CURVATURE AND DISTANCE FUNCTION FROM A MANIFOLD

LUIGI AMBROSIO AND CARLO MANTEGAZZA

ABSTRACT. This paper is concerned with the relations between the differential
invariants of a smooth manifold embedded in the Euclidean space and the square
of the distance function from the manifold. In particular, we are interested in
curvature invariants like the mean curvature vector and the second fundamental
form. We find that these invariants can be computed in a very simple way using
the third order derivatives of the squared distance function.

Moreover, we study a general class of functionals depending on the derivatives
up to a given order v of the squared distance function and we find an algorithm
for the computation of the Euler equation. Our class of functionals includes as
particular cases the well known Area functional (y = 2), the integral of the square
of the quadratic norm of the second fundamental form (v = 3) and the Willmore

functional.
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1. INTRODUCTION

In the last years, a large interest has grown in connection with geometric evo-
lution problems, also with motivations coming from the Mathematical Physics
(phase transitions, Stefan problem). A model problem is the evolution of surfaces
by mean curvature, which can be considered as the gradient flow of the Area func-
tional. Indeed, if M is a compact n-manifold embedded in RY without boundary,
and if @, is a family of diffeomorphisms of R" such that @, is the identity, then

d
o T (@M))], g = - /(H,X) dH"
M
where X = [®,],_, is the infinitesimal generator of ®;, H" is the n—dimensional
Hausdorff measure and H is the mean curvature vector of M.
This mathematical problem is intriguing because the appearance of singularities
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during the flow makes it necessary (with the exceptions of planar Jordan curves,
convex shapes, codimension 1 graphs) a weak approach to obtain a global in
time solution of the evolution problem. Starting from the pioneering work of
Brakke [2], a large literature is by now available on this subject (see for instance
Chen-Giga—-Goto [4], Evans—Spruck [12], Huisken [19], [Imanen [21] and the refer-
ences therein). The weak formulations are mainly based either on Geometric Mea-
sure Theory (currents, varifolds), or on the theory of viscosity solutions (the level
set approach of Chen-Giga—Goto [4], Evans-Spruck [12]). In the latter approach,
a crucial role (see for instance Ambrosio-Soner [1], Evans-Soner-Souganidis [11]
and Soner [30]) is played by the analytical properties of the distance function
d™(z) from the manifold (see also Delfour-Zolésio [8, 9]). For instance, in the
codimension 1 case n = (N — 1), it turns out that M, = 0U, flows by mean curva-
ture if and only if
di(z,t) = Ad(x,t) forz € M,

where d(z, t) is equal to the signed distance function from M;, i.e. d(z,t) = —d™t ()
if z € U; and d(z,t) = dMt(x) if x ¢ U,. Since the signed distance function
makes no sense in higher codimension problems, De Giorgi suggested in [5], [6]
and [7] to work with the squared distance function n* (z) = [d™ (x)]?/2. Setting
n(z,t) = nM¢(x), it turns out that (see Ambrosio-Soner [1]) the mean curvature
flow is characterized by the equation

(Vn)e(z,t) = A(Vn)(z,t) forx € M;

because —Vn(x,t) represents the displacement of = € M, and —A(Vn)(z,t) is the
mean curvature vector of M, at z.

One of the goals of this paper is a systematic study of the connections between
the analytical properties of n* and the geometric invariants of the manifold M.
In particular, in Section 2 we will prove that d*n* (z) and the second fundamen-
tal form B, of M are mutually connected for any € M by simple linear rela-
tions; in addition, for any normal vector p the eigenvalues of (B, p) on the tangent
space (in some sense, the “principal curvatures” in the direction p) are linked to
the eigenvalues of V2nM (z;) for points 25 on the normal line = + sp.

Our motivations are also related to the analysis of general classes of geomet-
ric functionals, including the Area functional and the Willmore functional (see
Chen [3], Simon [29], Weiner [32], Willmore [34])

F(M)= [ [H?dH".
/

More generally, functionals depending on the second fundamental form of M have
been widely investigated in the literature (see Langer [23], Reilly [26], Rund [27]
and Voss [31]). By our preceding analysis we see that in principle any autonomous
“geometric” functional can be written as

a1 FOO = [ £ (nthye it ) e
M

for some function f depending on the derivatives of n* up to a given order 7.
In this setting, the Area functional and the Willmore functional respectively corre-
spond to

1 /. n n
(1.2 N [ e, |3 i .
MBI M bk

One of the main result of this paper is a constructive algorithm for the computation
of the first variation of the functional F in (1.1). Specifically, under smoothness
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assumptions on f we prove that there exists a unique normal vector field Er such
that

d
af(ét(M))

- /(E}-|X} an"

t=0
M

for any family of diffeomorphisms ®, whose infinitesimal generator is X. In gen-
eral, Ex depends on the derivatives of n™ up to the order (2y — 1), and if f is a
polynomial the same is true for Er.

We carry out an explicit computation for the generalization of the Willmore func-
tional

Fo(M) = / [P dH".
M

In particular, in the codimension one case, we recover some of the results found
by the above mentioned authors (see Reilly [26], Voss [31]).

The advantages of our approach are its full generality and its independence by
the dimension and the codimension. However, it should be said that assumptions
like n = 1 or n = (N — 1) are very often important to get a manageable expression
for Er. Another difficulty is related to the fact that, in the codimension 1 case, any
symmetric functions of the principal curvatures is in principle representable as in
(1.1), but this representation is in practice not easy, with the notable exceptions of
|H|? and |B|?.

Another advantage of this approach is the possibility to consider also function-
als depending on the derivatives of B up to any order. To this purpose, in the final
part of the paper we consider the functionals

.....

(1.3) G, (M) = / SO P ane

M MLty

We already noticed that G, is a multiple of the Area functional; recently, De Giorgi
suggested in [6], [7] a parametric approximation of the mean curvature flow prob-
lem based on the gradient flow of the functionals G, + €G., with v > n+1 (in order
to gain a Sobolev embedding for the tangent spaces). For the evolution of curves,
this problem has been studied by Wen [33] with v = 3 and with a constraint on
length.

We notice that the function inside the integral in (1.3) is equal to 3|B|? for v =
3; assuming in addition n = 2, the functional G5 coincides up to multiplicative
and additive constants depending on the genus of M (see the discussion at the
beginning of Section 5) with the Willmore functional. For v > 2, computing the
leading term in the first variation of Eg we find that this term is equal, up to a
multiplicative constant, to the normal component of AM o ... o AMH, where the
Laplace-Beltrami operator AM on M acts (v — 2) times on H.

