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1 Introduction

We study the behaviour of solutions v = wus. of oscillating Dirichlet boundary
problems involving two small parameters € and §, of the form

—diva(g,Du) =h
€ (1.1)
u =0 on 09y,

where (Q is a fixed bounded open subset of R™ (for simplicity we consider the case
n > 3 only) and Qs is the periodically perforated domain defined as follows. For
all 20 = §i (i € Z"™) let BY be the ball of center 20 and radius §"/("~2); the set Qs
is defined by
0 =0\ |J B/ (1.2)
iezn

The operators we consider satisfy standard growth and monotonicity assumption,
and, for the sake of simplicity, we take h € L?(Q).

The case when a does not depend on x possesses a very interesting and simple
limit description. In the simplest case when a is the identity then it is well known
that the solutions ug of

—Au=nh
{uOon s, (1.3)
converge as  — 0 to the solution of the problem
—Au+Cu=h
{uzOon o9, (1.4)

where the constant C' is given by the capacitary formula

C =cap(B;) = inf{/Rn |Duf?dz : w € H'(R™), u =1 on Bl(O)} (1.5)



(see Marchenko Khrushlov [15], Cioranescu Murat [8], etc). A similar result applies
in the case of a general a independent of = (see e.g. Casado Diaz and Garroni [6],
where also systems are treated).
When a depends on = and we consider problems (1.1), or even problems of
the general form
—divae(x, Du) = h
{ u =0 on 09,

(for the sake of clarity in the exposition we consider only the case of a. linear and
symmetric) then a recent compactness result by Dal Maso and Murat [11] ensures
that, for a fixed choice of § = d(g), upon possibly extracting a subsequence, the
solutions u. converge to that of a limit problem of the form

(1.6)

—div (ao(z, Du)) + pu=h (1.7)
u =0 on 01, ’
where the operator Ay = —div ag(z, Du) is the G-limit of the sequence of operators

—diva.(x, Du) (see e.g. [18], [16], [2], [19], [7], [17]). The G-limit operator is well
defined by a compactness argument; in particular, if a. is as in (1.1) then the
G-limit (homogenized) operator Apom = —div apom (Du) is independent from the
subsequence and does not depend on x. The determination of the function ¢ € L*>
is a subtler problem and involves a complex capacitary computation.

In this paper we address the problem of the effective computation of ¢ in
(1.7) when ac(z,z) = a(x /e, z) in (1.6) with a 1-periodic, and we highlight various
regimes, at which problems (1.1) behave differently (again, for the sake of simplicity
here we describe the results in the case when the function a is linear, continuous
and symmetric, and n > 3 only):

(i) (separation of scales) if ¢ << 6™/ ("=2) or ¢ >> § then the whole family
U s converges to the solution u of a problem of the form

{ ~div (ahom(Du)) + Cu=h (1.8)

u =0 on 0%);
i.e., p = C. In the case ¢ << 6™/ ("=2) the constant C is given by the homogenized
capacitary problem

C = capy,,(B1) = inf{/ {(apom(Du), Du) dz : v € H'(R™), u =1 on Bl(())}.

(1.9)
In a sense, we may first let ¢ — 0 and then § — 0. In the case € >> §, conversely,
we may let first act ¢ as a parameter. As a consequence the dependence on /e
in (1.1) can be ‘frozen’ and we are led to consider the parameterized capacitary
problems

n

cap,(B1) = inf{/n<a(y,Du),Du> dr:u€ H'(R"), u=1on Bl(O)}. (1.10)



The overall effect of letting € — 0 is then obtained by averaging, and we get

C= cap, (B1) dy. (1.11)
(0,1)™

(ii) (almost-periodic effects) in the remaining cases, the two periods € and 0
present in (1.1) interact. As a consequence in general the family of solutions wu. s
does not converge. The problems satisfied by converging subsequences may be of
the form (1.8) with C' described by a single problem (periodic behaviour) of the
form

cap®(By) = inf{/ (b(x, Du), Du)dz : u € HX(R"), u =1 on 31(0)}, (1.12)

with b a suitable scaled operator (in some cases independent of x), or by a formula
of the type (1.11) (almost-periodic behaviour) with cap, substituted by a suitable
scaled and localized problem, but may even give rise to a problem of the form (1.7)
with non-constant ¢ (finely-tuned interplay between § and ¢).

We deal with the variational case only, in which all the results above may be

easily derived from the corresponding description of the I'-limits (see [12], [10], [4],
[3]) of the functionals F; 5 of the form

/Qf<§,Du> dr ifu=0on ;e B!

