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ABSTRACT. New L!-lower semicontinuity and relaxation results for integral functionals defined
in BV(Q) are proved, under a very weak dependence of the integrand with respect to the
spatial variable x. More precisely, only the lower semicontinuity in the sense of the 1-capacity
is assumed in order to obtain the lower semicontinuity of the functional. This condition is
satisfied, for instance, by the lower approximate limit of the integrand, if it is BV with respect
to x. Under this further BV dependence, a representation formula for the relaxed functional is
also obtained.
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1. INTRODUCTION

In this paper we study the L!-lower semicontinuity and relaxation of an integral functional of
the type

F(u):/Qf(x,u(x),Vu(x))dx,

where u is a scalar function from W1!(Q), and of its BV counterpart

DCu ut(z)
F(u) :/ f(m,u,Vu)dac—i—/ I (x,ﬂ, >d]DCu] +/ d’HN_l/ 1, 8, vy (2))ds .
Q Q | Deul JunQ u= ()

In recent years there has been a renewed interest in these topics since many authors ([19], [25],
[22], [26], [15], [13], [24], [23], [14], [2], [3]) have studied the lower semicontinuity and relaxation
of F and F with the aim of lessening the regularity assumptions on f with respect to x.

In searching weaker conditions on f which still guarantee the lower semicontinuity essentially two
kinds of assumptions are considered in the above papers (beside the natural requirements that
f(z,s,€) is convex in £ and continuous in s). Either f is assumed to be lower semicontinuous in
x, uniformly with respect to (s, &) (see e.g. [19], [23]), or f is assumed to be weakly differentiable
(see [25], [22], [15], [13]) or even BV in x (see [14]).

In this paper we address the lower semicontinuity and relaxation issues under different assump-
tions on f. To illustrate them let us consider the model case where f(z,&) = a(x)p(§) and
p: RY — [0,+00) is a convex function. In Theorem 3.1 we prove that if a : Q — [0, +00) is
lower semicontinuous in the sense of 1-capacity (see Section 2.4), then F is L!-lower semicon-
tinuous in BV(Q). As far as we know, this is the first result of this kind where capacity plays
a role as an assumption on the integrand. Moreover, Theorem 3.1 is an extension of the result
proved in [19], which requires a to be lower semicontinuity in the classical sense. Notice also
that if a is a BV function, then it can be proved that its lower approximate limit ¢~ is lower
semicontinuous in the sense of 1-capacity. Thus our result implies immediately those proved for
instance in [25], [13] or in [14] where a is assumed to be in W11(Q) or in BV(Q), respectively.
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The assumption that a is a BV function is also a key point in finding the relaxed functional
with respect to L'-convergence of

(1.1) u e WhH(Q) — / a(x)p(Vu(x)) dz.
Q

In fact, as stated in the first part of Theorem 1.1 below, we have that if a € BV(2), the relaxed
functional of (1.1) in BV(Q) is given by
DC
(1.2) / a(x)p(Vu)dx —|—/ a(:v)p"o( Cu >dDCu\ +/ (ut —u")a™ (2)p™(vy(z))dHN L.
0 Q | Deul JunQ

Notice that the lower semicontinuity result and the representation formula for the relaxed func-

tional of (1.1) are obtained under different assumptions on a. This is not the case when dealing
with one dimensional functionals. In fact, it can be proved as a consequence of Example 2 in [7]
that, given any Borel function a, the functional

(1.3) /Qa(x)p(u’)d:r—i—/Qa(x)poo(|gzz|)d]Dcu]+ Z a(x)p™(u(z+) —u(z—))

€ J,NQ

is L'-lower semicontinuous on BV if and only if a is lower semicontinuous and that the relaxed
functional of (1.1) is represented by (1.3) with a replaced by its lower semicontinuous envelope.
However, in higher dimension things are more complicate. Indeed, examples can be given of
functionals of the type (1.1) whose relaxed functional is given by a functional of the type F
where the integrand f is not the product of two functions of x and £ (see [1, Section 8]).

In the case of a general integrand f our Theorem 3.4 states that a (uniform) lower semicontinuity
of f in the sense of 1-capacity is still sufficient for the functional F to be lower semicontinuous.
This result is obtained by combining in a delicate way two different approximation techniques:
the first one was developed in [11, Section 1] in the context of capacity theory and the second
one was introduced in [23] to approximate lower semicontinuous integrands, convex in the last
variable.

On the other side, as in the model case, the BV dependence of f with respect to x turns out to
guarantee that the relaxed functional F' of F is less than or equal to F, provided that we choose
(f*°)~ as representative of f*° in F. Notice in fact that the values of F are clearly affected
by the choice of such representative. We remark that this choice makes the proof of inequality
F < F quite difficult. In fact, up to now, this inequality has been always proved under the
assumption that f° were upper semicontinuous with respect to x (see e.g. [19], [2], [3])-

The inequality F' < F is proved in Theorem 4.3, where the case of an integrand f depending
only on (z,¢) is considered. Even in this case the proof of this inequality requires a very delicate
adaptation of the blow-up argument of Fonseca—Miiller ([20], [21]). In fact the situation studied
here is complicated by the interaction between the jump set of u and the jump sets of the BV
functions (-, €) as & varies in IRY. Dealing with this difficulty requires some new technical
ideas (see the discussion before Proposition 4.5), which at the moment do not seem to work
when also a dependence on s is allowed.

Combining the inequality F' < F with the lower semicontinuity result given in Theorem 3.4 one
then gets that F coincides with F.

The following relaxation result is a consequence of Theorems 3.4 and 4.3. This is not the most
general one which can be derived by the combinations of these two theorems, but still covers
some significant and interesting examples which were not included in the relaxation results so
far available in the literature.
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Theorem 1.1. Let f : Q x RN — [0,4+00) be a Borel function such that f(z,-) is convex for
every x € Q and, for every € € RN, f(-,€),(f7)®(-,€) belong to BV(QY). Moreover, assume
that there exists A > 0 such that

0< f(a,6) SAQ+[E))  for all (z,6) € A x RN,
and that at least one of the following three conditions holds:

(1.4)  f(z,&) can be splitted as a product of two functions depending on x and & separately;

f(z,-) is positively 1-homogeneous and
(1:5) {f_(a:,g) >0 for all (z,6) € (Q\ No) x (RN \ {0}), where HN~1(Ny) = 0.
there exists a convex and demicoercive function W : RN — [0, +00) such that
W(E) < f(x,8) forall (x,6) € Q x RV ;
for every &€ € RN there exists N C Q such that HN~1(N¢) =0 and

(f)*(2, &) = ((F7)°) (2,6)  forallz € Q\ N.

Then, the relazed functional F(u) is given by

(1.6)

(1.7) /Q F, Vu)da+ /Q () <x ’gzz‘>d|pcu|+ /J It @) )

A few remarks are in order. First, observe that if f(x,£) = a(x)p(§), the assumptions of the
above theorem are clearly satisfied whenever a is a bounded function in BV (Q2) and p is a convex
function with linear growth, such that f > 0. Similarly, if (1.5) is in force, then also f~(x,-)
is 1-homogeneous for all x, therefore in order to apply Theorem 1.1 it is enough to assume
that f(-,&) € BV(Q) for all £. Notice also that the representation formula (1.7) for the relaxed
functional F'(u) reduces, in the first case, to (1.2) and, in the second case, to

/Q f(, Vu)dz + /Q f (x %) d|Du| + /J mQ[qu(ac)—u_(m)] F (2, va()) dHN L.

On the other hand, for a general integrand it is not necessarily true that (f~)*°(-,¢) and
(7)) (-,€) coincide HN"1-a.e. in Q, as shown in [10, Example 4.4]. In that case func-
tional (1.7) is still lower semicontinuous in BV () but it is strictly smaller than F(u), which in
turn is represented by a similar formula, with (f~) replaced by ((f~)>) .

2. NOTATIONS AND PRELIMINARIES

2.1. Notations. Throughout the paper N > 1 is a fixed integer and the letter ¢ denotes a
strictly positive constant, whose value may change from line to line.

Given zo € RN and p >0, B,(xo) denotes the ball in IRYN centered in zy with radius 0.

Let  be an open subset of IR"Y. We denote by A(2) the family of all open subsets A of Q and
by B(2) the o-algebra of all Borel subsets B of (2.

