A VANISHING VISCOSITY APPROACH TO FRACTURE GROWTH IN A
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ABSTRACT. The existence of crack evolutions based on critical points of the energy functional
is proved, in the case of a cohesive zone model with prescribed crack path. It turns out that
evolutions of this type satisfy a maximum stress criterion for the crack initiation. With an
explicit example, it is shown that evolutions based on the absolute minimization of the energy
functional do not enjoy this property.
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1. INTRODUCTION

In this paper we present a model for the study of the fracture growth in an elastic body when
the cohesive forces acting between the lips of the crack are not negligible. We consider the case
in which the evolution is driven by a time-dependent boundary displacement on a fixed portion of
the boundary. At the moment, due to technical difficulties, we are forced to assume a priori that
the crack is contained in a prescribed region.

In order to analyze the behaviour of the system, one can follow the time evolution of absolute
minimizers of the energy. This strategy has been used by Dal Maso and Zanini in [11]. Actually,
it turns out that it is not always realistic to expect the energy to be minimized at every fixed
time. Indeed, it may happen that global minimization leads the system to change instantaneously
in a very drastic way, jumping into a very far apart configuration. Thus, it seems reasonable to
introduce a selection criterion which possibly avoids such a situation. To this aim, we will consider
evolutions of critical points of the energy, taking inspiration from [7], where a vanishing viscosity
approach is introduced in the context of plasticity with softening. The same technique was also
used in [12], for the study of rate-independent finite-dimensional systems. In the framework of
fracture mechanics, the first step in this direction has been taken by Dal Maso and Toader in
[10]. Recently, Negri and Ortner (see [17]) presented an evolution based on local minimizers in
the case of a connected crack with prescribed path. In [19], Toader and Zanini use a vanishing
viscosity approach to handle the same problem. To the best of our knowledge, in this paper the
ideas introduced in [12], [7] and [19] are applied for the first time to the case of a cohesive zone
model.

We restrict our analysis to the case of generalized antiplanar shear. More precisely, let 2 be a
bounded open set in RY | with Lipschitz boundary. We assume that the reference configuration
is the infinite cylinder Q x R, and that the displacement U :  x R — R+ has the special form
U(x1,...,zn,2n+1) = (0,...,0,u(z1,...,2N)), with u : @ — R. We assume also that the crack
path in the reference configuration is contained in (I'NQ) x R, where I' € RY is a Lipschitz closed
set such that 0 < HN"1('N Q) < +o00 and Q\T' = QT UQ~, with QF disjoint open connected
sets with Lipschitz boundary. When speaking about bulk and surface energy, we will refer to a
finite portion of the cylinder, obtained by intersection with two horizontal hyperplanes separated
by a unit distance. Although the case of a planar set {2 is the most interesting from the point of
view of applications, no further relevant technicalities arise in considering an arbitrary N > 2.

Let us fix a time interval [0,T], with 7" > 0. In the situation we consider, the evolution is
driven by a time dependent displacement w : [0,7] — H'(2) imposed on a fixed portion dp§) of

1



2 F. CAGNETTI

the boundary 0€2. We assume that dp) is well-separated from I' and that its intersections with
A0T and 99~ have positive (N — 1)-dimensional measure.

Let us now introduce the energy functional. We suppose that the unbroken part of ) can be
described in the context of linearized elasticity, so that the stored elastic energy associated to a
displacement u € H'(Q\ I is:

1
= / |Vu|*de.
2 Jo\r

In order to express the work spent to create a fracture, we need some preliminary notations. Let
u® denote the trace on T' of the restriction of u to QF, and let [u] denote the jump u* —u~ of
u across I'. The crack is represented by the set

Ju:={z el :[u](z) #0}.

Its contribution to the energy, according to Barenblatt’s cohesive zone model (see [4]), can be
written as

[ s ane=
r

where ¢ : [0, +00) — [0,4+00) is a C!, nondecreasing, bounded, concave function with g(0) = 0
and o := ¢'(0%7) € (0,4+00). Here g(|[u]|) is the energy per unit area spent to create a crack
with opening |[u]|. Moreover, ¢'(|[u]|) gives the force per unit area acting between the lips of the
crack whose displacements are ut and u~, respectively. Typically, this force decreases with the
distance and hence g is concave. Since in practise the cohesive interactions have finite range, we
assume g to be bounded. Therefore, the total energy associated to a displacement v € HY(Q\T)
is given by

E(u) := %/Q\r |Vu|2dx+/g(|[u]|)dHN_l. (1.1)

T

To keep the mathematical formulation as simple as possible we will neglect irreversibility. Never-
theless, this is the subject of the paper [5].

In order to give an idea of the vanishing viscosity approach we start by describing the strategy
in a more general setting. Given a time-dependent functional F(u,t) defined for u in a Banach
space Y and for t € [0,7], an evolution of critical points is a function u : [0,7] — Y which
satisfies

0 € 0, F(u(t),t) for a.e. t € [0,T], (1.2)

where 0,F denotes the subdifferential of F with respect to u. The existence of such an evolution
is proved by a singular perturbation method. That is, for every € > 0 one considers the e-gradient
flow

—cif(t) € DL F(ul(t), 1) (1.3)

with initial datum u®(0) = wug, where ug is a critical point of F(-,0). Under suitable regularity
assumptions, as € — 0 the solutions u® converge (in a sense to be specified) to a function u such
that (1.2) holds.

Let us explain in detail this approach in our case. We apply the previous scheme to Y = L?(Q)
and

F(u,1) = E(u) forue HY(Q\T) and u = w(t) on dp,
"7 400 otherwise in L%(f),

where E is the functional defined by (1.1). Note that in this case the functional depends on time
only through the prescribed boundary conditions.
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We start by observing that a minimizer u(t) of (1.1) at time ¢ is a weak solution (see Propo-
sition 3.2) of

Au(t) =0 in Q\ T,

u(t) = w(t) on Ipll,

dyu(t)=0 on 0N\ dp{Y,

Ayut(t) = O,u=(t) on T, (14)
|0 u(t)] <o on I'\ Jy),

Oyu(t) = g'([[u(®)]]) sgnlu(t)]  on Jyw),

where with v we denote both the inner unit normal to € and to Q% sgn- denotes the sign
function, and o = ¢’(0%). Any function u satisfying (1.4) will be called a critical point of (1.1)
at time ¢ .

Let now g be a critical point of (1.1) at time ¢ = 0. It turns out that a solution u¢ of (1.3) in
the present situation is given by a weak solution u® € H*((0,7); L*(Q)) N L>=((0,T); HY(Q\T))
of

Auf(t) = eu®(t) in Q\T,

uf(t) = w(t) on 9pQl,

dyut(t) =0 on 90\ dp9, (15)
Oyu(t) lo+= Ouus(t) [o- on I,

|0y us(t)| <o on I'\ Jye ),

Oyu(t) = g'(|[u(®)]]) sen[u(t)]  on Jue(p),

such that u®(0) = ug. The existence of a solution of (1.5) is proved (Theorem 4.8) by time
discretization, solving suitable incremental minimum problems. Uniqueness is shown for g € C1:!
(Theorem 4.5), but it is not known for the general case g € C'. We will call variational parabolic
evolution with initial datum o and boundary condition w every solution of (1.5) which can be
obtained by this time discretization procedure.

We show (Theorem 4.13) that, given a family {u®}.c(o,1) of variational parabolic evolutions with
initial condition ug and boundary datum w, parametrized by the viscosity parameter ¢ € (0, 1),
there exists a bounded measurable function u : [0,T] — HY(Q\T), with u(0) = ug, such that the
following properties hold:

o approzimability: for every t € [0,7T] there exists a sequence &, (t) — 0" such that
us O (1) — u(t) weakly in H(Q\T); (1.6)

o stationarity: for a.e. t € [0,T] the function wu(t) is a critical point for E at time ¢;
e energy inequality: for every t € [0,T]

t
E(u(t)) < E(u(0)) +/ Vu(s) - Va(s) dx ds. (1.7)
0o Jo\r

We will call any such function u an approximable quasistatic evolution with initial condition ug
and boundary datum w.

In the second part of the paper we study the properties of such evolutions.
In Theorem 4.14 we show that under monotone loadings, when I' is contained in a hyperplane
and Q is symmetric with respect to I', the function ¢ — |[u(¢)](z)| is nondecreasing for HN~1-
a.e. x € I'. This result can be interpreted as some kind of irreversibility for the crack growth in
particular situations.

The second property we consider is the fracturing time. To this aim, we introduce the elastic
evolution z:[0,T] — H'(Q), defined as the solution of

Az(t) =0 in Q\T,
Z()= () on dp{l,
L2(t) = on 902\ dpQ,
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for every ¢t € [0,7]. It turns out that z(¢) is a critical point of (1.1) at time ¢ if and only if
10v2(t) || Loy < 0.

We are able to provide a crack initiation criterion, showing that o = ¢’(0%) represents the
maximum sustainable stress along T'.

More precisely, we prove that if t* € (0,77 is such that sup,c(g 4+ [0y 2(t)|| L () < o, then every
approximable quasistatic evolution with initial datum wug = z(0) coincides with z for ¢ € [0,¢*]
(Theorem 4.15).

This result agrees with physical experience. Indeed, it is very well known in the engineering
literature that cracks appear just when the stress reaches the value ¢ = ¢’(0%). The proof is
obtained by studying the behaviour of absolute minimizers of the incremental minimum problems.
For this reason, we use a calibration technique for free discontinuity problems (see [1, 16]).

With an explicit example (Section 9), we show that the crack initiation criterion is not satisfied
by the evolution of absolute minimizers. The same example proves that in (1.7) strict inequality
may occur. In particular, some energy can be dissipated passing from one branch of critical points
to another one. Instead, it is known that evolutions of absolute minimizers always satisfy equality,
even in the irreversible case (see [11]).

The outline of the paper is as follows. In Section 2 we fix the notations and the setting of
the problem. Section 3 is devoted to the detailed study of the Euler-Lagrange conditions for the
functional (1.1), while in Section 4 we state the main results. Sections 5 contains the existence
and (in case g € C™') uniqueness results for variational parabolic evolutions. We show the
existence of approximable quasistatic evolutions in Section 6. The irreversibility under monotone
boundary conditions is the subject of Section 7, while Section 8 contains the proof of the crack
initiation criterion. In Section 9 we provide an explicit example, in which approximable quasistatic
evolutions and absolute minimizers evolutions are compared. The most technical part of the proof
of the crack initiation criterion, in which we construct a calibration, is postponed to the Appendix.

2. SETTING OF THE PROBLEM

In this section we give some basic definitions and we introduce the setting of the problem. We
will use the following notations:

e [F is the Lebesgue measure in R* k € N;
o HN=1 s the (N — 1)-dimensional Hausdorff measure in RV .

For every set A C RV:

e 1,4 is the characteristic function of A;

e A° is the complement of A in RY;

e D'(A) is the space of distributions on A.
Through the whole chapter 2 denotes a bounded open set in R, N > 2, with Lipschitz boundary.
Moreover, I' C RY is a Lipschitz closed set such that 0 < H¥~1(I'NQ) < +oo and Q\I' = QTUN ™,
with QF open connected sets with Lipschitz boundary and Qt NQ~ = @. We will prescribe time
dependent boundary displacements on dpQ C 9, where

OpQt= A5 UAL,

with AE and A}, nonempty relatively open, connected, Lipschitz sets. We also assume that
A cc (9QF\T), from which it follows that dpQ is well-separated from T'. With v we denote
the inner unit normal vector to 9, defined HV~!-a.e. in 0. We will also write v for the inner
unit normal vector to 90T .

