STABILITY OF THE STEINER SYMMETRIZATION OF
CONVEX SETS

M. BARCHIESI, F. CAGNETTI, N. FUSCO

Abstract. The isoperimetric inequality for Steiner symmetrization of any
codimension is investigated and the equality cases are characterized. More-
over, a quantitative version of this inequality is proven for convex sets.

Keywords: Steiner symmetrization, quantitative isoperimetric inequality.

2010 Mathematics Subject Classification: 49Q20, 52A40

1. INTRODUCTION

The present paper analyses the Steiner symmetrization of any codimension. Let n > 2 and
1 <k <n—1. For every set £ C R™ and for every 2’ € R" ¥ we define

Ey:={yeRF: (2,y) e B} and L(z):=LFE,),

where £F stands for the outer Lebesque measure in R¥. We denote by r(2') the radius of a
k-dimensional ball in R¥ having £¥-measure equal to L(z'), and we set
m(BE)t = {2/ e R"*: L(z) > 0}.

Then, the Steiner symmetral of E (of codimension k and with respect to the subspace y = 0) is
defined as

ES .= {(m',y) eR": 2’ en(E)", |yl < T(m')} .
The importance of Steiner symmetrization has been assessed by several authors, and relies upon
the fact that it acts monotonically on many geometric and analytic quantities associated with
subsets of R™, e.g. the perimeter. A characterization of the sets whose perimeter is preserved
under symmetrization of codimension 1 was given by Chlebik, Cianchi and Fusco [5].

In this paper we tackle the general case 1 < k < n — 1 using a new approach, based on the
regularity properties of the barycenter of the sections E,s as ' varies in 71 (FE). The advantage
of this approach is twofold. Firstly, we may recover and extend the result proved in [5] for
k = 1 to any codimension, with a new and simpler proof. Secondly, we are able to obtain a
quantitative isoperimetric estimate for convex sets which, to the best of our knowledge, is the
first result of this kind in the framework of Steiner symmetrization.

We shall now proceed by providing a detailed account of the content of the paper. Our first
result reads as follows.

Theorem 1.1. Let E be a set of finite perimeter in R™. Then
P(E®; B xR¥) < P(E; B x R) (1.1)
for every Borel set B C R"™*. Moreover, if P(E®) = P(E), then E is either equivalent to R",
or L"(E) < oo and for L' *-a.e. o' € m(E)T
(a) E, is equivalent to a k-dimensional ball and H* ' (0* Ep A(O*E) ) = 0;
(b) the functions vZ(a',-) and vy |(z',-) are constant HF1a.e. in O E,.
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Here, P(E; B x RF) denotes the perimeter of E in B x R¥, and P(FE) stands for the perimeter
of F in the whole R™. The reduced boundary of F is indicated with 9*F, and its generalized
inner normal with v¥ (see Section 2). Moreover, v5 and 1/;/LJ denote the first n — k and the last

k components of ¥ respectively. Finally, #? is the Hausdorff measure of dimension d.

Inequality (1.1) was already proved in [4] by approximating E° through a sequence of simple
rearrangements (polarizations). However, the proof of properties (a)-(b) when P(E) = P(E?)
requires a direct approach. We highlight that for k£ > 1 the proof is more delicate than in the
case k = 1 studied in [5]. The reason of this extra difficulty lies in the fact that the Radon
measure

BcR" ¥+ u(B) = / vE(  y)dH (2, y)
9* EN(BxRk)N{vF =0}
has a different behavior depending on whether £ = 1 or k > 1. In fact, when &k = 1, pu is
purely singular with respect to the Lebesgue measure £ !, while, if k£ > 1, it may contain a
non-trivial absolutely continuous part. A somewhat surprising example by Almgren and Lieb
(see Remark 3.2) shows that when & > 1 it may even happen that p is absolutely continuous
with respect to £"~*. In other words, when k = 1 the projection of {x € 9*F : VyE(m) =0} (the

“vertical part” of the boundary) on R"* is a set of zero Lebesgue measure, while if & > 1 this
projection may be smeared out on a set of positive £7~* measure.

As observed in [5], the equality P(E) = P(E?) does not imply that F and E° are equivalent.
In fact, if the boundary of E° contains vertical parts, one can easily find a set £ having the
same perimeter of E° and not equivalent to (any translated of) E° (see Figure 1).

Therefore, in order to characterize the equality cases, at least in a local form, we shall assume
that, given an open set Q C R"* E9 satisfies the following condition

W ({z € 0 BS - vl (2) = 0} N (2 x RY)) = 0. (1.2)

Assumption (1.2) is equivalent to the requirement L € W11(Q) (see Proposition 3.5). Note that,
for any set E of finite perimeter, L € BV (R"*) (see Lemma 3.1). Therefore, the presence of
singular parts in the measure DL is equivalent to having vertical parts in the boundary of E.
Furthermore, (1.2) is weaker than the correspondent condition on the set E

H" ' ({z € 0'E : vl (z) =0} N (2 x RF)) = 0. (1.3)

However, (1.2) and (1.3) are equivalent when P(E; QxRF) = P(E®; QxRF) (see Proposition 3.6).
Condition (1.2), together with the equality of the perimeters, is not yet sufficient to conclude
that E and E° are equivalent. As shown even through simple examples (see Figure 1), this is
due to the fact that the set E° may not be connected in a proper sense. That is, the Lebesgue
representative L* of L may vanish in a set of positive H" *~l-measure. Therefore, we are led
to assume
L*(z') >0, for H" *lae 2/ € Q. (1.4)
Then, the analogous of [5, Theorem 1.3] can be established, for every 1 < k <n — 1.

Theorem 1.2. Let Q C R"* be a connected open set, and let E be a set of finite perimeter
such that P(E%;Q x R¥) = P(E;Q x RF). If (1.2) and (1.4) are satisfied, then E N (Q x R¥) is
equivalent to (a translate along RF of) ES N (Q x RF).

Our proof of this result significantly simplifies the one given in [5] for the case of codimen-
sion 1, which was based on a delicate density argument and on the heavy use of the notion of
polarization. We have devised a different approach, based on the regularity properties of the
barycenter b : R** — RF of the k-dimensional sections of E (see Definition 4.1). The role
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FIGURE 1. Here n = 2, k = 1. On the left, the boundary of set E° contains
vertical parts, thus violating condition (1.2). Instead, for the set E on the right
L*(z) = 0, thus violating condition (1.4).

played by the barycenter can be easily understood, observing that the sets enjoying property (a)
of Theorem 1.1 are completely characterized by the functions L and b.

We start by observing that for these sets assumptions (1.3) and (1.4) yield that the barycenter
b is an absolutely continuous function on almost every 1-dimensional section of the set Q (see
Theorem 4.3). Note, however, that no regularity for the barycenter may be expected, if (1.3) and
(1.4) are not satisfied (see Example 4.2). Then, using the explicit expression of the derivatives
of b (see (4.1)) we show that, if F and E® have the same perimeter, these derivatives are all
zero, thus proving that b is constant in Q. This gives that E is equivalent to a translation of E°.

The regularity of the barycenter is an essential tool also in dealing with the second issue
addressed in the present paper, namely a quantitative version of the inequality P(E®) < P(E).
In recent years quantitative isoperimetric and related functional inequalities have attracted the
interest of several authors (witness [8, 11, 12, 13, 14, 15], just to name a few). Let us just recall
here the result proved in [13]. To this aim, given a set of finite perimeter E, we define the
asymmetry index A(E) and the isoperimetric deficit 6(E) of E as

LM(EAB,(z))
£7(E)

P(E) — P(Br)

) i Pz P(e)

x € R"} , 0(E) :=
where B, (x) is the ball of radius r centered at x, with L"(E) = L"(B,(x)), and B, stands
for B,(0).

Theorem 1.3. There exists a constant vy, > 0 such that for every set of finite perimeter £ C R™
A(E) <1\ O(E). (1.5)

In other words, this inequality states that, if the perimeter of E is close to the one of the
ball with the same volume, then there exists an optimal ball which overlaps with F with the
exception of a set whose measure is controlled by the square root of the difference P(E)— P(B,).

In this paper we prove an analogous of Theorem 1.3 for Steiner symmetrization. To state our
result precisely, let us recall that the eccentricity of a bounded convex set C' is defined as the
ratio between the outer and inner radii of C, i.e., the radius of the smallest ball containing C'
and of the largest ball contained in C', respectively.
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Let us also introduce the asymmetry index and the isoperimetric deficit of E relative to its
Steiner symmetral ES:

n S
AE) ::inf{ﬁ (& ?jég(o’y))) Lye Rk}, D(E) =

We start with the case k = 1.

