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On a class of differential equations with self-reference

MICHELE MIRANDA Jr. - EDUARDO PASCALI

ABSTRACT: We give a result of local existence and uniqueness for equations of the

type
2 2

3} 9
ﬁu(az, t) = kiu (Wu(x,t) + kgu(x,t),t>

where k1 and ko are given real numbers or real functions k; = ki(z,t).

1 — Introduction

In previous notes we have started the study of a new type of differential
equations that we have called self-referred and hereditary (see [4], [5]). The
abstract scheme that we can think in order to embed such equations can be
stated as follows. Given two functionals A : X — R and B : X — R, where X
is a space of functions u = u(z,t), we look for a solution of the equation:

(Au)(z,t) = u(Bu(z,t),t)

under the condition that u(x,0) is a given function.
When Bu is an ”hereditary” operator as for instance

Bu(z, ) = /0 e, )

and similar, the previous equation is said of hereditary and self-referred tupe.
General equations with ”hereditary” operator has been studied since the beginnig
of XX-th century (see [2], [3] and [8]).
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At the previous general scheme can be associated the class of equations that
we will study in this note; in fact, the equations that we will consider are of the

type:
2 2

(1.1) —u(x,t) = ku (%u(w,t) + kgu(;v,t),t> )

where k1, ks are given real numbers or also suitable real functions. For such
equation, arguing as in [5] [4], we can establish a result of local existence and
uniqueness, under suitable conditions on k1, ko and on the initial datum u(z, 0).
We can also establish similar results for more general equations than the previous
one, for instance for equations of the type:

2 2 2

0 0 0
(1.2) ﬁu(x,t) = kiu (ﬁu(m,t) + kgu(ﬁu(x,t) + kgu(a?,t),t>,t> )

The given general scheme is also related to recent papers as [1], [6] and [7].

2 — The local existence and uniqueness result
If we consider the equation

2 2

(2.3) %u(w,t) = kiu (%u(m,t) + kau(x,t), t)

we will assume, for the sake of simplicity, that |k1| = |ko| = 1. Let a,f8 €
L*(R,IR) Lip(IR,R) be given functions, and let us denote by L,,Lg the
Lipchitz contants; we will also assume that L, < % We define:

uo(x,t) = a(z) + tB(x)
and we consider
t T
ui(z,t) = ax) +tB(z) + k1 / / ug (kauo(z, s)) dsdr
o Jo
and then, for all n € IN:

nsses) = alo) + 1900
t T 82
+ ]fl /(; A U, (@Un(x; 3) + kgun(1‘7 5)7 5> dsdr.

We want to prove that the sequence u,, is a Cauchy sequence and that the limit
function ue is a solution of equation (2.3). It is easy to prove that

[tn (z,1)] < (|| + [|B]|oc)e’ Vo €> Rt >0,n € N.
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We notice that:

t2 t3
ana0) = o) < ([l + 180 ) = 208

Moreover, for the second derivative there holds the following estimate:
0? 0?
(@ t) = sau(@, 1)) < (lafle +tbllo) = Bi(t)

=0

At) = /0 t /O " By (s)dsdr.

Arguing in the same way, for the second step of the sequence, there holds:

s, ) — a2, ) s//

1
82
— U <@U1($a 5) + kau (z, 3)) +

and there holds:

82
u (882111(% s) + kzm(z,S%S) +

62
+ ug <@U1($a 5) + kau (z, S)) +

2
— Uy <@uo(x, $) + kouo(z, s)> ‘deT <

< /t /T (A1(8)+

o Jo , ,
+ Lo(s)(’%ul(@‘,s) - %uo(ax,s)’—l—
+ Al(s)))dsdT,

where we have defined Ly (t) = L, + tLg. Then, by induction, if we define;

t T
(24)  Appa(t) = / / (An()(1 + Lo-1(5)) + Lu-1(5) Bu(s) ) ds,
0o Jo
it is now easy to notice that:
[Unt1(z,t) — un(z, )] < Apga ().
In addition, if we define;

(2.5) Bua(t) = Ap(t) (1 + L 1(8)) + Ln_1(£) Ba(®)
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there holds: P
A (1) = / By (s)dsdr,
o Jo

and we obtain that:

0
atun@c,t)] < Bui ().