+00 otherwise

F.5(u) = (1.13)

for suitable f (see Remark 2.1(ii)). We show that the T'-limits of converging sub-
sequences of these functionals as ¢ — 0 and § — 0 are of the form

Flu) = / Fuom(Du) diz + / olul? dx, (1.14)

where fhom is the homogenized energy density of f (see e.g. [4]) and ¢ is described
above. Note that in the cases ¢ << §"/("=2) and § << e then ¢ is constant and
does not depend on the subsequence.

We propose a direct proof of all these results based on the use of a ‘joining
lemma on varying domains’ (for a proof of this result in a general context see
[1]) which allows to consider only sequences of functions which are constant on
suitable annuli close to the points 2¢, so that a scaling argument immediately
yields the estimates of the limit function ¢ by suitable capacities. This technique
is explained in a general framework in Section 3. Note that we do not make use of
integral representation techniques such as those in [9)].

We only treat the case when f is positively homogeneous of degree 2 in the
second variable and n > 3; the same method with minor changes applies for n = 2
or to p-homogeneous f and 1 < p < n (for changes in the statements see e.g [8],
[6]). For the changes for general f and the case of vector-valued u see [1].



2 Setting of the problem

In all that follows 2 is a bounded open subset of R™", n > 3. If £ C R™ is a
Lebesgue-measurable set then £"(E) is its Lebesgue measure. B,(z) is the open
ball of centre x and radius p. We use standard notation for Lebesgue and Sobolev
spaces. The letter ¢ denotes a generic fixed strictly positive constant and w a generic
fixed modulus of continuity; i.e., a function w : [0, +00) — [0, 4+00) continuous in
0 and with w(0) = 0.

We recall the definition of I'-convergence of a sequence of functionals F}
defined on H} () (with respect to the L?(Q)-convergence). We say that (Fj) I'-
converges to Fy on H}(Q) if for all u € H}(Q)

(i) (T-timinf inequality) for all (u;) sequences of functions in H}(£2) converg-
ing to u in L?(£2) we have

Fy(u) < liminf Fj(u;);
J

(ii) (T'-limsup inequality) for all n > 0 there exists a sequence (u;) of functions
in H}(Q) converging to u in L?(Q) such that

Fo(u) > limsup Fj(u;) — .
J
We will say that a family (F.) I'-converges to Fy if for all sequences (¢;) of

positive numbers converging to 0 (i) and (ii) above are satisfied with ., in place
of Fj .

The functionals we consider are defined as follows. Let f : R* xR™ — [0, +00)
be a Borel function satisfying

(H1) (periodicity) f(-,z) is 1-periodic for all z € R™;

(H2) (positive homogeneity) f(x,-) is positively homogeneous of degree 2 for
all z € R™;

(H3) (growth conditions) there exist two constants c¢1,ca > 0 such that
c1|z? < f(x,2) < ea|z)? for all @, 2.

It is well known (see e.g. [4] Chapter 14) that the T-limit G of the functionals
(G.) defined by

x
Ge(u) = /Qf(g,Du) dx (2.1)
on H{ () exists and can be represented as
Go(u) = / fhom (Du) dz, (2.2)
Q
where

Jrom(z) = inf{/( : fly,Du+2)dy : v € HL (R™) 1—peri0dic} (2.3)
0,1)n



for z € R™ defines a convex function positively homogeneous of degree 2.
For all § > 0 we will consider the lattice Z™ whose points will be denoted
x9 = i (i € Z"™). Moreover, for all i € Z"

B? = B5n/(n—2) (:L‘f)

For all €,8 > 0 we consider F. 5 : H}(Q) — [0, +00] defined by

/Qf<§,Du) dr ifu=0onJ;czm B

F.s5(u) = (2.4)
+oo otherwise.
With fixed 0 = 6(e) we will study the I'-limits of sequences (F}) with
Fy =F,, 5,) (2.5)

We will separately consider the following cases:
(1) (Section 4.1) e << 6™/("=2)_ In this case the I-limit does not depend on
(¢j) and can be written in the form

Fo(u):/thom(Du) dx—i—C/Q|u|2dx (2.6)

on the whole H}(Q). The characterization of C' is described in Theorem 4.2;

(2) (Section 4.2) € >> 4. The same conclusion of (1) above holds with a
different characterization of C' (see Theorem 4.3);

(3) (Section 5) In the remaining cases in general the T'-limit does not exist,
but we may have converging sequences (F;) both to functionals of the form (2.6)
with different C' or to functionals of the form

Fo(u) = / Fuom (D) di: + / olul? dx (2.7)

for some strictly positive ¢ € L>=(9Q).