Set £V the Lebesgue measure on IR and HV~! the Hausdorff measure of dimension (N — 1)
on RN,
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2.2. Approximate upper and lower limits. Let Q C IR" be an open set and let g : Q — RY
be a measurable function. The upper and lower approximate limit of g at a point x € 2 are
defined as

gt (z)=inf{t e R: D({g>t};x)=0}, g (z)=sup{t € R: D({g<t};z)= 0},

respectively, where, for any measurable set £ C IRY and any z € R", D(F;z) denotes the
density of E at the point x. The quantities g*(x), g~ (x) are well defined (possibly equal to
+o00) at every z € Q, and g~ (z) < g7 (x). The functions g+, g~ : Q — [—00,00] are Borel
measurable.

If g € LL (Q) and = € Q, the precise representative of g at x is defined as the unique value

loc

g(x) € IR such that

: 1 -
(21) i [ lo) gl dr=o.

0—0t 0
Notice that whenever the precise value g(z) of g exists, we have g(z) = g*(x) = g~ (z). The set of
points in €2 where the precise representative of x is not defined is called the approximate singular
set of g and denoted by S,. It can be easily proved that S, is a Borel set and g : Q\ S; — IR
is a Borel function. Notice also that, if x is a Lebesgue point of g, then (2.1) holds with g(x)
replaced by g(z).

2.3. The space BV. The space BV(Q2) is defined as the space of those functions g : Q — IR
belonging to L*(Q) whose distributional gradient Dyg is an IR -valued Radon measure with finite
total variation |Dg|(€2).
We indicate by D%g and D?g the absolutely continuous and the singular part of the measure
Dg with respect to the Lebesgue measure. We recall that D%g and D*¢g are mutually singular.
Moreover we can write

Dg = D% + D%g and D =VgLN,

where Vg is the Radon-Nikodym derivative of D®g with respect to the Lebesgue measure.
If g is a BV function it can be proved that for HN"!-a.e. 29 € S; —0o < g~ (w0) < g7 (20) < +o0
and that there exists a unit vector v, (zg) such that

. 1
(2.2) lim — / . (@) — g% (20) dz = 0,
B, (wOan(x(l))

o—0+ oV
where, for any v € $V 1, BF (zo,v) = {z € By(xo) : (x —x,v) 2 0}. The set of points z € S
where —oo < g7 () < g7 (z) < 400 and (2.2) holds is called the jump set of g and denoted by
Jg. The quantity g™ (x) — g~ (x) is the jump of g across J, and vy(x) is the direction of the
jump. It can be proved that J, is a countably HN~Lrectifiable Borel set and that the function
(gt,97,vy) 1 Jg — R x R X $N=1 is a Borel function. Moreover,

Dég=D+ (g7 — g )vg HN | J,

and D¢g, the Cantor part of Dg, is a singular measure with the property that |D¢g|(B) = 0 for
any Borel set B C Q with finite H" ~!-measure.
For a general survey on BV functions we refer to [4].

Now we recall some well known results on the 1-dimensional sections of BV functions. To this
purpose, we introduce some notations.
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Given a direction v € $™ 71, every point z € IRY can be decomposed as z = (z-,x,), with
z, = {z,v) and - =z — z,v. By 7, we denote the projection of IRYN onto the plane through
the origin orthogonal to v. If E is a given subset of IRY, we set E,o={z, € R: (zf,2,) € E}.
Similarly, if g : RN — IR is a given function, for every z- € IRN~! we denote by g, 1 the
restriction of the function g to IR; i.e., the function z, € IR +— g(x;:, x,).

Lemma 2.1. (see [4], Theorem 3.108) Let g € BV(Q) be a given function and v € $™¥ 1 be a
given direction. Then, for HN"1-almost every z;- € 7,1 (), g, belongs to BV(Q_,),

i

9),1 is continuous in Q\ (J,),. and (v,v,(xt, x, 0 for every x, € (Jg),1. Moreover, for
Ty gixy g\*v gixy
any x, € (Jg)u1,

gj; (z,) = hmig(xﬁ,z,,) if (v, I/g(xi‘,x,,» > 0,
v Zy—Ty
gr () = lm glay,z) i (gleg,@) <0.

Let T be a (N — 1)-dimensional manifold of class C! in IRY, oriented by a map vy : I’ — $V 71,
Next theorem, which actually holds in a much more general setting (see, e.g. [4, Theorem 3.77
and Theorem 3.86]), states that any BV function defined in a neighborhood of I' has traces on
both sides of T'.

Theorem 2.2. Let Q be an open set and I' C Q a C' manifold oriented by vp. Then, if
g € BV(Q), there exist g € LY(T, HN™1) such that, for HN '-a.e. zo €T,

1

(2.3) lim — / lg9(x) = g7 (x0)| dzr = 0.
o—0t o By (zo,vr(20)) g

Remark 2.3. Notice that, since g% € LY, HN~1), then HV!-a.e. 29 € T is a Lebesgue point
for g%. Therefore, for such a point we have

. 1 _
(2.4) i s [ )~ gl @) =o0.
FOBQ(IEO)

0—0 0

Remark 2.4. Notice that from definition (2.1) and Theorem 2.2 it follows immediately that
g2 (x) = () for HN"'-a.e. x € T\ J,. Moreover, since vr(z) = +v,(x) for HN -ae. z € TNJ,
(see [4, Remark 2.87]), from (2.2) and (2.3) we have g (z) = ¢g*(z) for HN l-ae. 2 € TN J,
such that vr(z) = vy(z) and g (z) = gT () if vr(z) = —vy(2).

Let us assume that the manifold T splits Q in two disjoint open subsets QF and, just to fix the
ideas, that v points toward Q. Then, for every point zo € T’ for which (2.3) holds, we have
(see [4, Remark 3.85])

1

2.5 lim / g(z) — g (xo)|dz = 0.
(2. Jm s [ late) g
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2.4. Capacity. Given an open set A C IRY, the 1-capacity of A is defined by setting
Ci(A) = inf{/ |Doldz : o € WHY(RY), ¢>1 £N—ae. on A} .
RN

Then, the 1-capacity of an arbitrary set B ¢ IRY is given by
Ci(B) :=inf{C1(4) : AD B, U open}.

It is well known that capacities and Hausdorff measure are closely related. In particular, we
have that for every Borel set B ¢ RN

Ci(B)=0 <  HYYB)=0.

Definition 2.5. Let B C IRY be a Borel set with C}(B) < 40c0. Given ¢ > 0, we call capacitary
e-quasi-potential (or simply capacitary quasi-potential) of B a function p. € WU1(IRY), such
that 0 < 3. <1 HV Lae. in RN, 3. =1 HV a.e. in B and

/RN \Dg.| dz < C1(B) +¢.

We recall that a function g : RY — IR is said Cj-quasi continuous if for every & > 0 there
exists an open set A, with C1(A) < e, such that g|,. is continuous on A¢ Cj-quasi lower
semicontinuous and C1-quasi upper semicontinuous functions are defined similarly.

It is well known that if g is a WW!-function, then its precise representative g is Ci-quasi contin-
uous (see [18, Sections 9 and 10]). Moreover, to every BV-function g, it is possible to associate
a Ci-quasi lower semicontinuous and a Ci-quasi upper semicontinuous representative, as stated
by the following theorem (see [9], Theorem 2.5).

Theorem 2.6. For every function g € BV (), the approzimate upper limit g* and the approz-
imate lower limit g~ are Ci-quasi upper semicontinuous and Ch-quasi lower semicontinuous,
respectively.

In particular, if B is a Borel subset of IR with finite perimeter, then Xp is Ci-quasi lower
semicontinuous and XE is C'1-quasi upper semicontinuous.
Finally we recall the following approximation result, due to Dal Maso (see [11], Lemma 1.5 and

§6).

Lemma 2.7. Let g : RN — [0,4+00) be a Ci-quasi lower semicontinuous function. Then there
exists an increasing sequence of nonnegative functions {gn} C Wl’l(ZRN) such that, for every
h € IN, gy, is approzimately continuous HN"'-almost everywhere in RN and gy(x) — g(x),
when h — 400, for HN~1-almost every x € IR".