We now give a brief explanation of the main idea behind our proof of the first
variation in (1.1). Let us assume, for the sake of simplicity, that the function f in
(1.1) is smooth and depends only on V3n", as the second functional in (1.2). Let
M, := ®,(M) be the deformed manifolds; the classical parametric method consists
in the computation of

d

—B(z,t
dt (xﬂ ) =0
where B(z,?) is the second fundamental form of M; at ®,(z). Using the Area
Formula to carry the integrals from M; to M, also the derivative at ¢ = 0 of the

tangential Jacobian J®,(z) on M is needed.
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Still using the Area Formula, we proceed in a slightly different way: by the rela-
tions between V3n™ and B we basically need to compute the derivative

4
dt =0

where 7(-, t) is the squared distance function from ;. By the smoothness of n we
can reverse the order of differentiation to get
t_0> .

d
3 —
\Y ( 1@, t)
Computing n:(z, 0) in Lemma 4.5 we find that (1.4) is given by
=V (VM (@) | X (@ = VM (2))

where X is the infinitesimal generator of ®,. The same argument works with
higher order derivatives of 7, which correspond to derivatives of B.
We conclude noticing that, in principle, the method works also for second or
higher order variations: one needs to compute the derivatives

ok ok

777(55,15) ) 73]]”@)5(1‘)
otk 0 otk 0

However, in this paper we confine our attention only to first variations.

(1.4) Vin(x, t)

Acknowledgement . This paper is the fruit of many stimulating conversations
with Ennio De Giorgi, whose recent death has been a great loss for the whole
mathematical community. We would like to dedicate this paper to him.

2. SQUARED DISTANCE FUNCTION FROM A MANIFOLD

In all this paper, eq, . . ., ey is the canonical basis of RY, M is a smooth, compact
n—-manifold without boundary embedded in RN and T, M, N, M are respectively
the tangent space and the normal space to M at x € M.

The distance function d™ (x) and the squared distance function n™ (x) are respec-
tively defined by

4 (x) = dist(z, M), (@) = gl (@)

for any x € RY (we will drop M when no ambiguity is possible). In this section
we analyse the differentiability properties of d and n and the connection between
the derivatives of these functions and some geometric properties of M.

It is well known that d is a Lipschitz function with Lipschitz constant 1; more-
over, for any differentiability point x of d there exists y € M such that

2.1) Vd(z) = ——Y

|z =yl
provided z ¢ M. In particular, at any differentiability point x the minimizer y in
M is uniquely determined and we will denote it by 7 (). By the chain rule, we
have also

(22) [Vn()[* = 2n()
at any differentiability point of 7 (the identity is trivial if n(z) = 0).

The above mentioned properties are true even if M is merely a closed set (addi-
tional regularity properties of d are studied in [14, 17]). In general, only one sided
estimates on the second derivatives of d, n are available, based on the convexity of
the function A(z) = |z|?/2 — n(z), which can be represented by

1 2
max (zly) — 5 lyl”
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The function A which will be extensively considered in Section 4.

However, it is natural to expect higher regularity of M to lead to higher regu-
larity of d and 7 (see also, in the case n = (N — 1), [18, 8, 9, 16, 22]). Assuming,
as we do, that M is a smooth manifold, the following simple result can be proved
(see for instance [1], Theorem 3.1):

Theorem 2.1. There exists a constant o > 0 such that 1 is smooth in the region
Q={zeR" :d(z) <o}
Moreover, for any x € M the Hessian matrix V?n(z) is the (matrix of) orthogonal projec-

tion onto the normal space Ny M.

It should be remarked that d(z) = +/2n(z) is smooth on Q \ M but it is not
smooth up to M. In the codimension one case n = (IV — 1) this difficulty can be
amended writing M = OF and using the signed distance function

wr N d(z) ifx ¢ E;
(@) = {d(az) ifr e B

As shown in [1], in higher codimension problems the function 7 is a good substi-
tute of d*(z) in the analysis of mean curvature flow problems.
The following result is concerned with the Hessian matrix of  out of M.

Theorem 2.2. Let x € Q, let y be its projection on M and let
B(s) = V?n(y + s(z — y))

for any s € [0,d(xz)]. Then, the matrices B(s) are diagonal in a common basis, and
denoting by A1(s), ..., An(s) their eigenvalues in increasing order, we have

AN-n+1(8) = AN-nt2(s) = -+ = An(s) =1 Vs € [0,d(x)].

The remaining eigenvalues are strictly less than 1 and satisfy the ODE
K(s) = =Nl
fori=1,..., N. Finally, the quotients \;(s)/s are bounded in (0, d(z)].

Vs € (0, d(z)]

The proof of Theorem 2.2 (see [1], Theorem 3.2) is mainly based on the identities
NiNij = Ny, NikNij + MiNijk = Njks
obtained by differentiation of (2.2). Using the identity
V2 =dV?d+Vd® Vd

and using (2.1), it follows that also V2d(y + s(z — y)) is diagonal in the same
basis; in addition, one eigenvalue, corresponding to the eigenvector Vd(z), is 0,

(N —n —1) eigenvalues are equal to 1/s and the n remaining ones 81 (s), . .., 8n(s)
are bounded and satisfy
(2.3) Bi(s) = =B (s) Vs € (0,d()].

A straightforward consequence of Theorem 2.2 is the following result.

Corollary 2.3. Let x € Q, y = 7M(x) and let K, : RY x RN x RY — R be the
symmetric 3-linear form induced by d3n(z). Then

K, (u,v,w) =0
if at least two of the vectors u, v, w belong to Ny, M.
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3. SECOND FUNDAMENTAL FORM AND d377

In this section we analyse the connection between the second fundamental form
of M and d>1n. We begin with the definition of the tangential gradient VM f.

Definition 3.1. Let 2 € M, and let f be a C! real valued function defined in a
neighborhood U of x. The tangential gradient V f(z) is the projection of V f(z)
onT,M.