Remark 2.1 (i) Since the functionals we consider are weakly equi-coercive on
H; (Q) (more precisely, if sup; (Fj(u;)) < +0o and (u;) is bounded in L*(Q) then it
is weakly pre-compact in HE(Q)) in the I-liminf inequality above we may consider
only sequences (u;) weakly converging in Hg(9);

(ii) if H is a continuous functional on L?(§2) then F; + H I'-converge to
Fy + H. By the well-known property of convergence of minima of T'-limits (see
e.g. [4] Theorem 7.2) we deduce for instance in case (1) above that for all fixed
h € L?(Q2) the values

mazinf{/ga(a)f(i,Du) dac—/Q hudz :u =0 on 895(5)},

5(e)



where 25 denotes the J-periodically perforated set

Qs =0 \ (B(S'n,/(nf?) (0) +7Z") =02\ U B?7 (2.8)
iezmn

converge to

m = min{/ (fhom(Du) + Clu* — hu) dx :u=0on 89}
Q

ase — 0.

Furthermore, if f is convex in the second variable, for each € a solution wu.
of m, exists, the family (u.) (extended to 0 on Q\ Q5()) is weakly precompact in
H}(2) and every its limit is a solution for m. If f(x,z) = (a(x, 2),2) (a linear) we
may then restate this I'-convergence result in terms of convergence of solutions of
elliptic PDE as in the Introduction.

3 A general ['-convergence approach

In this section we describe a general procedure to compute the I'-limit of func-
tionals defined on perforated domains. In the following sections we specialize this
approach to the cases (1)—(3) highlighted in the previous section.

Let f; : R x R" — [0, +00) be Borel functions satisfying the positive homo-
geneity condition (H2) and the growth conditions (H3) uniformly in j. We suppose
that the sequence of functionals (G;) defined on H}(£2) by

Gj(u):/ﬂfj(x,Du) dx (3.1)

I'-converges to a functional Gy of the form
Go(u) = / fo(z, Du) dx. (3.2)
Q

In our case f;(z,2) = f(z/ej,2) and fo = from.
Let (d;) be a sequence of positive numbers converging to 0 and let (F;) be
defined on Hg () by

Gj(u) ifu=0on{J;cym Bf
Fj(u) = (3.3)
+00 otherwise.

Note that sometimes we use the notation = J; not to overburden notation.



3.1 The I'-liminf inequality

Let (u;) converge weakly to u in Hj(Q2). We can suppose that sup; F}(u;) < 400,
We wish to separate the contribution due to Du; ‘near the balls B}’ and “far from
them’. The latter will be estimated simply by Go(u), while the former will be
described by a limit capacitary formula.

The way to discriminate between ‘near’ and ‘far’ contribution is formalized by
the following lemma, whose proof, together with a slightly more general statement
can be found in [1].

Lemma 3.1 Let u; be a sequence weakly converging to u in H} () as above, and
let N,k € N. Let (6;) be a sequence of positive numbers converging to 0 and let

Z; ={ieZ": dist (z0,R"\ Q) > §,}.

For all i € Z; there exists k; € {0, ...,k — 1} such that, having set

cl={zeq: 2 ING/ D <o —af| <2BNG/IL (3.)
u; = |Cij|_1/ ‘ujdxr (the mean value of u; on C’Zj), (3.5)
eH
and 3
pi = ZT’“N&;’/ (=2 (the middle radius of C?), (3.6)

there exists a sequence (w;), with w; — w in Hy(SY) such that

wj =u; on Q\ U c! (3.7)
i€Z;
wj(w) = uj if |v = x| = p (38)
and .
| (416w Dwy) = 1 D)) | < e (39)
Moreover if uj = v; with |Dv;|* equi-integrable, setting
ci={req: LN/ ) < 3 a2 3.10
i =T € 5 B <|CC—1L'1'|<§ b ) ( )
v§ = |C’ij|71/ ‘wjdz (the mean value of v; on CY), (3.11)
c?
and 4
pj = N&;/(nﬂ) (the middle radius of C?), (3.12)

we get the same conclusions above.



By this lemma we can use the sequence (w,) to estimate the I'-liminf inequal-
ity for (F;). We first deal with the contribution of the part of Du; ‘external’ to

the annuli C’g; i.e., outside the set

Ej=|J B/, where B! =B,z (3.13)

Pj g
i€Z;

for all i € Z;.
Let k, N be fixed, let u} be constructed as in (3.5). We define

vy =Y lulPxgs, (3.14)
€2
where P
by (2% %"
Qf =+ ( 272 )
The following lemma describes the asymptotic behaviour of ;.

Lemma 3.2 The sequence ; converges to |u|? strongly in L*(Q).

