s
proof of the isoperimetric inequality in the Euclidean space, we prove an isoperimetric-type
inequality on simply connected constant curvature manifolds.

1 Introduction

Let M"(K) be a n-dimensional simply connected Riemannian manifold with constant sectional
curvature K € R, that is M"(K) is either the sphere (K > 0), the Euclidean space (K = 0), or
the hyperbolic space (K < 0). The isoperimetric problem is a very important topic in differential
geometry. The first unified solution in the above model spaces of constant sectional curvature
was given by Schmidt [17, 18]. Later on, a variety of methods have been found to solve it (see
[6] for the more references).
When the dimension n is equal to 2, there is a nice analytic form for the classic isoperimetric
inequality: let E C M?(K) be a smooth open set, denote by A the area of E, and by L the
length of its boundary. Then

L > 4nA — KA? (1.1)

with equality if and only if E is a geodesic ball. As the area and the length are invariant
under isometries, the domains in question can be identified under the isometry action. For gen-
eral dimension, the isoperimetric inequality states that geodesic balls minimize the perimeter
among all subsets £ C M"(K) with fixed volume. Here we present a weighted isoperimetric
inequality in any dimension on M"(K), which generalizes the classic one on the Euclidean space.

Set c(z,y) := %dg (z,y)?, where dy(z,y) is the geodesic distance between x and y on M"(K),
and for K € R define
(VKr) cos(vVKr) .
T ORE if K >0,
Gk(r) = 1 if K =0, (1.2)
(VIK]r) cosh(y/IKr) e e
sinh(y/|K|r) ’
VEr :
sin(vVKr) lf K> O’
l(r):=< 1 if K =0, (1.3)
\VIK]|r .
———  if K <0.
sinh(y/|K|r) !
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We denote by w, the volume of the unit ball in the Euclidean space R". Fix a reference point
N € M™(K) (for instance, the north pole of the sphere when K > 0), and define 7, := dg(x, N).
Given E C M™(K) a set of finite perimeter, we denote by FE its reduced boundary, and by v,
its measure theoretic outward unit normal at x (see Section 2.2). On the tangent space Ty M,
we use the polar coordinates. We define a map on Ty M by

Fg: TnM — TyM
(r,0) — (ax(r),0)

where

Cr(r)
Observe that o/ (1) = £x(r)e” () is positive on [0, +00) when K < 0 (resp. on [0,7/vK)
when K > 0), hence Fi is a smooth diffeomorphism from Ty M (resp. B(0,7/v/K)) onto Ty M.
Given v € R” and R € (0, +00), we set E, g = expy(Fg'(B(v, R))). Remark when v = 0, these

sets are just the geodesic balls centered at N. However, this fact is not yet true in the general
case. Our isoperimetric-type inequality can be read as follows:

ag(r) = (1.4)

Theorem 1.1 Let E C M"(K) be set with finite perimeter such that dg(-,N) : M — R s
smooth in a neighborhood of E. Then

/ (n=D[Cx (0)~Cc ()]
FE

VeVyc(z,N) - I/x’ dA" 1 (z)
n-1 (1.5)

n

> et/ ( / eCRO)-Gr ()l g, (1) dvom))
E

Furthermore equality holds if and only if E = E, r for some v € R" and R € (0, +00).

The assumption that d?(-, N) : M — R is smooth in a neighborhood of E is always satisfied
if K <0, while for K > 0 it amounts to say that F is at positive distance from the antipodal
point of V.

We also observe that, when K < 0, one has ‘Vgcvyc(a:, N)- yz‘ < 1, and equality holds only
when E = E, i is a geodesic ball centered at IN. Hence, we get the following:

Corollary 1.2 If K <0 then

n—1

/ ((=DIGK O)-Gre ] g yrn=1(3) > 1/ < / en[GKw)—GK(rz)]gK(TI)dvol(x)> "
FE E

for all E C M™(K) with finite perimeter. Furthermore equality holds if and only if E is a
geodesic ball (centered at N if K <0).

We now make some comments on Theorem 1.1. First of all, when K = 0 we have G =
lx = 1, and we recover the classical isoperimetric inequality on the Euclidean space. When
K # 0, compared to the classic one (1.1), our inequality is not invariant under isometry action,



and it depends on the choice of the pole N € M"(K). On the other hand, the extremal
domains are transformations of balls on the tangent space Ty M without a constraint on the
volume (including all the geodesic balls centered at N), so that our inequality presents a sort of
“Invariance under dilations/translation” (although it is not really dilation/translation-invariant),
which is not present in the classical isoperimetric inequality on M™(K) for K # 0. Moreover,
when K < 0 we can “kill” the “translation invariance” and obtain an inequality whose minima
are only the balls centered at the origin.

After proving our result, by “writing it on the tangent space” we realized that the family
of inequalities in Theorem 1.1 can be deduced (in a non-trivial way) by the classical isoperi-
metric inequality on R™ (see Remark 3.3). However, this is a sort of “a-posteriori” proof: we
do not see any easy way to guess a priori what is the right transformation in order to transfer
the classical isoperimetric inequality onto M™(K), and obtain a “geometric” inequality as for
instance the one in Corollary 1.2. Moreover, we also believe that our approach has an interest
in his own. Indeed, our proof is based on the optimal transport theory. This strategy is due
to Gromov in the Euclidean space, but becomes more complicated in the non-flat case. This
paper is a tentative to understand rearrangement of sets on manifolds via optimal transport
maps. The weights in the above inequalities come from two factors: on one side the tensor field
VoVyc(-,N) e I(T*M ® TR M) appears in the Monge-Ampere type equations satisfied by our
optimal transport maps, and its determinant is equal to £k (r;)" ! (in Fermi charts); on the
other hand the tensor field e~ DGk (0)=Cx(r2)l7 ¥, c(x, N) is divergence free with respect to z,
and this makes it “suitable” for an integration by parts (see Section 3). Because of the weights,
the best constant in the above inequalities does not depend on the geometry of the manifolds.
This comes from the fact the weights are completely determined by the Riemannian distance and
the curvature tensor, that is, all geometric informations are behind the weights. Let us mention
that optimal transport theory has already revealed being useful to prove geometric inequalities
on manifolds, see for instance [7, 8].

The paper is structured as follows: in Section 2 we collect some preliminaries on Riemannian
geometry and BV functions. Then we prove Theorem 1.1. The rigorous proof of the theorem
is given in Section 3. However, since the argument may seem a bit mysterious, we will give in
Appendix A a more intuitive (but formal) proof which explains the ideas behind our result. In
Section 3.1 we write our inequality on the tangent space, from which one can see the strict link
with the classical isoperimetric inequality.

2 Preliminary results and notation

2.1 Preliminaries on Riemannian geometry

In this section we recall some basic notions of Riemannian geometry and we introduce some
notation, referring to [16] for a general introduction.

Let (M, g) be a smooth complete n-dimensional Riemannian manifold. Given v,w € T, M
tangent vectors at x, we use the notation (v, w), = g, (v, w) and |v|; = \/gz(v,v). We denote the
volume element by dvol. In a local chart, it can be expressed as dvol = y/det(g;j)dx. Let V be



the Levi-Civita connection associated to the metric g. We denote by V. the covariant derivative
with respect to the metric g, that is, V, : I'(E) — I'(E @ T*M), where E is a vector bundle on
M, and T'(F) denotes the space of sections over E [16, Section 2.1.3]. We respectively denote
V¥ the contravariant version of covariant derivative, that is, V¥ : I'(E) — I'(E' ® TM). More
precisely, for any section S € T'(E) and for any ¢ € T M we have V*S(&,-) := V.S(g; (), -),
where g;1(¢) € T, M satisfies (g;1(€),a), = £-a for all @« € T, M. In particular, when
f:M — R, V,f € TrM is the differential of f at x, V*f € T,M is the gradient of f at x,
and V,V*f € T,M @ T;M is the hessian of f at z. Moreover, for F' : M — M we denote by
Vb € Ty M ® Tp,)M the differential of F' at z. Finally, given a function h : M x M — R,
we denote by V,h(z,y) (resp. VPh(z,y)) and Vyh(z,y) (resp. VYh(z,y)) the differential (resp.
gradient) of h with respect to the z and the y variable respectively.