P(E) — P(E”)
P(ES)

Theorem 1.4. Let k = 1. There exists a constant ¢ = c(n) such that, if E° is a Steiner
symmetric bounded convex set with eccentricity Eg, then

ME) < cE%\/D(E) (1.6)
for every set E C R™ of finite perimeter satisfying (1.3), whose 1-dimensional sections E, are
segments, and whose Steiner symmetral is E°.

An interesting feature of inequality (1.6) is that it applies with the same constant to a large
class of sets E°. On the other hand, in light of the characterization of the equality cases, it is
clear that we cannot have a quantitative estimate of this kind if we allow the boundary of E®
to have even “almost” vertical parts (see figure 2). Similarly, it is also clear that Theorem 1.4
cannot hold, should the vertical sections shrink in an arbitrary way (see Figure 3). Therefore,
the convexity assumption on E° seems a natural geometric compromise to avoid both these phe-
nomena, even though Theorem 1.4 may be proven under weaker assumptions (see Remark 5.7).
Anyway, the set E is not required to be convex. Note also that inequality (1.6) cannot hold
with a constant not depending on the eccentricity (see Example 5.5). Finally, considering that
the exponent 1/2 in (1.5) is optimal, it is hardly surprising that also in our inequality we cannot
replace the exponent on the right-hand side with any number larger than 1/2 (see Example 5.6).

FIGURE 2. When E¥ is as in figure, the quantitative inequality A(E) < ¢\/D(E)
holds with a constant ¢ which goes to infinity as the slope of the two dotted
segments becomes larger and larger.

In higher codimension our result is slightly weaker, since we have to assume that the set F is
convex.

Theorem 1.5. Let 2 < k < n — 1. There exists a constant ¢ = c(n, k) such that, if E° is a
Steiner symmetric bounded convex set with eccentricity Eg, then

MNE) < c&¥\/D(E) (1.7)
for every convex set E C R™ whose Steiner symmetral is ES.

By way of conclusion, a short overview of the proof of Theorems 1.4 and 1.5 is provided.
Concerning the case k = 1, note that the convexity assumption on E° implies that one can
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FIGURE 3. Here n = 3, k = 1, and 2/ varies in the horizontal plane. Let Ef
be given by the union of two balls, connected by a narrow neck whose surface
measures €. By lifting one of the two balls, we obtain a set E. as in figure, such
that A(E:) ~ 1/2, while D(E.) — 0 as ¢ — 0. Therefore, for every ¢ > 0 a
quantitative isoperimetric inequality A(E) < c.1/D(FE) may hold only with a
constant ¢, — 00.

estimate |1/5S (2’)| by the distance dist(a’, 9Q) from 2’ to 9Q. Using this estimate, the key point
of the proof is to derive the inequality

/Q WE* ()| [Vb(a') d' < e/ D(E),

from which (1.6) follows, thanks to a weighted Poincaré inequality (see Corollary 5.2) applied to
the barycenter b. The case k > 2 is then obtained via a symmetrization argument, by applying
estimate (1.6) k times.

2. PRELIMINARY RESULTS

In this section we recall some classical results of geometric measure theory, which will be in-
strumental in the forthcoming arguments. We refer the reader to the monograph [1] for a
comprehensive illustration of the subject.

We first give some notation. Let n > 2 and 1 < k <n — 1. For z € R", we write = = (2/,y),
with 2’ € R** and y € R*. Similarly, when v = (v, ...,v,) is a vector in R", we set

Vg = (V1. .., Up_i) € RP7F, Uy = (Un—kt1,- -, 0n) € R

If Du is the distributional gradient of a function u € Llloc’ we write Dyu = (Dyu, ..., Dy_pu)

and Dyu = (Dp—j414, ..., Dpu). We shall indicate by B,(x) the open ball in R™ of radius r
centered in x. Occasionally, when balls of different dimensions come into play, we shall specify
the dimension d of a ball by writing B%(z). Finally, we simply write B? if the center of the ball
is the origin. The measure of the unit ball in R? will be denoted by wg.
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Let Q be an open set in R”. We recall that a function u € L'(Q) is said to be of bounded
variation if its distributional derivative Du is a vector-valued Radon measure in {2 with finite
total variation. The set of all functions of bounded variation in € will be denoted by BV (€2). The
space BVjo:(€2) of functions of locally bounded variation is defined accordingly. If uw € BV (Q),
its distributional gradient can be split in the sum of an absolutely continuous part Vul"™ and
in a singular part D*u, with respect to the Lebesgue measure. That is,

Du = Vul™ + Dfu.

If w € BV(Q2) and D%u = 0, then u belongs to the Sobolev space W11(2). We recall that in
this case the Lebesgue representative u* exists for H" !-a.e. point in .

If F is a Borel set, we say that it has locally finite perimeter in € if its characteristic function
XE belongs to BVj,.(Q2). If the total variation |Dxg|(£2) is finite, F is said to be a set of finite
perimeter in €, or simply a set of finite perimeter, if {2 = R”. For a set of finite perimeter, we
define the reduced boundary 0*E of E as the set of all points z € R™ such that
E(z) := lim Dxp(Br(@)) exists and belongs to S" L.

r—0t [Dxg| (B (x))
il

1%

We shall refer to the vector v*(x) as to the (generalized) inner normal to 0*E at x. From
Besicovitch derivation theorem and [1, Theorem 3.59], it follows that 0*E is (n — 1)-rectifiable
and

Dxg = vEH" 0" E. (2.1)
Given any Borel set B C R", the perimeter of E in B is defined as
P(FE;B) := |Dxg|(B) = H" Y(0*EN B), (2.2)

where the second equality follows from (2.1). When B = R", we shall simply write P(FE), the
perimeter of E. In the sequel, given a measurable set £/, and 0 < a <1,

B — {x cR: lim ZE0B(2) :a}

r—0+ Wpr™

will denote the set of points with density a with respect to E. The next result establishes the
connection between reduced boundary and densities (see [1, Theorem 3.61]).

Theorem 2.1. Let E C R"™ be a set of finite perimeter. Then,
oEc BV g2\ o' E) =0, H"YR"\ (EQuED UEID)) =0

The next proposition is a special case of the coarea formula (see [1, Theorem 2.93]).

Proposition 2.2. Let E be a set of finite perimeter in R™ and let g : R™ — [0, 00] be a Borel
function. Then

E n—1 o / / k—1
[ @ @arw = [ [ g,

The following proposition gives a link between the k-dimensional sections y — u,/(y) and the
total variation of the vector measure Dyu. Its proof can be obtained as in [1, Theorem 3.103].

Proposition 2.3. Let Q C R" open, and let u € L}, .(Q). For every 2’ € R"* set u, () =
u(z',-). Then

Dyul(@) = [ Durl(@)ds'



STABILITY OF THE STEINER SYMMETRIZATION OF CONVEX SETS 7

Finally, we prove an enhanced version of a result by Vol'pert [17]. We consider this result to
be of some interest in itself, regardless of its applications.

Thekorem 2.4 (Vol'pert). Let E be a set of finite perimeter in R™. Then, for L *-a.c. 2’ €
RA—
(i) E, is a set of finite perimeter in R¥;
(i) HA! (0" (Ex)A(0"E)y) = 0;
(iii) For H* 1-a.e. s such that (2',s) € (0*E)y NO*(Ey):
(a) v (a!,s) #0;
(b) V(! 5) = v (VB (', 5)].
In particular, a Borel set Gg C n(E)*t eists such that L% (r(E)* \ Gg) = 0 and (i)-(iii) are
fulfilled for every 2’ € Gg.

Proof. By Proposition 2.3, for every open set 2 C R™ we have
[ IDxe, (@i’ = Dyl (@), (2.3

Since E has finite perimeter, the previous relation with Q = R"™ gives [p.—x [DX E, |(R¥)dz' < oo
and of course this implies (i).
To prove (ii), let us set
M :={B C R": B is a Borel set such that (2.3) holds with € replaced by B}.

One can check that

(a) {Bhthen CM, B, /*B= B € M;

(b) B,B',BUB' ¢ M= BN B € M;

(c) BEM=R"\BeM.