PRrROOF. By the Poincaré inequality
/ lu; — u;|2 dzx < c(k;) 6?/ | Du,|* de,
Q) Q2

where ¢(l) depends only on [ € {0, ...,k — 1}; since k € N is fixed we get
Z / uy — u;|2 dx < 055-/ |Duj;|? dx, (3.15)
icz; 7 @ Q

where ¢ := maxg,;—o,... k-1 ¢(k;). Since Uiezj Qf invades Q and u; — v in L2(2)
as j — 400, by (3.15) we have that

limsup [ ¥;dr < limsupQ(Z/ |u§—uj|2+/|uj\2d$)
Q° Q

j—+oo JQ j—+oo icz,

2/ Jul® dz, (3.16)
Q

and, by (3.16), (3.15) and Hélder’s inequality

. 1/2
: . 2 : . [ 2
h‘mbup/Q | — [ul*|dz < chmbup( E /5 us — ujl dx)

j—+oo J—too i€z; Y @i
1/2
X limsup(/ (5 + |us]?) dz)
j—too MO
1/2 1/2
< c(/ |u|? d:z:) lim 6 (/ |Duj|? d:z:) =0
Q J=too Q
as desired. 0O



Proposition 3.3 Let (u;) be as above. Let k,N € N and let (w;) be given by
Lemma 3.1. Then we have

l_iminf/ fj(x,Duj)dxz/fo(x,Du) dx +lim inf fj(x,ij)dm—% (3.17)
Q Q 2

j—+o0 j—+oo Jg

PROOF. We define

i J o .
k,N:{uj on Bj, i€ Z;
J

v
w; otherwise .
The sequence (vf’N)j is bounded in H}(Q); hence, it is pre-compact in L?((2).
Since E"({v;?’N —w;}) — 0 and w; — u in L*(Q) as j — +o0, oF N converges

j
strongly to u in L?(Q).
By Lemma 3.1 and condition (H2)

v

1
Fj(uj)—'_cE Fj(w;) = /Q\E. fj(x,ij)dm—i—/E. fi(z, Dw;) dx
= /fj(a;,va’N)dx—i—/ fi(z, Dw;) dx
Q E;
= Gj(vj’?vNH/ iz, Dw;) da . (3.18)
Ej

By the I'-liminf inequality of the functionals G; (3.1)

lim inf Gj(v?’N) > / fo(x, Du) dx (3.19)
Jj—-+oo Q
and (3.17) follows immediately. O

We now turn to the estimate of the contribution due to Du; on E;. From now
on, we suppose that N > 2* so that the construction of w; in Lemma 3.1 keeps
w; = u; on BY. With fixed j € N and i € Z; such that uz #01let (: By(0) — R
be defined by

— (u; — w, (:cf - 5?/(7!_2)11)) y € Bsy-nin(0)
0 otherwise.

If u} = 0 we simply set ¢ = 0. Note that
¢ € Hy(Bn(0)) and ¢ =1 on By(0). (3.20)

By a change of variables we obtain

fi(z, Dwj)dx = 5;1|u3|2/ fi(xl — 5;1/(71—2)%7 D¢) dux; (3.21)
B! B (0)



hence, if we set

on.(z) = mf{/B o fi(w=87" "2y, D) dy : ¢ € Hy(By(0)), ¢ =1 on Bi(0) |

(3.22)
the computation of the liminf on the right hand side of (3.17) is translated into
computing the limit

lim inf 6"|u 2N (x?). (3.23)

By considering the functions wj and goév defined by (3.14) and by
= > on;(@)xgs, (3.24)
i€Z;

respectively, the limit (3.23) is translated into

hminf/ <p§\'1/1j dx. (3.25)
Q

j—+o0

By Lemma 3.2 it is sufficient to compute the weak* limit ¢~ in L>°(Q) of
the functions cpj»v as j — +o0o. For our problem this will be done differently in the
cases (1)—(3) described in Section 2. We then have

liminf/ fj(a:,ij)dxz/(pN|u|2dx, (3.26)
E; Q

j—+o0

and a I'-liminf inequality is achieved by taking the supremum in N.

3.2 The I'-limsup inequality

The T'-limsup inequality is obtained by suitably modifying a recovery sequence
for the I-limit of G;. Let u € H}(S2) and let (v;) be a sequence converging to u
weakly in H}(Q) such that lim; G, (v;) = Go(u). Let

Q(6;) = {z € Q: dist (z,09Q) > §;};

we may assume that sptv; C Q(d;) (see e.g. [4] Proposition 11.7) and that |Dv;|?
is equi-integrable (see e.g. [4] Appendix D, [13]).