It is easy to check that VM f depends only on the restriction of f to M N U;
moreover, an extension argument shows that VM f can also be defined for func-
tions initially defined only on M NU. In a similar way we can define the fangential
divergence of a vector field and the tangential Laplacian of a function g:

k
@G divM X(z) =) VVMX'(2), AMg(z) = divM VM g(x).
i=1

By Theorem 2.1 we infer
(3.2) Vi f(z) = Py(2)V;f(z) with  Pi(x) = (8 —ni;(2)),
because 7;;(z) is the matrix of orthogonal projection on N,M. Notice that the
formula defining P;;(z) makes sense also on Q \ M: in this case, Theorem 2.2
implies
(3.3) P(z) : T,M — T, M, Ker P(z) D N,M
where y = x — Vn(z) is the projection of x on M. However, in general P(x) is not
the identity on T, M. Finally, we notice that P;;(z) = VMx; for any = € M.

Now we introduce the second fundamental form B and the mean curvature vector
H of M.

Definition 3.2. Letz € M, u,v € T, M and let ¢(y) be a smooth vector field
defined in a neighborhood U of z such that ¢(y) € T, M for any y € M N U and
¢(z) = u. The second fundamental form

B, : T,M x T,M — N, M

is defined by
dp, 1L
B.u,v) = [22()
where * stands for the projection on N, M. We extend B, to RY x R" by setting
B, (v,w) = B, (P(z)v, P(z)w) Vo, w € RY

and we denote by Bf;(z) = (B (e;, ¢;)|ex) the components on B, in the canonical
basis. Finally, the mean curvature vector H(z) is the trace of the second funda-

mental form: _
H,(z) = > B}().
J

The 3-tensor B, embodies all information on the curvature properties of M at
x, while H(z) is important in connection with the tangential divergence theorem
(see Theorem 4.2). It is well known that B, (u, v) is symmetric with respect to (u, v)
and that it can be computed by

N—n
(3.4) B, (u,v) = — Z (u| VMy* (z))™ Yu, v € Ty M,

a=1
where v, ..., vV " is any smooth orthonormal basis of the normal space to M in
a neighborhood of z.

For an extensive discussion of these results see for instance [10], Chapter 6.
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We now define a new 3-tensor C, with components (in the canonical basis)

Since for any « € M the matrix P(x) is the orthogonal projection on T, M, also C,,
is expected to contain all information on the curvature of M (see [20, 24]). In the
following two theorems we find that d®n(x), C, and B, are mutually connected
by simple linear relations. The proof of the first theorem is taken from [20].

Theorem 3.3. The components of B, and the components of C,, are related for any x € M
by the identities

(3.6) Bj;(2) = Poj(x)Cirm(x) = Pyi(x)Cjri(), Cijk = B (z) + B (2).
In addition, the mean curvature vector H(x) of M is given by
(3.7) H;(x) = Y Cua(x).

]

Proof. Letz € M, u = e;, v =ej and letu’ = P(z)e;, v = P(x)e; be the projections
of u, von T, M. Taking ¢(y) = P(y)e;, we have

[gﬁ: (2)] = Pjm(2)(Pir)m () r=1,...,N
so that, using the identity P? = P on M we get
Bij(2) = Pjm(2)[(Pit)m(2) = Pua()(Pit)m ()]

= VY Pi(z) = Pu(z)V) Py(x)
= Pu(z)V} Py(z) = Py(z)Cju ().

Now we prove the second identity in (3.6). Using the first identity in (3.6) and
the symmetry of P we get

BY(z) + Bl (z) = P;(x)Cin(x)+ Pu(x)Ciji(x)
= Py()V' Pu(z) + Pu(2) V) Py ()
= VM (Pju(x)Py(x)) = V¥ Pig(2) = Cijr().
Finally, we prove (3.7):

H;(z) = By (2) = Pu(2)Cha(x) = Y Cra(x).
l

Theorem 3.4. The tensor C, and d>n(z) are related for any x € M by the identities
1
38) Cijn() = =Pu(@)mju(),  nig(@) = =5{Cujr(@) + Cjrs() + Chij(@) }.

Proof. The first identity is an easy consequence of the fact that d?n(x) is the or-
thogonal projection on N, M. To prove the second one, we write (omitting the
dependence on )

Mgk = —Cijk + (0is — Pis)sjx = —Ciji + (0is — Pis)(—Cjisk + (05t — Pje)nstr)
—Cijk + (0is — Pis)(—=Cljsk + (05t — Pjt)(—Clhst + (0r1 — Pri)nse))
= —Cijk — Cjsi(0is — Pis) — Crst(0is — Pis) (950 — Pjr)
+(0is — Pis) (05t — Pjt) 6kt — Pra)nsti-
By Corollary 2.3, the last term is zero, so that (3.6) yields
Nijk = —Cijk — Cjri + CjouPis — Crij + CritPji + Clsj Psi — Crst Pis Pyt
~Cij = Cjri = Chij + Bl + By, + Bjy — PjuBiy.
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Since B(e;,e;) € N,M, P;B!, = 0; exchanging i with j in the above formula,
averaging and using the second identities in (3.6) we eventually get

1 i . ) .
Nijk = —Cijk — Cjki — Ckij + E{B? +BJ, + B}, + B} + B, + B}

J J 7

1
—i{Cijk + Cjki + C/“'j}.
O

We are particularly interested in the expression of H(z) as a function of d®n(x).
To begin with, we notice that (3.7) implies

Hi(zx) — Z Cru(z) = =P (2)nki () = —gix (z) + mig () ()
1
= —np(z) + %(Ulknlk)i(x)

fori =1,...,N. Since V?7(z) is symmetric, m;(x)m () coincides with the sum
of the squares of the eigenvalues of V?7(x). By Theorem 2.2, this quantity is equal
to n + o(|z — 2°|) near every point 2° € M, hence (n.mk)i(z) vanishes on M. As
conjectured in [5] and proved in [1], it follows that

3.9 H(z) = -A(Vn)(z) Vo € M.
More generally, using (3.6) and (3.8) we can write each component ij (z) of the
second fundamental form as a function of V37(z):
Bjj(x) = Pjn(@)Citm (@) = —Pjm(x) Pa(x)imrm (z)
= —(6im — Njm(2))Git — 03t (@) Muen ()
= Nijk(T) + Mg (@) Mkim () + i (@) 0851 () = i (@) 030 (2) M1k (2)
= Nigk (@) £ 1 (@) 0kim () + N (€)1 jom ()
(3.10) = (MimNmj () — 1)1 (2).