‘ un+1 :ct

We want now prove that the (u,), is an equi-Lipschitz sequence. Let us then
consider;

lur (2, ) = ur(y, )] < (La +tLp)|x = yl+

YJ ¢ —

u0<682 oy, s) + kauo(y, s >’<

< (Lo(t) +/Ot /OT Lo(s)zdsdT) |z — |

Then, if we define, by recurrence:

{ C(]( ) E
Crnia(t) = Ln(t)(Ln(t) + Cu(t)), Vn e NN

Lnsa(t / / s) + Cn(s))dsdr,

we obtain that, for every n € IN:

and

i1 (@,8) = wn(2,6)] < L1 (D)l —

Moreover:
0? 0?

@m(axt) - wul(yat)‘ <

82
o grzalo ) + b))

82
Ug (@uo(x, t) + kaug(z, t)) +

Since 0 < L,, < 1/2, there follows that there exists M > 0 such that:

L, <M<

l\D|’—‘
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Let us fix Ty > 0 in such a way that:

La +tL5+Mﬁ<M

0<t<Ty=
M+(1+MLE<h<1

We observe what follows:

t2 t2
Li(t) = Lo + tLg +L35 < La+tlg+ Mo < M.

Since
Cy(t) = L3(t) = (Lo +tLg)* < Ly +tLg < M,

there follows

Co(t) = L3(t) + Li(t)C1(t) < M? + M - M = 2M?* < M.

Moreover -
Lg(t) = Lo(t) +/ / (L?(S) + Ll(S)Cl(S))deT =
o Jo
t T
=L,+tLg —l—/ / (M? + M?)dsdr =
o Jo
t2
< Lo+ thy + M < M;

and then

Cs(t) = L3(t) + La(t)Ca(t) < M? + M> < M.
In conclusion, it is possible to prove, by induction:
0<L,(t) <M, VnelN,Vtel0,Tp].
Using formulae (2.4) and (2.5), we obtain, for all ¢ € [0,T5] and n € IN:
0 < Bpt1(t) <A, ()(1+ M)+ MB,(t) <

< [1Balloo (’; (1+ M) +M)

Hence, there follows that for all n € IN:

||Bn+1 ”oo

< h<1.
| Brlloo

Then the series

Z Bn+1 (t)
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is totally convergent and then there exists v, such that:

2

Pk Un(2,t) 2 voo(,t), =z €IR,t e [0,Tp],

and, since
73
[An+1lloo < Bnilloo -

Z Apia (t)

is totally convergent. This implies that there exists u, such that:

we can deduce that

Un(2,t) 2 uso(z,t), x€IR,te€]0,Tpl

Since

(c’?; (2, 1) + ko (2, 1), t) — U (Voo (2, 1) +k2uoo(x,t),t)‘
BEC

Uoo (2, 1) = alz) + t6(x / kl/ Uoo (Voo (T, ) + katioo (, 8), $)ds.

2

0
<l el + Zoel®) (1 = ol + | gz = 0

we can deduce that:

Then the conclusion follows if we prove that v, = 0%u/0t?; but we since
2

Voo (T,1) — pYe)

02
Uoo(x7t) < Hvoo - 8t2unHoo+

2 2

0
| a0+ gt +

82
ot?
82
+ |uy, <8t2un 1(x,t) + koup—1(x, t), t> +

¥ oo (Voo (@, 1) + kotioo (2, 1), 1) ( <

< ””oo - un”ooJr

+ Hun—l - uooHoo+
oo

Voo — wun—l

2

0
# Loolt) (s = e + |

wun—l - UOOH

— 0,

oo

)
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we can deduce that:
Uoo (T, 1) = az) + tB(z)+