Given a geodesic v and X(t) a vector field along (), we use the notation J = % =
Vi (t). I J =0, we say that the vector field X (¢) is parallel transported along v(t). A vector
field J(t) along ~y is called a Jacobi field if it satisfies the Jacobi equations

J + Riem(J, %)% = 0,

where Riem denotes the Riemann tensor. Suppose now that ~(¢) is a unit-speed geodesic, and
set e1(t) = ¥(t). Then e, is parallel transported along v(¢). By completing e1(0) to an orthonor-
mal basis (e1(0),---,e,(0)) at the point v(0), by parallel transport we get a orthonormal basis
(e1(t),- -+ ,en(t)) at the point v(¢). In particular, if we assume M to be a complete manifold with

constant sectional curvature K, then the family (teq(t), %62(75), e %en(t» is a basis for

the (n-dimensional) vector space of the Jacobi fields satisfying J(0) = 0, with {x defined in (1.3).

Definition 2.1 (Fermi chart) Givenx € M andv € T, M\{0} such that[0,1] 5 s — exp,(sv)

is the unique minimizing geodesic between x and exp,(v), let (e1,- - ,ey) be an orthonormal basis
v

of T, M with e; = W The associated Fermi chart x = (x',---  2™) along the unit-speed geodesic
v

0, Jola] 3 s — c(s) = expy (se1)

(which is called the azis of the chart) is defined, after parallel transport of the orthonormal basis
(e1,--- ,en) along the axis, by

Q(.’IJ) - (q17 T ’qn) — q= f(x) = EXPe(zl) (Z xo‘ea> .
a=2

We remark that the differential of F on {q ER"0< ' <|lp, ®=...=q" = 0} is readily
found equal to the identity; so there exists a neighborhood of the axis on which the map F
defines a chart. Note that in this definition we keep the flexibility of rotating all basis vectors
at x but the first one e;. Along the axis, the geodesic motion [0, 1] 5 s — exp,(sv) simply reads
s+ (8|v|z,0...,0), and the chart is normal (in particular, Christoffel symbols vanish), i.e.

9i;(¢*,0) = 3, Mgij(¢4,0) =0 Vq" €[0,|v].], Vi, k€ {1,...,n},
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(see for instance [2] or [16]).

Now fix y € M, and let 7, := d4(z,y) be the distance function from y. The basic observation
is that exp,(—V¥¢c(x,y)) = z for all z € M provided 7, is regular at the point x, that is, x is
not in the focal locus of y. Differentiating this relation we get

—dy exp, -V, VVc(r,y) = I, with v € T, M, x = exp,(v),
where I, : T, M — T, M is the identity map. Equivalently
dy exp;1 = —V,V¢(z,y). (2.1)

Using the Fermi chart associated to the minimizing geodesic between x and y, we have g, =
gy = I, the identity matrix. We claim that

1 0
— Y = V¥ = — = _V*VY =
VLV lans) =~V Vi) = ~VaVyelo) = -V Vel = (g O )
(2.2)
Indeed, for all v,w € T, M we set J(t) := dy, exp, -(tw) for t € [0,1]. As J is a variation of a
family of geodesics {exp,(t(v+ sw))} for all ¢ € [0, 1] and for some parameter s, we can see J is
a Jacobi field along the geodesic exp, (tv) verifying J(0) = 0 and J(0) = w. Therefore, thanks
to the discussion right before Definition 2.1 the desired claim follows from (2.2). In particular
we get
det(—=V,VVec(x,y)) = det(—V*Vyc(z,y)) = det(—=V*VV¢(x,y))
= det(—V,Vyc(z,y)) = O (re)" !
in the Fermi chart. As a consequence we obtain
det(—=V*Vc(z,y)) det(—V,Vyc(z,y)) = lx ()" 2,
det(—V*Vyc(z,y)) det(=V,Vie(z,y)) = U (re)® 2,

Observe that both terms above are intrinsic and independent of the choice of coordinates.

(2.3)

Finally we consider the Laplace-Betrami operator A on the space of real functions. In local
coordinates it has the expression

1 & 9 [ d
A= —0x Yy/detg— | .
\/detgmz:1 ox; (g ¢ g@mj>

Fix y € M, and as before let r, := dg(x,y) be the distance function from y. Assuming
(M, g) be a complete manifold with constant sectional curvature K and using polar coordi-
nates around the point y, the metric matrix g;; at the point x can be expressed as a diagonal

one (1, Z%:(%x) e K%:('jz)), and a direct calculation leads to
1
A(gri) = (n—1)Gk(rs) + 1, (2.4)

with Gk (r) defined in (1.2).



2.2 Preliminaries on BV functions

We recall here some basic properties of functions of bounded variation, referring to [1] for an
exhaustive introduction to the subject.

In the following, vol denotes the volume measure with respect to the Riemannian metric g.
We distinguish between the measure vol and the volume element dvol. The following presenta-
tion in Euclidean spaces can be found in [12] (see also [9, Section 2]).

Given a vector valued Borel measure p on M (or more generally a vector bundle valued Borel
measure p on M), we define its total variation as the non-negative Borel measure |u| defined on
the Borel set E by the formula

|1l (E) = sup {Z (Bl : Em 0 En =0, | ) En = E}

neN neN

where || - || denotes a norm on the vector bundle on which the measure p takes values. Given a
Borel set E, we say F has finite perimeter if the distributional gradient Dy g of its characteristic
function yg is a vector valued Borel measure on M with finite total variation on M, that is,
|Dxg|(M) < oco. For a smooth bounded domain E, we denote by vg the outer unit normal
vector field on the boundary JF. It follows from the Divergence Theorem that F is a set of
finite perimeter with Dy g = vpds#" 1 |OF and |Dxg|(M) = #" 1(OF). Let us denote B, ()
the geodesic ball around x with the radius equal to r. Given E C M be set with finite perimeter,
we denote its reduced boundary by

FE:={xe M| |Dxg|(Br(z)) >0Vr>0and

vp(z) = lim,_ o+ —% exists and is a unit tangent vector at x}.

Here vg(z) € T, M is called the measure theoretic outwards unit normal to E. We say a sequence

Ll
of sets E, converges to E in L}, , and we write E,, == E, if vol(CN ((E, \ E)U(E\ Ey))) — 0

loc?
for any compact set C C M. A geometric description of the reduced boundary is the following

structure result(for a proof, see for instance [1, Theorems 3.59]):

Theorem 2.2 (De Giorgi Rectifiability Theorem) Let E C M be a set with finite perime-
ter. Then, for any x € FE we have

1 L}
—expy (B () NE) 25 {2 € TuM : vg(z)-2<0}  asr— 0"
.

on T.M. Moreover, there holds
Dxg = —vp(z)d#" | FE, |Dxge|(M) = #"" (FE).