Conversely, using the second identities in (3.8), (3.6) we get
1
k() = —5{Cun(@) + Cjrs() + Cris (@) }
1 . ) , .
= —5{35(90) + By () + Bj.(z) + Bji(«) + By, («) + B (2) }
(3.11) = —Bf(z) - Bl (z) - B],(2).

We conclude this section with the analysis of the geometric significance of the
eigenvalues \;(s) in Theorem 2.2. Keeping the same notations of Theorem 2.2, let
zs = y + s(z — y), p = Vd(z); denoting by Ai(s),..., A\n(s) the eigenvalues of
V2n(zs) strictly less than 1 and by wy, ..., w, be the corresponding eigenvectors
(independent of s) spanning T, M, the following theorem holds:

Theorem 3.5. Foranyi=1,...,n we have

lim Aifs)

s—0t S

=\
Moreover, the numbers \; are the eigenvalues of the symmetric bilinear form
—(By(u,v)|p) u, v € TyM

and w; are the corresponding eigenvectors.
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Proof. By the remarks following Theorem 2.2, \;(s)/s are eigenvalues j3;(s) of V2dM (z).
Let 7 be the affine (n + 1)-space generated by 7),M and p and passing through .

In addition let ¥ C 7 be the smooth n—manifold obtained projecting U N M on m,

for a suitable neighborhood U of y, and let B, be the second fundamental form of

¥ aty. Viewing ¥ as a codimension 1 surface in 7, we denote (see for instance [10])

by A1, ..., A, the principal curvatures at y of ¥ (with the orientation induced near y

by p), defined as the eigenvalues of the symmetric bilinear form

(By(u,v)|p) u, v € TyX.

To prove the theorem, we first assume n = (N — 1). Under this assumption,
¥ = M and the property is a straightforward consequence of the well known
formula (see for instance [18], Lemma 14.17)

)\

fils) = 1—s)

Vs € (0,d(z)]

for the eigenvalues 3;(s) of V2d*(x) corresponding to eigenvectors in 7 (see also
(2.3) or [13]).
In the general case, we notice that, by Theorem 2.1, n* is smooth near y and
M.\ _ %
(3.12) lim sup M < 400
Z—Y, ZET |Z - y|
because X is obtained projecting M on the space 7 containing y 4+ T, M. By (3.12)
we infer
2, M _ 2,3
g VoM (s) = V¥ ()

s—0t S

=0.

Since the matrices are diagonal in the same basis, denoting by \;(s) the eigenval-
ues of V2n*¥(x,) corresponding to the directions w;, A;(s)/s converge to the same
limit of \;(s)/s, i.e., \;.

Finally, we prove the last statement. By (3.12) we infer

d* ™ (y) (u, v, p) = d*n*(y) (u, v, p) Yu, v € T,M =T,3,
so that (3.10) yields
<By(“a U)|p> = <Ey(u7v)‘p> VU, NS %M

because p € N,M N N,X. This proves that \; are the eigenvalues of —(B,|p) and
that w; are the corresponding eigenvectors. O

Remark 3.6. In particular, the sum of the eigenvalues j3;(s) = \;i(s)/s of V2d(zs)
converges as s — 01 to —(H(y)|p). This property, already proved in [1], has been
used to extend the level set approach (see [25, 12, 4]) to the evolution of surfaces
of any codimension.

4. FUNCTIONALS DEPENDING ON THE DISTANCE

In this section we use the squared distance function 7 to compute the first vari-
ation of several geometric functionals. For our purposes, it is technically more
convenient to work with the convex function
_ el = (@)
= 5 ,
smooth in the “tubular neighborhood” 2 of the manifold M introduced in Theo-
rem 2.1.

AM(z) = ol — n(a)
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The greater convenience of AM can be explained noticing that V2AM (x) is, for
x € M, the projection matrix on T, M, and this quantity often appears in the com-
putation of tangential gradients. For the reader’s convenience, we reformulate
now the results of the preceding sections in terms of A™M:

Proposition 4.1. (a) For any z € Q, VAM (z) is the projection y = 7™ (x) of x on M.
In addition V2 AM (z) is zero on Ny M and maps T,M into TyM. If x = y € M, then
V2AM () is the matrix of orthogonal projection on T@.M ;

(b) for any x € Q, the 3—linearform K, : RF x R* x RF — R given by

(u,v,w) E A”k UiV Wi
ijk

is equal to zero if at least two of the 3 vectors u, v, w, are normal to M at VAM (x);
(c) for x € M, the second fundamental form B, and the mean curvature vector H(z) are
related to the derivatives of AM () by

(4.1) ij(ﬂf) = A%L(x)A%(x)A%m(x) = (5kl - A%(z)) Az]lv
(4.2) Z AM (z
(4.3) VM AN (2) = B (2) + B, (2).

Proof. The first statement follows by Theorem 2.1 and the second one by Corol-
lary 2.3. The first equality in (4.1) and (4.2) follow by (3.9) and (3.10). The second
equality in (4.1) can be obtained multiplying in (3.11) by (I — VZAM). Finally (4.3)
is a restatement of the second equality (3.6). O

In this section we will consider functionals F defined on the class of smooth
n—manifolds M (compact and with no boundary) of the following kind:

(4.4) / F(AM ) amn(x)

assuming that the smooth functlon f depends only on a finite number of deriva-
tives of AM, of order at most s. For the sake of simplicity we assume that F is
autonomous, i.e., f does not depend on VAM (z) = x. Notice that in this way we
can define every functional depending on the curvature, using the relations (4.2).

4.1. Area Formula and Divergence Theorem. For a general smoothmap ® : M —
R* we can consider the tangential Jacobian,

TMO(z) = [det (dM* o dM®,)]"
where dM®, : T, M — RF is the linear map induced by the the tangential gradient
and (dM®,)" : R¥ — T, M is the adjoint map.
Theorem 4.2 (Tangential Divergence Theorem). For any smooth vector field X defined
on M the following formula holds:
/ divM X dH" = — / (H| X) dH".
M M
A simple consequence of this theorem is the equation,
/fAMgd’H" = /gAMf dH".
M M
Another fundamental result is the following Area Formula.
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Theorem 4.3 (Area Formula). If ® is a smooth injective map from M to R¥, then we
have

(4.5) / fly)dH™(y / f(@(x)) MO (x) dH™ (z)

o(M)
for every f € CO(RF).

For detailed discussions and proofs of these and of related facts we refer to the
books of Federer [15] and of Simon [28].