By Lemma 3.1, taking the equi- integrability of |va|2 into account, we may
also suppose that v; equals a constant v; on 9B, ,( ) where

pj = Né;i/ n=2)

The construction of a recovery sequence will be then obtained easily if, fixed 7, we
construct functions ¢} in Hg(By(0)) with ¢! =1 on B;(0) such that, setting

vj(z) on 2\ Uiezj By, (mf)
uj(z) = ( CZ( nz/(:l))) on B, (xf), (3.27)

10



we have

limsup/ fj(x,Duj)dx§/¢|u|2 dx + 1,
J U, Bo; @) Q

where ¢ = supy ¢” is suggested by the liminf inequality. Indeed, with this choice
of (u;), we obtain

hmsup/ fi(z,Duj)dx < /fo(:ﬁ,Du) dz+limsup/ fi(z, Du;) dx
j—+oo JQ Q j—+oo Ui By, (2?)
< /fo(x,Du)dx—&—/gp\uFdx—i—n, (3.28)
Q Q

and the I'-limsup inequality is verified.

4 Separation of Scales

In this section we study the extreme cases ¢ << 6™/ ("=2) and ¢ >> §. In both
cases the I'-limit of the whole family (F; s) exists and it is described by an extra
term of the form C' fQ |u|? dz, whose computation highlights a separation of scales
effect.

4.1 Highly-oscillating energies in perforated domains

We treat the case ¢ << 6"/("=2) first. In this case the limit is computed as if by
first letting ¢ — 0, thus obtaining a homogenized functional, and then applying
the theory of perforated domains for a fixed functional.

Remark 4.1 We define
capyom(B1) = inf{/ from(D¢)dz : C € Hl(]R”)7 (=1on Bl(O)}.
Rn

It can be easily checked that

ADyors (B1) = Tim min from(DC) dz = ¢ € H'(By, 1 (0))
N—+o00 BN+%(O) N

(=1ondBy,(0) (=0on Bl_%(())}

= 1 i om(DC) dz H'(By_1(0
Nggmmm{/BNl(O)f} (DQ)dz : ¢ € H(By_4 (0))

(=1ondBy_3(0) ¢(=0on BH%(O)}.

11



Theorem 4.2 Let f satisfy (H1)-(H3) and let F. 5 be given by (2.4). Let § :
(0, +00) — (0,400) be such that

n/n—2
lim 6(e) =0 lim ki O) = +o0;

e—0 e—0 IS

then there exists the I'-limit

r- liI%Fs,é(s)(u):/fhom(Du) dw"i'caphom(Bl)/ ‘u|2 du
e— 0 Q

for all w € H} ().

PrOOF. We fix a sequence (¢;) of positive numbers converging to 0 and let
d; = 6(g5). Let Fj = F., s,. Note that we sometime simply write ¢ in place of §;.

We first deal with the I'-liminf inequality. Let u; be weakly converging to u
in H{ (), such that sup; Fj(u;) < oo. Let k € N and N > 2%, and let w; be as
in Lemma 3.1; by Proposition 3.3 to compute the I'-liminf inequality we have to
study the contribution on the set E; given by (3.13).

)
For all i € Z" let y§ = £;[Z], so that ¢ € y + [0,¢;)". Taking into account

€j

that e; << 5?/ (=2 we deduce the following inclusions

() C B (4.1)

(1_%)6;72

and 4
B} C By, (x9) C B(NjL%)g;l/"*?(yf) (4.2)

for j large enough. There follows that w; can be extended outside Bg as

w; on Bg (4.3)
Wi =94 i ' ’
Js uj on B(N+%)5;L/nf2 (y7) \Bz] :

Let u’ # 0. By (4.3) and conditions (H1) and (H2), by a change of variables, we

get
/,f(i,ij)dw = / f(£.Dwjs) da
B E B(N-%—%)a;/"”(yf) €
n/n—2
_ n, 1|2 J 7
— 5j|uj|/ f(z — ,ng)dz, (4.4)
(N4 () J
where

Ci(z) = wji(267" 7%+ yE) fu

Note that by (4.1) and (4.2) (}(z) = 1 on 9By, 1,(0) and ¢} = 0 on B;(0).

12



If we denote 7; = sj/éy/"_2, by (4.4) we have
/ f(i, Du)j) dx
U.e e
> 5;\u;|2min{/
i€z, Bini 4O

¢=1o0n0dB(x,1)(0)¢=00n B(l,%)(())}; (4.5)

I D6E) d= v CE ' (Brag (0)

hence, by (4.5), Lemma 3.2 and the T'-convergence of the functionals (2.1) to that
in (2.2), we have

ljminf/ f(E,ij) dx
Jj—+oo UB: Ej

> min{ [ fun(DG) s ¢ (e H (Byey (0)

44 (©
C=1on 9By, 3)(0) C=0on By_4(0)} /Q luf? da

Passing to the limit in the inequality given by Proposition 3.3 first as IV and then
as k tend to 400, by Remark 4.1 we have that

limin Fj (u;) > / From(Du) dz + capy... (B1) / luf? dz
Q Q

Jj—+oo

as desired. By the arbitrariness of u; the I'-liminf inequality is proved.