Let E C M be a Borel set and A € [0,1], we denote by E®) the set of points 2 of M having
density A with respect to E, that is, x € EW if

vol(E N B,(x))

r20 vol(B,(z)) =X
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We define the essential boundary O*E of E by setting 9*E = M \ (E(© u EM). By virtue of a
result due to Federer (see [1, Theorems 3.61)), if E is a Borel set of finite perimeter then

FEC E® C9*E,

and these three sets are J#"~'-equivalent.
Now, suppose E and F' two Borel sets of finite perimeter. By [1, Proposition 3.38, Example
3.68, Example 3.97] E N F is a set of finite perimeter. Moreover, if we set

Jer={x € FENFF : vg(zx)=vr(z)},
then up to " 1-null sets we have
F(ENF)=JprU(FENFOYU(FFNEW).
Furthermore

ve(z), ifze FENFW,
venr(z) =< vp(x), ifx e FFNEW, at A" ae. x € F(ENF).
veg(x) =vp(z), ifzeJgp,

We also recall the following technical result (see [12, Lemma2.2)):

Lemma 2.3 Let E C M and F C M be sets of finite perimeter with vol(E N F) = 0. Then
vpupd A" F(EUF) = vpdA"((FE\ FF) +vpdA" | (FF \ FE)

and vp(r) = —vp(x) at A" t-a.e. z € FENFF

Fix N € M, and let S € BV(M,TyM), that is, S € L'(M,TyM) and distributional
derivative DS of S has finite total variation on M. By [1, Theorems 3.59 and 3.77], for H"~!-
a.e. x € FE there exists a vector trg(S)(z) € Ty M such that

lim / 1S(y) — tru(S) ()] dvol(y) = 0
B, (z)NE

Such trg(S) is called the inner trace of S on E. Moreover, by the Lebesgue Decomposition
Theorem the distributional derivative D,S of S can be decomposed as

DS = V.S vol + DS,

where V.S denotes the density of the absolutely continuous part of D,S with respect to the
volume measure, and D;S is singular with respect to the volume measure. Similarly, for any
smooth section A of TM QT M, we decompose the covariant distributional derivative Dy (A-S)
of A-S

Dy(A-S)=V4(A-S5)) vol+D3(A-S),



where (V;(A-S5))¢ is the density of V;(A-S) with respect to the volume measure, and VZ(A-S5) is
the singular part of V,(A-S) with respect to the volume measure. In particular the distributional
divergence Divy(A - S) of A-S decomposes (with obvious notation) as

Divgz(A - S) = divgz(A- S) vol+Div; (A - 5).

We recall the generalized Divergence Theorem in the following form (which is a consequence
of [1, Example 3.97] applied to the pair of functions A - S and xg):

/ d(Divy(A-S)) = / (A(2) - tre(S)(2)) - ve(z) dH"(2). (2.5)
EM .

Suppose now that D, (A -S) is a positive definite and symmetric endomorphism on 7M. Then
Div,(A - S) is a non negative Radon measure on M, and it is equivalent to the total variation
of Dy(A-S): for all Borel set E C M,

1
J2Div(A+ S)(E) < |DulA - S)|(E) < Divi(4 - S)(E), (2.6)

n
Here we recall that the vector bundle TM @ T*M (or TM ® TxM) is endowed the induced
metric by g, that is, for b € TIM ® Ty M with z,y € M, if we write b = Zij b’j-a%i ®@dy’ in a
local chart then |b]? := > ikl girg’'b';bF,. (Let us observe that if everything is smooth then (2.6)
follows from ﬁ SN <A/ A2 <3 N, with A; > 0. In the general case one argues
by approximation.) Thanks to (2.6) we get that both div,(A-.S) vol and Div] are non-negative
measures, and in particular

Div,(A-S) —divy(A-S) vol > Divi(A-S) > 0. (2.7)

2.3 Preliminaries on optimal transport

Let (M,g), (M’,¢') be two complete connected n-dimensional Riemannian manifold equipped
with their volume measures vol and vol’. Given two probability measures g = pgvol and
v = prvol on M and M’ respectively, a Borel map ® : M — M’ is called a transport map
if ®pu = v, that is

v(B') = pul® Y(B')] VB c M Borel.

Given now a function ¢ : M x M’ — R (called cost), a transport map 7 is called an optimal
transport map if it minimizes the total cost functional

€(@)i= [ e(z.0()) du(o)

M

In this paper, we will consider three cases:
(1) M’ = M and c(z,y) = 1dy(z,y)* (d4 standing for the geodesic distance on (M, g)).
(2) M =M =R" and c(v,w) = 3|v — w|.



(3) M’ = TyM for some (fixed) point N € M, and c(z,v) = $V,dy(z, N)? - v.

The first two cases have been studied by Brenier [3] and McCann [13, 14, 15], while the third
case (and indeed also the first two) is covered by a result of Fathi and the first author [10] (see
also [11] or [20, Chapter 10]).

In all these cases, it is known that there is a unique optimal transport map 7. Moreover,
whenever the target measure v is compactly supported, there exists a locally semiconvex function
¢ : M — R (i.e. ¢ can be locally written in charts as the sum of a convex and a smooth function)
such that, for y-a.e. x € M,

z+ @(z) +c(z,T(x)) attains a global minimum at z, (2.8)

and
V¥ + VPc(z,T(z)) =0 holds p-a.e. (2.9)

Finally, V,V®¢ + V,V7c(z,7 (x)) exists and is a symmetric matrix p-a.e., and satisfies the

Monge-Ampere type equation

po(x) \/det g, |det(VyVe(z, T (z)))]

det(VoV7 + Vo Vic(z, T () =
p1(7 (x)) | /det glg—(m)

(2.10)
at p-a.e. x.

3 Proof of Theorem 1.1

Let us first explain our strategy. Fix a point N € M as the pole of the manifold, and denote
by B;(N) C M the geodesic ball of radius r centered at N. Recall that r; := dg(z, N). Given
E C M, we denote by vol(E) its volume. Moreover, let R € (0,400) be the unique positive
number such that vol(E) = vol(Bgr(N)). The natural adaptation of Gromov argument (see
Section A.1) would be to consider the optimal transport map sending the uniform density on F
onto the uniform density on Br(N). However, as explained in Appendix A this choice presents
some difficulties which is not clear how to bypass. For this reason we want to keep the free-
dom of choosing the radius X of the target ball, and consider transport E onto the ball By(V),
with A arbitrary. Moreover, we want also to be free to choose both the source and the target
density. As shown in Appendix A, the best solution in the choice of the radius seems to be to
consider the limit as A — 0. This leads to consider the “infinitesimal” transport maps, where
we transport a suitable density on E onto the uniform measure on the unit ball in the tangent
plane T M. Since the proof below may somehow look obscure and it is difficult to understand
the ideas behind it, we suggest the reader to first read the formal argument given in Appendix A.

Proof of Theorem 1.1
Let us define for K € R
(sin(\/?r))n—2en(GK(0)—GK(r)) if K >0,

“VEr
5 1 if K =0,

sinh(y/|K]|r)\n n(Gg (0)—Gg(r)) :
(7T B ) e if K <0,



Hp(r):=1-— (M= DI[Gk (0)—Gk(r)]

and ]
oz, y) = Sdy(z,y)*.