4.2. First Variation. We can now study the first variation of the general functional
(4.4) deforming the manifold M along some vector field X.

Let ®,(z) be a smooth one—parameter family of diffeomorphisms of 2 in itself,
with ®( equal to the identity. Thatis, ® : R x 2 — 2 is a smooth function acting
on the manifold M and giving a deformation M; = ®,(M ) which is clearly again a
smooth n—-manifold. We want to compute the derivative of F(M;) att = 0, i.e.

d M, M, n
(A A ) e a)
M,

t=0
The main result of this section is the following:

Theorem 4.4. There exists a unique vector field Ex(AM) such that

(4.6) @f (M)

= [ (B (4) | dn"

t=0
M

for any family ®, whose infinitesimal generator is X. Moreover Ex(AM) is normal and:
(i) if f depends on the derivatives of AM up to the order ~y, then Ex(A™M) depends on the
derivatives of AM up to the order (2y — 1);

(i) if the function f in the functional (4.4) is a polynomial, then Ex(AM) is a polynomial
in the derivatives of AM;

(iii) if v = 2 in (i), we have

Er (AM) = —f (AYYH -2 (VY 65 + ¢ H;) €] + 2¢4;B5 e
where ¢;j(x) = Of OAM (x) and e = (I — V2 AM)e; is the normal component of e;.

By the same argument leading to Theorem 2.2, choosing 2 small enough we can
assume that for ¢ € (—¢,¢) all the manifolds M; are contained in 2 and that the
function A*(z) = AMt(z) is a smooth functionin ¢ € (—¢,¢) and x € Q.

Applying the Area Formula 4.5 to the map ®; : M — M; we can rewrite the
derivative as

dt/f iris (Pe()), - A;l_"jw(q)t(x))) JM(I’t(ﬁﬁ) dH" (z)

=0
where JM &, (z) denotes the tangential Jacobian on M of the map ®;.
Hence, carrying the derivative under the integral sign, we find out

d of d

— F (M) At ® "

7| /ZMMﬁ @)| (@)
+ / FaM A ) 4 g, )| dmn ().
1227 1 dt 0
M
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where « is a multiindex such that |a] < 7.
Now, the derivative of the Jacobian is simply the tangential divergence of its in-

finitesimal generator field X (z) = %gm) . and the derivative of the function
[AL (®,(x))] can be expressed by -
t 0A; M
L@@ =L@+ (A @) X))
t=0 t=0

Using the fact that the function A*(z) is smooth, we can exchange the order of
differentiation in the middle term of this equation to get

agg( a| - Da{gtAt( )t_o}.

To go on, we need to compute the derivative of the function A’(x) att = 0.

Lemma 4.5. Under the above smoothness assumptions, we have

47) D@ = VAV (@) 2| X(VAY (@)

t=0

where X is the infinitesimal generator field of ;.
Proof. We consider a point 2 € 2 and we define y = 7™ (x) € M and z = ®,(y) €
M;. We have d?(xz, M) = ||z — y||? and d?(z, M;) < ||z — z||?, hence

AMe(z) — AM(z) 1 d*(z, My) — d*(x, M)

t 2 t

eyl —llz =2 _ (-yl2r—y—2)

2 t 2t '
Now z —y = ®,(y) — y is infinitesimal as ¢ — 0, moreover

®y(y) =y + tX (7" (2)) + o().
Then the last term of the equation above tends to
(X(x¥ (@) |2 = 7 (2)) = —(VAY (2) — 2| X (VAY (2))).

This proves that

AMi(z) — AM (z) S

; >
Now, using a similar reasoning with y = 7*¢(x) and z = ®, !(y), we obtain the
opposite estimate

—(VAY (2) — 2| X (VAY (2))).

lim inf
t—0

Mi(,\ _ AM
hmsupA (z) - A (I)S

nst : ~(VAY (@) — 2| X(VAY (2)

and this proves the lemma. O

We can now write the following general formula

d
i)

I LR N I BT

/ > g (VA (@) X)) a0

/Z aAM *(VAY (2) — 2 | X(VAM (2)))] dH" ().
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Applying the tangential divergence theorem 4.2 to the first term and adding to-
gether gradient and tangential gradient of the functions A™ we get

d n
=F /f (A2, AN ) (HX)an
1AM n
48) /§ :8AM (VEAM | X) dH

/ >3 i D [(VAY (@) =2 X(VAY (@)] " ()

recalling that H is the mean curvature and that the sign “” denotes the projection
on the normal space to the manifold M.

It is now clear that the only problem to get to the Euler equations for F relies on
the computation of the last term, and in particular on the study of the derivatives

(4.9) D> [(VAM (z) — 2| X (VAM (2)))] .

Before proceeding to the computation of (4.9), we want to make some remarks
on the first variation:

Proposition 4.6. The first variation of the functional (4.4) depends only on the values on
M of the infinitesimal generator X. Moreover if the vector field X is tangent to M, the
first variation is zero.

Proof. Since VAM (z) € M for any = € €, (4.8) clearly implies that the first vari-
ation depends only on X|;;. If X is tangential, the first term is zero because
H(z) € N, M, the second one is clearly zero and the last one vanishes because
VAM (z) — z is normal to M at VAM (z) for any z € Q. O

Since (4.8) is linear in X, splitting X (z) in P(z)X (z) and (I — P(x))X (x), we
can assume in the following that X () is normal to M at VAM (z) for any z € .

Now we go on with the study of the equation (4.9) assuming that the multiindex
a is described by (i1, ... i,) with v > r > 2. We can distribute the derivatives on
the two terms inside the scalar product. If all the derivatives act on the right term
in the scalar product the result is zero, because the quantity VAM (z) — z is zero
on the manifold M. If all the derivatives go on the left term, it is simple to see that
we obtain exactly the second term, with the opposite sign, in equation (4.8) which
simplifies. So we study the terms with at least one derivative on X (VA (z)) and
at least one on VAM (z) — x.
Forgetting the term on the left in the scalar product, which will produce functions
of kind A;‘f . j,» we reduce ourselves to study the derivatives of functions of the

type o(VAM(z)) at points of M, where ¢ : M — R.

Proposition 4.7. For every multiindex B the derivative DP[p(VAM (x))] can be ex-
pressed on M by a sum of terms

g(m)V% o V% 0...0 le-‘l/[go(x)

with | < |B| and with the functions g being polynomials in the derivatives of AM up to
the order |B] + 1.