Now we pass to compute the I-limsup inequality. Given u € H} () we want
to construct a recovery sequence (u;) for the I'-limit of F;. Following the approach
of Section 3.2, it remains to define u; on B, (2?).

We denote

mév = min{/
B

£(5 D) d= ¢ H By (0)

-4

(=1ondBy_1,(0)(=00n B(H%)(O)}

¥ = min{ [ (D) Az Ce HY By (0)

-4
(=1ondBy_+)(0)(=00n B(H%)(O)},

and fix M € N; by Remark 4.1 and for N large enough

1
mN < Caphom(Bl) + M .

13



N
n

converges to m” as 7 tends to 0 (see [4] Theorem 7.2). Considering 7, = 5]-/5?/”_27
from the convergence of minima we deduce that there exists a sequence (; €
Hl(BN_%(O)) with ¢ =1 on 0B(y_1,(0) and ¢; =0 on B(;, 1,(0) such that

By the T'-convergence of the functionals (2.1) to that in (2.2), we have that m

z 1
lim fl—,D¢i(2)) dz < cappom (B1) + = - (4.6)
J—+oo B(N*%)(O) (’r]j J ) h ! M

By a change of variables we get

/B (D6 d= = ;/B

where

n/n—2(U5) f<§’D<JZ(x)> dz, (4.7)

N_Ll (0
( ~) :

(N—F)s

~. T — y‘?
Gz) = ¢ <5n/7nfz) :
J
Reasoning as for the I'-liminf inequality we may suppose that

B C B(l_s_%)é;/nfg (y5) and B(N_%)éy/nfz (yi) C By, (?). (4.8)

Since é}(x) =1 on 8B(N_%)6;L/n_z(yf) and f;(x) =0 on B(H%)éy,/n_z(yf), by
(4.8) we can define

| ¢t on B(Ni%)(;;/n%(yf)
Gla) = 5 :
1 on Bpj(xi)\B(Niﬁ)(;?/nd(yi)

so that ¢} =1 on 9B, (z9) and ¢;=0on B?. By (4.7) and condition (H2), we get

z 1 T i
/ f(—_,DCj(z)) dz = 57/ f(—_,DCj(x)) dr.  (4.9)
By 1)@ i j /By (@d) €
Now we can construct the recovery sequence u; by setting

v on Q\ U, By, (9)
wol (4.10)
vj G(x) on By, (x7),

and prove that it converges weakly to v in H*(Q). In fact (u;) is bounded in H' ()

and v; — u; tends to 0 in measure. Since v; — w in L?*(2), then also u; — u in
L?(Q) and hence weakly in H(Q).
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By (3.28), (4.10), (4.9), Lemma 3.2 and (4.6) we have
limsup Fj(u;) < / fhom(Du) dz
Q

j—4o0
z
+ lim sup 5”1} 2/ fl—,D(i(z)) dz
LT (,7 ()

J=Fe ez, Biv-4)
< / fhom Du) dx + (Caphom Bl / ‘U|2 dz.

By the arbitrariness of M we conclude the I'-limsup inequality; hence, the I'-
convergence of the functionals F; 5. as ¢ — 0. O

4.2 Slowly-oscillating energies in perforated domains

Now we treat the case € >> 4. In this case the limit is computed as if first apply-
ing the limit process to functionals in which x/e acts as a parameter, and then
averaging the outcome.

We consider for the sake of simplicity the case of continuous f:

(H4) (continuity) f(-, z) is continuous for all z € R™.

This condition can be easily dropped, at the expense of a much heavier notation.

Theorem 4.3 Let f satisfy (H1)-(H4) and let F. 5 be given by (2.4). Let § :
(0, +00) — (0, +00) be such that

lim @
e—0 €

=0.

There exists the I'-limit

I- hm F 500)( /fhom Du d;v+/ dx/ lu|? dx
01)n

for all w € HL(Q), where
a(z) = mf{ fle,DO)dy: ¢ € HYR™), (=1 on 31(0)} . (4.11)
Rn

Before proving Theorem 4.3 we make some general observations from which
the I'-limsup inequality will easily follow, and that will be used also in the next
sections.

Remark 4.4 In this Section and in the next one, we will consider several cases
for which the I'-limsup inequality will be obtained by considering the recovery
sequence (3.27) introduced in Section 3.2, but the functions ¢; will be constructed
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in a different way with respect to the previous section. In this case the function
¢n,; defined as in (3.22) takes the form

s/ (=2)
enj(@) = inf{/B o f(x - ’Ty,DC) dy
¢ e HY(Bn(0), (=1on 31(0)}. (4.12)

With fixed j € N and i € Z; we take ¢} in Hj(By(0)) with ¢} =1 on B;(0) such

that
n/(n—2) 1

5
/ (5 %y D) dy < oy (2 ) + = (4.13)
By(0) NEj &j €j i

By a change of variables we obtain

_ .8 s
(;JT‘L/B,,J.(mg) f(g] Cl< n/(an))) dr < N, (i—’) + %

J

and
_ 0 s
/Uinjuf)f(;’D( ( Cl( n/(nx2>)))>dw<l§ 53 |v; IQwN,J(:J)Jr;.