Since M contains all the open subsets of R", from [1, Remark 1.9] we have that M coincides
with the o-algebra of Borel in R”, that is (2.3) holds true also for Borel sets. Thus,

/ V(@) E ()| dH (@) = |Dyxp|(B) = / D, |(Bur)d!
* [ k

n—

- / HY (0" (Ey) N By) da’ = / o / xa(a',y) dH " (y).
Rn—k Rn—k *(Ex/)
On the other hand, by Proposition 2.2

/8*EXB(I')’V ()| dH™ Y /Rn kdw /B*E (', y) dH* 1 (y). (2.5)

Let {C"}1,en be a countable base for the g-algebra of Borel in R¥ and A any Borel set in R" .
By comparing (2.4) and (2.5) with B = A x C", for every h € N and for £" %-a.e. 2/ € R**
we get

(2.4)

/ Xon(y) dH " (y) = / Xon (y) dH (),
o (F,) (@ E),

and then the arbitrariness of C" immediately implies (ii).
By applying (2.4) to the Borel set Z := {x € 0*E : l/f( x) = 0}, taking into account (ii), we
get

/ daz/ y) dH 1 (y) = / d:v’/ xz(2',y) dH" " (y) = 0.
Rn—k * Rn—k (0% E)
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Hence, HF=1(Z,) = 0 for L *-a.e. o' € R"7*, that is (iiia).
To show (iiib), we first prove that

DyXE = Lnk (= DXEI,. (26)
Let ¢ € C}(R™). Using Fubini Theorem and integrating by parts,
¢( x) dDyxp(x / Vyo(z' y)xe(@',y) dz

/Rnkdm/XE yqﬁxydy—/Rnkdx ngb(:c y)dDXE()

This equality leads to (2.6).
Now, by Proposition 2.2, condition (ii), and relation (2.6), for any Borel set B C R"

/Rn 4 /*(E (', y)xar 2, W)r ™ (y) dHE " (y)

= [ DX ((B\2)e)ds' = DB\ 2)

:/ Xz (& W ) dH (o )

VE( )
e e ok

Again by the arbitrariness of B, (111b) follows. O
Remark 2.5. Since E° is symmetric about R? % it is easily checked from the definition of

reduced boundary that if (2/,y) € 9*E® and R : R¥ — RF is a rotation, then (z/, Ry) € 0*E®
and S S S S
vy (¢, Ry)=vy ('), vy (&' Ry) =R (v, ().

Therefore, (i), (ii) and (iii) of Theorem 2.4 hold in a stronger form: for every 2’ € Gps

(i)s E2 is a k-dimensional ball;

(i)s O(ES) = (0" E%),;

(iii)s For every y such that (2',y) € O(ES):

(a) vy (',0) £ 0;

S S S
(b) vy (@', y) = v (y)vy (', y).
Moreover,
£H(Bg) =0, (2.7)
where By := {2/ ¢ R" % : 3y c RF 5. t. (2/,y) € 0*E° and yfs(x',y) =0}.
In view of the above theorem, for every set of finite perimeter E we will use the same notation
0*E, to indicate the sets (0*E), and 0*(E,) when they coincide modulo H*~1. Occasionally,

we will write pg(2’) := HF~1(0* E,/) to denote their common measure.
The following result is a straightforward variant of [1, Lemma 2.35].

Lemma 2.6. Let B C R" be a Borel set, and let pp, ¢ : B — R, h € N be summable Borel
functions such that |op| < || for every h. Then

/sumohdw—wp{Z/ sohdw}

heH
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where the supremum ranges over all finite sets H C N and all finite partitions {Ap}then of B in
Borel sets.

3. PROPERTIES OF THE FUNCTION L

This section is a collection of several properties of the function L, which will be used to prove
Theorem 1.1. We recall that for every set £ C R”, L : R*™* — [0, oc] is defined as

L(z') == L¥(E,), for every 2’ € R"7F,

The first important property is that when E is a set of finite perimeter in R”, then either E®
is equivalent to R”, or L is a function of bounded variation in R*™*. When L € BV (R™), the
measure DL|G s is absolutely continuous with respect to £77*, and it is possible to provide
the explicit expression of its corresponding density.

Lemma 3.1. Let E be any set of finite perimeter in R™. Then either L(z') = oo for L *-a.e.
' € R"F or L(z') < co for L F-a.e. 2’ € R"* and L"(E) < co. Moreover, in the latter
case, L € BV(R"™*) and

|IDL|(B) < P(E; B x R¥)  for every Borel set B C R"F, (3.1)
In addition, for any Borel set B C R**

DL(B) = / VE( ) dH (o)
9* EN(BxRF)N{vE= 0}

( ) (3.2)
dz’ / i dHF!
] I
DL|Ggs = VL L% and for L' *-a.e. 2’ € Gps
ES/ 1 ES/ 1
VL / — Hk—l 8*ES/ Vx’ (.%') — ]{7 k—1 / Vx’ (.%') , 33
(x ) ( T ) |VyES(ﬂj/)| wk r (1’ ) |7/yES(ﬂj/)| ( )

where we dropped the variable y for functions that are constant in B*Ef,.

Proof. By arguing as in [5, Lemma 3.1] we obtain the first assertion and (3.1), while by arguing
as in [5, Lemma 3.2] we have that for any Borel set B ¢ R"~*

DL(B) = / vE( y) dH  (z).
9* EN(BxRk)

Then, formula (3.2) is easily obtained by splitting the integral on the right-hand side of the
equation above in an integral over the set 9*FE N (B x R¥) N {Vf = 0} and an integral over the
remaining set 0*E N (B x R*) N {1/5 # 0}. The latter integral is then evaluated using coarea
formula.

Finally, as pointed out in Remark 2.5, y +— 1/53 (2',y) and y — |1/yES (', y)| are both constant in
OFE?%,. Moreover, |VyES(3:')| > 0 for all 2/ € Gs. Therefore, 9*ESN (G ps x Rk)ﬂ{ufs =0} =0,
and from (3.2)

ES
DL(B) = | H*~ 1(8*Es)# da’, for all Borel sets B C Ggs,
B v ()]

thus proving that DL|G gs is absolutely continuous with respect to £"*. Since by Theorem 2.4
L(z') = 0 for L7 *-a.e. 2/ € R" %\ Gps, we have VL = 0 in R" %\ Gps. Then, we conclude
that DL|Gps = VL £"* and that formula (3.3) holds true. O
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Remark 3.2. As hinted in the Introduction, if k£ > 1 the measure
us) = [ VB (@) (o) 3.4
9* EN(BxRk)N{vF =0}

may contain a non-vanishing absolutely continuous part. As an example, consider the special
case where n > 3 and E = {(2/,y) e Rx R" 1 : 0 < 2/ < u(y)}, with u : R""! — [0, +c0) a
C' function with compact support. Then, the Steiner symmetral ES of codimension n — 1 of E
is B = {(2/,y) e RxR" 1 :0 < a’ <u#(y)}, where u? is the decreasing rearrangement of u
(see [7, Section 2.1]). In this case, the measure p in (3.4) reduces to

u(B) =L (v (B) N {Vu = 0}). (3.5)

A surprising example given in [2, Section 5.1] shows that, for every 0 < o < 1, one can always
find a C"~2“ function u with compact support in the unit cube @ such that the measure in
(3.5) is absolutely continuous with x(Q) arbitrarily close to 1. Interestingly, if u € C"~2! then
 is purely singular [2, Theorem 5.2].

Observe that, if & = 1, the measure p in (3.4) is purely singular. In fact, by Vol’'pert Theorem,
for £ a.e. 2’ € R"!, we have that uf(x’, y) # 0 for all y such that (2/,y) € 9*E. Therefore,

the projection of {x € 9*F : Vf(x) =0} on R""! has zero Lebesgue measure.

The following lemma shows that if E has finite perimeter, the same is true for ES. Moreover,
it provides a first estimate of P(E%).

Lemma 3.3. Let E be any set of finite perimeter in R"™ having finite measure. Then, also ES
has finite perimeter and

P(E%; B x R*) < |DL|(B) 4 |Dyxps|(B x R¥) (3.6)
for every Borel set B C R,

Proof. The proof is based on the same argument of [5, Lemma 3.5]. Consider a sequence {L;};cn
of non-negative functions belonging to C(R""*) such that L; — L £" *-a.e. in R"* and
|DL;|(R"*) — |DL|(R"*). Subsequently, denote with EJS and r; the set and the function
defined as E° and r , respectively, with L; in place of L. Let 2 C R™ ¥ be an open set and let
b= (¢1,...,0n) € CL{OQXxRF R"). Define 7(supp ¢) as the projection of supp ¢ on the subspace
y = 0. First of all, let us show that for every j € N we have

n—k
D
Z/ Xs),, W3 (', y) dz < |DLj|(m(supp ¢)), (3.7)
i1 J OxXRF 7 T
whenever ||¢|| < 1. Define the function V : Q — R"7% as

Vi(x') = di(x y)dy, i=1,....,n—k,
Bk
rj(z)
and observe that V; is Lipschitz continuous with compact support. In fact, for every 2/, 2" € Q
Vi(2") = Vi(a")| = ‘/ [¢i(x/l y) - ¢i(w',y)]dy +/ ¢i(a',y) dy —/
B:f'(x”) B:f'(ac”) B:f'(x/)
J J J

< clal” — o/ + | 4 (BE ) — L(BE ()| < el = o/ 4 €] L") — 1),

o1l ) dy'

J
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Thus, if 2’ € A; := {a’ € Q: L;(2") > 0}, by differentiating V; with respect to x; and using
spherical coordinates (p, o),