Let us fix a time interval [0,77], with 7" > 0, and let w € H'((0,T); H'(€2)) be the boundary
displacement. Thus, the time derivative @ of w belongs to the space L2((0,T); H*(Q)).
Let B C RY be an open bounded set and let S C B be relatively open and Lipschitz. We set

H3(B,S):={¢€ H'(B):¢=0on S}.

The symbol || - || stands for the standard norm in L2(Q) or L2(€2;RY), depending on the context.
Moreover, the brackets (-,-) denote the dual pairing between H~%(I') and Hz(I'). For every
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ot

function w € H'(Q\ T'), we will use the notation [u] := u™ —u~ and
Ju ={z €T :[u](z) # 0},
where u® is the trace on T' of the restriction of u to Q*. For ¢t € [0,7], the class A(t) of
admissible displacements at time t is defined as
At) :={uec H(Q\T) : u = w(t) on dpN},
while the total energy associated to a deformation u € A(t) at the same time ¢ is
1
Bwi= [ VaPdo+ [ Q) an, (2.1)
2 Jo\r r

where g : [0, 4+00) — [0,+00) is a C', non decreasing, bounded, concave function with g(0) = 0.
We will denote by o := ¢’(0%) € (0,+00) the slope of the function g at 0. For every ¢ € [0,77,
the existence of a solution to the minimum problem

in E 2.2
in (v) (2.2)

is guaranteed by the direct method of the Calculus of Variations. In the next section we give
the Euler-Lagrange conditions for the problem (2.2). Note that, due to the lack of convexity, the
minimizer may not be unique, and there can be critical points that are not absolute minimizers.

3. EULER-LAGRANGE CONDITIONS

In this section we study in detail the Euler-Lagrange conditions for a minimizer of problem
(2.2), giving two equivalent formulations.

Proposition 3.1. Let ¢t € [0,T] be fixed and let u be a solution of (2.2). Then

Vu-Vido+ [ (10)g/(lal)selu] 1, + ol[w][1;) BV = 0 (3.1)
O\ r

for every 1 € HY(Q\T,0pQ).
Proof. We start by proving that for every ¢ € H}(Q\ T, 0p)

Y CCESTEIETCT )
— [ W)g lalyseulu) s, a3+ [ olful|ng dHN 1,
r r

Indeed, let us fix ¢ € HY(Q\T,0pQ). Then, for HVNt-ae. z € JSNT

tim, 9(l[ul(@) +n[¥]()]) — g([u](=)]) _ lim. g(l[Y](x)) _ ol[](@)], (3.3)

n— n n—0 n
while, for HVN"1-a.e. z € J,

i 900G 0 BID = gD _ g g

n—0+ n
From the fact that ¢ is concave it follows that ¢’ is decreasing, so that ¢’ < o. Then, we have

o(0u)(o) + ) ~ 9@ _ ) o ¥, 2 e T
; <

Thanks to (3.3) and (3.4) and applying the dominated convergence theorem we get (3.2). Being
u a solution of (2.2), for every ¢ € H}(Q\ T',0pQ) we have that

L Bl ) — B(w)
n—0+ n

> 0.

Using (3.2), last inequality becomes (3.1). O

Next proposition gives an equivalent formulation of the Euler-Lagrange conditions.



6 F. CAGNETTI

Proposition 3.2. Let t € [0,T] be fixzed and let uw € A(t). Then (3.1) holds if and only if the
following two conditions are fulfilled:

(a) u satisfies

Au=20 in D'(Q\T),
u=w(t) on H2 (8pN), (3.5)
dyu =0 on H™2(8Q\ 8pQ), '
dyut =d,u~  on H™2(I);
(b) there exists h € L>=(T") such that
(Oyu, [Y]) = / R dHN ™Y Vi € HYQ\T,0pQ),
r
h| <o HNLae. inT, (3.6)

h = g'(|[u]]) sen([u]) HNae. in J,.
Proof. Let us prove the two implications.

Step 1. Show that (3.1) = (a) and (b). Specifying (3.1) for ¢ and —1, with ¢ € HJ(Q,0pQ)
arbitrary, we conclude that
Vu-Vipdr =0 Ve € H)(Q,0p9),
o\
that is,

Vu't . Vot de +/ Vu~ - V¢~ dz =0, (3.7)
o+ Q-

for every ¢t € HY(QT,A}), v~ € HY(Q™,A}) with ¥T |[r=%~ |p. Choosing ¥~ = 0 (hence
T |r=0 ) we have
Vut - Vot dz =0 Vot e Hi(QF, AL UT),
O+
that gives

dut =0 on H 3(dQ+\ (A}, UD)).
Analogous relations can be obtained for ™, by choosing ¥+ = 0 in (3.7), so that (3.5)1—(3.5)3
are proved. In this way, relation (3.7) becomes (setting " |[r= 1~ [r= 1)
—(@ut, ) + (Du”, ) =0 Yy e Hx (D),
that is (3.5)4. Taking into account (3.5)1, (3.5)3 and (3.5)4, (3.1) reads as
~ @)+ [ (119Ul senlud 1, + ol[@Ls; ) 41 2 0 (3.8)

r
for every [1)] € Y, where Y := {[¢)] : v € H(Q\T,0pQ)} c LY(T). From (3.8), since ¢’ < o, it
follows that

{Au+ =0 inD(QF),

(O, z) < o 2]l iy VzeY.
Applying the previous inequality to z and —z, with z € Y arbitrary, we get
[(Ovu, 2)| < o ||2]| () VzeY.

This shows that the restriction d,u |y of d,u to Y is linear and continuous with respect to the
L'- norm. Using the fact that H2(T) is dense in L*(I') we get that Y is dense in L*(T'). Thus,
we can extend J,u in a unique way to a linear and continuous application (also denoted with
oyu) dyu: LYT) — R with

(Oyu, 2)| < oz Ly Vze Ll(I‘).

By the representation theorem, there exists a function h € L*(T') such that

<8yu,z>:/hdeN_1 Vze LYTD).
r
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In particular, (3.6); holds and (3.8) becomes
[ ntlan =< [ ([lg/(lsenful 1, + ol ) ™"
for all [¢)] € Y. By density, for all z € L}(T)
/F hzdHN™! < /F (z g (|[u]]) sgn[u] 1, + U|Z|1Jﬁ) dHNL (3.9)
Using the last relation we obtain that for every z € L*(T') with 2z >0

/Fz<h—g'(|[u]|)sgn[u] ].Ju) dHN-L S/zolJﬁd'HNfl.

r

From this, we conclude that for HV~'-ae. z €T
h(z) = g'(|[ul(2)]) sen ([ul(z)) 17, (2) < o Lse (). (3.10)

We now evaluate (3.9) in —z, with z > 0 arbitrary. We get that for all z € LY(T') with z >0

Az(h—g’(|[u]|)sgn[u]1Ju>dHN_1 z/z(—ah;)dHN—l,

r

so that for HV"'-ae. z €T

h(z) = ¢'(|[ul(@)]) sgn ([ul(x)) 1, () = —o Ly (2). (3.11)
Collecting (3.10) and (3.11) we have that for HN¥"!-ae. 2 €T
() — g'([[ul(2)]) sgn ([u] () 14, ()] < o 1 (2). (3.12)

Choosing z € J, last inequality becomes
h@) - g (@) sen (@) =0 HYae. a €
that is (3.6)3. For z € JSNT (3.12) gives
|h(z)| <o HNae zeJSNT,
that together with (3.6)3 proves (3.6)2.

Step 2. Show that (a) and (b)= (3.1). Conversely, applying (3.5)1 to ¥ € HJ(Q\ T,0pQ)
arbitrary, integrating by parts and using relations (3.5)2—(3.6)3 we get (3.1). O

4. BASIC DEFINITIONS AND MAIN RESULTS

In this section we give the basic definitions and state the main results of the chapter; all the
proofs are postponed to the next sections. Proposition 3.1 motivates the following definition.

Definition 4.1. Let w € H*((0,T); HY(2)), t € [0,T], and let E be defined by (2.1). We say
that a function u is a critical point for E at time t if u € A(t) and

Vu-Vida+ [ (10)g/ () seulu] 1, + ol(6][1;) BV = 0 (11)
O\ r
for every v € HY(Q\T,0pQ).

Throughout the whole section we will always assume that w € H*((0,7); H(Q)) and that ug
is a critical point for E at time ¢ = 0. Unless otherwise stated, the hypotheses on 2 and T' are
those listed in Section 2.
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4.1. Parabolic Evolutions. We introduce evolutions depending on a “small” viscosity parameter
€, as made precise by the following definition.

Definition 4.2. Let € € (0,1). A parabolic evolution with viscosity ¢, boundary datum w and
initial condition wug is a function u® : [0,7] — HY(Q\ T') such that
(1) u(0) = uo;
i) us(t) =w(t) on IpQ  for every t € [0,T];
i)e u € H'((0,T); L*(Q)) N L®((0,7); H'(Q\T));
)e fora.e. t€[0,T)

Vus(t) - Vipdz + / et (L) dz (4.2)
O\T O\T

+ [ (1010 O senle (0] Lo, + el , ) 47V 2 0

for every ¢ € HY(Q\ T, 0pQ).

Remark 4.3. Arguing as in the proof of Proposition 3.2, the strong formulation of conditions
(i)e—(iv)e is easily seen to be the following: u(0) = ug and for a.e. t € [0,7]

et (t) = Aus(t) in Q\T,
uf(t) = w(t) on dpQ,
Oyus(t) =0 on 02\ Op,
Ou(t) |g+= Opu(t) |a- on T,
|Oyus(t)| <o on T,

B, (1) = g/ ([ (B)]) sen([= (D)) on Jue (o,

As a first step, we state an existence result.

Theorem 4.4. Let € € (0,1). Then there exists a parabolic evolution with viscosity €, boundary
datum w and initial condition ug.

Next theorem shows that under slightly stronger assumptions on the function g we get also
uniqueness.

Theorem 4.5. Let € € (0,1) and assume g € CY1. Then there exists a unique parabolic evolution
with viscosity €, boundary datum w and initial condition ug.

For the general case g € C! uniqueness is not known for a function u® satisfying (i) —(iv)e.
For this reason, in order to obtain the desired properties of the limit evolution as the viscosity
parameter tends to 0, we introduce a selection criterion on the parabolic evolutions. We will select
among all possible solutions of (4.2) only those obtained by a suitable approximation procedure,
based on the technique of minimizing movements introduced by De Giorgi (see [2]). Given a time
step d € (0,T), we divide the interval [0, 7] into subintervals [id, (i +1)d), for i € N with i6 < T.
Then, at every time i§ we solve a “static” minimum problem for the energy F, adding a term
which penalizes the L?-distance between the approximate solutions at two consecutive times.

Definition 4.6. Let 6 € (0,7) and ¢ € (0,1). A discrete-time evolution with time step ¢,
viscosity €, boundary datum w and initial condition ug is a piecewise constant function uc° :
[0,7] — HY(Q\T) such that us9(t) := u5° for id <t < (i + 1)d, where u5° := uy and, by
induction, uf"s is a solution to the minimum problem
. € £,0 2}
E — v — us 4.3
Jmin {B(0) + 55 o —uiy| (4.3)
for every i € N with 0 <T'. Problem (4.3) will be also denoted by (P)f"s.