Proof. We fix a notation, denoting by V f(z) the projection of the gradient of the
function f on the tangent space of M at the point 7 (z) even if z ¢ M. This vector
clearly coincides with the tangential gradient if z € M.
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We prove by induction on n = ||, that every derivative can be written as a sum of
terms of the following kind:

(4.10) g (AM) VY oVt o [ o VMp(VAM (2))

for x € Q,1 < n and where g (AM ) denotes a function of the derivatives of AM up
to the order (n+1) (here we tangentially differentiate ¢(y) ! times and we evaluate
the derivatives at VAM (7)).
If n = 1 we have only one derivative, hence
0

81‘1‘
By the properties (a) of V2A™  in the equation above we can consider V¥ ¢ instead
of Vi, and the first case of the induction is achieved.
Now, assuming the proposition true for (n — 1), to get the induction step we have
to differentiate with respect to x; a formula like (4.10). If the additional derivative
V; acts on g (AM) it does not matter, while when it acts on the other factor we
apply the same reasoning of the case n = 1 to get a term of the form

g (AM) AM )V o V?f o V% °o...0 V;-\;IQO(VAM(Q:)).
Finally, if « belongs to M we have VAM (z) = x and the statement follows. O

[o(VAY (2))] = Vip(VAM (2)) AR (2).

Proof of Theorem 4.4. The uniqueness of Ex(AM) easily follows by the possibility
to choose ®,(z) = = + t X (z) where X is any vector field.
We first consider the special case v = 2, that is, functionals depending on the
tangent space of M. In this case the Euler equation easily follows by formula (4.8),
using the argument of the case |3| = 1 in Proposition 4.7:

d
77 0m)|

/f (AY) (H|X)dH"

0
8AJ§VI (Al (z) = bis) VX5 () dH" ()
M

0
- [ 2 (k@) - 53) VXX @) a1 ),
ij

M
Defining ¢;; as in the statement of the theorem and using the tangential divergence
theorem we find out

—]-" Mt /f ) (H|X)dH"

+ / [61(x) (AF (2) = 6is) Hj(2) + V" (i3 () (AT () — 8i)) ] X°(2) dH" ()

M

+ [ [5(e) (Al (o) = 63) Hila) + V(615 () (Al 2) = 63.))] X () dH" ).

M

Finally, using the orthogonality of X we obtain (4.4).
In general, the existence of Ex(AM) and its computing algorithm are described
by the following steps:

o Step 1 We distribute the derivatives on the two terms in the scalar product
in the last line of (4.8), avoiding to have all the derivatives acting on one
alone.

e Step 2 Write the derivation operator on the field X in terms of tangential
gradients, following Proposition 4.7.
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e Step 3 Bring derivatives away from the field X, using the identity fVM X* =
VM(fXx*) — X*VMf, and then the tangential divergence theorem 4.2 to
exchange the integral of VM (fX*) with the integral of —H, f X*. Iterating
this procedure we get to an expression g°X*, which we are interested in.

In particular, we obtain that Ex(A*) has a polynomial dependence on the deriva-
tives of AM if the same is true for f. Applying Proposition 4.7 to expressions like

of
HAM

with 8+ 7 = aand S, 7 # 0, one finds terms of the following form

9o (2)Vi o o VY X (2)

[(DP (VAM(2) — z) | DT X(VAM (2)))]

with g, depending on the derivatives of A* up to the order |a| and | < |a| — 1;
integrating by parts we obtain terms depending on the derivatives of A up to
the order [ + |a|. Since ! < |a| — 1 and |a| < 7, we get terms with derivatives of
order at most (2y — 1). O

5. EULER EQUATIONS FOR SOME PARTICULAR FUNCTIONALS

In this section we study and compute effectively the Euler equations Ex(AM)
in some cases. We will consider the following functionals:

G1)  F(M) = / H? K, G, (M) = / ST AMP g
M

M lel=y

defined on compact, smooth n—manifolds M embedded in RY with OM = 0.
The function H appearing inside the first integral is the mean curvature vector of
M that, as we remarked, can be expressed by A (VAM). The Willmore functional
corresponds to the case of surfaces in R? with p = 2, for further references on this
topic see [34]. We also notice that for v = 2 the functional G, reduces to nH{" (M),
whose first variation is —nH.

If v = 3, by (3.11) the functional G, is equal to 3 times the integral of the square
of the quadratic norm of B. By the Gauss—Bonnet theorem, in the case n = 2,
N = 3 the functionals F; and G3 are proportional, because the deformation does
not change the genus of the manifold and |B|? is equal to [H|?> — 2\; A2, where
A1, Ag are the principal curvatures. In particular, in this case we have Eg, = 3 Er,
(see also Remark 5.3).

5.1. Codazzi-Mainardi’s Equations. In the computations of this section we will
need the following result.

Proposition 5.1. At every point of the manifold M, the following relation holds,
VBl - VV'B, =%, {BL V)P, - BLV)P,
+B,, VMP,, — BL,V) P,
+B;, VY P, — B, VMP, }.

For a proof of this proposition, consult the book of Do Carmo [10] at Chapter 6,
Section 2.

Remark 5.2. We notice that in the codimension one case this relation becomes very
simple: denoting with v a locally smooth, unit normal vector field and with B
the symmetric bilinear form (B|v), we have

VlMB?k - V;'WBz‘Vk- = Vj [By]fk — Vi [By]ik .
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Moreover, setting in this formula j = k and summing over the index k, we get the
equation

(5.2) Y. VUBY = VMH + ;B2
where H is (H|v) and B? is the square of the quadratic norm of B”.

5.2. First Variation of 7,. We have seen in (4.8) that the first variation is expressed

g7 = [ mp ) o
M
(5.3) + / (VEHHP | X) dH™

M
—pY_ [ HP?ARDY [(VAY (2) — 2| X(VAY (2)))] dH"(2).
il M
By Proposition 4.6, we can assume that X (z) is normal to M at VAM (z) for any

x € Q. Studying the last term and distributing the derivatives in the scalar product
we obtain the following:

o With 3 derivatives on the left term we get

- [ ) o
M

that simplifies with the second term in (5.3).
e 3 derivatives on the right term give zero, because the function VAM (z) —
is zero on M.
o 2 derivatives on the left term,
“p [ P2 A (DY (VA (0) ~ 0) | VY X (@) dH" (2)
M
pr/ H[P? AY(DY (VA (z) — 2) | V) X (2)) dH" ().
M

The first term is zero because A}! is a normal vector and VM X is a tan-
gential gradient. The second one, using the tangential divergence theorem
can be expressed as

% / HP 2 5 AM(VAY (2) | X (2)) dH" ()
M
+2p/v§4 {[H[P~> AJJAMN } X5 dH".
M

Finally, by the fact that the 3—tensor Af‘fk gives zero when applied to the
two normal vectors A}f and H; (see Proposition 4.1(b)), we get

Qp/V?/[ {HP>H;A}M} X dn™.