: ry ()
W’(ﬂc’)Z 0 /J [ @-(ﬂc’,pa)da} " dp
0 Sk—1

k—1 Or;
= [Tj(xl)] a—x](x/) /Sk—l Qbi(ﬁﬂl,’l“j(x/)o') do
rj(z') 1 ) ) il d (3.8)
| AR
—8Lj ’L A e (! / % /
= Fa. (m)kwk o ¢i(2',r;(2")o) do + . mi(m,y)dy’

rj(z)
since rf = Lj(2")/wi. On the other hand, if 2/ € Q\ A;, we have L;(z') = V;(2') = 0 and then
gﬁf = gg‘c/' = 0 a.e. in Q\ Aj, so that (3.8) still holds. By applying the classical divergence

theorem, fQ divV da’ = 0. Thus, adding relation (3.8) for i = 1,...,n — k, and integrating
over )

n—k
09; ,
@'Z:; /Qka X(BF) 0 (v) o (o', y) dzx

n—k
aLJ N [ :| ,
T ) oi(x',r do| dz
/ﬂ'(supp ¢) Z aﬂfz ( )kwk Sh—1 ( .7( ) )

- /7T(Supp¢> kwk [/Sk 1 ZZ: axz ¢Z a’ ,Tj(w ) )dJ] da’
[VL; ()] . ,
- /7T(SUPp¢) kwp |:/Sk1 (", 7(a")o) || Lo dd} dz’.

If ||pllec <1, (3.7) is obtained. Hence,

| oxpaivods = [ || sy divossan|as'+ [ xpsdivgs, do
QxRE Y Q LJ/rRe 90 QxRE Y

(3.9)
< IDL;|(n(suppd)) + | xps divy, da,
QxRE 7
Integrating by parts the following applies:
k—1 k—1 k !
/Qka Xps divy e, dx = / da’ /aB (2',y) - ’I“J(CCI) dH" (y) < /Q?l (0B, (1)) d’.
Then, using isoperimetric inequality and coarea formula,
lim sup / Xps divyp, dz| < / HH (0B, da'’ < / H* Yo" Ey) da’ < P(E).
J OxRE 7 Q Q

Moreover, since xps — xps L"-a.e. by the definition of Ef, and 7(supp ¢) is a compact subset
J
of Q, passing to the limsup in (3.9) as j — oo we have

/ Xgs divgdx < |DL|(supp ¢) + P(E), (3.10)
QxRF
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thus proving that E° has finite perimeter. Having obtained (3.10), we can go back to (3.9) and,
passing to the limit again, we conclude that

/ Xps divedx < |DL|(supp ¢) + / Xgs divy¢, dx
QxRFk

QxRFk

< IDL|() + |Dyxps|(2 x R).

From the last inequality, we infer that (3.6) holds whenever B is an open set, and therefore,
when B is any Borel set. O

Proof of Theorem 1.1. If L = oo £ *-a.e. in R* % then E® is equivalent to R"; it follows that
P(E®; B x R¥) = 0 for every Borel set B C R"* and (1.1) is trivially satisfied. If not, by
Lemma 3.1, we may assume that L < oo £ *-a.e. in R"*. Let G s be the set associated with
E®, as in Theorem 2.4, and let B be a Borel subset of R**. We shall prove inequality (1.1)
when either B € R"*\ Gps, or B C Gps. The general case is obtained by splitting B into
B\ Ggs and BN Gps.

Firstly assume that B € R" ¥\ Gps. Observe that, by (2.1), Proposition 2.2 and Theo-
rem 2.4(ii),

yDyXES\(Bka):/ yyfsydm—l(x):/ HML (07 ES) da
0*ESN(BxRF) B

Since L *(n(E)* N B) = L" (G ps N B) = 0, the last integral equals

/ H1(0°ES) da'
(Rn—F\7(E)H)NB

and vanishes. Therefore, by (3.1) and (3.6), we obtain (1.1):
P(E%; B x R¥) < |DL|(B) < P(E; B x R). (3.11)

Suppose now that B C Gpgs. Since L' *(GpAGgs) = 0 and uf(x’,y) # 0 HF lae. in
O0*E, for all 2’ € Gg, we have

P(E; B x RF) = P(E; (B x RF)n {1 =0}) + P(E; (B x R") n{v) #0})

= P(E;(B xR*)n {y =0}) + /B*Eﬂ(Bka o) dH" (x)
— P(E;(Bx RF)n {vF = /dm/a*E oE xy"H’“ ')
vl (z! 2
= P(B;(BxRY)n{vf = / da’ /BE <%) daH* " (y),
/ i=1 Y ’

where the second equality is due to (2.2), the third one to Proposition 2.2 applied to the function
X BxRk (w)/\uyE(x) |, and the fourth one to the fact that v is a unit vector. Now, applying Jensen’s
inequality to the strictly convex function

f(z) =1+ ]z2%, zeR"F, (3.12)
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we get

P(E;B x R¥) > P(E; (B x RF)n {1} = 0})

n—k 2
-1 & 1 2
+/B </3*Ex' " ) i Z </8*E , [vE ()l a1y )> d (3.13)

=1

= P(B:(B X R0 =0+ [ \Ji(a!) + lo(w) 2

where we have set, for £ *-a.e. 2/ € B,
E (..
o) = [ LD i)
o m, vy

Note that since B C Gps, from Lemma 3.1 it follows that DL|B is absolutely continuous. We
claim that

/ \/pE )+ |VL(z")|2d2’ < P(E; (B x ]Rk) N {1/5 =0}) —i—/ \/p%(az’) + |g(2")2dx’. (3.14)
B
To prove this claim note that, by duality, we can write the function f in (3.12) as

f(z):vl—i—\z]?:sup{z-wh—i-\/l—\wh]?}, z e R"F,
h

where {wy,}y, is a countable dense set in BT *. Let now {Ay}repm be a finite partition of Borel
sets of B. Recalling (3.2), we have

>, (VL(SU') ~wy +pp(a’)V/1 - |th2> d’

heH A
= ( / wp - vE (@ y) dH () + / (9(@') - wn + pr(a’) T = [waP) dw'>
herr \JO* EN(Ap xRF)N{vE=0} Ap,

E( 1 n—1 n [ 9(@) w —w !
PEG o)+ [ pete!) (LT v rhwz)d>

3 (P(E; (A x R¥) N {7 = 0}) +/A pE(a) ( 1+ \92@’)\2) dm’)

cH pp(a’)

heH </<9*E0(Ah xRE)N{vEF =0}

IN

>

P(B: (B x R 0 =0p) + [\ (@) +lala)2 dv'

From the previous inequality, applying Lemma 2.6 to the functions

(Ph(x,) _ pE(Z’,) <Z§((;,/)) cwp + /1 — ‘wh’2>
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we have (3.14). Note that when E = F°, Remark 2.5 and Lemma 3.1 lead to

2
P(ES BXRk /dCC/ 1+Z zES(x,7y d/]_[k*l(y)
*ES i=1 st(x,7y)‘

[VL(2')[? k-1 (3.15)
/dﬂc /ES\/ HE1( Bf(xl))PdH (v)

= [ i) 41V L@ Pas

Owing to the isoperimetric inequality in R*, we have pgs(2) < pp(z’) for L7 *-a.e. 2/ € R*7F,
Hence, combining (3.13), (3.14) and (3.15)

P(E%; B x RF) < /\/p ) 4 |V L(2')|2dz’

< P(E;(B x Rk) N {yy =0}) + /B \/p%(x’) + |g(2")|? d2’
< P(E; B x R¥),

thus proving (1.1).
Now, moving on to the case of equality. If P(E) = P(E®), then inequality (1.1) implies

P(E®; B x RF) = P(E; B x R¥),
for every Borel set B € R" ¥, On the other hand, as shown above, by taking B = G s, we have

P(ES;Gps x B¥) / JPs @) + VL )de’g/ Jrb (@) + [VL@)Pds’

< P(E: (Gps x RY) N {vf = 0}) + /G VPh(@) + lg(@) 2 da’ < P(E;Gs x BY).

All inequalities in the previous chain must therefore hold as equalities. The former of these
inequalities entails that pg(z') = pgs(a’) for L7 *-a.e. 2’ € R"~* thereby implying that £,/ is
equivalent to a k-dimensional ball of radius r(2’).

The fact that the second inequality as well must hold as an equality, implies that the Jensen’s
inequality in (3.13) holds as an equality too. By the strict convexity of the function in (3.12),
this also implies that for £L" *-a.e. 2’/ € Ggs

E (0
v (o, ) _ .
Y — # is #* 1-a.e. constant in 9" E,.
vy (2, )
Since v is a unit vector, we also have that for £ *-a.e. 2/ € Gps

Yy — |l/yE(:c’,y)| is HF L a.e. constant in 9*E,,
so that (b) follows. O

An inspection of the above proof leads to the following result which, regardless of its relation
to Theorem 1.1, proves to be of some interest in itself.