2.5. Demicoercive functions.

Definition 2.8. We say that a function g : RN — [0, +00) is demicoercive if there exist a vector
v e RN and two constants @ > 0, b > 0 such that

ale| < g(&) + (v, &) +b  forall £ € RV .

It is not difficult to check that coercive or strictly convex functions are demicoercive. Moreover,
if g satisfies

lim g(¢) = +o0,
Jgl—+oo

then it is demicoercive, too.



LOWER SEMICONTINUITY AND RELAXATION RESULTS ... 7

For other properties of demicoercive functions see [5], [24], [26].

2.6. The integrand f and its recession function. Let f : Q x IR x RY — [0, +00) be a
Borel function. If f is convex with respect to the last variable, the recession function of f is
defined for all (z,s,£) € Q x IR x RN by setting

t t&) — 0

t—+0o0 t>0 t

f(I,S,t&)*f(I,S,O)
t

Moreover it is easily checked that f°° is a Borel function, positively 1-homogeneous and convex
in the last variable, and that

f(z, s, t€)
t

Notice that, since the function ¢ +— is increasing, the above limit always exists.

f(z,s,0)
t

(2.6) < f(x,8,8) + forallt>0.

In the sequel, we shall often assume that the Borel function f satisfies the following conditions
(2.7) f(z,s,) is convex for every (z,s) € Q x IR;

(2.8) 0< f(z,s,8) <A1+ for every (x,s,6) € Q x R x RN,

for some positive constant A. Note that (2.7) and (2.8) imply that f is Lipschitz continuous in
the last variable, uniformly with respect to (z,s) € Q x IR. Moreover, from these assumptions,
it follows that

(2.9) 0 < f®(z,s,&) < Al for every (z,s5,£) € Q x R x RN,

Finally, since f* is convex with respect to &, by (2.9) it follows that f°° is Lipschitz continuous
in the last variable, uniformly with respect to (z,s) € Q x RY.

2.7. Setting of the problem and preliminary results. For every A € A(Q) and every
u € BV(Q), we set

T, u, Vu)dx if u L1
(2.10) F(u, A) = /Af( V) d fueWH(Q)
400 if u e BV(Q)\ WhHi(Q).

Our aim is to prove an integral representation theorem for the relaxation F of F, with respect
to the L'-topology, which is defined as the the greatest L'-lower semicontinuous functional less
than or equal to F'. Namely,

F(u,Q) :=inf {lim inf F(un, Q) : u, € WH(Q), 4, — uin Ll(Q)} .

n—-+00
Let us recall the following well known properties of F:

(i) for every A € A(Q), F(-, A) is lower semicontinuous with respect to the L!-topology;
(i

i) for every A € A(Q), F(-,A) is local; i.e., for every u,v € BV(Q), with v = v on A,
F(u,A) = F(v, A);

(iii) for every u € BV(Q), F(u,-) is a o-additive measure on B().

For other properties of the relaxation we refer to [16], [17], [8], [12].



8 M. AMAR, V. DE CICCO, AND N. FUSCO

For every A € A(), let us define the functional F¢(-, A) : BV(Q2) — [0, +00) by setting
(2.11)
Du . ut(z

)
Fi(u, A) :/f(x,u,Vu)dm+/f°°<x,ﬂ, )d]Dcu+/ dHN_/ f(x, s,vy)ds.
A A | Deul JunA u=(z)

We shall often drop the subscript f (if no confusion arises) and write F(u) in place of Fy(u, ).

The following two lower semicontinuity results will be useful in the sequel. For the first one we
refer to [13, Theorem 1.1].

Theorem 2.9. Let f: Qx R x RY — [0, +00) be a locally bounded Borel function, continuous
with respect to s and conver in &, satisfying the following assumptions:

f(r8,6) e WHHQ)  forall (s,6) € R x RN ;
there exists a Borel set Ng C Q, with HN~1(Ny) = 0, such that
(2.12) f(-,s,6) s approzimately continuous in Q\ Ny for all (s,€) € R x RN ;

for every bounded set B C IR x IR™ there exists L(B) > 0 such that

/ |Vif(x,s,&)|dx < L(B) for all (s,€) € B.
Q

Then, the functional F¢(-,Q) defined in (2.11) is L*-lower semicontinuous in BV(Q).

Remark 2.10. Notice that assumption (2.12) may seem redundant, since every W1!'-function
admits a HV~1-a.e. approximately continuous representative. Moreover, the functional in (2.10)
is clearly not affected by the choice of the representative. However, the functional (2.11) does
depend on the particular representative chosen and it could be not lower semicontinuous for a
different choice of it.

Notice that if f, g : RN — [0, +00) are convex functions such that f = supy, g, then from (2.6)
we easily get that f°°(§) = supy, g;°(§) for all £&. This observation, combined with the argument
used in the proof of Theorem 1.1 in [22] yields easily next result, which states that if f is the
supremum of a sequence of nonnegative integrands g such that 7, is L'-lower semicontinuous,
then also F is lower semicontinuous.

Lemma 2.11. Let f, g, : Q x R x RN — [0,+00), k € IN, be Borel functions, convez in the
last variable and such that

f(x,5,€) = sup gi(x,5,6)  for all (z,5,6) € (2\ No) x IR x RY,
keIN

where No C Q is a Borel set with HN"1(Ng) = 0. If the functionals Fy, (-,Q) are L'-lower
semicontinuous in BV(Q), then Fy(-,Q) is L' -lower semicontinuous in BV(Q), too.
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3. THE LOWER SEMICONTINUITY RESULTS

In this section we prove two lower semicontinuity theorems under very weak differentiability
assumptions on f with respect to the spatial variable x. To this aim, we need some approximation
result of such an integrand with more regular functions.

First, we consider the special case of integrands which are split as a product of a BV function
in x times a function depending on (s,£). In this case, the lower semicontinuity result is a
simple consequence of the approximation Lemma 2.7. For the general case, we need to establish
a suitable approximation result (see Lemma 3.3 below), which is very much in the spirit of the
approximation result proved in [23].

3.1. The case of separated variables.

Theorem 3.1. Let a: Q — [0,4+00) be a locally bounded C1-quasi lower semicontinuous func-
tion. Let p : R x RN — [0,+00) be a continuous function, convexr with respect to the last
variable. Then, the functional

ut ()

F(u) = /Qa(x)p(u,Vu)dx —i—/Qa(x)poo (17, ZD):;L)\DCM + /Jumﬂa(:n)dHN—l/m(x) P (s, )ds

is L'-lower semicontinuous on BV ().

Proof. By Lemma 2.7, there exists an increasing sequence of nonnegative functions a, € Wh1()
converging HN"l-a.e. in Q to a and such that, for all h € IN, a;, is approximately continuous
HN"1.a.e. in Q. Thus the integrands gp(z,s,&) = ap(z)p(s, &) satisfy all the assumptions of
Theorem 2.9 and the functionals F,, are L!-lower semicontinuous on BV(£2). Then, the assertion
follows immediately from Lemma 2.11. L]

3.2. The general case. We start with a variant of Lemma 9.2 of [19] which can be proved with
exactly the same argument. Therefore, we omit its simple proof.

Lemma 3.2. Let X be a o-compact metric space and G a family of lower semicontinuous
functions g : X — IR. Then, there exist a finite or countable subset G' C G such that

sup g(z) = sup g(z) forallz e X .
geg’ geg

Next result is essentially contained in [23, Lemma 8 (c)]. However, we give here the proof for

the sake of completeness.

Lemma 3.3. Let X be a o-compact subset of R and f: X x RY — [0, +00) a function such
that f(z,-) is convex for all z € X. Let us assume also that for all zg € X and € > 0, there
exists & > 0 such that

(3.1) f(20,6) < f(2,8) +e(1+ f(2,9)) for all (2,€) € X x RN such that |z — 29| < 6.
Then, there exist {a} C C°(IRY) and {41} C C®(IRY) such that, for allk € IN, 0 < a; <1,
Y 1S a convex function satisfying

(3.2) 0 <yr(€) S A(L+[El)  forall¢ € RN,

for some A >0, and

f(z,€&) = sup ag(2)vr(§) for all (2,€) € X x RN .
keIN
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Proof. We start by noticing that if X = IR? and f, in addition to our assumptions, is also lower
semicontinuous in (x, &), then the assertion follows from [23, Lemma 8 (c¢)]. Thus, our task is to
show that we may always reduce to this case.