We now make explicit the selection criterion for parabolic evolutions.
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Definition 4.7. Let ¢ € (0,1). A parabolic evolution is said to be a variational parabolic evolution
with viscosity e, boundary datum w and initial condition wug if there exists a family {usv‘s},;e(O}T)
of discrete-time evolutions with viscosity €, boundary datum w and initial condition wug, such
that for every ¢ € [0,7]

w0 (t) — uf(t) weakly in HY(Q\T) (4.4)

for some sequence 6, — 01 as n — +o0.
Next theorem gives an existence result for variational parabolic evolutions.

Theorem 4.8. Let € € (0,1). Then there exists a variational parabolic evolution with viscosity
€, boundary datum w and initial condition ug .

Remark 4.9. In particular, the previous result implies Theorem 4.4.
The following proposition states an energy inequality for variational parabolic evolutions.

Proposition 4.10. Let € € (0,1) and let u® be a variational parabolic evolution with viscosity &,
boundary datum w and initial condition ug. Then, for every t € [0,T)

IV @ + [ ol @narn= + 5 [ i) Pas (45)

r
1 t t

< —||Vu0||2—|—/g(|[u0]|)dHN_1—|—/ Vu®(s) - V(s) dmds—i—i/ [|ir(s)]|*ds.
2 r o Ja\r 2 Jo

4.2. Approximable Quasistatic Evolutions. We give now the definition of approximable qua-
sistatic evolution.

Definition 4.11. A bounded measurable function u : [0,7] — H*(Q\ ') is said to be an ap-
prozimable quasistatic evolution with boundary datum w and initial condition wug if there exists a
family {u®}.¢(0,1) of variational parabolic evolutions with boundary datum w and initial condition
ug, parametrized by the viscosity €, such that the following three conditions are satisfied:

o approzimability: for every t € [0,T] there exists a sequence &,(t) — 0" such that
ut® () — u(t) weakly in H(Q\ T); (4.6)

o stationarity: for a.e. t € [0,T] the function wu(t) is a critical point for E at time ¢;
e energy inequality: for every t € [0,T]

t

E(u(t)) < E(u(0)) +/ Vu(s) - Vi(s) dz ds. (4.7)
0o Jo\r

Remark 4.12. It can be seen that the stationarity is a direct consequence of the approximability

condition (4.6) (see the proof of Theorem 4.13).

We claim that the previous definition gives a good candidate for the description of the crack
evolution. First of all, we give an existence result.

Theorem 4.13. There exists an approximable quasistatic evolution with boundary datum w and
initial condition ug .

We state now some results concerning the properties satisfied by the approximable quasistatic
evolutions. Let us introduce some notation. For every z € RY we write = (x1,2'), where
71 €R and 2’ € RN we also set X := {(z1,2") € RY : 21 = 0}. We say that Q is symmetric
with respect to Xy if (z1,2') € Q implies (—z1,2') € Q and A}, can be obtained from Aj, by
reflection, that is A}, = {(z1,2") € RN : (—x1,2") € Ap}. A function v € HY(Q\T) is said to
be odd with respect to X or simply odd if v(—x1,2’) = —v(x1,2’) for every (z1,2") € Q. Next
theorem shows that in the particular situation of monotone boundary conditions and symmetric
domain, every approximable quasistatic evolution is irreversible.

Theorem 4.14. Assume that I' C X1 and that Q0 is symmetric with respect to X1, according to
the definition given above. Let ug = 0. Suppose, in addition, that the following hold:
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o w(t) is an odd function for every t;

e the function w has constant sign on [0,T] x AL ;

o t— |w(t)|(z1,2') is nondecreasing for every (z1,2') € Af,.
Then, for every approzimable quasistatic evolution w with initial condition ug = 0 and boundary
datum w the function t — |[u(t)]|(0,2") is nondecreasing for HN'-a.e. (0,2') €T.

Before stating the next result we need some definitions. For every ¢ € [0,7] we define the
elastic solution z(t) as the (unique) solution to the problem

1 2
— d 4,
Jené%;{a/g'w' x}v (4.8)

B(t) :={ve HY(Q) : v =w(t) on dpQ} C A(t). (4.9)
This definition comes from the fact that when there are no cracks, problem (2.2) reduces to (4.8).
We will refer to the function z : [0,T] — H'(Q) as elastic evolution.
The following crack initiation criterion proves that o := ¢’(0") represents the mazimum sus-
tainable stress along I': we prove that a crack cannot appear until the elastic solution defined by
(4.8) is a critical point satisfying condition (3.6)2 with strict inequality.

where

Theorem 4.15 (crack initiation criterion). Assume that ug = 2(0), ||w||Lee((0,1);0 ) < +00
and |0 o (0,110 (0)) < +00. In addition to the usual hypothesis we assume that 98 is of class
C? in a neighbourhood of T MO, with HN~2(0pQ\ 0pQ) < +oo. Suppose also that there exists
t* € (0,T] such that sup,c(o4-) 10v2(t)|| Loy < o, with 2(t) defined by (4.8). Then, if u is an
approximable quasistatic evolution with boundary datum w and initial condition ug = z(0), there
holds u(t) = z(t) for every t € [0,t*].

Remark 4.16. In particular, this shows the uniqueness of the approximable quasistatic evolution
for t € [0,t*] under the hypotheses of Theorem 4.15.

5. PROOF OF THEOREM 4.8, PROPOSITION 4.10, AND THEOREM 4.5
This section is devoted to the study of (variational) parabolic evolutions.

5.1. Proof of Theorem 4.8. Let us consider, for every § € (0,7, a discrete-time evolution
w0, T] — HY(Q\T) with time step J, viscosity e, boundary datum w and initial condition
ug . Before giving the proof of Theorem 4.8, we need two technical lemmas.

—ot
Lemma 5.1. There exists a function p: (0,T) — [0,+00) such that p(J) =970 and

1 g £, — € J_l g g
1V 12+ [ a0 D art 5 3T, — P
h=1
1 3
< SIVa P [ g an e [ vues(s) - Vi) dads
2 r s JOo\r
e [0 9
5 [ liolPas + o(o) (1)

for every i,5 € N with 0 <i<j and jé6 <T.
Proof. Let r € N be such that i <r < j. Since w € H*((0,7); H(Q)), we have that

(r+1)6
5 5 .
Wy — Wy = / w(s) ds,
rd

where the integral is a Bochner integral for functions with values in H'(Q) and we used the
notation w(ré) = w?. This implies that
(r+1)8

Vuwl,, — Vul = / Vw(s)ds,
rd
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where the integral is now a Bochner integral for functions with values in L2(€; RY). Since u°® +

wl, —wd € A((r +1)d), by the minimality of ui’_ﬁl we have

1 5 5 1, € a8
IV P+ [ o) am =+ i, — i P

1 _ €
< SIVuES 4 Val = Vul P+ [ )+ ] = ol a1 + Sty — P

1 (T+1)(5
= S IVuz?|® + / g(|[us’]) dHN ! +/ Vug? - Vii(s) da ds
r ré [2AVN
1 €
+ 51V = Vel + s flwfyy —wr|?

1 £,01(12 £,0 N—-1 (r+1)s £,0 .
SIVer?llP+ | g(l[wr?]) d R + Vus?® - Vib(s) dr ds
r ré O\l

1 (r1)5 2 - (r+1)5 2
wal [ v )« ([ s s
T8 7

1 £,0(12 £,0 N-1 (r+1)é £,0 :
SIVar? 7+ g([ur?])) d R + Vup® - Vai(s) da ds
r ré [2AVN

1 (r+1)s (r+1)8 e (r+1)8
41 max/ Vai(s)|ds / Ve (s)ds + 5/ [io(s) | 2ds.
T ré rd rd

IN

IA

2

Tterating last inequality for r = j —1,...,4 we get (5.1) with

p(6) = 5 (s :m witslas) [ Vi) s,

T

that converges to 0 as § — 0T by the absolute continuity of the integral. (I

We define now the functions v 9 : [0, 7] — H'(Q2\T) in the following way:
t—1id
00 (t) = us’ + Tz(uffl —uS?) for id <t < (i +1)4. (5.2)
The second lemma gives some a priori estimates for the families {ue"s}ge(oj) and {'[}6’6}66(0,1‘).

Lemma 5.2. There exists a positive constant C' = C(Q, T, up, w,T), such that

||“?(SHIF(Q\F) <C, ||U5’6(75)||H1(Q\r) <, (5.3)
e 56 s ) c j—1 s 5o
. €, €, €,
5| Il = 53 it - i < 0 (5.4)
h=0
: 1
\/g||vs,6||L2((o,T);L2(Q)) <C, ||v6,6||H1((07T);L2(Q)) <Cy/1+4 - (5.5)

for every e € (0,1), 6 € (0,T), t€[0,T] and j € N with j6 <T.

Proof. Let us fix € € (0,1), § € (0,T), and t € [0,T]. Let j € N be such that jé <t < (j+1)d.
Consider now inequality (5.1) with ¢ = 0. We get

1 £,812 0 N-1, & i -e,8 2
S IV " + Fg(l[uj Nar™""+3 [[05°(s)||*ds

"
+ —/O ([ (s)||ds + p(d). (5.6)
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From (5.6), using Holder inequality we get

wuesoe <er2 ([ ||vw<s>||2ds)% ([ ||v«fv‘*<s>||2ds)% | (57)

where ¢ is a positive constant independent of §, ¢ and ¢. By using the Gronwall Lemma [3,
Lemma 4.1.8] we deduce that for every ¢ € [0, T

1
t 2
([ 1ves@iras) < ok + 219l
0

Last relation together with (5.7) implies that Vu®?(t) is bounded in L2(Q;RY) uniformly with
respect to 0, and t. Then, using the Poincaré inequality we get immediately (5.3). Once (5.3)
is proved, (5.4) and (5.5)1 follows by (5.6). Finally, (5.3)2 and (5.5)1 imply (5.5)5. O

We are now ready to prove Theorem 4.8.

Proof of Theorem 4.8. We want to prove that there exists a function u® satisfying conditions
(1)e—(iv)e of Definition 4.2 and such that (4.4) holds for some sequence of time steps d,, — 0.
From (5.3)2 it follows that

v®(t) € Bo  for every 6 € (0,T), t € [0,T], (5.8)
where
B = {ue H'(Q\T) : [u] g oyr) < C}, (5.9)
and C' is given by Lemma 5.2. Moreover, by (5.5)1 and using Holder inequality
C
059 (t) —v=(s)|| < —= /[t —s]|, forevery s,t€[0,T], 6 € (0,T). (5.10)

Ve
Thanks to (5.8) and (5.10), and observing that B¢ is compact in L2(£2), we can apply a refined
version of Ascoli-Arzeld Theorem (see [3, Proposition 3.3.1]). Therefore, there exist a continuous
(with respect to the L?-norm) function ¢ : [0,7] — B¢ and a sequence &, — 07 such that for
every ¢t € [0,T]
0= (t) — uf(t)  strongly in L2(Q). (5.11)
From (5.5)2 we get also that
V=0 qf weakly in H'((0,T); L*(Q)). (5.12)

Let us prove (4.4). Let t € [0,T] be fixed and, for every n € N, let I, € N be such that
Inbn <t < (lp+1)d,. By (5.2) and (5.4)

£,0n £,0n 2 t— lnéﬂ 2 €,0n €,0n 112
[0 (8) —u™r (@) = 3 [Jug, =gl

n

20.
10n 10n n
< g2 — I < = (5.13)
When n — 400 we get
sup |0 (t) — usO (t)| — 0. (5.14)

te[0,T]
Since uf"(t) € B¢ for every n € N, using (5.11) and (5.14) we deduce (4.4).