Proposition 3.4. Let E C R" be a set of finite measure and perimeter in R™, and let f :
R — [0, 00] be a Borel function. Then,

f(m’)d?-["_l(x)z/ 2 )/pe(a)? + |VL(z )]2dx’—|—/ f(z)d|DSL|(z"), (3.16)

Rn— Rn—k

o*E
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with equality if E = ES.

Proof. Tt is enough to show (3.16) for f = xp, with B C R"* arbitrary Borel set.
In the case B € R" %\ G s, thanks to Lemma 3.1

\DL|(B) = |D*L|(B). (3.17)

Therefore, (3.16) follows from (3.1), observing that pg vanishes £ *-a.e. in B. Conversely,
when B C Ggs, by Lemma 3.1 |[D*L|(B) = 0, and (3.16) follows from (3.13) and (3.14).

In the case E = E°, the opposite of inequality (3.16) follows from (3.15), when B C Gps,
and from (3.11) and (3.17), when B C R" ¥\ Gps. O

We conclude this section by providing two additional results related to conditions (1.2) and
(1.3), which extend [5, Propositions 1.2 and 4.2] , respectively. The proof of Proposition 3.5 is
obtained with arguments similar to the ones used in [5]. However, the proof of Proposition 3.6
requires a different idea, due to the phenomena occurring when k > 1 and described in the
Introduction.

Proposition 3.5. Let  be an open subset of R"™* and let E be any set of finite perimeter in
R™, with L"(E N (Q x R¥)) < co. Then, the following conditions are equivalent:
(i) H" ' ({z € 9°E5 : vF7(x) = 0} N (2 x RF)) = 0;
(i) L e Whi(Q);
(iii) P(E®; B x R¥) =0 for every Borel set B C Q such that L *(B) = 0.
Proof. (i) = (ii). It follows observing that, by (3.2), DL(B) = 0 if B C R** is a Borel set
with zero £ *-measure.

(ii) = (iii). This is a consequence of the fact that for F* the equality holds in (3.16).
(i) = (i). From (2.7) it follows that

H Y ({z € 9B - vl (2) = 0} N (2 x R¥)) < P(E%; By x R¥) = 0.

O
Proposition 3.6. Let E and ) be as in Proposition 3.5. If
H ' ({z € 0'FE v (x) =0} N (2 x RF)) =0, (3.18)
Then
W ({z € 9B - vl (2) = 0} (2 x R¥)) = 0. (3.19)

Conversely, if E satisfies P(E;Q x RF) = P(ES;Q x R*) and (3.19) holds, then (3.18) does as
well.

Proof. If (3.18) holds, then arguing as in the proof of the implication (i) = (ii) in Proposi-
tion 3.5, we have that L € W11(Q). Therefore, (3.19) follows by Proposition 3.5 again.

Let us now show that (3.19) implies (3.18) when P(E;Q x R¥F) = P(E®;Q x RF). First, we
recall that this implication is proven, in [5, Lemma 4.2], when k& = 1. So, we have to deal only
with the case k > 1.

To this aim, we start by proving that if F' C R™ is a set of finite perimeter satisfying (1.3)
and such that almost every section F, is a k-dimensional ball, then

H' ' ({z € 0'F v (z) =0} N (QxRF)) =0, i=1,...k (3.20)
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Set B! := {x € 0*F : v} (x) = 0}N (2 xR¥). From Theorem 2.4, B!, = {y € 9" Fy : V;;’”/ (y) =0}
up to a H¥ Lnegligible set. Since F,. is (equivalent to) a k-dimensional ball, %k_l(B;,) = 0.
From (1.3) and using the coarea formula, we have

H B =H" (B n{z € dF v) (x) #0}) = / dm// w o
Rk *Fx/ﬂBi, |Vy (,I ay)|

Let us set £% = F and for every i = 1,...,k, let us indicate by E® the (1-codimensional)
Steiner symmetral of E%-1 with respect to the hyperplane y; = 0. Observe now that, by
Theorem 1.1, almost every section E,s of F is a k-dimensional ball. Then, clearly, ES is
equivalent to E° in Q x RF. By applying repeatedly Theorem 1.1 (for the 1-codimensional
Steiner symmetrization) we get that

P(E%;Q x RF) = P(E%-1,Q x RF) = ... = P(E®;Q x R¥) = P(E; Q x RY).
From assumption (3.19) and (3.20) H" ! ({z € 9B : uyb;s (z) =0} N (2 x R¥)) = 0. Therefore,
since the assertion is true for k = 1, we deduce that H"~!({z € 0*ESk-1 : Vﬁskil(x) =0} N
(2 x R¥)) = 0 and, a fortiori, H" ! ({z € 9*E-1 : yfskﬂ (z) = 0} N (2 x R¥)) = 0. Iterating
this argument (3.18) follows. O
4. REGULARITY OF THE BARYCENTER OF THE SECTIONS
The next definition has an important role in describing the properties of a set of finite perimeter.

Definition 4.1. The barycenter of the sections of a set E C R™ is the function b : R* % — RF
defined as

1
dy if0< L(2') < oo and |y| € LY (Ey),
N by L (@) bl € L(Ey)

0 otherwise.

The following example shows that in general b is not summable, even if F is a set of finite
perimeter.

Example 4.2. Let n = 3,k = 2. Consider the set £ C R3 defined by
E={,y) e RxR?*: |y —b(z')| <r(z), 2 €(-1,1)},
where b(2') = (0,1/|2']) and 7(2') = |2’|?. Then,

1 2
P(E;(-1,1) x R?) :2/ r(z") da’ V14|V (2) - (cos6,sin ) + /(') db
0 0

1 2 1 2
:2/ r(x/)dx’/ 1+ ‘——,zsin9+2m’ df < .
0 0 ||

Therefore, E is a set of finite perimeter in (—1,1) x R%. Nevertheless, b ¢ L} ((—1,1); R?).

loc

The next result is the key point of the paper, and concerns the regularity of the barycenter.
First, we introduce some notation. Given i = 1,...,n — k, for all 2/ in R" % we write 2; :=
(T1y ey T, Tig 1y e oy Tpg). 1 Q C R % is an open set, €2; denotes its projection on x; = 0.
Moreover, if f is a function defined in €2, we set f;, = f |Qiji, where R;, is the straight line
passing through (z1,...,2;-1,0,241,...,2Z,_k) and orthogonal to the hyperplane x; = 0. In
order to simplify the notation, we shall drop the subscript ¢ when it is clear from the context.
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Theorem 4.3. Let E C R" and let Q C R"F be an open set such that E has finite perimeter
in Q x R¥, and E, is equivalent to a k-dimensional ball for L *-a.e. 2/ € Q. Assume that
conditions (1.3) and (1.4) hold, and fix i € {1,...,n — k}. Then, for H" *"l.a.e. &; € Q,
bs, € I/Vli’cl(Q N Rz, R¥) and for L'-a.e. x; € QN Ry,

E

) = o, 0 e .

In addition, when k =1, b€ W5 (Q) and ||Vb||1qrn-1) < P(E;Q x R) /2.

Proof. Since our argument is local, we may assume without loss of generality that 2 is bounded
and that F has finite perimeter. Note that L € W1!(Q), as consequence of Propositions 3.5
and 3.6. We divide the proof in to several steps and we consider only the direction ¢ = 1, the
other directions being analogous.

Step 1. Assume k =n — 1 and b locally bounded.

With no loss of generality, we may also assume that L coincides with its Lebesgue representa-
tive. By (1.4) L is a strictly positive, absolutely continuous function in Q. Therefore, since b is
locally bounded, for any interval I compactly contained in Q the set EN (I x R"~1) is essentially
bounded.

Let us introduce the auxiliary function f(z') := sz, ydy € R"L Let ¢ € CX(I), and let
{j}jen be a sequence in C}(R"!,[0,1]) pointwise converging to 1. Using (2.1) and (1.3), by
the dominated convergence theorem and coarea formula we obtain

- /I ¢'(e') f (') da’ = — lim v (@) ¥y ()xe(e, y) d'dy

J—00 IxRn—1

= lim yo(2') ¢;(y) dD1xE(x) :/I . ly¢(~"3/)dD1XE(~"3) (4.2)

j—)OO IXR”71

_ vE (2 n— 1 T ( ) n—2
‘/B*En(wl)y‘” 9w = [ o) d /aE R )

Being I and ¢ arbitrary, f belongs to VVloc (Q; R 1)
Consequently, b = f/L belongs to W})S(Q,R" 1), and by (3.2) and (4.2) we get

o (1 , 2 = L'(z") L vl (@', y) n—2

““‘(Lf)( )= Ty @) L<x'>/a*Ez,yru5<m',y>\dH )
) @) e 1 EEy) s
~ I >/3*E,|u< ] o (”L(w'>/a*Ex,y|u5<xcy>|dH (@)

__ L ol YEEY)
“I) /aE(y N r@, g W)

Step 2. In order to remove the boundedness condition on b, we shall first examine the case
n=2k=1.