To this aim, let us set h = f + 1 and notice that from (3.1) it follows easily that

for all zyg € X and € > 0 there exists § > 0 such that

(3.3) N
(1 —e)h(20,¢) < h(z,€) for all (2,£) € X x IR" such that |z — 29| <.

Then, we argue as in the proof of Proposition 9.3 in [19]. Let us denote by G the family of all
continuous functions ¢ : R% x RN — [0,4+00), convex with respect to the last variable, and
satisfying the following conditions:

(1) 9(2.6) < h(z,€) forall () € X x RY;
(ii) g satisfies (3.3) in R? x RV ;
(iil) 0 < g(z,&) < A1+ |¢]) for all (z,&) € R? x RY, for some A > 0.

Let us now fix zp € X, € > 0, and let § > 0 be such that (3.3) holds. Then, we choose
a € C}(Bs(z)) such that 0 < a < 1, a(z9) = 1, and take a sequence of convex functions
Yj : IR" — [0,+00) satisfying (3.2) and such that sup;t; = h(zo,-). Clearly, the functions
9i(2,€) = (1—¢)a(2);(§) satisfy (i), (ii), (iii), and, by construction, sup; g;(z0,§) = (1—¢)h(20,§)
for all ¢ € IRY. Therefore, we may conclude that
(3.4) supg(z,&) > h(z,€) for all (2,£) € X x RN .
9eg
Since the opposite inequality follows immediately from (i), we get that in (3.4) the equality
holds. Thus, using Lemma 3.2 we may conclude that there exists a sequence {g,,} C G such that
sup gn(z,€) = h(z,§) for all (z,¢) € X x RN .
nelN
Setting now f, = max{g, — 1,0}, the functions f,, are continuous in R x RN, convex in the last
variable and satisfy (iii) for suitable positive constants A,. Moreover it can be easily checked
that each function f, satisfy (3.1) in JR? x IRY and, by construction,

sup fn(z,8) = f(2,€) for all (z,£) € X x RV .
nelN

The assertion then follows immediately by applying the approximation result stated in
Lemma 8 (c) in [23] to each function f,. O

Next theorem is the main L!-lower semicontinuity result of the paper. It is established without
any hypothesis of coercivity or continuity with respect to x. More precisely, we assume only a
(C'1-quasi lower semicontinuity with respect to the spatial variable, with a suitable uniformity
condition (see (3.5) below).

Theorem 3.4. Let f : O x IR x RN — [0, +00) be a Borel function such that f(x,s,-) is convex
for every (x,s) € Qx R and f(z,-,&) is continuous for every (x,&) € Q x RN, satisfying (2.8).
Moreover, assume that for any h € IN there exists an open set A, C Q, with C1(Ay) < 1/h,
such that for every (xg, so) € (2\ Ap) X IR and every € > 0, there exists § > 0 such that

(3.5) f(x0,50,8) < f(x,5,8) +e(l+ f(x,5,6))
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for all (z,s,6) € (2\ Ap) x R x RN such that |z — zo| + |s — so| < 6. Then, the functional
F :BV(Q) — [0,400) defined in (2.11) is L'-lower semicontinuous on BV(Q).

Proof. Without loss of generality, we may assume that the sequence { Ay} is such that A, C Ay,
for all h € IN. Therefore, setting A = Ny, A, we have C1(A) = HNY~1(A) = 0.

For any h, recalling assumptions (3.5) and (2.8), we may apply Lemma 3.3 to the function f,
with X = Q\ Ap, thus getting for any h a sequence of functions af € CSO(JRN x IR), with
0< ag < 1, and a sequence of convex functions w,}; € C™(IR") satisfying for all k € IN

(3.6) 0<Yp(€) <A(L+E])  forall &€ RY,

where A is the same constant appearing in (2.8), and such that

(3.7) F(,5,6) = sup al(a, () for all (z,5,6) € (2 Ay) x R x RY.
keIN

Now, for every h € IN, let @, € WV(IRY) be a capacitary quasi-potential of A;. More precisely,

let us assume that there exists a Borel set N, € IR, with C;(Ny,) = HY~1(NV,,) = 0, such that

0 < @n(z) <1 for every z € RV \ Ny, &, =1 on Ay \ N, and
1

~ _ 1
/]RN IVen| de < Ci(Ap) + 5 <

SN

Let us now set, for all h,k € IN, al(z, s) = max{a}(z, s) — pn(z
af(x, s) = 0, otherwise. We have that

~—

,0} for all (z,s) € (Q\Np,) x IR,

(3.8) 0 < al(x,s) <1, al(zx,s)>alk(x,s)>al(x,s)—@u(z) forall (z,5s) € (Q\ Ny) x IR.
Moreover, setting No = U, Ny, C1(Ng) = HY~1(Ng) = 0 and, for every h,k € IN, we have that
(3.9) flw,5,6) > @z, s)Pp(€)  forall (z,s,6) € (2\ No) x IR x RY.

In fact, if z € (2\ Ap) \ No, (3.9) follows from (3.7) and from the fact that ¢y, (z) > 0, while, if

x € A\ No, (3.9) holds since @p,(z) = 1, hence a7 (x, s) = 0. Finally, we set for all h, k € IN

gh(@,5,6) =A@, s)UR(©),  gnlws,€) = sup gi(w,5.6),  fule,5,€) = sup af(z, s)Ui(€)
keN ke N

for all (z,s,£) € Q x IR x IRY. Notice that each function g,? satisfies the assumptions of

Theorem 2.9. Therefore, the functionals fgg(-,Q) are all L'-lower semicontinuous in BV(),

hence by Lemma 2.11 the same is true for the functionals F, (-, (2), for any h € IN.

To prove the lower semicontinuity of Fy, let us take a sequence {u;} C BV(2) converging in
LY(Q) to u € BV(2). Let us fix h € IN and set

Pn(€) = sup Y (§)  forall ¢ € RN .
keIN

From (3.9), (3.8) and (3.7), we then get that

liminf}"f(uj,Q) > lim_&nffgh(uj,Q) > Fg(u, ) > Fp, (u, ) — / onYn(Vu) dx
j—+oo J—+o0 Q
Dcu ut(z)
— | Gpe(—=—— dDCu—/ dHN-l/ Grbs° () ds
/Q e <|Dcu|> ‘ ’ JuNQ2 u~ (x) " h( )
D3y

Fru, Q\ Ap) —/Q@h%(vu) di—/g)@h%b?(m) d|D*ul .

v
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Thus, recalling (3.6), we obtain

(3.10) lim inf Fr(uj, Q) sz(u,Q\Ah)—A/ Gh(l—l—|Vu])da:—A/ ond| Dyl .
Q Q

j—+oo

Since @, — 0 in WH(IRY) as h — oo, we have that, up to a subsequence, @, (z) — 0 for HV~1-
almost every = € IR (see Proposition 1.2 in [11]). Therefore, letting h — 400 in (3.10) and
recalling that Ajq C Ay, for all h and that HN=1(N,A) = 0, from the dominated convergence
theorem we get that

lim inf Fr(uj, Q) > Fr(u,Q),

o0
thus proving the assertion. U]

As an application of the previous theorem we are going to prove a fairly general lower semi-
continuity result for an integrand f depending only on x and £. To this aim, let us recall the
following approximation result proved in [24, Theorem 4].

Theorem 3.5. Let Q be an open subset of RY, f : Q x RN — [0,400) a function such for
every x € Q, f(x,-) is convex and demicoercive. Let us set, for any & € RY,

(3.11) (Peo f) (x,g):—1+>i\r;%{)\+)\f(x,§0+§_>\€o>} for all (z,€) € Q x RN .
Then, for every x € Q, (Pe, f)(x,-) is convex and demicoercive and § — 1+ (Pe, f)(x,& + &) is

a 1-positively homogeneous function. Moreover

(3.12) f(x,6) = sup (P f)(x,€) for all (z,£) € Q x RN .
&oeRN

Furthermore, if f is lower semicontinuous in Q x IRYN, then Py f is lower semicontinuous, too.