We prove now conditions (i)c-(iv)s. Clearly u®(0) = ug, so that (i) holds. Moreover, (i),
follows from the fact that, for ¢ € [0,T] fixed, 1,0, — t and consequently w(l,,d,) — w(t) strongly
in H'(Q). Using (5.12), (4.4), and the fact that u®°(t) € B¢ for every t € [0,T] we have (iii). .
It remains to prove condition (iv).. Let us fix ¢ € (0,7). Arguing as in the proof of Proposition
3.1, we obtain that for every n € N

VUt (t) - Vi da + / 0% ()1 dz (5.15)
O\ Q
+ [ (101 U Ol st (011, + o0l )RV 20
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for every v € H}(Q\T,0pQ). We evaluate now the mean value of inequality (5.15) from ¢ to
t+mn, with n > 0 such that t +n < T':

1 t+n 1 t+n
—/ Vus " (s) - Vop da ds + —/ / ev=0 (s) 1 dz ds (5.16)
nJt O\l nJi Q
1 t+n
> —/ /fs’"(s)dHN‘lds,
nJi r
where
1o (s) = =l g (s (o)) senfu™ ()] 1, o, — o lWlLoe,

Let us consider the left-hand side of (5.16). For the first term, using Holder inequality and (5.3)1
we have that for every s € (¢,t +17)

Vus " (s) - Vo dz < C|| V.
o\l
Hence, thanks to (4.4) and applying the Lebesgue dominated convergence Theorem
1 t+n 1 t+n
lim —/ Vuson(s) - Ve dx ds = —/ Vu(s) - Vipda ds. (5.17)
n—toon Jy O\ nJe O\

In the same way, thanks to (5.5); and (5.12) we can apply the Lebesgue dominated convergence
Theorem to the second term:

1 t+n 1 t+n
lim —/ /sve’én(s)wdxds: —/ /6u€(s)w dx ds. (5.18)
t Q nJt Q

n—-+4oo 7’]

Collecting (5.17) and (5.18) we have

1 t+n 1 t+n
lim | - / Vus®n (s) - Vo da ds + = / / 0= ()0 da ds
n—=+oo \ 1 Jy O\T nJi Q

1 t+n 1 t+n
=— / Vus(s) - Vi drds + — / / et® ()¢ dx ds. (5.19)
nJt O\l nJ Q

Let us now consider the right-hand side of (5.16). We claim that for every s € (¢,t+7)
lim inf <" (s) > =[] ¢'(I[u®(s)]]) sgn[u®(s)] L1, — ol[¥][1s

n—-+4oo u€(s)

(5.20)

HN~1.a.e. in I'. To prove (5.20), let us fix s € (t,t+n). We can extract a subsequence (1z)xren,
possibly depending on s, such that

li £,np — liminf £&™ N-1_ e inT
kirfmf (s) nlgl_ilrlgof (s) H a.e. in
and
khrf [us9k (5)] = [uf(s)] HN1-ae. inT. (5.21)

Now, let us fix 2 € J,=(5) such that the two previous equalities hold. By (5.21) it follows that for
k large enough z € J, <., ) and sgn([u2 (s)](z)) = sgn([u®(s)](x)). Hence,

lim inf f*"(s)(x) = lim —[¢](z) g'(|[u™"" (s))(@)]) sgnfu(s)](=)
= —[¥)(=) ¢'(|[u*(5)]()]) sgnfu (s)] (),

for HN"'-ae. x € Jus(s)- On the other hand, if x € Jsg(s) NI we have

liminf f*"(s)(x) > —ol|[¢](z)],

n—-+4oo
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so that (5.20) is proved. Thus, using Fatou’s Lemma and (5.20)

t+n t+n
hmlnf—/ /fen YdHN1ds > = / /hmmffen ydHN1ds
r

n—-+4oo 77 Nt 00
t+n
> 5‘/75 /F - [1/1] g'(|[u€(s)]|)sgn[u€(s)] lJ“,e(S) |[ ]|]_J e )) dHNflds, (5.22)

Passing to the liminf as n — +o0o in (5.16) and taking into account (5.19) and (5.22) we obtain

1 t+n 1 t+n
— / Vus(s) - Vi drds + — / / eu®(s)y dxds
t O\l nJ Q

n
1 e ! N—-1
(- g o sl () L, =l ) amY s
for every v € HY(Q\ T, 0pQ). Finally, letting 7 go to 0% we get (iv)e . O

5.2. Proof of Proposition 4.10. In this subsection we show the energy inequality (4.5) for
variational parabolic evolutions.

Proof of Proposition 4.10. Let u® be a variational parabolic evolution with viscosity e, boundary
datum w and initial condition ug. In particular, there exist a sequence of time step d,, — 0 and a
sequence of discrete time evolutions {u%°"},,cy such that (4.4) holds. By repeating the arguments
used in the proof of Theorem 4.4 we obtain that relations (5.12) and (5.13) still hold true. Let
now t € [0,T] be fixed. Relation (5.13) implies that

S0n (t 4 6,) — u () — 0 strongly in L?(Q).
From last relation, (4.4) and (5.3)1 we deduce that

usOn (t 4 6,) — uf(t) weakly in H*(Q\T). (5.23)
At this point, we extract a subsequence d,, , possibly depending on ¢, such that

[0 (t + 8,,)] — [uS(t)] HYl-ae. inT. (5.24)

For every n € N, let [,, € N be such that 1,,0,, <t < (I, + 1)d,,. Let us write relation (5.1) with
j=1,+1 and i = 0. We obtain

1 € € — € (l”+1)6” ~E
IV 8+ [ ol @ ahan=+ 5 [T i) s

1 2 4 N-1 (e .0, ;
§||Vu0|\ g(|[uo]])dH + Vuso(s) - Va(s) dx ds
r 0 o\r

3

(In+1)6,
w5 [ s + p(on). (5.25)
0

For the left-hand side, thanks to (5.12), (5.23) and (5.24) we have
1
SO + [ oenare =+ 5 [ jieas
1
< lim inf (—||Vu€"5nk<t+5nk>|2+ / g(|[u=mx (t+ 6,,)])) dHN T + / [ 650 (s ||2ds)

/Ol T e s ).

< limsup (—nw (P + [ gl e+ 0,0 RN +
T

n—-+oo

wlm
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Passing to the limsup as n — +o0 in (5.25) and taking into account last relation

IV @1 + [ ol @an™= + 5 [ i lfas < 5190l + [ aluol) -

™

n—-+4oo

(Ln41)6n (Ln+1)6n
+ lim sup </ Vo (s) - Vai(s) do ds + - / [|r(s)]|?ds + p(dn)>
0 o\r 2 Jo

1 t t
= || Vug|* + / g(|[uo]]) dHN 1 +/ Vu(s) - Vi(s)drds + E/ ||io(s)]|*ds.
2 r 0 Jo\T 2 Jo

We now give the proof of the uniqueness result.

5.3. Proof of Theorem 4.5. To start with, we prove the following auxiliary lemma.
Lemma 5.3. For every C1 > 0 there exists Co > 0 such that

]2y < Callull® + CLlIVull?  for every u € H'(2\T).

Proof. By contradiction, let us assume that the thesis does not hold. Then, there exists C; > 0
with the following property. For every n € N there exists u, € H(Q\T) with ||[us]| 2y = 1
such that

1> nfju,||® + C1 ||V, ||

Letting n go to infinity, we have that w, — 0 in L?(Q2). Since |[|Vu,| is bounded, up to
subsequences u, — 0 weakly in H'(Q \ T'). This implies [u,] — 0 in L?(T'), which contradicts
the fact that ||[uy]||r2ry = 1 for every n € N. O

We can now prove Theorem 4.5.

Proof of Theorem 4.5. By contradiction, let us assume that there exist two different parabolic
evolutions u1,us with viscosity €, boundary datum w and initial condition wug. Specifying (4.2)
for u; with test function @ = us — u; we obtain

Vuy - V(ug — up) de +/ ety (ug — up) dx

Q\l Q

+/F ([w —u1] g'([[ua]]) sgnfua] 14, + a|[u2]|1J,;1) dHN-1 > 0.

Here we omit the dependence on the time variable, fixing ¢t € [0, 7] such that (4.2) holds for both
u1(t) and wa(t). Summing up last inequality with the analogous relation obtained by exchanging
the role of u; and us, we get

96 —w)l? + 5 (s — o)
< [ (fwa — wal g/ ualDsgfun] L, + sl ) 4767
+ /F (fr = wal g/ [zl ) sgnua] 1, + orffua] L, ) R
= / ([U2 — u] (9'(|[U1]|)Sgn[m] - g'(l[Uz]l)sgn[uQ]) 1y, g, dHN !
r
[l = ' tual) 1 e, 4

# [ 1l = gl g o, a7
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Notice that in the right-hand side the argument of the first integral is negative if [u1][uz] < 0.
Moreover, if [u1][ug] > 0 there holds |[us] — [u1]] = | |[uz]| — |[u1]]], so that

ed
IV (u1 — ua)||* + 3% (llur — ua?)

< [ ltwa) = [ 19/ s ] = sl oy 43
r
+ [ Nl (r = el Log e, Y
r
+ [l (7 = g alh) Lig i, ¥
r
< / L[ur = 2] *Luy a1 >0 dHY 7+ / L|[ur — u2]* Ly g, dHN
r r

+ / Lifuy — U2]|21J52ﬁ(]u,1 dHN !
T

< Lf|[ur — u2]ll72r),

where L > 0 is the Lipschitz constant of ¢’. Thus, we obtained
ed

2dt (||u1 — u2||2) < | V(uy — u2)||® + L|[us — uQ]||2L2(F),
Applying the previous lemma with C; = %
ed 1
= (s = us2) < =V (= o) |2+ L(Collur = wa | + 7V (e = w2)]|?).

Hence, for a.e. t € [0,T]

7 (hu(8) —ua()]?) < lus(t) — ua ()]

Using the version of the Gronwall Lemma stated in [3, Lemma 4.1.8] we get u; = us. O

3

6. PROOF OF THEOREM 4.13
In order to prove the theorem, we need the following result.

Lemma 6.1. Let X be a compact metric space. Let p : [0,T] — R, pr : [0,7] — R and
fi :[0,T] — X be measurable functions, for every k € N. For every t € [0,T] let us set

Z(t) :={r € X : 3k; — +oo such that z = 41i14rr_1 fr; (t) and p(t) = lim py, (t)}.
J—+o0 - J—00 -

Then, the following facts hold:

o I(t) is closed for all t € [0,T];
o for every open set U C X the set {t € [0,T]:Z(¢t)NU # @} is measurable.

For the proof, we refer to [8].

Proof of Theorem 4.13. We want to prove that there exists u : [0,7] — H'(Q2\ T') bounded and
measurable such that the three conditions of Definition 4.11 are satisfied.