Our strategy consists of shrinking the set F in a suitable way: given M > 0, we translate
every segment E,s contained in the half plane y > M (respect. in y < —M) until it touches
the line y = M (respect. y = —M). To be more precise, defining the truncation v :=
(bA(L/2+ M))V (—=L/2 — M), we set

EM = 0™ (") - L) /2,0 () + L(2')/2).

z'eQ
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FIGURE 4. The sets E and Ffr\/[ FIGURE 5. The set Ffr\/[ U i{w

FIGURE 6. The set G FI1GURE 7. The sets Gf and EM

We want to show that EM has finite perimeter and satisfies condition (1.3). This, thanks to
Step 1, shall imply that b™ e Wlicl(ﬂ)

We set FM .= {(2/,y) € E: y > M} (Figure 4) and consider its reflection with respect to
the line y = M, ie., FM = {(«/,y) € R?: («/,2M —y) € FM} (Figure 5). Let G be the set
obtained by FM U F "M through a Steiner symmetrization with respect to y = M (Figure 6), and
let GY == {(2',y) € G: y > M} (Figure 7).

Observing that (Fi_\/luﬁff)(l/z) N{y = M} ¢ EA/Y and that by Theorem 2.1 H!(E(1/4) =0,
we have P(FM U F ‘M) < 2P(E). Bearing in mind that the Steiner symmetrization decreases
the perimeter, we get P(G) < 2P(E). Since all sections G, of G are segments, it is easy to
verify that 0*GY N {y = M} is contained (up to an H'-negligible set) in the projection of
*GN{y > M} on {y = M}. Therefore, P(GY) < P(G) <2P(E).

Let us now repeat the same procedure on the set FM := {(2',y) € F:y < —M} in a
symmetric way with respect to the line y = —M, thus obtaining another set GM such that
P(GM) < 2P(E). Since by construction

EM = (E\ (FMuFMyuctluaM,

we have that P(EM) < 5P(E) and condition (1.3) is still satisfied thanks to Proposition 3.6.
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FIGURE 8. The sets E (left) and ES' (right)

Define now the functions
ha(z') :=b(z')+ L(z)/2 and hY(2') := M (2') + L(z")/2.

From the Poincaré-Wirtinger inequality in W11(T)

/‘hy—/hﬂdx’ < c(I)/y(hf)’\dx’
1 I 1

and the bound [, [(h})'|+ [(hM)/|dz’ < P(EM) < 5P(E), we have that, up to a (not relabeled)
subsequence, hﬁ\c/[ -/ 7 hﬁ\c/[ converges in BV (I) as M — oco. Considering that hf — h4 pointwise,
h+ belong to BV (I), and so does b. Since b is locally bounded, by Step 1 we conclude that
be W (Q) and (4.1) holds.

Step 3. Now we move on to the case n > 2, k = n — 1. Here our strategy is to rearrange the
set E, keeping fixed the (n —1)-th component of the barycenter, so that the (n — 1)-dimensional
balls F,/ are all centered in the plane y; = ... = y,_2 = 0.

We keep the same definition of E° used in the proof of Proposition 3.6. A pictorial example
of B is given in Figure 8. From (3.20) and Proposition 3.6 we get that H"~'({x € 0*E" :
yflsl =0} N(Q x R*"1)) = 0 and a fortiori (1.3) holds with E°! in place of E. Moreover, for
Ll-ae. x' € Q the section (E51), is a ball obtained by translating F,,. This fact implies in
particular that also E°' satisfies (1.4) and that for a.e. 2’ € Q the barycenter of the section
(ES1), is given by (0,ba(z"), ..., by_1(2")).

Iterating this procedure with respect to the n — 3 variables ¥s,...,y,—2 we obtain the set
ESr»-2 which is equivalent in Q x R"~! to

F = {(m',y) QxR e ye B (0,0, bn,l(x’)))} ,

r(z’
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with H" '({z € O*F : v} (x) = 0} N (Q x R"')) = 0. From Theorem 2.4, for £" *-a.e.
Y = (Y1,--.,Yn—2) € R""2 the section Fy = {(z/,yn—1) € R*: (2/,y,yn—1) € F} has finite

perimeter. Moreover,
H ({(2 1) € 0 Fy 13,7, (2 yn1) = 0} 1 (2 x R)) = 0. (4.3)

Indeed, setting A := {z € 0"F : vl (x) = 0} N (Q x R™™!), by coarea formula we have
’Hl(Ay/) 0 for E"‘Z a.e. v, while again by Theorem 2.4 the section A, is equivalent to
(@, yn-1) € O Fy -0y (&, yn 1) = 0} 0 (2 X R).

Let I be an mterval compactly included in . Since r = r(2’) is continuous, there exists a
p > 0 such that I x 32*2 is included in the projection of I’ on the hyperplane y,_1 = 0. For all
y' € 32*2 and 2’ € I the 1-dimensional section (Fy),s of F, is a segment of £!-measure equal
to 24/7(2')? — |¢’'|?> > 0 and its barycenter coincides with b,_1(2’). Therefore, b,_1 € I/Vli’cl(Q)
by Step 2 and (4.1) holds by Step 1.

Step 4. The remamlng case, i.e., k < n — 1, shall be addressed through a slicing argument.
Let Q@ = [[ I be a cube compactly included in Q. For any & € [[;= Qk I; set Ej;
{(z1,y) € RFFL: (xl,x,y) € E}. Let us now prove that for £ * lae. & € H?:; I; the slice
E; C RFtL satisfies the same assumptions of the sets considered in steps 2 and 3. Indeed,
the section Fj; has finite perimeter in RFT! thanks to Theorem 2.4, and (E;),, = Eu g s a

k-dimensional ball for £'-a.e. 21 € I;. Moreover, the same argument used to prove (4.3) shows

that H*({(x1,y) € O*E; : yfi(xl,y) = 0} N (I; x R¥)) = 0. Finally, by [1, Theorem 3.108],
(L*)z is the Lebesgue representative of L;. Therefore, (L*); > 0 in I, given that the projection
on H?;Qk‘ I; of the set {2’ € Q: L*(z') = 0} is L7 *~Lnegligible.

By Steps 2 and 3 we conclude that b; € W!(I;R¥). Using again Theorem 2.4 we get (4.1):

, 1 bl 1Ej(x17 ) k—1
) = ey [, @ bale) i )

L*(xl) ‘ (361, )’
S —b(xy. & VE@LEY)
B L*(:cl,fc)/(*E)( (y = b(a1, )))|y .2 y)|d7-L ().

z1,2)

Step 5. We shall now consider the special case £ = 1, to prove that b € Wlicl (©) and
V] L1 (qrn—1) < P(E;Q X R)/Q . From (4.1), we get

[zl

Clearly, the same bound holds also 1f we con81der the slices of b with respect to all the remaining
directions. Fix now 7 > 0 and consider the truncated function b? := (bAT)V (=T). From (4.4)
we have that

H:L—l I I ) 2

1
/ |(b1Y| d1dz < 5 P(B;Q xR).
Q

The same holds for the other directions. As consequence of [1, Theorem 3.105], b” belongs to
WH(Q). Therefore, by using Poincaré-Wirtinger inequality as in step 2 and letting 7' — 0o, we

get that b € WH1(Q). Finally, from [1, Theorem 3.107] it follows that for £ t-a.e. 2/ € Q

E !
V) = g [ 0 W )

In particular, this implies ||Vb|| 11 (qrn-1) < P(E;Q x R)/2. O
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The next example shows that the regularity of the barycenter in general is only local.
Example 4.4. Let n =3, k =2. Let Q = 77 (E) = (0,1), and let E be the set of R? given by
E={(,y) eRxR*: [y —b()| <r(a’), 2’ €(0,1)},

where r(z') = |2/]? and b : (0,1) — R? is given by

o1
b(z') = <0,Sln ?> , x' €(0,1).

We observe that L(z') = m|2’|* is strictly positive in (0,1). Moreover,

1 27
P(E;(0,1) x RQ) = / r(x') dx’ \/1 + b/ (') - (cos O,sin0) + 7' (x')|> dO
0 0

1
< 271/ r(z )1+ 20V ()2 + 2| (/) |2 dzy < oo,
0

so that E is a set of finite perimeter in (0,1) x R%. In addition, L € W11(0,1) and conditions
(1.3) and (1.4) are satisfied. Nevertheless, b ¢ WH1((0,1);R?).