Theorem 3.6. Let f: Q x RN — [0, +00) be a locally bounded Borel function such that f(zx,)
is convez for every x € Q and f(-,§) is Cy-quasi lower semicontinuous for every § € RN,
Moreover, assume that at least one of the following two conditions holds:

f(z,-) is positively 1-homogeneous and
(3.13) {f(x,{) >0 for all (x,&) € (Q\ No) x (RN \ {0}), where HN"1(Ny) = 0;
(3.14) {f satisfies (2.8) and there exists ¥ : RN — [0, 4+00), convex and demicoercive,
such that W(&) < f(x,€) for all (x,€) € Q x RN .

Then, the functional Fy is L*-lower semicontinuous on BV ().

Remark 3.7. We point out that assumptions (3.13) and (3.14) are independent. Indeed, the
function f1(z,£) = f1(§) = (|£] — 1) A 0 satisfies (3.14), but it is null for every x € Q when
|€] < 1, while, for N = 3, the function fo(z, &) = (22 + 22)|¢| satisfies (3.13), but it is clearly not
controlled from below by a demicoercive function. Note that both functions f; and fo satisfy
all other assumptions of previous theorem, hence the corresponding functionals Fy, and Fy, are
lower semicontinuous on BV (Q), with respect to the L'-topology.

Proof of Theorem 3.6. Step 1. Let us prove the assertion under the assumption (3.13). To this
aim, notice that since f is locally bounded in Q x IR™ and positively 1-homogeneous with respect
to &, for any open set Q' CC (Q, there exists a constant A’ such that

0< f(z,6) <AN¢]  forall (z,6) € ¥ x RV
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This estimate, together with the convexity of f with respect to & immediately yields that
(315) ‘f(xvgl)_f(x)éé” SCA/|61 _§2| for all (xvé-l)v(x7§2) € 94 XBN,

for some constant ¢ depending only on the dimension N. Let us now fix h and a dense sequence
{¢;}. For all j there exists an open set A;, C Q, A;, D No, with C1(A4;;,) < 1/(h27), such that
f(-,&;) is lower semicontinuous in 2\ A, . Setting A, = UjA;4, Ay is open, C1(Ay) < 1/h,
and making use of (3.15), one easily gets that f is lower semicontinuous in (€' \ 4) x R .

In order to prove that the functional Fy(-,€?') is L'-lower semicontinuous in BV ('), by Theo-
rem 3.4 it is enough to show that, given h and xg € '\ Ay, for all € > 0 there exists 6 > 0 such
that

f(20,8) < (1+¢e)f(x,8) for all (z,€) € ('\ Ap) x RY such that |z — 2| < 0.

To prove this, we argue by contradiction, assuming that there exist zg € Q'\ Ay, and g9 > 0 such
that for any k € IN, there exist two sequences z, € '\ Ay, with |z, — 29| < 1/k, and &, € RY
such that

(3.16) f(20,&k) > (1 +e0)f(@k, k) -

Clearly, by the positive 1-homogeneity of f(z,-), we may assume that |{;| = 1, for every k € IN;
hence, up to a subsequence, there exists & € $V~! such that & — &. Then, passing to the
limit when k& — 400 in (3.16) and using the lower semicontinuity of f and the continuity of
f(xo,-), we get that

f(zo,&0) = kli)glwf($o’fk) >(1+ 60)%@&% f(xr, &) > (1 +¢€0) f(o, o) -

hence, f(zg,&) = 0, which is a contradiction since xg € 2\ Np.
This proves that F¢(-, ') is lower semicontinuous and, by letting Q' T €2, the lower semicontinuity
of Fy(-,Q) follows.

Step 2. Assume that (3.14) holds. Since (2.8) is in force, arguing as in the previous step, we
have that for all h € IN, there exists an open set A, C Q, with C(Ap) < 1/h, such that f is
lower semicontinuous in (Q\ Ap) x RY.

For all & € IRY, let us consider the function Pe, f defined in (3.11). Since f is lower semicon-
tinuous in (Q\ Ay,) x RY, from the last assertion of Theorem 3.5 (which actually holds also if
Q) is replaced by any o-compact subset of RY ) we have that Py, f is lower semicontinuous in
(Q\ Ap) x RY for any h. Therefore, recalling (3.12) and using Lemma 3.2, we get that for any
h there exists a sequence {¢/} ey € IRY such that

[(2.6) = sup(Py f)(.€)  for all (2,6) € (2 4y) x RV
kelN

Thus, by relabelling the sequence {g,@}(h,k)e Nx v, we may conclude that there exists a sequence
{&: }nen such that

(3.17) f(z,8) = sg]]%(Pgnf)(m,f) for all (z,€) € (Q\ Ag) x RV,

where Ag = Ny Ay. Let us set, for all n,
U, (&) = (P, O)(E+ &) +1  forall ¢ € RV,

Since, by Theorem 3.5 the functions ¥,, are all demicoercive and positively 1-homogeneous, for
every n there exist a, > 0 and v,, € IRY such that

anlé] < V() + (v, &) forall € € RV,
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Therefore, setting gn(x,&) = (Pe, f)(x,& + &,) + 1, we may conclude that
(3.18) anlé| < gn(z,§) + (vn, &) for all (z,¢&) € Q@ x RV .

The functions g, (x, &) = gn(z,£) + (vn, §) are C1-quasi lower semicontinuous in & and positively
homogeneous in § and from (3.18) it is clear that they all satisfy (3.13). Therefore, from what we
have proved in Step 1 we may conclude that the functionals Fy, (-, {2) are L'-lower semicontinuous
in BV(Q).

Let us now prove that also the functionals F, (-,2) are lower semicontinuous. To this aim, let
us take a sequence of functions u; € BV(Q) converging in L*(Q) to u € BV(Q). Let us fix an
open set ' CC Q and a function 1 € C}(£2), 0 < ¢ < 1, such that ¢) =1 in . We have, using
the fact that g,,1 >0, ¢ =1 in €/, and integrating by parts twice,

liminf 7y, (uj, Q) = liminf [an(uj,Q) —l—/ Y(vp, Duj) — / w(vn,Duﬁ}
Q Q

Jj—+00 j—+oo

imint | [ o (5. 50 Dl + [ o D) = [ w0, D)

liminf Fy, (u;, Q') + lim (U, V1)) dx
J—+o0 J—too Jq

> Fp, (u, ) —I—/Qu<vn,v¢> dr = Fp, (u, ) — /Qw<vn,Du>

Y

v

= Fg,(u, Q) — (v, Du) .
o\

The lower semicontinuity of F, (-,€Q) follows by letting first ¢ 1 1 and then ' T Q.

Set now hy(x, &) = gn(z, & — &,) and observe that h2°(z,€) = g, (, &) for all (z,€) € Q x RY.
Thus,

Fh, (1, Q) = Fy, (u— (&, ), Q) for all w € BV(Q),

hence Fy, (+,§2) is lower semicontinuous, too. This fact, thanks to (3.17) and to Lemma 2.11
immediately implies the L'-lower semicontinuity of F 7+1(-, ), hence the assertion follows. [

4. RELAXATION

This section is devoted to relaxation results.

The first one (Theorem 4.2) concerns the case of separated variables, under the assumption of
C1-quasi continuity of the integrand with respect to x. This theorem improves the relaxation
result obtained, under stronger regularity assumptions, in [2]. Its proof is based on a Reshetnyak-
type result (Theorem 4.1), which is a consequence of the lower semicontinuity Theorem 3.1, and
follows the same outlines as in [2].

On the other hand, in Subsections 4.2 and 4.3 we consider the general case and prove in particular
Theorem 1.1, which is the main relaxation result of this paper. In that theorem we state the
classical relaxation formula (1.7), under the very weak assumption of BV dependence of the
integrand with respect to x. As usual, this result is attained, once we have proved the so-
called “liminf” and “limsup” inequalities. Since the first one is a consequence of the lower
semicontinuity results contained in Subsection 3.2, it is sufficient to prove here only the “lim sup”
inequality (Theorem 4.3). In order to achieve this result, we adapt the blow-up technique
introduced by Fonseca-Muller in [20] and [21] in the case of continuous integrands; however, in
our case, this is a very delicate technical point. Indeed, the presence of jump discontinuities of
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the integrand, due to the assumption of BV dependence in z, imposes a refined use of the trace
properties of BV functions.