Thanks to (2.4), we have

VyAze(x,N) = (n—1)VyGg(ry) = (n —1)VyVee(z,N) - VG (1y). (3.1)
This gives the following key identity:

divy (Hk (rz)VyVae(z, N)) = divy (VyVac(z, N)). (3.2)
Indeed, expanding both sides we get
VyVac(z,N) -V Hg(ry) + Hg (ry)VyAge(x, N) = VyAyc(z, N),

and so (3.2) follows from (3.1) and the definition of Hg. In the following, we will use - both
for denoting the action of covector on a vector, and for the composition of endomorphisms (or
equivalently the product of matrices). Moreover, given A a section of T*M ® T'M, we denote
by tr,[A] the trace of A(x) € TxXM ® T,,M. We will need the following result:

Lemma 3.1 Let F be a bounded set with finite perimeter such that ¢(-,N) : M — R is smooth
in a neighborhood of F', and let S € BVioo(M,TnM). Then

[ 0= ) (9, Vel ¥) - 17 (8) @) v ™ (0)

:/ (1 — Hk(ry)) d(tra[VyV¥c(z,N) - D,9]).
F@)
Proof. Applying (3.2), we infer
div, (1 — Hi (r4))VyV7e(z, N)) =0 (3.3)
so that
Div, ((1 — Hg (r2))VyV¥c(z,N) - S) =(1 — Hg(rz)) try [V, VZc(z, N) - D,S]. (3.4)
Now the result follows from (2.5).

e 1: Proof of (1.5). For simplicity of notation, we denote by M the manifold M"(K).
Moreover, without loss of generality we assume that E coincides with the set of its density
points, i.e. E = EW),

Since by assumption dg(‘, N) : M — R is smooth in a neighborhood of E, we can consider

the set 3
E:=—VY(E,N) = (expy) " (E) C Ty M.
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We now want to transport F onto the unit ball B (N,1) C Ty M using the Euclidean quadratic
cost. More precisely, we consider 7 : TyM — T M the optimal transport map from

1
~ Jppr(vln)) dv’

fi(dv) := cppr (jv|n)xp(v)dv,  cp:

to
1 1

v(dw) = mXB(N,l)(w)dw = ;nXB(N,l)(w)dw

for the cost function —(v, w)y (or equivalently for the cost 3|v — w|%)).
Let 7 : M — Ty M be defined as

T (z) .= T(=VY(z, N)), xeM,

set pu = (expy)uf, and write p = pg(ry)xe(x)vol(dr). Then, denoting by g the Euclidean
metric on the vector tangent bundle T'(Ty M),

_ CE ﬁK(Tz) vdet g,

det(dy expy) = for x = expy(v),

pE(ry) Vdet g,

which as d, expy = (—V,VYc(x, N))~! implies

¢k i (rp) |det (Vo Vie(z, N))| v/det g,
prlre) = NGE '

It is clear that 7 is the optimal transport map from p to o for the cost co(x,w) = Vyc(z, N) -
w. Moreover, since co(-,w) is smooth in a neighborhood of E for all w, thanks to the local
semiconvexity of ¢ the relation (2.9) can be smoothly inverted in terms of 7, and we get
T € BVige(M, Ty M). We can therefore apply the above lemma with S =7 and FF = ENB,(N)
for some p > 0, obtaining

/ VO O=-Cx (v, ¥, c(x, N) - trp(T)(x)) - vp dA™ ()
F(ENB,(N))

_ / e DIGKO-Cr )] 441, [~V V¥e(, N) - D,T]),
ENB,(N)

where we recall that D, denotes the distributional derivative. Recalling that (2.9) holds for
some semiconvex function ¢ : M — R, we get that

—V,V¥(x,N) - DT = D,V + V,V¥c(x,T(x))
is symmetric. Moreover by (2.8) we deduce that

-V,V¥(x,N) - D, T > -V, V¥(x,N)-V,T dvol(x) >0 p-a.e.,
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i.e. the singular part of —V,V¥c(x, N) - D, 7T is non-negative, and the density of its absolutely
continuous part —V,V?¢(z, N) - V.7 is non-negative definite p-a.e. Therefore

/ (DK (0) =G (ra)] (=VyVac(z,N) - trp(T)) - vy d#" ()
F(ENB,(N))

> / (M= D[Gk(0)-Gk(r2)] trx[_vyvxc(gj, N)- V:BT] dvol(x).
ENB,(N)

Moreover by (2.10) 7 satisfies the Monge-Ampere equation

wn pe(rs) Vdet g, ’det (vaxco(x, w)) ‘
v/det g,

vol-a.e. in E, where ¢o(z,w) := Vyc(x, N) - w. Therefore, since V,,V¥¢co(z,w) = V,V¥c(z, N),
by the arithmetic-geometric inequality we get

det(—Vwaco(x,w) . VxT) =

(3.5)

/ (P DIGK(0) =G (ra)] try[—VyVc(z, N) - V,T] dvol(z)
ENB,(N)
> n/ (P DICK (0) =G (ra)] det(—V,Vc(z,N) -V, T) Yn dvol(x)
ENB,(N)

— nw/melr / e =DIGR(O~Crx(r)] 5 (1o Y1/
ENB,(N)

1/n

|det (V,V¥c(z, N)) det (Vo VYe(z, N)) | dvol(z).

Finally, as 7 (z) € B(N, 1) for vol-a.e. x € E, we have |trg(7)| <1 and we get

/ e DICK (0) =G (ra)] (=VyVac(z,N) - trp(T)) - vy d#" ()
F(ENB,(N))

/f(EﬁBp(N))

<

/ = DGKO =G|V, 7 o(, N) - v d™ ) (2),
F(ENB(N)

Combining all together, we obtain

/ DGR O)-G |7, 7 o(z, N) - v ™ (2)
F(ENB,(N))

> nw}/"égn/ MG O=Crrallpp (1) dvol(z).
ENB,(N)
Letting p — 400 and observing that

fis - /EﬁK(!vl) dv = /Een[GK(O)_GK(”MK(Tz) dvol(z)

12



the result follows.

e 2: The equality case. From the above proof, we see that equality hold if and only if
D,T =0 (thatis, T € WhY(M, TyM)), (3.6)

-V, V¥c(x,N)-V,T = XNax)I vol-a.e. in F (3.7)
and

(=VyVec(z,N) - trp(T)) - ve = |VaVyc(z, N) - vy A" ae. on FE. (3.8)
o Fquality holds if ' = E,, r. We observe that, for u-a.e. x, we have

VT = VT - dy(expy)  for & = expy(v),
so that

—-VyV¥(x,N) -V, T =V, Vi(x,N) -V, T -dy(expy) - VoaVYc(x,N)
=V, V%(x,N)-V,T -V, Ve(x,N): TyM — T, M.

In particular (3.5) gives .
det (VT ) = wnéppr (Jv|n). (3.9)

We consider a radially symmetric function 7; : expy'(Ey r) — B(w, R) C Ty M defined in polar
coordinates by 7i(r,0) = (g (r),6), where ag(r) is defined in (1.4). Now using the Euclidean
coordinates on Ty M, we define 73 : expy' (Eyw,r) — B(0,1) C Ty M by T3(2) = (71(2) — w)/R,
and T3(x) := To(—V¥¢(x, N)). We want to show that 7 = 7Ts.