The next example shows that in codimension higher than 1, despite being absolutely contin-
uous on almost every 1-dimensional section of Q (see Theorem 4.3 above), the barycenter may

not be in W, (Q; R2).

loc

Example 4.5. Let n = 4, k = 2. Let L : B} — [0,00) be a continuous function vanishing
only at the origin, and such that L € WbH'(B?), while v/L does not belong to BV (U) for any
neighborhood U of the origin. For example, one can take L(z') = |2/|>/4[2 4 sin(1/|2'|?)]. Set

E={(a,y) e R*xR*: |y —b(z')| < r(a), 2’ € By},

where r(z') = \/L(2')/m and b(2") := (0,r(z")). Moreover,

21
P(E; B} xR?) = / r(x') d:v’/ \/1 + |Vr(2)]? (1 +sin6)2 df < oo,
B2 0

so that F is a set of finite perimeter. Note that conditions (1.3) and (1.4) are satisfied. Never-
theless, b ¢ BVio.(B?;R?).

Once Theorem 4.3 is established, Theorem 1.2 follows at once.

Proof of Theorem 1.2. By Theorem 1.1 we have that for L7 *-a.e. 2’ € Q the section E, is a
k-dimensional ball and that v£ (2, ) and |1/5|(:U’, -) are constant H*~1-a.e. in 0* E,,. Moreover,
condition (1.3) holds due to Proposition 3.6. Let i = 1,...,n — k. By formula (4.1), we have
that for H* % 1ae. &; € Q; and for Ll-ae. x; € QN R;,
1 @)

0, (1) = 7 Z (y = b3, (a:) dH " (y) = 0,

L (@) v ()] Joem, e
where we dropped the variable y for functions that are constant in 9*FE,s,. Arguing as we did

in Step 5 of the proof of Theorem 4.3, we conclude that b € Wfli’Cl(Q;]Rk), Vb = 0 in Q, and
therefore b is constant in €. 0
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D. QUANTITATIVE ESTIMATES IN THE CONVEX CASE

The present section focuses on a quantitative version of inequality (1.1) in the case of convex
sets, in the spirit of [8, 11, 13]. Firstly, we need a Poincaré type inequality, a particular case of
a more general one proved in [9]. We provide the proof as well, for the sake of completeness.

Proposition 5.1 (Weighted Poincaré inequality). Let Q@ C R™, n > 1, be an open set, and let
T, € Q and 0 <r < R < o0 be such that B,(T) C Q C Br(x). Assume that Q is star-shaped
with respect to B, (T). Then,

n+1
/\f( fBT @ dz < <4 ) /ny )| dist(z,00) dz  for all f € WH(Q),
Q

where fp, z) denotes the average of f on Bg(f).
5

Proof. Without any loss of generality, we can assume that T = 0. We can also assume that
f € C1, since the general case can be obtained by a density argument. For every y € Q and
z € B% we have

1
£(2) = fly) = /0 V(L= )y + 52) - (= — ) ds.

Multiplying by WX B, (z) and integrating over z
5 2

/B (z)dsdz.

l\.')\‘i

T
2

- fly) = m // V(1 —s)y+sz)-(z—y)xB

Making the change of variable
xr=(1-39)y+ sz,

we get

iy, ~ F0) = 7

T
2

Passing to the absolute value and integrating with respect to y

/Q\f( fBr’dy— L” /// |V f(x \XBT <x_(18_ S)y> [z — |dsdmdy

Let us show that

4R
|z —y| < —dist(z, 09).
T

This inequality is trivial when n = 1. Otherwise, if y ¢ B: (z), by indicating with C' the convex
hull of B (z) U{y}, we have

|z —y| =

Lmdist(x,aC) < ﬁdist(x,ﬁﬁ)
r r

because C' C Q. Conversely, if y € Br(z), we have [z —y| < dist(z,00) < %dist(x,aQ).
Therefore, setting A(z) := {y € Q : [z —y| < 2Edist(z,0Q)} and interchanging the order of
integration

/Q\f( fBr\dy_En /\ \/A(x / XBy (x_ L-s)y >|xn+1|dsdydm.
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Also, for z and y fixed, the only values of s for which we have contribution are such that

(1 — _
—|x ( 5)y| < C and so s > yl > = y|
s

o —
-y < >
l TS R

|z — |
S

l\D

Hence,

/Q|f( fBr|dy_ E” /|Vf |/ |z — y| o=y s"+1 ds dy dx

~ nLn(By) /’W ’/ |n gt (CR)" — o=yl dyde

< ——"t —dyd

ﬁdlst(:z: o)
x)| / wp dpdx

_ <@>n+l/gny(x)ydist(m,aQ)dm.

r

O

Corollary 5.2. (See also [6, Theorem 1.1]). Let Q C R™ be an open, bounded and convez set
with eccentricity £, and let S be the ellipsoid with maximum volume included in Q). Then there
is a positive constant ¢ = c¢(n) such that

/ |f(x) — fg\ da < 05/ |V f(z)|dist(z,00)dx  for all f € Wl’l(Q),
Q Q

where fg denotes the average of f on the ellipsoid S:=7+ (S—17)/2, T centre of S.

Proof. Up to a roto-translation, we can assume that S = {z € R" : Y- (;/l;)? < 1} for certain
l1,...,1, > 0. Let ¢ : R™ — R™ be an affine transformation mapping the unit ball By on S. The
matrix associated to ¢ is (0;;0;). We set f=fo¢and Q= d~ Q).

By John’s ellipsoid theorem (see [3, Theorem 2.4]) the inclusions S C © C nS hold. In
particular, with » and R denoting the inner and the outer radius of €2 respectively, we have
that max{l;} < R and min{l;} > r/n. Moreover B; C ) C B,. Taking into account that
det Vo = L™(S)/L™(B1), a change of variables provides

1 1

P s ST T D7 YO T

The following estimates hold:

VI (6wl = IVFu)(Voy) | = \/Z 0 () > xi({i)}’ - ’V%y)‘;

dist(¢p(y),02) = inf /ZZZ — )2 > min{l; }ist(y, Q) > dlst(y,(?Q)
2€09)
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Then, by using Proposition 5.1, we get
[ 15~ fsalde = [ 17) = T det Vouy < (any* [ (7 Fo)laist(y, 00 det Vs dy

< n(4n)"+15/§ IV f(p(y))|dist(p(y), 02) det Vo dy = c(n)(‘,’/Q |V f(z)|dist(x, 0Q)dz.
O

Corollary 5.3. Let Q2 C R" be a bounded and connected Lipschitz domain. Given an open and
non empty set S CC 2, there is a positive constant cp, intrinsically depending only on £ and
S, such that

/ |f(z) — fs|dx < cP/ |V f(x)|dist(z,0Q) dz  for all f € WH1(Q), (5.1)
Q Q
where fg denotes the average of f on S.

Proof. We decompose the domain € in a finite number of domains QF, each star-shaped with
respect to an open ball BY CC Q' (see [16, Section 1.1.9, Lemma 1]). We also consider a
connected open set U CC €, having the cone property and such that S ¢ U and B* C U for
every i.

By the Poincaré-Wirtinger inequality in W1(U) (see [16, Lemma 1.1.11]),

1 1
g LU~ Tode| < s [ 17 fulo
¢

C; )
< ﬁn—(S)/U’Vf‘dﬂU < £ (8)dist (U, 59 /Q\Vf\dlst(x,aﬁ)dx

for suitable constants ¢; = ¢;(B?, U). Then, Proposition 5.1 leads to

AR [ 15 fmldo+ 2@ fs - il < cp [ 1951 dis(z. 00z

|fs — fgil =

O

Lemma 5.4. Let E C R" be an open, bounded and convex set with inner radius r, outer radius
R and eccentricity £. Then

n=2LY(E)yr~t < P(E) < n®"L"(E)r (5.2)
P(E) > n 2" L(E) "1 Rt (5.3)
P(E) > n~2"L"(E)"% &, (5.4)

Proof. Let S be the maximum ellipsoid included in E. Up to a roto-translation, we can assume
that S = {z € R" : 3" | (2;/1;)® < 1} with [; < ... < l,. Let also F := [[l_,(—1;,l;). By
John’s ellipsoid theorem, the inclusions (1/y/n)F C S C E C nS C nF hold. In particular, by
convexity, (v/n)!""P(F) < P(E) < n" 'P(F). Moreover, l; <r < nly and R < nl,.

Trivially we have that 2" [[" ,; < P(F) < n2" ][, l; and therefore

1 1 1 (v/n)'=" P(F)

n2ny = n"(y/n)n1r = n"(y/n)"1 = n™  L"(F)
P(E) n"~t P(F) _ (nym)® _ anTi(m)t  n?n
SomE <o m =S S =
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n—2

1
Let Q := [/} (~1;,1;). By the isoperimetric inequality, we get P() > (n—1)w/ 1 L7 1()n—1
Therefore

1 1

1-n n—1 4
P(E (V) P(F) 21, P(Q) N

LrE)T SR Lr(F)T T p2nel(2, Ln- Q)

— p2n—1 = p2n :

Finally, by writing (5.3) as P(E)"*~! > n?*(1=) £7(E)*=2R, and by using the first inequality
n (5.2), we obtain (5.4). O

We can now prove Theorem 1.4.