4.1. The case of separated variables under Ci-quasi continuity assumption.

Theorem 4.1. Let O be an open set in IR? and let A : O — [0,+00) be a bounded Cy-quasi
continuous function, P : O x R* — [0,+00) a continuous function, conver and positively 1-
homogeneous in the last variable, such that

(4.1) 0<P(z,¢) <A for all (z,¢) € O x §971,

for some A > 0. Let {v,} be a sequence in BV(O) such that v, — v strongly in L'(Q) and
| Dvg|(2) — |Dv|(2). Then
. D’Uh ) / < D’U )
lim A(2)P | z,——(2) | d|Dvp|(2) = | A(2)P | z, ——(2) | d|Dv|(z) .
tin [ 4GP (s p ) dipul) = [ AP (5 0% ) dpele

Proof. Taking into account that v, — v strongly in L'(O) and |Dv,|(O) — |Dv|(O), it follows
that Dvj, — Dv weakly* in M(O; IR?). Thanks to (4.1), we may apply the classical Reshetnyak
Theorem (see [28] or [4, Theorem 2.39]), thus getting

(4.2) Jim [P (z, ‘gzz‘(2)> d|Duy(2) = /OP <z,£;’|(z)> d|Dv|(z) .

Notice that by the continuity of P and the positive homogeneity of P with respect to the last
variable it follows that for any zgp € O and any ¢ > 0 there exists § > 0 such that

P(20,¢) < (1 +€)P(z,¢)  forall (z,¢) € O x IR? such that |z — 29| < 6.

Therefore, from [23, Lemma 8 (c)] it follows that there exists a sequence of nonnegative func-
tions a;, € C™(O) and a sequence of nonnegative convex functions P, € C*°(IR%) such that
P(z,¢) = supy, an(2) Py (€) for all (z,¢) € O x IRY. By applying Theorem 3.1 to the integrands
A(z)an(z)Pr(¢) and recalling Lemma 2.11, we get that

imint [ A4G) P (5 5% ) douie) = [ 46) P (550 @) doule).

Similarly, denoting by A a positive constant such that 0 < A(z) < A for all z € O, we have that

liminf/o()\ _A(2) P <z ’g;’:’(z)> d|Dvy|(2) > /O()\ Az ) P <z @Z,@)) d|Dv|(2)

h—-+00

Combining these two last inequalities with (4.2), the assertion follows. 0
Theorem 4.2. Let a : Q — [0,+00) be a bounded Ci-quasi continuous function and let p :
R x RN — [0,4+00) be a continuous function, convex in the last variable and such that

(4.3) 0<p(s,6) SAQL+IE])  for every (s,6) € R x RY,

for some A > 0. Let F : BV(Q) — [0, +00] be the functional defined by

(4.4) F(u) = /Qa@”)p(“’ Vuyde  ifue WH(Q)
+00 if u € BV(Q)\ Whi(Q).
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and F be the relazation of F. Then, for every u € BV(Q),
(4.5)

F(u) = /Q a(z)p(u, V) dz + /

Q

~ Du N ut(z)
a(x)p"o(u, C)\Dcu|+/ a(x)dH _1/ P> (s, 1) ds .
|D ’LL| JuNQ u~™ ()
Proof. Let us denote by F the functional on the right hand side of (4.5). Clearly, F < F' and,
by Theorem 3.1, it follows that F is L'-lower semicontinuous on BV(Q2), so that F < F. To
prove the opposite inequality we shall make use of Theorem 4.1.
Indeed, let u € BV(R2) and uj, = u * ¢y, where {¢p,} is a sequence of mollifiers. Then {uy} C
T/Vlicl (Q). Moreover, u, — u strongly in L} (Q) and [, [Vuy| do — |Du|(A), for every A CC €,

such that |Du|(A) = 0. Denoting by G(up) and G(u) the subgraphs of uy, and u, respectively,
by Theorems 1.8 and 1.10 in [27] and Proposition 1.1 in [9] we have that

Xg(un) = Xg(wy 10 Lige(@x R)  and  a(up)| (A x R) — |a(u)| (A x R)

where a(up) = DXg(y,) 2nd a(u) = DXg(y- Setting

R | —p(s,=E/T)T if <0,
p(s,8,7) '_{ p>(s,§) if =0,
by Lemma 2.2 in [10], it follows that
Jim F(un, 4) = lim Fu, 4) = lim [ a(e) p ( @EZS,@@) dlo(un)|(x, 5)
= /AXIRa(a:) P (s, @EZ;(L s)) dla(uw)|(z, s) = F(u, A),

where the third equality follows by applying Theorem 4.1, withd = N+1, O = Ax IR, z = (z, ),
¢=(§7), A(z) = a(x) and P(z,¢) = p(s,§,7). Hence,

F(u,A) < lngiran(uh,A) = F(u,A) < F(u).

By approximation we then have F'(u) < F(u) and the theorem is proven. O

4.2. The “limsup” inequality in the general case. In this section we will assume that the
integrand f does not depend on s.
Moreover, we will assume that the recession function f* : Q x RY — [0, +00) satisfies

(4.6) (-, €) € BV(Q) for every ¢ € RY,
and that for every ¢ € IRY there exists Ne C Q, with HY~1(N¢) = 0, such that
(4.7) P, = (F2) (@,€)  forallz e Q\ Ne.

Theorem 4.3. Assume that f : Q x RN — IR is a Borel function satisfying (2.7) and (2.8).
Let F : BV(Q) x A(Q) — [0, +00] be the functional defined in (2.10) and F be the relazation of
F. Assume also that (4.6) and (4.7) hold. Then, F(u,-) is the trace of a finite Radon measure
on A(Q), and, for every A € A(Q) and every u € BV (),

C

Flu, A) < /A (@, Vu)dz+ /A 7z, @c;)d\DcuH /J (@) = @ )
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We start by observing that under the assumptions of Theorem 4.3 above it is well known that
for any u € BV(Q2) the function F(u,-) is the trace of a finite Radon measure on A(Q2) and that
for all A € A(Q)

0< Flu, A) < ALY (A) + | Dul(4)).
Following [19, Proof of Theorem 1.3], we fix v € BV(Q) and consider the Radon-Nikodym
derivatives of F(u,-) with respect to the Lebesgue measure £V, to the total variation of the

Cantor measure |D/| and to the Hausdorff measure H¥~1|S,, respectively. In order to obtain
Theorem 4.3, we will prove that

(L) dl;gjv") (z0) < f(z0, Vu(zp)) for £N-almost every zg €
dF I D¢y
(©) d|1()1iu|) (wo) < > (560’ m(m)) for | Dul-almost every zp € €,
dF(u,- - .
(/) M(CL’O) < [ut(z0) —u™ (w0)] £ (w0, vu(0)) for HN~L_almost every ao € J,

Inequality (L) is proven in [19, Theorem 1.3, part (i)], under assumptions (2.7) and (2.8) alone,
hence, we have to prove (C) and (J). To this purpose let us define the following coercive functional
associated to F by setting

Fi(u, A) = F(u, A) + |Dul(A).

Proposition 4.4. Let f satisfy the assumptions of Theorem 4.3. Then, (C) holds; i.e., for
every u € BV(Q),
d|D¢ul|

DC
(xg) < f° <:U0, mcz‘(wo)> for | D¢u|-almost every xo € §2.

Proof. By Lemma 3.9 of [6] for | Du|-almost every z¢ € €2, there exists a double indexed sequence
{t" ul} such that, for every h € IN,

(4.8) th — oo, eth =07, ul —Uxg) ase—0T,
dF1(u,-) (o) = dF(u,")
dDeu| Y T d|Deal
inf{F1(v,Q"(xg,¢)): v € BV(Qﬁ(xo,a)),vbQﬁ(m,E) =ul + (thv,x — 20)}

(CE()) +1

= lim limsup

h—+oo .o+ hN_lé‘Nt? ’
Du h ho i
where v = W(azo), lv] =1, and Q}(zo,¢€) := xo +€Q), with
u
(4.9) Qb= Ry ((=h/2,h/2)N 7 x (-1/2,1/2)),

and R, denotes a rotation such that R ey = v.

Let Ny C Q\ Sy, with |D/|(N1) = 0, be such that for every xg € (2\ Sy) \ N1 (4.8) holds and
all the limits above exist and are finite.