Thanks to Theorem 4.8, for every € € (0,1) we can consider a variational parabolic evolution
u® with viscosity €, boundary datum w and initial condition wg. In particular, there exist a
sequence of time steps 4, — 07 and a sequence {us"sn}neN of discrete time evolutions such that
(4.4) and (5.5)1 hold. This implies that for every ¢ € (0,1)

4% L2((0,1)522(0)) < gglfolf||05’6”||L2((0,T);L2(Q)) <

51

Then, there exists a sequence ¢, — 0T such that

£ni" (t) — 0 strongly in L?(9) for a.e. t € [0,T]. (6.1)
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Let © C [0,7] be such that £1(©) = 0 and (t) is defined for every t € [0,7]\ ©. We set for
every n € N

Vs (t) - Vi (t)dz  for t € [0,T]\ O,
0 (t) := { Jayr
0 fOI' t e @a

and for every t € [0,
0(t) := limsup 0°" ().

n—-+oo

We point out that 6, as pointwise limsup of a sequence of measurable functions, is measurable. It
turns out that 0 € L'(0,7). Indeed, by (4.4) and (5.3)1 it follows that

u(t) € B VneN, tel0,T], (6.2)

where B is defined by (5.9). Moreover, since w € H((0,T); H'(2)),

T T
[ o< [ timsup [vu 0] [Va0)] de < O
0 0

n—-+4oo

for some constant C' > 0. By definition of 6, for every ¢ € [0,7] we can extract a subsequence
€n,, (t) — 0% possibly depending on ¢, such that

0(t) = lim 05 () (¢).

By (6.2), for every ¢ € [0,7] we can extract a further subsequence (not relabelled) such that
usme O (1) — u(t) weakly in H*(Q\T), (6.3)

for some u(t) € Bo. This shows that the set

Z(t) :={u € Bc: 3e,, — 07 such that u" (t) — u weakly in H*(Q\T) and 6"« (t) — 6(t)}

is not empty for every ¢ € [0, T].

In the following, we will consider Bo endowed with the metric compatible with the weak
topology of H'(Q2\ T). In this way, Bc becomes a compact metric space and we can apply
Lemma 6.1. Hence, for every t € [0,T] the set Z(t) is closed in Be. Moreover, for every open set
U of Be theset {t € [0,T]: Z(t)NU # @} is measurable. Using [6, Theorem IIL.6], for every
t € [0,T] we can select u(t) € Z(t) in such a way that ¢ — wu(¢) is measurable from [0,7] to Bc.
Since ¢t — u(t) is separably valued, we get measurability from [0,7] to H'(2\T') endowed with
the strong topology (see [21, Chapter V, Section 4]). This shows the approximability condition
and the fact that w is measurable and bounded.

Let us prove the energy inequality. First, we notice that for every ¢t € [0,7]\ © there holds

0(t) = limsup 6 (t) = lim 65+®(t) = lim Vs (t) - Vi (t) da

n—00 k—o0 k—o0 O\

Vu(t) - Vw(t) dz,
o\r

since u () converges weakly to u(t) in H'(Q\T'). Up to subsequences, we can assume that

[usk @ (£)] — [u(t)] HN1-ae. inT.
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Consider now inequality (4.5) for the functions us+®(t). Using last relation, (6.3), and Fatou’s
Lemma we get that for every ¢ € [0,T]

Va1 + [ altuelhar
< timint (G190 OO + [ ol O olar )

. 1 c B -
< limsup <§||Vu nk(t)(t)”? +/Fg(|[u ”’c(t)(t)“)dHN 1>

k——+o00

1 t
< I Vuol* + / g(|[wo])d HN =1 + lim sup </ Vuf(s) - Va(s) dx ds)
2 r 0 Jo\r

n—-+00

1 t
< I Vuol* + / g(|[uo)|)d HN 1 —|—/ lim sup Vu(s) - Vu(s) dx ds
2 r 0 n—+oo Jorr

1 t ]
= 21Vl + [ ol + [ u(s) - Di(s) dds.
r 0 JO\r

This shows (4.7).
It remains to prove the stationarity. For almost every t € [0,7], we can consider inequality
(4.2) for the functions u"+® () with an arbitrary ¢ € H}(Q\T',0pQ):

Vs O (t) - Vo dar + / en, (1) 0 O () 1 do (6.4)

O\ Q

> —/F (W] g’(|[u€nk(t) ®1) sgn[uank(t)(t)] 1‘]115"1@“)(1,) + a|[]]1 ge ) dHN1L.

WEn (t) (t)

Up to a L'-negligible set of times, we can also assume that (6.1) holds. Hence, passing to the
limit in the left-hand side of (6.4) and using (6.3)

Jim ( o Vusre O (8) - Vip da 4 e, (t) /Q s () dx) = Jour Vu(t) - Vypde.  (6.5)
With the same argument used to prove (5.20) one can show that
timinf £4(6) = —[) o/ ([u(®)]) sgnful®)] 1o, — oLz, H¥ae T, (66)
where
£40) = =l (e OOl s O @11 =l

Finally, taking the liminf of relation (6.4) and using (6.5), (6.6) and Fatou’s Lemma, we get (3.1).
O

7. PROOF OF THEOREM 4.14

To fix the ideas, let us assume w(t) > 0 on A}, for every t € [0, T, the other case being analogous.
We recall that for every (e,d) € (0,1) x (0,T) and for every ¢ € N with 0 < T the functions uf’é
are introduced in Definition 4.6. We will divide the proof into three steps:

1. uf"s is odd for every (e,6) € (0,1) x (0,7) and for every ¢ € N with i6 < T ;
2. u’ >u’ ae. in QF for every (e,6) € (0,1) x (0,T) and for every i € N with id < T .

7—

3. Proof of Theorem 4.14.

Step 1: uS’ is odd. Let us fix (¢,8) € (0,1) x (0,T) and i € N with i6 < T'. First of all, u§* is
odd since, by definition of discrete time evolution, u8’6 = ug = 0. We will then argue by induction,
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proving that u° is odd under the assumption that uS’; is odd. We set v¥ := uS” |+ . From
the results contained in Section 3 it can be inferred that v™ satisfies the following problem in Q7 :

Avt = E(er —uf’)  in QF,

vt = w((?f) on A},

At =0 on 90T\ (AL UT),

o,vt =90,v™ on I
Let us now define the function o~ € H'(Q7) such that 9~ (z1,2') := —v'(z1,2') for every
(z1,2") € Q. Using the definition of 9~ and the fact that w(¢) and u; 61 are odd, it follows that
v:=0" — v~ satisfies the following equation in 2~

Av = %v in Q—,

v=20 on Ap, (7.1)
Ov=0 on 00~ \ (ApUT),

v =0 on I

Since the unique solution of (7.1) is v =0, o~ = v~ and the claim is proved.

Remark 7.1. In the same way one can show that, under the same assumptions, all the critical
points of the energy functional (2.1) are odd.

Step 2: u; I > u’ 61 a.e. in Q. First of all, notice that the thesis holds for i = 1, since by a

truncation argument it follows that uj’é > ug’é = 0 for every (g,0) € (0,1) x (0,T) and j € N
with j6 < T'. The proof is then completed by the following lemma.

Lemma 7.2. Let i € N with i > 2 and id < T and assume 0 < ui’é <...<u; 1 a.e. in Q7F.
Then v, < uS® a.e. in QF.

Proof. Let us fix (¢,d) € (0,1) x (0,7) and i € N with ¢6 <T. We want to show that
5Zu§’5 a.e. in QF for every j =0,1,...,7— 1.

As already observed, there holds uf"s > ug"s = 0. By induction, let us assume uE"s > uj"s for

j=0,...,k—1 with k integer such that k < i; we shall show that this implies u; > uy) &9 et
us define

Z = {(z1,2") € Q7 1w (w1, 2") < up (21,2},

K3

Assume, by contradiction, that £¥(Z) > 0. Define now the functional E; : H'(Q%) — R as

1 2 1 N1y /
= \% + 2
v) 2/I v|“dx 2/ g(2[v]) dH 25 v — |dx

Let us denote with V the odd function of H*(Q2\ T') coinciding a.e. with ui’é in Z and such
that VF = uS ae. in QF\ Z. Notice that V¥ = u5° on 9p€, so that V¥ is a competitor for
the problem (4.3). By the minimality of u?"s we get

g € g,
B(uf®) + o 0" — w2y P < BV + [V = |

Since uf"s =VF ae. in QF\ Z and using the fact that uf;l, uf and V¥ are odd, last inequality
implies

Ei(uf®) < Bi(VF) = Ei(uy”). (7.2)
)

P ae in QF and u® < u® ae. in Z, so that

€ £,0 £,0 € e,
%/Zmz —u Pdr > %/ka — " 1| dzx. (7.3)

Moreover, O<ui5§...§uf
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From (7.2) and (7.3) it follows

56 £,0(2 £,0 -1
/|v 24 /Fﬁgm ) aHV < /|Vuk /Wgu[uk ar™-t, (7.4)

while from the fact that 0 < ui’fl <us® < uy) % a.e. in Z we get
c .0 d .8 d 7.5
% Z|ui —up’ 1| r < — 5 Z|uk —uy’ 1| x. (7.5)

Let us now denote with V}! the odd function of H'(Q2\ ') coinciding a.e. with uf"s in Z and
such that V¥ = ui"s a.e. in Q7 \ Z. Notice that V}! is a competitor for the problem (4.3) with i
replaced by k, since V;' = ui"s on 0pf). Collecting relations (7.4) and (7.5), we have

i 9
E(V) + o5 Ve —wi” ° 7 < B(ug?) + H ? -t

. .. . 5
against the minimality of u;°.
U

Step 3: Proof of Theorem 4.14. From the previous steps it follows that for every discrete time
evolution u*° with time step &, viscosity e, boundary datum w and initial condition ug the
function ¢ — |[u®°(#)]|(0,2') is non decreasing for HN~'-a.e. (0,2') € I'. From this and from the
definition of approximable quasistatic evolution the conclusion follows.

8. PROOF OF THEOREM 4.15 (CRACK INITIATION CRITERION)
We start with the following definition.

Definition 8.1. Let § € (0,T) and € € (0,1). We define the elastic discrete-time evolution with
time step §, viscosity e, boundary datum w and initial condition ug as the function 25 : [0,T] —
H(Q) such that 259(t) := 22 for id <t < (i +1)8, where z5° := z(0) and, by induction, z5°
is the unique solution to

: 1 3 5
= [ |VuPde + —|jv— 229 1? 8.1
i {5 [ 9ot Sio- 5252 (5.1)
for i € N with 6 <T. Here B(id) is defined by (4.9).
Remark 8.2. For j € N with 7§ < T one can define the functions ozj"s = zjs."S - zjfl. Setting
af)"s =0, it turns out that a?‘s is the unique solution to the problem

1
min{—/ |Vv|2dx+ Hv—a ||2}
v 12 g

for every j € N with jd < T, where the minimum is taken over all the functions v € H*(£2) such
that v = w(j6) — w((j — 1)0) on IpQ. Moreover, by a truncation argument it follows that for
every j € N with jo <T

€,0
Haj7

< max flw(kd) —w((k = 1)9)| L) <6 sup [u(t)][L~()- (8.2)
k=1,....5 t€[0,7T]

The proof of Theorem 4.15 relies in the following two propositions. The first one shows that
when ¢ and ¢ tend to zero the elastic discrete-time evolution 259(t) converges strongly to z(t)
in H'(Q) uniformly with respect to ¢ € [0,77].

Proposition 8.3. There holds

lim, 1 t =0. 8.3
egg)h(sgg)lﬁg[%%]"z ") = 2Ol o) (8.3)
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Proof. For t € [0,T] fixed, we will denote with i5 = i5(¢) the only integer such that i50 < t <
(is +1)0. From (4.8) and (8 1) we conclude that the function 259(t) := z(i56) — 25°(t) satisfies:

/v*‘* Vi da = 5/a66wdx Vo € HE(Q,0p0). (8.4)

Taking 2°°(t) as a test function and using Hélder and Poincaré inequalities together with (8.2),
we get that

. 1 . .
V252 (0)]> < e (LN (@) sup [li(t)lp=() 127°@)] < e[V (1)]),
te[0,T]
where C is a positive constant independent of §, ¢ and t. Applying once again Poincaré inequality,
from the last relation it follows that
A e—07"
sup  sup [1275(8) 1) = 0. (.5)
6€(0,T) t€[0,T]

On the other hand, the difference z(t) — z(isd) satisfies
/ V(z(t) — 2(i§0)) - Vpdr =0 V1p € H3(Q,0pQ).