M
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e 2 derivatives on the right term,

—p/|H|p 2AN D" (VAM (z) — zy) DV [X*(VAM (2))] dH" ()

_ap / HP~2 A DI (V,AM (2) — 2,) D [XS(VAM (2))] dH" (2).

Using an orthogonality argument like above, we see that the second of
these two terms vanishes, while the first one gives

/ [ELp 2Asua {AY (@) AN (VAM (2)) X} (VAY (2))} dH" ()

—p / P2 A AM( {A% VAM (2)) X3 (VAM (2))} dH" ()

73T

+p / B2 A AN, () AN (VA (0) XE (VA (0) 1" (0
= / HP 2 AR Y 0 VX (@) M (o / HP 2 AYAY X a1 (0)

where we used extensively Proposition 4.1(a) and in particular the identity
AN (2) AN (VAM (z)) = A} (x). Substituting AL} with H, and using the
properties of the tangential Laplacian, this final term is equal to

p/AM (H[P~2H,) X*dH".

Finally, adding all these results together, we get

d

dt]: (M)

—/|H|p (H| X) d’H"+p/AM (H[P*H;) X' dH"
t=0 y

+2p/V§-\/l{\H\p PHAYN X AN,
M

Using the orthogonality of X and Proposition 4.1(b) we can simplify again the last
term to get
2pe; VT {[HPPH A} = 2pe; [HP VY {H AN}
Now we have,
e VY {H,AY} = ¢ V) {H,B};} = ¢ H,V)'B;

YE
and using the relation of Proposition 5.1,
e VB =B,V Py

hence, substituting this quantity in the equation above, the term we are dealing
with becomes
H,B V' P, = H,B A}, =

M =H°B,Bj,.

Then we get the Euler equation of 7,

(54)  Er, = —[H"H+2p[H"H°B},Bje; + p AY (HP T H) e,

where we denoted by e} = (I — V2AM)e; the normal projections of the vectors of
the canonical basis of RV,
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In the codimension 1 case n = (N — 1), we have a scalar form of the Euler equa-
tions. Indeed, considering the classical second fundamental form B” = (B|v),
locally we can write X (z) = ¢(x)v(z) and B}, = 1,BY,, hence H(z) = H(x)v(x),
with v smooth unit normal vector field and ¢ in C*°(M).

The equation (5.4) becomes

(Ex, | X) = — |H|PHp + 2pp|H|P~2H Trace [B"]* + ppAM (|H[P"2 H)
+ py |H|p_2 HWAMW

where we used the fact that v; VM, is equal to zero because v is a unit vector field.

By the same reason v;AMy; = —(VMy,|[VMy) = =3 |VMy, ? which is the
square of the quadratic norm of the bilinear form B”, indeed, by (3.4) we have
(55) BILJJ = —Vi-wyj = —V;Wyi.

The term Trace [B¥]” is clearly also equal to |B|?; if we denote such quantity with

B?, then we can write
Er, = [~|HPH +p |H" > HB?> + pAM (|HP~2 H)]v.
In particular, setting p = 2 we have the nice equation (see [34])
Er, = 2AMH +2HB?> - H*|v
corresponding to the Willmore functional.

5.3. First Variation of G,. The other functional we are interested in is

56) 6,() = [ 37 |aYPan

M lel=y

as usual defined on compact n-manifolds in R with M = (). By the remarks at
the beginning of this section, we can assume vy > 2. We perform the full computa-
tion of Eg_ only for the case v = 3 in codimension 1, in the general case we only
study the part of Eg, containing the greatest number of derivatives of the function
AM.
Reasoning like in the previous example, the first variation is given by
d

—G3(My)

ﬁ —— [ 1Ak ) ane

t=0

a M
-2 / A ANV XS dH”
M

-2 / AM(AY = 6:) VYV XS dH”
M
and permuting cyclically the indexes ¢, j and k in the last two integrals. Hence this
gives,
d

%93(Mt)

=- 3/B2<H|X> dH™
t=0 i

vE

+6/v,¥ (VAN AN ) X* an”

M
+ 3/A§§fk (6is — AY) (V) oV + Vi o V) X5 d™.
M
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Now we use the fact that A = §;; — v;v,, moreover we set H = Hv and X = ¢uv.
Substituting these quantities in the formula above and simplifying the terms equal
to zero by orthogonality, we obtain

d

2Gs(My)

=-3 / @0HB? dH"
t=0
M
6/<pAM (viv;) VMu; dH™
M

76/¢vk (viv;) VI Awsy.g dH"

M

—3/VM1/k VIV +Viiviie) an”

-3 / oV vvs (VY v + VIV L) di™.
M
Indeed, using the properties stated in Proposition 4.1, we can compute

<,0V£ ( AMA%Q) Vg = fgoV,ICV[ (nyViVJVMAM + Vi VJVZV;-\/IA%) Vg
= oV {(Vi'wi) (Vi've) + (Vi'vy) (V5ve) f o
=2 (Vi'ws) (VMvs) (Vi'vs)

Hence we have

d
£g3(Mt)

t=0

3/<pHB2 dH™ — 12/ (Vk Vz) (Vk VJ) (vﬁwl/j) dH"
M

M

=3 [ VY (VY o+ VIVYe) di”

+6 [ (Vi) (VY¥v) (Vlvs) dn”

=3 [ pHB*dH"

Se— B — i\

—3/v§4uk (ViVio+ ViV e) di”

— 6/<p (Valws) (V3u) (V) dH™.
M
We introduce now the following elementary symmetric functions of the eigenval-
ues \; of B” = (B|v),
St: Z )‘il)‘iz"')‘if,v fOI‘tSTL
i1 <i2 ... <it

and we define S; = 0 for ¢ > n. The last term in the equation above can be written
as

(VM) (Vi) (VMy;) = — Trace B Z A2
Using the formula

St =2\ + A3+ ... +22) +351[S] — 283] + 653
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and recalling that H = &; and 87 — 28, = B?, we have
2N+ N+ ...+ X3 =H® —3HB? +68;.