Hence, if we define

=> sozv,]( )sz (4.14)

i€Z;

where pn ; is given by (4.12), and

b= vixgs (4.15)

i€Z;

with v} given by (3.11), we have

limsup/ f(i,Duj) dx
oo U, By @) N

Jj—+oo g J

) D(vi(l_a(ﬂ))))dm
imtos N, By @d)” NET N Mo/

< limsup Z 57 |vl| @N,]< —hmsup/ chpj dx . (4.16)
J=Fee ey, Jotoeo

PrOOF OF THEOREM 4.3. We fix a sequence (¢;) of positive numbers con-
verging to 0 and let §; = d(g;). We have already shown in Section 3.2 that to
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get the T-liminf inequality we have to study (in the notation of that section) the
weak™® convergence in L (2) of the functions <p§-\' to oV, as j — +o0. In our case

90;\[ is given by (4.14).
If we define
an(z) = inf{/ f(z,D¢)dy : ¢ € HY(By(0)), ¢ =1on Bl(())} (4.17)
B (0)

by hypothesis (H4), we have that

5/ (n=2)
len — anllse < w(Nij = ) (4.18)
J
and s
T Y 0,
Ty Can(Z) | <w( )
‘aN(Ej) aN(é'j)‘ _w(Ej) (4 19)
for all y € Q2. Hence, if we define
29
CL;V = Z aN(i)XQ‘? and anN = / aN(y) dy
Ej K (0,1)"

i€

since ay is 1-periodic, we have ay(Z~) —* ax in L* and by (4.19) also aé\' —~*ay
J

as j — +oo. By (4.18) ap;»v —* N = gy and hence
lim oV :/ a(z)dx. (4.20)
N—+o00 (0,1)»

By Proposition 3.3, (3.26), Lemma 3.2 and (4.20) we get the I'-liminf inequality.
The T'-limsup inequality is obtained by considering the recovery sequence
(3.27) with ¢ constructed by (4.13), and recalling (4.16) and Lemma 3.2. O

5 Interaction between homogenization processes

In this section we treat the remaining cases when ¢ is between the scales 6™/™ 2
and 0. We will suppose that (d,) and (¢;) are such that

57/ (n=2) -
lim L—— = ¢ € [0,+0) lim -2 < 400 (5.1)

Jj—o00 Ej j—00 j

hold. We define the localized capacitary formula
al(z) = inf{ flx—qy,DO)dy: ¢ € HYR™), (=1on 31(0)}. (5.2)
Rn

Note that when ¢ = 0, a® coincides with the function a defined in (4.11).
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Theorem 5.1 (Periodic interaction of scales) Let f satisfy (H1)-(H4) and let
F; = F., 5, with F.5 as in (2.4). Let ¢; — 0 and let §; — 0 be such that (5.1)

holds. Suppose that 6; = %5]- with k; € N prime with M € N. Then there exists
the I'-limat
- lim Fj(u) :/fhom(Du) dx—l—C/ lul? d,
Q Q

j—+o0

on H}(Q), where
C = % 3 a%%) . (5.3)

he{0,...,M—1}n

PROOF. Let ¢ ; be the 1-periodic function defined as in (4.12), and let

ol (z) = inf{/ fle —qy, DO dy : ¢ € HY(Bn(0)), (=1 on 31(0)} . (5.4)
BN (0)

?:i%:k+— kez', he{0,..,M—1}". (5.5)

S
S

By (5.5) and the periodicity of ¢n ;

Sailens ()= X (S aaP)ens(qr) = [ el

1€Z; he{0,....,M—1}n i€l

where

h n
In= 7 +2"NZ;

and 5, cpé\' are defined in (3.14) (4.14), respectively. Note that
h
@ = Y Y eni(gr)xe @
he{0,....M—1}ni€l)

and |lon,; — a%llc — 0 as j — +o0; hence,

% 1 h
ot s 3 gme(y)
he{o,...,M—1}n
and . "
. N _
Jim o= 3 ().

he{0,...,M—1}n

Recalling Lemma 3.2 we obtain the I'-liminf inequality.
In order to obtain the I'-limsup inequality, by (4.16) it is sufficient to use the
scheme of Section 3.2 with ¢! as in (4.13). O
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Remark 5.2 In the particular case when §,/¢; € N (i.e., M = 1) the constant C
is given by the single problem defining a?(0).