/ / koo (a SUoo (2, 8) + koo (2, ), >dsd7,

with z € R, t € [0,Tp], and then uy is a solution of (2.3). We prove now
that (2.3) has a unique solution; let us then assume that there exists an other
solution v = v(z, t);

82
v <@v(x, s) + kav(x, s), s) +

82
+ Uoso (@v(x, s) + kav(z, s), s) +
62
+ Uoso (@v(ac, s) + kav(z, s), s) +
82
— Uso (@um(az7 $) + kauoo(z, 8), s) ’deT.
Hence:
lv(z, t) — uso(x, t)\<||v—uoo||oo/ / 1+ Loo(s))dsdr+
(2.6)
/ / uoo(x s) — 852 v(x, s)| dsdr.
But:
o? 0? 02
EYe) v(x,t) — 8t2u°° x,t) ‘ < ’ (8152 (z,t) + kav(z, t), t) +

— e <§22 (z,1) + kav(z, )t>+

+ o <§22 (2,1) + kav(z, t), t) +

32
<8 5 Uoo (T, 1) + katioo (2, 1) > ‘ <

< o — wselloe +Loo(||v oot

0?2 0?2
+Hﬁ”‘@“w‘w>
(M+1>||v—uoo||oo+
2
| v~ g

——
952" 92t
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This implies that:

0? 0?
Then
0? 0? S1t+M
g’ " gt S Toarlt T vl

From (2.6) we obtain that, for every ¢ € [0, Tp):

1+ Mt
M

M||v = tooloo =

2
t2
= [0 = thoo oo (5(1+M—- ))

t2 1-M+M
= solloo=(1+M)——— =
o = teelloo 5 (1 4+ M) ===

t2
o)t ttso (2, )] < [0t (<1 n M);) n

1-
+ M

H H t2 -
VU — Uoso||oo
21-M

< [v = oo oo,

whence the uniqueness.

In this way we have proved the following local existence and uniqueness
Theorem.

THEOREM 1. Let o, € L*°(IR,IR) N Lip(IR,IR) be given functions with
Lipschitz constant L, and Lg respectively and such that L, < 1/2; then there
exists Ty > 0 and there exists a unique v : R x [0,Ty] — IR bounded, Lips-
chitz in the x variable, uniformly with respect to t(and Lipschitz in t uniformly
with respect to x and continuous in both variables) with second derivative in t
continuous and such that

u(z,t) = a(z) + t(z / / k1u (5‘ su(w, s) + kau(w, s), )deT

for allx € R, t € [0,Tp] and then

%u( t) =kiu (32 (w,f)+k2u(gc,t)7t>
u(r,0) = o)

Eu(m,O) = B(x).
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REMARK 2

. From the previous proof it is clear that the condition |k;| = |k2| = 1 is not a

restrictively hypothesis; in fact we can also assume that k; = k;(z,t), beeing
careful to insure that |k;(z,t)| <1 Vz e R,t>0.

It is easy to notice that similar theorems of existence and uniqueness for
small time can be established also for equations of the type:

0? 0?
—u(z,t) = kiu <wu(x,t) + kzu(ﬁu(x,t) + kgu(x,t),t),t) ,

that we can denote by E(y, 1, r,)- For these equations the existence time for
the solution established using the proof of the Theorem is sensibly reduced.

In view of the previous remarks and from the boundedness of the approxi-

mating sequences used in the proof of the Theorem, we can state the following
problems.

A)
B)

C)

Find some condition assuring that the solution of E, k,,... ;) exists for all
time.

An interesting problem is to give existence result for the equation when «
and (8 are continuous but not Lipschitz functions.

Given a sequence (k;) of real numbers with |k;| < 1 Vi and assuming
that each equation K, 1,,..,) admits a unique solution v, = vp (2, t),
defined for every time and satisfying the initial condition v, (z,0) = a(z),

%vn(:c, 0) = B(z), beeing « and 3 given, study the behaviour of the sequence

(Vn).
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