Substituting this term in the equation above, we get

d
2 93(Mt)

= 3/<pHB2 dH" +3/ng (ViIVio+ VIV o) dH”
=0 M M
+18 / ©SsdH™ — 3 / CH?dH™ + 9 / ©HB? dH",
M M M

and finally

% / B?dH"| =2 / 0HB?dH" +6 / ©S3 dH"™ — / OH3 dH"
M

t M M

=0 M
+/B;k (ViVio+ ViV o) dH".
M

Now, to conclude it is sufficient to show that the last term of the formula above is
equal to

2/¢AMH aH".
M

This can be done with the help of Codazzi-Mainardi’s equations, in particular
using the relation (5.2)

/ng VIV pdH" = —/VJMB;,CV,QIWH”
M M
= f/ (VMH + v, B?) Vil o dH" = —/V%Hvk%d%”
M M
:/gov;”vf,yﬂd%" = /@AMHCZH".
M M

Hence the Euler equation of the functional G (three times the integral of B?) is
given by

Eg, =3 [2AMH + 2HB? — H® 4 683 v.

Remark 5.3. As we noticed that B?> = H2—28,, we have also that the Euler equation
of the functional

Lo(M) = / Sy dH™
M

in codimension 1, is given by
E Lo = —383 V.
For a complete discussion of Euler equations of functionals depending on the ele-

mentary symmetric functions of the eigenvalues of the second fundamental form,
see [31].
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Theorem 5.4. For any v > 2 the Euler equation of the functional G, is given by

Eg, =2y(-1)7"! Z (AZIM AN AT, ...im> ef +g(AM)
Grio ko oo in, ks
N (v — 2)—times
(5.7) =2y(=1)7' ) [ AMoAMo . o AMH; | ef + h(AM)

j=1

where the vector fields g(AM), h(AM) are polynomials in the derivatives of AM up to the
order (2 — 2).

Proof. We follow the line of proof of Proposition 4.7 and we notice that, by Propo-
sition 4.6, we can assume that the infinitesimal generator X is a normal vector
field. We have seen (see (4.8)) that the term with the highest number of derivatives
arises from the integral

9 / AM L Diein (Y AM (2) — | X(VAM (1)) dH" ()
M

when all but one of the derivatives D% act on the field X. We suppose that the
only derivative going on the left is D’. Hence, we have to study

-2 / AN (A (@) = Giyx) D [XE(VAM (2))] dH (2).
M
After doing the first derivative on X (VA (z)) we get AM () (V} X*)(VAM (2));
it is clear that if we are only interested in the term containing the highest deriva-
tive, we can avoid to distribute derivatives on A% ;(z) and then consider only the
term containing the derivatives of the field. Iterating this argument we get
2 / AN LAY () = 5) AN AM OM o o UM XK () dHn (x).
M
Now we have to apply the tangential divergence theorem 4.2, noticing again that
if we are interested only in the highest derivative term, so we can limit ourselves
to differentiate the term A} i~ Moreover, since we apply the theorem with tan-
gential fields, no term containing H appears. After doing this we obtain
(—1)72/ [v% o ... oVMAM

by

| (A= 6i) AN AN X (@) dH ().

1y~ 1272
M

Using the orthogonality of X we get
21 [ [V o oV (VaAM), ] AN LAY, X @) K o),
M

Hence, performing the tangential derivatives and adding on all indexes we get the
first equality in (5.7).

To get the second equality, we apply in the inverse direction the derivative of a
product formula to carry inside the components of the projection A, , in order to
obtain the tangential Laplacians. Notice that, with a reasoning similar to the one
above, in doing this we only introduce terms with an order of differentiation at
most (2y — 2). In this way we obtain

(v — 1)-times
N

Bg, =2y(—=1)""' Y | AMoAMo . o AM(V;AM) | ef + h(AM).

j=1
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The last step in proving this representation formula for G, is to show that H(z) =
AM (VAM) (z), at every z € M. We have

AM(AM) = Vi (A}]) = Bjy + Bj; = H; + B,
where we used the relation (4.3). To conclude it is hence sufficient to notice that
Bf, = 0 by orthogonality. O

Remark 5.5. We remark that in the two expressions above for the leading term, we
cannot substitute eil with e;, because of the fact that neither the first nor the second
are in general normal vectors. This can be seen considering a torus T in R® with

the biggest radius equal to 2 and the smallest one equal to 1, for instance that one
defined by

T = {(2 - cosv)cosb, (2 — cosv)sinb,sinv) € R* | (v,0) € R*}

and computing these two vectors in the first meaningful case v = 3 at the point
(2,0,1) on the top of T'.
The function n” for the torus is given by

n"(z,y,2) =% [\/(\/x2+y2—2)2+z2—1r.

Setting
2
xT,Y,z
Az, y,2) = AT (z,y,2) = w _

and using the Mathematica' package we computed

E Aoy Aighs Ajinkoisks = Aji111 + 2450011 + Ajoooo

12,k2,13,ks

n"(z,y,2)

with j = 1 at (2,0,1) and we found the value —3, hence there is a tangential
component in the leading term of the first representation in (5.7).

For the second term we show the computation explicitly. We have that AMH, =
AM (Huy;), hence

AMH; = y;AMH +2(VMy; | VM H) + HAy;
= uAMH + 2V VT H + HVY' VY
=uy,AMH 2B, VM H - HVYBY,.
Now we apply the relation (5.2) to the last term in the equation above to get
AMH,; = y;AMH - 2B VY H - HVMH — v, HB?
=v; (AMH — HB?) — (Hé;, + 2BY,) Vi H.

Since at the point (2,0,1) of the torus 7" we have Bf; = 1 and B3, = 0, hence
H = 1, the vector ¢;AMH, has a tangential part given by

(5.8) —3(VMH)e; — H(VY H)e,.
The quantity H = (H | v) in a neighborhood of the point (2,0, 1) is
2
H(z,y,2)=2— ——
Va2 +y?
then

zey + yes

I Mathematica is a registered trademark of Wolfram Research.
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At the point (2,0,1) we have

1
VH(2,0,1) = 361 = VMH(2,0,1)

because the gradient is a tangent vector.
This, with the (5.8) shows that e;AH; can have a non zero tangential component.
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