Theorem 5.3 (Almost-periodic interaction of scales) Let f satisfy (H1)—(H4) and
let Fy = F¢, s, with F. 5 as in (2.4). Let €; — 0 and let 6; — 0 be such that (5.1)
holds. Suppose that 6; = (k; + r)e; with kj € N and r ¢ Q. Then there exists the
I-limat
I'- lim Fj(uj) = / Shom(Du) dx + C/ lu|? dx
Joee Q Q

on H}(Q), where

C= al(x)de. (5.7)
(0’1)n

Proor. The sequence goév defined in (4.14) is bounded in L*°(Q); hence, up
to subsequences, there exists ¢V € L*°(Q) such that o —* oV in L>(Q) as
j — +o0. In order to identify the limit oV, it suffices to test it against characteristic
functions of n-cubes. Hence, if we prove that

/Acpj.v dx — L"(A)C (5.8)
for every n-cube A, we have oV = C.
We define s
- o M" g
90§V = Z 0} —r PN (Z5)XQ - (a%)42m
icz, Ej £ M
where e cian
5 _ .0 J tJ
Qg (x?) =z + (_M’M) .

Note that also <,5§V —* N in L>°(Q). By the continuity of ¢y ;
s (2) ~oms (2)] < (57)
LION,] {_:j (pN’J Ej — M

ifre@s (29) + Z™; hence, we study the weak* convergence of
M"™ T
L Z oF o (pij(;)XQL(mf)—&-Z"(z)'
. 1 M
1€2; J J

Let A be an n-cube with edges parallel to the coordinate axes and of side length
[, we compute

o M" x x
> o —ren, (*)X 28 (*) dx
A gj €57 Qa (ZH)+Zr \&j

i€Z;
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Mn
+E?/R <pN7j(z)Z<5 = X ot (2)dz, (5.9)

3 i€Z; i 9

where we have decomposed (1/¢;)A as the union of [({/;) — 1] unit cubes and
of a set Rj, with L"(R;) < 2n(l/e;)" 1.

By an application of Birkhoff’s Theorem (see e.g. [14]) as in [5] Appendix A
and (5.9) we deduce

lim /25 790N]( )XQJ(I5)+Z"( ) dz

I i€Z;

= C"(A)/ a%(2) dz/ xq, () M"dz = E”(A)/ a%(2) dz,
(0’1)n (0,1)" M (0,1)"
where a%; is defined by (5.4). By (5.8) we have

A O
o,nH)"

hence, by Lemma 3.2

lim/goévzpjdx:goN/ lu|? d, (5.10)
J Q Q

where 1); is defined as in (3.14), and

lim / al(z)dx. (5.11)
N—+o00 (0,1)™

By (3.26)
S € 2
lim inf f(—, ij) dx > al(x)dr | |ul®dx (5.12)
j—+oo E; 5j (0,1)™ Q

and we obtain the I'-liminf inequality.
Recalling (4.16), we choose ¢} as in (4.13), and by (5.10), (5.11) we get the
I-limsup inequality. O

Corollary 5.4 (Non-existence) If§ : (0,4+00) — (0,4+00) is a continuous function
such that
€ ] 6n/(7a—2)(€)

lim §(¢) = lim —— =0, and lim

lim limy 59 limg —— =q €[0,+00),

then the I'-limit of the functionals F 5.y as € — 0 does not exist.
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Remark 5.5 The case §; = ; (more generally, §; = s¢; with fixed s > 0) is cov-
ered by Theorem 5.1 and Theorem 5.3. Note that the condition lim;_ 4 d;/¢; =1
does not allow to conclude the existence of the I'-limit of F}; as shown by Example
5.6 below.

Example 5.6 (Finely-tuned interplay between scales) We finally give an example
when the extra term in the limit is not described by a constant: if §; = £; + 5?
then

- lim Fj(u):/thom(Du) d:c+/ﬂa(:c)|u(z)|2dx.

j—-+oo

In fact, by the periodicity of ¢ ; defined as in (4.12)

- x8 - )
3 aflulens (2) = 3 o7 luslPon i)
i€Z; J i€Z;

If we consider the function an defined by (4.17), by condition (H4)

s
o () — o) £ w2 (513
j
hence, by (4.18) and (5.13), we have that
)
. i (2 L _ : i |2 )
Jim S oyl Pena () = tim 3 87k Paed)
€Z; 1€Z;
= / an (z)u(x)]? dx (5.14)
Q
and
lim an (2)|u(z)]? de = / a(x)|u(z)]? dx . (5.15)
N—+oo Jo Q

Reasoning as in the proof of Theorems 5.1 and 5.3 we get the I'-liminf and the
I'-limsup inequalities.
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