By using Fermi coordinates along the geodesic jointing N to x, g, and g, can be read as the
identity matrix. Moreover, V, 75 (resp. —V, V?¢(z, N)) can be expressed as the diagonal matrix
(QIK}%”), aﬁizz),--~ ,a’}‘%g:z)) (resp. (1,5[((7“33), e ,EK(rx)), see (2.2)). Using the identification
Tv (TNM) = T’f’(v) (TNM) = TNM, we have

£i(r) = (Jdet (V9 el ) et (V9 e, ) ) V20,

and we easily get that the eigenvalues of —V,V¥¢(z, N) -V, T3 are all equal since o solves the

ODE ,
ag(r) = W (3.10)

Thanks to the choice of jx, the map 75 solves (3.9). Moreover, T, is the gradient of some convex

~ t
function on Ty M. To see this, we have To(z) = £V (¢(|z|) — 2 - w), where ¢(t) = / ag(s)ds.
0

Hence, the convexity of %(¢(|2]) — z - w) comes from its Hessian matrix VT, being positive
definite. By uniqueness of the optimal transport map, we get 7 = 73. Hence, (3.6) and (3.7)
are verified.

13



To check the last condition (3.8), we write in the Fermi coordinates v, = (v,},) € RxR"™1.

Let us denote v, = (v},v)) € R x R*! the unit outward normal vector of FE at v and
by, = (73,,7,) € R x R"! the unit outward normal vector of F(Fg(E)) at vi = Fk(v).

Here we use the orthonormal basis with respect to the polar coordinates on TnM. Recall

Fi(FE) = B(w, R) and ak(|v|) = |vi|. Using (3.10), we have
1 1142
)
V02 + 2 (o))

Similarly, we infer (see also Section 4)

V’Ul -

1
e = —— vk At (o).
VW2 + 26 ()
Therefore, we obtain
_ 1 ~1 7;1/)1
Vg =

S i

and as a consequence

1
VB2 + 174,12/ B (lo))

V. Vye(z,N) v, = (ﬁl ).

V1?7 U1

Hence, since trg(7)(x) = Dy,, (3.8) is verified and we have proved the desired result.
o If equality holds, then £ = E,, r. We prove the result in two steps.

Step 1: E is indecomposable. We have to show that, for any F' C F having finite perimeter and
such that
ANFE) = 4" NFF)+ 2" 1 (F(E\F)),

we have

vol(F)=0 or vol(E\F)=0.

To this aim, we first remark that E \ F' has also finite perimeter. Moreover it is not difficult
to check that " Y(FFNE) = " YF(E\ F) N E) = 0. Hence, by applying Theorem 1.1

14



we deduce
/ DGR O-Cx |7, T o(, N) - | dA™ ()
FE

_ / O DICKO -GG,V e(e, N) - vy | d™ (2)
FF

+ / (r=DIGK (0)~Grc(r)
F(B\F)

>nwl/m (/ MG O)=Gr(ra)l gy (1) dvol(:z:)>
F

VaVyc(z, N) - vy dA"" N (x)

n—1

n

n

E\F

n—1

n

>nwl/n ( [ enoxo-entalye(r,) dvom))
E

_/ DGR O-CK )|,V e, N) - vp| ™ (a).
FE

By the strict concavity of the function ¢ — ¢t(*~1/" we obtain min{vol(F),vol(E\ F)} = 0, and
the claim is proved.

Step 2: E = Ey, r. As before, we use the Fermi coordinates along the geodesic jointing /N to x.
Az) Az) ). Together

P2 (ra)’ B (ra)

From (3.7), V, 7 can be expressed as the diagonal matrix (A(z)
with (3.9), we deduce

@) = il &l prc(ra) /" 5 () = wnl ™ & e (ry) O O =Cclre)

w&/" 52/" reGK(0)=G(r)
) L (r)
%) We define the map 7y : TyM — TnxM in polar coordinates as 7i(r,6) = (s(r),0).

We can easily check that V,7; can be expressed as the diagonal matrix (s’ (rg) M, e M)

) Tz ) T2

which implies that A(x) is radial. Let s(r) := , so that it satisfies §'(r) =

in Fermi coordinates. Hence Vv’j'l = Vv’j' on E. On the other hand E is indecomposable
by Step 1, which implies that also E is indecomposable. Thanks to [9, Proposition 2.12] (see
also [12, Lemma A.2]), we deduce that there exists some constant vector wy; € Ty M such that
Ti = T + wy. By construction 7;(E) = B(wi,1) and s(r) is a multiple of ax(r) (see (1.4)), so
E = E,, g for some R > 0 and w € Ty M. This gives the desired result. and concludes the proof
of the theorem.

3.1 Theorem 1.1 seen from the tangent space at N

Let us define E = exprl(E). The following result holds:
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Proposition 3.2 We have

[ e i OO (o)t G+ G (el R do )
FE
(n—1)/n
znw}/"</ en[GK(O)GK(U)]EK(|U)2ndU> , (3.11)
E

where v, = (v}, V) € R x R"L is the unit outward normal vector of FE at v expressed in polar
coordinates on Ty (M”(K)) ~ R™. Moreover, if E is a smooth strictly star-shaped domain in
R™ with smooth boundary, that is OE = {f(0)0|0 € S*~'} with f : S*! — (0,4+00) smooth,
then:

- if K >0,

. n—1
/ o~ (=G () <Sm(\\g_{f)> \/1 o (1YL g
S§n—1

f2
N, ) /™ e G (f) “n0/ﬁ77)” n_1>0k4w¢
= () (énl < = ) L (3.12)

(recall f:S" ' — (0,7/VK))

K =0,
5 (n—1)/n
/ 1+ |v‘)j a1 > (nwn)l/n< I dffnl) ; (3.13)
Sn—l f S'n—l
_if K <0,

. n—1 2
énl ef(nfl)GK(f) <Slnh( \/|]|([’(f)) \/1 + EK(f)Z,L |Vf£| d%nfl

2(m%yM<é%frmkm(“myﬁfvvn¢%m*)mqu (3.14)

We observe that, arguing by approximation, the above inequalities hold also when f is non-
smooth and vanishes somewhere, provided all the terms in the integrals are suitably interpreted.

Remark 3.3 As can be easily seen by a direct computation, replacing f by ax(f) in (3.13)
(which corresponds to send E onto Fi(FE)), inequalities (3.14) and (3.12) are equivalent to
(3.13).

Proof. Since by (2.1)

dyexpy’ = —V,VVc(z, N) for z = expy(v),
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we have
|det(V,V¥e(z,N))|

det(gz)

Therefore, recalling that in Fermi coordinates |det(V,V¥c(z,N))| = €k (ry)" ! (see (2.3)) and
det(g,) = 1, we get

(expy)p(dv) = dvol(z).

/ en[GK(O)—GK(TZ)]EK (ry) dvol(x)
E

_ / GO -G gy (1) det(ge)  |det(VoVVe(z, N))|
B “]det (V,Ve(z, N))| det(gy)

o |det(VoVie(z, N))|
det(gz)

dvol(x)

_ / lGKO=Cr g () dvol(z)
E

= / "G O=Cr(wDlg e (Ju])2~™ du.
E

Regarding the boundary term, we observe that the surface measure change with the tangential
Jacobian of =V, V¥¢c(x, N), that is

(oo (471 () = ydet(vxvyc(x,N)%)\d%n_l(x)
v aet((g2) )

is the restriction of V,V¥c(z, N) to v C T, (M™(K)). Hence

where V,V¥¢c(z, N),

+
/ e(n=DI[GK(0)=Gx (r2)] \VxVyC(w,N) ) uz} d%ﬂn—l(x)
FE

vzv aN Ve det T T Y ,N
_ / e(nfl)[GK(O)faK(m]! ve(@, N) v | fdet((g2)],, ) |det (7, Ve(x )'u%”d%nl(x)
FE |det (Vo Vve(z, N)| )] det((g.), ,)