Considering as test function z(t) — z(i50) — w(t) + w(isd) and using Holder inequality we obtain

IV (2(t) — 2(i50)) || < [V (w(t) — w(isd))]l. (8.6)

Since w : [0,7] — H'(Q) is uniformly continuous, using (8.6) and Poincaré inequality we get

lim sup H (t) — 2(i50) || 1 () = 0.
6—0+t tel0,T

By triangular inequality the thesis follows from last relation and (8.5).
U

The following proposition, whose proof is postponed to the Appendix, shows that when ¢ and §
are sufficiently small, the only possible discrete-time evolution in the time interval [0,t*] is just
the elastic one.

Proposition 8.4. There exist © € (0,1) and a function 6 : (0,2) — (0,T) with the following
property. Let ¢ € (0,8) and § € (0,6(c)), and let u? : [0,T] — HY(Q\T) be a discrete-
time evolution with time step J§, viscosity €, boundary datum w and initial condition ug. Then,
ud(t) = 259(t) for every t € [0,t*].

We can now give the proof of Theorem 4.15.

Proof of Theorem 4.15. Let t € [0,t*] be fixed and let u : [0,7] — H*(Q\T') be an approximable
quasistatic evolution with boundary datum w and initial condition ug. Then, there exists a family
{uf}.c(0,1) of variational parabolic evolutions and a subsequence &, (t) — 07 such that condition
(4.6) holds:

u O (1) = u(t) weakly in H(Q\T). (8.7)

Let n € N be fixed and so large that ¢,(t) € (0,g), where € is given by Proposition 8.4.
By definition of variational parabolic evolution, there exists a family of discrete-time evolutions
{uen(t)"s}ge(O’T) and a sequence dx — 07 such that condition (4.4) is satisfied:

usn @0k (1) =0 () weakly in H'(Q\ T). (8.8)

For k sufficiently large we have ,(t) € (0,2) and 6 € (0,0(¢,(t)). Hence, applying Proposition
8.4 we have usn (9% (t) = 2n(1):% (¢) and relations (8.7) and (8.8) become

22O () s O () and  wt O () — u(t) weakly in H'(Q\T).
Thanks to Proposition 8.3 this implies u(t) = z(t).
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9. AN ExprLICcIT EXAMPLE

In this section we provide an explicit example to show that approximable quasistatic evolutions
and evolutions based on absolute minimization of the energy functional can be quite different. In
particular, we will show that they can have different fracturing times and that for approximable
quasistatic evolutions strict inequality may occur in (4.7). In all the section we will refer to the
following setting. The function g describing the energy needed to create a crack is

2
—§§+s 0<s<R,

— s> R,

where R is a positive constant representing the range of the cohesive forces. Notice that in this
case 0 = ¢'(07) = 1. The set Q is the open rectangle {(z,y) € R? : 0 < |z| < A, 0 < |y| < B},
with T' = {0} x [- B, B], where A and B are positive constants and dpQ2 = {—A, A} x (—B, B).
We consider initial condition ug = 0. Moreover, at every time ¢ € [0,7], in Ip§Q we assign the

displacement

w(t) = %x

We want to describe the evolution of the set {2, that represents the section of an infinite cylinder

subject to the diplacement w. To this aim, it will be convenient to define the functions w1, us, us :
[0,T] - HY(Q\T) as:
n 1 (R=2t)x+R(t—A) x>0 t x>0
ui(t) == —x;  us(t) = 794 ;o ug(t) =
- (R—2t)r—R(t—A) x2<0 —t =<0

In this setting it is possible to give an explicit expression to both approximable quasistatic evolution
and evolution of absolute minimizers. More precisely, we can state the following results.

Theorem 9.1. Let A < % < T. Then, there exists a unique approzimable quasistatic evolution
u, coinciding with the evolution of the absolute minimizers of the energy, that is given by:

ui(t) 0<t<A
R
u(t) = u2(t) A<t< 3

U3(t) § S t S T
E
E(ui(t))
-------- E(ux(t))
E(us(t))
. RB =
| 24B /!
T =

R
FIGURE 1. Energy graph for 0 < A < 3.
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Remark 9.2. When the section Q is sufficiently small, there are no differences between approx-
imable quasistatic evolution and evolution of absolute minimizers of the energy. The section is
stretched in the time interval [0, A), where the only contribution to the energy comes from the
elastic stored energy. For ¢ = A a crack occurs. Because of the symmetry of the problem, the
crack set consists in all T'. In the time interval (A, %) cohesive effects are observed, and the
opening of the fracture grows from 0 to R. For t > g, cohesive forces cease to act and the
opening of the crack continues to grow, without any further expense of energy. The graph of the

corresponding energy is shown in Fig. 1.

Theorem 9.3. Let < A< T. Then, there exists a unique approrimable quasistatic evolution
u, that is given by:

w(t) 0<t<A
u(t) =
us(t) A<t<T

Moreover, the evolution u®™ of the absolute minimizers of the energy is uniquely determined and

is given by
t
uam(t) {ul( ) g

t
us (t) t

<t
<T

IN A

where T:= /A% € (£, A).

Remark 9.4. When the section (2 is sufficiently large, approximable quasistatic evolution and
evolution of absolute minimizers do not coincide. One can immediately see that the mazimum
stress criterion (see Theorem 4.15) is satisfied by the approximable quasistatic evolution. This is
not the case for the evolution of the absolute minimizers of the energy.

Approzimable quasistatic evolution. In the time interval [0, A) the section € is stretched, there
are no cracks, and the energy is a quadratic function of time. At time ¢ = A a crack occurs and
the evolution continues with © divided into two horizontal (i.e. parallel to the plane (z,y)) pieces
that become farther and farther, without any further expense of energy. No cohesive effects are
observed.

Absolute minimizers evolution. In this case the section breaks “too early”. Indeed, for short times
the evolution coincides with the approximable quasistatic evolution. Then, a crack appears at
time ¢ = ¢ < A, which corresponds to a stress ' = ¢/A strictly lower than o = 1. Hence, the
crack initiation criterion is violated. Also here no cohesive effects are observed. The beaviour of
the energy as a function of time is described by Fig. 2.

E
E(us(t))
-------- E(us(t))
L2AB _ Bu() ,
| RB
AT

R
FIGURE 2. Energy graph for A > <.
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Remark 9.5. The fact that, for € large, cohesive effects are not observed depends just on
our choice of g. Indeed, if one considers more complicated expressions of g (e.g. g cubic for
0 < s < R) one can check that cohesive effects may appear.

Remark 9.6. For A > % by a direct computation and using the expression of u given in
Theorem 9.3 we have that for ¢t € (A,T)

E(u(t)) = RB < 2AB = E(u(0)) + 2B /0 /( IR CCR ORI

so that in relation (4.7) we have the strict inequality. As expected, for the evolution of the absolute
minimizers u*™ we have equality for every ¢ € [0,7] .

Proof of Theorems 9.1 and 9.3. First of all we show that, thanks to the symmetry of the problem,
the absolute minimizers of (2.1) depend only on the variable x. Indeed, let v(z,y) be an admissible
function for the minimization. Then, we have

1
5 [ vePdsdy+ [ gy
O\l r

B
TR
-B ‘2 J(=a,a0\{0}

t Qv

%(xvy)
where the equality holds only for v such tha oy (z,y) = 0. We define now the functional
F:HY((-A,A)\{0}) = R as

v -1 V' (x)|2dx v (0) — v~
FO =g [ )P (0~ 0))

2
dz + g(|[v)()]) fdy.

and consider the problem
min F(v),

where v varies in H'((—A, A) \ {0}), with the boundary conditions v(+A) = +t. Since F is
lower semicontinuous and coercive there exists a minimizer v. Thus, if v depends on y we have

1 ) B _
3 ), [Py [oQplydy> [ Fo)dy =287 )

that is, minimizing F' is equivalent to minimize F. Since the same argument applies to the
functional (4.3), for ¢ fixed also the approximable quasistatic evolutions will not depend on the
variable y. Notice that Q is symmetric with respect to the coordinate plane {(z,y) € R? : x = 0}
and w is odd. Hence, by step 1 of the proof of Theorem 4.14 and by Remark 7.1, it follows that at
every fixed t € [0,T] both the discrete time evolutions and the evolutions of absolute minimizers
are odd. For this reason, we will restrict our analysis to the set (0, A). Now, let ¢ € [0,T] be fixed
and let us look for the odd solutions to the Euler-Lagrange equations that do not depend on the
variable y. Equations (3.5)1—(3.6)3 become

W' =0 in (0714),
u(A) =t,
[w'(0)] <1 if u(0) = 0, (9-1)

W(0) = g'(2u(0)) i u(0) £ 0,

where we used the fact that u is positive in (0, A). Since u is odd, for every fixed t € [0,7] the
general solution can be written as

u(t):{Cl(t)x—i-Cg(t) z>0

& (t)x — Cg(t) x <0

for some nonnegative constants Cy(t),Ca(t), depending on t. We consider now three possible
cases.
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Solution without fracture. Let us suppose that u(t) does not jump across the point = = 0, i.e.
that u(0) = 0. Then we obtain the function
t
ui(t) = —x 0<t<A.
') = <t<
Notice that wui(t) is not a solution of the Euler-Lagrange equations for ¢ > A, because in this case
there holds }(0) = % > 1. The energy associated to u(t) is

Emﬂwy:%gﬁ 0<t<A.

When there is a crack, we have to consider condition (9.1)4.

Solution with small jump. Let us suppose the jump 2C5(t) satisfies the relation

0 < 2C5(t) = |[u(t)]] < R. (9.2)
Then we have 20y(t)
t
Cr(t) = /(1) = o' ([u(®)]) = =5~ + 1.
From this it follows that
_ R-2t _ R(t—A)
G =g—x  CW=Fax

Since in this case (9.2) must be satisfied, this choice of C;(t) and Ca(t) is admissible only for
t € (min(A, £), max(4, £)), and the corresponding solution is us(t). Notice that the behaviour
in time of us(t) changes according to the size of A. If 0 < A < £ the solution corresponds to a
cracked configuration with jump that increases from 0 (for t = A) to R (at time t = £), while
the slope passes from 1 to 0. On the other side, for A > % the section ) starts divided into
two horizontal pieces with jump R, and ends without crack and with slope 1. In both cases the
energy is given by

2B

T94-R

E(us(t)) (2t — 2Rt + AR).

Solution with big jump. If the jump of the solution is such that 2C3(t) = |[u(¢)]| > R, one easily
sees that the solution of (9.1) is u3(t) and is admissible only for ¢ > £.