Proof of Theorem 1.4. For the sake of simplification, we set Q = 7" (EOS ), and indicate by r and
R the inner radius and the outer radius of E® respectively. We shall prove that

;rel]gﬁ"(EsA(E+(0 y))) < c(n)REs\/ P(E) — P(ES)\/P(E). (5.5)

First of all, let us observe that b € W1!(Q) by Theorem 4.3. Moreover, by taking into account
that |VyES|_2 =1+ 1|VL[? by (3.3), a simple computation shows that

1 2 1
V(@ hoze woe) - wrpwee = 14 dwn s ewtt -y

Therefore, the difference P(E) — P(E®) is greater than or equal to

1_ |7 1_ |7 /
/ \/1+'Vb+§VL +\/1+'Vb—§VL — 24 /14— |VL| dx’ (5.6)
Q

2
(14 HIVLP + Vb)) = (VL Vb = (1+ 4 VL - [Vb])

2/ \/ dx/
@ 14 |Vb+ LVL] 1+ |Vo— IVL[ +2,/1+ 1 VL]

E52Vb2
o [ MR
Q D

where D denotes the denominator of the second integrand. Let us also observe that, by the
convexity of E°,

dist(z’, 09)
V2R
Indeed, since |V5S(:U’)|/|V§S(:U’)| > dist(2/,00)/R, if |VmE/S(ﬂJ')| > 1/v/2 then (5.7) follows. On

the other hand, if |1/5S (z)| > 1/4/2, then (5.7) is trivial. Using Holder inequality we get

\/P(E)—P(ES)\/P( + P(BS) = \/ P(E) - P(ES) (/Ddx’)é

>2/ VP ()] | V(') d’ >—/\Vb )| dist (a7, 92) da’.

(2] >

” for 2’ € Q. (5.7)
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\
y A
Y
E,, //
E.
m
Ep,
1 x’
m
FIGURE 9 FIGURE 10

Let S denote the maximum ellipsoid in €2, and let by denote the average of b in S:=7+ (S —
T)/2, T centre of S. Since the eccentricity of  is smaller than that of E, by using Corollary 5.2,

\/P(E) = P(ES) \/P(E) + P(ES) > /|b bo| da’

> %/QLI(E;?A(EZ, — b)) da’ = R(—(%cn (E5A(E - (0,bp)))

thus obtaining (5.5).
To conclude the proof, observe that, if D(E) > 1 then A(E) < 24/D since we always
have A\(E) < 2. On the other hand, if D(E) < 1, since P(E) < 2P(E?), from (5 2) and (5.5) w

obtain
AME) <ec(n)REs/ D £n )55\/ (E).

O

Example 5.5. Let E,, be a rectangle triangle with basis 1/m and height 2m as in Figure 9.
It can be computed that A(E,,) = 2/5 for every m € N. On the other hand, D(E,,) — 0 as
m — oo. This shows that the dependence on the eccentricity of the constant in the right-hand
side of (1.6) cannot be avoided.

Example 5.6. Consider the rectangle E¥ := (0,a) x (—b/2,b/2) and, for £ > 0, the parallel-
ogram E. as in Figure 10. One can compute that A\(E;) = E/b and D(E ) ~ &%/(4a® + 4ab).
This shows that the exponent 1/2 in (1.4) is optimal.
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Remark 5.7. We can weaken the convexity assumption on E° in Theorem 1.4 by merely
requiring that |1/53| > dist(-,09Q) for some ¢ = ¢/(E), and (using Corollary 5.3) that Q =
7t (E®) is a bounded and connected Lipschitz domain. In this case we get a generic constant
¢ = c(n, B%) instead of ¢(n)€Z in the right-hand side of (1.6). In the example shown in Figure
2 the constant ¢ blows up because ¢’ does, as the slope of the dotted segments increases. On

the other hand, in the example in Figure 3, the constant cp in (5.1) blows up when the neck in
Q) = 71 (F) (the area colored in black) shrinks.

Remark 5.8. Note that the first integral in (5.6) is equal to P(FE;Q x R) — P(E®;Q x R), with
Q = 7t (E®). Therefore, (1.6) holds in a slightly stronger form, with D(E) replaced by
1

m[P(E;Q x R) — P(E9;Q x R)].

Following the terminology introduced in [13], we say that a set E C R" is n-symmetric if
it is symmetric with respect to the n coordinate hyperplanes. The next lemma shows that for
a convex n-symmetric set E the asymmetry index A(F) can be obtained by choosing the ball
centered at the origin.

Lemma 5.9. Let E C R", n > 1, be an n-symmetric bounded convex set with L™(E) = L"(B,)
for some r > 0. Then

min L"(EAB,(x)) = L"(EAB,).

rzeR™
Proof. Given F,G C R™, by comparing their sections it is easy to prove that £L*(F° N G°) >
L"(F N G) for any k-codimensional Steiner symmetrization.

Note now that FE is stable for the 1-dimensional Steiner symmetrizations with respect to

x1=0,...,2, = 0. Hence

LY(EN By(z)) < LYE N By(a1, ..., 20-1,0)) < ... < LY(ENB,).
]

We can finally prove the quantitative estimate for the Steiner symmetrization in the case
2<k<n-—1.

Proof of Theorem 1.5. Step 1. Define ESi as in the proof of Proposition 3.6. Let also r, R and
£ be the inner radius, the outer radius and the eccentricity of E respectively. Since the Steiner
symmetrization decreases the outer radius, while increases the inner radius, by formula (5.5) we
get that for every i =1,...,k

[,n(ESi_l AESi) < c(n)Rg\/P(ESi—l) _ P(Esi)\/P(ESi—1)7

up to a suitable translation in the direction of the y; axis. By triangular inequality

L(EAE®) <Z£" (ESi-1 AES?) < ¢(n)RE\/P Z\/P ESi-1) — P(ESi)

<c¢(n)REN/P(E)\/P P(EY).

Step 2. We now estimate the measure of the symmetric difference of ES and E®%. To this aim,
for L7 *-a.e. 2/ € R** we set

(@) = phs, (') + [VL@ )P, f(2') = pps (@) + [VL(2")?,

(5.8)
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Using Proposition 3.4, setting Q = 7+ (E®) and using Hélder inequality the difference P(E%) —
P(E®) can be estimated by

2 — z = pQESk (z') _pZEs(xl)
Jo (e =) - @ VI I

(fg \/pEsk —pis(x ’)dw’) <fg \/pEsk(:v’ —ps(a’) dﬁﬂ’>2
T o (VE@ V@) d 2P(E%) |

Thus,

\/2P(E5k)\/P(ESk)— / \/pESk PEs( ) da’
-, \/pm P, s ) () + i)

. /5 /pES \/pEsA ) = pes@) g s /Q - \/pEsm')—pEs(x') "

pps(r’) pes (')

Thanks to Lemma 5.9, for £" *-a.e. every 2/ € Q we can use the quantitative isoperimetric
inequality (1.5) in dimension k, to get

% kwk / LM(ESFAES)
/ ES / x x d /

k 1 k

=— [ — L"(Ef,kAEf,) dr' > —— LY (E*AEY).
Y Jo (@) YRR

Combining this estimate with (5.8) and arguing as in the final part of the proof of Theorem 1.4

we obtain

ME) < ¢(n, k) E2\/D(E). (5.9)
Step 3. Let rg and Rg be the inner and the outer radius of E° respectively. By inequalities
(5.2), (5.4) and L"(E®) < w,R% we obtain that
P(E) _ LYE)" Enrg _ EnES"
> > -
P(ES) n4"E"(ES) 1

n4nw n

Therefore, if £ > 2”n4"2wn€g, we have P(E) > 2P(E®) and then \(E) < 21/D(FE). Otherwise,
by (5.9), A(E) < ¢(n, k) E2"/D(E). O

Finally, we highlight that for convex sets the measure of the symmetric difference EAE® is
equivalent to the Hausdorff distance dy(E, E®) between E and E°. In the spirit of [12], by
combining the quantitative isoperimetric inequalities (1.6) and (1.7) with [10, Lemma 4.2], we
have the following corollary. Here diam(FE) is the diameter of the set E.

Corollary 5.10. Let 1 < k < n — 1. There exists a constant ¢ = c(k,n), such that, if ES isa
Steiner symmetric convex set with eccentricity Eg, then

du(E, ES) < cdiam(E) €2 (D(E))

for every convex set E C R™ whose Steiner symmetral is ES.
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