Let Do = {v;} be a countable dense subset of $¥ 1. Moreover, let Ny C Q\ S,, defined by

(410) N2 = U Sfoo(_7yj),
JEIN
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where, for every vj € Do, Sye(. ;) is the approximate singular set of the BV-function f*°(-,v;).
Since, by Theorem 3.78 in [4], for every v; € Dy the set S foo(-v;) 18 o-finite with respect to
HN~L, we obtain |Du|(N2) = 0 (see Theorem 3.92 (c) in [4]).

Finally, set No = N1 U Na, where |Du|(Np) = 0 and choose zg € (2\ Sy) \ No.

Then, taking into account (2.6), (2.8) and (4.8), we have

Doy (@) + 1< lminf limsup gy iy (ug + (10,2 — o), Qi (w0, €))

th
< lim inf lim sup ][ f(:c,ihgy) dr +1
h—=+oo 0+ JQh(zo,e) tg
f(z,0)

t2

< liminf lim sup][ <foo(37a v) +
QL (w0.€)

h—+oo .o+

>dx+1

< liminflimsup][ f(z,v)de +1,
Qf,l (I075)

h—+oo 0+

which implies

dF(u,") e
———>(xp) < liminf hmsup][ f(z,v)de.
d|Deul h=too co+ JQh(aoe)

Hence, in order to conclude, it is enough to prove that for all h € IN

(4.11) limsup][ [ (z,v)de < f*(zo,v).
e—0t JQI(zo,e)

Let {v;} be a sequence of directions contained in Dy converging to v. By using the Lipschitz

continuity of f°°(x,-) and recalling that xo & S o it follows that for every j € IN

~7I/j)’

limsup][ f(x,v)de < limsup][ foo(x,l/j)d$—|—Alimsup][ lvj —v|dx
Qk(moﬁ) QLL(Q?O,E) Qf}(:ﬂo,s)

e—0t e—0t e—0t

= [f¥(wo,vy) + Alv; —v|.

Thus, letting j — 400, (4.11) is proved. Hence, the assertion follows. U]

Let us now describe the idea of the proof of (J) which is really the new point in the whole
relaxation argument. The main difficulty here, differently from the cases treated in [19] and [3],
is due to the points where f*° and u both jump. To understand how we deal with this case, let
us assume for simplicity that f(z,£) = a(x)p(§), that a and u have the same jump set I and
that T is a smooth manifold splitting © in two open sets Q.

As in [19], our proof is based on a blow-up argument at any point xop € I" and on a formula which
involves the jump function w, taking the two values u™*(z() and jumping along the tangent plane
to I' at xg. However this function would not work in our case. Instead, we have to replace it
with the function wr jumping along T itself. Moreover, in order to recover a™ (xo) we need to
approximate wr by a sequence of functions 1" such that u” = wr on Q" and smoothly interpolate
between the two values u™*(2) on Q7 if v,(xg) points toward QF, and do the opposite if v, ()
points toward 27. Further complications come to play if f cannot be split as a product, if the

jump set of f°°(-, &) varies with £ and I" is not a smooth manifold.
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Proposition 4.5. Let f satisfy the assumptions of Theorem 4.3. Then, (J) holds; i.e., for every
u € BV(Q),

dF(u,")

(w0) < [ut(20) — u™ (20)] £ (z0, vu(z0)) for HN"La.e. 29 € J,.
Proof. Let u € BV(Q). Since J, is a countably H™ ~l-rectifiable set, we have that .J, = (UK, )U
]V, where ’HN_l(N) = 0, K, are disjoint compact sets and K,, C I';,, where, for every n € IN,
I, is the graph of a C'-function. Moreover, by removing a set Ny C J,, of zero H¥ ~!-measure,
we may assume that if x € K, \ Ny for some n, then v,(z) is orthogonal to the tangent plane
toI',, at x.

To prove the assertion it is then enough to show that, for any n, (4.12) holds for HN"!-a.e.
x € K,,. To this aim, we fix n and prove the assertion in J, NT';,. However, in order to simplify
the notation, from now on we drop the subscript n by writing I' instead of I,,.

As in the proof of Proposition 4.4, let Dy denote a countable dense subset of $¥~!. By Theo-
rem 3.7 of [6], for H¥~1-almost every zo € J, N T we have

dFi(u,-) (20) = dF(u,-)
dHN=T[J, Y T aHN-T,

inf{F1(v,Q,(wg,€)): v € BV(Qu(70,€)), V|00, (wo,e) = Wv}
N-1 )

(4.13) (w0) + [u(20) — u™ (x0)|

= lim sup
e—0t
where v = v, (x0), Qu(z0,€) = zo + €Qy, Q, is defined as in (4.9) with h = 1, and w, is the
jump function which takes the value u™(z¢) if (x — zg,v) > 0 and u™ (z¢) if (x — zo,v) < 0.
Let No C J,, with HNY~1(N5) = 0, be such that for every zg € J, \ N2 (4.13) holds.
Let N3 C J,, with HN~1(N3) = 0, be such that for every x¢ € (J, NT)\ N3 Theorem 2.2 holds,
with ngE replaced by (f°°(~, yj))ljf, for every v; € Dy.
Let Ny C Jy, with HN~1(N,) = 0, be such that for every x¢ € (J, NT)\ Ny (2.4) and (2.5)
hold, with gff replaced by (foo(', l/j))?, for every v; € Dy.
Let us now set
Ns = ( U Srea \ Jfoowj)) nr.
JjeIN
Then HY~1(N5) = 0. Let Ng C J,,, with HY~1(Ng) = 0, be such that for every z¢ € (J, N
wa(-,uj)) \ Ng, vu(xo) = :l:yfoo(_%)(xo), for every v; € Dy. Finally, set Ny = N; UN2UN3UN4U
N5 U Ng U N7, where N7 = U,.ep,N,, and N, is defined as in (4.7). Clearly HN=1(Ng) = 0.
Let us fix zg € (J, NT)\ No. For the sake of simplicity, we may assume xy = 0. Since v = 1,,(0)
is orthogonal to I' at 0, let us orient I' in such a way that vr(0) = 1,(0). Denote by A an
open neighborhood of the origin such that I' N A coincides with the graph of a C! function
Yrmw (IRY) — IR such that ¢(0) = 0 and V,11(0) =0 and A\ T is the union of two open sets
A%, where the signs + are chosen so that, as in Remark 2.4, vp(0) points toward A,
Let {v;} be a sequence of directions contained in Dy converging to v. Notice that for j sufficiently
large there exist C! functions v; : T, ;(lRN ) — IR such that I' N A coincides with the graph of
J

1. Finally denote by wr the jump function which takes the value u*(0) in A*.
Let us fix § > 0; then (1 —6)Q, C @y, for all j sufficiently large. Let ¢ € C§°(Q,) be a cut-off
function such that ¢(x) = 1 in (1 —§)Q, and |[V¢| < ¢/é. For every € > 0, set ¢:(z) = (%),

so that |V¢.| < ¢/ed and set w,,r(z) = ¢o(x)wr(x) + (1 — ¢e(z))wy(z). We note that w. ,



20 M. AMAR, V. DE CICCO, AND N. FUSCO

satisfies the boundary condition we ., r|s(q,) = wv, so that, by (4.13), we obtain

dF(u,) (0) < limsup

4.14 _—
(4.14) aHN 1], ) < limsu

[F(wsﬁy,p,ng) N |Dwe ,r|(¢Qy)

cN—1 cN-1
Clearly, for every € > 0 and j € IN sufficiently large,

D E,U. 12
Dueele@e) < o [ / IVl o+ D (Q,) + Dwy|<ec2y\e<1—5>@y>]

C

gNa/ Iy e = / \/1+yvi¢ D)2 dz) + e

+ —
< SNVl ey + It ]f%wﬂvxﬁw(x#)pdxu tes,

(4.15)

+
gHN "T'neQy) + s

IN

\ /\

where u,u™ stands for u™(0), u™(0), respectively, and Qi = 7 , (Q,). Letting ¢ — 0T and
recalling that V,14(0) = 0, we obtain

|Dw€,V7F|(5QV)

4.16 li
( ) im sup N1

e—0t

<|ut —u"|+cd.