_ / S-)(Gx0)~Gue ()] Ve Vyel@ N) - val dA" " (v).
- |det (Vo VVe(z, N)| )|

Let us write v, = (v},.) € R x R*"! using Fermi coordinates. Since

1 0
—V.Vye(z,N) = < 0 t(ra) Ly > ,

we have =V, Vyc(z,N) v, = (V%aEK(Tm)V;

VoV, N) - va| = VD + Cx (r) 22

), and so

We now denote by (v.,...,?) the coordinates of v,. To compute ’det (vayc(x,N)‘ )], we
consider the basis of v~ given by

(i 1 _ 1 .
7= (v2,0,...,0,—v;,0,...,0) =vies — v e, i=2,...,n
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(up to slightly perturbing v,, we can assume v} # 0). Then, if we denote L, := V,V¥c(x, N),

we have
|(LaT2) Ao A (LaTn)|

|7'2/\.../\Tn‘

[det (Vo Ve(e, N)y )| =

Since ‘
Ly, =v.er — f[((’l‘m)l/;ei, 1=2,...,n,
we get
|(Lama) A A (Lo [* = ()02 (0)702) e () (1) + Y (04)°)
=2
72 A Al = 102 [(00)? 4 D047 = ().
=2
So

|det (Vo VYe(x, N)b%)’ = U (r0) "I Uk (r0)2(h)? + [V, 2

which gives

‘Vzvyc(:c, N)- Vx‘
‘det(VxVyc(:z:, N)‘U%)‘

2-nV/ (V1)? +£K 2)? |V 2
\/KK (rz)2(vh)2 + v, |2

=Llg(ry)

We now observe that, if # = expy (v), the normal vector v, at FE is given by

vy = (EK(|UI) VerVp) (wi ),
V0 (Wh2(v])? + 2

so that

|vayc(x, N) - Vx‘
|det (V4 V¥e(x, N),.) |~

k()7 ()2 + e (Jo) g 2.

Hence we finally get

/ (n=DGK(0) -G (r2)]
FE

— [ el DO O-GleDlgy (o] ) + (o P e ),
FE

VaVye(z,N) - vy| d#" " (z)

and combining all together our isoperimetric inequality read on the tangent space becomes

(3.11).
We now prove (3.12). Let v € OF. We fix (eq,...,e,) a orthonormal basis at the point v,
where e; = |”|, and denote by v, = (v},...,v") the outward normal vector at v. Then, a basis

for v if given by
= (Ve f,0,...,0,£,0,...,0) = V, fe1 + fei, 1=2,...,n.
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Therefore v, is given by
1

e (fa =Y Ve fer),
\/f2+\Vf|2( ' Z; )

and we have

‘7’2 ARA Tn‘2 = f2("72) [f2 + zn: |veif‘2]7

As a consequence, we infer

/ el DIERO=CrDl g (Jo]) =7/ (0h)? + L (o) Ty 2 dot™ ! (v)
FE

:/ o~ (- D(GK() -G (0 (Sm(\ﬁf)> \/1 (VI g
gn—1

VK f?

On the other hand, since

(e” nGr(r) gin™ (\/>7“)) = nKre "Cx() gip® “2(VKr),

we get
/ "G O=CreleDlpy (|v])> dv = 1/ oGk (=G (0)) (Sin(‘/f(f)> A"t
E~ n S§n—1 \/F
This proves (3.12). The proof of (3.13) and (3.14) is analogous. O

A Formal proof of Theorem 1.1

In order to explain the idea behind Theorem 1.1, we first consider the case K = 0 (so that
Gk =lg = 1), and we recall Gromov’s proof of the isoperimetric inequality.

A.1 Gromov’s proof of the Euclidean isoperimetric inequality

Without loss of generality, we can assume E C R™ bounded and smooth. Let B, = B(0,r)
be the ball centered at the origin with radius > 0. By Brenier’s Theorem [3], there exists a
unique convex, Lipschitz continuous function ¢ : R™ — R such that its gradient 7 = V¢ pushes
forward the probability density ﬁ X (x)dz onto the probability density wann xB, (y)dy, where |E|

denotes the volume of E. By Caffarelli’s regularity result [4, 5] we can assume 7 € C*(E, B,).
Moreover ¢ solves the following Monge-Ampere equation

wnr

E|

det V¢ on E, (A1)

where V?¢ is the Hessian matrix of . As ¢ is convex, the Hessian matrix V2¢ is a positive
definite symmetric matrix, and so by the arithmetic-geometric inequality we get

n(det Vo)™ < Ap
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Thus from the Divergence Theorem we infer

n— 1 1 1
ol BI%E = 2 / n(det V2p)!/"dz < = / Apda = = / g“’ A" < AN OE),
rJg rJE " JoE OVx

where at the last step we used that |§7i| = |(T,vz)| <r,as T(x) € B, for all z € E.
This concludes the proof of the classic isoperimetric inequality on R™. Moreover it is easily
seen (at least formally) that equality holds at each step if and only if 7 (z) = c1x + ¢o for some
constants ¢;, and this is possible if and only if F is a ball (see [12, Appendix A] for a rigorous
proof of the equality case).
We observe that in the above proof the choice of r plays no role, and this fact is due to the

invariance under scaling of the isoperimetric inequality on R™.

A.2 The non-flat case

In the following, we will mimic the same strategy to prove an isoperimetric-type inequality on
M = M™(K) for K # 0. As before, fix a point N € M as the pole of the manifold, and
denote by B,.(N) C M the geodesic ball of radius r centered at N. Recall that r, := dg(x, N).
For simplicity, we consider the case when M is the unit sphere, that is K = 1. Let E C M
be a bounded and smooth open set which is at positive distance from the antipodal point of
N, and denote by vol(FE) the volume of E. Moreover, let R € (0,7) be the unique positive
number such that vol(E) = vol(Br(N)). Since the isoperimetric inequality on the sphere is not
scale-invariant, the most natural choice would be to consider the optimal transport map from F
to By(NN) with A = R. However, as we will explain below, this choice presents some difficulties
which it is not clear how to bypass, and for this reason it turns out to be simpler to play also with
the choice of the radius A. Therefore, we will transport E onto the ball By(N), with A € (0,7)
arbitrary. Another degree of freedom that we have is the possibility of considering non-constant
densities on both E and B)(N). For symmetry reasons, we assume that the densities depend
only on r,. Moreover, we also assume that the density on E depends only on its volume (that
is, on R only).

More precisely, let p%, p}\ r i R — RT be non-negative functions to be fixed later, depending
respectively on R, and on A and R. We want to transport the probability measure

B B vol(E)
HE = vol(E) P%(%)XE@) vol(dz), ‘e = fE cEp%(rx) dvol(z)’

onto

var(dy) = ! (N))ka(Ty)XB)\(N) (y) vol(dy).

VOI(BA

Let 7, : M — M denote the optimal transport from p to vy g for the cost c(z,y) = d4(z,y)>.
We recall that by (2.9) we have

Vaeox + Vac(z, Ty(z)) =0, (A.2)
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and the Monge-Ampeére equation (2.10) becomes

cg vol(By) p%(ry) v/det gy ‘det(VyVIC(x, T\ (2))) ’
vol(BR) p) r(1; (x)) v/det 975 ()

|det (V,, V7c(w, Ta(2)) - Vo Ta(2))] =

)

with
—V, Vic(z, T\()) - ViTa(2) = Vo Vi + V. Vie(x, To(z))

symmetric and non-negative definite (the above identity follows by differentiating (A.2), while
the fact that V,V%py, + V,V¥c(x, T\ (x)) is non-negative follows from (2.8)). We now remark
that, if we want to apply Gromov’s strategy in this case, at some moment we will use the
arithmetic-geometric inequality with the eigenvalues of —V,V¥c(x, T\(x)) - VT (x). Therefore
we will end up with an expression involving its determinant, which will always depend on 7
via the term !det (VyV7c(z, Tr(z)))|, and there is no hope that we can use the freedom in the
choice of p% and p}\7 g to cancel this term.