A< % < T. In this case for every t € [0,T] there is just one admissible solution to the Euler-
Lagrange equations (9.1): we have ui(t) for ¢ € [0, A), us(t) for t € [A, &) and us(t) when
te 4 1]

% < A < T. In this case, the evolution of the absolute minimizers of the energy can be easily
deduced from Figure 2. We have uy(t) for ¢ € [0,#) and uz(t) when ¢t € [{,T]. Concerning
the approximable quasistatic evolution, we can apply Theorem 4.15. Then, it follows that the
approximable quasistatic evolution coincides with the elastic evolution z(t) = Lz = u1(¢) until
% < 1, that is in the time interval [0, A). For ¢t > A, the only possible solution to the Euler-
Lagrange equations is given by wusz(t). Hence, the approximable quasistatic evolution coincides
with ui(t) for t € [0, A) and with us(t) for ¢ € [A,T]. O

10. APPENDIX: PROOF OF PROPOSITION 8.4

We will proceed by induction. To start with, we notice that the proposition holds for the initial
time ¢t = 0. Indeed, by definition of discrete time evolution ug"s = 2(0) = 28’6 for every (g,0) €
(0,1) x (0,T). The proof is then completed by the following proposition. We recall that problem
(P)WS is introduced in Definition 4.6.

3

Proposition 10.1. There ezist € € (0,1) and a function & : (0,8) — (0,T) with the following
property. Let € € (0,8), 6 € (0,0(¢)) and i € N with id < t*. If i > 2, assume also that

0 — 25°% s the unique solution of problem (P)j’é for every 5 =1,...,i—1. Then, the solution

j J
uS® of problem (P)S° is unique and there holds uf"s = zf"s.

K3 3

u
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In the remaining part of the section our goal will be to show that uf"s = z; ’5, provided that e
and ¢ are sufficiently small. To prove that zf’é is the unique absolute minimizer of problem (4.3),
we will use the technique of the calibration theory for free discontinuity problems. We remark
that the solution z; 9 can present singularities in the part of 92 where the boundary conditions
change, that is in the set G := 9pQ\ OpQ. For this reason, we will first prove the minimality
of zf’é in subdomains obtained by removing from €2 a small neighbourhood of G. Then, the full
minimality will be obtained by approximation. The outline of the proof is the following:

e Statement and proof of some auxiliary results;

e Proof of the minimality of zf"s in a fixed set Q, C Q;

e Full minimality: limit as €, " Q.

10.1. Statement and proof of some auxiliary results. In this subsection we state two lemmas
that will be useful in the sequel. Let Ql and Qg be two open connected subsets of RY such that
I ccQ cc Q and Qe NIQ cC 9Q\ IpQ for k = 1,2. We set Qp := QN Q (k= 1,2),
Q3 :=Q \ﬁg and choose Qg in such a way that Qs has C? boundary.

The first lemma shows some properties of the function 259(t) for ¢ € [0,*] and ¢ and § small
enough. We will prove that |[Vz%°(t)||r=(q,) is bounded uniformly with respect to ¢ and that
259(t) satisfies (3.6)2 with strict inequality. These properties will be crucial in the construction
of the calibration.

Lemma 10.2. There exist C; >0, c € (0,0), €€ (0,1) and a function § : (0,Z) — (0,T) such
that

sup [[V25°(t)]| Lo (a,) < Ci, (10.1)
te(0,t*]

sup ||8yzs7é(t)||Loo(F) <c<o, (10.2)
te[0,t*]

for every (g,68) with € € (0,8) and 6 € (0,6(¢)).

Proof. We will prove (10.2), since (10.1) can be shown by using similar arguments. For every
(6,6) € (0,1) x (0,T) and t € [0,T] we define z5(t) := 259(t) — 2(t). From Definition 8.1 it
follows that for every (g,6) € (0,1) x (0, T) and t € [0,T]

Az (t) = & in €,
Z0(t) = ( ) —w(t) on dpfl, (10.3)
0,750 (t) = on 00\ dp12,

where i € N is such that 0 <t < (i +1)§ and ozf"s is defined by Remark 8.2. Consider now a
cut off function x € C*(Q)) such that 0 < x <1, x =1 in 7 and x =0 in Qg. It turns out
that the function p9(t) := xz%°(t) satisfies the following equation in Qy:

Apt(t) = xAZS0(t) + 250 (1) Ax + 2VZ0(t) - Vx  in Q
O, u=0(t) =259 (1)d, x on 9.

Thanks to [20, Lemma 3.18, pag 181] we get that there exists a constant C' > 0 independent of
g, § and t such that for every p € [2,4+00)

1, . . _6
il 2 (O)lw2r(0s) < € up, [ ()| s () x| o 22 + 1270 () AXI Lo (22) (10.4)
€10,
+2[|Vx - V20 (1) || o) + 1270 (1) auxll,, oo T 112 @) a1 0
where p’ = -Z- and we used relations (10.3) and (8.2). Notice that condition (8.3) holds also

p—1
with Z5°(t) = 25°(t) — 2(t) replaced by p?(t), so that applying (10.4) with p = 2 we get

i i ’ -0 10.5
EE(%&E(? bEtlp [l = ()HW“(Qz) ( )
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If N =2, by the Sobolev embedding theorem we get that

1. 1 ) 6,5 t i — 0, c 27_|_ ,
3 S I Ollwe e 1€ [2 +0)

so that, applying once again (10.4):

li li OIS =0, € 2, 400).
eir(gh 55& tes[%%] =2 @) w20 (02) a€l )
Thus,

. . . ) -
i, 61351“;[%%} 152 ()]lo1a ) = 0 VA€ (0,1),
because s is of class C2. Since p®°(t) = z=°

lim lim  sup [|[Vz*°(t) — Vz(t)|| o (ay) = 0. (10.6)

e—0t 6—0+ te[0,t*]

(t) in Qy, this implies

If N> 2, (10.6) follows applying repeatedly the Sobolev embedding theorem and estimate (10.4)
starting from relation (10.5). Since sup;c( 4+ 1002 (t)[| L) < o by hypothesis, from (10.6) we
get (10.2). 0

The second lemma gives an existence result for an eigenfunction vg, of the laplacian operator

in Q, for which the ratio Vol 5 nonnegative and bounded.

Lemma 10.3. There exist two positive constants Sy and Co, and a strictly positive function
vg, € HY(Q) N CH(Q2) such that

Avg, = fov  in Q, (10.7)
Oyvg, =0 on 90\ dpfl.
and
0< sup VUl < ¢y (10.8)

z€Q2 VB

Proof. Let us fix 8y > 0 and define vg, as the solution to the problem

Avg, = fov  in Q,
vg, =1 on dpf.
Oyvg, =0 on 90\ dpfl.

It turns out that v, > 0 in Q. Indeed, by the Strong Maximum Principle (see e.g. [18]) it follows
that vg, > 0 on Q. To show that vg, > 0 on 99, fix Q' CC Q and observe that the restriction
of vg, to 2\ Q' is the unique solution of the problem

min {/ |Vv|2dx+ﬁo/ vzdx},
v o\ o\

where the minimum is taken among all the v € H(Q\ ') such that v = vgy > 0 on 9Q" and
v =1 on 9pQ. By a truncation argument it follows that in Q\ Q' wvg, > infsq vg, > 0. One can
show (10.8) with arguments similar to those used in the proof of Lemma 10.2. g

10.2. Proof of the minimality of zf’é in a fixed set Q,, C Q. From now on we will assume
e € (0,8) and 6 € (0,0(¢)), where £ and 6(c) are given by Lemma 10.2. The main result of
this subsection is given by Proposition 10.5, where we prove that for ¢ and ¢ small enough the
function zf’é is the unique absolute minimizer of problem (4.3), among all competitors coinciding
with zf’é in a fixed neighbourhood of the set G = opQ \ Opf2. Before stating Proposition 10.5
we need some preliminary notation and we briefly introduce the notion of absolute calibration.
We consider a decreasing sequence (G, )nen of open Lipschitz sets of RY | such that G,, DD
Gni1 DD ...D0D G, LN(G,) — 0 as n — 400, and Q, := Q\ G, is Lipschitz for every n € N.
We consider also a sequence of cut off functions ¢,, € H'(RY) such that 0 < ¢, <1, ¢, =1 in



28 F. CAGNETTI

R¥\ G"! and ¢, =0 in G™. Since HV~2(G) < 400, and thus its 2-capacity is zero (see [13]),
then we may choose (G,)nen and (0, )nen in such a way that ¢, — 1 strongly in H'(RM).
In the remaining part of the subsection we will assume n € N fixed. Define now the sequence

of functions (r?"s)jzoylwqi in the following way. We set 7"8’5 := 2(0) and, for j = 1,...,i by
induction, we choose rj"s as a solution to the problem
. € 52
E@) + —|v—r% } 10.9
Jamin {B() + 5llv =52 (10.9)

where
Cn(j6) := {v € A(jb) : v = 259(36) in QN Gn}.

By definition, we have rg"s = 28’5. In case i > 2 we also know, by the inductive hypothesis of
Proposition 10.1, that for j =1,...,7 — 1 the solution rj"s to (10.9) is unique and coincides with
z;"s. At this point, we want to show that the only possible choice for the function Tf"s is just

rf"s =z 9 As already mentioned, we will construct a calibration for the function zf"s in 2, xR.

Before stating next proposition, we adapt some definitions and results of [1] to the present
situation. An absolute calibration for zf’é in Q, x R is a bounded vector field ¢ = (¢, ¢?) :
Qn x R — RN x R of class C! that satisfies the following properties (see [1, Lemma 3.7]):

(a) dive = 0,0t + divee® = 0 in Q, x R;

2
(b) ¢'(z,t) > M - %(t — 220 (2))? for ae. x € Q,, for every t € R;

¢" (2,2 (@) = V=’ (x)

3
|Vz€’5|2 . for a.e. x € Qy;

(© ,
8,20 7(2)) = S (@) - o2(507(0) — 2 (2)?

12
o (x,t) dt] v(z) < g(ta —t1) for HN"lae. 2 €T, t; <to.

@ |

(e) ¢”(z,t) - v(x) =0 for LN -a.e. for ae. (z,t) € (0, N (02 pQ)) x R.
By a careful inspection of the proof of [1, Lemma 3.2], we get the following result.

Theorem 10.4. Suppose that there exists an absolute calibration ¢ for zf"s. Assume, in addition,
that condition (d) is satisfied with strict inequality for t1 # to. Then zf"s is the unique absolute
minimizer for the problem (10.9) with the index j replaced by i and

3

/Qn\r <% VP + 2_5(21'6’6 - Zvig’—él)Q)dx - /Qn\r (‘W(x,v(x)) -Vo(z) — ¢ (z, v(w))) dx

max{vT v}
+ / / ¢ (x,t)dt | -vdHN ! (10.10)
r min{vt,v—}

for every v € C,(id). Moreover, there holds

/Qn\r (fﬁm(w,v(x)) -Vo(z) — ¢t(x,v(x))) dr < /

Q. \T

max{vt v}
/ </ 6% (2., 1) dt) wdHN T < /g(|[v]|)dHN_1 (10.12)
r min{vt,v—} r

for every v € Cp(i0).

1
(5 IVo)? + 235(@ - zf’_‘sl)z)dx (10.11)

and

We state now the main result of this subsection.
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Proposition 10.5. There ezists a function § : (0,8) — (0,T), independent of n € N, such that
the following holds. Let € € (0,€) and 6 € (0,0(¢)). Then, there exists an absolute calibration ¢

for zf"s for which condition (d) is satisfied with strict inequality for t1 # ta . As a consequence,
@ is such that relations (10.10), (10.11) and (10.12) are satisfied.