Let us now fix j € IN and assume, in order to fix the ideas, that 0 € Jyeo(. ..y and vyeo(.,,)(0) =
vy (0). We approximate we,,r with the functions uf, ;(z) = ¢c(z)ul ;(z) + (1 — de(2))ul , (2),
where

ut if (z,v) >0,
uly(@) =9 (@' —u)Z@v)+ut i —e/n < (a0) <0,
(7 if (x,v) < —¢/n.
and
ut if Ty, > l/lj(xij),
_\n .
(417)  ug;(e) = (" —w) e, - Yl +ut it gy(ag) —e/n < @y, < (),
u if @, <4pj(ay) —e/n.

It will be clear from the rest of the proof that, when 0 € Jyoo(. ;) and vyoo(.,,,1(0) = —14,(0), the
argument below still works if we define

ut if z,, >1p]( )+5/n
(4.18) u () = (u+_u—)g[xw_¢j($§j)}+u— if o (2 )<g;y <v(at) +e/n,
u it 7, < (o)

and that, when 0 € Q\ Spo(.,,), any of the two possible choices (4.17), (4.18) would make

the argument work. Notice, however that in all three cases in the definition of u_, remains

v
unchanged.

The functions uf ,,, u_ ; belong to Whl(eQ,) and [|uz, —waL1 @) — 0, Huw wr| z1eq,) — 0,

hence [[u?, ; — weyrllr1(eq,) — 0, as n — +oo. Therefore, by the lower semicontinuity of F,

e,v,]
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(2.8), (2.6), we have that for all ¢ > 0 and j sufficiently large,

n
eNfl - n——+oo 8N71 EQV f(x’ vu571/7j) d:L‘

1
< liminf ——— [/ [z, Vug ;) dz + A/ [|V¢€Hu?’j—u?’y| + 1} dx
e(1-0)Qv Qv

oy (6cIvuz |+ (1 - @)\Vuz,yw)dx]
eQu\e(1-6)Qw

< lim inf !][ ef(x, Vul ;) dz + ‘ lug j—uZ,|dr| + ce +cd
EQVj

nbee 0Jq.

gliminf][ [f(x,eVul;) +ef(x,0)] do + 5 |wr —wy| dz + ce + ¢
n—-+0o0o EQuj > 1) Q.

<liminf§  f®(z,eVul,) do + guvﬁwum(s%) + e+ cd,

n—-4o0o Q..
J
where the last inequality JCEQV|wp —wy|dz < ¢||V1 Lo (eq,) is obtained as in (4.15). Letting
e — 0%, we obtain

F(wa,u,f‘a EQI/)

(4.19) lim sup N1

< lim sup lim inf [z, eVug ;) dr +¢d,
e—07T

et Nt £Qu;

where we have used the equality V, | ¥(0) = 0. Moreover, by the Lipschitz continuity of f*°(x,-),
we get, setting @(az) = j(x — (x,v;)v)),

(4.20) limsup lim inf (2, eVul ;) dx

et R eq,

¥j(z.) .
< (" ~u") lansup lim nf [Z [ f°°<xij,xw7w—(vij)(w#j,xuj»dxuj]dwij
Qi

J

e—0+ TTEoe bj(xg;)—e/n
¥j (i)
n
< (u" — 7)) limsup liminf / ’ foo(mlf,,acyj,l/j) dz,, dx;-
emot 0 Segp | € Syt )—en” ’
+clim sup][ | Vi ) (acf;] )| dxlfj
e—07+ EQ,}J_ vi
¥j (i)
n
< (u™ — 7)) limsup lim inf / ’ foo(xlf,,acyj,l/j) dry, dx;-
e—0+ Mo Qi | € J(ad)—e/n T !

+climsup [V, 5l oozt )
e—0t J J

n (i) N N
< (ut—u7) limsup liminf][ / [(x; @y, vj)day, | dz;, + |V, 1;(0)],
e—0+ Tt QL | € "/’j(wi})*E/n ! ! ! ’ vi
J
where Qlf] = m,1(Qy,). Notice that, by Lemma 2.1 we have that, for HNLa.e. mlfj € EQ,fj,
J

¥j (x5,
. n
lim / ’ foo(xz%jaxujayj)dl'uj

n—-4oo & d)j(md'j)_E/n
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PR, i (@h),v) i (2,0 (335)) €\ Tpo )
= (foo)_(xz}]aqu(xlt)ayj) if (xi],ﬂ)](l'#]))éjfoo(’yj), <Vjvyf°°(,l/])(xl%],wj($li))> >0
(Fo) (s 0y (i )svy) 3 (g 05(23,)) € T poo gy (Vi Voo () (@35 03 (25,))) < 0.

In any case, (2.3) and the assumption that v and vp(x) have the same orientation, yield
¥j(zy.)
. n J oo L ) B Y N N R |
nllg—loo g /1/Jj(a:i )*a/nf (xuj ’ .TV]., V]) dxyj o (f ( ’ Vj))F (J}V],,K/J] (xl’j)) )
v
for HN 1 a.e. xlfj € 5@%. Therefore, by the dominated convergence theorem, we get

¥j(xy,)
(4.21) limsupliminf][QL(u"' —u") [n/ T foo(xf;j,:c,,j,yj) dﬂ?,,j] d:cf;j
€Qy;

e noHoo € Juy(at,)—/n

n (Vi) N N
= lim supjéQl (um —w7) lim |- / (@, a;,v5) day, | da;,,
v

e—0t € by (quj )—e/n

—tiwsup [t - ) () (o o)
R EQ,J;]. j j j
Recalling that I' N e@,, can be parametrized by (xlt,w](mﬁ])), mi € 6Qlfj, that 0 is a Lebesgue
point for (fm(-,yj));, that 0 € Jpoo(. 1) and vyeo(.,,,)(0) = 14,(0) = vr(0), we obtain, recalling
(2.2) and (2.3),

(422) timsup f (" ) (5 oy o)) o

e—0t
(foo(" VJ));(xi;?wJ(erf]))

1
= limsup ——— / (ut —u”)
e—07t eN-1 SQ#j 1+ |v;rl wj|2
Yi

) (2
— lim ][ 1+ |Vx1_ T,Z)]Pdl‘i ][ (u+_u—) (f ( J))F( )d’HN_l(l')

e—0t EQd_j vi ’ I'NeQu, 1+ |vmg- wj|2

j

(1 v))x(0
~ (T e 0r) (o -y DO
’ \/1+ [Vt ¥5(0)[2
J
= (u" = w7 ) () (0,05) = (' —u")f(0,1),
where the last equality follows from the fact that 0 € U;N,, and each N,, is defined as in (4.7).
By (4.13), (4.14), (4.16), (4.19)—(4.22), we obtain
dF(u,")
dHN=1|J,

Therefore, taking into account the Lipschitz continuity of f*° with respect to the last variable
and recalling that V. ¢,(0) — V,.¢(0) = 0, letting first j — +oco and then § — 0, we get
l/]' v

j

(0) + [ut — | < (¥ — u)f2(0,15) + Vg vy (O)] + 6 + Jut —u.

dHN-1]J,

Hence, the assertion follows. L]

(0) + [’ — ™| < (u —u”)f(0,v) + Ju” —u”].
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We are now in position to give the proof of Theorem 4.3.

Proof of Theorem 4.3. Taking into account [19, Theorem 1.3, part (i)] and Propositions 4.4,
4.5, we obtain the assertion for any function v € BV(Q2) and any A € A(Q). O

4.3. The proof of the relaxation result. Thanks to the results obtained in previous sections,
we are now able to give the proof of the relaxation Theorem 1.1.

Proof of Theorem 1.1. Let us start by observing that since for every ¢ € IRY the functions
f(-,6) and f=(-, &) agree £LN-a.e. in €, then it is easily checked that for every summable function
z:Q— RN

/Qf(x,z(x))dm:/Qf_(:c,z(:c))d:v.

Therefore, denoting by F the functional in (1.7), we may replace f by f~ in the first integral
without affecting the value of the functional.

By Theorem 2.6 f~(-,€) is C1-quasi lower semicontinuous for all £&. Therefore inequality F(u) >
F(u) follows at once by applying Theorem 3.1 to a™ (z)p(§) (if (1.4) holds) or Theorem 3.6 to
f(z,&) (if (1.5) or (1.6) are in force).

The opposite inequality F(u) > F(u) follows by applying Theorem 4.3 to f~ and observing that
(4.7) is always satisfied if (1.4) or (1.5) holds. O
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