The key observation is now the following: if we choose A small, since 7)(z) € By(N), then
|det (V,V¥c(z, Ta(2)))| ~ |det(VyV¥c(z, N))|. Thus we may try to take a limit as A — 0 of
the transports 7 in such a way that in the limit we still have something non-trivial. At this
step the choice of p% and ,0%\7 g Will be crucial: if we want to find an inequality which becomes
equality when E is a ball, in the case £ = Br(N) we need to impose that

-V, Vic(z,Tx(x)) - Vo Tx(x)

is a multiple of the identity at each point (since we want the arithmetic-geometric inequality to
become an equality). As we will see, this condition will tell us how to choose ,o% and p%\ R

A.3 The choice of the densities: the case E' = Bgr(N)

We want to transport

) = s ()i &) vol(d)
onto
) = o Phn(ry) X, ) (9) vol(dy).

In order p and vy to be probability measures, we need
/ P (1) dvol(z) = vol( Br(N)), / P r(ry) dvol(y) = vol(By(NV)).
Br(N) Bx(N)

Since vy, will be constructed from p through a push-forward, the above condition on pi r will

follow from the one on ,0%.
Let 7, denote the optimal transport from u to vy for the cost c(z,y) = %dg(ac,y)2. We are
going to choose pOR and pi in such a way that the matrix

—V,VPc(z,T\(2)) - Vo Tn(z) : TyM — T, M (A.3)
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is a multiple of the identity map at each point. To this aim, we first remark that by symmetry
the optimal transport is “radial”, that is it depends only on the distance of x from N. More
precisely, if we consider the polar coordinates induced by the exponential map at NN, we can
write

& = (rz,02) — Ta(x) = (tA(72), 0)

with ¢)(r;) = dy(7x(x), N). To compute the expression in (A.3), since it is an intrinsic quantity
(i.e. independent of the system of coordinates), for each term we can use the Fermi chart around
the point = along the geodesic

[0,1] 5 s — exp, (svxcp,\)

connecting  to 7(z). In this way we have g, = 97, (
field equation, one easily has

y = In. Moreover, by (2.1) and the Jacobi

T

- C\T, INT = ay= €XPg) = sin(d(z, 7y (x))) = sin |rz—ta(rz)| .
! - 0 Tdh@ I 0 S ot

Let df? = Z?:_ll df? denote the standard metric on the Euclidean sphere S"~!. We observe
that, in the polar coordinates induced by the exponential map at N, the metric at x = (74, 6)
is dr? + sin?(r,)d#?, while the metric at Ty(x) = (tz(rz),0) is dr? + sin?(ty(r;))d6%. Therefore,
since in these coordinates

_ o , 0 - 0 0
VA6 () =t V@ (5) = 5
it is not difficult to see that in Fermi coordinates we have

_ th(r2) 0
VM(x)z( Yo st )

Combining all together, we finally obtain

sin(rg) sin [rg—tx(re)]

. _ - th(r2) 0
—VyVicl@ @) Vola(z) = [ " sinlaGe) ra—talr)l p ]
Hence the above matrix equals a multiple of the identity if and only if

sin(r) sin [r—tx(r)]

(r) = %l—m(;l r € [0, R], (A.4)
Ex(R) = A

Since in the sequel we will take the limit as A — 0, we can assume A < R. Using a standard
comparison principle for ODE, it is not difficult to prove that the unique solution of (A.4) is
a diffeomorphism from (0, R] onto (0, A], and a homeomorphism from [0, R] onto [0, A] (indeed
one can prove that 0 < ¢)(r) < r, which implies that ¢,(0) = 0).
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We now want to study the Monge-Ampere equation in order to understand how we should
choose the densities. We have

vol(By) p%(rz) v/det gz |det (V, V¥e(z, Ty (2))) | .

det(V Vmc(x,'j—(x))vxf (z))| =
‘ ( Y A A ) ‘ vol(Bg) P}\’R(t)\(rac)) det 97, ()

In the Fermi chart, the left hand side coincides with (Sin(t*(”)) |T17t*(r’”)‘)n, while for the right

sin(rz) sin |rg—ty(r2)|
— ro—tx(ra n—1
hand side we have |det(V,VZc(z, T)(z)))| = (%) and det g, = detgz () = 1.
Honee (By) sin” (1) sin [ra — (1) p(ra)
vol(By) sin™(ry) sin |ry — ta(r2)| P (72
PAR(A(T)) = - o
vol(Bg) sin™(tx(rz)) [re — ta(r2)]

or equivalently

_ vol(BA(N)) sin”(t}l(r)) sin |t;1(7") — 7| p%(t)_\l(r))
vol(Br(N)) sin™(r) |t;\1(7‘) -7l

(A.5)

As ty is known (thanks to (A.4)), we see from the above equation that pk  is uniquely determined
once we fix p%. We now remark the following fact: when we will consider a general domain F,
the term p}\ r(d(7x(x), N)) will appear in the Monge-Ampere equation . Therefore, if we want
in the limit something independent of the transport map, we need to choose p% in such a way
that ,0}\,  converges uniformly to 1 on [0, A] as A — 0.

To this aim, let us define s(r) := O\tx(7)|x=0. Differentiating the ODE for ¢\ with respect
to A at A =0 we get

{ §'(r) = s(r) iy, €10, R],
1

which gives

R s
s(ry=e T Ok
Since
/R | j ~Jog(sinu) u?os(u) R o si.nR B R‘COS(R) n ”r’(.:os(r)7
» sin“(s) sin(u) |r sinr sin(R) sin(r)

we obtain ]

( ) sinr 1??%51(%1)?)_7"@?(;)

/,1 —_— e sin sin(r .

° sin R

Having in mind that () ~ As(r) < r for A > 0 small, we see that

vol(By) sin™*1(r,) p%(rx) Wy, sin™ L (r,) p%(rx)
VOI(BR) Sin”(b\(rac)) Tz V01<BR> Sn<7ﬂ$) Tz ’

par(t(ra)) ~

Thus, in order to have pi r almost constant we finally set

Ay w YMBR) T n(SER -5
wy, sin™(R) sin(r)
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It can be checked by an explicit computation that

][ p%(ry) dvol(z) = 1.
Br(N)

Moreover, with this choice of pOR, we have the following uniform convergence result: for any
€ > 0 there exists A\. > 0 such that, if 0 < A < A, then

1—e< pi?R(r) <l+e¢ on [0, \]. (A.7)

(Since we are just giving a formal argument, we will not prove this fact in details.)

A.4 Back to a general domain

Now that we have chosen the densities p% and pi Rr» We come back to a general domain E. We
recall that the maps 7 : M — M were constructed as the optimal transport maps from

Cc

g = Vol(EE) pr(re)xe(z) vol(dz)

onto

var(dy) = ! ( N))pi,R(Ty)wa) (y) vol(dy).

VOI(B)\
Let us write 7)(z) = exp,(V*p,). Then

1

1
- (Vaor + Vae(z,N)) - vy d%”_l(x) = / Azpx + Agce(z, N)dvol(z)
AJrE ANE

_ i/E[AxSDA + Agc(z, Th(z))] dvol(z)

_ % /E [Agc(z, Ta(x)) — Ae(z, N)] dvol(z) (A.8)
=3 /E [Aur + Age(z, Ty (2))] dvol ()
n—1

- /E[G(d(xj')\(g;))) — G(rx)] dvol(x)

r cos(r)

S We now want to

where in the last step we used (2.4) with K =1, and G(r) := G1(r) =
take the limit as A — 0.