We start now with the construction of the calibration ¢, showing that conditions (a)—(e) are
satisfied for ¢ sufficiently small. We will take inspiration from [16], where a global calibration for
the Mumford-Shah functional is provided. In the quoted paper, the author considers the following
calibration:

£,8
-z

bt
¢ = V" + == Vg,
2
8 t=2 ) 0
¢ = |92+ Vg, | = (- 02 4 (5 - Bo) (27— 12,

where 3y and vg, are given by Lemma 10.3. In the present situation, we cannot use directly the
previous expression. Indeed, in order (d) to be satisfied we need that when = € T' and for small
values of to — t1 the integral { fttf o (x,t) dt} - v(zx) is sublinear as a function of the difference
to —11.

For this reason, we will introduce a suitable cut off function. Let us consider a constant n > 0
to be properly chosen later and a function a : R — [0,1] of class C°°, with supp a C (—27,27),
a=1in [-n,n and |a| < %, where with the dot we denote the derivative with respect to t.
Let us consider also a function 1 € C*°(Q) such that ¢» = 1 in Q3, ¥ = 0 in Q;. Then, for
(z,t) € Q x R we set &(x,t) := a(t) + (1 — a(t)) ¢ (x). Our assumptions in particular imply that
supeg || VE(E, )| L= (o) < C5 and

[té(x,t)| <4  and  [t%€(x,t)| <8y  for every (z,t) € U x R, (10.13)

where Cs := ||[V¥||p<(qy. We set now C := max{Cy,C,C3}, where C; and Cs are defined in
(10.8) and (10.1). Moreover, for every ¢ € (0,0) we define s(c) € (0, +00) as the unique positive
real number such that g(s) = c¢s(c). Since ¢ is nondecreasing, concave and has finite limit at
infinity, s(c) is well defined. We set now

t — 25 ()
vg, ()

for every (z,t) € Q, x R. Notice that ¢* is bounded in Q,, x R, but not in  x R. This is the
reason why we first prove the minimality in €, .
In order (c) to be satisfied, we define

¢ (2,) = E(z,t — 25 (2) (sz’é(x) + Vs, (x)) (10.14)

£,0 x 2
oz @)) o= D (i) e (a2 (10.15)

for all x € Q,,. To simplify the notation, in the following we will omit the dependence on variables
taking into account, when deriving, that £(z,-) is always evaluated at ¢ — zf‘s(x) To satisfy (a),
we impose

at(bt _ leT¢T — _vTé- . VZ?B _ (t _ ZiE,(S) Vva V'Uﬁo + é- |vzf75|2
Bo
: £ vzfﬁ Vv € 5 5 vzz'Eﬁ -Vu
+§(t_zi’6)'750_55(2{6_21"—61)"'5 2
V3, VB
€,0 2
t—2z,")|Vug, e
_’_5(11}#_&)5@_%’5), (10.16)
Bo

In this way, relations (10.14), (10.15) and (10.16) together determine ¢* and ¢* everywhere. By
construction, (a), (c) and (e) hold. In the next two lemmas we show that 7 can be chosen in such
a way that conditions (b) and (d) are satisfied.
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Lemma 10.6. Let

.|t/ +cCs(c) o—c¢
O<77<m1n{ 50 30 } (10.17)

Then, condition (d) is satisfied.
Proof. Let x € I and t1,t2 € R with ¢; < to. We have

ta t2 5 s t—25%(x)
{ " (x,t) dt] cv(z) = / a(t —z%(x)) | Op2i’ (x) + —L—=—= Dy, (x) | dt
t1 t1 'UBO (x)
ta—25 () ta—2;° ()
< c/ a(t)dr +C |7]a(T)dr
tl—zf"s(m) t1—z5 * (@)
ta(2) =27 (2) t2 () =2 (x)
= c/ a(t)dr +C |7| a(T) dr, (10.18)
f1(2)—2{ (@) t1(2)—25° ()
where t1(z) > t; and {o(x) <ty are defined as
. t for t; — 25 (z) € [—2n, 21,
tl(x) = £,8 £,8
2;%(x) —2n  for t; — 2% (x) < —2n,

and
to for to — 2 6( ) € [—2n, 27,
to (.13) = £,8
2%(x) 420 for ty — 250 (z) > +2n.
Notice that if t; — 25°(z) > 20 or ty — 27°(2) < —2n the left-hand side of (10.18) is zero and
then there is nothing to prove. We remark that [fy(z) — 25°(z), f2(x) — 25° ()] € [—2n,27)] for
every x € I' and t1,t2 € R with ¢; < t5. We will consider two possible cases.
Step 1. 0 <to —t1 < s(c).
In this case there holds

to(z)—z5°(x) . .
/t |7|dr < 3n(te(z) — t1(z)). (10.19)

b1 (w)—25° ()

Indeed, if ({1 (x) — 25 () (fa () — 2 (z)) > 0
to(z)—25°(x)
/ L, rldr < % \(fz(x) —27°(@))? = (h(w) — 27 (@)
t1(x)—=z; )
(f2(x) — fa(2)) (fa () — 27 ()] + [f2(2) — 27 (2)]) < 2n(fa() — (@),

while for (£, (z) — 25°(2)) (L2 (z) — 25°(2)) < 0

52(1)—zf’6(r) fQ(rc)—zf’S(m)-l—Qn
/ |7 dr < / |7| dr
fjl(r)—zf's(r) i1 (m)—zf’(s(r)—i-Qn

= 2 (@) — =) + 20 — (o) — () + 20)°)

(Fa(w) — F1 (@) (B2 (@) — 27" (2) + () — 27 (x) + 4n)

(Fa(w) — T1(2))(Fa(2) — 27" (x) + 4n) < 3n(Ea(w) — £1(2)).

since g is nondecreasing, we get

*(@
1
2

| =N =N

<

\./[\3

Using (10.18) and (10.19),

[/ ¢* (.1 dt] v(z) < (c+3nC)(ta(2) — f1(2)) < olta(z) — ()

< g(ta(2) — ti(2)) < g(t2 — 1),
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provided
—c
0<n< — 10.20
U 30 (10.20)
Step 2. t1 —ta > s(c).
If t1 —ta > s(c) then
to 2n 2n
{ ¢I(x,t)dt] cv(z) < c/ a(t)dr + C/ |T|dr < 4dcn+4Cn?
t1 —2n —2n
4C
= (104 %€ < esle) = g(o(0) < glt1 1),
provided
4C
4n + 7772 < s(e).
Last condition is certainly satisfied for
—c+ 4/ +cCs(c)
. 10.21
0<n< 50 (10.21)
Collecting (10.20) and (10.21) we get the thesis. O

Next lemma concludes the proof of Proposition 10.5.

Lemma 10.7. Let & be given by Lemma 10.2. For every ¢ € (0,) there exists 0(¢) € (0,T),
independent of n € N, with the following property. If € € (0,2) and ¢ € (0,6(¢)), then there exists
1 > 0 such that conditions (b) and (d) are satisfied.

Proof. Let n > 0 be fixed and such that (10.17) holds. By Lemma 10.6 it follows that condition
(d) is satisfied. We want to prove that for € € (0,€) and J sufficiently small there holds

¢t > @ - 2%(1% —220)? (10.22)

for every (z,t) € Q, x R. By construction, we already know that equality holds along the graph
of 2%, that is for ¢ = 2;” 6( ). Hence, in order to prove the previous inequality it will be sufficient
to impose the following relations, obtained by deriving (10.22) with respect to t:

0spt > ¢ - 040" ——(t—z )fort>z ) (10.23)
Bydt < B° - 9,6° — g(t — 220 for t < z2°. (10.24)
Let us consider inequality (10.23). Thanks to (10.14) and (10.16), we get
5 € e, g
Bogr” + (6 = D22y —620°) + (5 — et

, Vz Vo : € Vo §
> 6V + 26 (- )7@%55@_%76)2; g
UBo Y30
£,0 . .
+£2M+£2(t_265) |v ,30| +VE- vzed £|vzi€,5|2
UBo ,30
€0
+ (t o Zie,é) vf V'Uﬁo _ f (t _ Zievé) M
V3, U
€0
_e VAV gy e [Vl IV%I . (10.25)
UBo 50

When z € Q3 or t — zf"s € (0,m) there holds £ =1 and (10.25) reduces to

(G- ) -9 20025
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that certainly holds. Suppose now t — z; DS n and x € Qy. Let us focus on the left-hand side
of (10.25), that we will denote by LHS (10.25). Assuming ¢ < 5= and using the fact that

t>n+4 2" we obtain
LHS(10.25) = Bo (27" = ) + 5§ (22 = 5) = C2(t = 5) + (¢ = 5120) + C*(t = =)
9 € € e e €
> (56— C) (t=20") + 21— (" —22%) + Ot — 57°)

S . €
> (=B C*)n—2 sup [[ir(t)llz~(e) + 2t~ 2), (10.26)
0 t€[0,T]

where in the last inequality we used (8.2). Thanks to (10.13), for the right-hand side of (10.25)
we have

sz’é . V'Ugo

UBo
AVZSELIN V¥

(S R R

Bo UBo

\Y% 2 VE-V

WOl 1 (g Yo Vo
Bo Bo

RHS(10.25) = £ (€ — 1)|V2502 + £ (t — 25%) (26 — 1)

|VU,30 |2
2

FEE(— 20 + VeVl

+EE-1)(E-2)
% 2 2 2 2 6
§T+4C +8nC* +2C* + C(t — 2.°). (10.27)
Collecting (10.25), (10.26) and (10.27), we have that if the following inequality holds
207
(% —fo— 02) e 602 + 85C2, (10.28)

then (10.23) is satisfied. In the same way one can see that the previous relation implies (10.24).
Observe now that the right-hand side of (10.28) is constant, while the left-hand side tends to
+oo when § — 0. Hence, for § sufficiently small relation (10.28) is satisfied and condition (b)
holds. O

10.3. Limit as n — +o0o. Let n € N. By a truncation argument, it will be enough to consider
competitors in the class A(i6) N L>®(2). Thus, let v € A(i6) N L*°(Q) with v # zf"s. We set
Uy = v+ (1 — @n,)zf’é, recalling that ¢, =1 in RV \ G" ' | ¢, =0 in G", and ¢, — 1
strongly in H'(R™). From the properties of ¢, there holds v, € C,(id) for every n € N and
v, — v strongly in H*(2). Thanks to Proposition 10.5 and applying relations (10.10) we have

1 £,012 i 0 5,02
/Qn\F ( SV (220 = ) )dx (10.29)

max{vT v"}
:/ (¢w(x,vn(x))-vUn(x)—¢f(x,vn(w)))dx+/ (/ ¢° (x,t) dt) cvdHN T
Qn\T r min{vt,v—}

where we used the fact that v = v*. Moreover, by (10.11) and (10.12) there holds

£

1 2
(v 5

/Q r (fbm (x,vn(2)) - Vop(z) — ¢t(x,vn(x))) dr < /

Q. \T

max{vt, 0"}
/ </ 7 (2,1) dt) dHN! </g(|[v]|)dHN_1. (10.31)
r min{vt,v—} r

Uy — zf’_él)Q)dx (10.30)

and



QUASISTATIC GROWTH OF FRACTURES VIA CRITICAL POINTS 33

We pass now to the limit as n — +oo in (10.29). Since v, — v strongly in H'(Q \T), taking
into account (10.30) and (10.31) we obtain

3

/| . (192007 + (20— 22 do = tim [ (6@ 0n(@) - Fru(a) — o' ) )

max{vt v}
+/ / ¢ (x,t)dt | -vdHN !
r

min{vt,v—}

l 2 i 602 / N_1
</Q\F(2|w| L g an

for every v € A(id) N L™°(Q) with v # zf"s.
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