A.4.1 Properties of the limit transport map

Let us define 7 : M — TyM as T := (0x\7))|a=0- (Again, this is just a formal argument.)
Recalling that

=V, ,Vic(x, T\(z)) - VaTy = [V VP + Vo Vic(x, Ty (2))]
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is symmetric and non-negative definite, letting A — 0 we get that —V,V¥c(z,N) - VT is
symmetric and non-negative definite. On the other hand, as

cg vol(BA(N)) pQ(rz2) v/det g, det(—V,, VZe(x, Ty(2)))
vol(E) py r(r1;(x)) v/det 975 (x)

det(—V, Ve(z, Ta(x)) - Vo Th) =

since vol(Bx(N)) = wp A" + o(A™) we infer
1
;n% X det(—V,Vc(z, Tx(z)) - Vo T)) = det(—V,VTc(z, N) - V,T)
and by (A.7) we get

- vol(BA(N)) p%(r2) V/det g, det(—V, Vie(z, Tr(z)))

li

A—0 AT VOI(E) p%\7R(T7—)\(I)) \/m
_ wn pp(re) Vet g, det(=V, Voe(x, N))  wp p(ra) ri~"
— VO](E) - VOI(E) Sinn—l(rm) .

Therefore 7 satisfies

cEwn PR(ra) 15"

det(_vyvxC@’N) ’ VxT) - vol(E) sin"Y(r,)’

(A.9)

with p% defined in (A.6). This implies that 7 : M — T M is a transport map from u to

1
W = JnXB(N,l)(U) dv,

where B(N,1) C Ty M denotes the unit ball in the tangent space, and dv is the Lebesgue
measure. Moreover one can show that 7 is the optimal transport map from p to vy, where the
optimality is with respect to the cost function c¢g : M x Ty M — R defined as

. dy(x,expy(W))2 — dy(z, N)?
1) o= i SO )

= Vyc(z,N) - v.
Observe that, if we write x = expy(v,) and define ¢y : TyM x TyM — R as

¢o(vz,v) = co(x,v),
then ¢g(v;,v) = —v, - v, so that the cost function ¢y seen on Ty M x Ty M is equivalent to the
Euclidean cost |v, — v[?.
A.4.2 Back to the proof

Regarding the second term in (A.8), we have

i Gl Ti(2)) = Clra)
A—0 A

= VyG(d(z,y)ly=~ - T (),
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while for the first term we have

%[AMA 4 Agel(z, Ta(x))] = —i 102 [V, Vol T (2)) - VoTa(@)] — — tra[Vy Voe(w, N) - Vo T]

as A\ — 0. Moreover
Vapr + Vec(z, N)

A

— —=VyVace(z,N) - T (x).

Therefore
/ —(VyVee(z,N) - T () - vy d" ' (2) = —/ try[VyVic(z, N) - V,T]dvol(x)
FE E
-0 -1) [ V6w p)lyex - T(@)dvol(o)
(A.10)

Now, let H : [0,7] — R be a smooth function, with H(0) = 0. We have
/ Y, H(d(, y)lyen - T(z) dvol(x) = / (VaV,ela, N) - V¥ H(rp)) - T(2) dvol(z)
E E
= /E(Vyvxc(x, N)-T(z)) - V*H(ry) dvol(z)

= H(ry)(VyVae(z,N) - T(3)) - vy " (2)
FE

- / H(ry)divy (VyV¥e(z, N) - T (z)) dvol(z).
E
We now remark that
div, (V,VPe(z,N) - T(2)) = VyApc(z,y)|y=n - T () + trz[V, VZe(z, N) - V,T]

Moreover

dy(,y) cos(dy(z,y))
sin(dy(, y))

= (n = DV G(d(z, y))|y=n-

VyApc(x,y)|ly=n = Vy [(n -1)
y=N

5

This implies
/E[VyH(d(%y)) +(n = DH(d(z,y))V,G(d(z,y))]|,_y - T (z) dvol(z)
= H(ry)(VyVac(z,N) - T(z)) - vg dA" " (z)
FE
—/ H(ry) try[VyVec(z,N) - V,T]dvol(z).
E
Let us impose

[VyH (d(2,y)) + (n — D H(d(z,9))V,G(d(@,y)]],_y = (n = )V, G(d(z,y)).
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This is equivalent to say that
H'(r)+ (n—1)HG (r) = (n—1)G'(r) for r > 0,

ie. ()
1—H(r)

As H(0) = 0, integrating the above differential equation we get

= (n—1)G(r).

H(r) = 1 — = DIGO-G)],
Observing that G < 0, we immediately obtain H(r) < 0, so that with this choice of H
(0 =1) [ 9,60 )y (@) dvol(o)
=/, H(ry)(VyVec(z,N) - T(2)) - vp dA" () (A.11)
- /E H(ry) trg[VyVc(z,N) - V,T] dvol(x).
Collecting all together we finally have
/F E—(VnyC(I,N) T (2)) - vpdA" Hz) = — /E tr,[VyV¥e(z, N)V,T]dvol(z)
— | H(ry)(VyVac(z, N) - T(x)) - vy dot™" " (2)
FE
+ /E H(ry) tra[V,V¥e(z, N) - V,T] dvol(z),
that is
/fE(1 — H(ry)) (=VyVaue(z, N) - T(z)) - vy d#" ()

= /E(l — H(ry))tra[-VyV¥c(z,N) - V,T] dvol(z),

which recalling the formula for H and G means

/ LIS (L9, Vaele, NY - T(@)) - v o™ ()
FE

= [ T v, e, ) -
=1/ e try[—V,Vie(z, N) - V,T]dvol(z),
E
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Using now the arithmetic-geometric inequality, we get
/ DGO -G (-7, Voe(x, N) - Vo T) dvol(z)
E

> TL/ (P DIGO0)=G(rz)] det|VyV$c(:U, N) - VI’TP/H dvol(z)
E

1/n 1/n n (n—1)/n
. / e(nﬂ){G(O)—cmncE/ wn!™ p () 0/
E vol(E)L/m sin(™=1/n ()

dvol(z).
Moreover, as |7| < 1in E,
/ (= DIG0)=G(re)] (—Vyvmc(x, N) - T(x)) vy dAT ()
FE
— / e(=DI[G(0)=G(rz)] (—vayc(x, N)- Vx) T (z) de%”n_l(x)
FE
< / L DIGO-CODI 7, Ve, N) - vg| dA™ N (a),
FE

and so we conclude that

/ (= DIG0)=G(re)] |VaVyc(x, N) - vy dA" ()
FE
1/n 1/n

0
Zn/e(n_l)[G(O)_G(%)]cE wn' "~ PR(ra)
E vol(E)/n Sin(”_l)/”(rm)

n—1
— nwl/n n[G(0)-G(ra)] (T "
nw, (/Ee <Sin(7“$)> dVOl(l‘)) ,

1n p(n=1)/n

dvol(x)

as wanted.

Remark A.1 The main difficulties to make this proof rigorous are in differentiating 7, with
respect to A in order to define 7, and then to deduce the properties of the limit transport map
from the ones of the maps 7). Although we believe that all this could be done using some refined
argument of measure theory and BV functions, we preferred in Section 3 to prove the result

working directly with 7", without any mention to 7).
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